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Stochastic Better-Reply Dynamics in Games

By JENS JOSEPHSON™*

July 3, 2000

ABSTRACT. In Young (1993, 1998) agents are recurrently matched to
play a finite game and almost always play a myopic best reply to a frequency
distribution based on a sample from the recent history of play. He proves that
in a generic class of finite n-player games, as the mutation rate tends to zero,
only strategies in certain minimal sets closed under best replies will be played
with positive probability. In this paper we alter Young’s behavioral assumption
and allow agents to choose not only best replies, but also better replies. The
better-reply correspondence maps distributions over the player’s own and her
opponents’ strategies to those pure strategies which gives the player at least the
same expected payoff against the distribution of her opponents’ strategies. We
prove that in all finite n-player games, the limiting distribution will put posi-
tive probability only on strategies in certain minimal sets closed under better
replies. This result is consistent with and extends Ritzberger’s and Weibull’s
(1995) results on the equivalence of asymptotically stable strategy-sets and
closed sets under better replies in a deterministic continuous-time model with
sign-preserving selection dynamics.

Keywords: Evolutionary game theory, Markov chain, stochastic stability,
better replies

JEL classification: C72, C73

1. INTRODUCTION
Young (1993, 1998) develops a model where agents from each of n finite populations
every period are randomly chosen to play a finite n-player game. Each of the agents

forms beliefs of her opponents’ play by inspecting an independent sample of recent

*I am grateful for helpful comments from Jorgen Weibull, Martin Dufwenberg and Alexander
Matros. I also want to thank the Jan Wallander and Tom Hedelius Foundation for financial support.
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strategy realizations from a finite history of past play and calculating the correspond-
ing frequency distributions over her opponents’ pure strategies. She thereafter chooses
a pure strategy which is a best reply given her beliefs. With a small probability the
agents instead experiment or make mistakes and play any strategy at random. This
results in an ergodic Markov chain with a unique stationary distribution on the space
of histories.

In the present paper we alter Young’s behavioral assumption by allowing agents
to play not only best replies but also better replies given their beliefs. Formally, the
better-reply correspondence maps distributions over the player’s own and her oppo-
nents’ strategies to those pure strategies which gives the player at least the same
expected payoff against the distribution of her opponents’ strategies. The best-reply
and the better-reply correspondences have important properties in common. Among
other things, they both belong to the class of behavior correspondences (Ritzberger
and Weibull, 1995). This class contains upper hemi-continuous correspondences such
that the image of any product distribution includes the set of best-replies. The sim-
ilarities between the two correspondences imply that Young’s (1998) predictions in
weakly acyclic games and in 2 x 2 coordination games are unaffected if best replies
are replaced by better replies.

A product set of pure strategies is closed under the better-reply correspondence if
the image under this correspondence of every distribution with support in the set is
contained in the set. It is a minimal closed set if it does not properly contain a subset
with this property. Such sets are important in our analysis of the stochastic adaptive
model where agents apply the better-reply correspondence. We show that in finite
n-player games, as the experimentation probability tends to zero, only strategies in
certain minimal closed sets under better replies are played with positive probability.

This is analogous to the result in Young (1998) for the best-reply model. He proves
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that in a generic class of finite games, only strategies in certain minimal closed sets
under best replies will be played with positive probability in the limit.! Due to a
specific property of the better-reply correspondence, our result is valid for all games,
whereas Young have to assume the game is nondegenerate in a specific sense.

Our result is also consistent with and extends previous findings on deterministic
dynamics in a continuous-time setting. Ritzberger and Weibull (1995) prove equiv-
alence between asymptotically stable sets under sign-preserving selection dynamics
and closed sets under better-replies. Hence our model provides a way to select among
such asymptotically stable sets.

This paper is organized as follows. In Section 2 we present the stochastic process
and introduce basic definitions. Section 3 contains results on the convergence of the
stochastic process. In Section 4 we relate our findings to previous results on set-wise
stability under regular selection dynamics. Section 5 contains examples and Section
6 discusses extensions of the model. The proof of the main theorem can be found in

the Appendix.

