
Josephson, Jens

Working Paper

A numerical analysis of the evolutionary stability of
learning rules

SSE/EFI Working Paper Series in Economics and Finance, No. 474

Provided in Cooperation with:
EFI - The Economic Research Institute, Stockholm School of Economics

Suggested Citation: Josephson, Jens (2001) : A numerical analysis of the evolutionary stability of
learning rules, SSE/EFI Working Paper Series in Economics and Finance, No. 474, Stockholm School
of Economics, The Economic Research Institute (EFI), Stockholm

This Version is available at:
https://hdl.handle.net/10419/56285

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/56285
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


D Qxphulfdo Dqdo|vlv ri wkh Hyroxwlrqdu|

Vwdelolw| ri Ohduqlqj Uxohv

Mhqv MrvhskvrqW

Vwrfnkrop Vfkrro ri Hfrqrplfv
VVH2HIL Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr1 7:7
Qryhpehu 48/ 5334

Devwudfw

Lq wklv sdshu L gh�qh dq hyroxwlrqdu| vwdelolw| fulwhulrq iru

ohduqlqj uxohv1 Xvlqj Prqwh Fduor vlpxodwlrqv/ L wkhq dsso| wklv

fulwhulrq wr d fodvv ri ohduqlqj uxohv wkdw fdq eh uhsuhvhqwhg e|

Fdphuhu dqg Kr*v +4<<<, prgho ri ohduqlqj1 Wklv fodvv frqwdlqv

shuwxuehg yhuvlrqv ri uhlqirufhphqw dqg eholhi ohduqlqj dv vshfldo

fdvhv1 D odujh srsxodwlrq ri lqglylgxdov zlwk ohduqlqj uxohv lq wklv

fodvv duh uhshdwhgo| uhpdwfkhg iru d �qlwh qxpehu ri shulrgv dqg

sod| rqh rxw ri irxu v|pphwulf wzr0sod|hu jdphv1 Eholhi ohduqlqj

lv wkh rqo| ohduqlqj uxoh zklfk lv hyroxwlrqdulo| vwdeoh lq doprvw

doo fdvhv/ zkhuhdv uhlqirufhphqw ohduqlqj lv xqvwdeoh lq doprvw doo

fdvhv1 L dovr �qg wkdw lq fhuwdlq jdphv/ wkh vwdelolw| ri lqwhuph0

gldwh ohduqlqj uxohv klqjhv fulwlfdoo| rq d sdudphwhu ri wkh prgho

dqg wkh uhodwlyh sd|r�v1

Nh|zrugv= Erxqghg udwlrqdolw|/ Hyroxwlrqdu| jdph wkhru|/ Hyr0

oxwlrqdu| Vwdelolw|/ Ohduqlqj lq jdphv/ Eholhi ohduqlqj/ Uhlqirufhphqw

ohduqlqj1

MHO fodvvl�fdwlrq= F:5/ F:61

WWklv sdshu durvh rxw ri h{whqvlyh glvfxvvlrqv zlwk Mùujhq Z1 Zhlexoo/ zkr dovr surylghg

pdq| ydoxdeoh frpphqwv rq hduolhu gudiwv1 L dovr zdqw wr wkdqn Pduld Väh}0Pduwð/ Dulho

Uxelqvwhlq dqg vhplqdu sduwlflsdqwv dw wkh Plfurhfrqrplfv Zrunvkrs ri Fruqhoo Xqlyhuvlw|/

Wkh Vrflhw| iru Hfrqrplf G|qdplfv 5334 Dqqxdo Phhwlqj/ dqg wkh 49wk Dqqxdo Frqjuhvv

ri wkh Hxurshdq Hfrqrplf Dvvrfldwlrq/ 53341 Sduw ri wklv zrun kdv ehhq frpsohwhg dw wkh

Ghsduwphqw ri Hfrqrplfv ri Fruqhoo Xqlyhuvlw|/ zklfk L wkdqn iru lwv krvslwdolw|1 Ilqdqfldo

vxssruw iurp wkh Mdq Zdoodqghu dqg Wrp Khgholxv Irxqgdwlrq lv judwhixoo| dfnqrzohgjhg1
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4 Lqwurgxfwlrq

Wkh erxqghg udwlrqdolw| sdudgljp lv edvhg rq wkh dvvxpswlrq wkdw shrsoh

ohduq wr sod| jdphv e| xvlqj vlpsoh uxohv ri dgdswdwlrq/ riwhq uhihuuhg wr dv

ohduqlqj uxohv1 Wkh remhfwlyh lv jhqhudoo| wr suhglfw zklfk vwudwhjlhv duh pruh

olnho| wr eh revhuyhg lq wkh orqj uxq/ jlyhq wkdw doo sod|huv xvh d vshfl�f

ohduqlqj uxoh1 D sureohp zlwk wklv vhwwlqj lv wkdw wkh ohduqlqj uxoh lv wuhdwhg

dv h{rjhqrxv dqg wkdw qr prwlydwlrq lv surylghg iru wkh sduwlfxodu fkrlfh

ri ohduqlqj uxoh1 Hyroxwlrqdu| irufhv duh xvxdoo| rqo| doorzhg rq wkh ohyho

ri vlpsoh vwudwhjlhv dqg qrw rq wkh kljkhu ohyho ri ohduqlqj uxohv1 Lq wklv

sdshu/ L dwwhpsw wr wdnh d vwhs wrzdugv forvlqj wklv rshq0hqghgqhvv ri wkh

sdudgljp e| ghyhorslqj dq hyroxwlrqdu| vwdelolw| fulwhulrq iru ohduqlqj uxohv

dqg dsso|lqj wklv fulwhulrq wr d vhw ri zhoo0nqrzq ohduqlqj uxohv xvlqj Prqwh

Fduor vlpxodwlrqv1

Pruh vshfl�fdoo|/ L dvn li wkhuh lv d uxoh vxfk wkdw li dssolhg e| d krpr0

jhqhrxv srsxodwlrq ri lqglylgxdov/ lw fdqqrw eh lqydghg e| pxwdqwv xvlqj d

gl�huhqw uxoh1 L fdoo vxfk dq xqlqydgdeoh uxoh dq hyroxwlrqdulo| vwdeoh ohduqlqj

uxoh +HVOU,1 Wklv frqfhsw lv dq h{whqvlrq ri wkh fodvvlfdo gh�qlwlrq ri hyrox0

wlrqdulo| vwdeoh vwudwhjlhv +Pd|qdug Vplwk dqg Sulfh +4<:6,/ Pd|qdug Vplwk

+4<:7,, wr ohduqlqj uxohv dqg g|qdplf vwudwhjlhv1

Wkh vhwwlqj lv d zruog zkhuh wkh phpehuv ri d odujh srsxodwlrq/ frqvlvwlqj

ri dq hyhq qxpehu ri lqglylgxdov/ lq hdfk ri d �qlwh qxpehu ri shulrgv duh doo

udqgrpo| pdwfkhg lq sdluv wr sod| d �qlwh wzr0sod|hu jdph14 Hdfk lqglylgxdo

xvhv d ohduqlqj uxoh/ zklfk lv d ixqfwlrq ri khu sulydwh klvwru| ri sdvw sod|/

dqg �wqhvv lv phdvxuhg lq whupv ri h{shfwhg dyhudjh sd|r�1 Wklv iudphzrun

surylghv d udwlrqdoh iru wkh xvh ri ohduqlqj uxohv dqg lw lv ri sduwlfxodu lqwhuhvw
4Wr fkhfn wkh urexvwqhvv ri p| uhvxowv/ L kdyh dovr dqdo|}hg d gl�huhqw pdwfklqj vfkhph/

zkhuh wkh lqglylgxdov rqo| duh udqgrpo| pdwfkhg dw wkh vwduw ri wkh �uvw shulrg/ dqg wkhq

frqwlqxh wr sod| djdlqvw wkh vdph rssrqhqw iru d �qlwh qxpehu ri shulrgv1 Wkh uhvxowv iurp

wkh vlpxodwlrq ri wklv pdwfklqj vfkhph duh lq jhqhudo frqvlvwhqw zlwk wkh uhvxowv iru wkh wkh

pdwfklqj vfkhph lq wklv sdshu1
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vlqfh yhu| olwwoh dqdo|vlv ri ohduqlqj lq wklv �uhshdwhg uhpdwfklqj� frqwh{w kdv

suhylrxvo| ehhq grqh1

Whfkqlfdoo|/ ohduqlqj uxohv duh pdsslqjv iurp wkh klvwru| ri sdvw sod| wr

wkh vhw ri sxuh ru pl{hg vwudwhjlhv1 Wkhuh duh pdq| prghov ri ohduqlqj dqg L

wkhuhiruh uhvwulfw wkh qxphulfdo dqdo|vlv wr d fodvv ri ohduqlqj uxohv wkdw fdq

eh ghvfulehg e| wkh jhqhudo sdudphwulf prgho ri Fdphuhu dqg Kr +4<<<,/

fdoohg h{shulhqfh0zhljkwhg dwwudfwlrq ohduqlqj +HZD,1 Wkh uxohv lq wklv fodvv

kdyh h{shulphqwdo vxssruw dqg shuirup zhoo lq dq hqylurqphqw zkhuh wkh

jdph fkdqjhv iurp wlph wr wlph1 Pruhryhu/ wkh fodvv frqwdlqv uxohv zklfk

gl�hu frqvlghudeo| lq wkhlu xvh ri lqirupdwlrq1 Wzr ri wkh prvw zhoo0nqrzq

ohduqlqj uxohv/ uhlqirufhphqw ohduqlqj dqg �fwlwlrxv sod| +ru eholhi ohduqlqj,/

duh vshfldo fdvhv ri wklv prgho iru vshfl�f sdudphwhu ydoxhv1

Uhlqirufhphqw ohduqlqj lv dq lpsruwdqw prgho lq wkh sv|fkrorjlfdo olwhud0

wxuh rq lqglylgxdo ohduqlqj1 Lw zdv lqwurgxfhg e| Exvk dqg Prvwhoohu +4<84,

dowkrxjk wkh sulqflsoh ehklqg wkh prgho/ wkdw fkrlfhv zklfk kdyh ohg wr jrrg

rxwfrphv lq wkh sdvw duh pruh olnho| wr eh uhshdwhg lq wkh ixwxuh/ lv gxh

wr Wkruqglnh +4;<;,1 Xqghu uhlqirufhphqw ohduqlqj lq jdphv/ sod|huv dvvljq

suredelolw| glvwulexwlrqv wr wkhlu dydlodeoh sxuh vwudwhjlhv1 Li d sxuh vwudwhj|

lv hpsor|hg lq d sduwlfxodu shulrg/ wkh suredelolw| ri wkh vdph sxuh vwudwhj|

ehlqj xvhg lq wkh vxevhtxhqw shulrg lqfuhdvhv dv d ixqfwlrq ri wkh uhdol}hg

sd|r�1 Wkh prgho kdv yhu| orz lqirupdwlrq dqg udwlrqdolw| uhtxluhphqwv

lq wkh vhqvh wkdw lqglylgxdov qhhg qrw nqrz wkh vwudwhj| uhdol}dwlrqv ri wkh

rssrqhqwv ru wkh sd|r�v ri wkh jdph> doo wkdw lv qhfhvvdu| lv nqrzohgjh ri

sod|hu0vshfl�f sdvw vwudwhj| dqg sd|r� uhdol}dwlrqv1

Ilfwlwlrxv sod|/ ru eholhi ohduqlqj/ lv d prgho zkhuh wkh lqglylgxdov lq

hdfk ri wkh urohv ri d jdph lq hyhu| shulrg sod| d sxuh vwudwhj| wkdw lv d ehvw

uhso| wr wkh dffxpxodwhg hpslulfdo glvwulexwlrq ri wkhlu rssrqhqwv* sod|1 Wklv

phdqv wkdw nqrzohgjh ri wkh rssrqhqwv* vwudwhj| uhdol}dwlrqv dqg wkh sod|hu*v

rzq sd|r� ixqfwlrq lv uhtxluhg1

Vhyhudo gl�huhqw prghov ri erwk uhlqirufhphqw dqg �fwlwlrxv sod| kdyh
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ehhq ghyhorshg ryhu wkh |hduv1 Wkh rqhv wkdw fdq eh uhsuhvhqwhg e| Fdphuhu

