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1 August, 2000

A Note on the Weibull Distribution and
Time Aggregation Bias

By Knut Reed and Tao Zhang

Abstract

The application of continuous time Weibull models on discrete unemployment dura-
tion data may produce bias in the estimated shape of the hazard rate. The bias can be
substantial even for weekly duration data, and it is serioudy aggravated if the Weibull
model is erroneously mixed with a Gamma distribution for unobserved heterogeneity.
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I ntroduction

The Weibull model is a popular tool for econometric analysis of transition data. In
particular, it has been extensively used in the analysis of unemployment durations (for
recent examples, see e.g. Korpi, 1995; Hernaes and Strem, 1996; Aaberge, 1996; Roed
et al, 1999). While unemployment durations are often measured in weeks or months,
the Weibull-distribution is continuous. This discrepancy between statistical model and
data generation is often disregarded, however, and the likelihood function is specified
asif the data were continuous. A common view seems to be that this is a minor of-
fence, without much practical importance. Bergstrém and Edin (1992) demonstrated,
however, that the resulting time aggregation bias could be serious, particularly with
respect to duration shape parameters. On the other hand, they also found that the
problems were less serious in restrictive parametric duration models. They concluded
e.g. that “time aggregation does not seem to have drastic effects on the estimates in a
simple parametric moddl like the Weibull” Bergstrom and Edin, 1992, p. 22). In the
present note, we show that this conclusion depends heavily on the exact way in which
the time aggregation is carried out. This is, however, rarely reported in published
work. One reason for this could be that the underlying exact time aggregation mecha-
nism is unknown to the researcher. Another could be that the potential importance of
this issue is not fully recognised. In this note we show that disregarded time aggrega-
tion can be responsible for substantial bias in the shape parameter of the Weibull dis-
tribution and that the bias is serioudy aggravated if the Weibull distribution is mixed

with a distribution of unobserved heterogeneity, such as a Gamma distribution.

Types of Discrete Unemployment Duration Data

Discrete unemployment duration data are usually gathered from administrative regis-
ters or sample surveys. Data based on unemployment registers are created from regu-
lar recordings of labour market status. If a person was recorded as unemployed at du-
ration t-1, but not at duration t, it is known that the person exited between t-1 and t. A
common procedure (particularly when the time unit is relatively short) is to record the
duration as either t-1 or t. Duration data from sample surveys are usually based on the

respondents own recollection. A reasonable assumption is that answers are rounded



up or down to the closest integer of the time unit used for questioning. A side effect of
this method is that the first interval is dightly longer than the other intervals.

Let T be the random continuous time duration variable subject to analysis, and let T*
be its discrete observed counterpart. We consider four alternative time aggregation

schemes:

A: The discrete observations are obtained by rounding durations up to the
closest integer, i.e. T'1{12,...} ,suchthat tT (t'-Lt]® T*=t'

B: The discrete observations are obtained by rounding durations down to the
closest integer, i.e. T'1 {0,1,...} , suchthat tT [t - 1Lt")® T*=t -1

C: The discrete observations are obtained by rounding durations up or down to
the closest positive integer, ie T 1{12..}, such tha
t (t'-1,t'+1]® T*=t for t>1, otherwiseT  =1.

D: The discrete observations are obtained by adjusting durations to the mid-
point of the duration interva in which the durations lie, i.e

TT{{,3,..} suchthat t1 (t'-L{]® T*=t"- 2

While the first three types correspond to data typically obtained from administrative
registers (A, B) and sample surveys (C), type D is a simple rule-of-thumb attempt to
replace interval borders with interval midpoints, recommended by e.g. Petersen (1995,
p. 498). If the durations are uniformly distributed within each interval, these mid-

points would correspond to the average true duration within each interval.