2. MoOoDEL
The basic setting is similar to that of Young (1993, 1998). Let I" be a finite n-player

game in strategic form. Let X, be the finite set of pure strategies x; available to

player i € {1,....n} = N and let A(X;) be the set of probability distributions p;

! Another paper with a similar result is Josephson and Matros (2000) who also use Young’s
(1993) stochastic setup, but assume individuals are imitators who choose the strategy with the
highest average payoff in their sample. Under this behavioral assumption, for sufficiently small
mutation rates, strategies in certain minimal closed sets under the better-reply graph will be played
with arbitrary high probability. These sets are closely related to minimal closed sets under better
replies, but in other respects the dynamics and predictions in the model are quite distinct from those

in the present paper.
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over these strategies. Define the product sets X = [[X; and O(X) = ],

i A(X3)
with typical elements x and p respectively. Let p;(z;) denote the probability mass on
strategy x; and let p(x) = [[, 5 pi(2;). The notation z_; € Hj# X; and analogously
p_; € H#i A(X;) = O(X_;) is used to represent the strategies and distributions of
strategies of players other than i. Note that when we write “strategies” and “strategy-
tuples” we always refer to pure strategies and pure strategy-tuples. Let (1, ..., C, be
n finite and non-empty populations of agents. Each member of population C; is a
candidate to play role i in the game (G and has payoffs represented by the utility
function 7; : X — R, and expected payoffs represented by the function w; : J(X) —
R. In slight abuse of notation we write u;(z;,p_;) instead of u;(p;, p_;) if p;(z;) = 1.

The following two correspondences are instrumental in the subsequent analysis.

Definition 1. Let § = [[, 4 : O(X_;) - X be the best-reply correspondence,
defined by 3;(p-;) = {z; € X; | wilwi, p-:) — wi(@},p-:) > 0 Vo € X}

Definition 2. (Ritzberger and Weibull, 1995) Let v = [[~ : O(X) — X be the
better-reply correspondence, defined by vi(p) = {z; € X; | w;(zs, p—;) — wi(p) > 0}.

In other words ~; assigns to each product distribution p € (X)) those pure
strategies x; which give i at least the same expected payoff as p;.2 Note that the
better-reply correspondence is defined as a mapping from the product of the simplicies
for all players, whereas the best-reply correspondence is a mapping from the product

of only the opponents’ simplicies.?

2Tt is evident that «; is w.h.c. and §; (p) C v:i(p) for all players and product distributions. As will
be discussed below this implies that «y is a behavior correspondence (Ritzberger and Weibull, 1995).

3The best-reply correspondence can of course also be represented as a mapping from the set

of product distributions to the set of pure strategy-tuples 8 = [[, 5; : O(X) — X with G;(p) =
Bi(pi,p—i) for all p; € A(X;).
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Let t = 1,2,... denote successive time periods. The stage game I' is played once
each period. In period ¢, one individual is drawn at random from each of the n
populations and assigned to play the corresponding role. The individual in player
position 7 chooses a pure strategy x! from his strategy space X; according to a rule that

will be defined below. The strategy-tuple z* = (%, ..., 2%) is recorded and referred to

n
as play at time t. The history or state at time ¢ is the sequence h! = ('~ .. ')
where m denotes the memory size of all individuals. Let H = X™ be the finite set
histories of length m and let A be an arbitrary element of this set.

Strategies are chosen as follows. Assume an arbitrary initial history A™ = (z!, ..., 2™)
at time m. In every subsequent period each individual drawn to play the game in-
spects s plays drawn without replacement from the most recent m periods. The
draws are independent for the various individuals and across time. For each z; € X,
let p;(x; | h) be the conditional probability that agent i chooses strategy x; given
history h. We assume that p;(x; | h) is independent of ¢ and that p;(x; | h) > 0 if and
only if there exists a sample of size s from the history h, consisting of n independent
draws and with a sample distribution of p € O(X), such that z; € v;(p), where ~;
is the better-reply correspondence defined above. Unlike in Young (1993, 1998), the
individuals here play a better reply and not a best reply to this sample distribution.

