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Abstract

Theconceptof integratedstochasticprocessesis widely usedin empiricalmacro-
economics;andcointegrationanalysisis an importantframework to analyzeeco-
nomic time seriesboth in singleequationandin systemapproaches.This frame-
work is not only suitedto studythe relationshipsbetweenvariablesthat areinte-
gratedof orderone,denotedby I(1), but alsoto analyzevariablesthatareintegrated
of higherorder. However, in theliteraturetheanalysisof I(1) modelsis muchmore
popularthantheanalysisof I(2) modelsalthoughthereis someevidencethat rel-
evant economictimes serieslike nominal money and the price level in the euro
areaareintegratedof ordertwo. This is confirmedby applyingtestsondoubleunit
roots.

Thepurposeof thispaperis to illustratetheanalysisof I(2) variablesandto show
how this techniquecanbeappliedto explore therelationshipbetweenmoney and
prices.Theleadingindicatorpropertyof money for prices,money demandanaly-
sis andthe role of money in the transmissionmechanismareaddressed.It turns
out that the I(2) analysisprovidesa considerableempiricalmethodfor extracting
informationfrom monetaryaggregatesfor monetarypolicy purposes.
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1 Introduction

Since the concept of cointegration was introduced into the economic literature by
EngleandGranger(1987),therehasbeena fastgrowing numberof publicationsconcerning
the analysisof integratedandcointegratedvariables. A variableis called to be integratedof
order

�
, denotedby I(

�
), if it hasto bedifferenced

�
timesto becomestationary. Two or more

I(
�
) variablesarecointegratedif a linearcombinationof thesevariablesexiststhatis integrated

of a lowerorder.1 Most of thestudiesin this context havecoveredtheanalysisof I(1) variables
giventhefinding that relevanteconomicvariablesareI(1).2 However, theconceptof integra-
tion andcointegrationis moregeneralandalsowell suitedfor the analysisof I(2) variables.
Moreover, somestatisticalevidenceindicatesthat nominalvariableslike nominalmoney and
thepricelevel in theeuroareamaybeintegratedof ordertwo. This paperaimsat contributing
to thestatisticalanalysisandeconomicinterpretationof modelswith I(2) variables.Its purpose
is to providesomeevidencefor theI(2)nessof relevantmacroeconomictimeseriesandto illus-
tratetheapplicationof I(2) modelsin monetaryeconomics.Theapplicationsshown hereshould
beinterpretedasillustrationsof thekind of problemsandquestionsthatcanbeaddressedin an
I(2) framework. All applicationsdiscussedherearerelatedto theroleof money in themonetary
policy strategy of theEuropeanCentralBank(ECB).

Thestatisticalanalysisof I(2) modelshasbeendevelopedto a largeextentby Johansen(1995b)
whoprovidestheestimationtechniqueandasymptoticdistributionsof estimatorsandteststatis-
tics,Paruolo(1996)andRahbek,KongstedandJørgensen(1999)discussingthedetermination
of thecointegrationindicesandby ParuoloandRahbek(1999)definingweakexogeneityin the
I(2) model.Haldrup(1998)givesanoverview of theeconometricanalysisof I(2) variables.Ex-
amplesfor recentapplicationsareanI(2) cointegrationanalysisof thepurchasingpowerparity
betweenAustraliaandtheUnited Statesby Johansen(1992),thedevelopmentof a structured
VAR for Denmarkunderchangingmonetaryregimesby Juselius(1998),astudyaboutconver-
genceof price indicesby Juselius(1999)andan I(2) cointegrationanalysisof small-country
importpricedeterminationby Kongsted(1998).

The structureof this paperis asfollows. In section2, the formal analysisof I(2) variablesis
presented.It is shown how theorderof integrationcanbedeterminedandempiricalevidence
for theI(2)nessof money andpricesin theeuroareais presented.Afterwards,cointegrationand
errorcorrectionin modelswith I(2) variablesareexplained,andestimationandtestingin this
framework aresummarized.It is demonstratedhow the cointegrationindicesthat correspond
to the cointegration rank in the I(1) framework can be determined,and causalityand weak
exogeneityare discussedshortly. In section3, the I(2) framework is appliedto analyzethe
relationshipbetweenmoney andpricesin theeuroarea.Finally, section4 concludes.

1 A moreformaldiscussionof integrationandcointegrationfollows in section2.
2 An earlyandinfluentialcontributionto theanalysisof non-stationarymacroeconomictimeseriesis Nelsonand

Plosser(1982). A standardreferencefor thestatisticalanalysisof (co)integratedvectorautoregressivemodels
is Johansen(1995a).Thenumberof applicationsof theI(1) modelis huge.An overview cannotbegivenhere.
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2 TheStatisticalAnalysisof I(2) Variables

2.1 TheDeterminationof theOrderof Integration

2.1.1 Definitionof IntegratedProcesses

A stochasticprocess�����	��
���� is calledintegratedof order
�

if thedifferencesof order
�

of the
process,��������� ��������������� , where � ���!�"���$#%� , arestationarywhile the processitself and
differencesof lower orderarenot stationary.3 A well known processthat is integratedof order
oneis therandomwalk:

�&�'�(� �) * ����+
*

for , �-�/.�00.21 or �3�'�4�5�&�76 �$#%�(8 + � for ,9�;:<.�00=.>1?. (2.1)

where � + �@� 
 ���� is a stationary, independentandidentically distributederror process.The first
differencesof the randomwalk ���&�'�A�"�&�'�9�B�3�76 �$#%�C� + � are stationary. A processthat is
integratedof ordertwo is adoublesumof errors:

�ED	�(� �) F ���
F
) * ��� +

*
for ,G�-�/.�00=.>1 or ��D	�4�;��D26 �$#%�(8H�&�'� for , �B:<.�00.21?0 (2.2)

BecauseI(2) processesare doublesums,they are in generalmore smoothand more slowly
changingthan I(1) processesand a time seriesplot may give a first indication of the order
of integration. The shapeof the plotted process,however, dependscrucially on the chosen
parameters,especiallyincludeddeterministictermsandthevarianceof theerrorprocess.Figure
1 showsanexampleof anI(1) processandanI(2) process.Thedatageneratingprocessesare:IKJ �&�'�L� I=J �&�76 �$#%�(8NMO0PMO��Q?8 + �'�IKJ �ED	�L� : IKJ ��D26 �$#%�R� I=J �ED26 �$#&DS8 + D	�
with + �'��. + D	�UTWVX�YMO.ZMO0[MEM/\ D � , �3�^]_�`��D7]��badc>e ]7f7D , �ED2�g�badc>e ]7h7i . Thevarianceis approximately
thevarianceof theseconddifferencesof thelogarithmicmoney stockM3 in theeuroareafrom
1980to 1999andthe startingvaluesarethe logarithmicvaluesof M3 in the first andsecond
quarter1980. The processescannotbe distinguishedwith respectto their smoothnessbut the
behavior of thefirst differencesindicatesthedifferentintegrationordersof theprocesses.

Thefigureshows alsoM3 in theEuropeanMonetaryUnion (EMU) from 1980to 2000,which
is obviously not stationary. The money stockM3 is trendingrelatively smoothly, andit may
bearguedthat it is integratedof ordertwo for thefollowing reasons.First, theI(2) hypothesis
is supportedby the inspectionof the graphof the growth ratesof the money stock, which
arenot stableandpossiblynot I(0) but I(1). This canalsobe observed for pricesin the euro
area. The correspondinggraphsandthe datadescriptioncanbe found in the appendix. The
seconddifferencesof the logarithmsof M3, that are the differencesof the growth rates,are
stable.Second,applyingformal testsondoubleunit rootsprovidesfurtherevidencefor theI(2)
hypothesis.

3 A processis weakly stationaryif neitherits meannor its autocovariancesdependon the date j , for further
informationon stationarityseefor exampleHamilton(1994),p. 45 f.
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Figure1: EuroAreaM3 andSimulationsof I(1) andI(2) Processes�3� and �ED
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2.1.2 Testsfor DoubleUnit Roots

Threedifferentunit root testsareconsideredhere:4 the Hasza/Fullerjoint n -test(Haszaand
Fuller,1979),theDickey/Pantulasequential, -Test(Dickey andPantula,1987)andtheSen/Dickey
symmetricn -test(SenandDickey, 1987).Thefirst differenceof anI(2) processis

���ED	�4�5��D	�o�p��D26 �$#%�9� �) F ���
F
) * ��� +

* � �$#%�) F ���
F
) * ��� +

* � �) * ��� +
* � �$#%�) * ��� +

* 8 + �(�;���ED26 �$#%�48 + �70 (2.3)

Thiscanalsobewrittenas ��D	�4�q�ED26 �$#%�48N���ED26 �$#%�48 + � (2.4)

andleadsto thegeneralizedDickey-Fuller regressionr �(�tsu � r �$#%�v8Wsu D�� r �$#%�w8`sx �70 (2.5)

Subtractingr �$#%� and � r �$#%� from bothsidesof (2.5)andaugmentingtheregressionwith lagged
seconddifferencesto reducethe autocorrelationof the residualssuchthat they becomewhite

4 The following descriptionof parametrictestsfor doubleunit roots benefitsfrom Haldrup (1998), who also
describesnonparametrictests.
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noiseyieldsthegeneralizedaugmentedDickey-Fuller regressionwritten in seconddifferences

� D r �w�y�zsu �R�{�d� r �$#%�48��zsu D9�{���>� r �$#%�48
F #&D) * ��� s|

* � D r �$# * 8`s+ �7. (2.6)

where }5~�: is the order (lag length)of the autoregressive processr �_�t�
F* ��� uR�* r �$#

* 8 + �in its finite order level representation.The Hasza/Fullerjoint test for doubleunit roots is ann -testof the hypothesis��] : u ��� u DC� � . The n -statistic5 is calculatedfrom the sumof
squaredresiduals���9�v� � � 
 �� F�� � s+ D� from theregression(2.6)andthesumof squaredresiduals���9�o]��;� 
�� F�� � s+ � ]���� from therestrictedregression(2.7),where u �9� u DU�-� is imposed,

� D r �4�
F #&D) * ��� s| � ]��

* � D r �$# * 8bs+ � ]��� . (2.7)

in thefollowing way:

HF-n�� �Y���9�o]9�����9�v�>�%�/:���9�v�>����1����C� .
where����:o8��@}���:E� �B} is thenumberof regressorsin theunrestrictedregression.Underthe
null hypothesisthat r � is integratedof order2, the n -teststatistichasa non-standardlimiting
distribution. The empirical critical valuesare tabulatedin Haszaand Fuller (1979) and are
reproducedin table8,case(d), in theappendix.If thetruedatageneratingprocessis astochastic
processaroundalinearand/orquadratictimetrend,thentheprobabilityof notrejectingawrong
null hypothesistendsto one,if theteststatisticis constructedfrom thetestregression(2.6). To
obtainareliabletest,it is necessaryto addtherelevantdeterministictermsto thetestregressions.
If the time seriesplot shows that the processhaspossiblya deterministicquadratictrend,a
quadratictrendpolynomial � �4� � ]R8 � �7,48 � D2, D (2.8)

hasto beaddedto thetestregressions(2.6)and(2.7), in this case���y}_8�� . Equivalently, if
theprocessexhibitspossiblya lineartrendlikeM3 in figure1, thenthelineartrendpolynomial� �(� � ]R8 � �7, (2.9)

hasto beaddedto thetestregressions(2.6)and(2.7),andnow ����}_8�: . Thecorresponding
empiricalcritical valuesarealsoreproducedin table8 in theappendix.

