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Abstract
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A central Bank that is inscrutable gives the markets little or no way to ground these percep-
tions [about monetary policy] in any underlying reality �thereby opening the door to expecta-
tional bubbles that can make the e¤ects of its policies hard to predict. (Blinder, 1998)

1 Introduction

Since the 1990�s, central banking practice has shifted from secrecy and opaqueness toward more transparency
about monetary policy strategy and objectives. At the same time, an increasing number of central banks have
adopted an in�ation targeting framework for monetary policy. One important aspect of in�ation targeting
is the anchoring of expectations,1 with its stabilizing e¤ect on macroeconomic activity. Failing to anchor
expectations might result in undesired �uctuations and economic instability. Given the role of expectations,
central banks�credibility and transparency is a crucial ingredient of in�ation targeting.
Most of the academic research on in�ation targeting assumes rational expectations and perfect informa-

tion on the part of market participants and the monetary authority. Under this assumption, it is not possible
to evaluate the bene�ts of central bank transparency because the market participants can perfectly predict
the central bank�s decisions.
In contrast, this paper proposes an evaluation of central bank transparency assuming that both the

private agents and the monetary authority face imperfect knowledge about the economic environment and
have to learn about the correct model of the economy. I distinguish between uncertainty about the model
of the economy and uncertainty about monetary policy. Uncertainty about monetary policy concerns the
behavior of the short-term nominal interest rate, which depends on the central bank�s objectives, its monetary
policy strategy and its information about the economy. A transparent central bank reduces this source of
uncertainty by providing information about its policy. Uncertainty about the model concerns the laws of
motion for in�ation and output, which are a¤ected by other factors of the model beyond monetary policy
decisions. In fact, even perfect knowledge about the central bank policy framework does not guarantee that
market participants fully understand the �true�model of the economy, especially in the case of decentralized
markets, where agents face uncertainty about each others� tastes, production possibilities and about the
e¤ects of aggregate shocks.
A modeling approach with imperfect knowledge allows me to address two critical questions. First, to

what extent a transparent implementation of in�ation targeting a¤ects the private agents�learning process
and thus the dynamic properties of the economy under learning. In the words of governor Bernanke:2

A skeptic might argue that noise and other sources of pricing ine¢ ciency pervade the �nancial
markets, so that improving the predictability of monetary policy is of limited importance in
practice [...]. To the contrary, there is good reason to believe that informational asymmetries
between the central bank and the �nancial markets may matter a great deal for economic welfare.

Second, what are the e¤ects of central bank transparency on the monetary policy transmission mechanism
and thus monetary policy e¤ectiveness. Again, from Bernanke

1See Levin, Natalucci and Piger (2003).

2Bernanke (2004), p.3.
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The fact that market expectations of future settings of the federal funds rate are at least as
important as the current value of the funds rate [...] suggests a potentially important role for
central bank communication: If e¤ective communication can help �nancial markets develop more
accurate expectations of the likely future course of the funds rate, policy will be more e¤ective
[...]3

In this paper I study a simple sticky price model where optimal policy takes the form of an in�ation
targeting rule and I evaluate its properties under rational expectations and when agents learn over time.
In the latter case, I consider both a transparent and a non-transparent central bank, where central bank
transparency is measured by the public�s knowledge of the policy rule.
The criterion used to evaluate the performance of the optimal policy rule is whether it induces stability

under learning. I de�ne the optimal policy rule as �robust�to expectational mistakes if it gives a satisfactory
performance also when expectations are out of the (rational expectations) equilibrium because of structural
change. In particular, I consider two aspects of stability. First, I consider whether agents�expectations con-
verge to the rational expectations equilibrium. Second, in the case of convergence, I explore how the agents�
learning process might alter the transmission mechanism and, ultimately, the e¤ectivenness of monetary
policy.
I show that lack of transparency has profound consequences on the performance of optimal monetary

policy under imperfect information and learning. While under the hypothesis of rational expectations, the
optimal policy rule succeeds in stabilizing expectations - the REE is unique, i.e. no expectaions-driven
equilibria exist under the optimal targeting rule-, under the hypothesis of imperfect information lack of
transparency leads to economic instability and self-ful�lling expectations. The central bank�s response to
changes in expectations and macroeconomic disturbances induces undesired �uctuations in agents�beliefs
which in turn a¤ect the economy.
On the other hand, a transparent implementation of optimal policy stabilizes the economy even if eco-

nomic agents face imperfect information about the economic system. As a result, the simple model shows
that lack of transparency alone can be the source of expectation-driven �uctuations.
In the existing literature,4 the bene�ts of central bank transparency are discussed in models with rational

expectations assumptions. The central bank faces a time-inconsistency problem that results in in�ation bias.
The public is assumed to know the monetary policy rule and faces parametric uncertainty about central
bank�s preferences and about economic shocks. In this framework transparency is a reputation building
device. If the central bank discloses its goals and incentives, the optimal policy prescribes low in�ation
because an expansionary policy would not succeed in increasing employment and would just increase in�ation
expectations. But, as shown in Faust and Svensson (2000), eliminating the in�ation bias makes it optimal
for the central bank to be opaque about its preferences.
In contrast, this paper o¤ers a formal argument for central bank transparency that does not rely on the

existence of a time-inconsistency problem or informational asymmetries about economic data. Even in the
case where the central bank intends to maximize the representative consumer�s welfare and its not subject
to in�ation bias, lack of transparency is destabilizing. This occurs because in this model the agents face
di¤erent sources of uncertainty and because lack of transparency implies that the agents do not know the
policy rule.

3Bernanke (2004), p. 2.

4Extensively surveyed in Geraats (2002).
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Recent contributes5 emphasize the e¤ects of learning on policy design but do not make an explicit
distinction between uncertainty about the economic environment and uncertainty about the policy strategy.
Thus, they do not study the e¤ects of improved central bank communication under imperfect knowledge.

The paper is organized as follows. The �rst section introduces the model and the second describes the
properties of the rational expectations equilibrium. In the third section I introduce the agents� learning
process and discuss the main results. In the last section I consider two extensions: how central bank
transparency a¤ects history dependence of the optimal policy rule and what are the e¤ects of introducing a
cost channel of monetary policy.

2 The Model

I consider a simple microfunded general equilibrium model with nominal rigidities. The economy is populated
by a continuum of identical consumers and producers and by a monetary authority. Households consume
di¤erentiated goods, accumulate assets and supply labor. Each �rm produces a di¤erentiated good that
is sold in monopolistically competitive markets. The central bank sets the nominal interest rate with the
objective to maximize households�welfare. The next sub-sections describe the agents�problems.

2.1 Consumers

Each household i seeks to maximize the value of the sum of future expected utilities of the form

Êit�1

1X
s=t

�s�t

"
�s
�
Cis
�1��

1� � �
�
his
�1+�

1 + �

#
where Ct denotes the consumption good, hit denotes the amount of hours worked and �s is a preference
shock. The consumption good is an aggregate of a continuum of di¤erentiated goods Cj;t each produced by
�rm j, de�ned as

Cit =

�Z 1

0

�
Cij;t

� �t
1��t dj

� �t
1��t

where �t > 1 denotes the elasticity of substitution among the goods. It is assumed to vary stochastically
around a constant value ��.
The expectation operator Êit�1 denotes the subjective beliefs of agent j about the probability distribution

of the model�s state variables. I assume that agents take decisions for time t consumption, on the basis of
t� 1 information.6
Financial markets are incomplete, and the only non-monetary asset that is possible to trade is a one

period riskless bond. The agents��ow budget constraint is

Bit � Rt�1B
i
t�1 +Wth

i
t + Pt�

i
s � PtCit

where Bit denotes the riskless bond, Rt denotes the gross interest paid on the bond and �
i
t is the household

share of the �rms�pro�ts.

5See for example Evans and Honkapohja (2002, 2003), Bullard and Mitra (2002), Howitt (1992) and Orphanides and Williams
(2003a,b).

