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Abstract

This paper computes the semiparametric efficiency bound for finite dimensional parame-
ters identified by models of sequential moment restrictions containing unknown functions. Our
results extend those of Chamberlain (1992b) and Ai and Chen (2003) for semiparametric con-
ditional moment restriction models with identical information sets to the case of nested infor-
mation sets, and those of Chamberlain (1992a) and Brown and Newey (1998) for models of
sequential moment restrictions without unknown functions to cases with unknown functions
of possibly endogenous variables. Our bound results are applicable to semiparametric panel
data models and semiparametric two stage plug-in problems. As an example, we compute the
efficiency bound for a weighted average derivative of a nonparametric instrumental variables

(IV) regression, and find that the simple plug-in estimator is not efficient. Finally, we present
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an optimally weighted, orthogonalized, sieve minimum distance estimator that achieves the

semiparametric efficiency bound.
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1 Introduction

Since the publication of Hansen’s (1982) seminal work on the Generalized Method of Moments
(GMM), moment restriction models have become a popular and useful framework for analyzing eco-
nomic data. See Hansen (2007) for an excellent review of the original GMM, its numerous extensions
and a wide range of applications.

Motivated by an ever expanding variety of applications, one important branch of extensions fo-
cuses on semiparametric efficiency bounds and efficient estimation of more general moment restriction
models.! In this paper, we contribute to this line of research by characterizing the semiparametric
efficiency bound for finite dimensional parameters (6,) that are identified by models of sequential

moment restrictions containing unknown functions:

Elp,(Z;0,,ho(:))|XP] =0 fort=1,.., T almost surely, (1)

(), and

where Z = (Y’, X’)" denotes a multivariate random variable with support Z and X = X
pi(2;0,h(-)) denotes a d,, x 1 vector of residual functions whose functional forms are known up to
the unknown true parameter values (0,, h,), with h,(-) = (ho1(+), ..., hog(+)) as the ¢ x 1 vector of
real-valued measurable functions that may depend on endogenous variables Y and other unknown
parameters. E[-|X®] denotes the conditional expectation under the true (but unknown) conditional

distribution function Fyx for ¢t =1,...,T. The sigma-field generated by the conditioning variable

'See, for example, Hansen (1985, 1993), Hansen, Heaton and Ogaki (1988), Chamberlain (1987, 1992a, 1992b),
Newey (1993, 2004), Hahn (1997), Carrasco and Florens (2000), Ai and Chen (2003), Chernozhukov and Hong (2003),
Donald, Imbens and Newey (2003), Kitamura, Tripathi and Ahn (2004), Newey and Smith (2004), Antoine, Bonnal
and Renault (2007),t0 name only a few.



X, o ({X®}), satisfies a nesting structure?
1) S o (X)) Co (XD € o (fX)).

When X is the constant 1, the conditional expectation E[p,(Z;0, h(-))|X™)] is simply the uncon-
ditional expectation E[p,(Z;0,h(-))]. Thus model (1) includes unconditional moment restrictions as
a special case.

Model (1) includes many existing econometric models. First, it includes semiparametric and
nonparametric panel data models where the information set expands over time. Second, it nests
widely used semiparametric models that are estimated via two-stage plug-in procedures. For example,
with T'=2, 0 = (07,05), X =1 and X = X® model (1) becomes the following semiparametric

“plug-in” problem:

Elpi(Z;001,002,ho(-))] = 0 with dim(p,) = dim(6,), (2)
Elpy(Z; 002, ho(-)IX®] = 0, (3)

where the unknown parameter 0,2 and the unknown function h,(-) can be estimated using the con-
ditional moment restriction (3), and can then be plugged into the unconditional moment restriction
(2) to compute the parameter 6,;. An example of the plug-in problem is the estimation of a weighted

average derivative of a possibly nonlinear nonparametric instrumental variables (IV) model:
0, = E[W(Y2)Vho(Ya)],  Elpa(Z; ho(Y2))| X ] =0,

where W () is a known positive weight function and Vh,() denotes the first derivative of h,. Leading
examples of the functional forms of p,(Z; h(Y>3)) include py(Z; h(Y2)) = Y1 — h(Y2) for nonparametric
mean IV regression and p,(Z;h(Y2)) = 1{Y¥; < h(Y2)} — 0.5 for nonparametric median IV regres-
sion. Note that our model (1) allows for more general plug-in problems where the unconditional
moment restriction E[p,(Z; 0,1, 002, ho(-))] = 0 is overidentified for 6,; (or dim(p,) > dim(6;)). Many
semiparametric program evaluation models, semiparametric missing data models, choice-based sam-
pling problems, some recent nonclassical measurement error models and some semiparametric control

function models could also fit into framework (1).

2This sequential restriction on the sigma-fields allows us to gather all moment restrictions using the same set of
conditioning variables into the same group. This grouping is convenient for our calculation of the efficiency bound.



When 7' = 1 and X = X, model (1) becomes the semiparametric conditional moment restric-
tion model with the same conditioning information set: FE[p(Z;0,,ho(-))|X] = 0.> For this model,
Chamberlain (1992b), Ai and Chen (2003) and Chen and Pouzo (2009) characterized the semipara-
metric efficiency bound of 6,; and Ai and Chen (2003), Otsu (2008) and Chen and Pouzo (2009)
considered efficient estimation of 6,. However, these efficiency bound and efficient estimation results
do not cover semiparametric models with sequential information sets like (1).

Without unknown functions h,(-), model (1) becomes the one studied by Chamberlain (1992a),
Hahn (1997) and Brown and Newey (1998). In particular, under the assumption that 6, is identified
by the model E[p,(Z;0,)|X"W] =0, t = 1,...,T, where {1} C o ({XW}) c --- C o ({XT}),
Chamberlain (1992a) established the semiparametric efficiency bound and Hahn (1997) obtained an
efficient estimator of 6,. Brown and Newey (1998) studied the semiparametric efficiency bound and
suggested some efficient estimators of parameters that are defined as unconditional expectations; one
of their models is 0,1 = E[g(Z,002)], E[po(Z;04)| X @] = 0 with known functional forms of g and p,.
In this paper we extend their results to the general model (1) that contains unknown functions h,(+)
which may depend on endogenous variables.

Ai and Chen (2007) studied consistent estimation of (6,, h,) identified by the general model (1)
with T" > 2, and established the root-n asymptotic normality of their estimator of #,. But, to the
best of our knowledge, there is no published work on the semiparametric efficiency bound or efficient
estimation of @, for model (1), not even for the important special case of the semiparametric plug-
in problem (2)-(3) when h,(-) is an unknown function of endogenous variables. There are efficiency
results for various special cases of the model (1) when the unknown function A, (-) does not depend on
endogenous variables. For example, Newey and Stoker (1993) computed the semiparametric efficiency
bound and presented an efficient estimator for the weighted average derivative when the unknown
ho(-) is a measurable function of conditioning variables (say X in terms of our notation) only.
Our plug-in problem (2)-(3) extends their setup to allow for h,(-) to be a function of endogenous
variables. Since many economic structural models satisfy the sequential moment restrictions (1) with
ho(-) being an unknown function of Y, our extension is a useful one.

A key step in our calculation of the semiparametric efficiency bound for the general model (1) is to
sequentially orthogonalize the residual functions p,(Z;0,, h,(+)) for t = 1,...,T. The semiparametric

efficiency bound is then obtained by optimally weighting the orthogonalized residual functions. When

3See Newey and Powell (2003), Chernozhukov, Imbens and Newey (2007), and Chen and Pouzo (2008a) for non-
parametric estimation of this model when unknown h,(-) depends on endogenous variables Y.



specialized to the models considered by Chamberlain (1987, 1992a, b), Brown and Newey (1998), Ai
and Chen (2003) and Chen and Pouzo (2009), our semiparametric efficiency bound coincides with
the bounds derived by these authors for their respective models. Although the efficiency bounds do
not have explicit closed form expressions for general conditional moment models involving several
unknown functions with different arguments, these bounds can be computed analytically for many
specific sequential moment models containing only one unknown function. Our characterization of
the efficiency bound is useful in evaluating and comparing different estimators for the general model
(1). Tt also sheds lights on how to construct new estimators that attain the efficiency bound for 6,,.
Specifically, it clearly suggests that any efficient estimation procedure has to account for both the
correlation between the residual functions p,(Z;6,, ho(-)) as well as their conditional heteroskedas-
ticity. For model (1) with nonsingular efficiency bound for 6,, we provide an optimally weighted,
orthogonalized, sieve minimum distance (SMD) estimator that is root-n asymptotically efficient for
0,.

When applied to the semiparametric plug-in problem (2)-(3), our efficiency bound result reveals
that one just needs to use the conditional moment model E[py(Z;0u9,ho(-))|X?] = 0 alone to
construct an efficient estimator of 6,,. However, any efficient estimator of 6,; has to account for the
correlation between the two residuals p,(Z; 0,1, 042, ho(+)) and py(Z; 042, ho(+)) conditional on X 3.
In particular, whenever E[p;(Z; 001,002, ho(-))pa(Z; 002, ho(-))| X @] # 0, any simple plug-in estimator

51, defined as a solution to % > pl(Zi;/G\l,@g,ﬁ(-)) = 0, is not efficient for #,;, regardless of how one
i=1

computes the first stage estimator (52, ﬁ()) For example, to estimate the weighted average derivative

0,1 = E[W (Y2)Vh,(Y3)] of a NPIV regression E[Y] — h,(Y2)| X®] = 0, Ai and Chen (2007) presented

a simple plug-in estimator 6; = DD W (Ya;)Vh(Ya;) where h(-) is a SMD estimator of h,, and derived
i=1

the root-n asymptotic normality of this estimator 51. To compute a simple plug-in estimator of 6,,,
instead of using their SMD estimator of h,, one could use other existing NPIV estimators, such as
the estimators of Hall and Horowitz (2005), Darolles, Florens and Renault (2002), Blundell, Chen
and Kristensen (2007). Unfortunately, since E[W (Y2)Vho(Y2){Y1 — ho(Y2)}| X @] # 0, none of these
simple plug-in estimators attain the semiparametric efficiency bound for 6,,.