dqg Kr*v +4<<<, prgho fruuhvsrqg wr vwrfkdvwlf yhuvlrqv zlwk h{srqhqwldo

suredelolwlhv15 Wklv phdqv wkdw hdfk sxuh vwudwhj| lq hdfk shulrg lv dvvljqhg

dq dwwudfwlrq/ zklfk lv d ixqfwlrq ri wkh dwwudfwlrq lq wkh suhylrxv shulrg dqg

wkh sd|r� wr wkh sduwlfxodu vwudwhj| lq wkh fxuuhqw shulrg16 Wkh dwwudfwlrqv

duh wkhq h{srqhqwldoo| zhljkwhg lq rughu wr ghwhuplqh wkh pl{hg vwudwhj| wr

eh hpsor|hg lq wkh qh{w shulrg1 Lq wkh fdvh ri uhlqirufhphqw ohduqlqj/ wkh

dwwudfwlrqv rqo| ghshqg rq wkh sd|r� wr wkh sxuh vwudwhj| dfwxdoo| fkrvhq1

Lq wkh fdvh ri eholhi ohduqlqj/ wkh k|srwkhwlfdo sd|r�v wr wkh sxuh vwudwhjlhv

wkdw zhuh qrw fkrvhq duh ri htxdo lpsruwdqfh +wklv lv vrphwlphv uhihuuhg wr dv

k|srwkhwlfdo uhlqirufhphqw,1 Krzhyhu/ Fdphuhu dqg Kr*v +4<<<, prgho dovr

shuplwv lqwhuphgldwh fdvhv zkhuh sd|r�v fruuhvsrqglqj wr sxuh vwudwhjlhv wkdw

zhuh qrw fkrvhq duh jlyhq d zhljkw vwulfwo| ehwzhhq }hur dqg rqh1 Wkh zhljkw

ri vxfk k|srwkhwlfdo sd|r�v lv jlyhq e| d vlqjoh sdudphwhu/ �1

Fdphuhu dqg Kr*v +4<<<, prgho dovr doorzv lqlwldo dwwudfwlrqv ri gl�huhqw

vl}hv zklfk/ lq wkh fdvh ri eholhi ohduqlqj/ fruuhvsrqg wr h{shfwhg sd|r�v/ jlyhq

d sulru glvwulexwlrq ryhu wkh rssrqhqwv* sxuh vwudwhjlhv1 L ghsduw iurp wklv

dvvxpswlrq dqg vhw doo lqlwldo dwwudfwlrqv wr }hur/ vxfk wkdw wkh lqglylgxdov

kdyh doprvw qr sulru nqrzohgjh ri wkh jdph wkh| duh gudzq wr sod|1 Wklv

lpsolhv wkdw wkh qxphulfdo dqdo|vlv lq wklv sdshu erlov grzq wr whvwlqj li dq|

sduwlfxodu ydoxh � fruuhvsrqgv wr dq HVOU1

Lq rughu wr whvw wkh vwdelolw| ri ohduqlqj uxohv/ L vlpxodwh d odujh qxpehu ri

rxwfrphv zkhq doo phpehuv ri d �qlwh srsxodwlrq zlwk d odujh vkduh ri lqfxp0

ehqwv dqg d vpdoo vkduh ri pxwdqwv duh udqgrpo| pdwfkhg iru d �qlwh qxpehu

ri shulrgv1 L wkhq fdofxodwh wkh dyhudjh sd|r� iru hdfk vkduh ri wkh srsx0
5Ixghqehuj dqg Ohylqh +4<<;, vkrz wkdw vwrfkdvwlf �fwlwlrxv sod| fdq eh ghulyhg e|

pd{lpl}lqj h{shfwhg sd|r� jlyhq dq hpslulfdo glvwulexwlrq ri wkh rssrqhqwv* sdvw sod|

zkhq sd|r�v duh vxemhfw wr qrlvh1
6Wkh whup �dwwudfwlrq� lv xvhg wr pdnh wkh whuplqrorj| lq wklv sdshu frqvlvwhqw zlwk

wkdw lq Fdphuhu dqg Kr +4<<<,1 Wklv whup vkrxog qrw eh lqwhusuhwhg lq wkh pdwkhpdwlfdo

vhqvh/ exw dv wkh zhljkw dvvljqhg wr d sduwlfxodu vwudwhj|1
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odwlrq1 L frqvlghu irxu gl�huhqw jdphv= Sulvrqhuv* Glohppd/ Frruglqdwlrq/

Kdzn0Gryh dqg Urfn0Vflvvruv0Sdshu1 Wkh pdlq �qglqjv duh=

� Lq doprvw doo fdvhv/ wkh ohduqlqj uxoh zlwk ixoo k|srwkhwlfdo uhlqirufhphqw

lv dq HVOU/ zkhuhdv wkh ohduqlqj uxoh zlwk qr k|srwkhwlfdo uhlqirufh0

phqw lv xqvwdeoh1

� Lq wkh wzr jdphv zlwk qr v|pphwulf sxuh Qdvk htxloleuld � wkh Kdzn0

Gryh dqg Urfn0Vflvvruv0Sdshu Jdphv � wkh uhvxowv ghshqg rq wkh ohyho

ri sd|r� vhqvlwlylw| ri wkh ohduqlqj uxohv1 Wklv lv d sdudphwhu ri wkh

HZD prgho ghwhuplqlqj wr zkdw h{whqw gl�huhqfhv lq dwwudfwlrqv iru

wkh sxuh vwudwhjlhv vkrxog wudqvodwh lqwr gl�huhqfhv lq suredelolwlhv1 Iru

orz sd|r� vhqvlwlylw|/ vhyhudo uxohv dsshdu wr eh vwdeoh/ zkhuhdv iru

kljk sd|r� vhqvlwlylw|/ rqo| eholhi ohduqlqj lv vwdeoh1 Wkh odwwhu �qglqj

lv/ lq sduw/ gxh wr wkdw uhlqirufhphqw ohduqhuv zlwk d kljk ohyho ri sd|r�

vhqvlwlylw| txlfno| ehfrph devruehg e| d sxuh vwudwhj|/ zkhuhdv eholhi

ohduqhuv zlwk wkh vdph ohyho ri sd|r� vhqvlwlylw| frqwlqxh wr dgmxvw wkhlu

pl{hg vwudwhjlhv xqwlo wkh odvw shulrg1

� Lq 5�5 Frruglqdwlrq Jdphv/ wkh uhvxowv dovr ghshqg rq wkh htxloleulxp

sd|r�v1 Lq vxfk jdphv/ eholhi ohduqlqj lv jhqhudoo| d xqltxh HVOU/ exw

li wkh udwlr ri htxloleulxp sd|r�v ehfrphv vx!flhqwo| vpdoo dqg sd|r�

vhqvlwlylw| lv orz/ wkhq wkhuh duh dovr rwkhu vwdeoh ohduqlqj uxohv1

414 Uhodwhg Olwhudwxuh

Wkh suhvhqw sdshu lv uhodwhg wr wkh wkhruhwlfdo olwhudwxuh rq ohduqlqj/ exw

dovr wr h{shulphqwdo whvwv ri gl�huhqw ohduqlqj uxohv1 Dq hduo| wkhruhwlfdo

uhihuhqfh/ dvnlqj vlplodu txhvwlrqv/ lv Kduoh| +4<;4,1 Kh dqdo|}hv wkh hyroxwlrq

ri ohduqlqj uxohv lq wkh frqwh{w ri jdphv zlwk d xqltxh hyroxwlrqdulo| vwdeoh

vwudwhj| +HVV,1 Kh dvvxphv wkh h{lvwhqfh ri dq HVOU dqg wkhq glvfxvvhv

wkh surshuwlhv ri vxfk d uxoh1 Kduoh| fodlpv wkdw/ jlyhq fhuwdlq dvvxpswlrqv/

�111wkh hyroxwlrqdulo| vwdeoh ohduqlqj uxoh lv d uxoh iru ohduqlqj hyroxwlrqdulo|
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vwdeoh vwudwhjlhv1� Kh dovr ghyhorsv dq dssur{lpdwlrq wr vxfk d uxoh dqg

