A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Gillman, Max

Working Paper

A simple theory of structural transformation

Cardiff Economics Working Papers, No. E2011/4

Provided in Cooperation with:
Cardiff Business School, Cardiff University

Suggested Citation: Gillman, Max (2011) : A simple theory of structural transformation, Cardiff
Economics Working Papers, No. E2011/4, Cardiff University, Cardiff Business School, Cardiff

This Version is available at:
https://hdl.handle.net/10419/65734

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/65734
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

CARDIEF BUSINESS SCHOOL CARDIFF

UNIVERSITY
WORKING PAPER SERIES PRIFYSGOL

(ARDY

4 N

Cardiff Economics
Working Papers

Max Gillman

A Simple Theory of Structural Transformation

E2011/4

- /

Cardiff Business School
Cardiff University
Colum Drive
Cardiff CF10 3EU
United Kingdom
t: +44 (0)29 2087 4000
f: +44 (0)29 2087 4419
www.cardiff.ac.uk/carbs

ISSN 1749-6101
February 2011

This working paper is produced for discussion purpose only. These working papers are expected to be published in
due course, in revised form, and should not be quoted or cited without the author’s written permission.

Cardiff Economics Working Papers are available online from: http://www.cardiff.ac.uk/carbs/econ/workingpapers
Enquiries: EconWP@cardiff.ac.uk



A Simple Theory of Structural
Transformation

Max Gillman
Cardiff University Business School

February 17, 2011

Abstract

The paper presents a theory of the industrial transformation amongst
sectors using endogenous growth theory. Allowing only a slight up-
ward trend in the productivity of the human capital sector, combined
with ascending degrees of human capital shares of sectoral output, in
say, agriculture, manufacturing and services, output gradually shifts
relatively over time from agriculture to manufacturing and to services.
Abstracting from international trade theory, sectors intensive in the
factor that is becoming relatively more plentiful find their relative
outputs expanding. Adding more sectors of greater human capital in-
tensity causes labor time to decrease within each sector, as shown for
agriculture, and in general for any number of sectors.

JEL Classification: E25, F11, J24, O14

Keywords: Human Capital Intensity, Sectoral Allocation,
Labor Shares, Secular Endogenous Growth
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1 Introduction

The gradual industrial transformation as countries develop, of relative out-
put and input shares, remains a topic defying easy explanation. T.W.Schultz
(1964) describes how human capital accumulation enables the movement
from traditional to modern agriculture, similar to Cochrane (1993), who sug-
gested that by raising education levels, farmers could transform their agri-
cultural methods to modern ones using advanced farming equipment. Yair
Mundlak (2000,2005) focuses on going from agriculture to manufacturing,
while D.G. Johnson (2002) emphasizes the rural to urban migration. Lucas
(2002) can be thought of as extending Schultz (1964) by using human capi-
tal to explain the industrial revolution from agriculture to manufacturing, as
well as in Lucas (2004) to explain the rural to urban migration. Explanations
without human capital of historical growth rate changes, using a two sector
model, is found in Hansen and Prescott (2002).

This paper follows the Lucas (1988) human capital approach in order to
offer a simple yet complete theory of the structural industry transformation
over time, using the balanced growth equilibrium. It uses standard homo-
thetic production and utility functions, with only one simple assumption that
has commonality with the Solow exogenous growth theory used in many
structural transformation theories. The only parameter that changes over
time is the productivity of the human capital sector, with a very slight exoge-
nous upward trend, similar to the exogenous upward trend of the goods sector
productivity in the neoclassical growth model. This explains the changing
relative shares of output. By including additional sectors, with more human
capital intensity, labor shifts across sectors are also explained.

The slight upward trend in human capital productivity, with King and
Rebelo (1990) CRS production functions for each sector, output shifts grad-
ually over time to the sectors that are more human capital intensive, thus
explaining the relative output shift. This first key part includes relative prices
of the sectors moving opposite of relative output changes, an application of
the Rybzynsky theorem, if you will, in that more productive human capital

cause more human capital accumulation and sectors intensive in that factor



see a relative price decline and a relative output expansion.

Second, by adding one more sector, with greater human capital intensity
than the other sectors that the model arbitrarily starts with, labor shifts
broadly across sectors, towards the more human capital intensive sectors.
It is well known that labor and capital shares stay relatively unchanged in
models with a set number of sectors, a seeming problem. But one of the
key descriptive feature of structural transformation is that economies start
with only agriculture, then agriculture and manufacturing, say. Then a third
sector services. Then a fourth sector, technology, and so on. Thereby to
explain theoretically how relative labor shares change, more human capital
intensive sectors are added, and this can go on indefinitely as in the actual

economy.’

2 Endogenous Growth Sectoral Model

The simplest statement of the theory is to start with only two sectors. Let
there be a representative agent and initially two sectoral goods, with no
aggregate good per se. The goods are agriculture output y4;, and manufac-
turing output y,;;, with real prices of p4; and pp;. The consumer current
period utility u; is a simple log form, with parameters a > 0, a4 > 0, and
ayr > 0, where

u = alnzy + aqlnya + an Inyyy.

The consumer buys these goods for a total cost of payar + Pareyare, and
invests 4; in physical capital (k;) accumulation, with a depreciation rate of
0k, and with

i = ki1 — ke (1 —0) -

And the consumer also invests iy in Lucas (1988) human capital (h;) accu-

mulation, where 7y, is produced using a production function linear in human

!The Wall Street Journal now has interesting sectoral breakdowns of the entire US
economy, with agriculture not even included any longer as a sector. It is an interactive that
shows the size and composition by firm of every on of its dozen or so sectoral classification
of the economy.



capital. With a depreciation rate of d;, with Ay > 0, with /y; denoting the

time spent in producing human capital investment, and so with

Aglaihe = iy = by — he (1= 0p) (1)

Consumer income is from time spent working at the wage rate w,, per
unit of human capital, and from renting physical capital at the rate r;, per
unit of physical capital. The consumer’s time is divided between time spent
working in the three sectors of output production, and in human capital
investment production. With a time endowment of 1, and x; for leisure, this
makes total working time for wages equal to 1 — lg; — x;, wages earned equal

to wy (1 — gy — x;) hy and the time allocation as given by
L= "la¢+ laee + Ly + 4.