The rest of the paper is organized as follows: Section 2 first computes the semiparametric efficiency
bound for 6, in the general model (1), and then applies the bound result to the plug-in problem (2)-
(3). Section 3 applies the efficiency bound result to several non-trivial examples, including estimating
the weighted average derivative of h,(Y3) in the NPIV regression E[Y; — ho(Y2)|X®] = 0 or in the
partially linear y—quantile IV regression E[1{Y] < YJ0, + ho(X1)}X®] = v € (0,1). Section 4



first discusses semiparametric efficient estimation of 6, for the general model (1) and then presents a
small Monte Carlo study to compare the inefficient simple plug-in estimator versus several efficient
estimators of the average derivative of a NPIV regression. Section 5 concludes with suggestions of

other efficient estimation procedures. All proofs are contained in the appendix.

2 Semiparametric Efficiency Bound

We begin by computing the semiparametric efficiency bound of 6,. Our calculation of the bound
closely follows the approach of Stein (1956), Newey (1990), Chamberlain (1992a, b) and others (see
the appendix for details). We first sequentially orthogonalize the original sets of residual functions
p:(Z;0,,ho(+)) for t =1,...,T. This procedure is called forward filtering by Hayashi and Sims (1983)
in their study of linear time series rational expectation models, and has been used in Hansen, Heaton
and Ogaki (1988), Chamberlain (1992a) and others in time series and panel data models without an
unknown function h,(-). In the following we denote © C R% as an open, finite-dimensional parameter
space with 6, € ©. Let (H, ||-||#) denote an infinite-dimensional metric space with H = H; X --- X H,,
and h, = (ho1, ..., hog) € H, where ho,..., hoy are real-valued measurable functions. Let A =0 x 'H
and o, = (0),h,) € A. For any a = (¢, h) € A, we define

er(Z,a) = pp(Z, ),
T
es(Z,a) = p(Za)— Y ToW(XDNey(Z,a) fors=T-1,..,1,
t=s+1
where
T (X)) = Elp(Z, a0)e(Z, ) | X DT (XON T for s <t
and

Sot(XW) = Elei(Z, a0)ei(Z, a,) | X ).

For any a = (¢, h) € A, we denote
ms(X®, a) = B{e,(Z,0)|X®} fors=1,..,T.
We note that by construction

mi(XW, a,) = Eley(Z,0,)| XP] =0 fort=1,..,T,

6



and
Ele(Z, a0)e(Z,0,)'| XY =0 for any s < t.

This implies that
E{ei(Z, 00)el(Z, a)v(X)qg(X )} =0 for any s # ¢ and any measurable functions v and g.

Also, e,(Z,a) = py(Z,a) (or Ty (X®) =0 for all s < t) if p,(Z, a,) is measurable with respect to
the sigma field generated by X+, Throughout the paper we assume the following conditions hold:

Assumption 1: (i) The data {Z; = (Y/, X[)'}?_, is a random sample from an unknown distribution

of Z on Z; (ii) a, = (0., h,) € A satisfies model (1).
Let {a(7) = (0(1),h(7)) : 0 < 7 < 1} C A be an arbitrarily smooth path in 7 satisfying a/(0) = «,,

a(l)=a, X0 =00, and 22| _y=h—h, = Ah.

dmy(X®) o

Assumption 2: Fort =1,...,T, = () |0 is well-defined and has finite second moment.

For t =1,...,T denote

dm(X®, )
da

dm, (X(t), a,)
dh

dE{e/(Z,a(T))| XD} | dmy (XD, ay)
=0 = " o

dr g =0+

[a — o] = [h = ho]

where

dmy (XD a,)  dE{e,(Z,0,h,)| XD} | dmy(X® ay)
= 0:007 .

 dE{ei(Z,8,,h())| XD} |
d d dh - =0

dr

[h - hO]

Assumption 3: For all t = 1,..,T, (i) S, (X®) is non-singular with probability one and (ii)

!/
b { et 5, oy stz | o

For any h € ‘H, define a pseudo-metric ||h — h,|| as

T
dmy, (X% o dmy(X®ay,
R S e e R e 2 TG
=1
Let W denote the closed linear completion of H — {h,} under ||-||. Denote ||z||?> = 2’z for any vector



. For each component ¢’ (of §), j = 1,....,dy, let 77 € W denote one solution to

1 [dm(X® ) dm(XPay)
f E N X(t) 5 t 2 o) y Ko j
T}QWZ {H{ Oyt 2O el

2
} , (5)
which solves: for all 77 € W,

XT:E { {dmt X® q,) _dmy (XY, a,) [rg]]lzjot(X(”)‘l {MW]} } —0 (6)

dh dh
dm X()ao __ sdm X(t),ao dm X(t),ao
Let 1o = (r},..,r%) € [[{, W, and 2280y | = (Al 00l 1) dmelBnao) [pdo]) be o d,, x

dp—matrix valued measurable function of X® . Denote

T
1 [dmy (XD, a,)  dmy(X®ay)
"= ZE{H{EMX(”)} : [ . —[r]
- o dh

2}
e

Without further assumptions, the minimization problem (5) (or its normal equation (6)) may have
several solutions in W. Nevertheless, the minimized criterion value is unique. Therefore J, is

always well-defined and unique. As shown in the appendix, .J, is actually the semiparametric Fisher

information bound for 6,,.

Theorem 2.1 Let Assumptions 1-3 and Assumption A in the appendiz hold. (1) If J, is singular,
then 6, can not be estimated at \/n—rate. (2) If J, is non-singular, then the semiparametric efficient
variance bound for 0, in model (1) is Q} = (J,) "'

It is worth noting that Theorem 2.1 remains valid even if p,(Z; a) is not pathwise differentiable
but m,(X®;a) is pathwise differentiable in a,. Thus our efficiency bound result applies to some

nonsmooth problems such as a semi/nonparametric quantile regression with or without endogeneity.

Remark 2.1. (1). When specializing Theorem 2.1 to the case without unknown h,() in model (1):
Elp,(Z;0,)| XY =0 fort=1,..,T,

the semiparametric efficient variance bound for 6, becomes 2} = (J,)~!, where

T

;o ZE{{dmt X® 90)1’%(}(@)1 {dmt%(;),eo)] }



which is the bound obtained in Chamberlain (1992a). If we further restrict the result to the original
conditional moment restriction model: E[p,(Z;0,)|X] = 0 (i.e., the case of T = 1 and X™) = X),

the semiparametric efficient variance bound for 6, becomes

(& {%ﬁﬂ'zol(xrl Bl T ith ma(X.6) = B{p (Z:0)X),

which is the bound derived in Chamberlain (1987). For the unconditional moment restriction model

(ie.,, T =1 and X' = 1): E[p,(Z;0,)] = 0, the semiparametric efficient variance bound for 6,

(v {dmd—ge)}z ) it () = B{ou(Z:0))

which is the bound obtained in Hansen (1982) (specialized to i.i.d. data).
(2). When specializing Theorem 2.1 to the case of T =1 and X() = X in model (1):

becomes

Elp(Z;0,,h,())|X] =0,

the semiparametric efficient variance bound for 6, becomes 2} = (J,)~!, where

L E { {dmlfi)e(,, a,) dml(d)}i, @) [ro]]lzol(x)l {dmlgecl, ) dml(d)}i, ) [ro]} }

with my(X, ) = E[p,(Z;0,h())|X] and X1 (X) = Var{p,(Z;0,,h,())|X}. This recovers the semi-
parametric efficiency bound obtained by Chamberlain (1992b) and Ai and Chen (2003) for pathwise
differentiable p,(Z; 6, h()) in «,, and by Chen and Pouzo (2009) for possible non-pathwise differen-
tiable p;(Z;0,h()) in «,.