vlpxodwhv lwv ehkdylru lq d krprjhqhrxv srsxodwlrq1 Wkh fxuuhqw sdshu gl�huv

iurp wkdw ri Kduoh| +4<;4, lq wkdw lw h{solflwo| irupxodwhv dq hyroxwlrqdu|

fulwhulrq iru ohduqlqj uxohv dqg grhv qrw dvvxph wkh h{lvwhqfh ri dq HVOU1

Pruhryhu/ wkh dqdo|vlv lv qrw olplwhg wr jdphv zlwk d vlqjoh HVV1

Dqghuolql dqg Vderxuldq +4<<8, ghyhors d g|qdplf prgho ri wkh hyroxwlrq

ri dojrulwkplf ohduqlqj uxohv1 Wkh| fodlp wkdw xqghu fhuwdlq frqglwlrqv/ wkh

iuhtxhqflhv ri gl�huhqw ohduqlqj uxohv lq wkh srsxodwlrq duh joredoo| vwdeoh dqg

wkdw wkh olplw srlqwv ri wkh glvwulexwlrq ri vwudwhjlhv fruuhvsrqg wr Qdvk htxl0

oleuld1 Krzhyhu/ wkh| gr qrw lqyhvwljdwh wkh surshuwlhv ri wkh vwdeoh ohduqlqj

uxohv1

Krsnlqv +5333, lqyhvwljdwhv wkh wkhruhwlfdo surshuwlhv ri vwrfkdvwlf �fwl0

wlrxv sod| dqg shuwxuehg uhlqirufhphqw ohduqlqj1 Wkh prgho lq wklv sdshu lv d

vshfldo fdvh ri vwrfkdvwlf �fwlwlrxv sod|/ zkhq wkh sdudphwhu � lv htxdo wr rqh/

dqg lv vlplodu wr Krsnlqv* yhuvlrq ri uhlqirufhphqw ohduqlqj zkhq � lv htxdo wr

}hur1 Krsnlqv �qgv wkdw wkh h{shfwhg prwlrq ri erwk vwrfkdvwlf �fwlwlrxv sod|

dqg shuwxuehg uhlqirufhphqw ohduqlqj fdq eh zulwwhq dv d shuwxuehg irup ri

wkh uhsolfdwru g|qdplfv/ dqg wkdw lq pdq| fdvhv/ wkh| zloo wkhuhiruh kdyh wkh

vdph dv|pswrwlf ehkdylru1 Lq sduwlfxodu/ kh fodlpv wkdw wkh| kdyh lghqwlfdo

orfdo vwdelolw| surshuwlhv dw pl{hg htxloleuld1 Kh dovr �qgv wkdw wkh pdlq

gl�huhqfh ehwzhhq wkh wzr ohduqlqj uxohv lv wkdw �fwlwlrxv sod| jlyhv ulvh wr

idvwhu ohduqlqj1 Wkh dqdo|vlv lq Krsnlqv +5333, gl�huv iurp wkh dqdo|vlv lq

wklv sdshu/ lq wkdw lw lv edvhg rq lq�qlwh lqwhudfwlrq ehwzhhq wzr sod|huv xvlqj

lghqwlfdo ohduqlqj uxohv/ exw p| �qglqjv duh frqvlvwhqw zlwk Krsnlqv* +5333,

uhvxowv1

Wkh wrslf ri wklv sdshu lv dovr vrphzkdw uhodwhg wr wkh wkhruhwlfdo olwhud0

wxuh rq hyroxwlrq lq dvvhw pdunhwv/ vxfk dv Eoxph dqg Hdvoh| +4<<5/ 5333,/ dqg

Vdqgurql +5333,1 Lq wkhvh prghov/ vhohfwlrq rshudwhv ryhu eholhiv dqg xwlolw|

ixqfwlrqv dqg qrw gluhfwo| ryhu ohduqlqj uxohv/ dqg wkh dxwkruv xvh d g|qdplf

hyroxwlrqdu| fulwhulrq edvhg rq zhdowk dffxpxodwlrq1 Wkh| �qg wkdw/ xqghu
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idluo| jhqhudo frqglwlrqv/ fruuhfw eholhiv duh vhohfwhg iru lq frpsohwh pdunhwv/

exw qrw qhfhvvdulo| lq lqfrpsohwh pdunhwv1

Wkh h{shulphqwdo olwhudwxuh xvhv d fulwhulrq zklfk gl�huv iurp wkh hyr0

oxwlrqdu| rqh lqwurgxfhg lq wklv sdshu wr prwlydwh wkh xvh ri d sduwlfxodu

ohduqlqj uxoh1 Wkh remhfwlyh lv wr �qg wkh ohduqlqj uxoh zklfk jlyhv wkh ehvw

�w ri h{shulphqwdo gdwd1 Fdphuhu dqg Kr +4<<<, jlyh d frqflvh ryhuylhz ri

wkh prvw lpsruwdqw �qglqjv lq hduolhu vwxglhv1 Wkh| dujxh wkdw wkh ryhu0

doo slfwxuh lv xqfohdu/ exw wkdw frpsdulvrqv dsshdu wr idyru uhlqirufhphqw

lq frqvwdqw0vxp jdphv dqg eholhi ohduqlqj lq Frruglqdwlrq Jdphv1 Lq wkhlu

rzq vwxg| ri dv|pphwulf Frqvwdqw0Vxp Jdphv/ Phgldq0Dfwlrq Jdphv/ dqg

Ehdxw|0Frqwhvw Jdphv/ wkh| �qg vxssruw iru d ohduqlqj uxoh zlwk sdudphwhu

ydoxhv lq ehwzhhq uhlqirufhphqw ohduqlqj dqg eholhi edvhg ohduqlqj1 Lq sduwlf0

xodu/ wkh| hvwlpdwh jdph0vshfl�f ydoxhv ri wkh �0sdudphwhu/ zklfk fdswxuhv

wkh ghjuhh ri k|srwkhwlfdo uhlqirufhphqw/ vwulfwo| ehwzhhq }hur dqg rqh/ dqg

jhqhudoo| durxqg 3181

Vwdko +5333, frpsduhv wkh suhglfwlrq shuirupdqfh ri vhyhq ohduqlqj prg0

hov/ lqfoxglqj d uhvwulfwhg yhuvlrq ri wkh HZD prgho1 Kh srrov gdwd iurp

d ydulhw| ri v|pphwulf wzr0sod|hu jdphv dqg �qgv d orjlw ehvw0uhso| prgho

zlwk lqhuwld dqg dgdswlyh h{shfwdwlrqv wr shuirup ehvw/ forvho| iroorzhg e|

wkh HZD1 Iru wkh odwwhu/ kh hvwlpdwhv d ydoxh ri wkh �0sdudphwhu ri 3=9:1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh wkhruhwlfdo

prgho xqghuo|lqj wkh vlpxodwlrqv1 Vhfwlrq 6 suhvhqw wkh uhvxowv ri wkh Prqwh

Fduor vlpxodwlrqv1 Vhfwlrq 7 frqwdlqv d glvfxvvlrq ri wkh uhvxowv dqg Vhfwlrq

8 frqfoxghv1 Wdeohv dqg gldjudpv ri vrph ri wkh vlpxodwlrqv fdq eh irxqg lq

wkh Dsshqgl{1

5 Prgho

Ohw � eh d v|pphwulf wzr0sod|hu jdph rq qrupdo irup/ zkhuh hdfk sod|hu kdv

d �qlwh sxuh vwudwhj| vhw [ @ i{�> ===> {aj> zlwk wkh pl{hg0vwudwhj| h{whqvlrq

�+[, @ is 5 ?a

n m
S

a

�'� s
�
@ 4j= Hdfk sod|hu*v sd|r� lv uhsuhvhqwhg e| wkh

:



ixqfwlrq � = [�[ $ U/ zkhuh �+{> |, lv wkh sd|r� wr sod|lqj sxuh vwudwhj| {

zkhq wkh rssrqhqw lv sod|lqj sxuh vwudwhj| |1 Iurp wlph wr wlph/ doo lqglylg0

xdov ri d �qlwh srsxodwlrq/ frqvlvwlqj ri dq hyhq qxpehuP ri lqglylgxdov/ duh

gudzq wr sod| wklv jdph iru W shulrgv1 Wkh pl{hg vwudwhj| ri lqglylgxdo n lq

shulrg w 5 i4> 5> ===> Wj @ 
 lv ghqrwhg e| s&+w,= Wkh sxuh vwudwhj| uhdol}dwlrq

ri lqglylgxdo n lv ghqrwhg e| {&+w, dqg wkdw ri khu rssrqhqw +lq wklv shulrg,

e| |&+w,1 Wkh vhtxhqfh

k&+w, @ ++{&+3,> |&+3,, > +{&+4,> |&+4,, > ===> +{&+w� 4,> |&+w� 4,,, >

zkhuh +{&+3,> |&+3,, @ >> lv uhihuuhg wr dv lqglylgxdo n*v klvwru| lq shulrg w1

OhwK+w, eh wkh �qlwh vhw ri srvvleoh vxfk klvwrulhv dw wlph w/ ohwK @ ^
A

|'�
K+w,>

dqg ohw 
 @ K+W , eh wkh vhw ri rxwfrphv1 L gh�qh d ohduqlqj uxoh dv d ixqfwlrq

i = K $ �+[, wkdw pdsv klvwrulhv wr pl{hg vwudwhjlhv dqg ghqrwh wkh vhw

ri srvvleoh ohduqlqj uxohv e| +1 Qrwh wkdw dffruglqj wr wklv gh�qlwlrq/ lqlwldo

frqglwlrqv vxfk dv lqlwldo klvwru| ru lqlwldo vwudwhj| zhljkwv duh jlyhq e| wkh

ohduqlqj uxoh1

Wkh pdwfklqj surfhgxuh fdq eh ghvfulehg dv iroorzv1 Lq hdfk ri W shulrgv/

doo phpehuv ri wkh srsxodwlrq duh udqgrpo| pdwfkhg lq sdluv wr sod| wkh jdph

� djdlqvw hdfk rwkhu1 Wklv fdq eh looxvwudwhg e| dq xuq zlwk q edoov/ iurp

zklfk udqgrpo| vhohfwhg sdluv ri edoov +zlwk htxdo suredelolw|, duh gudzq

vxffhvvlyho| xqwlo wkh xuq lv hpsw|1 Wklv surfhgxuh lv uhshdwhg iru d wrwdo ri

W shulrgv/ dqg wkh gudzv lq hdfk shulrg duh lqghshqghqw ri wkh gudzv lq doo

rwkhu shulrgv1 Hdfk lqglylgxdo n uhfhlyhv d sd|r� �+{&+w,> |&+w,, lq hdfk shulrg

dqg kdv d sulydwh klvwru| ri uhdol}hg vwudwhj| sur�ohv1 Wkh h{shfwhg sd|r�

iru dq lqglylgxdo n hpsor|lqj ohduqlqj uxoh i lq d khwhurjhqrxv srsxodwlrq

ri vl}h P / zkhuh wkh vkduh ri lqglylgxdov hpsor|lqj uxoh i lv +4� %, dqg wkh

vkduh ri lqglylgxdov hpsor|lqj uxoh j lv %> lv wkh h{shfwhg dyhudjh sd|r� xqghu

wkh suredelolw| phdvxuh/ ��
scE�30�sn0}

lqgxfhg e| wkh wzr uxohv suhvhqw lq wkh

;



srsxodwlrq dqg wkhlu uhvshfwlyh vkduhv/

Y
� +i> +4� %,i . %j, +4,

@
[

�&Ml

#
4

W

A[

|'�

�+{&+w,> |&+w,,

$
��scE�30�sn0}+k&, +5,

@H�
scE�30�sn0}

%
4

W

A[

|'�

�+{&+w,> |&+w,,

&
> +6,

zkhuh �+{&+w,> |&+w,, uhihuv wr wkh uhdol}hg sd|r� wr lqglylgxdo n lq shulrg w>

lqgxfhg e| klvwru| k&1

Ohw +� eh dq duelwudu| qrq0hpsw| vxevhw ri += L gh�qh wkh iroorzlqj hyr0

oxwlrqdu| vwdelolw| fulwhulrq iru ohduqlqj uxohv1

Gh�qlwlrq 4 D ohduqlqj uxoh i 5 +�
lv hyroxwlrqdulo| vwdeoh lq wkh fodvv

+� li iru hyhu| j 5 +� q i/ wkhuh h{lvwv dq a%} A 3 vxfk wkdw iru doo % 5 +3>a%},>

Y� +i> +4� %,i . %j, A Y� +j> +4� %,i . %j,= +7,

514 H{shulhqfh Zhljkwhg Dwwudfwlrq Ohduqlqj

Lq wkh suhvhqw sdshu/ L irfxv rq d vhw ri ohduqlqj uxohv wkdw fdq eh ghvfulehg

e| Fdphuhu dqg Kr*v +4<<<, prgho ri h{shulhqfhg0zhljkwhg dwwudfwlrq +HZD,

ohduqlqj1 Wkhvh duh ohduqlqj uxohv vxfk wkdw lqglylgxdo n*v suredelolw| ri

vwudwhj| {
� lq shulrg w 5 
 fdq eh zulwwhq dv

s
�

&
+w, @

hb�
�

&E|3��

S
a

�'� h
b�

�

&
E|3��

> +8,

zkhuh wkh dwwudfwlrq ri vwudwhj| {� lv xsgdwhg dffruglqj wr wkh irupxod

D
�

&
+w, @

!Q+w� 4,D�

&
+w� 4, .