TheDickey/Pantulasequentialtestondoubleunit rootsconsistsof two stages.In thefirst stage,
theusualaugmentedDickey-Fuller test(ADF) is usedto testwhetherthe first differencesare
I(1). In this stageit is assumedthattheprocessis at leastI(1), thereforeit is a conditionaltest.
TheADF testregressionfor thefirst differencesis

� D r �4�y�zsu D��{�d�>� r �$#%�w8
F #&D) * ��� s|

* � D r �$# * 8�s+ � (2.10)

andtheDickey/PantulastatisticDP-, is theusual, -statisticfor thecoefficient in front of � r �$#%� .
DP-, followstheDickey-Fuller limiting distribution. Thecritical valuesaretabulatedin Hamil-
ton (1994), for example. The power of this testand the critical valuesdependagainon the
includeddeterministicterms.If thealternative to theunit root in thefirst differencesis a linear
time trend, thena trendhasto be includedin the test regression.Otherwise,the testhasno

5 SeeHamilton(1994),p. 206f., for example.
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Table1: Unit root testsfor M3, GDPPandHICP

ln M3 ln GDPP ln HICP

lags1..4 lags1..4 lags1..2

(a) (b) (c) (a) (b) (c) (a) (b) (c)

HF-n 4.22 4.12 6.75 4.00 4.26 9.88 3.37 6.52 13.28�
SD-n 0.45 3.04 13.52 0.34 1.28 13.17 1.39 1.88 9.89

DP-, � 2.11 � 2.66 – � 1.29 � 2.42 – � 2.15 � 1.50 –

Notes: The teststatisticsreportedareasdescribedin the text, lagsrefersto the numberof laggeddifferences
includedin the auxiliary regression. (a), (b) and (c) indicatethat a constant,a constantand a linear trend or
a constant,a linear trendanda quadratictrendare included. Seasonaldummieshave beenincludedin all test
regressions.

�
refersto significance,that is rejectionof thenull hypothesisof a doubleunit root, on a 10%level.

Thedatais describedin theappendix.

asymptoticpower at all. If thenull hypothesisof a unit root in thefirst differencesis rejected,
thenthesecondstageof thetest,theusualADF testfor theprocessin levelsis performedto test
whethertheprocessitself is I(1).

The Sen/Dickey symmetricjoint test for doubleunit roots is basedon the estimationof the
following two-equationssystem:

� D r �w���/su �S�{��� r �$#%�w8;�zsu D9�{���>� r �$#%�48
F #&D) * ��� s|

* � D r �$# * 8`s+ �'�
� D r �w���/su �S�{��� r �$#%�G�{�zsu D��{����� r �%8

F #&D) * ��� s|
* � D r � � * 8bs+ D	� (2.11)

Becauseof thecross-equationrestrictionsin (2.11),thedependentvariablesandtheindependent
variablesof the two equationsarestackedtogethersuchthatanextendedHasza/Fullerregres-
sionhasto beestimated.The n -teststatisticfor �A] : u �9� u DU� � is thesymmetricSen/Dickey
teststatisticSD-n . Becausetheestimationis moreefficient, theSen/Dickey testhasa higher
power thantheHasza/Fullertest. Like theprevious tests,theSen/Dickey regressionhasto be
augmentedby theappropriatedeterministicterms.Thecritical valuesarereproducedin table9
in theappendix.

The previously describedunit root testsare appliedto the logarithmsof M3, GDP deflator
(GDPP)and the harmonizedindex of consumerprices(HICP) in the EMU; the resultsare
reportedin table1.6 Thetablecanbeinterpretedasfollows. It cannotberejectedthatM3, the
GDPdeflatorandtheHICP in theeuroareaareintegratedof ordertwo. Thenon-rejectionis
independentof the includeddeterministicterms.Themostrealisticassumptionis thata linear
trendis in thedataimplying thatcolumn(b) is relevant for HF-n andSD-n andthatcolumn
(a) is relevantfor DP-, .
2.2 RepresentationandInterpretationof I(2) Models

Becauseof thestrongevidencefor I(2)nessof money andpricesin theEMU, it is suggestedto
modeltherelationshipbetweenthesevariablesin anI(2) framework. As it is not necessaryin

6 Thecalculationshavebeendonewith Mathematica4.0.
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an I(1) modelthat all variablesareI(1), it is not necessaryin an I(2) modelthat all variables
areI(2). Cointegrationin theI(2) framework is a restrictionlikecointegrationin theI(1) model
andthis restrictioncanbetested.In thefollowing, therepresentationandinterpretationof I(2)
modelsis discussed.

Considerthefollowing vectorautoregressivemodelwith two lags,VAR(2):r �w�5¡�� r �$#%�w8�¡¢D r �$#&DR8 x �7. ,9���O.£0=00=.>1?. (2.12)

where r � is a ¤�¥B� vector of endogenousvariables, ¡§¦ are ¤�¥X¤ coefficient matricesandx �9T`V§¨&�YM<.�©�ª�� is a ¤«¥�� vectorof multivariatenormallydistributederrors.Subtractingr �$#%�
givesthecorrespondingvectorerrorcorrectionmodel(VECM):

� r �4���^¡��S��¬2¨�� r �$#%�48H¡§D r �$#&DU��¡§D r �$#%�48H¡¢D r �$#%�48 x � (2.13)���^¡��(8H¡¢D���¬2¨d� r �$#%� �X¡¢D�� r �$#%�R� r �$#&D�48 x ���® r �$#%�48N¯R�>� r �$#%�48 x �7.
with ¬2¨ as ¤ -dimensionalidentity matrix. Furthersubtracting� r �$#%� givesthefollowing repre-
sentation:

� D r �w�;® r �$#%�v8;�Y¯R�S��¬2¨��>� r �$#%�48 x � (2.14)�;® r �$#%�v8H¯v� r �$#%�48 x ��0
The processis called integratedof order

�
, r ��T I � � � , if the highestorderof integrationoc-

curring in the set of variablesin r � is
�
. The processis called cointegratedof order � � .Z°7� ,r �RT CI � � .Z°	� , if theprocessitself is integratedof order

�²± M , andthereexistsa linearcombi-
nation ³4´ r � that is integratedof a lower order: ³4´ r �UT I � � �N°7� , ° ± M .7 Thenumberof linear
independentcointegrationvectorsequalsµ¶� rk �Y®¢� and ³ is a ¤·¥pµ matrix of cointegration
vector(s).Cointegrationimpliesa setof testablerestrictionson thecoefficientsin theVECM.
Theprocesscanbedescribedby anI(1) cointegrationmodel, r �(T CI ���/.£��� , if

M¹¸ rk �^®g�9�;µ!¸X¤ and rk � u ´º ¯4³ º �9��¤¹��µ�. (2.15)

where u and ³ are¤C¥»µ matricessuchthat ®q� u ³ ´ and ¼ º denotesan ¤C¥��½¤A�XµE� orthogonal
matrix to the ¤p¥Hµ matrix ¼ suchthat ¼¾´P¼ º �¿M .8 The systemis driven by ¤À�5µ common
stochasticI(1) trends,³ ´º r � .
If M�¸ rk �Y®¢���qµ!¸X¤ and rk � u ´ º ¯w³ º ����ÁÂ¸X¤¹�pµ�. (2.16)

theprocessis I(2) andis drivenby ¤9��µ���Á commonstochasticI(2) trends.Thematrix � u ´ º ¯w³ º �
canbedecomposedinto thetwo �½¤ �Âµ/�&¥¢Á matricesÃ and Ä suchthat � u ´ º ¯4³ º � �5ÃEÄ&´ . Thebasis
of theI(0), I(1) andI(2) relationscanbeestimatedasthematrices³ , ³o�9�tÅ³ º Ä and ³%DU�;³ º Ä º ,
wherethebarsymbolizestheoperationÅ¼²�;¼G��¼ ´ ¼o� #%� implying ¼ ´ Å¼»��¬ . A linearcombination
of thecommon¤��HµÆ�NÁ I(2) trendsis ³ ´D r � .9 Thenumberof theI(1) relations,³ ´� r � , is Á , and
thereare µ I(0) relations.In general,theserelationscontainthe levelsandthefirst differences
of r � : ³ ´ r �o��Ç�³ ´D � r �wT I �YMz��. (2.17)

7 Theconceptof cointegrationwasintroducedby EngleandGranger(1987).
8 If È9É�Ê , then ËdÌ�ÉCÍ andif È9ÉÎÍ , then ËdÌ�ÉCÏ@Ð is chosen.
9 In equivalenceto theI(1) model,wherethecommonI(1) trendshavethebasisÑ/Ì , thebasisof thecommonI(2)

trendsin theI(2) modelcanalsobewrittenas Ñ�ÒvÉ«ÓÔÑÖÕYÑ/×>Ø^Ì . For detailsseeHaldrup(1998).

6



where Ç�� u ¯4³%D is of dimensionµ�¥��Ô¤ µ Á�� . ³ D � r � arethedifferencedI(2) trendsand
thereforealwaysI(1) andnotcointegrated.If µ ± �½¤Ù��µG�²Á�� , theI(0) relationscanbeseparated
into two groups.First, thereare µÆ�B�½¤���µ��NÁ�� relationsthatdo not needthefirst differences
to becomestationary:10 Ç ´º ³ ´ r �wT I �^Mz�. (2.18)

where Ç º is of dimensionµ²¥q�^µ��-�Ô¤»�{µ��;Á��2� . Second,thereare ¤»�{µ��;Á polynomially
cointegrating relationscontainingalsofirst differencesof theI(2) variables:Ç ´ ³ ´ r �o��Ç ´ Ç�³ ´D � r �wT I �YMz��0 (2.19)

Noticethatthecointegrationparametersof interest³ , ³o� and Ç arenot uniquesuchthat identi-
fying restrictionshave to beimposed.

Now, theVECM canalsobewritten in thefollowing way:� D r �w� u �^³ ´ r �$#%�G��Ç�³ ´D � r �$#%�Z�R�5�YÚ���.�ÚÛDZ�£�^³9.Z³o��� ´ � r �$#%�w8 x � (2.20)

with Úd�G��¯ Å³ and ÚÛDU�;¯ Å³o� , seeParuoloandRahbek(1999).

The VAR model(2.12) canbe expandedto higher lag lengthanddeterministictermscanbe
included: r �w� � �O8

F
) ¦Ô��� ¡Ù¦ r �$#3¦O8 x � (2.21)

or written asVECM

� D r �4� � �O8N® r �$#%�v8N¯w� r �$#%�48
F #&D) ¦Ô��� Ü ¦�� D r �$#3¦O8 x �7. (2.22)

with ®��Ý�Ù¬2¨�8��
F
¦Ô��� ¡Ù¦ , ¯4¦Æ�Þ�«�

F* �O¦ � � ¡
*

( °��Þ�/.�:<.�0�0�0.�}Î�-� ), ¯ �Ý�§¬>¨Â8B�
F #%�¦Ô��� ¯(¦ ,

and Ü ¦w�y� �
F #%�* �O¦ � � ¯

*
( ° �y�/.�:<.�0�0�0.�}��H: ). If thecoefficientsof therepresentationin second

differencesaregiven, the correspondinglevel coefficientscanbe calculatedin the following
way: ¡ F � Ü

F #&D¡ F #%�ß� Ü
F #&à �H: Ü

F #&D¡ F #3¦á� Ü
F #3¦=#&D �H: Ü

F #3¦K#%�o8 Ü
F #3¦0�0�0 . . . . . . . . . . . . . . . . . . . . . . . .¡¢D � �Ù¬2¨Ù��¯»��: Ü �48 Ü D¡Â� � :�¬2¨�8N¯�8N®H8 Ü ��0

(2.23)

Like in theI(1) framework, therearedifferentpossibilitiesto includedeterministictermsin the
model. Thechoiceof the trendpolynomialdependson thetrendingbehavior of thevariables.
An unrestrictedconstant,

� �Â� � ] , for example,generatesa quadratictime trend in the lev-
els. Detailsaboutthe inclusionof deterministictermsandits implicationscanbefound in the
appendix.

