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Abstract
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conditional quantile function. Applications of the results deal with global opti-
mal consistency rates of the local polynomial quantile estimator, performance
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tion. The latter allows to obtain a simple estimator of the conditional quantile
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1. INTRODUCTION

Consider independent and identically observations (X,Y), (X1,Y1),...,(Xn,Y,) where YV
is a real random variable and X is a random vector of dimension d. Define, for « in (0, 1), the

loss function

(1.1) la(q) = lg| + (2a —1)g=2¢(a —I(g < 0)), ¢ in R,

where R stands for the set of real numbers. It is well known that

(1.2) Qalr)=arg inf E[fa(Y —q) |X = 2]

is the conditional quantile of ¥ given X = x. When d = 1, the local polynomial estimator of
order p of Q(alz) is Qn(alz) = bo(es h, z) where, for b = (by, ..., by)",

n
~ b X, —
(1.3) b(a;h,z) = arg min ly (Yi—bo—bl(Xi—x)—---—;(Xi—x)p>K< ! :c)

beRp+1 4 h

i=
In the expression above, p! is the factorial p X (p — 1) x -+ x 1, K(+) is a kernel function and
h is a smoothing parameter which goes to 0 with the sample size. As noted in Fan and Gijbels
(1996, Chapter 5), the local polynomial estimator @h(a|x) is a modification of the Least Squares
local polynomial estimator of a regression function which uses the square loss function in (1.3)

instead of the loss function ¢, (-). A Taylor expansion

9Q(clz)

ox

107Q(afz)

Q(alX:) = Q(alr) + o

(XZ'—J?)-F"‘—F (Xi—x)p

suggests that by (a; h, z), . .. ,Bp(a; h,x) estimate the partial derivatives 0Q(«a|x)/0z provided
Q(«ax) is smooth enough. As detailed in Section 2 and studied throughout the paper, the local
polynomial estimator Qp,(c|z) has a natural extension which covers the multivariate case d > 1.

Robust local polynomial estimation of a regression function and its derivatives, including
quantile methods, has already been considered in many research articles. See in particular Tsy-
bakov (1986) for optimal pointwise consistency rates, Fan (1992) for design adaptation, and
Fan and Gijbels (1996) and Loader (1999) for a general overview. The present paper is perhaps
more specifically related to Truong (1989), Chauduri (1991) and Kong, Linton and Xia (2009).
Truong (1989) showed that local median estimators achieve the global optimal rates of Stone
(1982) with respect to L,, norms, 0 < m < oo, for conditional quantile function satisfying a Lip-
schitz condition. Chauduri (1991) obtained a Bahadur representation for the local polynomial
quantile estimators when the kernel function K(-) of (1.3) is uniform. In few words, a Bahadur
expansion is an approximation of Q,(a|z) — Q(a|z) by a bias term plus a leading stochastic term
up to remainder term with an explicit order. The Bahadur representation of Chaudhuri (1991) is
pointwise, that is holds for some prescribed x and « and a given deterministic bandwidth h — 0.
As explained and illustrated in Kong et al. (2009), pointwise Bahadur representations are not

sufficient for many applications including plug in estimation of conditional quantile functionals
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or marginal integration estimators. Hence Kong et al. (2009) derived a uniform Bahadur repre-
sentation for robust local polynomial estimators. Here uniformity is with respect to the location
variable x and Kong et al. (2009) mostly focus on the study of the remainder term under the
difficult framework of dependent observations. In this work, we extend the scope of uniformity
to the quantile level o and the bandwidth h. We study the bias term and the Bahadur remainder
term uniformly in «, h and z for local polynomial quantile estimators.

A first contribution given in Theorem 1 below deals with the study of the bias of local
polynomial quantile estimators. Most of the literature has focused on the case where the order
p of the local polynomial is equal to the order of differentiability of z +— Q(«|x), say s. This is
somehow unrealistic since it amounts to assume that s is known. Since the case where p < s
can be easily dealt with by ignoring derivatives of order higher than p + 1, we focus in the
more interesting case where p > s, which has apparently not been considered in the statisti-
cal and econometric literature. As shown in Corollary 1, a local polynomial quantile estimator
with p > s still allows to estimate Q(a|z) with the optimal rate n=%/(st9 of Stone (1982).
This suggests that local polynomial estimators using high order p should be preferred since they
allow to estimate in an optimal way a wider range of smooth conditional quantile functions. An-
other interesting conclusion of our bias study is that the additional local polynomial coefficients
Zv(a; h,z),v=s+1,...,p can diverge and Proposition 1 describes a simple example where it
indeed happens. Such finding contrasts with standard regression models where standard t-tests
can be used to remove a useless covariate. In the local polynomial setup, a high value of the vth
t-statistic may also correspond to a non smooth quantile function in which case a lower degree
p < v could have been used. This shows that relying on standard interpretation of ¢-statistics is
misleading in the context of local methods.

Our uniform study of the Bahadur remainder term, namely Theorem 2, is the second main
contribution of the paper. A third contribution builds on the fact that Theorems 1 and 2 hold
uniformly with respect to x in a compact inner subset of the support of X. Combining these
results with a study of the stochastic part of the Bahadur representation allows us to show that
the local polynomial quantile estimator achieves the global optimal rates of Stone (1982) for the
L, and uniform norms provided the bandwidth goes to 0 with an appropriate rate. This result,
stated in Corollary 1, is apparently new and extends Truong (1989) which is restricted to Lipshitz
quantile functions, or Chauduri (1991) who considers pointwise optimality. A fourth contribution
uses the fact that Theorems 1 and 2 hold uniformly with respect to h in an interval [h, k).
Proposition 2 shows that a random bandwidth performs as well as its deterministic equivalent
counterpart with respect to convergence rates of the uniform norm sup, ‘Q\h(a\m) — Q(alx)|.
Such a result gives a solid theoretical basis to Li and Racine (2008) suggestion of choosing
the local polynomial bandwidth A via a simpler cross validation procedure for the conditional
cumulative distribution function.

A fifth contribution exploits uniformity with respect to the quantile order . Uniformity

in « is important per se for quantiles due to graphical representations that uses several values
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of a when plotting x — Q(«|z) to better illustrate the dependence relation between Y and X.
Proposition 3 extends this scope of applications by considering estimation of the conditional

quantile density function

~0Q(alz) 1
(14) 1ln) = =50~ = FQEml)

As argued in Parzen (1979), the quantile density function ¢(«|z) or its inverse 1/q(a|z) is a

renormalization of the density function f(y|z) which is well suited for statistical explanatory
analysis. The function g(ax) is also crucial for quantile based statistical inference. Indeed, the
asymptotic variance of @h(a|x) is proportional to
1 ol -«
nh ¢(alz) f (x)

where f() is the marginal density of X, see Fan and Gijbels (1996, p. 202). Hence estimating
g(|z) is useful to estimate the variance of Qp(alz). As noted in Guerre, Perrigne and Vuong
(2009), the conditional quantile density function plays an important role in the identification of
first-price sealed bids auction models. Under the independent private values paradigm and risk
neutrality, the conditional quantile function of the private values QV(«|z) satisfies
ag’(alx)

I-1"°

where Q°(a|z) and ¢®(a|z) are the conditional quantile function and quantile density function

Q" (alzr) = Q"(alz) +

of the bids. Hence estimating Q°(a|z) and ¢®(a|z) gives a straightforward estimation of the
conditional quantile function of the private values QV(«|z) which is an alternative to the two
steps approach of Guerre, Perrigne and Vuong (2000). See Marmer and Shneyerov (2008) for a
related estimation strategy.

There is however just a few references that address the estimation of ¢(«|z). For a related
function g(a|x)0F (Q(alx)|z)O0x, Lee and Lee (2008) use a composition approach which estimates
OF (y|x)/0x, f(y|z) and Q(a|z) = F~(alr). Marmer and Shneyerov (2008) proceed similarly.
Xiang (1995) proposes the estimator

hlq/ﬁl (@ + hyalz) dK ,(a),

where F(y|z) is a kernel estimator of the conditional cumulative distribution function, Kq(-) a
probability distribution and hg a smoothing parameter. As argued in Fan and Gijbels (1996),
local polynomial estimators may have better design adaptation properties than kernel ones.
Hence we propose to use the local polynomial @h(a\x) instead of the kernel ﬁ’l(a\x). Thanks
to uniformity with respect to o in Theorems 1 and 2, the resulting conditional quantile density
function estimator g(«|x) has a simple Bahadur representation which facilitates the study of its
consistency rate, see Proposition 3.