�
� . +4� �,L+{�

>{&+w,,
�
�+{� > |&+w,,

Q+w,
> +9,

iru w 5 
> dqg D
�

&
+3, lv d frqvwdqw/ dqg zkhuh

Q+w, @ �Q+w� 4, . 4> +:,
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iru w 5 
> dqg Q+3, lv d frqvwdqw17 L+{�
>{&+w,, lv dq lqglfdwru ixqfwlrq zklfk

wdnhv wkh ydoxh ri rqh li {&+w, @ {� dqg }hur rwkhuzlvh/ |&+w, lv wkh uhdol}hg

sxuh vwudwhj| ri wkh rssrqhqw lq shulrg w> dqg ! dqg � duh srvlwlyh frqvwdqwv1

Qrwh wkdw wklv fodvv ri ohduqlqj uxohv lqfoxghv wzr ri wkh prvw frpprq

ohduqlqj uxohv xvhg lq wkh olwhudwxuh1 Zkhq � @ 3/ � @ ! dqg Q+3, @ �

�3j
>

HZD uhgxfhv wr +dyhudjh, uhlqirufhphqw ohduqlqj18 Zkhq � @ 4/ � @ ! dqg

D
�

&
+3, @

a[

,'�

�+{� > |,,
Q ,
3&

+3,
S

a

,'�
Q ,

3&
+3,

> +;,

zkhuh
�

,

3&
Ef�

S
a

,'�
�

,

3&
Ef�

lv vrph lqlwldo uhodwlyh iuhtxhqf| ri vwudwhj| o/ HZD eh0

frphv eholhi ohduqlqj1

Lq rughu wr pdnh wkh dqdo|vlv pruh wudfwdeoh/ L ixuwkhu uhvwulfw wkh vhw ri

uxohv wr HZD ohduqlqj uxohv vxfk wkdw � @ ! ? 4/ Q+3, @ �

�3j
> dqg

D
�

&
+3, @ 3 ;n>;m= +<,

Wklv phdqv wkdw wkh lqlwldo dwwudfwlrqv zloo qrw jhqhudoo| fruuhvsrqg wr wkrvh

ri eholhi ohduqlqj1 Wkh dvvxpswlrq ri htxdo lqlwldo dwwudfwlrqv lv prwlydwhg e| d

vhwwlqj zkhuh wkh sod|huv kdyh yhu| olplwhg lqirupdwlrq derxw wkh jdph ehiruh

wkh �uvw shulrg dqg zkhuh wkh| fdqqrw xvh suhylrxv h{shulhqfh19 Wkh dvvxps0

wlrq wkdw � @ ! lpsolhv wkdw wkh glvfrxqw idfwru iru d eholhi ohduqhu*v klvwrulfdo

revhuydwlrqv ri vwudwhj| uhdol}dwlrqv lv wkh vdph dv wkdw iru d uhlqirufhphqw

ohduqhu*v klvwrulfdo dwwudfwlrqv1 Ilqdoo|/ wkh ydoxh ri Q+3, fruuhvsrqgv wr wkh

vwhdg| vwdwh ydoxh ri Q+w,1:

7Fdphuhu dqg Kr +4<<<, qrwh wkdw lw lv dovr srvvleoh wr prgho suredelolwlhv dv d srzhu

ixqfwlrq ri dwwudfwruv1
8Fdphuhu dqg Kr +4<<<, glvwlqjxlvkhv ehwzhhq dyhudjh dqg fxpxodwlyh uhlqirufhphqw/

zklfk uhvxowv li 4 ' f dqg �Ef� ' �1 Wkh dqdo|vlv lq wkh suhvhqw sdshu lv edvhg rq dyhudjh

uhlqirufhphqw1
9Dowkrxjk wkh jdph lv �{hg lq wkh ehorz dqdo|vlv/ d udwlrqdoh iru wkh dvvxpswlrq ri

xqlirup lqlwldo zhljkw frxog eh d vhwwlqj zkhuh wkh jdph lv gudzq dw udqgrp iurp vrph vhw

ri jdphv ehiruh wkh �uvw urxqg ri sod|1
:Vwdko +5333, �qgv wkdw d wlph ydu|lqj �E|� rqo| lpsuryhv wkh suhglfwlyh srzhu ri wkh

prgho pdujlqdoo| dqg dvvxphv �E|� ' � iru doo |1 Kh dovr dvvxphv doo lqlwldo dwwudfwruv wr

eh }hur dqg xvhv wkh xsgdwlqj irupxod wr ghwhuplqh wkh dwwudfwruv lq shulrg rqh1
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L ghqrwh wkh vhw ri uxohv zlwk wkh deryh sdudphwhu ydoxhv e| +e= Vxevwl0

wxwlqj lq +9, dqg +:, jlyhv

Q+w, @
4

4� �
iru w 5 
 +43,

dqg

D
�

&
+w, @ �D

�

&
+w� 4, . +4� �,

�
� . +4� �,L+{�

>{&+w,,
�
�+{� > |&+w,, +44,

iru w 5 
> dqg D
�

&
+3, @ 31 Wkh irupxod lq +8, qrz fruuhvsrqgv wr eholhi

ohduqlqj +zlwkprgl�hg lqlwldo zhljkwv, iru � @ 4 dqg wr uhlqirufhphqw ohduqlqj

iru � @ 31 Wkh sdudphwhu � fdswxuhv wkh h{whqw wr zklfk wkh k|srwkhwlfdo

sd|r�v ri sxuh vwudwhjlhv qrw sod|hg lq d shulrg duh wdnhq lqwr dffrxqw1 � lv

d frqvwdqw ghwhuplqlqj wkh uhodwlyh zhljkwv ri uhfhqw dqg klvwrulfdo sd|r�v lq

wkh xsgdwlqj ri pl{hg vwudwhjlhv1

6 Qxphulfdo Dqdo|vlv

Wkh dqdo|vlv lv edvhg rq Prqwh Fduor vlpxodwlrqv ri uhshdwhg hqfrxqwhuv

ehwzhhq lqglylgxdov xvlqj gl�huhqw ohduqlqj uxohv +l1h1 zlwk gl�huhqw ydoxhv ri

�, ehorqjlqj wr wkh vhw +e1 L irfxv rq irxu w|shv ri jdphv/ Sulvrqhuv* Glohppd/

5�5 Frruglqdwlrq/ Kdzn0Gryh/ dqg Urfn0Vflvvruv0Sdshu Jdphv1 L jhqhudoo|

vhw wkh sd|r� vhqvlwlylw| sdudphwhu � lq +8, wr hlwkhu 4 ru 43/ � htxdo wr 31<8

dqg L dvvxph wkdw � lv dq hohphqw ri wkh vhw G @ i3> 3=58> 3=8> 3=:8> 4j/ exw L

dovr whvw wkh urexvwqhvv ri p| uhvxowv e| wu|lqj rwkhu sdudphwhu ydoxhv +vhh

wkh Dsshqgl{ iru d olvw ri vlpxodwlrqv,1

Lq wkh vlpxodwlrqv/ hdfk phpehu ri d srsxodwlrq ri 433 lqglylgxdov/ dprqj

zklfk 43 duh pxwdqwv zlwk d gl�huhqw ohduqlqj uxoh/ lv udqgrpo| pdwfkhg zlwk

dqrwkhu phpehu hyhu| shulrg iru W @ 433 shulrgv1 Wkh h{shfwhg sd|r� wr

d ohduqlqj uxoh lv hvwlpdwhg e| frpsxwlqj wkh phdq ri wkh dyhudjh sd|r� iru

doo lqglylgxdov zlwk wkh vdph ohduqlqj uxoh lq wkh srsxodwlrq dqg e| vlpxodw0

lqj 4333 vxfk W 0shulrg rxwfrphv1 Vlqfh wkh phdq sd|r� gl�huhqfh lq hdfk

vlpxodwlrq lv lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg uhodwlyh wr wkh phdq

sd|r� gl�huhqfh lq dqrwkhu vlpxodwlrq zlwk wkh vdph srsxodwlrq pl{wxuh/
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wkh Fhqwudo Olplw Wkhruhp dssolhv dqg wkh phdq sd|r� gl�huhqfh lv dssur{0