2.3 Estimation,TestingandtheDeterminationof theCointegrationIndices

2.3.1 TheHierarchyof theHypothesesabouttheCointegrationIndicesin theI(2) Model

Thehypothesesaboutthecointegrationindices µ and Á in theI(2) modelhave a certainhierar-
chicalorderingcomparableto theorderingof hypothesesaboutthecointegrationrank µ in the

10 A specialcaseis Ñ&â[ã�ä�å I ÓÍ£Ø , implying that æ ÉCÍ , æ Ì É²Ï�ç andthereforeæ�âÌ Ñ<âPã�ä%ÉÎÑ&â[ã�äÖå I ÓÍ£Ø .
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Table2: Orderingof theModelsin theI(2) Framework (Johansen,1995b,p. 27)

èÂé²ê êè 0 ë ]26 ]�ì ë ]26í��ì�î�î�î¶ì ë ]26 ¨d#%�²ì ë ]26 ¨ ï ë ]] ì ë ]ðèÂéòñ ñ ë �76 ] ì�î�î�î¶ì ë �76 ¨d#&D ì ë �76 ¨d#%� ï ë ]� ì ë �ð
...

...ðñ è_éòñ ë ¨d#%�76 ] ì ë ¨d#%�76í� ï ë ]¨�#%� ì ë ¨è_é²ê�é¶ó è è_éòñ î�î�î ñ ô
I(1) framework. As hasbeendiscussedin the previous section,the numberof I(0), I(1) and
I(2) relationsin thesystemis µ , Á , and ¤õ��µÆ��Á , respectively. To startwith, considerthecase
in which ÁÀ�`¤»�qµ suchthat the numberof I(2) trendsis zeroandthe modelreducesto an
I(1) model. In this case,the traceteston thecointegrationrank is performedin the following
order: Themodelwith a cointegrationrankof at most µ is denoted��ö . Themodel,wherethe
cointegrationrankis exactly µ (andnotat most µ ) is called � ]ö . It follows that ��] is asubsetof��� which is asubsetof ��D andsoon: ��]§÷5����÷ùødødø�÷q�Æ¨ . Testingfor thecointegrationrank
followstheso-calledPantulaprinciplesayingthatthetestis consistentwhenthemostrestrictive
modelis testedfirst andtherestrictionsarerelaxedsubsequentlyuntil theunrestrictedmodelis
considered.11 Accordingto this procedure,thehypothesisthatthecointegrationrankis at most
zerois testedfirst. If this is rejected,thenext stepis to testthehypothesisthatthecointegration
rank is at most1. If this is not rejected,thecointegrationrank is not at mostzeroandit is at
mostone,therefore,asa logical consequence,it is exactly one.If ��� is rejected,thealgorithm
continuesin an analogousway until �!ö is not rejected,which indicatesthat thecointegration
rankis exactly µ . In theI(2) framework this extendsto a two-dimensionalorderof hypotheses,
seeJohansen(1995b,p. 26f.), andthemodelwith cointegrationindicesof exactly µ andatmostÁ is called ��ö	6 ú . In equivalenceto theI(1) case,themodelwith cointegrationindicesof exactlyµ andexactly Á is denoted� ]ö	6 ú , andtheorderingis �!ö	6 ]_÷ �!ö	6í�¢÷bødødøo÷-�!ö	6 ¨�#3ö§�y� ]ö ÷ù�!ö .
For anoverview of theorderingof modelsseetable2.

2.3.2 Estimationof theCointegrationParametersandTestingHypothesesaboutthe
CointegrationIndices

The dominatingestimationtechniquefor I(2) modelsis the two-stepestimatordevelopedby
Johansen(1995b). Thefirst stepis to apply the reducedrank regressiontechniqueto the I(1)
model � ]ö for eachpossiblecointegrationrank µ�� M<.�0=0.@¤¹�q� andcalculatethecorresponding
estimatorsof theadjustmentcoefficients u andthelong-runrelations³ . Thesecondstagecon-
sistsof a secondreducedrank regressionconditionalon therespective valuesfor �^µ�. u .Z³S� for
eachpossiblevalueof Á , that is estimationof themodels� ]ö	6 ú . Now, for all possiblecombina-
tionsof µ and Á , a teststatisticcanbecalculated.This teststatistic ��ö	6 ú is thesumof the I(1)
traceteststatistic û�ö anda correspondingtraceteststatisticfor thehypothesisthatthenumber
of I(1) relationsis at most Á , conditionalon thecointegrationrank µ , ûÆö	6 ú . Theorderof testing
follows thePantulaprinciple,that is themostrestrictivehypothesisµ_�ùÁ��ùM is testedfirst. If

11 This is also the underlyingprinciple of the Dickey/Pantulasequentialteston doubleunit rootsdescribedin
section2.1.2.
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this is rejected,Á is increasedsubsequently, accordingto theorderof hypotheses.If all com-
binationsof µò��M and ÁÀ��MO.�000=.��½¤¶�qµE� have beenrejected,the testcontinueswith µ·�"�
and Á��yM andsoon. Thefirst combinationof µ and Á that is not rejected,that is thetracetest
statistic��ö	6 ú is smallerthanthecorrespondingcritical value,is acceptedascointegrationindices
of the model. The asymptoticdistribution of ��ö	6 ú is nonstandardbut tabulateddependingon
includeddeterministicterms.

Paruolo(1996)shows that it is alsopossibleto testfor cointegrationindicesanddeterministic
termssequentiallywithout sizedistortion. This joint testfollows againthe Pantulaprinciple:
themostrestrictive hypothesesis testedfirst. Thetestis conductedin thefollowing way. The
orderingof hypothesisin Table2 is augmentedsuchthatthefirst line comprisesthehypotheses��]26 ]4ødødøZ� ]] for the mostrestrictive assumptionaboutthe deterministicterms. The next rows
containthesamehypothesesbut with lessrestrictiveassumptionsaboutthedeterministicterms,
respectively. Then,the tableis continuedwith the secondrow of table2, that is with the hy-
potheses���76 ]wødødøZ� ]� . This row is againfollowedby rows with the samehypothesesbut with
lessrestrictive assumptionsaboutthe deterministicterms,andso on. Whenthe tableis com-
plete,the teststatisticsarecomparedto thecorrespondingcritical values.Let �¶üö	6 ú denotethe
hypothesis��ö	6 ú with deterministicspecificationý , and �¶þö	6 ú thesamehypothesiswith the less
restrictive deterministicassumptionÿ . First theteststatisticfor �¶ü]26 ] is comparedto thecorre-
spondingcritical value.If thecritical valueis lower, thenthehypothesisis rejectedandthetest
statisticfor �»þ]26 ] is considered.Thenthetestproceedsasbefore,thatis theteststatisticfor �¶ü]26í�
is inspected,followedby �¶þ]26í� , andsoon. Theprocedurestopsif a teststatisticis lowerthanthe
critical value.Notice,thatthisprocedureis only valid for themodels2 to 3.2in table7 onp. 22.
Model 4.1doesnot fit into theorderingof deterministicmodelswith respectto restrictiveness.
Detailsof this procedure,a treatmentof the properinclusionof deterministicterms,andthe
critical valuescanbefoundin Johansen(1995b),Paruolo(1996),andRahbeket al. (1999);the
computationalimplementationandthecritical valuesaresummarizedin theappendix.

The estimatorsof the adjustmentcoefficients and the long-run relationscan be taken from
the two reducedrank regressionscorrespondingto the chosenpair of cointegration indices.
Theseestimatorsareasymptoticallyefficient,and,if identified,(super)consistent,seeJohansen
(1995b)andParuolo(2000). Hypothesesaboutthe long-runrelationscanbetestedlike in the
I(1) framework by imposingtherestrictionsandcomputingthelikelihoodratio statisticwhich
is � D -distributed. Hypothesistestingin the I(2) model is for examplediscussedby Haldrup
(1998). Two computerprogramsthat canbe usedto estimateI(2) modelsandto test for the
cointegrationindicesareCATS in RATS with anextensionfor I(2) modelsby ClaraJørgensen
andtheRATSapplicationMalcolmby RoccoMosconi.Theresultsprovidedin thispaperhave
beencomputedwith Mathematica4.0usingacointegrationpackagewrittenby theauthor.

2.4 CausalityandWeakExogeneityin theI(2) Framework

A possibleapplicationof vectorautoregressive modelsis the analysisof structuralrelation-
shipsbetweenthevariables.Theusualtoolsfor thiskind of analysisareamongothersGranger
causalitytests,impulseresponsefunctionsandforecasterror variancedecomposition.These
methodsarefor examplediscussedin Lütkepohl(1993)for thecaseof I(0) andI(1) variables.12

Further, it is ofteninterestingif someof thevariablesin asystemareweaklyexogenousimply-
ing thatthemodelcanbeestimatedconditionalonthesevariablesto reducecomplexity without
loosingefficiency. In a cointegratedI(1) VAR, weakly exogenousvariablesdo not adjustto

12 Further referencesfor Grangercausalitytestsin integratedvector autoregressive modelsare Giannini and
Mosconi(1992)andTodaandPhillips (1993).
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deviationsfrom the long-runequilibria; this canbegivenaneconomicinterpretationin appli-
cations. Weakexogeneityin the context of cointegratedI(1) VARs is for exampletreatedin
Ericssonet al. (1998).In thefollowing, testingfor Grangernon-causalityandweakexogeneity
in theI(2) modelis briefly reviewed.

Theconceptof Grangercausalitycanbedescribedasfollows.A variable(or vectorof variables)r � Grangercausesanothervariable(or vectorof variables)�£� , if theinclusionof thehistoryofr , � r �$#%�. r �$#&Dd.�00=0. r �$# F � , improvesforecastsof � , ����£� � �.���£� � Dd.�0=00[� . In the framework of vector
autoregressivemodels,Grangercausalitycanbeformalizedasfollows:13 In a partitionedVAR
of order }

���Â� � �£�r ��� � � � �'�� D	��� 8 � ¡Â�7�76í�t¡��^D26í�¡¢D2�76í�t¡§D7D26í��� � �£�$#%�r �$#%��� 8�ødødø
8 � ¡Â�7�76 F ¡Â�^D26 F¡¢D2�76 F ¡¢D7D26 F � � �£�$# Fr �$# F � 8 � x �'�x D	��� (2.24)�£� is not Granger-causedby r � if andonly if ¡Â�^D26 ¦ �LM for °g���/.�0�0�0.�} . This restrictioncan

be testedwith a usualWald test in the caseof a stationaryVAR. But if someor all of the
variablesin thevector ��� areintegratedof order

��± M , theWald teststatistichasanonstandard
limiting distribution. This problemis consideredby TodaandYamamoto(1995)andDolado
and Lütkepohl (1996), for example. They show that it is possibleto modify the Wald test
suchthat the teststatistichasagaina � D -distribution. First, the lag-length } of the VAR has
to bespecified.Whenthis hasbeendone,a VAR of order }!8 �

is estimatedandit is testedif¡ F�� �G�-ødødøz�5¡ FZ� � �;M . Thiscanbetestedwith aWaldtestbecausenotall coefficientmatrices
areinvolved. Therehave to beat least

�
unrestrictedcoefficient matricesto guaranteethat the

Wald teststatisticis � D -distributed,seeTodaandYamamoto(1995),section4. Therefore,the
Wald testfor ¡ F�� ����ødødøG�L¡ F�� � ��M is valid if }�~ �

. The teston Grangernon-causality
usesonly thefirst } coefficient matricesbecauseit canbesupposedthat theothercoefficients
arezero. TheWald teststatisticin this framework hasa � D -distribution becausethereremains
againa sufficient numberof unrestrictedcoefficient matrices: ¡ F�� ��.�0�0�0Û.Z¡ F�� � . Deterministic
termscanalsobeadded,seeDoladoandLütkepohl(1996,p. 374).