2.1 Plug-in problem

We now apply Theorem 2.1 to the plug-in problem. We shall replace Assumption 1 by

: e : : (3 — : dE{p,(Z;0)}
Assumption 1s: (i) Assumption 1(i) holds; (ii) a, = (0, h,(-)) satisfies model (2)-(3) and =25~
has full rank dy, = dim(6,).
We first present the semiparametric efficiency bound of 6,5 for model (2)-(3). Recall that for this
model my(X®, a) = Elpy(Z,a)|X@] and X0(X?) = Elpy(Z, 0)po(Z, a,)'| XP)]. For each compo-



nent 0 (of 65), j =1, ..., dy,, let w’, € W denote one solution to

. _1ldm (X(Z) a) dm (X(2) a) )
(2) 3 2 _ Y o o 2 9 o J
wﬁréng{H{z‘ﬂ(X )} [ o3 o ]}

2
} , (7)
which solves for all w’ € W:

dma(X@, ) dma(XP ap), ;] @1 [dma(X® a,) 1|
E{[ 0] - o [woo] | Boa(X2) 7 | = [0’]| 0 =0.

d d x(2) (2) (2) d
Let wey = (wly, .., wig?) € [[[% W, and m2Cial | = (amaQiaal ) | dma(X0a0) 4, 10)) e

2}
e
As shown in the appendix, J,, is the semiparametric Fisher information bound for 6, in model

(2)-(3)-

a d,, x dg,—matrix valued measurable function of X (2), Denote

S = B {H{EOQ( X@y-} {dm(gj,ao) Ama(X%,0, ol

Theorem 2.2 Let Assumptions 1s, 2, 3 and assumption A in the appendix hold. (1) If Ju, is singu-
lar, then O, can not be estimated at \/n—rate. (2) If J,g, is non-singular, then the semiparametric
efficient variance bound for fuz in model (2)-(3) is Q, = (Jos,) "

The next result provides the efficiency bound of 6,,. Recall that for model (2)-(3), £1(Z,«a) =
p1(Z:0) = T12(XP)py(Z;.0) where Ty o(X®) = Elpy(Z;a0)pa(Z; )| XP{E,5(X @)} When
X1 — 1 we denote ml(a) _ E[El(z, a)], dméé%) dE{ex( ZO ho) }| o, dmclléozo) [h—h ] %’7_
and ¥,1 = Fle1(Z, a,)e1(Z, a,)']. For each component 01 (of 01), k = 1,...,dy,, let ¥, € W denote

one solution to
2
} . (8)

2
infE{H{zol} i) dmlos) )
Wa and dmcllgla(?) [T091] = (dmcll—](fyc’)[rgl]w"a dm;](fm)[ To1 ]) be a d

Ldma(X®)
[ imatren s e m ey

rkew oy dh

d d
Let rog, = (11, ..,r1") € T2

10



dyp, —matrix of constants. Denote

B[S, 53] {H{zol} R o8| j+

dma(X @, a,
%[%01]

i

|matxoy

Similarly we define

2

,l dmi (oo dmi (oo dmi(ao
(o) [fmpine) — el dmsfad ] |

Jop, = inf E 2

m ?) o m 2) o
e (R %02 x) X H{Eoz )13 [d 2(.;(9/:, ) 4 2()§h27 o)[w]]

e

Theorem 2.3 Let Assumptions 1s, 2, 8 and Assumption A in the appendixz hold. (1) If Jyg, is
singular, then 0,1 can not be estimated at \/n—rate. (2) If Jog, is non-singular, then the semipara-
metric efficient variance bound for 0,1 in model (2)-(8) is Q5 = (Joo,) ™' (3) If both Jop, and Joy,
are non-singular, then another expression for the semiparametric efficient variance bound for 6, in
model (2)-(3) is 4, = (E[S;S;i])_l + a2, 0", with

. [dmi(as) “Tdmai(a,)  dma(a,)
‘- [ d, } e, an e ©)
where Wy = (w)y, ... ) Hd92 W solves (7).

Remark 2.2: When applying Theorems 2.2 and 2.3 to the special case
Oor = E[g(Z;002)],  Elpa(Z;052)|X?] =0,

where the functional forms of g() and p,() are known up to an unknown 6,2, we obtain

0 = (E{[dE[pz(Z;602)|X(2>]]’202<X(2)>1 [dE[pQ(Z;902)|X(2>]] })‘1’

el el

and
e1(Z,0) = g(Z;02) — E[g(Z;009)p3(Z; 002) | X DU Sea(X D)}y (25 605) — 01,

dE{El(Z7 00)}9* dE{gl(Z7 90)}/

O = Ele1(Z.0,)e1(Z.6,) :
01 [81( ) )81( ) ] + dez 02 d02

We note that the semiparametric efficiency bound for 0,; = E[g(Z;60,2)] coincides with that derived

11



in Brown and Newey (1998).

3 Examples

For the general model (1) involving several unknown functions h,,(-), j = 1,...,q with different
arguments, our efficiency bound is characterized in a variational form,* however it can be solved
explicitly for many examples of model (1) involving only one unknown function (¢ = 1). In this

section we present several such examples.

Example 3.1: Weighted average derivatives in a partially linear IV regression:
001 = E[W(X){V°ho(X1)}, E[Y1 — Y30, — ho(X1)|XP] =0, X;cX?,

where XM = 1, W(X,) is a known scalar positive weight function, and Y; is a scalar. For this
example, we have £5(Z, ) = po(Z, a) = Y1—Y30,—h(X1), oa(X?) = E[{Y1—Y30,0—ho(X1)}?2| X P,
my(X®, ) = B[Y; — Y302 XP] — h(Xy), @220200) — _ply}|X @] and 2220 ] = —p(X;).
Denote

We2(X1) = (E[Eoz(X(z))flle])ilE [{Zo(XO) B XPT} X, .

We impose the following condition:

Condition 3.1: (1) 0 < L(X @) = E[{Y] — Y0, — ho(X1)}2|XP] < 00, 0 < E[Zp(XP) LX) <
o0; (i) B { B[Vl X){Z,5(X D)} B[V X O]} < o0, B {wea(X1) {Za(X D)} wa(X,)} < oo: (i)
E[Y3|X®@] is not a measurable function of X;.

Under Condition 3.1(i)(ii)(iii), the semiparametric Fisher information bound for 6,2, as given by
Joa, = inf E { [~B[V{|X®) + w(X)] {Z2(X @)} [~B[¥31 X @)+ w(Xy)] }

is nonsingular, and has a unique minimizer wyy(X7). Applying Theorem 2.2, we immediately obtain:

Proposition 3.1 (1) Under Condition 3.1(i)(ii)(iii), Jos, is non-singular, and the semiparametric

4This is not a defect associated with our method of deriving efficiency bounds, but is due to the complexity of
the model involving multiple unknown functions of different (and possibly endogenous) arguments. Even for the
special case of the conditional moment model of common conditioning set: E[p(Z;0,, ho1(X1), ..., hog(Xy))|X] = 0
with pointwise smooth p() and {X1,..., X;} C {X}, Chamberlain (1992b) points out that, when ¢ > 1, the bound in
an explicit form is no longer available and only characterizes his bound in a variational form.
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efficient variance bound for 0, of Example 3.1 model is: 25, = (Jo0,) "t =
hl
Next since p,(Z, ) = W(X)V*h(X,) —6; and X; C X@ we have E{p,(Z, a,)po(Z, )| X P} =
0. Thus T'15(X®@) = 0, e1(Z,a) = p(Z,a), Zo1 = Var{W(X1)V°h,(X1) — 0,1}, mi(a) =
E[W (X1)Vh(X1) = 6], i) = — I, 2ol — 0 and “90) [u,] = E[W (X1)Vw,s(X1)]. Hence
a* = E[W(Xl)VSwOQ(Xl)].
Suppose that X; has a probability density f;(X;) such that W (z)fi(z1) goes to zero smoothly

at the boundary of the support of X;. Denote [;(X;) = W. We impose the following

(£ {[atx ) [EIx®] - (B0 X0 B [(ZaX®) Ep1X x|

condition:

Condition 3.1: (iv) [W (1) f1(z1)] is s—times continuously differentiable and is zero on the boundary
of the support of X1; (v) Xo1 = Var ({W(X1)V°ho(X1) — 01 }) and E[l,(X1)1,(X1) (E[Sea(X @)L X)) 7Y
are finite, positive definite; (vi) E[W (X1)V we(X1)] = (—1)*E{ls(X1)w.(X1)} exists.

d
: — 1 01
We next compute one solution 7,9, = (741, ..., 7,;") to

E[S5,55]
= inf (o, + E{W(X0)Vor(X) Y St [To, + E{W (X)) V*r(X1)}] + E {r(X1) Sea(X®) " r(X1) })
= [Ip, + BE{W(X1)Vr,(X1)}]' 25

Applying integration-by-parts, E{W (X1)V°r(X1)} = (=1)*E{ls(X1)r(X1)}. Then by calculus vari-

ation, any solution .9, should satisfy
Lo, + (=) B{L(X1)ros, (X0)} B B{(=1)°L,(X0)r (X1)} = —E[ron, (X1) So2(X @) (X))

for all square measurable functions r(X;) such that all the expectations in the above equation are

defined. This implies that 7., (X7) solves
Lo, + (=) B{L(X1)rop, (X0)}) T (=1)°1s(X1) + 700, (X1) B[S0 (X ) 71 X0] = 0,

and thus
{E[Sglsgi]}_l = Yo + E[ZS(XI)ZS(XI)I(E[202(X(2))_1|X1])_1]-

13



Applying Theorem 2.3, we immediately obtain:
Proposition 3.1 (2) Under Condition 3.1(i)(ii)(iii) (iv)(v), Jey, is non-singular, and the semipara-

metric efficient variance bound for 0, of Example 3.1 model is:

O, = {B[S5, 95,1} + E[W(X1)Vwea (X1)]25, E[W (X1) Viwe (X1)]

Remark 3.1: When we specialize Example 3.1 to the case
001 = E[W(Xl)VShO(Xl)], E[Yl - ho<X1)|X1] =0,

we have X® = X, and the semiparametric efficient variance bound of 8,; becomes
Q= {E[S;, S5} " = o1 + Ell(X1)1(X1) S0z (X1)],

which coincides with the efficient variance bound of the weighted average first-derivative (s = 1)

parameter in Newey and Stoker (1993, p.1205, equation (3.8)).