Given a history h! = (z'~™*!

,...,x") at time ¢, the process moves in the next
period to a state of the form At = (z™%2 . z' z'1). Such a state is called
a successor of h'. Our behavioral assumptions imply that the process moves from
a current state h to a successor state A’ in each period according to the following
transition rule. If z is the rightmost element of h, the probability of moving from h
to h'is P,?,’[,n’s’o = [1I;_ pi(z; | h) if B is a successor of h and 0 if 1/ is not a successor of

h. This defines a finite Markov chain on the finite state space of histories H. We call

the process P79 ~_adaptive play with memory m and sample size s. We generally



Stochastic Better-Reply Dynamics in Games 6

refer to it as the unperturbed process. A recurrent class Fj of the process P70
is a set of states such that there is zero probability of moving from any state in the
class to any state outside, and there is a positive probability of moving from any state
in the class to any other state in the class. A state h is absorbing if it constitutes a
singleton recurrent class.

We also define a perturbed process in a manner completely analogous to Young
(1993, 1998). Formally, in each period there is some small probability ¢, that player
i experiments by choosing a strategy at random from X; instead of according to
the better-reply correspondence. The event that i experiments is assumed to be
independent of the event that j experiments for every j # i. For every i let ¢;(x; | h)
be the conditional probability that 7 chooses z; € X;, given that ¢ experiments and
the process is in state h. We assume that ¢;(z; | h) is independent of ¢ and that
g;(x; | h) > 0 for all z; € X;. Suppose that the process is in state h at time ¢. Let
J be a subset of j players. The probability is €/(1 — £)" 7 that exactly the players
in J experiment and the others do not. Conditional on this event the transition
probability of moving from h to 1 is Qj, = [1,c, @i(; | h) Hi¢in<a7i | h) if B is a
successor of h and x is the rightmost element of h' and 0 if &/ is not a successor of
h. This gives the following transition probability of the perturbed Markov process:
PLTOT = (1— 5)"P,?,’f,n’s’0 + EJCN,J;&(B g1 —)n= Q] . We call the process P7™%¢
v-adaptive play with memory m, sample size s, experimentation probability = and
experimentation distributions q;.

This process is irreducible and thus has a unique stationary distribution p*. We
study this distribution as ¢ tends to zero. In our analysis we use the following standard
definitions. A state h is stochastically stable if lim. o p°(h) > 0. For each pair of
distinct recurrent classes Ey, and Ej, a kl-path is a sequence of states ¢ = (h', h%..., h9)

that begins in £} and ends in F;. The resistance of this path is the sum of the
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resistances on the edges that compose it. Let r; be the least resistance over all kl-
paths. Construct a complete directed graph with one vertex for each recurrent class.
The weights on the directed edge Ej, — E; is r3;. A tree rooted at Ej is a set directed
edges such that, from every vertex different from Fj, there is a unique directed path
in the tree to E;. The resistance of a rooted tree is the sum of the resistances on the
edges that compose it. The stochastic potential p(F;) of a recurrent class £ is the

minimum resistance over all trees rooted at E.

3. RESULTS
In this section we investigate the properties of the limiting stationary distribution of
~v-adaptive play as the experimentation probability tends to zero.* In what follows
we will refer to the stochastic process in Young (1993, 1998) as (-adaptive play in
order to distinguish it from ~y-adaptive play. We will first prove our main result, that
in finite n-player games the limiting distribution of y-adaptive play puts positive
probability only on histories with support in certain minimal closed sets under better
replies. This result is similar to Theorem 7.2 in Young (1998) for J-adaptive play,
but holds more generally. Thereafter we will show that two other results in Young

hold also for y-adaptive play.