Weakexogeneityis a weaker conceptthanGrangernon-causalityin the sensethat weakex-
ogeneityis a necessarybut not sufficient conditionfor Grangernon-causality, while Granger
non-causalityis notnecessaryfor weakexogeneity. Weakexogeneityof avariabler ¦ in anI(1)
VAR representedby theVECM (2.13) is given,if all adjustmentcoefficients u ¦ * , 	»�L�/.�00=0.Zµ ,
in the equationfor that variablearezero. Grangernon-causalityrequiresin additionto weak
exogeneitythat all coefficientsof the first differencesof the non-causingvariables,storedin
a submatrixof ¯R� , arezero. ParuoloandRahbek(1999)have extendedthe conceptof weak
exogeneityin theI(1) modelto theI(2) modelin thefollowing way. Supposethat thenumber
of possiblyweakly exogenousvariablesis ¤¶�q� . A necessarycondition is that the number
of possiblyweakly exogenousvariablesis lower thanor equalto the numberof I(2) trends:¤A����
p¤¹�pµg��Áz0 Supposefurtherthatthelast ¤õ�X� variablesin thesystem,� r� � �.�00=0. r ¨��7´
arethe candidatesfor weakexogeneity. Theselast ¤¶�{� variablescanbe selectedwith the
selectionmatrix ÿ����YMO.2¬2¨�# � � ´ . Fromtheorem3.3in ParuoloandRahbek(1999)followsthata
necessaryandsufficient conditionfor weakexogeneityof ÿZ´ r � isÿ ´ ®5�;ÿ ´ ¯À�;MO0 (2.25)

This condition refersto the representation(2.14). Equivalent formulationsof this condition
canalsobe found in otherrepresentationsof the I(2) model. ParuoloandRahbek(1999)also

13 This followsLütkepohl(1993),section2.3.1.
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develop a formal test for weakexogeneityin the I(2) model. This test is an extensionof the
correspondingtestin theI(1) model,thedetailsof this testarenotdiscussedhere.

3 I(2) Analysisof Money andPricesin theEuroArea

3.1 LeadingIndicatorPropertiesof Money

3.1.1 TheLeadingIndicatorPropertyandtheMonetaryPolicy Strategy

To achieve the overridingobjective of price stability, the ECB hasadopteda monetarypolicy
strategy basedon two pillars.14 Thesetwo pillarsare”a prominentrole for money, assignalled
by theannouncementof a referencevaluefor thegrowth of a broadmonetaryaggregate;and
a broadlybasedassessmentof theoutlookfor futurepricedevelopmentsandtherisksto price
stability in the euro areaas a whole.” (ECB, 1999b,p. 46) The following macroeconomic
criteria for the selectionof a suitablemonetaryaggregatein the first pillar have beenapplied
(ECB, 1999a,p. 32 f.): (1) the empiricalstability of the money demandfunction suchthat a
stablerelationshipbetweenmoney andpricesexists;(2) theselectedmonetaryaggregateshould
beagoodleadingindicatorfor futurepricedevelopments;(3) thecontrollabilityof themonetary
aggregateby thecentralbankhasto betakeninto account.In thefollowing section,3.1.2,the
secondcriterion,theleadingindicatorpropertyof money for prices,is analyzed.

3.1.2 MethodologyandEmpiricalResults

In the context of time seriesanalysis,onevariable r � is a leadingindicator for anothervari-
able �£� , if forecastsof �£� ���

, � ± M , can be improved by including the history of r , that is� r ��. r �$#%��. r �$#&Dd.�00=0[� in theforecastalgorithm.This is exactly thedefinitionof Grangercausality,
seesection2.4. To exploretheleadingindicatorpropertiesof themonetaryaggregatesM1 and
M3 for prices,thecausalitytestdescribedin section2.4 is appliedto bivariateandmultivariate
systems.15 In themultivariateframework, ashort-terminterestrate Á£� , a long-terminterestrate,� � , andrealGDP, ��� , areincludedasexogenousvariablesin theVAR estimation.

Thetrueorderof integration,
�
, of theanalyzedvariablesis not known. In borderlinecasesor

if differentunit root testsyield differentresults,the supposedmaximumorderof integration
shouldbeusedfor thedescribedprocedure.As shown in section2.1.2,themaximumorderof
integrationof M3 andpricesin theeuroareais two. Therefore,it is supposedin thefollowing
that the maximumorder of integration is

� � : , and the causalitytest is performedin the
framework of a VAR with }�85: lags. Additionally, a constant,seasonaldummiesanda time
trendareincluded.The lag lengthis chosenaccordingto thefollowing strategy: First, the lag
length } suggestedby theHannan-Quinncriterion (HQ) is taken. Thenit is testedif ¡ FZ� ���¡ F�� D � M . If this is rejected,lagsareadded,that is } is increased,until thetestdoesnot reject
thishypothesis.Table3 showstheWald teststatisticsandthecorresponding¤ -values.Thenull
hypothesisof Granger-noncausalityis rejectedif the ¤ -valueis smallerthanthedesirednominal
significancelevel. While thereis only poorsupportof thehypothesisthatM3 is Grangercausing
pricesin bivariatesystems(thenull hypothesisthatM3 is notGrangercausingtheGDPdeflator

14 Themonetarypolicy strategy of theECB is discussedfor examplein Holtemöller (2002).
15 The leadingindicatorpropertiesof money have alsobeeninvestigatedin a recentstudyby TrecrociandVega

(2000)usinga broadrangeof techniques.They considerbivariateandmulivariatesystems,real andnomi-
nal monetaryaggregatesanddifferentassumptionsaboutthe integrationorderof the variables.Their datais
seasonallyadjustedwhile hereseasonallynot adjusteddataandseasonaldummiesareused.
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Table3: CausalityTestsfor Money andPrices(1980:1–1999:4)

���£��. r �Y� ���£��. r �7.�Á���. � �'� ���£��. r �7.2���7.�Á£��. � �^�} �£���� r � r ���� �£� } �£���� r � r ���� �£� } �£���� r � r ���� �£��£� = HICP 4 1.99 2.31 3 3.19 4.68 3 2.68 5.06r � = M3 [0.31] [0.11] [0.07] [0.07] [0.03] [0.01] [0.07] [0.06] [0.00]�£� = HICP 4 3.28 1.93 2 0.85 2.82 2 0.68 2.58r � = M1 [0.32] [0.02] [0.12] [0.17] [0.43] [0.07] [0.16] [0.51] [0.08]�£� = GDPP 6 1.51 2.00 6 1.43 0.80 5 1.35 0.92r � = M3 [0.75] [0.19] [0.08] [0.56] [0.23] [0.58] [0.21] [0.26] [0.48]�£� = GDPP 5 2.88 1.33 6 0.40 0.49 7 0.29 0.30r � = M1 [0.71] [0.02] [0.26] [0.07] [0.87] [0.81] [0.21] [0.95] [0.95]

Notes: ThereportedstatisticsaretheWaldteststatisticsfor thenull hypothesisof Grangernon-causalitydescribed
in thetext; � ä��� ã ä hasto bereadasthehypothesisã ä is notGrangercausedby � ä . Thenull hypothesisis rejected
if the Ê -value(reportedin brackets)is smallerthanthe desirednominalsignificancelevel. The Ê -valuebelow �
is the Ê -valuefor theWald teststatisticfor ��� �<×UÉ!��� �3Ò É·Í#" A constant,seasonaldummiesanda linear time
trendareincluded. HICP is the harmonizedindex of consumerprices,GDPPis the GDP deflator, $�ä is a short-
terminterestrate, %�ä is a long-terminterestrate,and &�ä is realGDP. All variablesexceptfor the interestratesare
measuredin logarithms.Thedatais describedin theappendix.

(GDPP)/ theharmonizedindex of consumerprices(HICP) is not rejectedon the5%-level but
only on the10%-level), thereis strongevidencethat thebroadmonetaryaggregateis Granger
causalfor theharmonizedindex of consumerpricesif interestratesandrealGDPareincluded
in theVAR. GiventhattheHICP is thetargetvariableof ECBpolicy andconfirmingtheresults
of Trecroci and Vega (2000), M3 can be interpretedas a leading indicator for future price
developments.A furtherresultis thatprices(bothGDPPandHICP) areGrangercausalfor the
narrow monetaryaggregateM1 in a bivariatesystem.This confirmstheassumptionthatM1 is
heldmainly for transactionpurposessuchthatit hasto beadjustedif priceschange.

3.2 Money Demand

Theanalysisof money demandandits stability playsa prominentrole in empiricalmonetary
economics.16 This sectionaims to illustrate the I(2) analysisof a nominal money demand
system.First, in section3.2.1theorderof integrationof logarithmicreal balancesasa linear
combinationof thelogarithmsof money andpricesis explored.In section3.2.2,arepresentative
exampleof an I(1) realmoney demandanalysisis discussedandit is shown how the inherent
assumptionof long-runprice homogeneitycanbe testedwithin an I(2) approach.In section
3.2.3,it is shortlyexplainedhow money canplayanactiveor apassiverole in thetransmission
process,while in section3.2.4thesepossiblerolesof money areinvestigatedempirically.

16 SeeLütkepohl and Wolters (1999) for methodological,single country, and multi-country studiesof money
demand,andCoenenandVega (1999),Müller andHahn (2000),andBrandandCassola(2000) for money
demandanalysisin theeuroarea.
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Table4: Unit root testsfor HICP andGDPPdeflatedM3

ln (M3/GDPP) ln (M3/HICP)

lags (a) (b) (c) lags (a) (b) (c)

HF-n 1 14.80�7�7� 16.08�7�7� 16.51�7� 3 2.79 6.40 6.22

SD-n 1 16.26�7�7� 23.11�7�7� 23.86�7�7� 3 2.29 6.87 6.68

DP-, 1 � 5.47�7�7� � 5.42�7�7� – 3 � 2.37 � 2.25 –

Notes: Theteststatisticsreportedareasdescribedin section2.1.2,lagsrefersto thenumberof laggeddifferences
includedin the auxiliary regression. (a), (b) and (c) indicatethat a constant,a constantand a linear trend or
a constant,a linear trendanda quadratictrendare included. Seasonaldummieshave beenincludedin all test
regressions.

�
,
�	�

, and
�	�@�

referto significance,thatis rejectionof thenull hypothesisof adoubleunit root,on 10,
5, and1% levels.