Example 3.2: Weighted average derivatives in a partially linear quantile 1V regression:
01 = E[W(X){V°ho(X1)}], E{Y1 <Yj0p +ho(X)}XP] =~€(0,1), X;cX®,

For this example, we have £5(Z, a) = py(Z,a) = 1{Y] < YJ0y + h(X1)} — 7, Tpa(X @) = 4(1 — 7)
and ma(X@, ) = E[Fy, )y, x (Y402 + h(X1))|X®]. Denote U = Y; — YJ0,5 — ho(X1) and

wip(Xy) = E{E|fypy, x (0)Y3| XPNE[fyy, xe (0)| X P)| X1}
e E{(El v x (0 X)X, ]

We impose the following condition:

Condition 3.2: (i) E (E[fyy, x» (0)Y2| XP]E[fy1y, x (0)Y3| X ®]) < 00, B {we(X1) we(X1)} <
00; (ii) if Elfyy, x@ (0)[Yy — wea(X1)][XP] x a = 0 as. then a = 0.

Then

Jooy = 0 B {E[fyy, x@(0)[Y; — wXOIX D) E[fyy, xe (0)[¥Y; = wX)IX P} [y(1 = )]

is nonsingular, and has a unique minimizer w,s(X;). Applying Theorem 2.2, we immediately obtain
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that the efficient variance bound for 0, is 2, = (Jop,) "

Condition 3.2: (iii) [W(z1)fi(z1)] is s—times continuously differentiable and is zero on the bound-
ary of the support of Xi; (iv) E[W(X1)Viwe(X1)] = (—1)°E{ls(X1)wes(X1)} exists; (v) o =
Var ({W(X1)V°ho(X1) — 001 }) and E[l(X1)1(X1) (E{E[fyy, x»(0)| X ®]}2|X1]) 1] are finite, pos-
itive definite.

Under Condition 3.2,

E[S5,5,]
— inf < Lo, + E{W (X)) V*r(X)}]' S [T, + E{W (X)) V'r(X2)}] )
’ (1 = NI E{r (X)L E fupy, xe (0)| X @T}2r(X0) }
= o, + E{W(X1)V'rop, (X))} T,

is nonsingular, and has a unique minimizer ., (X;). Applying Theorem 2.3, the efficient variance

bound for 4,; is
O, = {E[S5, 551} 1 + E[W(X1)Vowe (X1)]%, E[W (X1) Viwe(X1)],
where now

{E1S5, 551} 7" = Zor + (1 = ) Bll(X)L(X0) (B{E[fypy, xen (0) | X P2 X0]) 1.

Example 3.3: Weighted average derivatives of a nonparametric IV regression
0o = E{W(Y2)V°ho(Y2)}, E{Y1 — he(Y2)|X} =0,

where Y1, Y5 and X are scalars, X(!) = 1, X® = X, and W(Y3) is a known positive weight function.
For this example, we have £5(Z,a) = py(Z,a) = Y1 — h(Y2) and my(X®, o) = E[Y; — h(Y2)|X].
Also, py(Z,a) = W(V2)V*h(¥s) — 6, Tyo(X) = E[W (V)W hy(Ya){(¥i — ho(Va) HX{Ea(X)} " and
mi(a) = E[{W (V3)V*h(Ya) — 0} — 1o (X){¥; — h(¥2)}].

Let f(X,Y3) denote the joint density of (X, Y3), and f5(Y53) denote the marginal density of Ys. Let
K be the conditional expectation operator of Y3 given X (i.e., Kh = E[h(Y3)|X] for any measurable
function h with F{[h(Y2)]?} < o0), and K* be the adjoint of K (i.e., K*g = E[g(X)|Y2] for any mea-
surable function g with E{[g(X)]*} < c0). Denote ||Ally, = VE{R(Y3)}2 and 1,(Y3) = %
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We impose the following condition:

Condition 3.3: (i) [IW(Y2)f2(Y2)] is s—times continuously differentiable and is zero on the boundary
of the support of Ys; (ii) Kh = E[h(Y3)|X] = 0 implies h = 0;

(i) 0 < Sy = Var ((W(Y2)Vho(Ya) — 6} — T1a(X){¥i — ho(¥a)}) < 003 (iv) 0 < Sya(X) =
E{Y: — h(Va)PIX} < 005 (v) E ({IK* S KV (=100, + KT )(13)1?) < .

Then:

rew H{E(Y2)[X] 55, (X))}
= [+ E{[(=1)"ls + T1a(X)]ro(Y2)}] {201 } 7,

1 = ifE { 14+ E{W (V) Vr(¥3) + Tya(X)r(Va)}* {Sor } ! }

Condition 3.3(iv)(v) can be replaced by the following sufficient assumptions:

Condition 3.3s: (i) K is compact with a singular-value system {1;, ¢;(Y2),p;(X)}32, (le., 1 = py >
py > i N0, K*Kqj = u?qj and KK*p; = /szpj for all j > 1); (ii) Xo2(X) = Yo a positive finite

2
constant; (i) E{[['y.2(X)]?} < oo, Z (E{zs(Yi)gj(Yz)}> < .
j=1

Applying Theorem 2.1 (the verification is very similar to that of example 2.2 in Ai and Chen

(2007); hence we omit it), we obtain:

Proposition 3.3 Under Condition 3.3, the semiparametric efficient variance bound for 6, of Example
3.8 model is: Q5 = (J,) ™, with

J, = o1} >0
o _ 2 _
1+ [[[K2g K7V2{[(=1)%1, + KT o]}y, 55

Under Condition 3.3(i)(ii)(iii) and condition 3.3s, we have:

DI {(cry BB 05)

Jj=1

+ E{FLQ(X)]?J(X)}} < Q.

Remark 3.2: Notice that under condition 3.3(v), solutions r,(Y2) are not unique, but the Fisher
information bound J, is unique and non-singular. If we strengthen condition 3.3(v) to condition
3.3(v)":

E ({[K"%5 K] (=1)" + K'T12)(Y2)}?) < o0
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then we obtain a unique solution 7,(Y2):

(K85 K] (=1)°l + KT ) (Y2) S,

To(}/Q) = - -1 _ 2 -1’
1+ [[[K*S5 K] 12{[(—1)%1, + K*PLQ]}HY? Yo

Remark 3.3: Condition 3.3(v) or Condition 3.3s(iii) imposes smoothness restrictions on [4(Y5)
relative to the smoothness of the operator K*K. If Condition 3.3(v) is not satisfied, or under
conditional homoskedastic error (i.e., Condition 3.3s(ii)), if Condition 3.3s(iii) is not satisfied, then
V, will be singular, and 6, can not be estimated at the \/n—rate. Ai and Chen (2007) discuss
Condition 3.3s(iii), and point out that Condition 3.3s(iii) can still be satisfied even when the singular
values ji; of the conditional expectation operator K decay to zero exponentially fast. For example,
consider the special case of 6, = E[Vh,(Y5)] and assume that the conditional density of Y, given X
is normal. For this case [,(Y2) = V{log f2(Y2)} and u1; < exp(—j), Condition 3.3s(iii) is satisfied.

Remark 3.4: When we specialize this example 3.3 to the case of no endogeneity (i.e., Yo = X):
0o = BIW(Y2)Vho(Ya)],  E[Y1 — ho(Y2)[Ya] = 0,

we have I'1 2(X) = 0 and K = K* = identity, and the semiparametrically efficient variance bound
of 6, becomes
Qp = Var {W(X)V°ho(X) —0,}) + Ells(X)ls(X) Ep2(X)].

4 Optimally Weighted Orthogonalized SMD Estimation

Our efficiency bound characterization for model (1) suggests that any efficient estimator has to
account for both the correlation between the residual functions p,(Z;0,, h,(-)) as well as their condi-
tional heteroskedasticity. In this section we propose an optimally weighted SMD procedure that is
based on orthogonalized moment conditions. This procedure automatically leads to semiparametric
efficiency regardless of whether or not the efficiency bound can be solved for analytically. We discuss
alternative efficient procedures in the concluding section.

Let a = (0',h) € A= 0O x H. Recall that o, = (¢, h,) € A is the unique solution to

T
. GEPRY, t)y—1 ()
aéélgH;lE{mt(X L) S (X my (X a) } (10)
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where m,(X® o) = E{e,(Z,a)| XD}, B (XW) = Ele)(Z, a,)ei(Z,0,)'| X W], and €,(Z,a), t =
1,...,T are the sequentially orthogonalized residual functions that were introduced in section 2. Then,
the optimally weighted orthogonalized SMD estimator «,, = (5;,%71) € © X Hyy is the solution to

the following minimization problem:

(0, hn) = arg B, Z th (XD, @) (S (XN (XD, ), (11)
where {Hym) : k(n) = 1,2, ...} is a sequence of approximation spaces (sieves) whose union becomes
dense in the infinite dimensional parameter space H as k(n) — oo, and My (X®, @), Sy, (XD) are
consistent nonparametric estimators of m,(X®, a), ¥,(X®) respectively. Note that the sample
criterion function (11) corrects both the unknown correlation among the original sets of residual
functions p,(Z;0,h(-)) for t = 1,...,T, and the unknown heteroskedasticity.