The rest of the paper is organized as follows. The next section groups our main assumptions

and notations and explained in particular how to extend (1.3) to multivariate covariates. Section
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3 exposes our main results and Section 4 concludes the paper. The proofs of our statements are

gathered in two appendices.

2. MAIN ASSUMPTIONS AND NOTATIONS

The definition (1.3) of Qp(a|z) assumes that the covariate X is univariate. In the mul-
tivariate case, we use a multivariate kernel function K(z) = K(z1,...,z4) but we restrict
to an univariate bandwidth for the sake of simplicity. The univariate polynomial expansion
bo+b1 (X; —x)+---+bp (X; — )P /p! is replaced by a multivariate counterpart as defined now.
Let N be the set of natural integer numbers. For v = (vq,...,vq) let |v] = v; + -+ + vg and
let P be the number of v’s with |v| < p. Then a generic expression for multivariate polynomial
function of order p is, for b in R,

U(z)'b = Z bvi7 where 2V = 2{' x -+ x 204, U(z)" = (ZV, [v| < p) .
vilv|<p v M
In the expression above, the vectors v of N® are ordered according the lexicographic order. The

multivariate version of the local polynomial estimator (1.3) is

(2.1) b(a;h,z) = arg min £, (b;a,h,z) with
beRF
Ln(bja,h,z) = iznje (Y-—U(X-—x)Tb)K Xi—w
n b ) Y nhd — (0% K] K3 h .

As in the univariate case, the entry bo(a; b, z) = Qn(a|z) of b(a; b, z) is an estimator of Q(alz).
The entry Ev(oz; h,x) can be viewed as an estimator of the partial derivative

b (ala) - 0"QLal)

- V1 Vd
oxit x --- x Oz,

provided this partial derivative exists. A convenient way to assume its existence is to suppose
that Q(-|-) is in a suitable modification of the standard Holder class considered in Chauduri
(1991). Consider a subset [a, @] of (0,1) over which Q(«|z) or its partial derivatives will be
estimated. Let |[s] be the lowest integer part of s, i.e. |s] is the unique integer number with
|s] <s<|s]+1. Then Q(:|) is in C(L,s), L,s > 0, if
(i) for all & in [, @],  — Q(a|x) is |s]-th continuously differentiable over the support X
of X;

(ii) for all v in N¢ with |v| = |s], all a in [, @], all 2, 2" in X,
bw (al) = by (ala)] < L|o ="
where || - || stands for the Euclidean norm.

Since the estimators by (a; b, z) of the partial derivatives by (a|z) converge with different rates,

we use the diagonal standardization matrix

H = H(h) = Diag <h|"|,v e N?, [v] < p> .
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It is well known that local polynomial estimation techniques apply at the boundaries.
However we will focus on those x which are in an inner subset Xy of the support X of X
to avoid technicalities. Our main assumptions are as follows. Let B (0, 1) be the closed unit ball
{zeR?:|z|| < 1}.

Assumption X. The distribution of X has a probability density function f(-) with respect to
the Lebesgue measure, which is strictly positive and continuously differentiable over the compact

support X of X. The set Xy is a compact subset of the interior of X.

Assumption F. The cumulative distribution function F(-|-) of Y given X has a continuous
probability density function f(y|z) with respect to the Lebesgue measure, which is strictly positive
fory in R and z in X. The partial derivative OF (y|xz)/0x is continuous over R x X. There is
a Ly > 0, such that

[f(ylz) = f(12")] < Lo [[(z,y) = (", 9)]| for all (z,y), («',y) of X xR.

Assumption K. The nonnegative kernel function K (-) is Lipschitz over R?, has a compact sup-
port K and satisfies [ K(z)dz = 1. For some K >0, K(z) > K I(z € B(0,1)). The bandwidth
is in [Ry,, hn) with 0 < h, < hy, < 00, limy, o0 hyy = 0 and lim,, . (logn)/(nh%) = 0.

Assumption X is standard. Assumption F ensures uniqueness of the conditional quantile Q(«|z) =
F~!(a|r) in (1.2) and existence of the quantile density function (1.4). Assumption K allows for a
wide range of smoothing parameters h — 0 in [h,,, h,]. In the univariate case d = 1, Hong (2003)
restricts to bandwidths h = O(n’l/ (2p+3)), a condition which is not imposed here, and Chauduri
assumes that h has the exact order n=Y/ @+ In the simpler context of univariate kernel re-
gression, Einmahl and Mason (2005) assume h? > C(logn)/n to obtain uniform consistency so

that Assumption K is fairly general.

3. BIAS STUDY AND BAHADUR REPRESENTATION

Applying standard parametric M-estimation theory as detailed in White (1994) or van der
Vaart (1998) suggests that the local polynomial estimator B(a; h,z) of (2.1) is an estimator of
b*(a; h, z) with

(3.1) b*(a; h,x) = argbrrelliRrIle [ﬁa (Y ~U(X —a2)" b) K (X; x)} .

In particular, the conditional quantile estimator Qp,(a|x) = bo(av; b, x) is an estimator of Qj (alr) =
by(a; h,x) which may differ from the true conditional quantile Q(«|z) due to a bias term
Qj (a|z) — Q(alz). Studying this bias term can be done using the first-order condition

N N £
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and the Implicit Functions Theorem. This approach gives in particular the order of the differ-
ence between b} («; h,x) and the vth partial derivative by («|x) of Q(«|z) provided the partial

derivative exists.

Theorem 1. Assume that Q(-|-) is in a Holder class C(L,s) with |s] < p. Then under As-
sumptions F, K and X and provided h is small enough, there is a constant C such that for all
|v| < |s| and n large enough,

b (a; h,x) — by (ax)

o < CL.

sup
(a,h,z)E[a,a) x [h,h] x Xo

It follows that Q*(«o|z) — Q(a|z) = O(h®) and more generally that
il hy) = by (ala) = O (n*)

uniformly provided |v| < |s]. Since |s] < p, the bias order h*~IVl is not affected by the order p
of the local polynomial estimator. This bias order is better than the bias order hP= IVl lv| < p,
that would be achieved by suboptimal local polynomial estimators of lower order p < |s].

The proof of Theorem 1 establishes a slightly stronger result since it also gives the order of
the coefficients b% («; h, x) with |v| > |s| which correspond to partial derivatives that may not

exist. Indeed, equation (A.8) of the proof of Theorem 1 implies that
(3.2) by (c; h,z) = O (hs_lvl) for [v| > s

uniformly in (a, h,z) € [a,@] X [k, h] X Xy. See also Loader (1999, Theorem 4.2) which gives
a less precise b} (a; h,z) = o (h""‘). Hence the higher order polynomial coefficients b3 (o h, x),
|v| > s, may diverge when h > 0. That this may be indeed the case can be seen on a simple

regression example. Consider

lz|Y? if x>0
3.3 Y=m(X)+e, mz)= ,
(3:3) &0 (=) {—|a:|1/2 ifx <0

where the U ([—1,1]) random variable X and the N (0,1) ¢ are independent. Let ®(-) be the
cumulative distribution function of the standard normal A (0,1). In this example, Q(«a|z) =

®~1(a) +m(x) is at best in an Holder class C(L, 1/2) since, for L large enough,
Im(z) — m(a')| < L |z — x'|1/2 for all (x,2') € [-1,1)%,

an inequality that cannot be improved by increasing the exponent 1/2 as seen by taking x = 0
and ' — 0. The next Proposition uses the behavior of m(-) at = 0 to show that the rate given

in (3.2) is sharp.

Proposition 1. Suppose that (X,Y) satisfies (3.3). Let b*(a;h,x) = (b(c; h, ), bt (a; hy )"

from (3.1) be given by a local polynomial procedure of order 1. Then under Assumption K and
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[ 2K (2)dz = 0, b5(0.5; h,0) = m(0)+O(h'/?) and b5(0.5; h,0) diverges with the exact rate h='/2,
_ JIZPPE()dz

lim AY26*(0.5: h,0) = L2177 g
B0 1(0-5:,0) [ 22K (z)dz 7

We now consider the stochastic terms @h(a\x) — @} (a|z) and the rescaled
H (B(a; h,x) —b*(«; h,:r;)) )

Let us first introduce some additional notations. Local polynomial estimation builds on a Taylor
expansion of order p for 2’ in the neighborhood of z, Q(alz’) ~ U(z' — z)Tb,(a|x). Consider

the following counterpart of the Taylor approximation,

(34) Q*(x/; a, h, .ZE) — U(I" - x)Tb*(a, h, (E)
Define also S;(a; h,x) = S(X;, Yi; o, h,x) and J;(a; h, ) = J(X;; o, h, ) with

X, — X —
(3.5) Si(ash,x) = 2 {1(Y; < Q*(Xi;a, h,z)) — a} U ( - $> " ( E a:) |

(3.6)  Ji(ash,z) =2f (Q*(Xi;a, h,2) |X;) U (Xh_ z) U (Xh_ $>TK (Xh_ x) .