Statistical Model and Data Gener ating Processes

Let v be a variable that the researcher uses to represent unobserved population hetero-
geneity. In line with the mainstream literature, v is assumed to be Gamma distributed
with expectation E(v)=1 and variances >3 0. Let T, conditional on v, be distributed

according to a Weibull distribution with scale parameter | and shape parameter a.
The conditional hazard rate is then parameterised as



+ 3
q (t|v)= IimP(t£T£t Dt|T '[):I agqtely
Dt® 0 Dt

Throughout this note, we consider a situation in which the true data are generated by
a pure continuous time Weibull model (s 2° 0), but where the researcher has only

access to the discrete T*, generated according to the methods described above. We
assume that the researcher disregards the discrete data collection pattern, and fits a
pure continuous time model, as if the data were really continuous. We investigate how
the estimates of a is affected when i) the researcher correctly adopt a pure Weibull

model and ii) when the researcher erroneoudy fit a Gamma mixture model.

We first generated 35 different databases, each with 10,000 observations, randomly
drawn from pure Weibull models with different values of the two distribution pa-
rameters (a,l ). The parameters were selected in order to make the observations simi-
lar to typica unemployment duration data. The various parameter combinations, and

the resulting expected durations, are presented in table 1.

Tablel
Expected Durations

True scale parameter (1)
True shape
parameter (a) 0.005 0.02 0.05 0.1 0.2
0.5 400 100 40 20 10
0.7 253 63 25 13 6
0.9 210 53 21 11 5
1.0 200 50 20 10 5
11 193 48 19 10 5
13 185 46 18 9 5
15 181 45 18 9 4

Low values of the scale parameter (e.g. | =0.005), generate observations that are
similar to data collected at a very high frequency, for example daily unemployment
duration data. High values of the scale parameter (e.g. | =0.2) generate observations
that look more like monthly data, while the intermediate cases may be more typica

for weekly unemployment duration data.



Resultsfrom Maximum Likdihood Estimation with Discrete Data

Table 2 gives the resulting Maximum Likelihood estimates for the shape parameter a
(for ease of exposition, we skip the standard errors, with 10,000 observations they are
typically around 0.007).

Table 2
The estimated shape parameter (a) with discrete data, but correct model.
Maximum Likelihood estimates based on 10,000 observations

True scale parameter (| )
True shape Type of ag-
parameter (a) gregation 0.005 0.02 0.05 0.1 0.2
0.50 A 0.53 0.56 0.59 0.64 0.70
B 0.43 0.37 0.32 0.28 0.25
C 0.52 0.55 0.58 0.62 0.67
D 0.52 0.53 0.55 0.58 0.61
0.70 A 0.72 0.74 0.78 0.83 0.91
B 0.64 0.56 0.48 0.38 0.31
C 0.71 0.72 0.76 0.80 0.87
D 0.71 0.71 0.73 0.74 0.79
0.90 A 0.91 0.95 0.98 1.03 1.11
B 0.85 0.78 0.68 0.53 0.40
C 0.90 0.93 0.94 0.98 1.04
D 0.90 0.92 0.93 0.95 0.96
1.00 A 1.02 1.03 1.07 1.12 1.21
B 0.98 0.89 0.77 0.61 0.46
C 1.01 1.01 1.03 1.06 1.14
D 1.01 1.00 1.01 1.02 1.05
1.10 A 1.12 1.14 1.18 1.23 1.30
B 1.08 1.02 0.87 0.73 0.50
C 1.12 1.12 1.14 1.16 1.21
D 1.11 1.11 1.12 1.13 1.13
1.30 A 1.33 1.32 1.36 1.43 1.52
B 1.31 1.23 1.09 0.93 0.65
C 1.32 1.30 1.31 1.35 1.40
D 1.32 1.29 1.30 1.32 1.32
1.50 A 151 1.54 1.58 1.60 1.72
B 1.50 1.46 1.34 1.10 0.78
C 151 1.52 1.52 1.52 1.52
D 1.51 1.52 1.51 1.48 1.50




The estimates depend heavily on the exact way in which time is aggregated, even for
the series mimicking daily data. All the discretisations produce bias, athough time
aggregation of type D does much better than the others. The bias is of course larger
the lower is the frequency of the data (the higher is the scale parameter | ). For typi-
cally weekly or monthly data, the bias is substantial.