3.1. Stochastic Stability of Minimal Closed Sets under Better-Replies.
In order to state our main result some further definitions are needed. Let X be the
collection of all nonempty product sets ¥ C X. Let A(Y;) be the set of probability

distribution with support in Y; and let O(Y) = J]..» A(Y;) be the corresponding

€N

product set.

Definition 3. (Ritzberger and Weibull, 1995) A set Y € X is closed under better
replies if v(O(Y)) CY. A set Y € X is a minimal closed set under better replies if

4This limiting distribution exist by Lemma 2 and Theorem 5 in the Appendix.
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it is closed under better replies and contains no proper subset with this property.

Important to our analysis is the following lemma, which implies that our main
theorem applies to any finite game and not only to a generic class of games as the
corresponding theorem in Young (1998). Define 4 as the better-reply correspondence
with pure strategy domain. That is ¥ = [[%; : X — X, where
Yilz) = {z} € X; | mi(y, m) — mi(x) = 0.

Lemma 1. Ifz; € v;(p), then there exists a pure strategy-tuple y € X with p(y) > 0
such that z; € %(y).

PROOF: This proof uses the multilinearity of the function u;. Consider an arbi-
trary distribution p € (X)), and a pure strategy z; € X; such that z; € v;(p). We
will first show that Jy; € X; with p;(y;) > 0 such that w;(x;, p—;) — w;(y;, p—i) > 0.
By definition of the better-reply correspondence we have that u;(x;, p_;) — u;(p) > 0.
Write this difference in the following way:

u; (i, p—i) — wi(p) = Z piys) [wi@i, p—i) — wi(ys, p—4)] - (1)
Vi€ X5
Clearly, if the left-hand side is non-negative, at least one of the terms in the sum
on the right-hand side with p;(y;) > 0 must be non-negative. Hence Jy; € X; with
pi(y;) > 0 such that w;(z;,p_;) — u;(y;, p_s) > 0.

Second, write the last difference in the following way:

wilws,pi) = wiyi,pi) = Y poily-) milwy i) — mly o). (2)

Yy€X 4
By the same logic as above, if the left-hand side is non-negative, at least one of the
elements in the sum on the right-hand side with p_;(y_;) > 0 must be non-negative.

Hence Jy € X with p(y) > 0 such that m;(x;,y ;) — m(y) > 0 Q.E.D.
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Lemma 1 says that if a pure strategy z; is a better reply to the product distribution
p, then there also exists a pure strategy-tuple in the support of p to which z; is a
better reply. This implies that the set of better replies to all product distributions
over a particular product set of pure strategy-tuples is identical to the set of better

replies to the product set of pure strategy-tuples.
Corollary 1. v (O(Y)) =7 (Y) for all Y € X.

It is worth noting that a result analogous to Lemma 1 does not hold for the
best-reply correspondence. Consider the game in Figure 1, and the distribution p* =
((%, %, 0), (%, %)) with the associated expected payoff uy(p*) = % to player 1. Clearly,
C' is a best reply for player 1 to p}, and hence also a better reply to p*. Moreover,
there exists a pure strategy-tuple (B,a) in the support of p* to which C is a better

reply. However, there exists no pure strategy in the support of pj to which C is a

best reply since ﬂfl(C') = {ps € A(X>) | % < pafa) < %}

a b
Al13,1]0,0
B10,0]3,1
Cl2,0]20

FiGURE 1

Recall that H = X™ is the space of histories. Let H’ be a subset of this set and
let S(H') be the span of this subset, i.e. the product set of all pure strategies that
appear in some history in H'. H' is a minimal configuration closed under y if S(H')
is a minimal closed set under better replies. We can now state the main theorem of

the paper.

Theorem 1. Let I' be a n-player game on the finite strategy space X and let P7"™%¢
be y-adaptive play. If s/m is sufficiently small and s is sufficiently large, the unper-

turbed process P79 converges with probability one to a minimal configuration
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closed under . If, in addition, ¢ is sufficiently small, the perturbed process P7"™%¢
puts arbitrarily high probability on the minimal configuration(s) closed under 7y that

minimizes the stochastic potential.