3.2.1 TheOrderof Integrationof RealBalances

Most studiesof money demandrelationsfocuson the logarithmof real money usingan I(1)
model.This procedureimpliesa cointegrationrelationshipbetweenthelogarithmsof nominal
money andprices, �^����.@¤O�^��T CI(2,1),with cointegratingvector ³o�U�`���/.��Â��� , giventhatnom-
inal money andpricesarefound to be I(2). This cointegrationrelationcanbe interpretedas
long-runpricehomogeneity. Thesuitabilityof this restrictionis testedin thefollowing. Table4
showstheresultsof theunit root testsdescribedin section2.1.2for two differentdefinitionsof
realmoney. First,M3 hasbeendeflatedwith theGDPdeflator(GDPP),andsecondM3 hasbeen
deflatedwith theharmonizedindex of consumerprices(HICP). While GDPPdeflatedmoney
is I(1), HICP deflatedmoney is I(2). Thereforethecointegrationrestrictionseemsreasonable
if GDPPdeflatedmoney is usedin money demandstudiesasit is almostalwaysthecase.The
factthatHICPdeflatedmoney is not I(1) doesnotexcludeacointegrationrelationshipbetween
M3 andHICP, but it rejectsthehypothesisthatthecointegrationvectoris ³o� � (1,� 1).

3.2.2 Money andPricesin aMoney DemandSystem

In an actualstudy, BrandandCassola(2000)estimatean I(1) money demandsystemfor the
euroarea. This study is taken asan examplefor the discussion.The extensionfrom an I(1)
modelto an I(2) modelcould be demonstratedequivalentlywith anotherreal money demand
study, but this study is the most recentone for the euroarea. The dataset consistsof log-
arithmic real balances(M3 in the euro areadeflatedwith the GDP deflator), inflation (first
differencesof logarithmicGDPdeflator),logarithmicrealGDP, ashort-terminterestrateanda
long-terminterestrate: r ´� �y�^���d�Æ¤���.��g¤���.2���7.�Á£�7. � �'� . In avectorerrorcorrectionframework for
I(1) variables,BrandandCassolaareableto identify threecointegrationrelationsby imposing
(over)identifyingrestrictionson thecointegratingvectors.Theserestrictionsaremotivatedby
an economicmodel. The main featuresof this modelarea constantreturnsto scaleproduc-
tion function in labor andcapitalstock,the Fisherinflation parity anda demandfunction for
realbalances.The identifiedcointegrationvectorsof themodelaretheFisherinflation parity,
an equationfor the term structureof interestrates(expectationshypothesis)andthe demand
functionfor realbalances.

As mentionedin theprevioussection,if realbalancesaremodeledasendogenousI(1) variable,
long-runpricehomogeneityis imposed.It is not in questionthatthis is areasonableandwidely
acceptedassumptionin economictheory, but it is anempiricalquestionif this is a not rejected
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Table5: Tracetestfor theBrand/CassolaMoney DemandSystem

µ ��ö	6 ú ûÆö
0 350.52 256.81 207.65 175.24 157.59 148.85

1 218.97 146.53 97.47 74.84 67.61

2 121.26 74.20 42.82 36.00

3 63.99 22.22 14.05

4 28.74 5.77¤õ��µ§�HÁ 5 4 3 2 1 0

Notes: Test statistic ' ç�( ) for testinghypothesesaboutthe cointegration indicesas describedin section2.3.2.
Thedeterministictrendpolynomialfollows model3.1 in table7. Critical valuescanbe found in table11 in the
appendix,thelag lengthis two, andthesampleis 1980:1-1999:4.Seasonaldummieshavebeenadded.

restrictionin theempiricalmodel.Thevalidity of this restrictioncanbetestedin anI(2) frame-
work. Giventhatmoney andpricesareI(2) variablesandthat realGDP andthe interestrates
areI(1) variables,the teston long-runprice homogeneitycanbe performedin the following
vectorautoregressive setup: the endogenousvariablesarelogarithmicnominalM3, the loga-
ritmic GDPdeflator, logarithmicrealGDP, a short-terminterestrate,anda long-terminterest
rate: r ´� �b�'����.@¤��7.2���7.�Á£�7. � �'� . Thedatausedhereis anupdatedversionof thedatain Brandand
Cassola(2000).Theoptimal lag lengthof theVAR, suggestedby theHannan-Quinncriterion,
is two andthedeterministictrendpolynomialis chosensuchthat thereis a non-zeromeanin
theI(0) componentsanda lineartrendin theI(1) andI(2) components(model3.1 in table7 in
theappendix).Thecointegrationindicesaredeterminedas µ���� and Ág�-� , seetable5.

Juselius(1998)describesthefollowing economicscenariofor thiscombinationof cointegration
indices:With µÂ� 3 and Á¢� 1, thenumberof stochasticI(2) trendsin thesystemis ¤��¶µU��Ág�
5 � 3 � 1 � 1. This impliesthatthetwo I(2) variables��� and ¤�� have thesameI(2) trendand
arecointegrated, �'����.@¤��^�ÆT CI(2,1). Long-runpricehomogeneityis given if ���w�X¤O��T I(1),
suchthatthecointegratingvectoris (1,� 1). Additionally, thereare µ �ò�Ô¤§�Îµ �CÁ���� 2 relations
that cointegratedirectly to I(0) and ¤ò�;µ��ùÁ�� 1 polynomially cointegrating relation that
comprisesalsofirst differencesof anI(2) variable.Thedirectlycointegratingrelationscouldbe
a money demandfunctionor inversevelocity ( ���4�ò¤��4�H��� ) andthetermstructureof interest
rates(

� �v�qÁ£� ). Candidatesfor thepolynomially cointegratingrelationarea shortrun Phillips
curve ( ���9�B³�*���,Ù�B³�*Y¨��Æ¤O� , implying anothertrend polynomial that allows for trendsin the
I(0) relations)or theFisherinflation parity (

� �7� 4�g¤�� ). Thelast two relationsarepolynomially
cointegratingbecauseadifferencedI(2) variable,�g¤�� , is neededto getanI(0) relation.

Thelong-runpricehomogeneitycanbetestedby imposingtherestriction(1, � 1, ø , ø , ø ) ´ on theµ�� 3 cointegrationvectorsandtestingthisrestrictionwithin thetwo-stepestimationframework
by comparingthemaximizedlikelihoodfunctionsof the restrictedandtheunrestrictedmodel
(likelihoodratio test). The restrictionshave to be imposedin the first andin the secondstep
of the estimationprocedure,suchthat two LR teststatisticshave to be calculated.17 The LR
teststatisticin the first stepis � D (3)-distributedandhasa valueof û þ ��� 30.28with ¤ -value
0.00.TheLR teststatisticin thesecondstephasavalueof û þ D � 1.26andis � D ����� -distributed
(¤ -value: 0.26). Thefirst steprestrictionis rejectedat all usualsignificancelevels. This sug-
geststhat the underlyingdatasetor the modelspecificationis not appropriateto estimatean

17 Thedetailsof this testaredescribedin theappendix.
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I(1) demandsystemfor realbalancesin theeuroarea(1980-1999).It shouldbementionedthat
theimposedrestrictionin thelong-runpricehomogeneitytestis differentfrom theimposedre-
strictionsin therealmoney demandsystem.Nominalmoney andthepricelevel do not appear
in eachlong-runrelationin the money demandsystem.But the testof restrictionson single
cointegrationvectorscanonly beappliedif all cointegrationvectorsareidentified.Theidenti-
ficationof all cointegrationvectorsin theI(2) money demandsetupis notclearsofarandis left
for futureresearch.

In theeconomicmodelusedby BrandandCassola,money is completelydemanddetermined
and passive. As a passively endogenousvariable,the quantity of money doesnot play any
role in the transmissionmechanismof monetarypolicy. Especially, the money stockis not a
determinantof thepricelevel. Money is only anindicatorfor thestanceof monetarypolicy con-
ductedvia theinterestrateandis thereforecorrelatedwith futureinflationbut it doesnot cause
futureinflationandinflationis in thissensenotamonetaryphenomenon.Accordingto thiseco-
nomicsetup,thereis noexplicit long-runrelationbetweenmoney andpricesin theeconometric
model;but besideslong-runpricehomogeneitythereis anindirectrelationbetweenmoney and
inflationvia thelong-terminterestratethatis includedin themoney demandrelationandin the
Fisherinflationparity relation.

A relationbetweenmoney andpricesthatallowsfor amoreactiveroleof thequantityof money
in the transmissionprocessandthat considerscausalityfrom money to pricesin the long-run
couldbeestablishedin anI(2) analysis.Theanalysisof theerrorcorrectionmechanismof the
CI(2,1) relationbetweenmoney andpricescanbe usefulfor investigatingthe leadingindica-
tor propertyof money for prices. Moreover, from �'����.@¤��^��T CI(2,1) follows �Y������.��g¤��Y��T
CI(1,1).18 Thecointegrationrelationbetweenthegrowth ratesis calleda medium-runsteady-
staterelationby Juselius(1999).

3.2.3 TheRoleof Money in theTransmissionProcess

Following Laidler (1999),therole of endogenousbut activemoney in thetransmissionprocess
of monetaryimpulsescouldbeasfollows: Consideradecreasinginterestrate,for exampleasa
resultof a monetarypolicy action. Supposethat theinterestrateelasticitiesof money demand
andloandemandaredifferent. This is a realisticassumptionbecausepeopledo not borrow to
holdmoremoney but to spendit. If consumptionfollowsthepermanentincomehypothesis,for
example,thenconsumptionwill increase,if the interestratedecreases.Investmentdecisions
of firms dependon the interestrateon loans. If borrowing from the bankis cheaperdueto a
decreasinginterestrate,theninvestmentexpendituresincrease.In practice,theadditionalliq-
uidity achievedby borrowing from thebankappearsasa liability of thebankin thedepositsof
theborrowing consumersandfirms. Therefore,asa consequenceof thebalancesheetrestric-
tion, the quantityof money increaseswithout the demandfor money increasingby the same
quantity. Money supplyis higherthanmoney demandandthe resultis a money overhang(or
excessmoney supply).Onepossibilityis thatthis money overhangis spentsuchthataggregate
demandincreases.The additionalaggregatedemandaffectsoutputandprices,implying that
money is active, that is, helpsto causeinflation. Outputandpricesareargumentsof nominal
money demandsuchthatthemoney overhangvanishsor is reduced.Anotherpossibilityis that
peopleusetheir excessmoney holdingsto lower their indebtednessimplying that thequantity
of loansandthenominalmoney stockadjustuntil nominalmoney supplyanddesiredmoney
holdingsarein equilibrium. In this casenominalmoney decreasesandmoney is passive. The
empirical question,whetherthe adjustmentin the holding of real balancesis doneby price

18 If Ñ&â× ã�ä%å I(1), then +¢ÓÔÑ&â× ã�ä^ØÖÉ²Ñ&â× +�ã�äÖå I(0).
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changes(nominalmoney is exogenous),by nominalbalances(money is passively endogenous)
or by bothvariables(intermediatecase)is now addressedin anI(2) framework.

3.2.4 Money andPricesin anI(2) Model

Thebestmethodto exploretherelationshipbetweenmoney andpriceswouldbeafully specified
I(2) model.Unfortunately, this is muchmorecomplicatedthanthespecificationandestimation
of an I(1) model. Therefore,a simplerapproachis usedhereto demonstratetheusefulnessof
theI(2) framework for thediscussionof theimpactof money onprices.