In most applications, the sieve spaces Hj,,) are compact sets of series approximations truncated to
a finite number of terms. Familiar series approximations include splines, power series, Fourier series,
Hermite polynomials, wavelets; see, e.g., Chen (2007) for a review. The orthogonalized conditional
means m,;(X®, a) and the conditional variances ¥,,(X®) can be consistently estimated by many
nonparametric regression methods such as kernel, local linear regression and series least squares (LS)
regression. See, e.g., Andrews (1991), Newey (1997), Ai and Chen (2003) and Chen and Pouzo
(2008b) for series LS regression estimators of m;(X®, a) and iot(X ®)).

Suppose that the semiparametric efficiency bound for 6, is nonsingular. Then, by proofs very
similar to those in Ai and Chen (2003) for smooth p,() and those in Chen and Pouzo (2009) for
nonsmooth p,(), we can establish that /7(f, — 6,) = N(0,€2}), where €} is the efficient variance
bound derived in Theorem 2.1. If the semiparametric efficiency bound for 6, is singular, then @l

converges to 0, at a slower than root-n rate. See Chen and Pouzo (2008b) for details.

4.1 Efficient estimation for the Plug-in problem

For the semiparametric plug-in problem (2)-(3), the optimally weighted orthogonalized SMD estima-

tor (5;,%@ given in (11) becomes the solution to:

min
aE@XHk(n)

Z Hzoz )3 ElpalZ, 00, mIXP|

e

, (12)

~_11 n
X:012 E Zgl(zlv 017 92a
=1
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which achieves the efficiency bound for ¢, = (6/,,6.,)" in the model (2)-(3).

According to Theorems 2.2 and 2.3, when 0, is exactly identified by unconditional moment (2),
the joint efficient estimator (5;, hy) given in (12) is numerically equivalent to the following two stage
efficient estimator:

First stage, estimate 6,, efficiently by applying the optimally weighted SMD procedure to the

original conditional moment restriction model (3):

n

~ ~

O ) =arg - min > Elpy(Z, 02, ) X (S (X)) BloaZ,02, mIXTL - (13)
2 k(n) i=1

where E[p,(Z, 05, h)| X ] and S,5(X @) are consistent nonparametric estimators of E[p,(Z, 62, h)| X )]
and Y,5(X @) respectively. By the results of Ai and Chen (2003) for smooth py() and of Chen and
Pouzo (2009) for nonsmooth p,(), one immediately obtains v/n(fa, — 42) = N(0, €2;,) hence the
semiparametric efficiency of Egn.

Second stage, estimate 6,, efficiently by plugging the first stage optimally weighted SMD es-
timator (gén,%n) into a consistently estimated, orthogonalized residual function &1(Z,04,0s,h) =
pr(Z,01,02,h) = T12(X®)py(Z, 05, h):

~ 1 e ~ o~
01, solves - ;51(%,91,9%,%) =0, (14)

where

El(Za 917 927 h) = pl(Z> 917 ‘927 h) - i—\\172(‘)((2))/02(27 927 h)?

and /]._‘\172(X (2)) is some consistent nonparametric estimator of
L12(X®) = E[py(Z, 001, 002, ho)pa(Z, 0o, 1) | X P {Son (X @)}
For example, I'; 5(X®) could be
B,2(X®) = Blpy (2,810, O, o) pa( 2 B, B 1X ) (S X))
where §02(X (2)) is a consistent nonparametric estimator of ¥, (X ®), % is a consistent estimator

of B,y (say a solution to £ " p\(Z;, 61, 05,, hy) = 0) and Elp,(Z, 01, 0o, hn) pa(Z, B3, b ) | X ] s

a consistent nonparametric estimator of E[p,(Z, 001,002, ho)ps(Z, 002, ho)'| X )], such as a series LS
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estimator:

sz Em,’e;n,% >p2<z ’ézn,%n>'|x<2>]

= p’2€2 n( P/PQ Zpkz " /)1 Zw elna 02117 h )pQ(Zi752n7};n)/7

where ph>" (X @) = (po1(X@), ... po, . (X@)Y is a series basis that can approximate any square
integrable function of X® well as ky,, — oo. Instead of using iog(X 2)) to compute flvg(X (2)) one

could use the following consistent series LS estimator of X,5(X®):

io?(XQ)) = p];?m (X(Q)) (Pl Zp;@n X<2))p2(Zzae2na h )p2(Zi7§2n77Ln>/-

=1

The semiparametric efficiency of 61, and /n(f1, — 0o1) = N(0, 2;,) can be established using proofs
similar to those of Ai and Chen (2007) for smooth p() and of Chen and Pouzo (2009) for nonsmooth

P()-

Remark 4.1: Theorems 2.2 and 2.3 suggest many alternative asymptotically efficient estimators of
0,1. In fact, one can use any efficient criterion based on the conditional moment restriction model
(3) to construct an asymptotically efficient estimator (02n, hy,) in the first stage. Then, in the second
stage one can estimate 6,; efficiently by plugging (9%,% ) into the sample moment based on any
consistently estimated orthogonalized residual function & (Z,01,05, h). For example, a simple efficient

estimator 5171 of 0,1 can be computed as

~ 1 e ~ o~
an solves 5251(21‘,01,92”,}%1) = 0, (15)

where

gl(Zi, 01, 92, h) = P1(Zia 01, 92, h) - fl,?(Xl'(2)7 91)P2(Zi, 0, h)7

and fLQ(X (2), 61) is some consistent nonparametric estimator of

FI,Z(X(Q)a 91) = E[pl(Z> 917 9027 ho)p2<Za 9027 hO)I’X(Q)]{EOZ(X(Q))}il'
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For example, fl,g(X@), 0,) could be

By o(X®,00) = Blpy(Z.00, 0 ) pa( 2, 0o, 11X O] (S(X2))

while E[py(Z, 01,020, ha)pa(Z, O, 1) | X @] and (X @) could be series LS, kernel, or local linear
regression estimators of E[p;(Z, 01,002, ho)ps(Z, 002, ho)'| X @] and ¥,5(X?)) respectively.

4.2 Example: weighted average derivative of a NPIV model

For Example 3.3 E[Y; — ho(Y2)|X] = 0 (the NPIV model), it is known that the nonparametric
estimation of h, is a difficult ill-posed inverse problem; see, e.g., Newey and Powell (2003) and
Carrasco, Florens and Renault (2007) for a detailed review. Let T be any consistent estimator of
h, in the NPIV model, such as the estimators of Hall and Horowitz (2005), Darolles, Florens and

Renault (2002) or Blundell, Chen and Kristensen (2007). An inefficient simple plug-in estimator of
0, = EW(Y,)V°h(Ya)] s

—~ 1 & ~
On =~ D W (Ya) Vhi (Y2i).

Ai and Chen (2007) obtained root-n asymptotic normality of the inefficient simple plug-in estimator
5n when ﬁn is the original SMD estimator proposed in Newey and Powell (2003) and Ai and Chen
(2003):

n

Fu=min 57 (B - h(v)1x) (16)

with
E[Y: — h(Y2)|X)] = py>" (X,) (PyP2) ™ Zpk“ Y = h(Yz;)},

where the conditional mean function my (X, h) = E[Y; — h(Y2)| X] is approximated by the series basis
functions p;”’"(X ) = (p2,1(X), ..., P2k, (X))'. The sieve space Hy,) is a finite dimensional linear
space generated by some spline basis functions ¢*»(Y3) = (q1(Y2),. .. Gk, (Y2))', With Koy > kpp.
The identity weighted SMD estimator ﬁn is a simple two stage least squares estimator of regressing
Y1; on gkhn(Ya,) with pi>" (X;) as instruments.

We present two semiparametric efficient estimators of 6, = E {W (Y3)V*h,(Y2)}. Both estimators

can be computed in closed-form based on an orthogonalized (or transformed) residual function and
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an “efficient” first stage NPIV estimator:

n

f= min -3 (B - h(Y2)]X,-]>2 (f:OQ(XZ))1 , (17)

heHpm
ko TS

Soa(Xi) = p5™" (X:) (PyP2)” Zp’““ Y1 — T (Yai) }2.

Efficient estimator 1: 6, solves (14), that is,

O = 3 (W) T V) = FraX) (s — (¥} .

with

BLa(X:) = o (X0 (P3P) Zp‘”m W (¥a) VT (Vi0) = Bl (Vi = (20} (Seal(X0)

Efficient estimator 2: 0, solves (15), that is,
—Z (W (V20) PR (Ya) = 0 = Tra(Xi, 0){Vii = ha(Yai)}) =0, (19)
with

Fia(X;,0) = p" (X0 (PLPy) Zp’m W2 9T (V) — (i — (¥} (B(X0)

Soa(Xi) = py> " (X,) (PyPa)” Zp’““ Y1 — B (Ya)}2.

4.2.1 A Small Monte Carlo Study

We assess the finite sample performance of our estimators in a small simulation study. The pa-
rameter of interest is 0, = E[Vh,(Y3)], and the model from which we simulate a random sample
{(Y1i, Y25, X;)'}.y is given by

Elhe (Y2) | Xi] — h

o

Ve = ho (Ya)) + V3Us, Uy = %) | 15 A, (20)
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where 0, = \/Var (E [h, (Y2) | X] — h, (Y2)) and & ~ m with a chosen such that Var(e) = 1.
Following Blundell, Chen and Kristensen (2007), we generate our Monte Carlo (MC) experiment
from the 1995 British Family Expenditure Survey (FES) data set using the subsample of families
with no children. In particular, Y5 is log-total expenditure (the endogenous regressor), X is log-

gross earnings and X = CID()Z ) is the instrument. We simulate (Y3;, X;) jointly from a bivariate

Gaussian density f, with first and second moments estimated from the FES data set. Denote
r

B, (z) = ﬁ > 0 (=1) ; (max {z — j,0})" " as the B-spline of order r > 1. We set the
true function h, (y2) = Bg (y2 — ¢) where ¢ is the highest integer less than the minimum value of the

Y, series in the FES data set. We then draw ¢; independently from & ~ and generate

U; and then Yj; according to model (20). We consider two cases: a “mid-endogeneity” case where
V1—w = 0.5, and a “high-endogeneity” case where v/1 —w = 0.001. We let v = 0.1 for the
“mid-endogeneity” case, and for the “high-endogeneity” case we choose v in such a way that the
unconditional variance of U remains the same as for the “mid-endogeneity” case.