lpdwho| qrupdoo| glvwulexwhg1 Iru hdfk ydoxh ri �/ wkh qxoo k|srwkhvlv lv wkdw

wkh fruuhvsrqglqj ohduqlqj uxoh lv dq HVOU1 Wklv k|srwkhvlv lv uhmhfwhg li wkh

phdq sd|r� wr dq| pxwdqw uxoh lv vwdwlvwlfdoo| vljql�fdqwo| kljkhu wkdq wkh

phdq sd|r� wr wkh lqfxpehqw uxoh lq wkh fodvv/ lq dffrugdqfh zlwk Gh�qlwlrq

4 deryh1 Pruh vshfl�fdoo|/ wkh ghflvlrq uxoh lv dv iroorzv1 Wkh qxoo k|srwkhvlv/

K
B

f
= iB lv dq HVOU lq wkh fodvv +e/

lv uhmhfwhg lq idyru ri wkh dowhuqdwlyh k|srwkhvlv/

KB

�
= iB lv qrw dq HVOU lq wkh fodvv +e/

li dqg rqo| li/ iru vrph �
�
5 G q �>

aY +iB> +4� %,iB . %i
B
�,� aY +i

B
� > +4� %,iB . %i

B
�,

�I
A
v{ ^+4� %,iB . %i

B
� `

? �}k> +45,

zkhuh aY lv wkh hvwlpdwhg dyhudjh sd|r�/ v{ ^+4� %,iB . %i
B
� ` ghqrwhv wkh

vdpsoh vwdqgdug ghyldwlrq ri wkh gl�huhqfh lq phdq dyhudjh sd|r�v/ frpsxwhg

ryhu wkh 4333 vlpxodwlrqv/ dqg }k lv wkh fulwlfdo ydoxh ri wkh vwdqgdug qrupdo

glvwulexwlrq1

61314 Sulvrqhuv* Glohppd Jdphv

Wdeoh 4 ghslfwv wkh phdq ri wkh dyhudjh sd|r�v dprqj <3 lqfxpehqwv/ zlwk

d � jlyhq lq wkh ohiw0prvw froxpq/ dqg 43 pxwdqwv/ zlwk d � jlyhq lq wkh

wrs urz/ sod|lqj wkh jdph lq Iljxuh 4 iru 4333 � 433 shulrgv/ zkhq sd|r�

vhqvlwlylw| � @ 431 Wkh ydoxh lq eudfnhwv fruuhvsrqgv wr wkh }0vwdwlvwlf ri wkh

gl�huhqfhv lq phdqv/ l1h1 wkh gl�huhqfh/ frpsxwhg dv wkh dyhudjh lqfxpehqw

sd|r� plqxv wkh dyhudjh pxwdqw sd|r�/ glylghg e| wkh vwdqgdug huuru ri wkh

gl�huhqfh1 Dv h{sodlqhg deryh/ wkh qxoo k|srwkhvlv wkdw d ohduqlqj uxoh zlwk d

sduwlfxodu � lv dq HVOU fdq eh uhmhfwhg li wklv ydoxh lv vpdoohu wkdq wkh fulwlfdo

ydoxh ri wkh vwdqgdug qrupdo glvwulexwlrq/ �}k iru vrph pxwdqw ohduqlqj uxoh

lq wkh fodvv/ gl�huhqw iurp iB1
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Lw iroorzv iurp wkh wdeoh wkdw wkh qxoo fdq eh uhmhfwhg iru doo ohduqlqj uxohv

h{fhsw wkh rqh zlwk � @ 4 dw wkh 43( dqg 8( vljql�fdqfh ohyho +}f�fD @ 4=978/

dqg }f��f @ 4=5;5,= Wklv lv dovr looxvwudwhg e| wkh gldjudp lq Iljxuh 5/ zkhuh

wkh vwdqgdugl}hg sd|r� gl�huhqfh +wkh }0vwdwlvwlf, ehwzhhq lqfxpehqw dqg

pxwdqw sd|r�v lv sorwwhg iru gl�huhqw ydoxhv ri lqfxpehqw dqg pxwdqw �1 Lq

wkh gldjudp/ wkh gl�huhqfh lv vhw wr }hur iru krprjhqrxv srsxodwlrqv1 Wkh

uhvxow lv urexvw wr fkdqjhv lq sd|r� vhqvlwlylw| �/ lqlwldo frqglwlrqv/ sd|r�

pdwul{/ dqg wkh vl}h ri wkh pxwdqw lqydvlrq1

Wkh vwdqgdug ghyldwlrq ri sd|r�v dprqj ohduqlqj uxohv zlwk � @ 3 lv

frqvlghudeo| odujhu wkdq iru rwkhu ydoxhv ri �1 Wkh yrodwlolw| ri sd|r�v dovr

ghshqgv rq sd|r� vhqvlwlylw|1 Li � lv uhgxfhg iurp 43 wr 4/ wkh udqjh ri vwdq0

gdug ghyldwlrqv ghfuhdvhv frqvlghudeo|1 Iru wkh kljk ydoxh ri �> frqyhujhqfh

wr wkh Qdvk htxloleulxp lv idvw1 Iru wkh orz ydoxh/ wkh srsxodwlrq vkduh xvlqj

wkh htxloleulxp vwudwhj| lqfuhdvhv pruh vorzo| dqg nhhsv rvfloodwlqj1

|� |
2

{
�

7 3

{
2

8 6

Iljxuh 4

Delta Mutant
Delta Incumbent

2.8977 2.8876 2.8574 3.3005 2.8570 3.3333 2.8582 3.3303 2.8572 3.3315

3.0001 2.8610 2.9906 2.9907 2.9891 3.0106 2.9886 3.0166 2.9883 3.0185

3.0030 2.9018 2.9973 2.9788 2.9959 2.9962 2.9955 3.0015 2.9953 3.0031

3.0039 2.9061 2.9987 2.9774 2.9975 2.9918 2.9970 2.9973 2.9969 2.9988

3.0037 2.9126 2.9991 2.9765 2.9979 2.9903 2.9975 2.9952 2.9973 2.9979

0.75 1.00

0.00
(1.01) (-70.20) (-65.55) (-65.97) (-67.70)

0.00 0.25 0.50

(-56.95)

0.50
(36.79) (27.54) (-0.88) (-19.07) (-26.46)

0.25
(33.65) (-0.14)

(38.71) (33.98) (14.86)

(-54.25)(-38.93)

(-1.05) (-6.85)

1.00
(39.39) (34.83) (21.62) (8.07) (-2.17)

0.75

Wdeoh 4�Phdq sd|r�v dqg vwdqgdugl}hg sd|r�

gl�huhqfhv iurp sod|lqj wkh jdph lq Iljxuh 41
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Iljxuh 5�Vwdqgdugl}hg sd|r� gl�huhqfh ehwzhhq

lqfxpehqwv dqg pxwdqwv iurp Wdeoh 41

61315 5�5 Frruglqdwlrq Jdphv

Wdeoh 5 dqg Iljxuh 7 vkrz wkh uhvxowv iurp wkh vlpxodwlrqv ri wkh Frruglqdwlrq

Jdph lq Iljxuh 6/ zlwk sd|r� vhqvlwlylw| � @ 431 Rqfh djdlq/ wkh qxoo

k|srwkhvlv fdq eh uhmhfwhg iru doo ohduqlqj uxohv h{fhsw � @ 4 dw 8( ru 43(

vljql�fdqfh1 Wklv uhvxow lv urexvw wr fkdqjhv lq �> wkh vl}h ri wkh lqydvlrq/

dqg wkh lqlwldo frqglwlrqv1 Krzhyhu/ zkhq wkh udwlr ri gldjrqdo sd|r�v lv

vpdoo +�+{�> |�, @ 4=4 lqvwhdg ri 5, dqg � @ 4/ wkhq wkh qxoo fdqqrw eh

uhmhfwhg iru dq| ri wkh uxohv � @ 4> � @ 3=:8/ dqg � @ 3=581 Iurp wkh wdeoh/ lw

dovr iroorzv wkdw wkh rxwfrph iru d krprjhqrxv srsxodwlrq ri eholhi ohduqhuv

Sduhwr grplqdwhv wkdw ri d srsxodwlrq ri uhlqirufhphqw ohduqhuv1

|� |
2

{
�

5 3

{
2

3 4

Iljxuh 6
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Delta Mutant
Delta Incumbent

1.8583 1.8588 1.8618 1.8770 1.8640 1.8833 1.8651 1.8866 1.8654 1.8868

1.8993 1.8866 1.9020 1.9020 1.9022 1.9069 1.9042 1.9108 1.9036 1.9113

1.9131 1.8973 1.9148 1.9103 1.9157 1.9165 1.9161 1.9184 1.9168 1.9207

1.9202 1.9022 1.9222 1.9152 1.9227 1.9206 1.9235 1.9239 1.9240 1.9249

1.9257 1.9074 1.9268 1.9194 1.9274 1.9235 1.9280 1.9260 1.9286 1.9290

0.75 1.00

0.00
(-0.58) (-24.61) (-36.44) (-40.05) (-40.00)

0.00 0.25 0.50

(-19.32)

0.50
(23.86) (10.45) (-2.14) (-6.12) (-10.23)

0.25
(17.67) (0.12)

(28.15) (15.89) (5.19)

(-16.35)(-11.17)

(-1.17) (-2.53)

1.00
(28.57) (16.94) (9.89) (5.49) (-1.28)

0.75

Wdeoh 50Phdq sd|r�v dqg vwdqgdugl}hg sd|r�

gl�huhqfhv iurp sod|lqj wkh jdph lq Iljxuh 61
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-20-0
-40--20

-60--40

Iljxuh 7�Vwdqgdugl}hg sd|r� gl�huhqfh ehwzhhq

lqfxpehqwv dqg pxwdqwv iurp Wdeoh 51

61316 Kdzn0Gryh Jdphv

Wdeoh 6 dqg Iljxuh 9 looxvwudwh wkh uhvxowv iurp wkh vlpxodwlrqv ri wkh jdph

lq Iljxuh 81 Iru wklv jdph/ wkh uhvxowv duh vhqvlwlyh wr wkh ohyho ri sd|r�

vhqvlwlylw| � dqg wkh sd|r� pdwul{1 Zkhq � @ 43/ wkh qxoo k|srwkhvlv fdqqrw

eh uhmhfwhg iru wkh ohduqlqj uxohv zlwk � @ 3=:8 dqg � @ 4 dw wkh 43( ohyho/

zkhuhdv doo rwkhu ohduqlqj uxohv lq wkh fodvv dsshdu wr eh xqvwdeoh1 Li �+{�> |2,

lv lqfuhdvhg iurp 7 wr 43> vxfk wkdw wkh lqlwldo xqlirup glvwulexwlrq lv ixuwkhu
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iurp wkh pl{hg htxloleulxp/ wkhq wkh qxoo fdq eh uhmhfwhg iru doo uxohv h{fhsw