Cointegrationtestsin theI(2) modelcanalsobeconductedin asingleequationframework. The
procedureis equivalentto theI(1) caseandtestsif theresidualsfrom aregressionareintegrated
or stationary. Cointegrationis given, if the integrationorderof the residualsis lower thanthe
maximumorderof integrationof thevariablesin theregressionequation.If I(2) variablesare
involved in the regression,the residualscanbe I(0), I(1) or I(2). For money andpriceswe
canassumethat they cointegrateat leastto an I(1) relation,seesection3.2.1. In a regression
from money on prices,thelinearcombination(1,� 1) is not imposedandthevariablespossibly
cointegrateto anI(0) relation.To testthehypothesis�'����.@¤��Y� T CI(2,0)thefollowing regression
hasbeenestimated:19 ���w� � ��8H³z¨Z¤��O8 x �7. (3.1)

where
� � includesa constantandseasonaldummies.The augmentedDickey-Fuller (ADF) , -

statisticfor theresidualsx � is � 1.77(with 4 laggeddifferences).20 Thisvalueis not significant
at any usualsignificancelevel. Therefore,the null hypothesisof a unit root in the residuals
cannotberejected,andmoney andpricesdo not directly cointegrateto anI(0) relation. In the
sameway it canbe testedif money andpricescointegratepolynomially to an I(0) relationby
adding�Æ¤ and/or�A� to (3.1).Withoutreportingthedetailshere,noindicationsfor polynomial
cointegrationof money andpriceshavebeenfound.

The �^����.@¤O�^� -systemis now extendedby addingthe I(1) variablelogarithmicreal GDP ���	0 As
in theI(1) model,thesingleequationapproachis only valid, if thereis only onecointegration
relation. In the caseanalyzedhere,it canbe excludedthat the cointegrationrank µ is larger
thanone. The numberof variablesis ¤5� 3. It hasalreadybeenconfirmedthat �'����.@¤��Y��T
CI(2,1), suchthat the numberof I(2) trendsin the systemis ¤C�{µ��5Á»� 1, andthe number
of I(1) relationsis at leastone, Á¶~ 1 It follows that ¤C�B���qÁ²�Wµ!
 1. If thereis a single
cointegrationrelation implying µ�� 1 and Áò� 1, it is a polynomially cointegration relation
(the numberof polynomially cointegratingrelationsis ¤¶�;µ¹�BÁ·� 1, the numberof direct
cointegrationrelationsis µÆ�;�Ô¤õ��µÆ�HÁ���� 0). Thepolynomiallycointegrationrelationshipis
assumedto be21 ���(� � �O8H³z¨Z¤O�%8�³�*Û���%8�³,�¨d�g¤���8 x D	��0 (3.2)

This relation can be interpretedas a nominal money demandfunction. Interestratesor an
interestratespreadcouldalsobeaddedto thesystem,but theanalysisis keptassimpleaspos-
siblehere.Moreover, this specificationis equivalentto a specificationwith a long run interest
rate insteadof the inflation rate if the long run interestrateandthe inflation ratecointegrate

19 EViewshasbeenusedto conductthecalculationsin thissection.
20 Thecritical valuesfor this cointegrationtestarenot theusualones,they dependon thedeterministicterms,the

numberof I(1) regressorsandthe numberof I(2) regressorsin the cointegrationregression.Singleequation
cointegrationtestswith I(2) variablesarediscussedin Haldrup(1994a).Thecritical valuescanalsobefound
there.

21 Statistically, onecouldalsoincludethefirst differencesof theothervariablethatis integratedof ordertwo, that
is themoney stock.But from aneconomicpoint of view, it is moremeaningfulto considertheinflation rate.
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Figure2: Money Overhangin I(2) Model (3.4), x D	� , andin I(1) Model (3.6), x �'�
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(this is calledFisherinflation parity above) like in theBrand/Cassolamodel. Theresidualsof
themoney demandfunctionaretheempiricalcounterpartof themoney overhangdescribedin
section3.2.3:22x D26 �$#%� � ���$#%�. /10 2

nominalmoney stock

� �^³z¨Z¤O�$#%�w8�³�*Û���$#%�w8�³,�¨d�g¤��$#%�2�. /10 2
money demand

� � �. /10 2
errorcorrectiontermor money overhang

(3.3)

TheOLSestimationresultsfor (3.2)are����� � ��8 �/0=�43(¤O�L8 �/0=��\9����� M<0 :65�ø75��g¤���8 x D	�� ] e ]98�� � ] e ]7h�� � ] e f7]�� (3.4)

with OLS standarderrorsin parentheses,
� � includesagaina constantandseasonaldummies.

The ADF , -statisticfor the hypothesisthat x D	� is integratedof orderone is � 4.07 (with the
fourth laggeddifferenceincluded),suchthat this hypothesisis rejectedat the 10%-level (5%
CV: � 4.25,10%CV: � 3.93),andit canbeassumedthat(3.4) is a polynomiallycointegrating
relation. Now, the money overhangis x D	� . The error correctiontermsof the I(2) model(3.2)
andtheI(1) model �'�W�¶¤Ö���(� � �O8H³�*Û���O8H³;: � �%8 x �'� (3.5)

with OLSestimates �^�b�À¤¾���L� � �L8 �/0P�=< ��� � MO0P�/M � �L8 x �'�� ] e ]7à�� � ] e �>8�� (3.6)

arecomparedin figure2. It canbeseenthatthemoney overhangis verysimilar in bothmodels
over long periods. At the actualend of the graph,however, it is observed that the money
overhangestimatedin the I(2) framework is larger thanthe money overhangestimatedin the
I(1) framework. This largermoney overhangseemsto becompatiblewith theobservationthat
thegrowth rateof M3 hasbeenclearlyabove its referencevaluein 1999.

22 In theterminologyof theECB,this is themonetaryoverhang/shortfall. TheECBusesalsothenominalmoney
gap,calculatedon the basisof nominalmoney growth above/below the referencevalue,andthe real money
gap, that is the deviation of the observed real money stock from estimatedreal money demand. The ECB
terminologyis explainedin ECB(2001).
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Table6: SummaryStatisticsfor theRegressions(3.7)and(3.8)

Sample:1981:2- 1999:4( 1 =75)

(3.7) (3.8)u�� � 0.1758 (0.0493) u ¨ 0.0613 (0.0349)� D 0.8343 � D 0.9782

SE 0.0040 SE 0.0028

JB 1.7372 [0.4195] JB 3.4153 [0.1813]

LM(1) 2.2268 [0.1356] LM(1) 3.1429 [0.0763]

LM(4) 6.8002 [0.1468] LM(4) 8.3207 [0.0805]

ARCH(1) 0.0353 [0.8509] ARCH(1) 1.1138 [0.2913]

ARCH(4) 1.9025 [0.7537] ARCH(4) 16.0451 [0.0030]

Notes: A constantandseasonaldummieshave beenaddedaswell aslaggeddifferencesaccordingto equations
(3.7) and(3.8), but only the estimators(standarderrorsin parentheses)of ?A@ and ? Ð arereported.SE denotes
the standarderror of the regression,JB the Jarque-Beratest for normality, LM( � ) the Lagrangemultiplier test
for serialcorrelationof theresiduals( � laggedresidualsincluded)andARCH(� ) theLagrangemultiplier testfor
autoregressiveconditionalheteroskedasticity, Ê -valuesin brackets.

Theerrorcorrectionmechanismin theI(2) modelcanbecapturedby estimatingthefollowing
two singleequations:� D ���4� � � �%8 uB��x D26 �$#%� (3.7)

8 à) ¦Ô���DC �7�'¦'� D ���$#3¦O8 à) ¦Ô���EC �^D	¦'� D ¤��$#3¦O8 8) ¦Ô��� ¯G�^à	¦��A���$#3¦<8 x� �
� D ¤��4� � ¨��O8 u ¨ x D26 �$#%� (3.8)

8 à) ¦Ô��� C D2�'¦'� D ���$#3¦O8 à) ¦Ô��� C D7D	¦'� D ¤��$#3¦O8 8) ¦Ô��� ¯wD7à	¦��A���$#3¦<8 x ¨��	0
Theinclusionof threelaggedseconddifferencesof money andpricesandfour laggedfirst dif-
ferencesof real incomecorrespondsto a lag lengthof five in the level specification,this lag
length is suggestedby the Hannan-Quinncriterion. The system(3.7/3.8)is of coursenot an
equivalentspecificationto the representation(2.14) of the I(2) model. The error correction
mechanismfor theCI(2,1) relationshipbetweenmoney andpricesandthethird equationwith
the seconddifferencesof the GDP asdependentvariableareomitted. But the two equations
have stationaryresidualsandthesummarystatisticsin table6 do not indicatedeparturesfrom
theusualassumptionsabouttheresiduals(exceptfor theARCH(4) LM testfor thepriceequa-
tion). The adjustmentparametersuB� �¿� 0.18 (0.049)and u ¨¶� 0.06 (0.035)have correct
signsandgive a first impressionof the adjustmentprocess(OLS standarderrorsin parenthe-
ses).It canbeseenthat thenominalmoney stockis adjustingto a largerextent thantheprice
level. This resultshouldbeinterpretedcarefullybecausetheasymptoticdistributionof theesti-
matorsin thiskind of two-stepprocedureis notknown. Theintermediatecasementionedabove
with nominalmoney andpricesasadjustingvariablesseemsto be theonethat is in line with
thedatain theeuroarea.Thepositive impactof themoney overhangon futureinflation is also
found in TrecrociandVega(2000)andGerlachandSvenson(2000)usingdifferentspecifica-
tions. Theadjustmentof nominalmoney canin principle be calculatedin an I(1) modelwith
realbalancesasendogenousvariable,too. But the informationis moreclearly revealedin the
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I(2) modelwithout imposinga priori a cointegrationrelationbetweenmoney andprices.The
economicresultsof the I(2) analysisarecompatiblewith the resultsof othermoney demand
studiesfor theEuroarea,for exampleCoenenandVega(1999),Müller andHahn(2000),and
BrandandCassola(2000). In all thesestudies,a stablemoney demandfunction is found for
theEuroarea.This resultseemsto bevery robust,giventhat it holdsfor differenttime spans,
differentaggregationmethods,anddifferentstatisticalframeworks.Therefore,theexistenceof
a stablemoney demandfunction, that is oneof thecriteria usedby the ECB to chosea mon-
etaryaggregatein thefirst pillar (seesection3.1.1),canbe confirmedfor thebroadmonetary
aggregateM3.

4 Conclusions

This paperinvestigatesthe I(2) methodologyasanextensionof thewidely usedI(1) method-
ology. It hasbeenshown that thereis empiricalevidencethat relevant macroeconomictime
serieslike nominalmoney stockandprice level in the euroareaare integratedof order two.
Theconceptsof causality, exogeneity, cointegrationanderrorcorrectionhavebeendiscussedin
theI(2) framework. Theseconceptshave beenappliedto testtheleadingindicatorpropertyof
money for pricesin theeuroareaandto illustratethebasicoutlineof an I(2) modelof money
demand.