6This can be interpreted in two ways: either the agents plan their consumption in advance or they act on the basis of old
information.
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The consumer intertemporal problem is then to choose a sequence for Cit , B
i
t, and h

i
t to maximize the

intertemporal utility and satisfy the �ow budget constraint and the transversality condition

lim
s!1

sY
k=1

1

Rt+k
Bt+s+1 = 0

where, taking as given Rt, Wt, �
i
t and Pt and given an initial zero wealth, i.e. B0 = 0.

2.2 Firms

There is a continuum of monopolistically competitive �rms. Each di¤erentiated consumption good is pro-
duced according to the production function

Yt = h1��jt

where for simplicity I assume no technology shocks. I also assume that the �rm has to pay a fraction of the
wage bill before selling output. The cash in advance constraint is

Mt

Pt
= �

Wt

Pt
hjt

Each �rm is assumed to maximize its expected pro�ts:

Êt�1

1X
s=t

Qt;sPs�js

where Qt;s denotes the stochastic discount factor, and

�jt =
Pjt
Pt
Cjt � wthjt

�
1 + �

�
1�R�1t

��
�  

2

�
Pjt
Pjt�1

� 1
�2
� Tt

denotes the pro�ts �ow, where �
�
1�R�1s

�
denotes the opportunity cost of holding money,7 the quadratic

term denotes the cost of adjusting prices8 as in Rotemberg (1983) and Tt denotes lump sum taxes. The
intratemporal consumer problem gives the following aggregate demand for each di¤erentiated good is

Cjt =

�
Pj;t
Pt

���t
Ct

where

Pt =

�Z 1

0

(Pj;t)
1��t dj

� 1
1��t

is the price index.
Summing up, the �rm chooses a sequence for Pjt, hjt andMt so to maximize pro�ts, given the constraint

that demand should be satis�ed at the posted price and the cash in advance constraint, taking as given Pt,
Ct; Rt; Tt and Wt.

7For the derivation of the pro�t function, with a di¤erent price rigidity see Schmitt-Grohe�and Uribe (2004).

8Most of the results in the paper are based on the linearized REE solution of the model. Those results are exactly the same
in the case of a Calvo pricing model.
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2.3 The Policy-Maker

The �scal authority does not play a fundamental role in the model: assuming a zero net supply of government
bonds, the government budget constraint becomes

Tt =Mt�1 �Mt:

The description of the monetary policy authority follows Woodford (2003) and Svensson and Woodford
(2003). The monetary authority sets its policy instrument, the nominal interest rate, in order to maximize
the representative consumer�s welfare. The optimal policy is implemented adopting a targeting rule.

3 The Rational Expectations Equilibrium

3.1 Private Sector

Log-linearization of the model�s solution leads to the following equations describing the aggregate behavior
of the economy close to the non-stochastic steady state. The �demand side�of the economy derived from the
consumes�Euler equation is described by

xt = ��1
�
��1 � 1

�
� ��1E�t�1 (it � �t+1) + E�t�1xt+1 + ��1r̂nt (1)

where the operator E�t�1 denotes rational expectations and.xt denotes the output gap, de�ned as the di¤er-
ence between output and the e¢ cient level of output, that is the the equilibrium level of output in absence
of price rigidity and mark-up shocks. The e¢ cient rate of interest9 r̂nt , consistent with price �exibility, is
expressed in deviations from the equilibrium real interest rate in absence of shocks

�
��1 � 1

�
. It is assumed

to be exogenous and AR(1). The most important feature of this equation is the role of expectations about
the nominal interest rate. Predetermined consumption decisions imply that aggregate demand depends only
on expected monetary policy decisions.
Firms�pricing decisions result in the Phillips curve

�t = E�t�1��t+1 + �E
�
t�1 (�xt + �{̂t) + ut (2)

where � =
�
�+�
(1��) + �

�
; � = ��

[1+(1��)�] and ut is a cost-push shock dependent on time-varying mark-ups,

assumed to be AR(1). Provided � 6= 0, the model displays a cost channel of monetary policy. In this case
�rms�marginal cost depends on both aggregate output and the nominal interest rate. As �rms set their
prices in advance, in�ation depends on both expected aggregate demand and monetary policy actions.
Summing up, the model displays a demand and a supply channels by which the monetary authority

a¤ects the economy. To emphasize the role of central bank transparency and keep the analysis as simple as
possible, I assume that the monetary policy a¤ects output and in�ation only in�uencing expectations. In
fact, it could be argued that expectations about future policy actions are the most important channel for
monetary policy.10

9The e¢ cient rate of interest and the e¢ cient level of output are described in the Appendix.

10As in Woodford (2003): "Not only expectations about policy matter, but, at least under current conditions, very little else
matters".
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3.2 Optimal Monetary Policy Under Discretion

The central bank sets the interest rate in order to minimize its loss function, given the aggregate behavior
of output-gap and in�ation. In this section I assume optimal policy under discretion, in order to keep the
analysis as simple as possible. In the last section I consider optimal policy under the timeless perspective,
as proposed in Woodford (2003).
Optimal policy requires the minimization of the following intertemporal loss function

L =
1

2
ÊCBt�1

1X
s=0

h
(�t+s)

2
+ �xx

2
t+s

i
where the parameter �x de�nes the preferences of the current central bank for output-gap stabilization. The
coe¢ cient �x is derived from a second order approximation of the consumer�s utility function, as in Woodford
(2003). The central bank constraints are represented by the aggregate equations (1) and (2). First order
conditions give the following targeting rule

E�t�1�t +
�x

� (�� ��)E
�
t�1xt = 0 (3)

where �x = ��=�� and (�� ��) > 0. The rule prescribes the restriction that the central bank forecasts must
satisfy in order to maximize the loss function. The monetary policy authority implements (3) by using a
simple instrument rule, dictating that the nominal interest rate should be set as

it =
�
��1 � 1

�
+ �

�
E�t�1�t +

��xE
�
t�1xt

�
+ �t (4)

where ��x = �x
�(����) and �t is a control error, assumed i.i.d. Finally, � determines the out-of-equilibrium

response of the central bank. The central bank�s reaction function is �operative�in the sense that the actual
output-gap and in�ation are not available when setting the interest rate. Therefore, the monetary authority
needs to produce a forecast for output-gap and in�ation one period in advance. Svensson and Woodford
(2003) show that (4) does not coincide exactly with the optimal policy rule, but the simple form of (4) is
easy to communicate and to be veri�ed by the private agents, especially under the assumption of imperfect
information about the economic environment.

3.3 Properties of the Rational Expectations Equilibrium

The model is described by (1), (2) and (4). The Rational Expectations Equilibrium (REE) solution can be
expressed in the form11

Vt = 

�Xt (5)

where Vt = [xt; �t; it]
0, Xt = [1; r̂nt ; ut]

0 and 
� describes the matrix coe¢ cients. The exogenous shock
processes evolve as Xt = HXt�1+�t, where H is a diagonal matrix containing the autocorrelation coe¢ cients
�r and �u of the e¢ cient interest rate and cost-push shock and where �t is a vector of i.i.d. shocks. The
following Proposition shows the restrictions on � which are su¢ cient for (5) to be the unique rational
expectations equilibrium.

11This is also the mean styate variables solution.
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Proposition 1 A su¢ cient condition for a �globally�unique REE is

0 <
��

1 + �� � ��1
< � <

1

�
(6)

Proof. See Appendix.
Proposition (1) shows that provided (17) is satis�ed, no epectations-driven equilibria exist under rational

expectations, including endogenous cycles and sunspots.12 That is, under the hypothesis of rational expecta-
tions (and thus complete symmetry between the central bank and the private agents), the bank is successfully
maximizing consumers welfare. Given that 0 < � < 1, a necessary condition for determinacy is that the so
called Taylor Principle holds, that is if � > 1. This preliminary result (the intuition is brie�y discussed be-
low) has the important implication of isolating the role of learning and (lack of) central bank communication
in generating expectetions-driven �equilibria�under learning, as discussed in the next sections.