� @ 3=:81

Sduw ri wkh uhdvrq zk| ohduqlqj uxohv zlwk orz � duh qrw vwdeoh dqg fdqqrw

lqydgh rwkhu ohduqlqj uxohv lq wklv jdph zkhq sd|r� vhqvlwlylw| lv kljk lv wkdw

wkh| txlfno| ehfrph devruehg e| d sxuh vwudwhj| +vhh Iljxuh 45 lq wkh Ds0

shqgl{,/ vrphwklqj zklfk fdq eh h{sorlwhg e| ohduqlqj uxohv zlwk kljk � wkdw

gr qrw orfn lq rq d sduwlfxodu sxuh vwudwhj|1 Wklv whqghqf| iru uhlqirufhphqw

ohduqhuv wr eh devruehg kdv suhylrxvo| ehhq qrwhg e| Ixghqehuj dqg Ohylqh

+4<<;,1

Iru � @ 4> uhlqirufhphqw ohduqhuv qr orqjhu orfn lq rq d sduwlfxodu vwudwhj|/

exw rvfloodwh durxqg wkh pl{hg htxloleulxp +vhh Iljxuh 44 lq wkh Dsshqgl{,/

zklfk vrphzkdw uhgxfhv wkh hyroxwlrqdu| dgydqwdjh ri eholhi0ohduqhuv1 Iru

wkh jdph lq Iljxuh 8/ wkh qxoo k|srwkhvlv fdq eh uhmhfwhg iru doo uxohv h{fhsw

� @ 3=58> � @ 3=:8> dqg � @ 4=3 dw wkh 43( ohyho1 Lq wkh jdph zlwk �+{�> |2, @

43> wkh uhvxow lv xqfkdqjhg dqg doo uxohv h{fhsw � @ 3=:8 fdq eh uhmhfwhg1

Wkh pdwul{ lq Wdeoh 6 dovr looxvwudwhv wkh srwhqwldo wudgh0r� ehwzhhq wkh

Sduhwr h!flhqf| dqg wkh hyroxwlrqdu| vwdelolw| ri d ohduqlqj uxoh1 Wkh ohduqlqj

uxoh zlwk � @ 3 vwulfwo| grplqdwhv doo rwkhu ohduqlqj uxohv/ exw lw lv qrw

vxvwdlqdeoh vlqfh/ lq wkh fdvh ri dq lqydvlrq/ pxwdqwv zlwk kljkhu � hduq

kljkhu phdq sd|r�v1

|� |
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�

3 7

{
2

4 5

Iljxuh 8
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Delta Mutant
Delta Incumbent

1.7605 1.7612 1.7508 1.7843 1.7100 1.8353 1.6692 1.8445 1.6794 1.8397

1.6889 1.6657 1.6819 1.6795 1.6518 1.7150 1.6148 1.7302 1.6238 1.7249

1.5512 1.5206 1.5527 1.5283 1.5420 1.5402 1.5183 1.5505 1.5256 1.5557

1.4512 1.4279 1.4510 1.4306 1.4469 1.4346 1.4418 1.4402 1.4422 1.4397

1.4604 1.4391 1.4601 1.4397 1.4551 1.4419 1.4469 1.4473 1.4468 1.4446

0.75

(13.94) (11.78) (6.69)

0.25
(8.06) (0.82) (-22.42)

1.00

0.00
(-0.20) (-9.23) (-36.42) (-54.56) (-50.94)

0.00 0.25 0.50

(-43.28) (-38.13)

0.50
(14.25) (11.29) (0.77) (-14.54) (-14.27)

(0.82) (1.32)

1.00
(12.37) (11.47) (6.99) (-0.19) (1.21)

0.75

Wdeoh 60Phdq sd|r�v dqg vwdqgdugl}hg sd|r�

gl�huhqfhv iurp sod|lqj wkh jdph lq Iljxuh 81
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-60--40

Iljxuh 9�Vwdqgdugl}hg sd|r� gl�huhqfh ehwzhhq

lqfxpehqwv dqg pxwdqwv iurp Wdeoh 61

61317 Urfn0Vflvvruv0Sdshu

Lq wkh Urfn0Vflvvruv0Sdshu Jdph ri Iljxuh :/ wkh rxwfrph lv vhqvlwlyh wr

sd|r� vhqvlwlylw|1 Zkhq wkh sd|r� vhqvlwlylw| lv � @ 4/ wkh qxoo k|srwkhvlv

fdq eh uhmhfwhg iru doo ohduqlqj uxohv lq wkh fodvv h{fhsw � @ 3=3> � @ 3=:8> dqg

� @ 4=31 Doo ohduqlqj uxohv rvfloodwh durxqg wkh pl{hg htxloleulxp1

Wdeoh 7 dqg Iljxuh ; looxvwudwh wkh fdvh zkhq � @ 431 Dv fdq eh vhhq/ wkh

qxoo k|srwkhvlv fdq eh uhmhfwhg iru doo ohduqlqj uxohv h{fhsw � @ 41 Dv lq wkh

Kdz0Gryh jdph/ wkh lqvwdelolw| ri uxohv zlwk orz � iru kljk ydoxhv ri sd|r�

4:



vhqvlwlylw| fdq/ lq sduw/ eh h{sodlqhg e| wkhlu whqghqf| wr orfn lq rq d sxuh

vwudwhj| dw dq hduo| vwdjh1

|� |
2

|
�

{
�

4 5 3

{
2

3 4 5

{
�

5 3 4

Iljxuh :

Delta Mutant
Delta Incumbent

1.0001 0.9994 0.9987 1.0121 0.9969 1.0278 0.9970 1.0271 0.9974 1.0236

1.0006 0.9945 1.0000 0.9998 0.9984 1.0146 0.9978 1.0200 0.9981 1.0175

1.0001 0.9988 1.0003 0.9976 0.9999 1.0009 0.9995 1.0047 0.9992 1.0071

1.0004 0.9967 1.0002 0.9983 1.0002 0.9984 1.0000 1.0004 0.9997 1.0026

1.0003 0.9971 1.0003 0.9971 1.0005 0.9953 1.0002 0.9980 1.0000 0.9998

0.75 1.00

0.00
(0.58) (-11.14) (-23.92) (-22.98) (-21.35)

0.00 0.25 0.50

(-18.65)

0.50
(1.44) (3.01) (-1.16) (-5.92) (-8.89)

0.25
(5.46) (0.25)

(4.16) (2.24) (2.22)

(-21.19)(-15.01)

(-0.50) (-3.34)

1.00
(3.66) (3.59) (6.06) (2.65) (0.28)

0.75

Wdeoh 70Phdq sd|r�v dqg vwdqgdugl}hg sd|r�

gl�huhqfhv iurp sod|lqj wkh jdph lq Iljxuh
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614 Vxppdu| ri Uhvxowv

Wdeoh < vxppdul}hv wkh uhvxowv ri wkh vlpxodwlrqv1 Wkh pdlq �qglqj lv wkdw

eholhi ohduqlqj lv wkh rqo| ohduqlqj uxoh zklfk lv hyroxwlrqdulo| vwdeoh lq doprvw

doo vhwwlqjv/ zkhuhdv uhlqirufhphqw ohduqlqj lv xqvwdeoh lq doprvw doo vhwwlqjv1

Lq wkh Kdzn0Gryh dqg Urfn0Vflvvruv0Sdshu Jdphv/ wkh uhvxowv ghshqg

rq wkh sd|r� vhqvlwlylw|1 Ohduqlqj uxohv zlwk orz ghjuhhv ri k|srwkhwlfdo

uhlqirufhphqw duh kljko| xqvwdeoh iru kljk sd|r� vhqvlwlylw|1 Sduw ri wkh

h{sodqdwlrq lv wkdw vxfk uxohv udslgo| ehfrph devruehg e| d sxuh vwudwhj|/

zkhuhdv eholhi ohduqhuv zlwk wkh vdph ohyho ri sd|r� vhqvlwlylw| frqwlqxh wr

dgmxvw wkhlu pl{hg vwudwhjlhv xqwlo wkh odvw shulrg1

Lq Frruglqdwlrq dqg Kdzn0Gryh Jdphv/ wkh uhvxowv dovr ghshqg rq wkh

htxloleulxp sd|r�v1 Lq wkh Frruglqdwlrq Jdph/ eholhi ohduqlqj lv jhqhudoo|

d xqltxh HVOU/ exw li wkh udwlr ri htxloleulxp sd|r�v ehfrphv vx!flhqwo|

vpdoo/ wkhq wkhuh duh dovr rwkhu ohduqlqj uxohv iru zklfk wkh qxoo fdqqrw eh

uhmhfwhg1 Vlploduo|/ lq wkh Kdzn0Gryh Jdph/ eholhi ohduqlqj zlwk � @ 3=:8

lv d xqltxh HVOU iru kljk sd|r� udwlr/ exw iru d vpdoohu udwlr lw vhhpv wkdw

wkhuh duh dovr rwkhu vwdeoh ohduqlqj uxohv1

Jdph � HVOU dw wkh 43( vljql�fdqfh ohyho

Sulvrqhuv* Glohppd 4 � @ 4=3

43 � @ 4=3

Frruglqdwlrq 4 � @ 4=3/ iru orz sd|r� udwlr � @ 3=58> 3=:8> 4=3

43 � @ 4=3/ iru orz sd|r� udwlr � @ 4=3

Kdzn0Gryh 4 � @ 3=58> 3=:8> 4=3/ iru kljk sd|r� udwlr � @ 3=:8

43 � @ 3=:8> 4=3/ iru kljk sd|r� udwlr � @ 3=:8

Urfn0Vflvvruv0Sdshu 4 � @ 3=3> 3=:8> 4=3

43 � @ 4=3

Wdeoh <0Vxppdu| ri wkh uhvxowv iurp wkh gl�huhqw vlpxodwlrqv1

7 Glvfxvvlrq

Krsnlqv +5333, lqyhvwljdwhv wkh wkhruhwlfdo surshuwlhv ri vwrfkdvwlf �fwlwlrxv

sod| dqg shuwxuehg uhlqirufhphqw ohduqlqj lq d vhwwlqj zkhuh wzr lqglylgxdov

xvlqj lghqwlfdo ohduqlqj uxohv lqwhudfw iru dq lq�qlwh qxpehu ri shulrgv1 Kh
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ghprqvwudwhv wkdw wkh h{shfwhg prwlrq ri erwk vwrfkdvwlf �fwlwlrxv sod| dqg

shuwxuehg uhlqirufhphqw ohduqlqj fdq eh zulwwhq dv d shuwxuehg irup ri wkh

uhsolfdwru g|qdplfv/ dqg wkhuhiruh/ lq pdq| fdvhv/ zloo kdyh wkh vdph dv|ps0

wrwlf ehkdylru1 Lq sduwlfxodu/ kh fodlpv wkdw wkh| kdyh lghqwlfdo orfdo vwdelolw|

surshuwlhv dw pl{hg htxloleuld dqg wkdw wkh pdlq gl�huhqfh ehwzhhq wkh wzr

ohduqlqj uxohv lv wkdw �fwlwlrxv sod| jlyhv ulvh wr idvwhu ohduqlqj1 Wkh uhvxowv

lq wklv sdshu lqglfdwh wkdw vshhg ri ohduqlqj lv lqghhg dq lpsruwdqw idfwru lq

h{sodlqlqj wkh vwdelolw| ri eholhi ohduqlqj dqg wkdw wkh gl�huhqfh ehwzhhq uxohv

zlwk kljk dqg orz ghjuhhv ri k|srwkhwlfdo uhlqirufhphqw lv vpdoohu lq jdphv

zlwk pl{hg htxloleuld1 Krzhyhu/ rwkhu idfwruv/ vxfk dv d kljk suredelolw| ri

frqyhujhqfh wr wkh htxloleulxp zlwk wkh kljkhvw sd|r� lq 5�5 Frruglqdwlrq

Jdphv dqg d orz suredelolw| ri devruswlrq e| d sxuh vwudwhj| lq jdphv zlwk

qr v|pphwulf sxuh htxloleuld/ dovr vhhp lpsruwdqw1

Fdphuhu dqg Kr +5333, hvwlpdwh vhsdudwh vhwv ri sdudphwhuv iru dv|pphw0

ulf Frqvwdqw0Vxp Jdphv/ Phgldq0Dfwlrq Jdphv dqg Ehdxw|0Frqwhvw Jdphv1

Wkhlu hvwlpdwhv ri wkh ghjuhh ri k|srwkhwlfdo hqirufhphqw/ �> duh jhqhudoo|

durxqg 318/ wkdw ri wkh glvfrxqw idfwru/ !> lq wkh udqjh ri 31; wr 413/ wkdw ri

wkh vhfrqg glvfrxqw idfwru/ �> lq wkh udqjh ri 3 wr !> dqg wkh sd|r� vhqvlwlylw|/