PROOF: See the Appendix.

Theorem 1 resembles Theorem 7.2 in Young (1998, p. 111) but does not require
the game to be nondegenerate in any sense. This simplifies the first part of the proof
which in other respects is analogous to Young’s proof. Young requires that the game

belong to the generic class of games with the following property.

Definition 4. (Young, 1998) I' is nondegenerate in best replies (NDBR) if for every
i and every z;, either (3, 1(371) is empty or it contains a nonempty subset that is open

in the relative topology of (X ;).

3.2. Other Results. We will now proceed by demonstrating that two other re-
sults for (-adaptive play in Young (1998) can be obtained for y-adaptive play in a
straightforward manner. These results follow since y-adaptive play is a regular per-
turbed Markov process (see the Appendix) and since by the definition of the better-
reply correspondence 3(p) C v(p), and v(p) = x with p(z) = 1 if and only if = is a
strict Nash equilibrium.

Young shows that a state h is an absorbing state of 3-adaptive play if and only if
it consists of a strict Nash equilibrium played m times in succession. He calls such a
state a convention. Due to the two last properties mentioned above, the same relation
holds also for y-adaptive play. It is clear that an absorbing state of this process must
be a state on the form h = (z,...,z). Moreover, £ must be a unique better reply to
a distribution p with p(z) = 1 and hence a strict Nash equilibrium. Conversely, any
state consisting of m repetitions of a strict Nash equilibrium is clearly an absorbing

state.
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Theorem 2. Let I' be a 2 X 2 coordination game, and let P7""™%¢ be y-adaptive play.
(1) If information is sufficiently incomplete (s/m < 1/2), then from any initial state,
the unperturbed process P7"™%° converges with probability one to a convention and
locks in.

(ii) If information is sufficiently incomplete (s/m < 1/2), and s and m are sufficiently
large, the stochastically stable states of the perturbed process correspond one to one

with the risk-dominant equilibria.

PROOF: Replace the words “best reply” and “best replies” by “better reply” and
“better replies”, and delete ”therefore” on line 31 p. 69 in the proof of Theorem 4.2
in Young (1998, pp. 68-70). Q.E.D.

Given n-player game I' with finite strategy space X = []X;, associate each
strategy-tuple z € X with the vertex of a graph. Draw a directed edge from vertex
x to vertex 2/ if and only if: 1) there exists exactly one player i such that x; # z,
7 (2, x_;) > m; (x) and ii) there does not exist z # z; and z! # 1z such that
i (x),x_;) > m (), x_;) > m; (x). The graph obtained in this manner is called a
better-reply graph (Josephson and Matros, 2000). A better-reply path is a sequence of

the form !, 22

, ..., ' such that each pair (27, z7™) corresponds to a directed edge in
the better-reply graph. We say that a game is weakly acyclic in ~y if there from every

vertex exist a directed path to a sink, a vertex with no outgoing edges.

Theorem 3. Let I' be a game weakly acyclic in v, and let P7""™%¢ be y-adaptive

m,s,0

play. If s/m is sufficiently small, the unperturbed process P converges with
probability one to a convention from any initial state. If, in addition, ¢ is sufficiently
small, the perturbed process puts arbitrarily high probability on the conventions(s)

that minimize stochastic potential.
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PrOOF: Replace P™%° by P7"™%° and the words “best replies” and “best-reply

path” by “better replies” and “better-reply path” respectively in the proof of Theorem
7.1 in Young (1998, pp. 163-164). Q.E.D.