Theadvantagesof theI(2) approachcomparedto theI(1) approachin thepresentedapplications
are the following: First, relevant monetaryvariablesin the euro areacan be assumedto be
integratedof ordertwo. Therefore,anI(2) modelis theappropriatestatisticalspecification.As
thereis a lossof informationif thefirst differencesof variablesthatareintegratedof orderone
areanalyzedin anI(0) model,thereis alsoa lossof informationif differencedI(2) variablesare
modeledin an I(1) model,for exampleinflation insteadof prices. Second,in the I(2) model,
long-run relationsbetweenthe first differencescan be specified. In many applications,the
logarithmsof the endogenousvariablesare consideredsuchthat the first differencesare the
growth rates.Thereis someevidencefrom economictheory, thata long-runrelationbetween
the growth rateof money andthe growth rateof prices(inflation) exists. This relationcould
be properly specifiedin an I(2) model. Another advantageof the I(2) model is that money
andpricescanbeincludedasseparatevariablesinsteadof realbalances.Theusualrestriction
of pricehomogeneityunderlyingtheuseof realbalancescanbetestedin the I(2) framework.
Additionally, theadjustmentof nominalmoney to thelong-runequilibriumcanbeseendirectly
from theI(2) specificationwithoutconstructingit from realbalancesandprices.

Theadvantagesof theI(2) modelareaccompaniedby thefollowing disadvantage.Theinstru-
mentsfor the I(2) analysisarenot asfar developedasfor the analysisof I(1) models. While
the focusherehasbeento investigatethe long-runrelationshipsandthe adjustmentprocess,
structuralanalysis,especiallythecalculationandinterpretationof impulseresponsefunctions,
is not discussedhere.However, anexampleof impulseresponseanalysisin anI(2) modelcan
befoundin Holtemöller (2002).

In summary, the I(2) modelprovidesa considerableempiricalmethodfor extractinginforma-
tion from monetaryaggregatesfor monetarypolicy purposes.Theresultof thedecomposition
of changesin realbalancesis thatnominalmoney reactsto a largerextentthanpricesto devia-
tionsfrom thelong run equilibriumof money supplyandmoney demand.This impliesthatan
excessmoney supplydoesnot necessarilycausehigherinflation in the futurebecausethis ex-
cessmoney supplywill partlybereducedby adecreasingnominalmoney stock.An interesting
questionthathasto beaddressedin furtherresearchis whetherit canbeidentifiedunderwhat
conditionsnominalmoney adjustsandunderwhatconditionspricesadjust.
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AppendixA. EuroAreaData

The Euro areadatausedin this paperwasprovided by Nuno Cassola.Furthernoteson the
constructionof theeuroareaaggregates(11countries)beforetheintroductionof theeuro(back
to 1980)canbefoundin BrandandCassola(2000).Thedefinitionof thevariablesis asfollows
(adjustedstocksareconstructedwith flow statistics):

M1: Adjustedstockof theeuroareamonetaryaggregateM1 in billions of euro.Thequarterly
dataareaveragesof monthlydata.Theindex of stocks(December1998= 100)is multi-
plied by theDecember1998stockof M1. Thepercentagechangebetweenany two dates
(after October1997)correspondsto thechangein the aggregateexcluding theeffect of
reclassificationsetc.M1 includescurrency in circulationandovernightdeposits.

M3: Adjustedstockof theeuroareamonetaryaggregateM3 in billions of euro.Thequarterly
dataareaveragesof monthlydata.Theindex of stocks(December1998= 100)is multi-
plied by theDecember1998stockof M3. Thepercentagechangebetweenany two dates
(after October1997)correspondsto thechangein the aggregateexcluding theeffect of
reclassificationsetc. M3 comprisesM1 and in addition,depositswith agreedmaturity
up to two years,depositsredeemableat noticeup to threemonths(M2) andmarketable
instrumentsissuedby theMFI sector(repurchaseagreements,money market fundshares,
money market paperanddebtsecuritiesup to two years).

RealGDP ��F ö � : Nationalserieson real grossdomesticproductat market pricesareadded
afterthey havebeenrebasedto acommonbaseyear(1995)andconvertedto eurovia the
irrevocablefixed conversionratesof 31 December1998. Adjustedfor Germanunifica-
tion. Billions of euro.

NominalGDP ��FHG/� : Nationalserieson nominalgrossdomesticproductat market pricesare
addedafterthey havebeenconvertedto eurovia theirrevocablefixedconversionratesof
31 December1998. Adjustedfor Germanunification. Billions of euro. ESA95datato
thewidestextentpossible.

GDP Deflator(GDPP): NominalGDPdividedby realGDP.

HICP: Index for euro-11areaHarmonizedIndex of ConsumerPrices. The nationalHICP
serieshave beenextendedbackwardsusing growth ratesof CPI (nationaldefinition).
Weights:consumerspendingweightsatpurchasingpowerparityexchangeratesin 1995.
Quarterlydataareaveragesof monthlydata.

Short-terminterestrate: Weightedaverageof euro-11annualshort-terminterestrates.Weights:
GDPweightsatpurchasingpowerparityexchangeratesin 1995.Nationalseriesarefrom
the Bank for InternationalSettlements,3-monthmoney market interestrateslinked to
EURIBORfrom 1999onwards.Fractions.

Long-terminterestrate: Weightedaverageof euro-11annuallong-terminterestrates.Weights:
GDP weightsat purchasingpower parity exchangeratesin 1995. National seriesare
from the Bank for InternationalSettlements,10-yeargovernmentbondyield or closest
substitute.Fractions.
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Figure3: EuroAreaData
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Table7: Deterministictermsin theI(2) Model

1stStep 2ndStep
Model

U. R. U. R.
Features Critical Values

2 c
non-zeromeanin boththe
I(0) andI(1) components,
linear trend in the I(2)
components

table 10 and Paruolo
(1996),table5

3.1 c c
non-zeromeanin theI(0)
components,linear trend
in the I(1) and I(2) com-
ponents

table 11 and Paruolo
(1996),table6

3.2 c c

non-zeromeanin theI(0)
components,linear trend
in the I(1) components,
quadratictrendin theI(2)
components

table 12 and Paruolo
(1996),table13

4.1 c t c
linear trend in the I(0),
I(1) andI(2) components

table 13 and Rahbek
etal. (1999),table1

Notes: Thenumberingof themodelscorrespondsto thenumberingin Mosconi(1998,p. 27). U(nrestricted)and
R(esricted)indicatehow deterministictermsareincludedin thefirst andsecondstepof thetwo-stepestimatorfor
I(2) models(c denotesa constantandt a lineartrend).

AppendixB. I(2) Analysis

B.1 Implementationof theTwo-StepEstimationof I(2) Models

In this sectionthe implementationof thetwo-stepestimationprocedurefor I(2) modelsdevel-
opedby Johansen(1995b)andextendedin orderto includefurtherspecificationsof determin-
istic termsby Paruolo (1996) and Rahbeket al. (1999) is summarized.For this purpose,a
consistentnotationcoveringall casesconsideredin thecitedstudiesis used.

B.1.1 First Stepof theTwo-StepEstimation

In thefirst step,theadjustmentparametersu andthecointegrationvectors³ areestimatedby
reducedrank regression.At this stage,the restrictionon the rank of u ´ º ¯w³ º is ignored. The
representationthatis consideredhereis

� D r �4� � �O8N® r �$#%�v8H¯v� r �$#%�48
F #&D) ¦Ô��� Ü ¦�� D r �$#3¦O8 x �7. ,9� �E.�0�0�0Û.21?. (2.1)

where ®á� u ³ ´ , � �õ� � ]§8 � �7, and x �õT V§¨&�YM<.�©�ª�� . Four different specificationsof the
deterministicterms

� � aretakeninto accounthere,seetable7.

Thefirst stepcanbestructuredin thefollowingway(anasteriskindicatesthatthecorresponding
matricesdiffer for differentspecificationsof thedeterministicterms):
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1. Define L �(���^� D r ´�$#%� .£0�0�0£.Z� D r ´�$# F�� D � ´ . L �� ��� L ´� .NM ªd�>O� � ´ .
whereM ª��� containstheunrestricteddeterministictermsin thefirst step.For model2, M ªd��
is emptyandin thecaseof model3.1,3.2,and4.1anunrestrictedconstantis includedin
thefirst step,thatis M ªd�� �ù� . Further, defineL ]	�(��� D r ��. L �'�w�5� r �$#%�
and L D	�4� r �$#%�. L �D	� �y� L ´D	� .�M ö2� O�$#%� � ´ .
where M ö2�� containsthedeterministictermsthatarerestrictedto thecointegrationspace
in the first step,that is M ö2�� �Þ� in model2, M ö2�� � , in model4.1 and M ö2�� is empty
otherwise.

2. Computeresiduals:�¢]	� : Residualsof amultivariateOLSregressionof
L ]	� on

L ���Â�'� : Residualsof amultivariateOLSregressionof
L �'� on

L ���¢D	� : Residualsof amultivariateOLSregressionof
L �D	� on

L ��
andresidualproductmomentmatricesP ¦ * �q1 #%� 
) ���� �§¦ �^�

* ��. °2. 	��;MO.��/.�:&.P ¦ * e � � P ¦ * � P ¦K� P #%��7� P � * . °>. 	���MO.�:
3. Solve theeigenvalueproblemQSR P D7D e �R� P D7] e � P #%�]7] e � P ]7D e �

Q
�5M

for eigenvalues � ± � R � ± ødødø ± � R ¨ ± M andeigenvectors �T �Ý�U� Vz��.�0£0�0£.W�V¨�� suchthat�T ´ P D7D e � �T �;¬ .
4. Computetheestimatorsfor ³ � , u and ©�ª given µ :�³ � �-�U� Vz�.�0�0�0Û.W�V�ö��. �u � P ]7D e � �³ � . �©�ª�� P ]7] e �R�X�u �u ´

andorthogonalcomplements:�³ �º � P D7D e �£�Y� V�ö � ��.�0�0�0Û.W�VÛ¨d�. �u º � P #%�]7] e � P ]7D e �£�Y� V�ö � ��.�0�0�0Û.W�VÛ¨d�
Thematrix ³ � is of dimension¤¹¥¹µ for models2, 3.1and3.2: ³ � �;³ andof dimensions�½¤!8q����¥Àµ in thecaseof model4.1: ³ � �y�'³ ´ .Z³%]�� ´ .

5. Computethelikelihoodratio tracestatisticfor hypothesesaboutthecointegrationrank µ :
û�öU� �?1 ¨)¦½�Oö � � IKJ ���Ù� � R ¦��. µÂ�5MO.�0�0£0£.@¤A�{�
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B.1.2 SecondStepof theTwo-StepEstimation

In the secondstep, the matrix u ´ º ¯4³ �º � ÃEÄ � O is estimatedby reducedrank regressionand
imposingtherestrictionrk � u ´ º ¯4³ �º �9��Á .

1. Define L �� ��� L ´� .�M ªD9O� � ´ .
where M ªD� containsthe unrestricteddeterministictermsin the secondstep. For model
3.1, M ªD� �-� , otherwiseM ªD� is empty. Further, defineLDZ#[ �4� u ´ º � D r ��.L �\ � �;³ � O � r ��$#%� .
where � r¾��$#%� �B� r �$#%� for models2, 3.1and3.2and � r¾��$#%� ���Y� r ´�$#%� .��d� ´ in thecaseof
model4.1. Define L \ [ �4� Å³ � Oº � r �$#%�Û. L �\ [ � �y� L ´\ [ � .NM ö7D O�$#%� � ´ .
where M ö7D� containsthedeterministictermsthatarerestrictedin thesecondstep,that isM ö	D� �-� in model3.1and4.1and M ö	D� is emptyotherwise.