�> ydulhv iurp 3=5 wr 4;1 Uhlqirufhphqw ohduqlqj dqg eholhi ohduqlqj duh jhqhu0

doo| uhmhfwhg lq idyru ri dq lqwhuphgldwh prgho1 Vwdko +5333, srrov gdwd iurp

vhyhudo v|pphwulf wzr0sod|hu jdphv dqg hvwlpdwhv d � ri 319:1 Khqfh/ wkh wzr

vwxglhv ohqg vxssruw wr wkh k|srwkhvlv wkdw shrsoh wdnh k|srwkhwlfdo sd|r�v

lqwr dffrxqw/ exw hvshfldoo| wkh iruphu vwxg| vhhpv wr �qg orzhu ghjuhhv ri

k|srwkhwlfdo uhlqirufhphqw wkdq suhglfwhg e| wkh hyroxwlrqdu| dqdo|vlv lq wklv

sdshu1

Rqh vkrxog/ krzhyhu/ eh fdxwlrxv lq pdnlqj d gluhfw frpsdulvrq zlwk

wkh uhvxowv lq Fdphuhu dqg Kr +5333,1 Iluvw ri doo/ wkh jdphv sod|hg lq

wkhlu h{shulphqwv gl�hu frqvlghudeo| iurp/ dqg duh pruh frpsoh{/ wkdq wkh

rqhv dqdo|}hg lq wklv sdshu1 Vhfrqg/ wkh ohduqlqj uxohv lq wklv sdshu gr qrw

h{dfwo| fruuhvsrqg wr wkhluv1 Lq sduwlfxodu/ Fdphuhu dqg Kr doorz ohduqlqj

53



uxohv zlwk gl�huhqw lqlwldo dwwudfwlrqv/ zkhuhdv L dvvxph wkdw wkh sod|huv jlyh

htxdo zhljkw wr doo wkhlu sxuh vwudwhjlhv dw wkh vwduw ri wkh �uvw shulrg ri sod|1

Wkh vhwwlqj lq wklv sdshu lv/ dw ohdvw lq vrph uhvshfwv/ pruh vlplodu wr

wkdw lq Vwdko +5333,1 Kh dovr frqvlghuv �qlwh v|pphwulf wzr0sod|hu jdphv

zlwk dqg zlwkrxw v|pphwulf sxuh htxloleuld1 Pruhryhu/ kh dvvxphv wkh lqlwldo

dwwudfwlrqv ri wkh HZD prgho wr eh }hur/ dqg xvh wkh xsgdwlqj irupxod wr

ghwhuplqh wkhlu ydoxhv lq shulrg rqh1

D �qdo frpphqw frqfhuqv wkh hqylurqphqw zkhuh wkh ohduqlqj uxohv rs0

hudwh1 Dowkrxjk wkh jdph lv �{hg lq wklv sdshu/ wkh jhqhudo lghd lv wr �qg d

ohduqlqj uxoh zklfk lv hyroxwlrqdulo| vwdeoh xqghu ydulrxv frqglwlrqv dqg fdq

vxuylyh lq d vhwwlqj zkhuh wkh jdph fkdqjhv iurp wlph wr wlph � lq pdq|

zd|v d pruh uhdolvwlf ghvfulswlrq ri kxpdq lqwhudfwlrq1 Wkh uhvxowv lq wklv

sdshu lqglfdwh wkdw eholhi ohduqlqj lv lqghhg vxfk d urexvw uxoh/ dowkrxjk pruh

dqdo|vlv lv qhhghg wr frq�up wklv k|srwkhvlv1

8 Frqfoxvlrq

Lq wklv sdshu/ L gh�qh dq hyroxwlrqdu| vwdelolw| fulwhulrq iru ohduqlqj uxohv1 L

wkhq dsso| wklv fulwhulrq wr d fodvv ri uxohv zklfk frqwdlqv yhuvlrqv ri wzr ri

wkh prvw zhoo0nqrzq ohduqlqj uxohv/ uhlqirufhphqw ohduqlqj dqg eholhi ohduq0

lqj/ dv zhoo dv lqwhuphgldwh uxohv lq whupv ri k|srwkhwlfdo uhlqirufhphqw1 L

shuirup Prqwh Fduor vlpxodwlrqv ri d pdwfklqj vfkhph zkhuh doo phpehuv ri

d odujh srsxodwlrq duh uhpdwfkhg lq hyhu| shulrg dqg L �qg wkdw pd{lpxp ru

forvh wr pd{lpxp k|srwkhwlfdo uhlqirufhphqw lv wkh rqo| ohduqlqj uxoh wkdw lv

hyroxwlrqdulo| vwdeoh iru doprvw doo wkh jdphv vwxglhg1 L dovr �qg wkdw hyrox0

wlrqdu| vwdelolw| lq vrph jdphv klqjhv fulwlfdoo| rq sd|r� vhqvlwlylw| dqg wkh

uhodwlyh sd|r�v ri wkh jdph1

Wkh remhfwlyh ri wklv sdshu lv wr wdnh d vwhs wrzdugv forvlqj wkh rshq0

hqghgqhvv ri wkh erxqghg udwlrqdolw| sdudgljp1 D qh{w vwhs pljkw eh wr

dsso| wklv dqdo|vlv wr d odujhu vhw ri ohduqlqj uxohv ru/ pruh lpsruwdqwo|/ wr

rewdlq wkhruhwlfdo uhvxowv zklfk fdq h{sodlq wkh revhuydwlrqv lq wklv sdshu1
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Dsshqgl{

Sorwv ri Vlpxodwhg Rxwfrphv

Wkh iroorzlqj gldjudpv looxvwudwh wkh vkduh ri lqglylgxdov sod|lqj vwudwhj| {�

dprqj <3 lqfxpehqwv/ xvlqj d ohduqlqj uxoh zlwk � @ 4/ dqg 43 pxwdqwv/ xvlqj

d ohduqlqj uxoh zlwk � @ 3> lq d vlqjoh vlpxodwlrq= Lqlwldo dwwudfwlrqv duh }hur

iru doo sxuh vwudwhjlhv dqg � @ 3=<8=
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Wdeohv ri Vlpxodwhg Sd|r�v

Wkh iroorzlqj wdeohv uhsruw wkh vlpxodwhg dyhudjh sd|r�v wr dq lqfxpehqw

ohduqlqj uxoh zlwk d � jlyhq e| wkh ohiw0prvw froxpq/ dqg dq lqfxpehqw uxoh

zlwk d � jlyhq e| wkh wrs urz1 Lq hdfk fhoo/ wkh wrs0ohiw qxpehu lv wkh dyhu0

djh sd|r� iru doo lqglylgxdov zlwk wkh lqfxpehqw uxoh/ wkh wrs0uljkw qxpehu

wkh dyhudjh sd|r� iru doo lqglylgxdov zlwk wkh pxwdqw uxoh/ dqg wkh �jxuh lq

eudfnhwv lv wkh gl�huhqfh ehwzhhq wkhvh qxpehuv glylghg e| wkh hvwlpdwhg

vwdqgdug huuru ri wkh gl�huhqfh1 Lq doo vlpxodwlrqv uhsruwhg ehorz/ d srsx0

odwlrq/ frqvlvwlqj ri <3 lqfxpehqwv dqg 43 pxwdqwv/ sod|v wkh jdph iru 433

shulrgv1 Lqlwldo dwwudfwlrqv duh }hur iru doo sxuh vwudwhjlhv dqg � @ 3=<8=

Delta Mutant
Delta Incumbent

2.9252 2.9239 2.9218 2.9576 2.9201 2.9696 2.9200 2.9722 2.9195 2.9738

2.9306 2.8955 2.9280 2.9241 2.9259 2.9425 2.9252 2.9490 2.9246 2.9543

2.9328 2.8823 2.9298 2.9143 2.9282 2.9275 2.9270 2.9373 2.9269 2.9410

2.9342 2.8711 2.9312 2.9022 2.9296 2.9194 2.9286 2.9287 2.9282 2.9341

2.9346 2.8670 2.9321 2.8940 2.9304 2.9124 2.9295 2.9221 2.9286 2.9280

0.75

(7.86)

(-18.95)

(-0.10)

(-11.59)

1.00

0.00
(0.61) (-21.86) (-34.76) (-39.55) (-42.92)

0.00 0.25 0.50

(-24.89)

0.50
(24.80) (9.96) (0.49) (-8.36) (-12.20)

0.25
(16.77) (2.45)

(-5.23)

1.00
(36.11) (24.95) (13.73) (6.10) (0.61)

0.75
(33.24) (18.88)

Wdeoh 430Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 4 zkhq � @ 4 dqg % @ 3=41

Delta Mutant
Delta Incumbent

0.8918 0.8906 0.8958 0.9064 0.8992 0.9205 0.9011 0.9293 0.9015 0.9402

0.9310 0.9172 0.9361 0.9341 0.9389 0.9496 0.9421 0.9627 0.9439 0.9713

0.9692 0.9419 0.9734 0.9623 0.9765 0.9775 0.9893 0.9896 0.9838 1.0015

1.0066 0.9657 1.0097 0.9868 1.0130 1.0023 1.0170 1.0169 1.0182 1.0269

1.0390 0.9854 1.0441 1.0072 1.0464 1.0253 1.0488 1.0394 1.0527 1.0529

0.75 1.00

0.00
(1.07) (-9.08) (-18.73) (-25.21) (-34.43)

0.00 0.25 0.50

(-25.32)

0.50
(24.00) (10.10) (-0.91) (-0.26) (-15.11)

0.25
(11.80) (1.74)

(9.74)

(-18.15)(-9.50)

(0.08) (-7.83)

1.00
(45.31) (30.63) (17.68) (8.12) (-0.21)

0.75
(34.92) (20.71)

Wdeoh 440Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 6 zkhq � @ 4 dqg % @ 3=41
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Iljxuh 46