4 Learning and Central Bank Transparency

4.1 Forecasting Output and In�ation

I model the agents� learning process using the methodology of Evans and Honkapohja (2001). Equations
(1) and (2) describe the evolution of output and in�ation, which depend on aggregate expectations. Agents
do not know the true structure of the economic model and, instead, behave as econometricians. They are
endowed with a parametric model of the economy that they use for prediction. The agents observe the main
economic variables each period and then re-estimate the coe¢ cients in their parametric model. The agent�s
model is appropriately speci�ed, being consistent with the REE reduced-form solution (5). Convergence to
the REE occurs if the agents are eventually able to estimate the correct coe¢ cients 
�.
Two important aspects of the learning process need emphasis. First, convergence is not guaranteed be-

cause the agents�learning process feeds-back to the observed variables, making the economy a self-referential
system. The agents do not take this into account and, as a result, their model is mis-speci�ed during the
learning process. This aspect is further discussed below.
Second, as noted in Preston (2002), (1) and (2) are optimal decision rules, given the assumed beliefs

and microfundations, only under the assumption of rational expectations. Consumers and producers are
therefore assumed to take suboptimal decisions during the learning process. In fact, optimal decision rules
depend on in�nite horizon forecasts. Nevertheless, the decision rules of the agents converge asymptotically
to the optimal decision rule, under the assumption that their initial wealth is zero.
Both the private agents and the central bank use the following model to forecast output gap and in�ation13

xt = !̂x0 + !̂
x
rn r̂

n
t + !̂

x
uût (7)

�t = !̂�0 + !̂
�
rn r̂

n
t + !̂

�
uût (8)

where I assume that both the central bank and the private sector observe the economic shocks and a correct
measure of the output gap. While they share the same model for prediction, I allow some disagreement

12For examples where those equilibria exists, see Benhabib, Schmitt-Grote�and Uribe (2001a,b) and Benhabib and Eusepi
(2004).

13Eusepi (2003) also considers the case where the agents have a more �structural model�which includes current endogenous
variables. In a similar model environment the result are not a¤ected by this choice, while the analysis becomes more complex.
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between the central bank and the private sector�s forecast. This is captured by potentially di¤erent estimates
of the model�s coe¢ cients, re�ecting di¤erent beliefs about the economic model.14 The model�s equations
are estimated recursively using the Recursive Least Squares (RLS) estimator. Expressing the coe¢ cients in
matrix notation, each period, the model coe¢ cients are updated according to the following algorithm


̂jt = 
̂
j
t�1 + �tR

�1
t�1Xt

h
(xt; �t)

0 �X 0
t
̂

j
t�1 + ot

i0
Rt = Rt�1 + �t (XtX

0
t �Rt�1)

where 
̂jt denotes the parameters�estimates, and j = PS;CB, Rt is the precision matrix and �t is a decreasing
sequence of gains.15 The updating equation includes an observational i.i.d. error, ot that makes the learning
process non trivial.
Given that the agents estimate a reduced-form model, its coe¢ cients change as the economy undergoes

structural changes, including preference, technology and policy changes. Any structural change requires
the agents to adjust their model, irrespective to their knowledge of how monetary policy is conducted. No
matter how precise it is the knowledge about the policy rule, the agents are still uncertain about the economic
environment and thus they cannot properly calculate the e¤ects of the monetary policy on the main economic
variables such as output, in�ation and the interest rate.16 Still, once the learning process has converged the
model delivers the same forecasts as the true model.
In conclusion, knowledge of the policy rule does not eliminate the problem of stability under learning.

It is then possible to evaluate whether transparency has e¤ects on the stability under learning of a given
policy rule. The next section discusses how the private agents forecast the interest rate and central bank
transparency a¤ects the learning process.

4.2 Central Bank Transparency

A general de�nition of transparency is the �absence of asymmetric information between the monetary policy-
makers and other economic agents�(Geraats, 2002).
There are many aspects of transparency,17 but the paper focuses on the communication of the central

bank�s policy rule. The degree of transparency is measured by the degree to which central bank�s optimal
policy rule can be inferred by market participants. As mentioned above, the only source of informational
asymmetry concerns the central bank�s objective function, its �forecasting model�and therefore the forecasts
used to implement the policy strategy. In this simple model, this reduces to the policy reaction function (4),
which requires an adequate understanding of how the central bank formulates its forecasts.

4.2.1 A Non-Transparent Central Bank

Consider �rst the case of a central bank that is not transparent (or opaque) about its policy strategy. The
public is not given enough reliable information about the central bank�s policy goals and the strategy to

14Notice that di¤erent beliefs do not re�ect asymmetry in the economic data available. Also, in this simpli�ed version of the
model, the central bank cannot use its knowledge about the policy strategy for a better prediction of output and in�ation.

15See Evans and Honkapohja (2001).

16This is because the information available to the agents is not enough to recover all the policy-invariant parameters that
de�ne the economy. In other words, the model that they estimate is still subject to the Lucas critique, since the parameters
change with the monetary policy rule.

17For di¤erent classi�cations of transparency see Geraats (2002).
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achieve them. Therefore, the only clear and publicly available information about the central bank�s intentions
is the observed interest rate. In terms of the model, the agents do not know the policy rule (4), i.e. the
private agents face uncertainty about; 1) the form of the policy rule, 2) what economic variables appear in
the reaction function, 3) what variables are in the objective function and with what weights, 4) what is the
central bank forecasting model.
Since prior information is not available, the best option for forecasting purposes is to use a reduced-form

model. I further assume that the agents�model is (asymptotically) consistent with the rational expectation
forecast of the interest rate. Therefore

it =  0 +  rn r̂
n
t +  uut + et (9)

where  0;  rn ;  u are the model coe¢ cients that the agents are estimating.
Although my choice is in some sense arbitrary, it can be defended as follows. The reduced-form model

(9) is consistent with many di¤erent policy rules. For example, it is consistent with a REE induced by policy
rules responding to in�ation, expected future in�ation, output gap, output and their forecasts. Given the
uncertainty interest rate determination, the model (9) is the only one consistent with each of those rules.18

4.2.2 Transparency

In the case of a transparent central bank, the agents have valuable information monetary policy decisions.
Nevertheless, it would be implausible and to some extent not even desirable to assume that the agents fully
understand every aspect of the policy decision process.
I consider the case where market participants receive su¢ cient information about the form of the policy

rule and the relevant variables to which the central bank respond, but not the exact value of the parameters
�, ��x and the constant in the policy rule. Furthermore, the private agents have noisy observations of the
central bank�s forecasts, i.e. ~ECBt�1�t = ÊCBt�1�t+e�;t�1 and ~E

CB
t�1xt = ÊCBt�1xt+ex;t�1, where ~E

CB
t�1 denotes the

private agent�s signal and the shocks are i:i:d. The above assumptions are meant to capture di¤erent aspects
of central bank communications. First, uncertainty about parameters and forecasts can be interpreted as a
constraint on the communication ability of the central bank. This re�ects the fact that the policy decision
is the outcome of a complex process, the details of which are often too costly to communicate.19 Second,
the central bank might face credibility issues, so that the private sector intends to verify the announced
policies. Third, complete announcement might not be the optimal choice for the central bank, given the
agent�s learning process.20 The private agents�model of the central bank�s behavior becomes

it = �0 + �� ~E
CB
t�1�t + �x ~E

CB
t�1xt + et (10)

where the private agents estimate over time the coe¢ cients �0; �� and�x. Notice that the �true�value of the
parameters is ��0 = ��1 � 1; ��� = �; ��x = ���x. The private agents can thus identify the policy parameters
and learn the policy strategy. Nevertheless, for forecasting purposes they only need their estimate of (10).

18Notice that the agents might want to experiment whether the policy responds to some endogenous variables. But, unless, the
agents by sheer luck start o¤ with the right model, any other speci�cation would lead to a misspeci�ed model, thus preventing
convergence.

19See Mishkin (2004).

20A discussion of the optimal policy under learning is left for further research.
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5 Transparency and Optimal Policy Under Learning

The model of the economy is given by equations (1), (2) and the policy rule (4), where I substitute the
rational expectation operator E� with the, possibly non-rational expectations of the private sector and the
central bank. The expectations formation mechanism depends on the degree of central bank transparency
and thus on the information available to the public on the policy rule.