Since

U(X; —2)=HU (Xh_x>

and (1.1) gives

% (Yi—U(XZ-—x)Tb)K (Xh_x)

- 2{i(vizux-2)"b) —Q}U(X”_x)K<Xih_m>

almost everywhere, the variables S;(«; h, z) satisfy

o,

« H ¢
obT (b (Oé, h,:r),a,h,x) - nhd;SZ(a’h’x)

almost everywhere. Although the criterion function of (2.1) is not twice differentiable, it can be

shown that it admits a quadratic approximation with second-order derivatives

1 n
H <nhd ZJi(a;h,x)> H.
i=1

Classical results of White (1994) or van der Vaart (1998) for parametric estimation suggests

that a candidate approximation for b(a; h, z) — b*(a; h, ) is
1 o Rt
- (H (W;Ji(a;h,x)> H) nhd;Si(a;h,x)

n -1 n
_ 1 1
=1 i=1
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Hence the rescaled (nhd) 12y (B(a; h,x) — b*(a; h, x)) is expected to be close to

n -1 n
1 1
(3.7) Bn(a;h,x) = — (nhd i_zl-]i(OG h, $)> W Z_Zl Si(as h, ).

It follows from Lemma A.1 in Appendix A that §,(a;h,z) is asymptotically centered with

Bn(a; h,z) = Op(1). Our Bahadur representation result studies the error term
1/2 s
(3.8) E, (o h,z) = (nhd) H (b(a; h,z) — b*(as h, x)) — Bl hy ).

Techniques to study E,(«a;h,z) for a fixed argument «, h and z are given in Hjort and
Pollard (1993). See also Fan, Heckman and Wand (1995) and Fan and Gijbels (1996, p.210). In
our uniform setup, obtaining an uniform order for E,,(«; h, x) is performed using a preliminary

uniform study of a stochastic process we introduce now. Define first

Lln(ﬁ?“aham)

J i} H™'p .
= nh {En (b (i h,x)—}—mild)l/z;a,h,x) — L, (b (a;h,x);a,h,x)}

- . U(¥> * Xi—z
= Dot | Yim @ aa ke = | e 0@ (Ko K (F0),

which is such that
2\ 12 ~
(nh ) H (b(a; h,x) — b*(q; h,a:)) = arg mﬁinLln(ﬁ; a, h,x).
It then follows from (3.8) that
E,(a;h,z) = argminl, (8,(a;h,z), € a;h,x) where
(3.9) L, (B,e;a;h,x) = Lin(B+e€a,h,x)—Lin(6;a,h, ).

Hence the stochastic process L, plays a central role in our analysis. Especially useful is the

decomposition

L, (3,ea;h,z) = L2 (B, e; a3 h, ) + Ry, (B, €; a; h, ) where

1 - 1 1 <
0 . — (v T g (v
(3.10) L, (B, a;h,x) = (nhd)1/2 ;:1 Si(a;h,x)" e+ 5€ (nhd ;Zl Ji(oy h,x)) (e+20),

and R,, is a remainder term. Indeed, as noted in Fan et al. (1995) in the pointwise case, the order
of E,(a; h, x) is driven by the order of R,,. The proof of the next Theorem relies on an uniform
study of R,, based on a Talagrand Inequality under bracketing entropy conditions which plays

here the role of the Bernstein Inequality used in the pointwise framework of Hong (1993).



Theorem 2. Under Assumptions F, K and X,

log? (n) ) A
nh? '

sup IEn(as b 2)| = Op (
(a,h,z) €[, @] x [h,h] x Xo

In the case where the lower and upper bandwidths A and h have the same order, Theorem 2

gives uniformly in h in [h, h], a and

Qnlalz) = Qh(alz) + €g fa(as b, z) 0 (logn>3/4’

(nhd)1/2 nhd

where e is the first vector of the canonical basis of R”, which first coordinate is equal to 1 and
the other ones are equal to 0. For h of order n=/(2P*4) as studied in Chauduri (1991, Theorem
3.2), the order of the remainder term is n 30/ (2(2p+d)) logg/ 4n as found by this author. When
d = 1, Hong (2003) obtain the better order (loglogn/(nh))3/* but his Bahadur representation

only holds pointwisely in  and z. It can be conjectured that the order (logn/(nh®))3/4

is optimal
for Bahadur expansion holding uniformly with respect to x.
For higher order partial derivatives, Theorem 2 yields

b r i h 1 1 3/4
bv(OGh,J}) = b*(a;h7x) + M L ogn 7
(nh) /2 vl RV nhd

where the vth entry of ey is 1 and the other are 0, see also Hong (2003) for a pointwise version
of this expansion and Kong et al. (2009) for a version which is uniform with respect to z. Such
expansion can be used to study the pointwise asymptotic normality of the local polynomial
quantile estimator. Combining this Bahadur representation with the bias study of Theorem 1
gives a global rate result which is apparently new. The next Corollary extends the study of local

medians in Truong (1989).

Corollary 1. Assume that Q(«|z) is in C(L,s) for some |s| < p. Suppose that Assumptions F,
K and X hold. Then for all partial derivative order v with |v| < |s] and all o in [a, @],

() ([,

asymptotically proportional to n~ 2s+d;

s=|v]

~ m 1/m s=|v|
by (a;h,x)) — bv(a|$)‘ d:c) = Op (1) for any finite m > 0 provided h is

s=|v

by (a;h,x) — bv(a|x)’ = Op (log") 2T Gf hois asymptotically proportional to

n

(ii) supgex,

1
logn \ 2s+d
e .

Since the by («|x) are estimators of the partial derivatives of m(x) in a regression model as (3.3),
It follows from Stone (1982) that the global rates derived in Corollary 1 are optimal in a minimax
sense.

A second application builds on the uniformity with respect to the bandwidth A of our

Bahadur representation. The next Proposition allows for data-driven bandwidths.



10

Proposition 2. Consider a random bandwidth Tln such that ﬁn = Op(hy,) and 1/271 = Op(1/hy)
where hy, is a deterministic sequence satisfying hy, = o(1) and lim,, o (logn)/(nhd) = 0. Suppose
that Assumptions K, F and X hold and that Q(«lx) is in C(L, s). Then for any v with |v| < [s],

1/2
~ ~ ~ ~ 1
sup by (0 hp, ) — by(alz)| = h;MOp | B + ( 0§n>

(a,z)€[a,@] x Xo nhd
_ logn 1/2

In particular, if the exact order of hy, is (log(n)/n)Y/(2s+d) in probability,
sup |by (a;h,z) — (a|x)‘
rEX)
has the optimal order (log(n)/n)~IVD/Zs+d) of Corollary 1-(ii). It is likely that an L,, version of
Proposition 2 holds but it is slightly longer to prove. Proposition 2 can be for instance fruitfully
applied to cross-validated bandwidths for the conditional cumulative distribution as proposed
by Li and Racine (2008).