Clearly if a game is weakly acyclic in 3 (that is weakly acyclic according to Young’s
(1998) definition), then it is also weakly acyclic in . The opposite may not hold, as
illustrated by the game in Figure 4. In this game there is a better-reply path from
any vertex to {C} x {c}, but no best-reply path from any vertex in {A, B} x {a,b}

to this unique sink.

a b c
Al121]1,2]0,0
B10,212,1]0,0
C|1,0]10,0]22

FIGURE 2

4. RELATION TO REGULAR SELECTION DYNAMICS
In this section we relate the above result concerning the connection between mini-
mal sets closed under better replies and stochastically stable states under v-adaptive
play to Ritzberger’s and Weibull’s (1995) findings in a deterministic continuous-time
model. Apart from the stochastic element in our model, there is another important
difference between the approaches in these two models. Whereas we make detailed
assumptions about individual behavior in the sense that all individuals are assumed
to apply a specific adaptive rule, Ritzberger and Weibull (1995) make general as-
sumptions about aggregate population dynamics. Yet, there is a clear connection
between the results in the two models, as will be discussed below. We first reprint

two definitions and an important theorem from Ritzberger and Weibull (1995).

Definition 5. (Ritzberger and Weibull, 1995) A regular selection dynamics on (X))
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is a system of ordinary differential equations: p¥ = fF(p)pt Vk =1,...,|X;|, Vi € N
with f; : O(X) — RIXil and f = [ Ly fi is such that

(i) f is Lipschitz continuous on (X))

(ii) fi(p) - pi = 0 Vp € O(X), Vi € N.

Definition 6. (Ritzberger and Weibull, 1995) A sign-preserving selection dynamics
(SPS) is a regular selection dynamics such that for all i € N, all p € O(X) and all
z¥ such that p;(zF) > 0 w;(z¥,p_;) < u;(p) < fF(p) <O.

Theorem 4. (Ritzberger and Weibull, 1995) For any SPS dynamics and any set

Y € X, O(Y) is asymptotically stable if and only if Y is closed under better replies.

We can make two general observations by comparing Theorem 1 with Theorem
4. First, our result is consistent with that for SPS dynamics in the sense that the
limiting distribution of y-adaptive play puts positive probability only on histories
with support in sets which are asymptotically stable in SPS dynamics. Second, our
result provides a tool for selection among different asymptotically stable sets. The
unperturbed process selects those asymptotically stable sets which correspond to
minimal closed sets under better replies and the perturbed process those minimal
closed set(s) that minimize the stochastic potential.

In interpreting the above results it is important to keep in mind the distinction
between asymptotic stability and stochastic stability. Asymptotic stability refers
to robustness against small one-time shocks. It is a local property since it only
assures that nearby points will converge to the stable set. Stochastic stability refers
to robustness against perpetual random shocks. It is a global property in the sense
that the perturbed process, independently of the initial state, in the long run will

spend most of the time in the stochastically stable states.
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5. EXAMPLES

Consider the 2-player game in Figure 3, taken from Young (1998). This game has
two closed sets under better replies, X and {D} x {d}, of which the latter is a
minimal set. This set is also the unique minimal closed set under best replies. Young
shows that this game is nondegenerate in best replies since strategy B is a best reply
to a set of distributions which is neither empty nor contains a set open in (X5).
The unperturbed version of G-adaptive play has two recurrent classes, one with span
{A,C} x {a,c} and one with span {D} x {d}. However, it is easy to see that B
is a better reply to several pure strategy-tuples and by Theorem 1 y-adaptive play
converges with probability one to the state h = ((D,d), ..., (D,d)). By Theorem 4,
{D} x {d} is asymptotically stable under SPS dynamics.

a b c d

A 0,1 0,0 2,0 0,0

B2/(1++v2),0] -1,1/2|2/(1++/2),0]0,0

C 2,0 0,0 0,1 0,0

D 0,0 1,0 0,0 2,2
FIGURE 3

The game in Figure 4 is nondegenerate in 3. It has four sets closed under 3: X,
Y ={B} x{b} and Z ={A, B} x {a,b} and T = {C'} x {c}. It has three sets closed
under v: X, Y and T. The two minimal closed sets under (3 are identical to the
two minimal closed set under v: Y and 7. According to Theorem 4, O(X), O(Y)
and [J(T") are asymptotically stable under SPS dynamics. By Theorem 1 it follows
that the unperturbed version of y-adaptive play converges with probability one to
either Y or T'. Moreover, it is easy to check that 1" has minimum stochastic potential

implying that the state h = ((C, ¢), ..., (C, ¢)) is stochastically stable.
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a b c
Al125]125]0,0
B10,0]3,1]0,0
C|11,3]10,0]|4,4