5.1 A Non-Transparent Central Bank

The agents use the model (7), (8) and (9) to form their expectations, given the estimated coe¢ cients.21

Inserting the agents�forecasts into the IS, Phillips and policy rule equation I obtain the following the Actual
Law of Motion (ALM) of the economic system22

Vt = T 0
�

̂PSt�1; 
̂

CB
t�1;  t�1

�
Xt:

Inspection of the ALM shows that during the learning process the agents�model is misspeci�ed. The ALM
implies a model with time-varying coe¢ cients. The PLM is a correctly speci�ed model of the economy only
asymptotically, if the learning process converges to the REE. The temporary misspeci�cation is the source of
self-ful�lling expectations where the learning process does not converge to the REE. The stability condition
requires that the mapping between PLM and ALM to be locally stable at the REE, where T (
�) = 
�.
From Evans and Honkapohja (2001), the stability under learning of the REE depends on the local stability
of the following ODE, describing the agents beliefs in notional time26664

:


̂
PS

:


̂
CB

_ 

37775 = T
�

̂PS ; 
̂CB ;  

�
�

264 
̂PS


̂CB

 

375 : (11)

The following proposition describes the stability results for the case of the non-transparent central bank.
In order to simplify the analysis, I �rst consider the case where the cost channel of monetary policy is absent
from the model. In the last section of the paper I discuss the implications of including of including monetary
frictions.23

Proposition 2 Lack of Transparency. Assume that � satis�es (17) and � = 0.
(a) The REE is unstable under learning if and only if

� >
1

���
+ �� (12)

where �� ! 0 as � ! 1.

21For example, the private sector forecasts for the in�ation rate are,

ÊPSt�1�t = !̂�0;t�1 + !̂�rn;t�1r̂
n
t + !̂�u;t�1ût

ÊPSt�1�t+1 = !̂�0;t�1 + !̂�rn;t�1�r r̂
n
t + !̂�u;t�1�uût:

See also the Appendix.

22Notice that, in order to form expectations at time t, the agents are assumed to use t� 1 estimates of the coe¢ cients. This
is to avoid simulateneity problems.

23Eusepi (2003) considers di¤erent modeling assumptions of moneay demand and obtains the same results.
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(b) If (a) holds, achieving stability under learning requires an excessive weight to output-gap stabi-
lization with respect to the representative agent�s loss function;

(c) There exist policy-induced �learning equilibria�where in�ation and output �uctuate around the
in�ation target.

Proof. See Appendix.

Consider a sudden increase in in�ation expectations. The direct e¤ect is a rise in output, followed by
an increase in expected output and expected in�ation. In the case of perfect information, the monetary
authority responds with a rise in the interest rate which is fully anticipated by the private agents. As a
result, in�ation and output expectations revert back to their equilibrium values. If � satis�es (17) and initial
expectations are not self-ful�lling,24 excluding expectations-driven equilibria, as shown in Proposition (1).
If agents have imperfect information and the central bank is not transparent, the initial rise in expectations

becomes self-ful�lling because, a) the central bank responds to higher output and in�ation with a delay while
agents expectations keep increasing and, b) due to lack of transparency, the private agents fail to anticipate
changes in the interest rate and, as a consequence, monetary policy a¤ects the economy with a further delay.
With in�ation expectations further away from equilibrium values, the required increase in the interest rate
is higher than in the case of perfect information. As the bank keeps increasing the interest rate, expectations
start declining but eventually overshoot the equilibrium values. This stimulates excessively lower interest
rates, thus creating the conditions for a future overheating of the economy. As a result, in�ation, output
and the interest rate (actual and expected) display an oscillatory behavior. Whether the economy eventually
reaches the equilibrium or becomes unstable depends on its structural parameters and the policy rule.
In order to gain some further intuition of the result and especially of condition (19), I consider a simpli�ed

version of the model with no shocks and homogeneous beliefs. As shown in the Appendix, the stability
conditions of this simple model determine the stability conditions of the more general model discussed
above. The agents learn about the model�s steady state values, i.e. the constant terms25 in equations (7),
(8) and (9). The asymptotic behavior of the agents�beliefs is approximated by the ODE (11). Setting � � 1;
gives

_xe = ���1 (ie � �e)
_�e = ��xe (13)

_ie = �

�
�e +

1

��
xe
�
� ie:

Inspection of (13) shows that expected in�ation responds gradually to changes in expected output and
expected interest rate responds gradually to changes in expected in�ation. The speed of adjustment of the
expected interest rate determines the convergence of the learning process. In fact, (13) shows that a prompt
response of interest expectations stabilizes output expectations and subsequently in�ation expectations,
leading to convergence. The dynamics of expected interest rate can be re-written as

_ie = � (�e + � _�e)� ie

24A similar result, in a di¤erent model environment is obtained in Preston (2003).

25To simplify the exposition, I de�ne xe = !̂x0 ; �
e = !̂�0 ; i

e =  0.
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where � = 1
���� . For � > 1, the expected interest rate reacts substantially to changes in in�ation expectations,

thus anticipating future expected in�ation. As a result expected interest rate adjusts at higher speed,
stabilizing output and inducing convergence back the equilibrium. The value of � depends on two factors.
First, to what extent the policy rule responds to the expected output-gap relatively to expected in�ation,
which is captured by the parameter ��. Second, the e¤ect of output-gap expectations on the change in
in�ation expectations, which depends26 on ��. The result indicates that the more competitive and �exible
the economy, the more likely lack of transparency is destabilizing.
As stated in part (b) of Proposition (2), the central bank can a¤ect the learning process by altering its

response to the output-gap. In fact, we can re-write � = ��x
�� : an higher � implies an higher weight on output

stabilization than consistent with society�s preferences, for any given degree of competition and price rigidity.
The modi�ed targeting rule becomes

E�t�1�t +
�Sx
��
E�t�1xt = 0

where the output gap coe¢ cient that induces local stability is �Sx = �S�
�
x and �S � 1, with strict inequality

if (19) is not satis�ed.27

In order to asses the empirical plausibility of the result, I calibrate the parameters following the literature.
I assume � = 0:99, � = 0:1; �� = 9; � = 0:3; � = 1:5 and a value of  that implies � = 0:06. Given the
uncertainty about �, Figure (1) shows how ��x and �

S
x change for � 2 [0:2; 3].

For plausible values of �, commonly used in the literature, the optimal policy rule is not robust to
expectational errors. The learning process fails to converge to the rational expectation equilibrium. The
linearized version of the model implies that the self-ful�lling expectations eventually lead to an explosive
path for beliefs and actual variables.28

Nevertheless, part (c) in Proposition (2) suggest what might happen in a non-linear version of the model.
Figure (2) describes the �learning equilibrium�29 where output, in�ation and the interest rate �uctuate around
the optimal REE. This is obtained by simulating the nonlinear solution of the model under learning,30 by

26Notice further that the stability condition (19) does not depend on the on a speci�c value for �. This shows that a more
aggresive policy stance does not a¤ect beliefs and therefore have any e¤ect on the stability of the learning process. On the
contrary, an excessive response to in�ation, relative to the output gap is more likely to lead to instability. This contrast somewhat
with the �ndings of Orphanides and Williams (2003), arguing that a more aggressive response to in�ation is stabilizing. They
key di¤erence in the results is that in other models the agents do not have to forecast future policy actions and therefore react
instantaneously to any change in the interest rate.

27A policy rule that reacts more aggressively to the output-gap, is also more prone to instability, given the available inaccurate
measures of the output-gap.

28 In this case, we should expect the private agents and the central bank to change their behavior well before this happens.
A treatment of such problem is outside the scope of the paper.

29This is an equilibrium in the sense that given the agents decision rules and beliefs the economic system converges to a cycle.
Nevertheless, on this �equilibrium�; a) the agent decision rules do not converge to the optimal decision rule and b) the agents
make systematic mistakes. Thus it might be argued that at some point in time consumers and producers might change theri
decision rules, inducing a change in the dynamic properties of the economy.

30For simplicity I assume a deterministic environment, where there are no shocks. Given the non linearity of the system, I
assume that agents have point expectations. For a more detailed analysis of nonlinear models see Benhabib et a. (2003) and
Benhabib and Eusepi (2004).
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assuming � ' 1:9 and by assuming a �xed gain31 �t = � = 0:5. This particular example is meant to describe
how policy-induced �uctuations might emerge as a result of imperfect information.
Notice that the non-linear solution of the model under perfect foresight has a globally unique equilibrium,

as shown in Proposition (1). The agents�learning process is the only source of instability in the model.