Our last application builds on the fact that Theorems 1 and 2 hold uniformly with respect
to the quantile order «. This application concerns estimation of the conditional quantile density
function (1.4). The considered estimator of g(a|x) is a conditional version of the convolution

estimator of Parzen (1979),

(3.11) d(alz) = /Qh alz)dK, ( " ) /Qh (o + hgt|z)dK, (t),

see also Xiang (1995). In the expression above, by > 0 is a bandwidth and K,(-) is a signed

measure over R such that
/ dK, (£) = 0, / tdK, (1)

In particular, if K,(-) has a Lebesgue derivative dKy(t) = K, (t)dt, substituting in (3.11) gives

dlojz) = / Onler+ htl2)K! () dt

Computing these integrals may request intensive numerical steps so that the resulting estimator
may be difficult to implement in practice. A more realistic estimator uses a discrete measure
K4(-)in (3.11). If K4(+) is a linear combination of Dirac masses at t; with weights x;, 7 =1,...,J,

the resulting estimator

q(alx) = Z/@Qh a+ hgtjlx), Z/@-Oand Zt kj =1,

may be indeed simpler to compute. Note that this includes the well known numerical derivatives

Qn(a+ hylr) = Qu(ala)  Qulale) = Qula = hylo) - Qula+ hyle) — Qnla — hylo)
hq ’ hq 2h, ‘
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To study the bias of g(a|x), we strengthen the definition of the smoothness class C(L,s) as
follows. Q(c|x) is in Cy(L, s) if

(1) Q(a|z)isin Ce(L, s+ 1);

(ii) For each z in X, o € [, @] — ¢(a|z) is | s|th differentiable;

(iii) For each x in X and all (o, ') € [, @)

’q(LSJ)(a|x) — q(LsJ)(a/|x)‘ < Lla—o7.

We shall assume in addition that K () has a compact support and satisfies the additional

conditions
/tqu (t) =1, /tdeq(t) =0, j=0,2,...,]s], /|qu(t) < 0.

Proposition 3. Assume that Q(a|x) is in Cy(L,s) and |s+ 1] < p. Suppose that Assumptions
K, F and X holds with h = O(hy), hq — 0 and (logn)/(nh?) — 0. Then for any x in Xy and «

in (o, @),
N 1 logg/4 n 1
q(alz) = q(alz) + Op | A + + Op .
T (nhihg)'? ) (nhdr2)Y T\ (nhghd) '

Taking hg and h of the same order is the optimal choice for the order of h in the expansion of

Proposition 3. This gives

1 log3/4 1
dalz) = q(a|z) + Op <h3+ >+ % " o ( )

(nhd+1)1/2 (nhd+2)1/4 P (nhd+1)1/2

The item (10g3/4 n) (nhd”) i/ Op ((nhd+1) _1/2) is given by the Bahadur error term E,, (a; h, x)
of Theorem 2. The other item, Op (hs + (nhdt1)=1/ 2), can be viewed as a bias variance decom-
position component. The latter is the leading term of the expansion provided nh?t? — oo, a
condition also used in Lee and Lee (2008) when d = 1. In this case, the optimal order for h is
n~1/(2s+d+1) which is such that nh%t? — oo provided s > 1/2. In this case, the optimal rate for
pointwise estimation of ¢(a|z) is n=*/(25t4+1) which, as expected from (1.4), coincides with the

optimal rate for pointwise estimation of f(y|x).

4. FINAL REMARKS

This paper has investigated the bias and the Bahadur representation of a local polynomial
estimator of the conditional quantile function and its derivatives. Compared to the existing lit-
erature, a distinctive feature is that the bias and Bahadur remainder term are studied uniformly
with respect to the quantile level, the covariates and the smoothing parameter, extending so
Chauduri (1991) and Kong et al. (2009). Our framework also considers the case where the order
of the local polynomial estimator p is higher than the order of differentiability s of the con-
ditional quantile function. An interesting consequence of our bias study is that using a local

polynomial estimator of order p > s does not affect its rate optimality.
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Our uniform study of the bias and of the Bahadur remainder term are applied to derive the
global rate optimality of the local polynomial estimators of the conditional quantile function and
its derivatives with respect to L,, norms, 0 < m < oo provided the bandwidth goes to 0 with
an appropriate rate. This extends Truong (1989) who states a similar result for local medians
and under a rather strong Lipschitz condition for the conditional quantile function. Another
application deals with the performance of randomly selected bandwidths that are shown to
perform as well as their deterministic equivalent in term of consistency rates in uniform norm.
Our framework is flexible enough to be adapted to other global norms. This new result is
especially useful in view of Li and Racine (2008) suggestion of implementing local polynomial
quantile estimation with a data-driven bandwidth given by a cross validation criterion for the
conditional cumulative distribution function. A last application to nonparametric estimation
of the quantile density function can be useful for confidence intervals and in Econometrics of

Auctions where the conditional quantile density function plays an important role.
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APPENDIX A: PROOFS OF MAIN RESULTS

Appendix A groups the proofs of Theorems 1 and 2, Propositions 1, 2 and 3, and Corollary 1. The
proofs of intermediary results used to prove these main results are grouped in Appendix B.

We first introduce some additional notations. Sequences {a,} and {b,} satisfy a,, < b, if |a,|/C <
|b,| < Clay| for some C' > 0 and n large enough. Recall that || - || is the Euclidean norm and B(0,1) =
{#z]|z]l < 1}. Let > be the usual order for symmetric matrices, that is A; > Ag if and only if
A; — Az is a non-negative symmetric matrix. If A is a symmetric matrix, [|A]| = supyep 1) [Aull =
SUPyucp(0,1) [u” Aul is the largest eigenvalue in absolute value of A. This norm is such that [[AB|| <
|A[IB|| for any matrix or vector B. Denote by |||« the uniform norm, i.e. [ f(:|')[|o, = sup(, yyerixr [f(ylz)]-
We use the abbreviation § = («, h, x). In particular, @*(z’;6), S;(0) and J;(0) stand for Q*(z'; o, h, ),
S(X;,Yi;a, h,x) and J(X;; , b, 7), see equations (3.4), (3.5) and (3.6). We abbreviate h,, and h, into h
and h. Define

0% = [a,a@] x [0,h] x Xy, O = [a, @] x [h, h] x X,
where Xj is as in Assumption X and [a, @] C (0,1) is as in the definition of the smoothness class C(L, s).
For L, (b;a, h,z) = L, (b;0) as in (2.1), define

£ (b:0) = E[£,, (b 0)] = %]E [{ea (Y- U —2)"b) ()} K (X;xﬂ .

We also use Kp(z) = K(z/h). It is convenient to change b into its standardization B = Hb and to define
B(9) = HB(@) and B*(#) = Hb*(#). Absolute constants are denoted by the generic letter C' and may

vary from line to line.

The following argument is used systemically. Recall that X is an inner subset of the compact X
under Assumption X. Hence for any (z,h) € Xy x K, © + hz is in X under Assumption K provided h is

small enough.
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The next lemma is used in the proof of Theorems 1 and 2. Its proof is given in Appendix B with

the proof of the other intermediary results.

Lemma A.1. Under Assumption F, K and X, we have for h small enough,
(i) b*(0) exists and is unique for all § in OO.
(ii) B*(0) = Hb*(0) satisfies
(A E[S; (8)] = / {F (U ()" B*(0)|z + hz) — F(Q(alz + hz) |z + hz)} Flz 4+ h2) U)K (2)dz = 0,

(A.2) lim sup |B*(¢) — B*(a;0,2)|| =0,
h—06ce0

where B*(a;0,2) = (Q(a|),0,...,0) .
(iii) for all (2,0;) in X x O, i =1,2,

Q* (a5 01) — Q*(a';02)| < Ch™P(1+h™") |61 — 62 .
(iv) There exists C such that, for all 6 in ©' and 2’ and X,

roan () sen(57),

A.1l. Proof of Theorem 1. Since Q(-|-) is in C(L, s), the Taylor-Lagrange Formula and Assumption K
yield that there exists ¢t = t(h,x, z) in (0,1) such that for h small enough and all (x, z) in Xy x K,

Qale+h) = Y PO 5 P ol 4 oh) — b fale)
0<|v|<[s] ' [vi=Ls] '
(A.3) = U(z)T"Hb(a|z) + €6, 2).

In the equation above, by («|x) is the vth partial derivatives of Q(«|z) with respect to x and b(a|x) =
(bv(a‘x)v |V| < szvov s 7O)T € RP' Since Q(') € C(Lv S),

€0, z)

A4 li 3
(A.4) lim  sup hs

h—0 (0,2)€0! x K

< CL.