Capital is being rented by the consumer to each sector, with shares of capital

being denoted by s4; and sy, and with these adding to one:
]_ = SAt + SMt-

With r; the real interest rate, rental income from the two sectors in total is
Ttk't.
Recursively, the consumer’s problem is given as the maximization of util-

ity subject to income and human capital accumulation constraints:

V (ki he) = Max {(aalnyas +apy Inyys + alna) + BV (kipr, heva)

YAtYMeLHERt+1,he 41,78

+ A\ [we (1= lge — @) by + reke — kepr + ke (1 — 0k) — paryae — PaeYare]
+vy [he (1 + Al — 0n) — hesa]}

Eliminating the constraints, the problem is

V (K, hy)
= Max  {(aalnya +ayInyy, + alnz,) +

LHE,Tt YAt Y Mt

BV (Jwe (1 — gy — x4) he + ke (1414 — 01) — paryar — pPaeynae] s e (1 + Aplge — 1)) }



The standard first order equilibrium conditions are

ov (kt+17 ht+1) ov (kt+17 ht+1)
l - h Agh, =0, :
Ht B Dhiror wihy + 8 Ohin HIY )
o ov (/ft+17 ht+1)
— — hy =0
Tt 7 Ohpor Wi Ny )
LY ov (kt+1>ht+1) .
Yar - —— — PAt =0,
YAt aktJrl
o OV (kip1, h
Ymt - — — pumeB ( an Hl) = 0;
Ynre 3/€t+1

while the envelope conditions,

av (kta ht) av (kt+17 ht+1) av (kt+17 ht+1)
h = 1— 1y — 1+ Al — 6
¢ o, B Dk wy ( o — ) + 0 Doy (14 Aglm h)
OV (ki) 0V (kior. i)
- 1 _
kt 8kt 6 8kt+1 ( + Tt 5’6) )

yield the intertemporal growth conditions along the balanced growth path
(BGP) equilibrium, with g, denoting the BG' P growth rate:

1+g = Bl+An(1—a2)—dal, (2)
l+g = A +r—dk). (3)

These show how the return to human and physical capital are equal on the
BGP equilibrium. A third intertemporal growth condition and the BGP
comes from the human capital investment function, quickly yielding an ex-
pression for consumer time in this sector, lg;, in terms of the growth rate.
From equation (1), on the BGP,

] _g+5h
Ht = Ay

Note that combined with the growth equation in (2), and assuming that
1

= f3, the solution for leisure in terms of the BG P growth rate ¢ :

T+p
_ gs, el oy,
Ht — AH - AH )
- [(1+g) (14 p) =1+ 04
Ty = 1-— .
An



This leaves the labor sum /; in the agriculture and manufacturing sector to

be simply

1+
b =la + e = % (4)
H

Meanwhile the intratemporal marginal rate of substitution between goods

and leisure shows how leisure is related to the value of each sector’s:

o apatyar _ aPmtYmt (5)
¢ OéAwtht CYthht .

2.1 Sectoral Goods Producers

The representative firm in each sector produces output with Cobb-Douglas
production functions in the amount of human capital and physical capital
being allocated to each sector. With [4h; the amount of human capital
allocated to agriculture production, s4.k; the amount of physical capital al-
located to agriculture production, with a 4, a positive productivity parameter,
and with v, the share of human capital income in total agriculture revenue,

the production technology in agriculture is

YAt = G At (lAtht)VA (SAtkt)lim .

The profit maximization problem is

_ o 1—y
{\4&:6 ILa¢ = paraa (lAtht) A (SAtk’t) A —wil aehy — 148 Ak
At SAt

Assume that manufacturing is more human capital intensive than agri-

culture, so that
YA < Y

where the production function in manufacturing is

Ymt = Qe (lMtht)’YM (SMt/ft)l_M{ )

and the firm problem similarly is

_ v 1—~
ZMCUU My = Prre@pre (lMtht) M (SMtkt> M — wdprehy — TSk
Mt SMt



The equilibrium conditions give the marginal products of labor and capital

as
Tt = DAtQAt (1 - ’YA) (lAtht)vA (SAt/ft>_7A ) (6)
Wy = PAtGAtTY A (lAtht)WA_l (SAtk?zt)l_M ;
e = PwmtQpre (1 - VM) (lMthtyYM (SMtk?t)ivM )
Wy = PmtOMtY M (lMtht)”rl (SMtkt)livM .

2.2 Sectoral Allocations along the Balanced Growth
Path

The equilibrium finds that the shares of capital in each sector are constant
for any growth rate g, and that the shares of labor are constant for a given
growth rate g, but change as g changes. The constant capital shares result
because of the assumption of using only human capital in the production
of human capital. This represents the simplest, and analytically solvable,
way to show the structural transformation theory, with changes in the labor
shares causing relative output levels to also change. More generally, with
physical capital also in the human capital production function, the shares of

capital would depend on the growth rate g.
Proposition 1 The sectoral shares of capital in each sector are constant.

Proof. By production’s Cobb-Douglas nature,

7"SAtkt
paya = 0, (7)
(1 - VA)
TSMt]ft
PamtYmt
(1 —Yar)

From the consumer side of the equilibrium, we know that

(&) 03

patYar DYt

which combined with the firm conditions and the consumer’s sum of capi-

tal shares equaling one, gives a solution for the capital shares in terms of

6



preference and technology parameters.