5.2 A Transparent Central Bank

The results in the section above indicate that learning and lack of transparency might lead to instability, but
the result does not clarify the relative importance of central bank transparency in expectations stabilization.
In other words, given the uncertainty about output and in�ation behavior faced by the private agents and the
central bank, even a transparent implementation of the optimal policy rule might be insu¢ cient to stabilize
the learning process.
In the case of transparency, the agents forecast the interest rate by using (10). At the end of each

period the agents update their estimate of the policy rule according to the Recursive Instrumental Variable
estimator32

�t = �t�1 + �tR
�1
 ;t�1Xt�1

�
it � �0t�1Zt�1

�
R ;t = R ;t�1 + �t

�
Xt�1Z

0
t�1 �R ;t�1

�
where

�t =
h
�0;t�1 �x;t ��;t

i0
; Zt�1 =

h
1 ~ECBt�1xt

~ECBt�1�t

i0
and the agents use the vector of shocks as Xt as instruments in the regression. The actual law of motion in
the case of transparency becomes33

Vt = T 0
�

̂PSt�1; 
̂

CB
t�1; �t�1

�
Xt

and the stability analysis depnds on the stability of the associated ODE, as in the previous section. The
following proposition describes the stability results for the case of transparency.

Proposition 3 Transparent Central Bank. Consider the model with � = 0 and assume that � satis�es (17).
(a) The rational expectations equilibrium is stable under learning for every parameter value;
(b) there exist no �learning equilibria�.

Proof. See Appendix.

I order to understand the result, the above simpli�ed version of the model implies the following evolution
of agents�beliefs

31The choice of the gain does not a¤ect the existence of the cycle. I choose this values because it gives somewhat higher
frequency cycles. A �correct�choice of � would depend on the properties of the shocks, which are absent in this version of the
model.

32The RIV is required by potential i.i.d. observation errors in the central bank�s forecasts.

33The details are in the Appendix.
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_xe = ���1�0 � ��1 (�� � 1)�e � ��1�xxe (14)

_�e = ��xe

where the private agents use their information about the central bank strategy in order to forecast the
interest rate. Provided the private sector�s estimates of the policy parameters are su¢ ciently close to the
true parameters local stability is guaranteed. In fact, consider the example described in the previous section.
As the agents expect higher in�ation, they also expect that consistently with its policy strategy, the central
bank will rise the interest rate, the exact amount being determined by the coe¢ cients ��; �x. But this has
the e¤ect of decreasing immediately the expected output gap and therefore in�ation expectations, inducing
convergence to the equilibrium. As shown in the last section, this does not guarantee that the other equations
coe¢ cients converge.
Summing up, Proposition (3) shows that the only source of the instability and �learning equilibria� in

this model is the lack of transparency. Implementation of the optimal policy rule is possible also under the
assumption that the central bank and the private agents face uncertainty about the economic model and
(possibly) disagree on the �correct�model, provided the central bank is transparent about its policy rule.

5.3 Transparency and E¤ectiveness of Monetary Policy

I now consider how central bank communication a¤ects the monetary transmission mechanism, by com-
paring the e¤ect of a change in in�ation expectations under di¤erent assumptions about transparency. I
consider parameter values that imply stability under learning independently of transparency and compare
the dynamics of beliefs. Figure (3) describes the response of expected output-gap and in�ation and actual
interest rate to a 1% increase in in�ation expectations. I consider � = 0:8, which implies learnability of the
optimal rule but is not close to the instability area. The variables�simulated paths are obtained from the
ODE describing the approximate behavior of the agents�beliefs.
Two features are worth noticing. First, in�ation and output expectations �uctuate around their steady

state values in the case of a non-transparent central bank, while they converge back much more rapidly in
the case of a transparent central bank. Second, the interest rate is less volatile in the case of transparency:
because monetary policy directly a¤ect expectations, a small increase in the actual interest rate is more
e¤ective in stabilizing output and in�ation. Instead, lack of transparency reduces the e¤ectiveness of mon-
etary policy and therefore requires more frequent and prolonged changes in the interest rate. In order to
stabilize expectations, the central bank must put more weight on output gap than would be optimal. Figure
(4) shows how the response of expectations changes when the weight on output increases.
Recent34 literature shows how choosing a policy rule with � < 1 makes monetary policy less e¤ective

because of rational -expectations-driven �uctuations. This paper shows that a similar result can be obtained
even in the case of optimal policy, if the central bank has a poor communication strategy.

5.4 Does the Central Bank Need to Publish its Forecasts?

The simple model might suggest that the central bank needs only to disclose information about its targeting
rule, in order to achieve stability. It is straightforward to show that, even if the private agents do not observe

34See Clarida et al. (1999) and Boivin and Giannoni (2003), for example.
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the central bank�s forecasts and use their own forecasts to predict the interest rate

ÊPSt�1it = �0;t�1 + ��;t�1Ê
PS
t�1�t + �x;t�1Ê

PS
t�1xt

the REE is stable under learning. But this result depends on the simple structure of the model where the
determinants of the private sector�s and central bank�s expectations are assumed to be the same, since both
the private agents and the central bank include the same variables in their forecasting model.
But assume that the central bank includes judgment elements in its forecast. Adding an exogenous

�judgment vector� zt = �zzt�1 + �z;t, the central bank forecast becomes ÊCBt�1 [�t; xt]
0
= 
̂CBt�1Xt + �zzt�1.

If the central bank does not publish information about zt and the private agents use their own forecasts to
predict interest rate behavior, they will not be able to learn the correct policy rule and, as a consequence,
the correct laws of motion for in�ation and output.
Summing up, if the central bank and the private agents have forecasting models that include di¤erent

variables, as it is likely the case in the real world, publication of economic forecasts and how they are obtained
is a crucial element of central bank communication, allowing market participants to learn the monetary policy
strategy.

6 Extensions

6.1 What History Dependence?

Woodford (2003) shows that even in a model with forward-looking components, the optimal policy displays
history dependence. This means that past conditions matter for the determination of current policy decisions,
even if the model is fully forward-looking. For simplicity I consider the model without monetary frictions.
Following Woodford (2003), the targeting relation between output-gap and in�ation becomes

E�t�1�t +
1

��

�
E�t�1xt � E�t�2xt�1

�
= 0:

This condition requires the central bank to respond to changes in expected output-gap. It implies a
more gradual response of the interest rate to economic shocks. In terms of the rule, this implies a more
gradual response to deviation of output gap from equilibrium values. But, from the results in the previous
section, this makes the economy more likely to experience self-ful�lling expectations, if the central bank is
not transparent about its objectives.
I assume for simplicity that the central bank and the private agents share the same forecast. Under

imperfect information, the targeting rule is again implemented by the following instrumental rule.

it = r + �r̂nt + �

�
Êt�1�t +

1

��

�
Êt�1xt � Êt�2xt�1

��
+ �t

where � > 1. I consider a simpler version of the model where the natural rate of interest is i.i.d and the
central bank completely o¤-sets it, if the economy is at the rational expectation equilibrium. I assume, as
before, that the agents can observe the mark-up shock ut. The actual law of motion of the economy can be
described in matrix notation as

Yt = A0 +
2X
j=1

AjÊt�1Yt�1+j +A3Êt�2Yt�1 +A4ut�1 +A5vt
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where Yt is a vector including output gap, in�ation and the interest rate and vt is the vector of the natural
interest, cost and monetary i.i.d shocks. Under the hypothesis that the central bank is not transparent, the
agents PLM is

Yt = 
0 +
1xt�1 +
2ut +
3r̂
n
t :

I assume that even if the central bank is non-transparent, the private sector understands that the evolution
of the economic variable is history dependent. Thus, the agents�model is consistent with the REE. 35

Because of technical complications, it is harder to get analytical stability conditions for this problem.36

I consider the calibration described in the previous section and study how di¤erent values of � a¤ect the
stability properties of the equilibrium. The simulation�s results show that if the central bank lacks of
transparency, instability under learning occurs for every value of � ranging from as low as 0:2 to as high as
3.
On the contrary, under central bank transparency the REE is stable for each value of � in the same

range.37 In fact, the simulations seem to suggest that � > 1 is a the necessary and su¢ cient condition for
having stability under learning in the case of transparency.
These �ndings suggest that unless the central bank is transparent, the optimal policy should not be

history dependent. But what about a sub-optimal policy? Consider a policy rule that includes interest
smoothing component

it = �it�1 + i
�
t

where i�t is the interest rate set according to the optimal policy rule under discretion. In accordance to
what Bullard and Mitra (2001) found in a di¤erent model environment, simulations show that increasing � the
system becomes more stable under learning. Hence, the model predicts that less transparent central banks
are more likely to behave according to interest smoothing policy rules, because of their stabilizing e¤ects on
expectations. Interest smoothing makes the interest rate more predictable, but involves a suboptimal policy
rule at the REE.