Let
1
100, 2) = / f(Qalz + h2) +t (U(2)"B*(0) — Q(alz + h2)) |z + hz) dt.
0
Assumptions F, K, X, Q(:|-) € C(L, s) and (A.2) give

(A.5) lim  sup  |I(0,2) - f(Q(alz)|z)| = 0.
h—0(0,2)€0°xK

A Taylor expansion with integral remainder gives
F(U(2)"B*(0)|z + h2) — F(Q(alz + hz)|z + hz) = (U(z)"B*(0) — Q(alz + h2)) I(0, 2).
Substituting in the first-order condition (A.1) yields

(A.6) / U(2) (U(2)TB*(0) — Q(alz + h2)) 1(6, 2) f (x + hz) K (2)dz = 0.
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We show that the matrix [ U (z) U (2)"1(0,2) f (x + hz) K (2) dz has an inverse. Indeed, Assumptions
K and X, (A.5) and h small enough give that uniformly in § in ©° and A in R,

AT/U(z)U(z)TI(G,z)f(z+hz)K(z)dzA = /HU(z)TAHZI(H,z)f(a:+hz)K(z)dz

2
— (o) Qo) [ U A K ) a:
> C|Al*,
2
using the fact that A — [ HU (z)TAH K (z)dz is a square norm and norm equivalence over R”. Tt
follows that [U (z) U ()" 1(8,2) f (x + hz) K (2) dz is strictly positive definite and has an inverse which
satisfies, for n large enough

(A7) sup
0cev

< Q.

{/U(Z)U(Z)TI(Q,Z) f(z+h2) K (2) dz] -

(A.6) and (A.3) give

1
Hb* (6) — Hb(a|z) + [ / U)UGE)TI0,2)f(x + hz)K(z)dz] / €(0,2)1(0, 2) f(z + h2)U() K (2)d=.
It then follows from (A.4) and (A.7) that

[Hb(6) — Hb(cz)]|

IN

€(0,2)I(0,2) f(z + h2)U(2)K(2)dz

[/U ()T1(0,2)f(x + h2)K(2)d }

(A8) < CLk®

uniformly in 6 in ©°. This ends the proof of the Theorem and also establishes (3.2) since b(a|z) =
(by(alz),|v] < [s],0,...,0)". O

A.2. Proof of Proposition 1. Let p(t) = exp(—t2/2)du//2xr, ®(t) = f @(u)du be the p.d.f and
c.d.f of the standard normal. The regression model (3.3) is such that

Fylz) =@ (y—m(x), [flx)=I(xe[-1,1]).
(A.2) gives that limj_omax.ex |U(2)"B(0.5;h,0)| = Q(0.5/0) = m(0) = 0. Hence (A.6), (A.5) and
Assumption K give

(1+ O)/U (2)"B(0.5;h,0) — m (hz)) K (2)dz = 0.

Recall that U(z) = (1, z) , so that the equation above gives

lbo(O.S;h,O) ] _ (4o(1)) </U(Z)UT(z)K(z)dz>_ [h1/2fm(z)K(z)dz

hb1(0.5; h,0) hY2 [ 232K (2)dz

m(z)K(z)dz
(1+o(1)) h'/? [ {lz‘:g/z)m()d)z ] .0

[ 22K (2)d=
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A.3. Proof of Theorem 2. We first state some intermediary results. The two following propositions

deals with the remainder term R, (8,¢;,60) = Y| R; (8, 60) from (3.10), where

R; (3,€¢0)

- {éa (ncz*(xi;mU(W) ”“’)ea (n@*(me)‘W)}K(T)

(nhd)1/2 (Tbhd)l/2

LIRS (0)Te - Lr (nlhdJi(e)) (e +28).

Define also
(A9 R(i6) = Re(e)+ 3¢ (La00)) (429
Xi—2\T ¢
= {@(Yi—cz*(xi;e)—U( (2h2)1§f+ )>
e U(XE) 5
—Lo (Yi - Q" (X;;0) — (nh];)l/2>
Xi—z TE R
L2 {I(Y < Q" (X,50)) — a} Ufn,;;f?z }K(th 5.
(A.10) R!(B.c:0) = R (B.e:0)—E[R: (5.e:0)|X.],
(A11) R(.c0) = E[R(5.60)1X] - o (nlhdJi(m) (c +23),

which are such that
R, (8,60) =R} (8,60) +R2 (3,6:0), R}, (3,60)=> RI(B,&0), j=1,2
i=1
Proposition A.1. Consider two real numbers tg,t. > 0 which may depend upon on n with tg > 1,
1/4
te > 1/n and (tg + 156)1/2 /te <O ((nhd> /logl/2 n) Then, under Assumptions F, K and X and for

n large enough,
1/2

It
E sup ‘R:L (ﬂ, €] 0)| S CL&& (tﬁ + te)
(8,6,0)€B(0,t5) x B(0,te) x O (nhd)

Proposition A.2. Consider two real numbers tg,te > 0 which may depend upon on n with tg > 1 and
tg/te =0 (nﬁd/logl/2 n) Then, under Assumptions F, K and X and for n large enough,

1/2

te (tp + to)°

(nhd) /2 -

The next lemma is used to bound the eigenvalues of Y i, J;(0)/(nh?) from below. It implies in
particular that all the 3,(0) in (3.7), 6 in ©!, are well defined with a probability tending to 1. Let 7,,(0)

be the smallest eigenvalue of the nonnegative symmetric matrix >, J;(6)/(nh)%.

E sup Y (B,:0)|| <C

(B,€6,0)€B(0,t3) xB(0,tc)xO1

Lemma A.2. Under Assumptions F, K and X, infgcer vy, (0) > v+ op(1) for some v > 0.
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Lemma A.3. Suppose that Assumptions F, K and X are satisfied. Then

(nhd (nh) ' ZS 0))| = Oe (logl/z )

9601

Lemma A.2 and A.3 give supgeer ||6n(0)| = Op (logl/2 n) The rest of the proof of Theorem 2 is

divided in two steps. In what follows

tn, =1 t>0.

(nhd)l /4’
Under Assumption K, (logn)/(nh®) = o(1) so that t, = o (logl/2 n) In the sequel, t,, will play the role
of t. whereas tg will be chosen such that tg < logl/2 n. Hence

tg + te 12 nh®)Y410g"4n 1 nh®)1/4
BT be) A - L o ) S A
te tlog®/*n t logt%n

d\1/47.,1/2 a\ 4 B d
] = (k) 7P log " n SIZg “"—o nh —o| 12 x log'/?n | =0 7n1* 3 .
te tlog®/n logn logn log'/? n

Hence these choices of tg and t. satisfy the conditions of Propositions A.1 and A.2 provided ¢ is chosen

large enough.

Step 1: order of SUP(c gyeB(0,t,)x0! |Rn(Bn(0), € 0]. Consider > 0 arbitrarily small. Let y be as in
Lemma A.2. Since Lemmas A.2 and A.3 give supgeer [|5.(8)|| = Op (logl/2 n), there is a C,, such that,
for n large enough,

Ytn
P sup Ry (Bn(0), 6 0)] = ==
(0)€B(0,t,) xO! 4

n

vt
< P ( sup IR, (6n(0),€0)| > 7,9811@1) 8.(8)] < Cy log!/? n)
c 1

(€,0)€B(0,t,)xO1

P (sup 182(B)]] > Cylog!/2 n)
el

< IP’( sup IR, (B, ¢ 0) > %> +1.

(8,€,0)€B(0,C, log/2 n)x B(0,t,) x O

Propositions A.1 and A.2, R,, = R + R2 and the Markov inequality give

t
P sup IR, (8, ;0] > 22
(B,c.0)€B(0,C, log/2 n) x B(0,t,) xOL 4

1/2 2
c [ tn (Cn logl/2 n—+ tn) logl/2 n  t, (Cn logl/2 n—+ tn)
S R

Wy ()"

B Clog3/4n co tn 1/2+ logn 1/4 co 2t 2
C (nﬁd)l/4 K logl/zn nh? K logl/Qn .
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The definition of ¢,, t, = o (logl/2 n) and Assumption K which ensures that (log n)/nﬁd — 0 give

1/2

ln
(A.12) limsup P ( sup IR, (5 (0),€; 6] > 74) =n+0 (Cn

n—00 (€,0)€B(0,t,)xO1

) when t — oco.

Step 2: supgeer [|En (0)]| and sup(. g)ep(o.t,)xor [Rn(Bn(0), € 0)]. Consider 7, > ¢, and € = T,e,
lle]l = 1so that ||e]| > ¢,. Since £4(+) is convex, € — L, (5(0), €; 0) is convex. This gives since IL,,(3(0), 0;0) =
0 and L, = L% + R,

ln ln ln
LG 00) = L0600+ (1 ) L (3,00).0:0)

n

%

L, (me), t"e;e) — Ly, (B (6), tes 0)
LO (ﬂn(a) tpe; 9) +R, (ﬁn(e)a tpe; 0) .