Delta Mutant
Delta Incumbent

0.5263 0.5255 0.5262 0.5268 0.5259 0.5270 0.5258 0.5266 0.5264 0.5265

0.5262 0.5260 0.5261 0.5250 0.5263 0.5263 0.5263 0.5257 0.5262 0.5265

0.5265 0.5260 0.5264 0.5275 0.5264 0.5259 0.5265 0.5274 0.5270 0.5265

0.5269 0.5266 0.5268 0.5262 0.5274 0.5278 0.5272 0.5262 0.5274 0.5273

0.5269 0.5263 0.5271 0.5276 0.5271 0.5274 0.5266 0.5261 0.5274 0.5270

0.75 1.00

0.00
(1.45) (-1.12) (-1.99) (-1.42) (-0.13)

0.00 0.25 0.50

(-0.64)

0.50
(0.90) (-2.01) (0.97) (-1.63) (0.87)

0.25
(0.33) (2.16)

(0.60) (1.15) (-0.59)

(1.08)(-0.14)

(1.73) (0.17)

1.00
(1.02) (-1.02) (-0.52) (0.87) (0.78)

0.75

Wdeoh 450Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 46 zkhq � @ 4 dqg % @ 3=41

Delta Mutant
Delta Incumbent

0.7548 0.7543 0.7686 0.7980 0.7817 0.8181 0.7738 0.8117 0.7757 0.8131

0.8888 0.8602 0.8938 0.8936 0.9067 0.9147 0.9054 0.9159 0.9054 0.9158

0.9302 0.8950 0.9376 0.9308 0.9446 0.9451 0.9431 0.9457 0.9415 0.9441

0.9473 0.9127 0.9581 0.9493 0.9562 0.9538 0.9632 0.9638 0.9626 0.9634

0.9604 0.9279 0.9656 0.9546 0.9713 0.9680 0.9718 0.9709 0.9727 0.9728

0.75 1.00

0.00
(0.48) (-34.63) (-41.35) (-45.47) (-46.57)

0.00 0.25 0.50

(-22.31)

0.50
(32.96) (12.82) (-1.35) (-6.86) (-6.64)

0.25
(26.82) (0.33)

(32.57) (17.28) (5.90)

(-22.81)(-15.91)

(-1.66) (-2.41)

1.00
(32.69) (22.00) (8.64) (2.56) (-0.43)

0.75

Wdeoh 460Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 46 zkhq � @ 43 dqg % @ 3=41
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Delta Mutant
Delta Incumbent

1.6079 1.6072 1.6067 1.6074 1.6082 1.6094 1.6080 1.6104 1.6080 1.6111

1.6055 1.6053 1.6053 1.6057 1.6050 1.6061 1.6060 1.6055 1.6066 1.6057

1.6073 1.6062 1.6060 1.6076 1.6067 1.6041 1.6066 1.6079 1.6067 1.6089

1.6097 1.6103 1.6089 1.6099 1.6103 1.6070 1.6100 1.6115 1.6100 1.6088

1.6124 1.6095 1.6117 1.6134 1.6123 1.6132 1.6123 1.6125 1.6132 1.6124

0.75 1.00

0.00
(0.35) (-0.37) (-0.67) (-1.43) (-1.80)

0.00 0.25 0.50

(0.52)

0.50
(0.64) (-0.90) (1.54) (-0.73) (-1.40)

0.25
(0.07) (-0.22)

(-0.33) (-0.57) (1.89)

(0.29)(-0.62)

(-0.88) (0.73)

1.00
(1.63) (-1.00) (-0.52) (-0.01) (0.46)

0.75

Wdeoh 470Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 8 zkhq � @ 4 dqg % @ 3=41
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Iljxuh 47

Delta Mutant
Delta Incumbent

2.2135 2.2164 2.2103 2.2357 2.2131 2.2311 2.2150 2.2248 2.2188 2.2322

2.2072 2.1882 2.2026 2.2008 2.2042 2.2062 2.2044 2.2130 2.2082 2.2052

2.2166 2.1936 2.2134 2.2101 2.2130 2.2124 2.2160 2.2138 2.2181 2.2105

2.2349 2.2071 2.2300 2.2271 2.2290 2.2365 2.2342 2.2262 2.2362 2.2219

2.2524 2.2383 2.2485 2.2524 2.2476 2.2550 2.2502 2.2627 2.2542 2.2553
(3.10)

1.00
(2.72) (-0.81) (-1.49) (-2.72) (-0.23)

0.75
(5.30) (0.56)

(0.63)

0.50
(4.34) (0.66) (0.14) (0.46) (1.65)

0.25
(3.51) (0.35)

1.00

0.00
(-0.57) (-5.10) (-3.71) (-2.08) (-2.95)

0.00 0.25 0.50 0.75

(-1.88)

(1.65)(-1.55)

(-0.41)

Wdeoh 480Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 47 zkhq � @ 4 dqg % @ 3=41
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Delta Mutant
Delta Incumbent

3.1040 3.0822 2.8984 3.8830 2.8590 3.9861 2.8618 4.0014 2.8655 4.0164

2.2468 1.9268 2.1574 2.1666 2.0830 2.2953 2.0814 2.3095 2.0944 2.3237

1.7555 1.5211 1.7190 1.6076 1.6824 1.6874 1.6824 1.6896 1.6872 1.6863

1.7327 1.4996 1.7002 1.5665 1.6563 1.6369 1.6492 1.6517 1.6537 1.6473

1.7903 1.5412 1.7503 1.6142 1.6979 1.6945 1.6903 1.7068 1.6966 1.6968

0.75 1.00

0.00
(1.34) (-83.83) (-112.93) (-118.06) (-119.27)

0.00 0.25 0.50

(-42.27)

0.50
(47.15) (22.07) (-1.09) (-1.62) (0.20)

0.25
(39.42) (-1.32)

(48.20) (28.17)

(-43.77)(-37.73)

(-0.57) (1.52)

1.00
(44.56) (24.55) (0.73) (-3.69) (-0.04)

0.75
(4.29)

Wdeoh 490Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh 47 zkhq � @ 43 dqg % @ 3=41

Delta Mutant
Delta Incumbent

1.0000 1.0002 1.0001 0.9992 1.0000 1.0002 1.0000 1.0000 1.0002 0.9983

0.9998 1.0016 1.0000 0.9996 1.0000 1.0000 0.9998 1.0020 1.0000 1.0004

1.0000 0.9999 1.0000 0.9997 1.0000 0.9999 0.9998 1.0019 1.0000 1.0001

1.0001 0.9995 1.0001 0.9988 1.0000 1.0001 1.0001 0.9994 1.0001 0.9992

1.0001 0.9995 0.9999 1.0005 1.0000 1.0000 1.0000 1.0001 1.0000 0.9998

0.75 1.00

0.00
(-0.22) (0.98) (-0.19) (0.00) (2.14)

0.00 0.25 0.50

(-0.53)

0.50
(0.11) (0.44) (0.07) (-2.39) (-0.08)

0.25
(-2.01) (0.57)

(0.64) (1.52) (-0.11)

(-2.66)(-0.03)

(0.79) (1.14)

1.00
(0.64) (-0.67) (0.01) (-0.13) (0.27)

0.75

Wdeoh 4:0Phdq sd|r�v dqg vwdqgdugl}hg sd|r� gl�huhqfhv

iurp sod|lqj wkh jdph lq Iljxuh : zkhq � @ 4 dqg % @ 3=41

Uhihuhqfhv

^4` Dqghuolql/ O1/ dqg K1 Vderxuldq +4<<8,= �Wkh Hyroxwlrq ri Dojrulwkplf

Ohduqlqj Uxohv= D Joredo Vwdelolw| Uhvxow/� Plphr/ Fdpeulgjh Xqlyhu0

vlw|1

^5` Eoxph/ O1/ dqg G1 Hdvoh| +4<<5,= �Hyroxwlrq dqg Pdunhw Ehkdylru/�

Mrxuqdo ri Hfrqrplf Wkhru|/ 8;+4,/ <0731

^6` ��� +5333,= �Li \rx*uh Vr Vpduw/ Zk| Duhq*w \rx UlfkB Eholhi Vhohf0

wlrq lq Frpsohwh dqg Lqfrpsohwh Pdunhwv/� Plphr/ Fruqhoo Xqlyhuvlw|1

^7` Exvk/ U1 dqg I1 Prvwhoohu +4<84,= �D Pdwkhpdwlfdo Prgho iru Vlpsoh

Ohduqlqj/� Sv|fkrorjlfdo Uhylhz 8;/ 64606561

5;



^8` Fdphuhu/ F1 dqg W0K1 Kr +4<<<,= �H{shulhqfh0Zhljkwhg Dwwudfwlrq

Ohduqlqj lq Qrupdo Irup Jdphv/� Hfrqrphwulfd/ 9:/ ;5:0;:71

^9` Ixghqehuj/ G1/ dqg G1 Ohylqh +4<<;,= Wkh Wkhru| ri Ohduqlqj lq Jdphv1

Wkh PLW Suhvv1

^:` Kduoh|/ F1 E1 +4<;4,= �Ohduqlqj wkh Hyroxwlrqdulo| Vwdeoh Vwudwhj|/�

Mrxuqdo ri Wkhruhwlfdo Elrorj|/ ;</ 94409661

^;` Krsnlqv/ H1 +5333,= �Wzr Frpshwlqj Prghov ri Krz Shrsoh Ohduq lq

Jdphv/� Plphr/ Xqlyhuvlw| ri Hglqexujk1

^<` Pd|qdug Vplwk/ M1/ dqg J1 U1 Sulfh +4<:6,= �Wkh Orjlf ri Dqlpdo Frq0

 lfw/� Qdwxuh/ 579/ 4804;1

^43` Pd|qdug Vplwk/ M1 +4<:7,= �Wkh Wkhru| ri Jdphv dqg wkh Hyroxwlrq ri

Dqlpdo Frq lfwv/� Mrxuqdo ri Wkhruhwlfdo Elrorj|/ 7:/ 53<05541

^44` Vdqgurql/ L1 +5333,= �H{shulhqfh0Zhljkwhg Dwwudfwlrq Ohduqlqj lq Qru0

pdo Irup Jdphv/� Hfrqrphwulfd/ 9;/ 4636046741

^45` Vwdko/ G1 R1 +5333,= �Dfwlrq0Uhlqirufhphqw Ohduqlqj Yhuvxv Uxoh Ohduq0

lqj/� Plphr/ Xqlyhuvlw| ri Wh{dv1

^46` Wkruqglnh/ H1 O1 +4;<;,= �Dqlpdo Lqwhooljhqfh= Dq H{shulphqwdo Vwxg|

ri wkh Dvvrfldwlyh Surfhvv lq Dqlpdov/� Sv|fkrorjlfdo Prqrjudskv 51

5<