6.2 Is Transparency Enough?

This section brie�y discusses the more general case where monetary frictions exist, i.e. � > 0. The discussion
is meant to show that understanding the central bank policy framework might not guarantee a satisfactory
performance of a given policy rule, because of the agents�learning process. The next Proposition includes the
case of perfect transparency (and perfect credibility), where the private agents fully understand the policy
rule but still have to learn about the economy.38

35The learning problem of the agents becomes more complicated in this setting. The main reason is that the PLM does not
coincide with the ALM during the learning process. On the other hand, it can be showed that during the learning process the
ALM is an ARMA(2,1) process, while PLM is an AR(1) process. Nevertheless, at the REE the actual law of motion is actually
overparametrized: it can be written as an AR(1) process, which is consistent with the agents�model. In other words, the PLM
misspeci�cation vanishes as the learning process converges. See the Appendix for details.

36The Matlab codes are available on request.

37 I also experimented choosing di¤erent values for �u 2 [0:1; 0:9] and � 2 [1:1; 2:5], but the results were not changed.

38Notice that in this case, the welfare-optimizing weght on the output gap is di¤erent, as shown in the Appendix.
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Proposition 4 Consider the case where � > 0 and � satis�es (17)
(a) transparency increases the set of parameters for which the REE is stable under learning;
(b) Under a perfectly credible and transparent regime instability under learning occurs if

� >
��1��x
�

+ �� (15)

where �� ! 0 as � ! 1:

Proof. See Appendix.

Even if every agent can fully predict the behavior of the nominal interest rate, a parameter con�guration
leading to (28) would lead to economic instability. Notice also that any sub-optimal rule that does not
respond su¢ ciently to the output-gap is destabilizing, even if perfectly transparent. The evolution of beliefs
in the model including a cost channel of monetary policy becomes

_xe = ���1 (�� 1)�e � ��1���xxe (16)

_�e = �
�
�+ ���x

�
xe + ����e:

Assume for simplicity that the economy is very close to perfect competition, i.e. �� ! 1 and ��x ! 0.
Then, from (16) we obtain the following relation between the change in expected in�ation and change in
expected output

_�e = ��xe � ���

��1 (�� 1) _x
e

which shows how expectations tend to go in the opposite direction, preventing the system to settle down
to the equilibrium.39 Start with an increase in output-gap expectations: from (16) this increases in�ation
expectations. Now two e¤ects are in place. On one hand, the agents anticipate a reaction from the central
bank and this has a moderating e¤ect on output expectations. On the other end, the expected increase in
the interest rate increases expected marginal costs for the �rms which further stimulates in�ation.
If ��x is su¢ ciently large that the optimal policy prescribes non-negligible response to the output-gap

(relatively to the response to in�ation), the policy response to, say, an increase in in�ation expectations is
di¤erent. In fact, from (16) as output expectations start decreasing the bank sets a lower interest rate to
accommodate an adjustment in output. This milder adjustment keeps the expected marginal cost for �rms
low enough to allow convergence back to the equilibrium.
Summing up, the example shows that uncertainty about the economic environment can a¤ect the perfor-

mance of policy rules also in the case where the central bank can perfectly communicate its policy intentions.
Still the relative importance of central bank communication is con�rmed.

7 Conclusion

The paper shows that central bank communication is an important ingredient in monetary policy design.
The paper considers the performance of optimal targeting rules when the central bank and the market
participants are uncertain about the model environment. In particular the paper distinguishes between
uncertainty about the evolution of output and in�ation and uncertainty about the central bank monetary

39Notice that for � = 0, changes in expected in�ation depend only on expected output-gap, guaranteeing convergence.
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policy strategy. I �nd that a su¢ cient degree of transparency by central banks make the optimal policy rule
robust to expectational mistakes, even in the plausible case where the economic agents face other sources of
uncertainty about the economic environment. On the other end, lack of transparency can lead to welfare-
reducing outcome where self-ful�lling expectations destabilize the economic system. Instability is induced
by the private agents� trying to predict monetary policy actions with very limited information about the
central bank objectives and strategy.
Furthermore, the paper shows that a nontransparent central bank can stabilize expectations only by

adopting policy rules that are sub-optimal. In fact, the policy rules inducing stability prescribe an excessive
response to the output-gap and the wrong type of history dependence.
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8 Technical Appendix 1

8.1 Model Solution

8.1.1 First-order conditions

The �rst order conditions for the consumer are

�
�tC

i
t

���
= Êit�1

"
�Rt

�
�t+1C

i
t+1

���
�t+1

#
�
hit
�� �

�tC
i
t

��
=
Wt

Pt
:

Pro�t maximization, gives the following expression for the real marginal cost

st =
h�jt

(1� �)
Wt

Pt

�
1 + �

Rt � 1
Rt

�
which is the real wage divided by the marginal productivity of labor times the opportunity cost of holding

money. The �rm pricing decision gives

�t (�t � 1) = �Êit�1

��
�tCt

�t+1Ct+1

��
�t+1 (�t+1 � 1)

�
+ Êit�1

�
Ct�t
 

�
st �

�t � 1
�t

��
8.1.2 Linearization and natural rates: Deriving equations (1) and (2)

Solving for the symmetric equilibrium and assuming market clearing, the linearized model becomes

ŷt = ��1
�
��1 � 1

�
� ��1E�t�1 (it � �t+1) + E�t�1ŷt+1 + ��1E�t�1

�
t+1 � t

�
ŝt =

��
� + �

(1� �) + �
�
ŷt � ̂t +

��

[1 + (1� �) �] {̂t
�

where ̂t denotes the log of the preference shock and {̂t denotes deviation of the gross interest rate from
the steady state level.

�t = E�t�1��t+1 + �E
�
t�1

�
ŝt �

�̂t
�� � 1

�
where � = �C�s �� and where I de�ne the cost-push shock as ut = �E

�
t�1�

�̂t
���1 :

Finally, I de�ne the e¢ cient level of output and the natural rate of interest. Following Woodford (2003),
the equilibrium output under �exible prices is consistent with

s (ynt ; t; it) =
�t � 1
�t

Log-linearization leads to

ŷnt =

�
� + �

(1� �) + �
��1�

̂t +
1

�� � 1 �̂t �
��

[1 + (1� �) �] {̂t
�
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where ŷnt is the natural level of output. The e¢ cient output is independent from variations in mark-up.
Thus

ŷet = ŷnt �
�
� + �

(1� �) + �
��1

1

�� � 1 �̂t:

Consequently, the natural rate of interest is de�ned as

rnt = E�t�1
�
yet+1 � yet + t+1 � t

�
8.1.3 Second Order Approximation of the Consumer�s Welfare

I can express the welfare function of the representative agent as

U(Yt; �t;�t) =

h
�tYt �  

2 �
2
t

i1��
1� � � Y


1��
t



where I use the following

1. All agents and �rms take the same consumption, pricing and production decisions in the symmetric
equilibrium

2. ht
 =

[f�1(Yt)]




3. �t � 1 = �t

Consider the second order approximation of the �rst component of the utility

U(Yt; �t;�t) = �u+ �Y �� ~Yt + �Y �� �Y ~t �
1

2
� �Y ���1 ~Y 2t � � �Y ���1 ~Yt~t + �Y ��

 