Hence E, (0) = arg min, L, (8,(0), €; 8) and the latter inequality give

(B0 > 1) C { nf Lo(0a(0).c:0) < inf Lo(Ba(0).c >}

illell=tn &llell <tn

C inf  L,(8n(0),60) <L,(8.(6),0;0) = O}

illell=tn

{
C { inf (LY (Bn(0),tne;0) + Ry, (8 (0), tre;0)) < 0}

illell= 1
I IHHft ]L ﬁn(e) € 9) — sup I]R (ﬁn(e)v € 9)‘ S 0} :
n llell=tn

Since

{sup|E 9>|>t} U 0] > 1}

fco!

this gives

{sup Enw)ztn} c U { inf LY (8,(0),¢:0) — sup |Rn<ﬂn<e>,e;e>|so}
be

fco! llell=tn llell=tn
(A.13) C inf inf LY (8,(0),¢0) < sup IR, (8n(6),€0)| » .
0€O! |le||=tn (e,0)€B(0,t,) xO!

Consider first infpeer infjj¢=, LY (8,(6), €; 6). The definition (3.10) of LY gives, for any e with e[| = ¢,,

IL?L (ﬁn(a),G,G) = 5 ( hd ZJ’L(G > % ( )t2'

Hence (A.13), Lemma A.2 and (A.12) give

1
imsup? (sup [0 26,) < tmswP( s (R (3,0).60)] 2 (1 0e(1) ot
n—oo [J=E) n—oo (,0)€B(0,t, ) xOL 2=

. 7,0
< lim Sup]P) sup “Rn (ﬂn(e)a € 6)‘ > 7tn
n—oo (,0)EB(0,tn) x O 4

L2
77+O( 72 ) when t — 0.
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Since the latter can be made arbitrarily small by taking n arbitrarily small and then ¢ large enough, the

Theorem is proved. o

A.4. Proof of Corollary 1. Part (i) follows from Theorems 1 and 2 and the triangular inequality,

together with
1/m
</ |8 (ct; by ) || da:) = Op(1).
Xo

We now prove the latter. Lemma A.2 and the Holder inequality give, since Xj is compact,

1/ 2[m]+2 1/(2[m]+2)
m 1 n

On(a; h, x mdac) =0Op / —_— S;(a; h,x

(/Xon (s, )] | s esn)

dx
Since E[S;(0)] = 0, the Marcinkiewicz-Zygmund inequality (see Chow and Teicher (2003)), (3.5) and
h? > C(logn)/n give

1/(2[m]+2
E1/(2lm]+2) H(hd1/225(9

2[m]+2

n [m]+1
m 1
< CEY/(2mi+2) (nhd Z ||Sz(9)||2>
i=1
1/2

1 ~ Xy —x Kipjar —
< C (o) > ]E{]I(helc> xﬂ(];e/cﬂ =0(1),

115l m] 1 =1

uniformly in z. Part (ii) similarly follows from Lemmas A.2 and A.3 which gives supyce1 [|5.(0)] =
Op (logl/ 2 ) O

A.5. Proof of Proposition 2. Let h = h,,/C and h = Ch,,. The condition on h,, ensures that A and A
satisfy Assumption K for all C' > 1. Theorems 1 and 2 give, for all C' > 1,

R R 1 1/2
sup by(ash,z) = by(alz)] = h MoOp (h " ( O%) )
n

(e, h) €[or,a] % Xo X [, ]

logn 1/2

() )

1/2

= WMoy (ﬁ;+<lo§”>

hVOp

d
nhd

This ends the proof of the Proposition since lim inf,,_, ., P <ﬁn € [h, E]) can be made arbitrarily close to
1 by increasing C. O
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A.6. Proof of Proposition 3. Substituting (3.8) in (3.11) yields
N 1
qlalx) — qlalz) = —/Q(a + hyt|x)dK () — q(a|z)
h / (o + hytlz) — Qo+ hytlx)) dEK,4(t)

T )
+ / o bnfot hqlt/’zh’x) d(t) + / % Bn (ot hﬁ;h’m)
hg (nh) hg (nh)
Theorems 1 and 2 with h = O(h,) and hy — 0 give
hs+l
i / “(a+ hytlz) — Qo+ hotle)) dEK,(t) = 0( s /|qu(t)|> — o),

q

dE,(t).

E, (o + hyt; h, log®/4 1
/ (o ;1/2 ) dK,(t) = Oi 2 ?/4 Op 7z |
hq (nh?) (nhh2) (nhqh)
Hence it remains to show that
1 S
(A14) W / Qo+ hytla)dK, () — qlals) = O (k).
(A.15) 1/2 /ﬁn (a+ hgt; h,x) dK,(t) = Op(1).

The two next steps establish these two equalities.

Step 1: proof of (A.14). Since Q(«|x) € C(L, s + 1), the Taylor-Lagrange Formula gives, for some w
in [0,1],
Ls]

(Ls)) —g(lsh)
Qe+ hytlz) — Qlale) = 3 L) g | 400t whytle) — gD ) ) g 1e)
j=

— (+1)! ? (Ls] +1)!
The definition of the smoothness class C,(L, s) gives
’q(ts“(a + whgyt|z) — q(LSD(a|1’)’ <L |hqt|s_LsJ .
Hence, since the support of K,(-) is compact, [[dK,(t)] < oo and [dK4(t) = 0, [tdK,(t) = 1
[t2dK,(t) == [tlsldK,(t) = 0,
hi/Q(a+hqt|x)qu(t) = Q(;:‘x) /qu(t) +q(a\x)/tqu(t) + M/MKQ@)
a a

hil gD (al)
(5] + D)
= qlale) +O(h").

)

Tt /ttSJqu(t) +O(h®)

Step 2: proof of (A.15). Let 0 = (a + hyt, h,z), 0 = 6. Since [ dK,(t) =0, (3.7) gives

1/2/6n (6,) A (t) = l/z/wn (00) = B (6)) A (1)

1 1 & 1< -
(A16) = W/{(nhd;']i(e)> —<W;Ji(et)> } hd)st VK (1)

1 n
(A.17) h1/2/< hdz ) W;{Si (0) = Si (01)} dIy(2).
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Since A +— A~! is Lipshitz over the set of semi-definite positive matrices A with smallest eigenvalue
bounded from below by v, Lemma A.2, (3.6) and Assumption F yield that (A.16) satisfies

hll/z/{<n}zd§‘]i(0)> —(nlhdZ_:Ji(@t)> }(hdl/QZS(GdK t)

Op(1 1<
= hﬂi(m)/ WZ{JI-(@) s st |dK,(t)]
Op(1) X; —
< h“i(/z 1/22 >H/nhd2Q*(Xi;ea—cz*(Xi;e)m(}fezc)dz(qw.
i=1

The definition (3. ) of Q*(X;0) and (A.8) give, since Q(«|z) € C(L, s + 1) and because the support of

K, is compact,

1 1 <& X, —
W/WDQ* (00 - @ (a0 1 (X € i) e, o)

_ 1/2/ H<X”h_x eIC> K, (1)

ZH( eic) o [ 1 (60) — 0 (0) a6, )

OJP’(DW (/ |[Hb(a + hyt|z) — Hb(a|z)|| |[dK,(t)] + O(hs+1)>

( x)T (Hb* (6,) — Hb* (0))

IN

IN

< 0nl) ( 101+ hytle) - @ alo)] ldE, 0] + O (1 + h)) = 0s (h/2).

This together Y"1 | S;(0)/(nh?)!/? = Op(1) gives that the item in (A.16) is Op (hl/Q) = op(1).

For (A.17), Lemma A.2, E[S;(6,)] = 0, (3.5), Q*(X; 0;) = Q*(X;0)+O(hg) uniformly with respect to
t in the support of K, and X € x+hK (as easily seen arguing as in the equation above) and Assumptions
F, X give

hl/g/(nhd 2.3 9'5) nhi)l/zgl{si(@)Si(et)}qu(t)

- (211(/? il/z Z{Si (6) = Si (60)}|| 14Ky (2)]

- UH( ) 1/22{S (0) = S G} lakst )]
Op(1) 2

< h1/2 [H( )12 Z{S (0:)} ] |dKq(t)]
O(1)

= /Varl/2 (hd/2 {S(0) -8 t)}) |dKq(t)]

| [Q (@thz6)+Ch, 1/2
_ op(l)/ /(h/Q f(y|x+hz)dy)]I(zelC)f(erhz)dz] K, (1)

*(x+hz;0)—Chy
— 0s(1).0
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APPENDIX B: PROOFS OF INTERMEDIARY RESULTS

B.1. Proof of Lemma A.1. Recall

UKX -2)"b=UX -2)"H'B=U (Xh x>TB
and define
£(B:0) = £ (b:0) — %]E [{la(Y — U((X — 2)/h)"B) — £a(Y)} Kn(X — )] .