FIGURE 4

6. EXTENSIONS
The better-reply and the best-reply correspondences both belong to the class of behav-
ior correspondences (Ritzberger and Weibull, 1995). Behavior correspondences are
upper hemi-continuous correspondences such that the image of any mixed strategy
profile includes the set of best-replies. We believe that the main result in this paper
can be extended in a straight-forward manner to other correspondences in this class
if it is assumed that the game is nondegenerate in a specific sense. In other words,
our conjecture is that each behavior correspondence ¢ give rise to a regular perturbed
Markov process and that the unperturbed version of this process converges with prob-
ability one to a minimal configuration closed under ¢. If, in addition, the mutation
rate is sufficiently small, the perturbed version of the process puts arbitrarily high
probability on the minimal configuration(s) closed under ¢ that minimize stochastic
potential. This result requires that the set of replies to all sample distributions over
a particular set be identical to the set of replies to all possible distributions over the
same set. For some correspondences, such as the best-reply correspondence, this is
assured if it is assumed that the game fulfils certain conditions. For other correspon-

dences, like the better-reply correspondence, such an assumption is not needed.
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APPENDIX

Definition 7. (Young, 1998) P¢ is a regular perturbed Markov process if P° is ir-
reducible for every £ € (0,2*], and for every h,h' € H, Pf,, approaches PP, at
an exponential rate, i.e. lim. .o FPf,, = Pp, and if Pf,, > 0 for some € > 0, then

€

0 < lim._,g ?IT’;’, < oo for some 735, > 0.
Lemma 2. v-adaptive play is a regular perturbed Markov process.

PROOF: This proof follows Young (1998, p. 55) closely. The process P7"™*¢ oper-
ates on a the finite space X™ of length-m histories. Given a history h = (z!, 2% ..., ™)
at time ¢, the process moves in the next period to a state of form 1/ = (2%, z*..., 2™ x)
for some z € X. Recall that any such state h' is said to be a successor of h. Be-
fore choosing an action, an agent in player position 7 draws a sample of size s from
the m previous choices in h for each population j € {1,...,n} (including his own),
the samples being independent among distinct populations 7. The action z; is an
idiosyncratic choice or error if and only if there exists no set of n samples in h (one
from each population j) such that x; € +;(p), where p is the product of the frequency
distributions. For each successor b/, let 74, denote the total number of errors in the
rightmost element of //. Evidently 0 < 73, < n. It is easy to see that the probability
of the transition h — h' is on the order of ™/ (1 — £)" "', If B is not a succes-
sor of h, the probability of the transition h — A’ is zero. Thus the process P7"™%¢

approaches P70 at a rate that is approximately exponential in &; furthermore it

is irreducible whenever ¢ > 0. It follows that P7""™%¢ is a regular perturbed Markov

process. Q.E.D.

Theorem 5. (Young, 1998) Let P° be a regular perturbed Markov process and let p°

be the unique stationary distribution of P° fore > 0. Then lim,_,o u° = p° exists, and
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is a stationary distribution of P°. The stochastically stable states are precisely those
states that are contained in the recurrent classes of P® having minimum stochastic

potential.

PROOF OF THEOREM 1: Except for the first part, this proof is analogous to
the proof of Theorem 7.2 in Young (1998, pp. 164-166). In order to prove the first
claim, we show that for sufficiently large s and sufficiently small s/m, the spans of the
recurrent classes of the unperturbed process correspond one to one with the minimal
sets closed under v of the game.