A . Qg
r(l—sye)ke  TSaeks
(1=v4) (I=vm)
Qg (1 - 'YM)
sai— = (1= spy) —,
tOéM ' (1 - VA)
035 (1 - ”YM)
s = ; 8
M T ) T (=70 )
aq (1l —
Sar = A( PYA) (9)

aa(1—=74) +anr (=)

Second, it can be shown that the labor shares in each sector depend only

upon the BPG growth rate g and the utility and technology parameters.

Proposition 2 The sectoral shares of labor in each sector are simple rising

functions of the balanced growth path growth rate, as given by

1
ZA _ Ya0A p( + g)’ (10)
(Yaa +vyranm)  Am
Y Qi p(L+g)
l = . 11
M (Ya0a +vpon)  An (1

Proof. Proof: From the firm’s first order conditions, it true that

Tk vy

Iy = —

A whl—vASA’
rk Yy

Iy = — .

Substituting in the solutions for the capital shares from Proposition 1,

rk TaA
I, = — , 12
4T whan(d ) e () .
Ly = rk Y arOr (13)

ﬁo‘A(l_’YA)"i_@M(l_fyM)'

The ratio of total rental income to wage income can be solved from equation

(4) giving the sum of sectoral labor allocation as a function of the growth



rate:

p(z—?) — I=lgt 1y
- ﬂ YA®A + YV QMm ]
whaa (1 —=7,) +an (1 —7y)
ﬁ _ [O‘A(l_/VA)_FO‘M(l_’yM)]p(l—i_g) (14)
wh (va0a +vyram) An )

Substituting the solution for 2% back into equations (12)-(13), proves the

proposition. =

3 Sectoral Effects of Growth on Output and
Labor

Having shown how the share of capital amongst sectors is fixed while the
labor share rises with the growth rate, consider next how relative output
levels and labor shares depend on the growth rate. Then the growth rate
will be solved, and changes in parameters determining the growth rate can

be seen to affect the sectoral output ratios and labor share ratios.

Proposition 3 A rise in the human capital productivity factor Ay causes

output levels to shift relatively towards the more human capital intensive good.

Proof. With output levels in each sector given by the production func-

tions,

Yar = QA4 (lAtht)A/A (SAtkt>1_7A )

ym = G (lMtht)WM (SMtktf_vM ’

the output ratio can be expressed in terms of the capital ratio state variable

% and the growth rate g, by substituting in the capital and labor shares from

equations (8), (9), (10), and (11):

YA 1=v4 a ((lAtht) >7A
Yae _ _Oat (Lache) ™ (satke) _ At \ Tsarke) SAt
yM aMt (lMtht>’yM (SMtkt)l_’yM aMt (((lMt]]Zt))>’YM SMt
SMtRt

(k)('YM_'YA) a (SAt)l_'YA (lA>'YA

h 1=var (ZM)“/M

: (15)

aprt (SMt)

8



k
h?

product of labor condition (6), plus equations (9), (10), and (3) to get

Laghe \
Ty = aAt(l—WA) S arks )

1
kol (amu—m)m

To solve for the capital ratio 3, normalize p4 to one, and use the marginal

hy SAt Tt
__ia (aAt (1- ’YA)) A
(1 —Ya) Tt
k _1 1 1-v4
- Mr(l 7A)’YA (aae) s (1 —ry) 74 . (16)

The solution for % in terms of ¢ from equation (14), and the growth rate

equation (3) is
k loa (1 =7a) +an (I =)l p(1+9)

wh [T+ ) (1+p) + 0k — 1] (Yara + Yasonr) Anr (17)

Substituting this back into the expression solution for % in equation (16),

1—v4

B _ p(tg)loa (=70 + aar (1= )] v (@a) 5 (L= 5o
hy

(149 (14 p) — 1+ 8] 55) Ay (3404 + yar0ar)

To solve the growth rate g, use a second equation that solves for % in terms
of g as given by the equations involving leisure, on the consumer and firm

side in equations (5) and (7), and the growth rate g in equation (2):

. apayar _ arsa ko
¢ aawihy  aa (1 —74) wh’

_ [(1+g) (A +p) =1+
Ty = 1-— .

An

The second solution for ﬁ then follows as

k An

wh  _el0rg)(+p)—1+6)
[ca(l=y4)+an (T=var)]

(1 _ [(1+gt><1+p)71+6h}>

(19)

Combining equations (17) and (19) gives the solution for the growth rate in
terms of only exogenous parameters:
1+ Ag — 6y

L+p <1 T (VAaAfVMaM))

9

1+g= (20)



Now given the solution for g in equation (20), and the expression for }’j—i in
equation (18), the relative output relation in equation (15) can be solved as
v (1=v4)

M
(aa0) A (1—7,) 4 a_A<v_A)”M
Yar _ ame (=)™ am \ M
(52)
YA

Ymt
[( (I+Ag—6n)(1+p) ) — 146,
1+p(1+(’YA°‘Af'YM°‘M))

(¥t
Clearly, as Ay increases, with v,, > 74, gj{‘é) <0. m

The result on relative output carries through inversely to relative prices.

Corollary 4 As Ay increases, the relative price of the human capital inten-

sive sector falls.

e e e 2G5 00

PAt ymaa " O0Ag  aa O0Ag
Similarly it can be shown that as human capital productivity and the
growth rate increase, the sectoral labor shares individually decrease while

relative sectoral labor remains constant.

Proposition 5 As Ay increases, the growth rate rises, the sectoral labor
shares fall, while the ratio of labor in manufacturing relative to agriculture

remains constant.