The change of variable 1 = x + hz gives

£eio) = o f [ / (facyu(“h‘ x>TB>fa<y>> f(ylwl)dy} flani (M) oy

(B.1) = [ | (s = U B) -~ taw) ke + R 1o+ h) ¢ (2)

showing that £ (B; 6) is also defined for h = 0.

Proof of (i). It is sufficient to show that B*(f) = arg mingcgr £(B;0) exists and is unique. Note that
B — L(B;0) is convex by (B.1) because £,(-) is convex. Since lim 4|4 o0 £a(t) = 00 and U(z)"'B di-
verges almost everywhere when ||B|| diverges, (B.1) gives that limg|— 4o L(B;6) = 400. Hence L(B; 6)
has a minimum. We show that this minimum is unique by showing that B — E(B; 6) is strictly convex
for all 6 in ©°. We compute the first and second B-derivatives of £(B;#6). Equation (1.1) gives that for

almost all B,
s (y—U(2)TB)
oBT
which is bounded for z in the compact K. Assumptions F, K and X, the Lebesgue Dominated Convergence

Theorem and (B.1) yield that

Z(U(B;G) - % = 2/ </ (I(y < U(z)TB) —a) flylz + hz)dy> flxz + h2)U(2)K(2)dz

=2(I(y <U()"B) —a) U(2)

(B.2) — 2 / F (U ()" Bla + hz) Fla + h2)U(2)K (2)dz — Qa/f (z + h2) U(2)K (2) d=.
Applying again the Dominated Convergence Theorem yields that
" 20 (R.
(B.3) L2 (B;0) = OLBO) _, / F(U)"Blz + h2) f(z + hz)U(2)U(2) T K (2)dz.
0BTOB
For all A # 0 in RY (B.3), Assumptions F, K, X and x € X} give

ATLO(B;0)A = 2 / FUR)TBlz + h2) f(z + h2) ATU(2)U(2)TAK (2)dz
(B.4) - z/f (U(2)TBla + hz) f (z + hz) HU (z)TAH2 K (2)dz > 0.

Hence 5(2)(-; 6) is a positive definite symmetric matrix for all § in ©° and B in R so that the strictly
convex function £(B;#) achieves it minimum for a unique B* ().

Proof of (ii). Consider a fixed h to be chosen small enough, and let ©° be the corresponding ©°,
which is compact. The proof of (i) yields that B*(6) is unique for all 6 in 00 and is the unique solution
of the first-order condition £(1)(B;#) = 0, that is

(B.5) /F (U ()" Bz + hz) fz + h2)U(2)K(2)dz = a / fl@+h2)UR)K (2)dz,
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see (B.2), so that (A.1) is proved. In particular, B*(e; 0, ) is the unique solution of £)(B;a, 0,z) = 0.
If h =0, the first order condition (A.1) is equivalent to

/F(U(Z)TB*(Q;O,x)|:z:)U(z)K(z)dz = a/U(z)K(z)dz.

Let BI (a|z) = (Q(al),0,...,0) in R?. Since U(2)TBy(a|r) = Q(a|r), Bo(a|z) satisfies the first-order
condition equation above. Hence B*(«; 0, 2) = Bg(a|z) by uniqueness.

We now show that B*(#) is continuously differentiable in  over ©° and give bounds for B*(6),
OLM (B*():0)/06T and L3 (B*(6);0). As shown above, B — L£1)(B;#) is continuously differentiable
and £(2) (B; ) is a symmetric positive definite matrix for all B in R” and so has an inverse. Assumptions
F, K and X yield that F(U(2)"B|z + hz) and f(z + hz) are bounded and have bounded #-partial
derivatives over ©° provided h is small enough. Hence the Dominated Convergence Theorem and (B.2)
yield that Z(l)(B;H) is continuously differentiable in 6 over ©°. Then the Implicit Function Theorem
(sce e.g. Zeidler (1985), p.130) and the first-order condition £(V)(B*(6);0) = 0 yields that B*(0) is

continuously differentiable in 6 over éo’ with

OB*(8) _ [ @) g o]~ L (B (6):6)

(B.6) B0 o) 2 O0)
Recall now that ©° ¢ ©° when % tends to 0. Hence continuity of B*(-), L1 (,-)/86T and compactness
of @0 give

lim sup ||[B*(0) - B*(e;0,2)| = 0,

h—00cB0

ALMD(B*(0);0) LD (B*(;0,2);a,0, )

B. 1- b _ ) ) ) ) ) — .
B-7) e e 907 0

Since the first limit is (A.2), (ii) is proved.

Proof of (ii1). We bound the partial derivative (B.6). Observe that (A.2), the expression of B*(«; 0, ),
the compactness of ©° and Assumption F yield that there is a compact B such that B*(6) is in B for all
6 in ©° provided h is small enough. Then (B.3) and (B.4) give that uniformly in 0 in ©°,

LA (B*(9);0) - C U(2)U(2)"dz.
B(0,1)
Hence (B.6) and (B.7) give

-1
oB ;9) H <C / U(2)U(2)Tdz lim sup
00 B(0,1) h—0 90

Let us now return to the proof of (iii). The differentiability results above yield that § € ©!
Q*(2';0) = U((x — ") /h)TB*(9) is continuously differentiable in §. We have for all x, 2’ in X and h > h,
T —x C 0 T—x
[o(55) = oo (7)) =

Hence for h small enough, (A.2) and (B.8) yield that for all § in ©! and 2z’ in X,
T oB*(6)

0Q*(x';0) 0 z—2\"| ., z—x
o] - oo (55) v (555) 5

00T
s (55 o [o (5|5 s

ALY (B*(6);0)
00T

(B.8) lim sup
h—0 €00

<C.

IN
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The Taylor Inequality shows that (iii) is proved.
Proof of (). The change of variable 2’ = x + hz shows that it is sufficient to prove that, for all 6

in ©% and z in K,
F(Q*(z 4 hz;0)|x + hz) > C with f(Q*(z + hz;0)|x + hz) = f(U(2)"B*(0)|z + hz),

which is true for i small enough by (A.2) and under Assumption F which gives that f(y|z) > C > 0 for

y in any compact subset of R and any x in X. m]

B.2. Proof of Proposition A.1. The proof of the Proposition uses the two following Lemmas. In what
follows, the stochastic processes R(-;-), R!(-;+) and R2(+;-) have the same distribution than the R;(-;),
R!(:;+) and R?(+;+) in (A.9), (A.10) and (A.11). Define also

(B.9) 6(8,0)=0U <X]; x) (nhf)lﬂl

Lemma B.1. Under Assumptions F, K and X, we have

Var (R(3, € 0)) < CW.

n (nhd)l/2

Proof of Lemma B.1. Observe ¢,(t) = Qf(f(a —I(z < 0))dz. Hence (A.9) and (B.9) yield

5(8,0)+6(€,0)
(B.10) R(ﬁ,e;@)—ZKh(Xx)/é(ﬁe) (LY <Q*(X;0)+t) —1(Y <Q*(X;0))) dt.

The Cauchy-Schwarz inequality give

5(3,0)+6(e,0) 2
R(B,60)° AKp(X — z)? (/6 (H(YSQ*(X;9)+t)—H(Y§Q*(X;9)))dt)

(8,0)
6(8,0)+6(e,0)
< AKX — 2)2]0(e, 0)] / LY < Q*(X;0) +1) — (Y < Q*(X;0))) dt
5(3,0)
5(3,0)+6(€,0)
< AKNX ~ 2 3(e0)] | [ T(Y - Q*(X;0)] < |t]) .
5(3,0)

Hence Assumption F and (B.9) give

5(3,0)+6(e,0)
E[R(3,660)[X] < 4Ky (X —2)*|3(c,0)| /W) { / H(Iy—Q*(X;9)|<It)f(le)dy}dt
9 6(3,0)+6(e,0)
< 4K (X - )2 |F(P)] 6. 0)] 2 /W) t]dt
< CKp (X —2)°0(,0) (158, 0)| + |8(e, )])

K (A7) U (5

o W e s+ ety

C
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Then, under Assumptions K and X,
Var (R(8,60)) < E[R?(8,60)] =E[E[R® (8, 0) | X]]

CHEII ||B||+He||) ’ N
() o ()| e

CHEII (Ilﬁllﬂlell) a [ 2 llell* (18I + lle D 5

< ()2 h /K () U )| fx (z + hz)da’ < C A

Define
F=7F(tg,t,0") = {R(B,60),(B,€,0) € B(0,tg) x B(0,t.) x O'}.