First note that by Corollary 1 ~;(d(Y)) = 4;(Y) for all Y € X. This implies that
the set of better replies to the distributions on an arbitrary set of strategy-tuples is
identical to the set of better replies to the sample distributions on the same set.

For each product set Y and player i, define the mapping %;(Y) = Y; U (O(Y))
and ¥(Y) = [[%(Y). Choose m such that m > s|X|. Furthermore, fix a recurrent
class B, of P7™%% and choose any h® € E} as the initial state. We shall show that
the span of Ej, S(F%), is a minimal closed set under . It is evident that there is a
positive probability of reaching a state h! in which the most recent s entries involve a
repetition of some fixed z* € X. Note that h! € E}, because Ej is a recurrent class.

Let %U) denote the j-fold iteration of 4 and consider the nested sequence:

{z} CH({a"}) Y ({a"}) € .. AV ({2} € . (3)

Since X is finite, there exists some point at which this sequence becomes constant,
say, ¥ ({z*}) = ¥V ({z*}) = Y*. By construction, Y* is a set closed under 7.
Assume %({z*}) # {z*} (otherwise the following argument is redundant). Then
there is a positive probability that, beginning after the history h', some z' € §({z*})\{z*}
will be chosen for the next s periods. Call the resulting history h?. Then there is a
positive probability that z% € ¥({z*})\{z*,2'} will be chosen for the next s periods
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and so forth. Continuing in this way one eventually obtains a history h* such that
all elements of ¥({z*}), including the original {z*}, appear at least s times. All that
is needed to assume is that m is large enough so that the original s repetitions of x*
have not been forgotten. This is assured if m > s|X|. Continuing this argument it is
clear that there is a positive probability of eventually obtaining a history A* in which
all members of Y* appear at least s times within the last s|Y| periods. In particular,
S(h*) contains Y* which by construction is a set closed under .

We claim that Y* is a minimal closed set under . Let Z* be a minimal closed
set under 7 contained in Y*, and choose z* € Z*. Beginning with the history h*
already constructed, there is a positive probability that z* will be chosen for the next
s periods. After this, there is a positive probability that only elements of ¥({z*})
will be chosen, or members of ¥%({z*}), or members of ¥*({z*}), and so on. This
happens if agents always draw samples from the new part of the history that follows
h*, which they will do with positive probability.

The sequence ’vy(k)({z*}) eventually becomes constant with value Z*, because Z*
is a minimal closed set under . Moreover, the part of the history before the s-fold
repetition of x* will be forgotten within m periods. Thus there is a positive probability
of obtaining a history h** such that S(h**) C Z*. From such a history the process
P™%0 can never generate a history with members that are not in Z* because Z* is a
set closed under .

Since the chain of events that led to h** began with a state in Ej, which is a
recurrent class, h** is also in Ej; moreover, every state in Ej, is reachable from A**. It
follows that Y* C S(Ey) C Z*, from which it can be concluded that Y* = S(FE}) =
AN

Conversely, we must show that if Y* is a minimal closed set under +y, then Y* =

S(Ey,) for some recurrent class Fj of P7ms0  Choose an initial history h° that
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involves only strategies in Y*. Starting at h°, the process P7*9 generates histories
that involve no strategies that lie outside of S(h%), ¥(S(h°)), ¥®(S(h°)) and so on.
Since Y* is a set closed under -y, all of these strategies must occur in Y*. With
probability one the process eventually enters a recurrent class, say Fy. It follows
that S(Ey) € Y*. Since Y* is a minimal closed set under v, the earlier part of the
argument shows that S(Fj) = Y*. This establishes the one to one correspondence
between minimal sets closed under v and the recurrent classes of P70,

The second claim of Theorem 1 now follows from the fact that «y-adaptive play,
by Lemma 2, is a regular perturbed Markov process, and by Theorem 5 which states
that the stochastically stable states of such a process are the states that are contained
in the recurrent classes of the unperturbed process with the minimum stochastic

potential.
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