Proof. From equation (20), 52 = ! > 0. The labor
H H_p(l_‘_%)
YACATYM M)
shares from equations (10), (??) and equation (20) are
I, = YAQA p(1+Ap —dn)
Qg+ « o\
(Yaaa +7aam) 4, [1 ny (1 i maﬁmamﬂ
l MM p(1+ An —dn)
M .
Qg+ «Q o
(Ya0a +varanr) Ay [1 +p (1 + (’YAOCA+’YM0¢M)>:|
The derivatives are 24 — 1aZAp —0=0) <,
OAm (7AO‘A+'YMO‘M)|:1+P(1+W>:| (As)
ol - « —(1-6p) . la a
oAy~ e amt <0 and = Ju

(va@atypan) {1+P <1+m)}
And finally, note that the capital ratio Z—i falls as Ay and ¢ rise given

standard ranges of values for parameters:

10



Corollary 6 The physical capital to human capital ratio falls as Ay in-

creases, for small enough leisure preference c.

S 14
(1+g) (ﬂhA(l_ﬁ/A)jLaM((E;Waﬂi)jjyﬁj(z,:;)) VA (1-74) T )
Proof. Proof. By equation (17), % = : _
/ [(1+gt)(1+p)—1+5k](ﬂ)AH
N 6( 1+g -
(1+g)(Z) 8(%) — Z [(1+gt)(1+p)71+5k}<ﬂ)AH
1 Y
[(1+9t)(1+p)71+6k}(ﬁ)AH 9An 0An
1+Apg—9dy
) o (14 G e e
71 )
(1+AH76}L)(1+/3) _
W(H“)) } " ()
=7 asaticn) _ (tAu=0)0tn) | _q 4
8AH 1 (1 N ) k‘
P\ Gaaat e

Agr 1 (A+p)
(WA ) ( l+p<1+ ("/A"‘Af’YMO‘]\/I))

( (+Ag—op)(1+n) >_1+5k
at a = ¢, for small €, % ~ (Ay —op + (5k)<ﬁ> {(AH) —[1+ Ay — 03] {1 + ﬁ%}}
< 0, given a large enough Ay so that Ay — 6, +3d, > 0. =

(Ag) —[14+ Ag — ) 1+ . Evaluated

4 Adding an Additional Sector

The shift in output towards the more human capital intensive sector is estab-
lished by Proposition 3, when the human capital sector productivity rises.
And Proposition 5 similarly establishes that the labor time shares fall in both
sectors when human capital becomes more productive. But this does not es-
tablish a relative movement in the labor time towards more human capital

intensive sectors. In fact, equations (12) and (13) show that l% is constant

YACA
Yaron
However consider that as economies develop new sectors are constantly

being created. First there is agriculture, then manufacturing, then inclusion

11



of services, and now inclusion of technology. Where one sector begins and
the other ends is a priori extremely hard to determine. For example the
Wall Street Journal interactive online (www.smartmoney.com/sectormaps/)
shows a firm size based decomposition of all of the major sectors of the
US economy, listing these as 10 sectors: Basic materials, consumer cyclical,
consumer non-cyclical, energy, financial, healthcare, industrial, technology,
telecommunications, utilities. It would be a heroic effort to force these 10
sectors into the three or four standard sectors used in the structural trans-
formation literature.

Consider the conceptual proposition that as the economy expands, the
extent of the market grows, the division of labor increases, and the new
sectors that come into existence tend to be more human capital intensive that
sectors they are replacing or that they are adding onto. This is a refinement
of Adam Smith’s notion of labor specialization that 1) new goods are created
as a result and that 2) it is the more human capital intensive sectors that
arise out of this process over long periods of time. Put differently in Sherwin
Rosen’s (1974) hedonic characteristics, which hedonic characteristics arise
over time within any one product. Again the proposition here is that these
are the more human capital based features, such as new cars with non-internal
fuel combustion propagation engines.

Given this rationale, now add one more sector, call it services, whereby
the human capital intensity is greater than agriculture and manufacturing.
Let the representative agent choose amongst the goods, y.4;, Y., and services
output yg;, with real prices of pas, pare and ps;. The consumer current period
extended utility u; is again a simple log form, with parameters a > 0, a4 > 0,

ay > 0 and ag > 0, where
uy = alnz, + axInyay + ap Inyye + aglnys;.
With the same investment 7; in physical capital accumulation,
i = ki1 — ke (1 —0p)

and the same human capital investment function iy, whereby

12



Amlpihy = iy = heer — he (1 — 0p) (21)

the allocation of time constraint now includes time spent in the services sector
lSt :
U=lar+lne + lse + L + 2,

while the allocation of physical capital shares now also includes that of ser-

vices Sg; :

1 = s+ St + Ssi-

The production function in services is given by

Yst = ast (lStht)ﬂ/S (SStkt)l_WS )
where
Ya<Tm <7s-

The recursive consumer’s problem is

V (ke, he)

= Max {(aalnya + apy Inyyy + asnys, + alnzy)
YALYMtYSt,LHt, Tt

4BV < [wy (1 — lge — ) he + ke (1414 — 0k) — DaAtYar — DameYaae — PstYst)

ht (1 + AHlHt — (Sh)

with the same intertemporal conditions as in the two sector economy, and

now with the intratemporal conditions including the additional sector:

« A (633 Qg

Tywhy B PAtY AL B PreYnt B pStySt.

Proposition 7 The addition of the new service sector makes each the share

of capital and the share of labor in the other two existing sectors smaller.