In this simulation study, we consider three different sample sizes: n = 250, 500, 1500. For

each sample size we compute 4 different estimators: (a) 8, = %Z Vha(Ya), the inefficient simple

=1
n

plug-in estimator; (b) 0, = 2 Z (Vﬁn(}/gz) - le(XZ-){YM - ﬁn(YQl)}>, a modified plug-in estimator
i=1
based on h; (c) gn given in (19), an efficient estimator based on h; (d) EZ is an iterative solution to
(12), similar to continuously updated optimally weighted SMD. This estimator is computationally
costly; hence is only computed for n = 250. To compute the two inefficient estimators gn and En
we used the SMD estimator h given in (16), where E[Y; — h(Y3)|X;] is a series LS estimator (say
cosine polynomials basis with 10 coefficients) for E[Y; — h(Y2)|X;], and Hy,) is a fifth-order B-spline
basis (1,B5(-—2),B5(-—3),B5 (- —4)). The MC results reported below actually correspond to
the SMD estimator % of Blundell, Chen and Kristensen (2007), which includes the L?—norm of the
second derivative of h as a smoothness penalty with a small tuning parameter A, = 0.075. To
compute the efficient estimator ,, given in (19) we used the SMD estimator & given in (17), where
S.,2(X;) is a Gaussian kernel (with bandwidth n="/%) estimator of $,(X), with & as the initial
consistent estimator of h,. To compute estimators (b), (¢) and (d), we also need to compute a
consistent estimate of the correlation correction term I'y o(X). We used a series LS estimator with

polynomial splines of order 2 and 2 equally spaced knots to estimate I'y 5(X).
For each sample size we perform 1000 Monte Carlo (MC) repetitions. Tables 1 and 2 present
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the results for the different estimators of 6, for the “high-endogeneity” (v/1 —w = 0.001) case and
the “mid-endogeneity” (v/1 —w = 0.5) case respectively. In each table, the MC Bias is computed
against the sample mean of the derivative of the true function. Fj;c stands for the mean of the MC
sample, Varyc and MSEy ¢ are defined analogously. In the last column, Varyc/Varyec, is the

ratio of the MC variance of each estimator, (b), (c) and (d), over the simple plug-in estimator (a).

Table 1: Monte Carlo Results for “high-endogeneity” case.
‘ ‘ BIASR e x 10° ‘ Varye x 10° ‘ MSEpyc x 103 | Feruc

Varyc,a

0 (a) 1.7600 86.832 88.596 -
n =250 | 0,(b) 1.5900 84.707 86.292 0.9755
Eg(c) 0.0330 68.441 68.473 0.7882
0, (d) 0.0780 66.322 66.330 0.7638

0, (a) 0.3220 47.360 A7.682 -
n =500 | 0,(b) 0.3500 46.222 46.573 0.9759
B,.(c) 1.8210 38.232 40.067 0.8072

0(a) 0.4650 10.512 10.938 -
n = 1500 | 0,,(b) 0.4028 10.327 10.752 0.9799
B,(c) 1.4327 9.512 10.918 0.8943

A brief summary of MC results: First, the MC variances of all the estimators (a), (b), (c)
and (d) decrease approximately linearly as the sample size increases. The QQ plots, which are not
reported here for length considerations, indicate that all the four estimators are root-n asymptotically
normal. Second, the efficient estimators, (c¢) and (d), have lower MC variances than the inefficient
simple plug-in estimator (a). Third, the MC variance gap between the estimators (or the finite
sample efficiency gain) is bigger for the “high-endogeneity” case.” Lastly, the variance gap decreases

as the sample size n increases. All of these findings are consistent with our theoretical results.

®The particular magnitude of the finite sample efficiency gain directly depends on the value of v (the exogenous
noise level). In MC studies that are not reported here, we discover that smaller - values lead to smaller biases and
smaller variances in the efficient estimators; hence bigger MC variance gaps.

24



Table 2: Monte Carlo Results for “mid-endogeneity” case.
| | BIAS} o x 10° | Varye x 10° | MSEye x 10° | g

Varpc.a

0 (a) 0.3420 79.246 79.590 -
n =250 | 0,(b) 0.2751 77.164 77.433 0.9716
:Oi?(c) 0.1810 70.005 70.186 0.8717
0, (d) 0.3110 67.700 68.011 0.8530

0 (a) 0.2010 37.503 37.704 -
n =500 | 0,(b) 0.1860 36.951 37.137 0.9853
0,.(c) 0.2200 33.794 33.974 0.9064

0 (a) 0.0200 9.2042 9.2244 -
n = 1500 | 0,,(b) 0.0201 9.1928 9.2132 0.9987
,(c) 0.1062 8.6932 8.7996 0.9444

5 Conclusion

In this paper we computed the semiparametric efficiency bound for finite dimensional parameters
of sequential moment restriction models (1) containing unknown functions that may depend on
endogenous variables. The results extend those of Chamberlain (1992b), Ai and Chen (2003) and
Chen and Pouzo (2009) to the case of semi/nonparametric conditional moment restriction with nested
information sets. The results also extend those of Chamberlain (1992a), and Brown and Newey (1998)
to the case of sequential moment restrictions involving unknown functions. Our characterization
of the efficiency bound is useful in evaluating and comparing several competing estimators that
are typically proposed for a particular semiparametric econometric model. Although we can only
characterize the efficiency bounds for conditional moment models involving several unknown functions
when they depend on different arguments, these bounds can be computed analytically for many
specific models containing only one unknown function. In terms of semiparametric efficiency bound
calculation, our approach carries over to allow for T to increase to infinity. However, any efficient
estimation method would face the “curse-of-dimensionality” when T is very large.

We present an optimally weighted, orthogonalized SMD estimation procedure for (,, h,) identi-
fied by the sequential moment restriction model (1). When the semiparametric efficiency bound for
6, is non-singular, we note that this estimator is root-n asymptotically normal and efficient for 6,,.
There are many alternative procedures that can also achieve the semiparametric efficiency bound

for 0, in model (1). For instance, one could extend the constrained sieve MLE approach of Gallant
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and Tauchen (1989), Gallant, Hansen and Tauchen (1990) and Ai (2007) to estimate 6, efficiently.
Notice that (0,, h,) in model (1) is the unique solution to

Elp(Z;00,ho()) @ pr (XY =0 fort=1,..,T, (21)

where pf"’”(X D) = (P (XD, ..., peg,.. (XD)) is a series of basis functions that can approximate
any square integrable function of X® arbitrarily well as k;,, — 0o. One could also estimate 6, in
(21) by extending the GMM with increasing number of unconditional moments of Hahn (1997), or
the continuum GMM of Carrasco and Florens (2000), or the empirical likelihood with increasing
number of unconditional moments of Donald, Imbens and Newey (2003). We shall investigate these

alternative efficient procedures in another paper.
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Mathematical Appendix

We follow the approach of Stein (1956), Begun, Huang and Wellner (1983), Bickel, et al. (1993),
Newey (1990), Chamberlain (1992a, b), and van der Vaart (1991) on semiparametric efficiency bound

calculation. Recall the following notation for any o € A:

T
5T(Za O‘) = pT(Z7 a)> 5S(Za Oé) = ps(Z7 CY) - Z Fs,t(X(t))gt(Za Ck) for s =T — 1a ) 17
t=s+1

D, (X)) = Elpy(Z, a0)er(Z, ) | X OB (X D)} for s < tand T (XB) = Eley(Z, o)er(Z, ) | X D).
Also, recall that
E{ei(Z, a0)en(Z, ao)o(XD)g(X W)} = 0 (22)

holds for any s # t and for any measurable functions v and ¢. Finally we denote m,(X® a) =
Eled(Z,0)|X®] for t =1,..,T.
Denote d, = dim(Z). Let p,(-) be the true probability density of Z = (Y’, X’)" with respect to
a sigma-finite measure ;1 on Z C R% that satisfies model (1), which is equivalent to the following
model:
Elef(Z,a,)| XD =0 fort=1,.,T and o, € A, (23)

where E denotes expectation taken with respect to the true density function p,(z). Let E, denote ex-
pectation taken with respect to arbitrary density function p(z). For arbitrary a € A, the conditional

moment restrictions

BEye(Z;0,0)| XY =0 fort=1,..T (24)

do not uniquely determine p(z). For any a € A, let F, denote all probability density functions that
satisfy (24):

Fo = {p() : /Gzp(z)d,u(z) =1, p(-) >0, Ele/(Z;0,h)| XY =0 for t =1, ...,T} .