2
�2t +

1

2
� �Y ���1 �Y �Y ~2t

where ~Yt = Yt � �Y . Now use

Yt � �Y
�Y

= ŷt +
1

2
ŷ2t + rest

to get

U(Yt; �t;�t) = �u+ �Y �� �Y

�
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1

2
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�
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The second component of the utility function is obtained as
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Y


1��
t


=

1

1� �
�Y


1���1 ~Yt +

�

1�� � 1

�
1� �

�Y


1���2 ~Y 2t

1

1� �
�Y


1���1 �Y

�
ŷt +

1

2
ŷ2t

�
+
1

2

�

1�� � 1

�
1� �

�Y


1���2 �Y 2ŷ2t

=
1

1� �
�Y


1���1 �Y

��
ŷt +

1

2
ŷ2t

�
+
1

2

�


1� � �
1� �
1� �

�
ŷ2t

�
=

1

1� �
�Y


1���1 �Y

�
ŷt +

1

2

�
1 +

 � 1
1� � +

�

1� �

�
ŷ2t

�
Now, use the expression for the marginal cost in steady state

�s =
1
1��

�Y


1���1

�Y 1��
=
(�� � 1)
��

= (1� �y)

! 1

1� �
�Y


1���1 = (1� �y) �Y 1��

Putting the two parts together I get

U = �Y 1��
�
ŷt +

1

2
(1� �) ŷ2t + �ŷt~t +

 

2
�Y �1�2t +

1

2
�~2t

�
�

+�Y 1��
�
(1� �y)ŷt +

1

2

�
1 +

 � 1
1� � +

�

1� �

�
ŷ2t

�

�Y 1��

2

�
2�y ŷt � ŷ2t � �ŷt~t + �~2t �  �Y �1�2t

	
= �

�Y 1��

2

��
� +

 � 1
1� � +

�

1� �

�
(x� x�)2 +  �Y �1�2t

�

�Y �s
��

 
= �

!  =
�Y ��(1� �y)

�

Lt = �
�Y 1��

2

n
�x (xt � x�)2 + �2t

o
�x = ��=��

x� =

�
� +

 � 1
1� � +

�

1� �

�
�y

8.1.4 Learning in the Nonlinear Model

To keep the analysis as simple as possible, I consider a deterministic version of the model where the agents
learn about the steady state variables. In order to have a well-de�ned nonlinear equation I assume that
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�rm discount pro�ts by using the time invariant discount rate �. Also, I assume that the agents have point
expectations. The nonlinear equations become

Yt =

"
�Ret�1

�
Y et�1

���
�et�1

#� 1
�

�t =

1 +

vuut1 + 4��et�1(�et�1 � 1) + �� Y et�1
 
Y e
( �+�1�� +�)

t

(1��) � ���1
��

!
2

Rt = ��1 +
�
��1 � 1

�
(�et )

�
1��

�
Y et
�Y

� ����
1��

where Ze denotes the point expectation of the variable Z and �Y denotes the steady state level of output.
This di¤ers from the e¢ cient level of output, but the di¤erence is assumed to be small. What is important
is that in this deterministic version of the model, the di¤erence between �Y and the steady state e¢ cient
level of output is also constant. Notice that the policy rule satis�es the zero-bound for the nominal interest
rate. Assuming that the agents estimate the steady state value with RLS, the evolution of agents�beliefs is
described by the following system

V et = V et�1 + �
�
Tnl

�
V et�1

�
� V et�1

�
where V et =

�
Y et �et Ret

�0
and Tnl

�
Y et�1; �

e
t�1; R

e
t�1
�
is now a non-linear function. Notice that I use

a constant gain �t = �.

8.1.5 Timeless Perspective

In order to study the stability properties of this REE, I follow Adam, Evans and Honkapohja (2003) and
project the ARMA(2,1) actual law of motion onto the AR(1) parameter space. This because the agents
estimate their model by using the AR(1) PLM.
I proceed in three steps. First, I de�ne a vector Zt = (Yt; xt�1; ut�1; r̂nt ), and rewrite the ALM as

Zt = A+BZt�1 + Cvt

where the matrices A;B;C are function of the model�s parameters and the agents�estimates.
Second, I calculate the variance-covariane matrix of Zt

�Z = mat
h
(I36 �B 
B)�1 (C�vC 0)

i
Third and last step, I calculate the mapping between the PLM and ALM. The least square estimator for

the agents�regression is
T
i (
i) =

�
�Z4:6;4:6

��1 �
�Z1:3;4:6

�0
for i = 1; 2; 3. For the constant we obtain

T
0 (
0) = (I3 � 
1) �Z1:3
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where �Z1:3 is the expected value of the the vector Zt: �Z = (I �B)�1A.
Local stability of the REE is obtained as above, by analyzing the local stability of the following ODE,

evaluated at the �xed point 
�.

_
 = T (
)� 


9 Technical Appendix 2

9.1 Proofs

Proposition 1 A su¢ cient condition for a globally unique equilibrium is

0 <
��

1 + �� � ��1
< � <

1

�
(17)

Proof. Local determinacy obtains if
�
I3 �APS1 +ACB1

��1
APS2 has all eigenvalues inside the unit circle.

The characteristic equation can be factorized to give

P (�) = ��
�
�2 + a1�+ a0

�
where

a0 =
�

1 + ��
h
��1(�+�)
(1��) + ���1

�(����)�� + 1�
��

[1+(1��)�]

i > 0
and

a1 = �
�
�����x + �� + ����x

�
��1 � ���+ 1 + �

1 + ��
h
��1(�+�)
(1��) + ���1

�(����)�� + 1�
��

[1+(1��)�]

i
The conditions for determinacy are

ja0j < 1; ja1j < 1 + a0

The �rst condition is veri�ed, given that 0 < � < 1. Also, provided � < 1=� we have that a1 < 0, so that
the condition for determinacy becomes

1 + a0 + a1 > 0: (18)

Simple algebraic manipulation shows that if � > ��
1+�����1 . Notice that this is a su¢ cient condition.

Consider the issue of global unicity, in the sense of Benhabib, Schmitt-Grothe�and Uribe (2001). Since
local indeterminacy occurs as �a1 = 1 + a0, the eigenvalues are real at the bifurcation point. Hence, no
Hopf bifurcation exist provided (17) is satis�ed. Moreover, from (18) we know that as we choose a value of
� that gives indeterminacy, the maximum eigenvalue crosses the unit circle at +1 so that we can exclude a
�ip bifurcation. Finally, no saddle-node bifurcation exist because the model has a unique steady state for
each value of �.
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Proposition 2 Lack of Transparency. Assume that � satis�es (17) and � = 0.
(a) The REE is unstable under learning if and only if

� >
1

���
+ �� (19)

where �� ! 0 as � ! 1.
(b) If (a) holds, achieving stability under learning requires an excessive weight to output-gap stabi-

lization with respect to the representative agent�s loss function;
(c) There exist policy-induced �learning equilibria�where in�ation and output �uctuate around the

in�ation target.

Proof. (a) The model can be written in matrix form as

Vt = A0 +A
PS
1 EPSt�1Vt +A

CB
1 ECBt�1Vt +A2E

PS
t�1Vt+1 +A3Xt + �t:

where the A�s matrices depend on the structural parameters of the model.
Inserting the PLMs I get

Vt = T
�

̂PS0 ; 
̂CB0 ; 
̂PS1 ; 
̂CB1

�
Xt�1 + �t

where 
̂j0 denotes the vector of constants (!̂
x
0 ; !̂

�
0 ;  0)

0 and 
̂j1 is the matrix of shocks� coe¢ cients. The
mapping between the PLM and ALM is described by the following ODE24 :


̂
PS

0
:


̂
CB

0

35 = F1

"

̂PS0

̂CB0

#
24 vec

:


̂
PS

1

vec
:


̂
CB

1

35 = F2

"
vec
̂PS1
vec
̂CB1

#

where

F1 =

 
APS1 � I3 +A2 ACB1
APS1 +A2 ACB1 � I3

!

F2 =

 
I2 
APS1 +H 
A2 � I6 I2 
ACB1
I2 
APS1 +H 
A2 I2 
ACB1 � I6

!