Now, assume that the researcher does what has become standard practice, and fits a
Gamma mixture model to the data, in order to take account of potential unobserved
heterogeneity. If that could be done on the original continuous data series, the Maxi-

mum Likelihood estimates would correctly reveal that the Gamma variance parameter
is approximately zero, and hence that the true moddl is realy a pure Weibull. The es-

timated parameters of the Weibull model would hardly be affected at all. But, when
the available data are discrete, it turns out that a substantial part of duration pattern
embedded in the Weibull model is “thrown” over in the Gamma term, hence the bias
is substantially aggravated. Thisisillustrated in Table 3.

Table3
The estimated shape parameter (a) with discrete data and incorrect Gamma mixture
model. Maximum Likelihood estimates based on 10,000 observations

True scale parameter (| )

True shape Type of ag-

parameter (a) gregation 0.005 0.02 0.05 0.1 0.2

0.50 A 0.57 0.70 0.96 - -
B 0.43 0.37 0.32 0.28 0.25
C 0.56 0.67 0.94 2.19 -
D 0.54 0.60 0.69 0.86 2.15

0.70 A 0.75 0.82 0.94 1.67 -
B 0.64 0.56 0.48 0.38 0.31
C 0.74 0.79 0.89 1.14 1.93
D 0.72 0.75 0.79 0.85 1.05

0.90 A 0.92 0.99 1.09 1.25 1.67
B 0.85 0.78 0.68 0.53 0.40
C 0.91 0.95 1.02 1.15 1.88
D 0.90 0.93 0.96 0.99 1.12

1.00 A 1.04 1.06 1.17 1.30 1.63
B 0.98 0.89 0.77 0.61 0.46
C 1.01 1.02 1.09 1.19 1.59
D 1.02 1.00 1.04 1.06 117




Table3

The estimated shape parameter (a) with discrete data and incorrect Gamma mixture
model. Maximum Likelihood estimates based on 10,000 observations

True scale parameter (| )

True shape Type of ag-

parameter (a) gregation 0.005 0.02 0.05 0.1 0.2

1.10 A 1.13 1.17 1.24 1.38 1.60
B 1.08 1.02 0.88 0.73 0.50
C 1.12 1.12 1.16 1.26 1.52
D 1.11 1.11 1.12 1.15 1.18

1.30 A 1.34 1.34 141 157 1.78
B 1.31 1.23 1.10 0.93 0.65
C 1.33 1.30 1.32 1.43 1.61
D 1.32 1.30 1.30 1.35 1.36

1.50 A 1.52 1.57 1.65 1.72 1.92
B 151 1.46 1.3 1.10 0.78
C 151 1.53 154 1.55 1.70
D 1.51 1.52 1.53 1.49 1.50

Note: The symbol — indicates lack of convergence.

The punch line is that any bias produced by time aggregation is seriously aggravated
by the imposition of a gamma mixture model. In case of negative duration deperd-

ence, even the type D adjustment imposes serious distortions.

To illustrate the potential severity of the problem, consider the type of data that may
arise from a typical sample survey, questioning persons about how many weeks they
have been unemployed. Assume that the respondents round their answers to the clos-
est integer, according to type C data. Assume furthermore that the true shape -
rameter is 0.9 (negative duration dependence), and that | = 0.05 (the expected duration
is 21 weeks). Figure 1 displays the shape of the true hazard rate, as well as the two
estimated hazard rates obtained with continuous time methods based on a pure
Weibull model and a Gamma mixture model. The degree of negative duration de-
pendence is seriously under-reported, and in the case of the Gammamixture, the

negative duration dependence is even interpreted as positive duration dependence.



0625 ‘ Hazard estimated with incorrect Gamma mixture model, and with durations
: S rounded to the closest integer (type C)
06 [
0575
055 [
L Hazard estimated with correct Weibull model, but with durations
0525[ nded to the closest integer (type C)
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Figure 1 Estimated Weibull hazards when the true shape parameter is equal to
0.9

Conclusion

The application of continuous time Weibull models on discrete duration data may
produce substantial bias in the estimated shape of the hazard rate. The bias may be
present even for daily unemployment duration data. To the extent that the transforma-
tion from continuous to discrete data is known completely, there are smple adjust-
ments that can be made to reduce (or even eliminate) the problem. However, the data
generating process may not be known completely. Hence, it is probably much better
to follow the route suggested by Meyer (1990) and Narendranathan and Stewart
(1993), and derive the likelihood function for the discrete data at hand.
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