For any p(-) € F,, we can always write p(z) = f(z|a,g) with p,(2) = f(z|®s, go), Where p is of a
known functional form up to unknown parameters o and g, with g being an unknown measurable
function of z (see Ai (2007) for an example). g(z) can be viewed as the remainder of the probability
density function p(z) = f(z|a,g) that is not determined by (24), and is unrestricted except for
satisfying f(-|la,g) € Fo and f(‘|a, go) € Fa,- Let G denote a class of real valued measurable
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functions of Z satisfying (i) for each o € A, {f(z|a,g) : g € G} = Fq; (ii) there is a g, in the interior
of G such that p,(z) = f(z|aw, go)-
The following condition shall be imposed throughout the paper.

Assumption A: Let {(a(7),g(7)) : 7 € [0,1]} denote a family of parametric specifications in the
parameter space A x G satisfying: (1) f(:|a(7),9(7)) € Fur); [(Z]a(0),9(0)) = f(Z]ao, g,) =
po(Z) holds with probability one; 7 — \/f(-|a(7), g(7)) is mean-square differentiable. (2) For all

Jj = 1,..,T, with probability one, ¢;(Z,a(r)) is continuous at a(7) in a small neighborhood of

i(Z,a(T () ; T €)
P =0, SEEEANXO) g A GO

Ellej(Z, a,)?| X1)] is bounded.

exist and have finite second moments, and

Proof. (Theorem 2.1) Let {(a(7),g(7)) : 7 € [0,1]} be any parametric path in A x G satisfying
assumption A. Denote the log-likelihood function (of one observation) of a parametric submodel by

Uz,a(1),9(7)) = log f(z|a(T),g(7)). Under assumption A, we can write the pathwise derivative of

U(z,a(7),9(7)) at (a,, go) as

Vi(z00,9,) = lim Uz alr),9(1)) =z 90, 90)
T— T

do(r dh(r
= 69(37 a0790)%‘720 + gh(za ag,ﬂo)%

= 59(2, Oy, go)Ae + Eh(Z’, Ao, go) [Ah] + Eg(z7 Ao, gO)Agv

dg(t
‘TZO + gg(za o, 90)%%:0

where the second and the third term on the right-hand side denote the pathwise derivative with

respect to h and g respectively. To simplify notation we denote ¢y(z) = ly(2, 0, o), Cn(2)[AR] =

Un(2, ao,go)[d};(:) |r—o0] and £,(2)Ag(z) = {y(z, ao,go)d‘il(:) |,—0. Notice that any p(z) = f(z|a(7),g(7)) €

Fao(r) satisfies restrictions (24). By differentiating both sides of (24), we obtain:

dE[e;(Z, )| X W]

§7 + Blej(Z, ao)lo(Z)| X D] =0 for j = 1,..., T} (25)
Ele (7 X G) ,
e ’92’ MO Bley(Z,00)60(Z) (AR IXD) = 0 for j =1,...,T; (26)
T
Elej(Z,a)ly(Z)Ag(Z)| XD] =0 for j =1,...,T. (27)

Denote

Ty, = {an(-) = bu()[AR] : Elan(Z)] = 0, E[{a)(Z2)}?] < 00, Ah € H — {h,}, (26) holds} .
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T, = {a,(-) = £,(-)Ag(") : Elay(Z)] = 0, E[{a,(2)}?] < oo, (27) holds} .

Let T, and Tq respectively denote the closed linear completions of T;, and T, under the mean
squared norm |v(-)||3 = E{v(Z)?}. Then T}, and T, are the tangent spaces for the nonparametric
parameters h and g respectively. Denote T = T}, + T,. Let Proj(-|T) denote the population least
square projection of - onto the space T. The semiparametric efficient score of 6, is given by S; =
lo(Z)—proj(£e(Z)|T) (see, e.g., Bickel et al. 1993). Denote J, = FE[S;S;'] as the semiparametric
Fisher information bound. If J, is non-singular, then the semiparametric efficient variance bound for
0, is O = (Jo) ' = (E[S;S;])

To compute the least squares projections, note that, for each component 6* (of 0), k =1, ..., dy,

the projection proj(¢,:(Z)|T) solves the following minimization problem:

E ([t9:(2) = proj(tyr(2)T))") = B ([601(2) = ai(2)-a3(2)]")
= min _ F ([ﬁek(Z) — ah(Z)—ag(Z)]2)

an €Ty, ,ag€Ty

— min { min E ([lgr(2) — an(Z) — ag(Z)]2)}

= oo {E ([te(2) — an(2) = proj(tpe(2) — an(2)[T,)]*) }

where a} € Ty, a} =proj(lg:(Z) — an(Z)|T,) € T, denote a pair of solutions.
For any a;, = {,,(-)[Ah] € T}, (with Ah € H—{h,}), to compute a solution proj({y:(Z)—an(Z)|T,)
Elg(Z) — an(Z) — ay(Z))?, we write the Lagrangian expression as

to the problem min, .

E {[%k(z) —an(Z) = ag(Z)F +2) N(XV)e(2, ao)ag(Z)} : (28)

j=1

where \; (X)) is the Lagrangian multiplier for the constraint (27). Applying calculus of variation,
any solution @, to the unconstrained minimization problem (28) should satisfy the following first

order condition:
T

69’“(2) - ah(Z) - ag(Z) = Z )‘j<X(j)>/€j(Za ao)a (29)

j=1
Elei(Z,00) X 3,(Z)[ X)) = 0 for j = 1,2,...T:

Note that @,(Z) given by equation (29) satisfies E{G,(Z)} = 0. Under constraints (25) and (26),
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definition of €;(Z, a,), j = 1,2, ...,T and relation (22), it is straightforward to show that

dmy(X®, ) B dmy(X® o
do* dh

M(XWO) = — o) [Ah]} St XL t=1,2,...T

solves (29). Hence
T
@)(Z) = L (Z) — an(Z) = Y M(XD)ei(Z, )
t=1

solves the unconstrained minimization problem (28). Moreover, because E{[(4x(Z)]?} < oo, E{[an(Z)]*} <
o0, E {H)\t NelZ, ao)| } < o0, we have E{[a,(Z)]?} < oo and @, € T,. Thus

proi(Cp (2) — an(D)IT,) = 8(2) = :(2) = an(2) = o NXK Ve,

That is, for any a;, = ¢,(-)[Ah] € T}, (with Ah € H — {h,}), we have:

lgr(Z) — an(Z) — proj(Lg-(Z) — an(Z)[T,) (30)
a Ty (t)7 O my (t), Qo I t)\—1
= -y {d (iz(ek ) _d Oéh )[Ah]] Yot ( XN e,(Z, ay).

Recall that the space W is the closed linear completion of H — {h,} under the pseudo-norm || - ||

NS {M[Ah@/&t(x@)—l )

dh dh
t=1

For any direction Ah € H—{h,} with a, = ¢,(-)[Ah] € T}, given assumptions 2, 3 and A and relation

(30), we have ||Ah||> < oo hence this direction Ak belongs to W. Conversely, for any Ah € H— {h,}
~p2 ~

with HAhH < 00 (so that Ah € W), define

!/

T Tdmy (XD a,) ~ o
an(z) ==Y {%[Ah] ot (X )y (2, ).

— -~ ~q2
It is obvious that E[ay,(Z)] = 0. By definition of W and Ah € W we have E[{a,(Z)}?] = HAhH < 00.
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Also relation (22) implies that

@E%%Zﬁﬁmm+Eﬁﬂ@q@h%ﬂthdﬁmj:1wwﬂ
thus ap(-) € T.

By definitions of Ty, T, and aj (), there exists a sequence {wy, ; € H —{h,},j = 1,2, ...} such that
anj(-) = €n(+) [wn;] € Ty, converges to a}(-) € Ty, under the mean-squared norm. Since the projection
is a bounded linear functional, a,;(Z) =proj(ly.(Z) — an;(Z)|T,) converges to a;(Z) € Ty under the
mean-squared norm. By definition of W, such a sequence {wp; € H—A{ho},j =1,2,...} belongs to
W. By relation (30), we have:

© > K [ o (Z) — anj(Z) — proj(les(Z) — ah,j(Z”Tg)r
L [dm (X @ my(X®, a, ?
X(t) —3 |:d <X ’ ) — d (X ’ )[wh,j]] ‘ ]

i

do* dh

dmy (XD a,)  dmy(X®, ay,) 7]

Ot 2 |: d&k - dh [r](;;]:|

v

E

e

|

7% dmy(X®, ) B dmt(X(t),ozo)[ k]
6" dn

where the last inequality is due to the fact that r* is a solution to
T
=1

Taking limit as j — oo in both sides of inequality (31), we obtain:

inf F¥

gl {Eot
wew

7% dm (XD, a,) B dmt(X(t),ozo)[ ]
6" dn

T

2

E ([WZ) —aj(Z)—a; )

ot

6132)

On the other hand, by definitions of WW and r¥, there exists a subsequence {wy,; € H — {ho},j =
2,...} in W such that
2]

1 [dmy( X, dm,(X® o,
ot X(t) 5 |: t<d0k ) t(dh )[wh]]:|

>
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converges to

dmy(X® o) dmy(X®, a,)

Sor(X M)} 72 0 0 [k
emaxeny [ i)

Let

T !