13
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Proof. Proof: From the firm side, the sectoral shares of capital are now

found in equilibrium to be

- a4 (1—74) 7
(I—WA)+aM( —yu) Fas(l—7g)
I m (1 —="7y) 7
(1—7A)—|—C(M( —Yu) tas(1—7g)
S5 — as (1 —7g) _
(1—7A)+04M( —vu) Fas(1—7g)
Similarly the labor shares are found to be
L - YACA p (14 Ay — ds)
4 = - T
(P)/AOKA + Yaln + ")/SOés) AH _1 TP (1 + (7A0A+7MaaM+VsaS)>
lM _ 'YMOéM ) p<1+AH—5h) _
(Yaa+yarear +7505) Ap _1 Tr (1 + ('YAC“A+'YMO;M+'YSO‘S)>_
ls = Ts%s _ p(L+An —dn) —.
(’VACYA * TmaAM * ’73048) AH _1 +p <1 - (’YAaA+’YMaaM+’YsaS))

Using s, to indicate the two-sector only economy, clearly

Sy _ aa(l—ya)+on(d—yp)
S At aa(l=ya)+ap(1=yp)+as(l—vg

Sare, and Uy, < lag, and U, < lpe. ™

7 <1, s0 that §'4y < Sa¢. Similarly, s, <

Therefore even though the ratio of labor in agriculture and manufacturing
stay the same, labor is moving from both sectors into the new services sector.
This is going to happen regardless of the human capital intensity of the
services sector. But what is dependent on services being more human capital
intensive is that relative output of the services sector will rise over time if
the human capital investment sectoral productivity gradually rises over time.

This is a corollary from Proposition 3.

Corollary 8 An increase in human capital productivity Ay causes output
to rise in services relative to both agriculture and manufacturing, and for

manufacturing output again to rise relative to agriculture.

Proof. With output levels in each sector given by the production func-

14



tions,

Yar = Qa4 (lAtht)M (SAtk?t)livA )

Ymt = amt (lMtht)’yM (SMtkt)livM )

Ys¢ = Qgt (lStht)vs (SStkt)l_ﬁys )

then

Yas k (var—v4) a (SAt)lf’YA (ZA)VA
M B (E) Apnre (SMt)li’YM (ZM)W ’
ny k (vs—vm) e (SMt)l—“rM (ZM)WM
E B (E) asg (SSt)liws (lS)VS ’
Yar g\ (s—74) au (SAt)l_'YA (1)
E - <E) ast (SSt)I_WS (ZS)WS ’

where the capital ratio %, with p4 normalized to one, can be expressed by

1—v4

ke p(L+g) (=74 +ou (1= va) + as (1= vg)] 74 (@4) 77 (1 —7,) 72

u 1+ g0) (14 ) — 1460 G5) Ay (vac0a + varans +75as)

and the growth rate g is given by
14+ Ag — o

1 + ,0 (1 + (/yAaA-{-'yMaaM-f—’ysOéS))

1+g9=
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Substituting in for }’j—i and g,

M v (1=74) 5
(aa) 4 (1=74) A ay (v_A) M
Yar anMt (1—yp)' "M am \ Y
yme ()
[( (14+Ag—65)(1+p) ) — 1+ 4,
1+p(1+(WAaAJr“fMaaMﬂsas))
s vs(1-vam) .
(apre) M (I1—7ypy) "M an (’Y_M) s
Y _ ast (1—v5)' 775 as \\7s
Yst (2say’
(A+Ar—6n)(1+p) — 144,
1+p(1+(’YA"‘A+'YMQ‘3‘AI+’YS“S))
s vs(1=74) .
(@an)7A (1=y4)  TA _ ay (v_A) §
Yae  _ ast (1—5)' 778 as \7s
ysi (2234)
(I+Ag—04)(1+p) — 1+ 519
1+p(1+('YAO‘A"'"/MQO‘JVI""'YSO‘S))
M v (1=74)
(apg) 7A (1-—va) A D‘iA(ViA)WM ('YM_“VA)
. () e S ()| (5
Withyg > vy > 74, 4> = — I
o (1+AF—5p)(1+p) _
|:1+,0(1+(wAaA-F”/MaM-‘r“rSaS))} |:(1+p<1+( H+ ha N : ) 1+5k]
YacatTmapM+trsas
o(3) (32) -
0,8Z‘—Sfj<0,and#51;<0. |

The relative quantity change in the three sector economy, from a change
in the human capital productivity Agy, is smaller in absolute value, or less
negative, as compared to that in the two sector economy. While the calculus
gets involved in proving this, take an example, one used more extensively

below, with
ay = ay=ag=1,
1
Ya = §7’7M_§775_57

and p = 0.03, Ay = 0.045, dx = 0.03, and ¢, = 0.015. Then for the 2 sector

o YAt
economy, with just agriculture and manufacturing, gyTﬂg) = —m,
2—good
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with

M ym(1-va)
g [(aa) ™ (L=74) " aa (V_A)W (w—’m)

anrt (1—’)/M)177M ap \Tm Ta

while in the 3 sector economy, also including the more human capital intensive

YAt
a(yMt) _ __Z
Ay 0.01166 "
3—good
economy has a smaller relative output change.

services, the 3 sector

. z z
Since ‘ 0.01166‘ < |0.01005|’

5 Three Sector Model with Upward Trend in
Human Capital Productivity

Consider assuming an exogenous trend upwards in the human capital pro-
ductivity factor Ag, so that now it is specified as time varying, denoted by
Ap. And let this productivty trend upwards over a 250 year period, say from
1750 to 2000. This is similar to the time from Malthus’s zero growth world
to the modern world after a continuous gradual industrial revolution.

In this example, let tastes be similar between the different goods and
leisure, in that

a=ayu=ay=ag=1,
and let the sectoral productivities be constant over time at 1, so that
aa = apyy = agy = 1.