In order to extract the stability conditions I follow Honkapohja and Mitra (2002). Stability under learning
is obtained if the eigenvalues of F1 and F2 have negative real parts. The characteristic equations of associated
to the two matrices can be simpli�ed to

jF1 � �I6j =

����� APS1 � I3 (1 + �) +A2 ACB1
APS1 +A2 ACB1 � I3 (1 + �)

�����
= (� (1 + �))2

��APS1 +ACB1 +A2 � I3 (1 + �)
��

and
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jF2 � �I12j =

����� � (1 + �) I6 (1 + �) I6
I2 
APS1 +H 
A2 I2 
ACB1 � I6 (1 + �)

�����
= (� (1 + �))6

��I2 
APS1 +H 
A2 + I2 
ACB1 � (1 + �) I6
��

So, determining stability boils down to determinate whether the eigenvalues of the following matrices
have negative real part

~A1 = APS1 +ACB1 +A2 � I3 =

0B@ 0 ��1 ���1
�� � � 1 ��

���x � �1

1CA (20)

and
~A2 = APS1 +ACB1 + �iA2 (21)

for i = r; u.
Let us consider �rst (20). According to the Routh�s Theorem, the number of roots of (20) with positive

real parts is equal to the number of variations of sign in the following scheme

�1 Trace ( ~A1) �B1 +
Det( ~A1)

Trace ( ~A1)
Det( ~A1)

where
Trace ( ~A1) =� � 2 < 0

Det( ~A1) = �
�
�� (�� 1) + (1� �)���x

�
+ �����x < 0

provided (17) holds

B1 = ��� + ����x + (1� �)� ���

where B is the sum of all second order principle minors of ~A1. A pattern of ���� corresponds to all
eigenvalues having negative real part. In order to obtain that we need

�B1 � Trace ( ~A1)+Det( ~A1)>0 (22)

Algebraic manipulations show that (22) is positive if

��x >
��1��

h
�
�
��1+ �

� (2��)
��1

�
� 1
i
+
�
����1 � (1� �)

�
(2� �)

� [1 + ��]��1
: (23)

If � = 0, then � = 0. In this case ��x = 1=��. By letting � ! 1 I get condition (19).
Consider the matrix ~A2. It is easy to show that

Trace ( ~A2) =�i (1 + �)� 3 < 0
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Det( ~A2) = ���1
�
�� (�� �i) + ���x (1� ��i)

�
+ (24)

��� (1� �i)
�
��1 � �

�

�
� (1� �i) (2� ��i) < 0

provided (17) holds

where i = rn; u,

B2 = ����i��1 + ����x + 2� � (1 + �i) +
(1� �i) (1� ��i)� ���

Assume (determinacy) holds. SinceB2 � B1, Det( ~A2)�Det( ~A1) and Trace ( ~A2)�Trace ( ~A1), �B2�Trace
( ~A2)+Det( ~A2)>0, if (22) is satis�ed. So that provided that (23) holds, the REE is stable under learning.
(b) If condition (19) is violated, we have

�� < (��)
�2
:

In order to achieve stability the central bank needs to put an higher weight on the output gap, i.e. �Sx >
(��)

�2
> ��.

(c) Notice that if (22) is not veri�ed the sign pattern becomes ��+�, which indicates two eigenvalues
with positive real parts. Since, the determinant of ~A1 does not vanish at as (23) is violated, we know that
the eigenvalues are complex. Hence, an Hopf bifurcation occurs, provided additional technical conditions
are veri�ed. If the bifurcation is supercritical, the learning process converges to another �equilibrium�, as
described in Figure (2). A detailed analysis of the nonlinear model and the Hopf bifurcation is outside the
scope of the paper. The interested reader should consult Benhabib, Schmitt-Grothe�and Uribe (2003) and
Benhabib and Eusepi (2004).

Proposition 3 Transparent Central Bank. Consider the model with � = 0 and assume that � satis�es (17).
(a) The rational expectations equilibrium is stable under learning for every parameter value;
(b) there no exist �learning equilibria�.

Proof. (a) The ALM can be written in matrix notation as

"
xt
�t

#
= B1�

0
t�1

264 1
~ECBt�1xt
~ECBt�1�t

375+B2
264 1

ÊPSt�1xt
ÊPSt�1�t

375+B3
264 1

ÊPSt�1xt+1
ÊPSt�1�t+1

375+B4Xt

and the optimal policy rule
it = � � 1 + �

�
ÊCBt�1�t +

��xÊ
CB
t�1xt

�
+ �t

where B1 is a 2 by 1 vector, and B2; B3; B4 are 2 by 3 matrices, depending on the structural parameters.
Consider �rst the convergence properties of the policy rule estimates. Substituting for the nominal interest
rate we get

�t = �t�1 + �tR
�1
 ;t�1Xt�1

"
��
0
 

1


̂CBt�1Xt�1

!
+ �t � �0t�1

 
1


̂CBt�1Xt�1

!
� �0t�1

 
0

et

!#
(25)
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R ;t = R ;t�1 + �t

"
Xt�1

 
1


̂CBt�1Xt�1

!0
�R ;t�1 +Xt�1

 
0

et

!#
where �� =

�
� � 1; ���x; �

�0
. The expression for �t can be rearranged to yield

�t = �t�1 + �tR
�1
 ;t�1Xt�1

 
1

Xt�1
̂
CB
t�1

!0 �
��� �t�1

�
+ �tR

�1
 ;t�1Xt�1

"
�t � �0t�1

 
0

et

!#
:

Taking the asymptotic mean, the dynamics of beliefs is described by the following ODE

_� = R�1 
~MX

�
��� �

�
_R =

�h
~MX �R 

i�
where ~MX = Et!1

 
1

02�1
MX
̂

CB0

!
is a 3 by 3 matrix. Hence, we have that R ! ~MX . Substituting

in the above we obtain � ! ��. The estimates of the parameters converge to the true estimates, for every
parameter values, provided the estimate of the other coe¢ cients stays bounded. Following the same steps
as for Proposition (2), the associated ODE can be calculated as

:


̂
0
=
h
~T
�

̂0; ��

�
� 
̂0

i
where I use the fact that, a) R!MX ; b)  ! ��. It is straightforward to show that stability under learning
depends on the eigenvalues of the following matrix

~B1 + ~B2 � I2 =
"
����x��1 ��1 (1� �)
��
�
1 + �

��
��x

�
� + ���� 1

#
(26)

and
~B1 + �i ~B2 � I2 (27)

where
~B1 = B1��

0
+B2; ~B2 = B3

In order to have negative eigenvalues, I need both the trace and the determinant to be negative.
Consider the case � = 0. It is straightforward to show that the eigenvalues of the matrix (26) are negative

provided (17) holds. Also it is possible to show that if the matrix (27) satis�es this property, then also matrix
(26) will satisfy it.
(b) The determinant of ~B1+ ~B2�(1 + �) I2 vanishes if the Taylor condition holds with equality. Therefore,

the eigenvalues are real and no Hopf bifurcation occurs. The only �equilibrium�for the learning process is
the REE.

Proposition 4 Consider the model under perfect transparency with � > 0 and � satisfying (17)
(a) transparency induces stability under learning for a larger parameter space with respect to lack of

transparency;
(b) Under a transparent regime instability under learning occurs if

� >
��1��x
�

+ �� (28)

where �� ! 0 as � ! 1:
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Proof. Consider the case where � > 0. The trace of ~B1+ ~B2�(1 + �) I2 is negative if ���x��1+1������ > 0.
This implies that also in the case of full transparency a policy rule that does not react to the output gap is
destabilizing. Nevertheless transparency increases the set of rules that are robust to expectational mistakes.
In order to show this, notice that from (22), the stability condition for the case of no-transparency is instead

���x�
�1 + 1� � � ��� > ��1

�� + �� (�� 1) + ���x (1� �)� �����x
2� � > 0

which is a more stringent condition for stability than in the case of full transparency. Combining the stability
condition for the case of transparency and the restriction on �, I obtain the condition

� >
��1��x
�

+ ��

where �� =
(1��)
�� .
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