2. Computeresiduals:� Z [ � : Residualsof amultivariateOLSregressionof
LDZ [ � on

L ��� \ � : Residualsof amultivariateOLSregressionof
L �\ � on

L ��� \ [ � : Residualsof amultivariateOLSregressionof
L �\ [ � on

L ��
andresidualproductmomentmatricesP ¦ * �q1 #%� 
) ���� �§¦ �^�

* �7. °>. 	!� u º .2³�.2³ º .P ¦ * e \ � P ¦ * � P ¦ \ P #%�\1\ P \ * . °2. 	�� u º .Z³ º
3. Solve theeigenvalueproblemQ#] P \ [ \ [ e \ � P \ [ Z [ e \ P #%�Z#[;Z#[ e \ P Z [ \ [ e \ Q

�;M
for eigenvalues � ± �] � ± ødødø ± �] ¨�#3ö ± M andeigenvectorŝ_ ���7�` ��.�0�0£0£.a�` ¨d#3öZ� such
that ^ _ ´ P \ [ \ [ e \ ^ _ �5¬ .

4. Computetheestimatorsfor Ä � , Ã and u ´ º ©�ª u º given Á :�Ä � �y�#�` �.�0�0�0.A�` ú>�. �Ã!� P Z [ \ [ e \ �Ä � . �u ´ º �©�ªb�u º � P Z [ Z [ e \ � �Ã �Ã ´ .
orthogonalcomplements: �Ä �º � P \ [ \ [ e \ �4�` ú � ��.�0�0£0£.;�` ¨�#3öZ�.�Ã º � P #%�Z [ Z [ e \ P Z#[ \ [ e \ �#�` ú � ��.�0�0�0Û.;�` ¨�#3öZ�
andadditionally �³o� � �³ º Ä¾. �³%DU� �³ º �Ä º
Thematrix Ä � is of dimension�½¤Ù��µ/�(¥!Á for models2 and3.2: Ä � �qÄ andof dimensions�½¤õ��µ 85����¥�Á for models3.1and4.1: Ä � �y�^Ä ´ .ZÄ�]�� ´ .
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5. Computethe likelihoodratio tracestatisticfor hypothesesaboutthecointegrationindexÁ given µ :
û�ö	6 ú9�ù�Ù1 ¨�#3ö) ú � � IKJ ���?�c�] ¦^�. Á¢��M<.�0�0�0.@¤¹��µg���

andthejoint likelihoodratio tracestatisticfor hypothesesaboutthepair of cointegration
indices �^µ�.�Á�� : ��ö	6 ú �;û�öS8Hû�ö	6 ú

B.1.3 TestingRestrictionson theCointegrationParameters

Thefollowing descriptionof thelikelihoodratio testof restrictionson thecointegrationparam-
etersfollowsKongsted(1998,Chapter3.2).Thenull hypothesisis thatall cointegrationvectors
aresubjectto thesamesetof linearrestrictionson thecoefficients.Like in theI(1) modelthese
restrictionscanbe summarizedin a ¤·¥ed matrix f suchthat ³5�gf | and f_´º ³q�LM , where| is of dimensiond�¥òµ and d is thenumberof freely estimatedcoefficientspercointegration
vector.23 To calculatethe likelihood ratio test statistic, the first stepis estimatedunrestrict-
edly asdescribedin theprevioussection,andthen,thefirst stepis repeatedwith imposingthe
restriction.Thatis doneby solvingtheeigenvalueproblemQ6R f ´ P D7D e �hf��if ´ P D7] e � P #%�]7] e � P ]7D e �hf Q

�5M
for eigenvalues � ±

R � � ± ødødø ±
R �¨ ± M andeigenvectors

T � �t�>V �� .�0�0�0Û.�V �¨ � . The restricted
estimatorsarecalculatedasfollows�| �y��V �� .�0�0£0£.�V �ö ��. �³«�jfk�|
andthelikelihoodratio teststatisticis

û þ �9�51 ö) ¦Ô��� IKJml �Ù� R �¦� � � R ¦#n 0
û þ � is � D -distributedwith �Ô¤��od/��µ degreesof freedomandthenull hypothesisis rejectedif the¤ -valueof û þ � is lower thanthedesirednominalsignificancelevel.

Thesamerestrictionshave alsoto beimposedon ³o� , thebasisof theCI(2,1) relation(s).It can
beshown that Ä¹�q³ ´º ³o���-� Åf | º .Nf º � ´ ³o� � l � Åf | º ��´[³o�f_´º ³o� n
suchthat the restrictionsthat have to be imposedon Ä in the secondstepcanbe summarized
by Ä«�b�qp with � ´ ���^¬sr>#3ö�.ZMz� ´ , where p containsthe freely estimatedcoefficientsandis of
dimension�>d��NµE�Ù¥òÁ . Thematrix � hasto becorrectedif a restrictedconstantoccursin the
secondstep(models3.1and4.1):

� � � l � MM � n .
otherwise� � �;� . Now, theeigenvalueproblemQ#]

� � O P \ [ \ [ e \ � � ��� � O P \ [ Z [ e \ P #%�Z#[tZ#[ e \ P Z [ \ [ e \ � � Q
�;M

23 The constructionof the restrictionmatrix and the test algorithm in the I(1) model is describedin Johansen
(1995a,Chapter5.3and7.2).
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is solved for eigenvalues � ±
]
� ± ± ]

¨�#3ö ± M andeigenvectors _ ��� ` � .�0�0�0. ` ¨�#3ö � .
Thelikelihoodratio teststatisticis

û þ D �{1 ú) ¦½��� I=J l �?� ] �¦�?�c�] ¦ n 0
û þ D is � D -distributedwith �Ô¤��od/�>Á degreesof freedomandthenull hypothesisis rejectedif the¤ -valueof û þ D is lower thanthedesirednominalsignificancelevel.

The restrictionson the cointegrationvectorsarenot acceptedif oneof the two hypothesesin
the first and secondstepis rejected. If the nominal significancelevel for both testsis uO�/: ,
respectively, thesizeof thejoint testis betweenu��/: and u .
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B.2 Critical Values

Table8: Critical valuesfor theHasza/Fullertestfor doubleunit roots(HF-n )

(d) (a) (b) (c)1 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

25 2.89 3.78 6.01 5.78 7.17 10.55 9.54 11.41 15.88 17.21 20.49 28.62
50 2.82 3.60 5.52 5.47 6.61 9.22 8.75 10.17 13.43 13.16 15.13 19.43
100 2.78 3.53 5.31 5.33 6.36 8.65 8.36 9.58 12.31 11.77 13.27 16.50
250 2.76 3.49 5.20 5.25 6.23 8.36 8.13 9.25 11.70 11.07 12.40 13.25
500 2.76 3.48 5.17 5.22 6.19 8.28 8.05 9.15 11.52 10.84 12.13 14.84v 2.75 3.47 5.14 5.21 6.16 8.22 7.98 9.05 11.37

Notes: Critical valuesfor theHasza/Fullerjoint testfor doubleunit rootsdescribedin the text. (d), (a), (b) and
(c) indicatethatno deterministicterms,aconstant,a constantanda lineartrend,or aconstant,a lineartrendanda
quadratictrendhave beenaddedto thetestregression,respectively. Thecritical valuesaretakenfrom Haszaand
Fuller (1979)for (a), (b) and(d) andfrom Haldrup(1994b)for (c).

Table9: Critical valuesfor theSen/Dickey testfor doubleunit roots(SD-n )

(a) (b) (c)1 10% 5% 1% 10% 5% 1% 10% 5% 1%

25 7.68 9.87 15.29 15.62 19.12 27.72 25.94 30.9 35.97
50 7.53 9.44 13.95 13.69 16.42 22.79 21.20 24.51 27.75
100 7.46 9.22 13.28 12.73 15.08 20.33 19.32 22.13 24.80
250 7.42 9.09 12.88 12.15 14.27 18.86 18.29 20.81 23.17
500 18.02 20.47 22.8v 7.39 9.01 12.61 11.76 13.73 17.87

Notes: Critical valuesfor theSen/Dickey symmetrictestfor doubleunit rootsdescribedin the text. (a), (b) and
(c) indicatethata constant,a constantanda linear trend,or a constant,a linear trendanda quadratictrendhave
beenaddedto the testregression,respectively. Thecritical valuesaretaken from SenandDickey (1987)for (a)
and(b) andfrom Kim andShin(1999)for (c).

Table10: Critical valuesfor testinghypothesesaboutcointegrationindices(Model2)wyx{z z 95%quantiles

7 0 317.57 280.23 245.54 215.50 188.46 166.18 147.45 131.70
6 1 240.35 206.83 179.00 154.08 132.85 115.47 102.14
5 2 171.89 145.66 122.05 102.73 86.94 76.07
4 3 116.31 94.75 76.81 63.15 53.12
3 4 70.87 54.53 42.96 34.91
2 5 36.12 26.00 19.96
1 6 12.93 9.24wyx{z|xi} 7 6 5 4 3 2 1 0

Notes: Critical values(95%percentiles)for testinghypothesesaboutthecointegrationindicesin theI(2) model2
(seetable7). Thecritical valuesaretakenform table5 in Paruolo(1996).
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Table11:Critical valuesfor testinghypothesesaboutcointegrationindices(Model 3.1)wyx{z z 95%quantiles

7 0 317.57 276.86 240.72 210.71 182.30 158.63 140.14 124.24
6 1 240.35 203.12 174.83 148.54 126.69 109.21 94.15
5 2 171.89 142.57 117.63 97.97 81.93 68.52
4 3 116.31 91.41 72.99 57.95 47.21
3 4 70.87 51.35 38.82 29.68
2 5 36.12 22.60 15.41
1 6 12.93 3.84wyx{z|xi} 7 6 5 4 3 2 1 0

Notes: Critical values(95%percentiles)for testinghypothesesaboutthecointegrationindicesin theI(2) model
3.1(seetable7). Thecritical valuesaretakenform table6 in Paruolo(1996).

Table12:Critical valuesfor testinghypothesesaboutcointegrationindices(Model 3.2)wyx{z z 95%quantiles

7 0 307.23 269.70 234.30 205.22 178.25 155.82 136.40 124.24
6 1 231.43 197.46 169.09 144.12 123.30 105.98 94.15
5 2 163.82 139.92 113.58 94.05 78.62 68.52
4 3 108.65 87.04 69.23 55.27 47.21
3 4 63.78 47.85 36.28 29.68
2 5 30.25 19.79 15.41
1 6 5.99 3.84wyx{z|xi} 7 6 5 4 3 2 1 0

Notes: Critical values(95%percentiles)for testinghypothesesaboutthecointegrationindicesin theI(2) model
3.2(seetable7). Thecritical valuesaretakenform table13 in Paruolo(1996).

Table13:Critical valuesfor testinghypothesesaboutcointegrationindices(Model 4.1)wyx{z z 95%quantiles

7 0 351.57 311.22 273.99 241.23 211.55 186.08 164.64 146.77
6 1 269.24 233.77 202.76 174.94 151.27 130.93 115.35
5 2 198.22 167.91 142.15 119.83 101.47 87.15
4 3 136.98 113.04 92.24 75.30 62.76
3 4 86.66 68.23 53.19 42.66
2 5 47.60 34.36 25.43
1 6 19.87 12.49wyx{z|xi} 7 6 5 4 3 2 1 0

Notes: Critical values(95%percentiles)for testinghypothesesaboutthecointegrationindicesin theI(2) model
4.1(seetable7). Thecritical valuesaretakenform table4 in Rahbeket al. (1999).
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