Further, consider again a simple specification of the human capital intensities

whereby
1 1 3
%1:57 7M=§u 7525-
This gives equal sectoral value shares of aggregate output at % :
PayA o7} 1
Y  aatautas 3
PMYm ayp 1
Y N as+ oy + ag 3
Psys _ as 1
N aas+ apy + ag 3
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Target a Malthusian zero growth rate in 1750 at the beginning of the
industrial revolution, and between 2 to 3% growth by 2000. Then at time 0,

14+ Ago—9
1 +go _ HO h
1+ P (1 T ('VAQA+'YAIQAI+'YSO‘S)>
-
Amo = (1 + - > +0
o ’ (Vata +varom +vs0s) "

Let p =0.03, .0, = 0.015, dx = 0.03 and this implies that

1
Ago = 0.015 4 0.03 (1 + ﬁ) = 0.06593,

3 2 5

while r = p + 0 = 0.06. Also then total sectoral labor time is % =

H
% = 0.455, while leisure is z = 1 — WX?% =1- % =
0.3175, and human capital investment time is ly¢ = gxzh = o%gégs = 0.2275.
And total time is 0.455 + 0.3175 + 0.2275 = 1.0.
Now assume that
Ay = Amy (1 + M) )
where
w = 0.002.
Then the growth rate over time increases, so that
1+Aps(1+p)—6n -1
Jtv1 1+p(1+(WAaA+m;aM+Wsas)
g - 1+Ap—dn _ 1’
1+p(1+(7AO‘A+'YMO‘M+’YSaS)>

and the growth rate at any time ¢ is given by

1+AHO(1+M)t—(5h

g = o — 1.
1+p (1 T (’YAOCA+'YMO¢M+’YSQS))
At time t = 0,
14+ Ag —on 14 0.06593 — 0.015
Jgo = ; —1= ’ —1=0,
() 1003 (1 )
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while at time t = 1,

Ami (14 p) = 0.06593(1.0015) = 0.066029
1 + 0.06593 (1.00152) — 0.015

g1 . — 1 =0.000095.
1-+0.03 (1 + m)
After 250 years,
1+0. 1.0015)*° — 0.01
- + 0.06593 (1.0015) 0.0 5—1:0.02852.

1
1+0.03 <1+ ﬂ)

So the growth rate reaches 2.85% in the year 2000 for the world.

5.1 Trends in Relative Output

During this period output gradually realigns towards a higher relative quan-
tity of the human capital intensive sectors. Consider a graph of the 3 sector
economy over the 250 years, in terms of the ratio of agriculture to manu-
facturing output. The ratio initially is % = 1.5714 at time 0, using the

following expressions.

IM m(1=7a) v
(aa) A (A—y4) A aa (a4 )M
Yar aMt (1—vy)' "™ am \vm
e E=3%
(1+AH0(1.0015)t76h)(1+p) A
— 1+ 0
1 1 a
+p( +('VAO‘A+”/]\4‘7’J\/I+'YSO‘S))

1
045(17§)
1

YAz

yM7t (051—%) .
< ((1+0’06593(1.0015)t_0'015)(1+OVO3)> - ]- + OO3> g

140.03( 1+ ——
w0 (1)

After 250 years, the agriculture to manufacturing ratio falls from 1.5714 to

1.2875, given only 3 sectors this entire time. This can be graphed, as in

Figure 1, using Ya/Ym to denote ¥4t :
YMt
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Figure 1: Example: Structural Transformation of the Ratio of Agriculture
to Manufacturing from 1750 to 2000.

5.2 Trends in Growth Rate and Human Capital Time

Meanwhile the growth rate rises over time as in Figure 2.

The human capital time is tied to the growth rate in that

In :9t+5h
YA

Consider how time in human capital changes over the 250 year period given

the calibration of the example economy. The human capital time can be

rewritten with the trend in Ay, included, as

Gt + 0p

lgp = ———,
! AH() (1+M)t

with the growth rate given by
]_—I—AHO(l—{—[L)t—(Sh

gs = N — 1.
I+p (1 t (VACYAJWM&M+75&S)>
Then the trend human capital time is solved as
1+ Apo(14p) " —dp — 1494,
Lo — 1+p(1+(WAaA+M4aaM+Wsas)
Ht — t
AHO (1 + M)
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Figure 2: Example: Change in Balanced Growth Path Growth Rate over 250
Years.

With the example calibration this becomes

<1+0.O6593(1.0015)2500.015) —1+0.015

1 . 14—t
_ o 03( +%+%+%)
la

B 0.06593 (1.0015)*

When the growth rate is zero in 1750 during Malthusian times, then 5o =
0.2275, or a bit more than one-fifth. This time in such a model would be
interpreted to include all Beckerian (1975) time in terms of the household
child-raising time, and wife household time, and any other forms of early
human capital time.

The growth rate and the human capital time rise as the human capital
investment sector productivity Apy; trends up. Figure 3, with Lh denoting
lr¢, shows this trend upwards, with the years ranging from 1750 to 2000, and
i 250 = 0.45378.The high level of human capital investment time in the year
2000 reflects the steadily rising level of formal education, from no schooling,
to primary level average education, to high school average levels, and now
to tertiary college and even graduate education as standards. In addition,
in such a model, time in research and development must also be interpreted

as entering such a time allocation. However, note that by adding physical
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Figure 3: Example Trend Upwards in Human Capital Investment Time: 1750
to 2000.

capital into the human capital sector, the time in human capital investment
would not rise quite as high, but the model would then prove less analytically

tractible, requiring numerical simulation.

6 Extension to any n sectors

For any number of sectors denoted now by the index j, with j =1, ..., n, the

value of the aggregate output would be defined as y;, where
yo =Y piease (eche) " (sjeke)'
j=1
and with v, < v, < ... <7,,. Similarly utility would now be given as

uy = alnazy + Z a;Iny;. (22)
j=1

The previous section’s corollary carries through to the n-sector economy.