- dmy (XD ap) ~

ang(#) == [%[w] Sa(X0) (2, ).
t=1

Then @y, ;(+) € T), and hence @, ;(2) =proj(ly(Z) — an j(Z)|T,) € T,, we have
= B [lp(2) = @(2) = proj(lgs(2) — @ (2)|T,)]" > B [(0e(2) - a3(2)—a5(2)]*. (33)

g

do* dh

(S, (XO)}- 5[dmt(X , Qo) dmt(X . a,) [{Dh]]}

E ([0(2) = proj(tp(DIT)]") = E ([£0(2) — ai(2)~a;(2)]°)

T 2
dmy (XD ay)  dmy(XD, )
= F Yo (X O3 t 1 Ho) AT Qo) 1k _
tzl { t( )} dek dh [ro] .
Denote r, = (r},...,r%) and

dmi (X0, 00)  (dmy(X Y, ) ) )
T[TO] - ( dh [7’0], dh [7’0], vy T[ro ]) .

Then, an efficient score S; for 0, is

Sy = ﬁe(Z)—PTOj(ﬁe( )|T)

dmy(X® a, dm (X, a, _
_ _Z|: t ) t(dh )[To] Eot(X(t)> 15t(Z,ao)-

The semiparametric Fisher information bound for 6, is J, = E[S;S}'], and if J, is non-singular, then
the semiparametric efficient variance bound for 6, is Q% = (J,)™! = (E[S;Sy])™". &
When we partition 0 into (67, 0,)" with dy, = dim(9 ) and dy = dy, + dp, for i = 1,2, we let r,y, =

d d dg, +1 m1 (X, 00 _ rdmi(X,00 mi (X,a,) 1,9
(13, 76) € T W, ren, = (1) € T W, #2200, | = (e[l el )
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m Qo _ m ,Qo m ,Qo d, m ,Qo
be d,, x dp,, and L2200l ) = (dmalXato) 1] dme(Ka.00) [001) be d, x dy, . Define 21N (., |

and %:)’%)[rogz] accordingly. We have Sj = (S;!,S;.)". Then the semiparametric efficient vari-

ance bound of 0,;, denoted as €} , is simply the inverse of the covariance matrix of the least squares

projection residual of Sj on Sp :
* * * * */ Qi -1 * * -1 * * */
O, = (BE{(S5, —b7S5,)(S5, —b7S5,)}) = (E[S;,5])  +aQ,a (34)

with b* = {E[S;,S;0 ]} ' E[S;,S5] and a* = {E[S; S;/]} 'E[S;, Si]. Then the semiparametric

efficient variance bound of 6, is:

* * */ QI * *x/ Q% \/ -1
992 — (E{(St92 —a S@1)<592 —a 591) }) ° (35)

Proof. (Theorem 2.2) Since the semiparametric efficient variance bound of 6, is Qj, given by
(35). We now show that Q= (J,)~" for the plug-in model (2)-(3).

First we notice that for the plug-in model (2)-(3), the general expression of S; = (557, S5.)" will
take the following form: with T =2, X = X® ¢ =¢,(Z, a,),

Sp, = Lo, (Z) — proj(le,(Z)|T)
_ {dm(X, 0,)  dma(X, o)

mm]&mmlmwﬂ»

Ao dh
- [Pt - o)) (e e,

S5, = 0,(2) ~ proi(to,(2)T)
e )| 2a0) (2,00

B {drr;le(llozo) B dmcllé%) [Toel]},(E{gg'})_la
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. doy, 5
where 7,4, is such that, for all 74, € Hjejl )4%

dma(X,a0) dma(X,00) ! _ dma(X,0)

D e e | e R e e .
dmi (a dm1 (oo —1 [ dm1(co
[ d9(’2 ) — di(z )[%92]} (Elee’]) [ dé )[7’92]]

and 7.9, is such that, for all ry, € Hjillw
dms(X,a0 ! _ dma(X,a0

- [ty ) 5(0) [l )+ ] .
dm1(aeo dm1(aeo ! — dm1 (oo e
o) _ dmston) || (Blee’)) ! [2nsle |

Denote w} = 19, — rop, 0" € H?ZW and compute “(36) — a*x(37)”. Then we obtain: for all
d JR—
r e ijl W,

dma(X,a0 dmo(X,a0 * ! _ dma(X,a0
[dmae) — dmalitoa) ] 3 p(X) 1 [l ] +

/ - 0
|:dmd19(l2ao) i dmdle(llao) at — dm;éao) [w;] (E[gg’])_l [dm;éao) [T]i|
Next by definition of a*, we have for any non-zero dy, x dp,—matrix a,
0 = B((S; - a"53) Spd
dms(X,a,)  dma(X, ) ' 4 [dma(X, a,)
= - - o) L2 (X —— T
= S| IS Il e S e
dmi(o,)  dmy(ay) ,  dmi(ag). .1 1 [ dmy(ay) dmq(a,)
i) ) ooy | ey | TR, - sl ).
2 1 1
e dmi(a) _dmi(a,) . dman) ) dm(a)
mil\&, mi\&,) mi Qo * I\ —1 mi\Qo
0= - - E amdo)
{ a0, a0, " dh [“’2]} (Eiee’}) { a0, }
Using the condition that MC;T%I") is invertible, we obtain that a* satisfies (9) and

dmi(oo)  dmy(ao) ,  dma(ao), ]
[ 16 0 a dh [w3]| = 0.
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Thus

E { {dmi(l?,; @) _ de(d);’ ) [w;]}/zOQ(X)—l {W[r]} } —0 forallre i:[lw

doy 5
Hence wj € [[;2, W solves

wf B { {dmz(X, a,)  dmy(X, o) [w]},EOQ(X)l {dﬂh(X, a,)  dmy(X, o) [w]} }

wer " 7 do, dh o, dh

Recall that wey € H?"ZIW defined in (7) also solves the above minimization problem. Under As-

sumptions 1s, 2 and 3, we have w,e = Wi = ryp, — Tep,a",

Jup, = E { {deé‘;Z’ ) _ de(d)]i’ %) [wog]} () {dmi(l‘;z %) _ dmz(d),i’ 0o) [woz]} } ,

and
dma(X, o) dma(X, ay)

ao, dh

ng - a*/S;I = |: [wOQ]‘| EOQ(X)71P2<Z7 ao)?

Hence €, = (E{(S;, — a*S5.)(S5, — a”S;)}) " = (Jup,) L. ®

Proof. (Theorem 2.3) Since the semiparametric efficient variance bound of 6,, is €2 given
by (34). We now show that Qf = (Jo,) " for the plug-in model (2)-(3). Recall that b* =
{E[S;, 551} 1 E[S;,S51]. Denote wi = 749, — Top,b* € Hjillw and compute “(37) — b¥x(36)”.
Then we obtain: for all r € H;lill W,

dma(X,a0) 1.5 dma(X,a0 * ! _ dma(X,a0
[ dmaleelyr — dmalion) ] 5 p(X) 1 [l )] +

1) '
dm1 (ao dmi (o) 7. dmi (ao * — dm1 (o
) — gl — e ]| (le]) ™ e

= 0. (38)

oy, dh dh

Also w] = 1,9, — Top,b* implies:

i — b5,

S | RES NS
B |:d7rii10(,1040> B dﬂse(,j‘(’)b* 3 dm;éao) [w}‘]] (Blee)) <.
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By definition of b* we have for any non-zero dy, X dy, —matrix,

0 = E{(5 —b"5;,)5,0}
[dmg(X @) b dma(X,a0) [’LUT]] 202(X)_1 |:dm2(X,ozo)b _dma(X,a0) [7«06217]] +

_ do; dh de; dh
- dm1 (oo dmi (o) 7.% dmi (ao * ! dmi (ao dm1 (ao
[ draoe) _ drsloolye _ drsfod ()] peer) -t [dmbody  dmleay ]

This and equation (38) imply that

dma(X,a0) 7.% dm X,a0 * ! _ dma(X,a0
- [t e ]| Sa() 7 [ +

dm1 (oo dmi(ao) 1% dmi (oo * ! _ dmi (oo
et = el — ]| Bl | e

= 0. (39)

Equations (38) and (39) imply that

o’ dh o’ dh

dmi (ao dmi (o) 1% dmi (oo * ! dmi (o) 1% dmi (ao *
[ o) _ dmto e _ (o) )| e/t [aloedye . dmo) g

/
|:dm2(X Qo) b* + dma(X,00) [wﬂ] 202 (X) [dmz(X Qo) b+ dma(X,00) [U)ﬂ:| +

hence

E{(S5, — b55,) (S5, — b755,)'}

/
dma(X,a,) b+ dma(X,a,) [wﬂ 202 (X) |:dm2[§g/( o) b* + dmzil)}f,ozo) [wl]

ol

d@' dh
2
(B ey b el — el dmafasd ) |
dmi(a,)  dmq(ay) dmi(a,) ' _1dmy(a)
_ . b — 9 E )
{ a6, a0, . wil| Eleel =2y

Equations (38) and (39) also imply that (b*,w}) € H;lg:ll (Rdo2 x W) solves

dma(X,a0) b + dmz(X Qo) [T‘} EOQ(X)il dma(X,a0) b + de(X ao)[

d@’ de/ T]]

Jo@l = lnf 4 b N1—2% | dmi(ao)  dmi(ao) dml(ao
(br)eH L (R%02 xW) + |{E(ee’)} 2 o’ 6} b~
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Thus with b*

{E[S;,55:1} 1 E[S;,S5] and w} = 1og, — 7op,b*, we have:

dmi(a,) dml(ao)b* _dma(a)
db, do, dh
= E{<S;1 - b*/S;Q)(Sgl - b*,ng)/}'

oty [wi] | Ele’]
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