Corollary 9 An increase in human capital productivity Ay causes output to
rise in more human capital intensive sectors relative to less human capital

intensive sectors, for all n sectors.
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Proof. Relative output levels between any two sectors, say sector ¢ and

sector z, are given by

var (k>(wz—vq) gt (500) 7 (1)

Yt Q¢ (Szt)l_vs (lZ}WZ ’

h
where the capital ratio %, with p; normalized to one, can be expressed by

1—71

& B p(1+g) [Z?=1 Q; (1 - 'Yj)] 71 (alt)% (I—7)

M () () =1+ 605 Ay (S g,

Y

and the growth rate g is given by
1+ Az — 6y

e (1 i)

14+9g=

Substituting in for ]’2—’; and g,

v, 72 (1=7g)

(agt) e (1’711) oy (ﬁ)’yz
yzt =
(A+Ag—0r)(1+p) — 144,
1+ 1+#
p< (S @)
With °G2)
1 ’yz>”yq, DA <U. m

Similarly, adding an n+1 sector to the n-sector economy, causes the labor
time allocations in each of the other n sectors to decrease.

The model can be changed to any number of sectors. Reducing it down
to an agriculture, manufacturing model would end up seeing a much greater
fraction of time devoted to agriculture than in modern times.

Thus this theory explains the large shift in labor from agriculture to other
sectors through the continuing development of technology that opens up new
sectors, and transfers labor into those sectors. And with these sectors being
more human capital intensive than existing sectors, a slight historical trend
upwards in human capital productivity Ay would predict the relative shift

of output towards the more human capital intensive, "new" sectors.
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The analysis started with just the two sectors. Then the "structural
transformation" is shown for the three sectors, and then to any number n
sectors. And the story could go on. For instance, it may be that it is the
human capital accumulation that allows such new sectors to come about, in
some endogenous sense. The creation of new goods/sectors, in this simple
model, nor in any other standard models, is not taken up here but would be
the next most interesting extension of this simple theory.

However an algorithm method of showing the change for example in sec-
toral labor shares over time as sectors are added is possible using the following

assumption for the labor share in the any n sector. Let v, be defined as

n
n+2

Tn =

Then for the 3 sector economy, the human capital intensity of agriculture

would be %, that of manufacturing, the second sector, would be %, and the
third sector, services, would be g, as specified in the example 3 sector econ-
omy of the last section. Further assuming as in the 3 sector economy that

there are equal preferences across sectors, at

a=q=ay=0a3=..=q, =1.

Then the solution for the labor share in agriculture, where it is designated as
sector 1, for a given year ¢ and corresponding growth rate (given the trend

in Ap;) would be

_ o p(1+ Apy — 0p)

- n
Z V%
j=1

Lt

Age |[T+p |1+ =2

E V%

j=1

The following proposition results.

Proposition 10 Assuming that -, = and that « = o, = 1 for all n,

n_
n+2’
as the number of sectors n goes to infinity, the share in labor at any given

time t goes to zero.
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Figure 4: Example Change in Labor Time in Agriculture as Number of
Sectors Increases

p(14+Ap0(1.0015) -6,
Proof. [, = -1 ( ) ,

V%5
j=1 A |14p 1+%
§ V59
j=1
t
p(1+AHo(1.0015) 75,L)

1
3
n

j
72

j=1 Ag | 14p| 14| 2

J
2+

Jj=1

lim, . (I1;) =0. m

A gradual labor share decrease in agriculture over time would be a natural
result of adding increasingly human capital sectors to the economy. Figure
4, with La denoting agriculture time [ 4, illustrates the decrease in time in
agriculture as the number of sectors rises from 1 to 15 using the same example
parameters as in previous sections, at the year 2000 :

At first, with one sector, all goods production labor is spent in agricul-
ture. As more human capital intensive sectors are added, the labor time in

agriculture exponentially falls.
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7 Extension with Intermediate Goods

It is straightforward to show that the thrust of the theory applies if alter-
natively intermediate goods are postulated. Assume instead that there are
n sectors which ease use an intermediate good that is produced as a sepa-
rate output. Let the jth sectoral output production function, with v,; > 0,
Yi; > 0, and v, + 75; < 1, and with dj; denoting the intermediate good

output that is an input into sector j’s production, be given as
Yie = age (Liehe) ™ (sjeke) ™ (dje) 5977
where the intermediation good production for each j sector is given as
djt = Qgjt (ldjtht)%”j (detk’t)mj )

where lg;; and sg; are the shares of human capital and physical capital de-
voted to the jth intermediate good, and v4; > 0, v4; > 0, and 74, +7a; = 1.
Then the value of aggregate output y,, with p;; again denoting the price of
the jth good, is given by

Y = ijtajt (Lehe) " (s5eke)™ [age (Igjehe) ™ (sgjeke) 9]0 770
=1

Ydlj Ydkj

n
= > pjeaji (age) TR (Lha) " (sjeke) ™ (Lageha) TR (sgjiky) TR
j=1

Assume in addition that the output good production function differs only
in its intermediation good input, in that the labor intensity and capital in-
tensity in producing the jth good is the same across all n sectors, equal to

v, and 7y,. This means that

Y= Tn = Y2 = - = Vi
Ye = Tk1 = Vk2 = - = Vkns
and the aggregate output can be written as
Ydlj Ydkj

ve = et (age) " (Lehe) " (Laehe) 57 (s0ke) ™ (sgiehe) TR
j=1
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Now assume the model has the same utility function as in equation (22)
and the same human capital investment function as in equation (21), along
with physical capital accumulation as before by the consumer. Then an
increase in human capital productivity Ay would again cause output to shift
towards the relatively human capital intensive sector, as determined by the

human capital intensity of the intermediate good.

8 Discussion

The theory can be thought of with any number of sectors, or with interme-
diate goods. When there is only agriculture, everyone works in agriculture,
but also in human capital if that sector still is in the model. Then agricul-
ture is the aggregate output good, and the main capital is the value of the
land (see Mundlak, 2005). TW Schultz (1964) added a second goods sector,
with it still being a part of agriculture, but now termed modern agriculture
versus traditional agriculture. His explanation was that with a zero return
to human capital, it was not accumulated and the modern sector did not
emerge. But once the investment became worthwhile in human capital, so as
to accumulate the knowledge to introduce the modern technology of physical
capital machines, then the modern agriculture sector could emerge. And so
as human capital became more productive, more of agriculture would shift
from the traditional to the modern type of agriculture.

This is exactly consistent with the theory of this model, once another
agriculture sector is added, with the modern sector having a higher Cobb-
Douglas parameter for human capital share of output than the traditional
agriculture sector, just as manufacturing is more human capital intensive in
the model above than the agriculture sector.

Mundlak (2000, 2005) and many others added manufacturing as the sec-
ond sector, in addition to agriculture, taking a more in-time view that can
be viewed as an alternative but also as an update of TW Schultz’s (1964)
approach. Rogerson (2008) focuses on two sectors, excluding agriculture,
and also uses a time allocation approach, albeit one in which tax rates play a

key function. Ngai and Pissarides (2007) considers Baumol’s (1967, Baumol
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et al. 1985) work on a two sector model and find that a balanced growth
rate is still feasible within such a structure unlike Baumol’s conjectures, but
consistent with the balanced growth path approach of this paper’s simple
theory.

But the model can accommodate any n number of sectors, in an alterna-
tive approach to Dixit-Stiglitz of having some finite number of differentiated
goods. With perfect competition in the model here, the n sector version
would be more akin perhaps to Rosen’s (1974) hedonic price view of equilib-
ria with differentiated goods. Here a different quality of a good makes it a
slightly different good. But in the model, that view is still consistent. This
gets to the empirical issues of measuring prices in the three sector structural
transformation literature. With n goods sectors, the sectors become closer in
nature, but still would have some ranking based on human capital intensity.
To illustrate further, simply let n = 4 instead of 3 as above, with the fourth
goods sector called Technology.

Clearly the microsofts, facebooks, and googles could be in this category,
even though now they would be traditionally lumped into the service sector.
Or would they be lumped into the manufacturing sector since microsoft is
so big? Of course there are bureaucratic statistics agency answers, with
certain categorizations, but there is some unavoidable arbitrariness of these
categorizations. With only n = 4 sectors, these three named companies
would probably be considered technology. This paper’s ranking of this sector
would only be that it has the highest human capital share of output than
the other three sectors.

Now then the labor in the other three goods sectors falls compared to
the model with only three sectors. So by adding new sectors that are more
human capital intensive, the labor naturally moves from the less human cap-
ital intensive sectors towards the new sector. This can explain the dramatic
reduction in the labor in any one sector such as agriculture: the development
of new more human capital sectors as the economy evolves. Thus the model
when extended to more sectors becomes consistent with D. Gale Johnson
(1982) analysis of rural to urban labor movements and the growth of labor

in the cities. And so in this way the labor theory becomes consistent with
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evidence, even though within any given fixed number of sectors the relative
labor use remains fixed. The model then explains changes in the relative
labor amounts between sectors only as the sectors are further subdivided or
otherwise added to. And of course this subdivision between sectors is the
basis of Smith’s (1776) theory of the division of labor being limited by the
extent of the markets, and so a completely natural extension.

The modeling approach to n goods sectors could be further extended in
much more difficult ways, in particular by adding how new sectors come into
existence. This would be based on a theory that as human capital produc-
tivity rises, and the price of human capital intensive sectors falls, that such
sectors would come into existence via Coase theorem logic on the creation
of new markets (combined here with Boldrin and Levine’s (2008) fixed cost
view of competitive markets). As human capital productivity increases, and
sectors intensive in human capital have lower prices, then the fixed cost of
starting new more human capital intensive sectors is finally overcome by the
profit of the new more human capital sector and it comes into being. At
this point there would be n + 1 goods sectors, with each good in the utility
function just as in Rosen’s (1974) hedonic equilibrium each quality difference
enters the utility function. Or perhaps more innovative theories may help
make this step such as in Boldrin and Levine (2009).

Of course this would be a very significant extension that is beyond the
scope of a single paper on the subject. But the point is to argue that this
model is consistent with encompassing any number of goods. And the con-
sequence of that logic is important: in taking such models to the data, the
arbitrariness of the number of sectors is intricately involved in any, and all,
categorizations into sectors. Therefore despite evidence that the price of ser-
vices may or many not be falling relative to manufacturing as measured in
categorizations of the data is not based strictly on the human capital inten-
sity of each sector, and so does not represent a contradiction of the theory
of this paper.

Still the paper is not vacuous since its theory can be contradicted by
evidence. It assumes that more human capital intensive sectors tend to be

added as the economy evolves. This can be contradicted. And the main
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implications of the paper are widely accepted in international trade theory
and macroeconomics: that economies shift towards sectors in which the rel-
ative price is reduced because of factor augmentation, as in the Rybczynski
(1955) theorem. And it is also agreed that agriculture output falls relative
to manufacturing which falls relative to services (which falls relative to tech-
nology) as economies develop. So the paper does explain the main output
trends, but will admittedly not try in one paper to do another categorization
that might show that relative prices move opposite of relative output levels.
That part of the theory of the paper is not confirmed here. Yet clearly the
theory appears consistent with the evolution of industry, the gradual rise in
the growth rate, and the rise in human capital time ly; as Ay trends up and
education levels continuously rise.

This paper then adds only a very simple theory that is consistent with
the development of this literature within a strand that goes back through a
long respected tradition. It does not resolve the issues, but it shows another

cohesive, and probably simplest, way to explain them potentially.
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