The next lemma studies coverings of F with brackets [E, FJ . Recall that the bracket [E, E] = [E(X JY), R(X

is the set of random variables r = r(X,Y’) such that R <r < R almost surely.

Lemma B.2. Under Assumptions F, K and X and if tg +t. > 1 and n is large enough,

(i) There are some @ and W, with

2 teltetits) _ tgtite
n(nhd)l/Q ’ (nﬁd)1/2’

such that for all integer number k > 2, (B,¢,0) in B(0,tg) x B(0,t.) x ©1,

k [|R(57 60) —E[R(B,¢0)])"| < %Ekf252.

(ii) Let T in (0,1) be a bracket length. There is an set of brackets T, = {[R; ;, Rj-| ,1 < j < el
such that

Fc U BB,

1<j<eH )

_ k!
E [‘Ew - Rj,Tﬂ < 5w —w"27% for all integer number k > 2 and all j in [1,e"(7],

H(r) < Clog (n(tﬁm> for all T, tg and t..
T

Proof of Lemma B.2. Define for 3 in RY
- 4(8,9)
R(B;0) =2Kp(X — x)/ (I(Y <" (X;0)+u) —1(Y <Q*(X;0))) du.
0
Let sgn(t) = I(t > 0) — I(¢ < 0). Observe that R(f3;6) > 0 with

- [6(8,6)]
R(B:0) = 26K4(X —2) /0 1Y < Q*(X:6) + sgn(5(5.0))u) — L(Y < Q*(X;6))| du

2K (X — 2)0(8, 9)|/0 LY < Q°(X;0) +4(5,0)v) —1(Y < Q"(X;0))|dv

1
(B.11) QK%(XﬁfxﬂéQZG)L/‘H(YA—Q*LXNﬂlmsbmmmmloand6@19ﬁ0dv
0
(B.10) and 6(8,0) 4 d(¢,0) = 6(8 + ¢, 0) give

(B.12) R(B;e,0) = R(B+¢€6)— R(5;0).

Y)]
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It also follows from (B.9) and Assumption K that for all 3 in B (0,ts + t.) and all § in ©1
—x wo tg + te
>H < > /lzf)Hl/ =3 U (ﬁhd)m'
nh

(i) follows from Lemma B.1 and (B.12) which give
E[|R(8,:0) ~E[R(8,0)]|"

(B.13) ‘E(ﬂ;@)’ <2 HU(

Part

E||[R5+60) - B[R+ c0)] - (R0~ £ [RE0)]))|  Irs.c0) - BIRG.co)l

IN

—_\ k—2
(2 x g’) Var (R(8, ¢;0)) < @252

The proof of part (ii) will be divided in three steps. Let F; be {R(3;6), (3,6) € B(0,t) x ©'} . For the
]T,R]r into R;, R

Step 1 : Coverings of F and ft, t =tg+t. > 1. We show in this step that it is sufficient to find a
covering of F, with H(r) = H(r;t) brackets satisfying

@10 efls-mi] < §(3)

t
C'log (n> .
T
Indeed, consider two such coverings of .7-"t 5 and .ft sttes

J%t,g - U {E},ﬁﬂ , ft5+t5 - U {B?aﬁﬂ )

1<j<ef1(m) 1<j<eH2(n)

sake of brevity we abbreviate R

IN

(B.15) H(t)

IN

H, (1) < Hy(1) = H(7,tg + t.). Consider a R(f,¢;0) in F. Since }Ni(,@, 0) € {Rll,ﬁjl} and é(,@ +¢0) €
[R?WR } for some j; and ja, (B.12) implies that R((,€;6) € [EQ RguR - E}l}. Hence these eH'(7)
brackets form a covering of F with, using (B.14) and (B.15),

—2 —2 k _ =2 2 |* -l 1"
E [‘Rjz _E}l - (Rj2 _E;1> ] < 2kt (E |:‘Rj2 _Ej2|‘ ] +E |:’le _Eji‘ ])
k—
< ok% k! 27_2 _ Emk—272
- 8 2 2 ’
H'(t) = Hy(r) + Ha(1) < Clog (n(tﬁ—i_te)) )
T

Step 2: Preliminary results for the construction of a covering of J%t. We bound the increments of
(8,0) — Q*(X;0), Kn(X — 2),8(8,0). Lemma A.1-(iii) gives that for all 6, " in ©!

Q" (X;0) — Q" (X;0")| < ChP(L+h~") [0 — 0|

“( )

< (||x—x||+ h— h’|) ool

Under Assumption K

w(55) - (5]

z—a

h/

1

h/

+1X —wll
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For the increments of §(3,0), define U =U(X —z), U = U(X — 2/), H' = H(K/). This gives
16(8,0) — (5", 0")]

B T H— T H—l , . H—l H/—l ,
- ‘U a7 =V OO U ((nhd)“ . ( hfd)”“’) ’
H—l H- 1 H/—l
S (nhd)l/Q )1/2 Hﬂ’“ +C||ﬂ’“ ‘( 1/2 - (nh'd)1/2
C(l1+t C(l+t
< ((—2)3/2<Hﬁ5/”+”wxl||+h|hh/|)s+1((+d))1/2<|ﬁﬂ/“+”96/|)'
h” (nh . P (nk

Step 3 : Construction of the covering of F,. Define
p(g;0) = [I(g=<d)—T(¢<0)[=1I(qe (0,6))I(6>0)+1I(q€[50)I(<0),

1
ra.d) = [ pla.dv)de
0
Hence (B.11) shows

R(B;0) = 2K4(X — 2)[6(3,0)|r (Y — Q*(X;0),5(8,0)).

For any 1 > 0, there exists functions p(q, §) = Bn(q, §) and p(g,d) = p, (¢, ) and an open set D = D,; C R?
such that
p—(i) 0= p(q,0) < plg,n) <5(g,8) <1 for all (¢,0), with p(q,d) = p(g,n) = plg, 9) if (¢,0) € R\ Dy,
(i) supgpen, (| 22|+ |22 |+ |22 + |22 |) < o,
p— (i) DcCD ={(q,8) €R?lg| <Cn~Y2or |g—5 <Cn~1/2}.

Define r(q,8) = [} p(q, v8)dv, 7(q,6) = [ p(g, v6)dv and
R(B,0) = 2Kn(X —2)[6(8,0)|r (Y —Q"(X;0),6(8,0)),
R(B,0) = 2K,(X —2)[6(8,0)[F (Y — Q"(X;0),5(8.9)).
Since K(-) > 0, p-(i) gives that these functions are such that
(B.16) R(8,6) < R(8,6) < R(8,6).
We now bound R(3,8) — R(#,6') and (8, 8) — B(#,6'). We have
[R(3,0) — R(B',0')| < 2|Kp(X —2) — Kp(X —2')[6(3,0)|r (Y — Q"(X;0),0(3,0))
+2Kp (X —2")[6(8,0) — o(6',0")|r (Y — Q" (X;0),0(5,0))
F2Kp (X —2)[6(8,0)] |r (Y — Q7(X;0),6 (8,0)) —r (Y — Q" (X;6),0(8,6))|.
Hence Step 1, p-(i,ii), (B.9) and the Taylor inequality give for all (3,6), (8',6’) in B(0,t) x ©1,

t =o' 14+t
[h”mhd)l/? o e 10O =8

(o — o)+ 116 - ﬂ’)]

|E(ﬂ39) _E(ﬂlael)‘ <

|6 — & 1+t
hp+1 hpﬂ(nﬁd)l/?

+Cn~1/? [

o) (A +1)

< O (0= 01+15 -1
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Arguing symmetrically gives

(T4+n7Y2)(1+¢

|E(ﬁ7 9) _R(ﬁ/70/)| S C hp«l»l( hd 1/2

(H9 Ol + 118 =51

We now construct the brackets. Recall that there is a covering of B(0,¢)x©* with N balls B ((8;,0;),n),
0; = (o, hj,z;), with center (5;,6;) and radius 7 such that

ct”

see van de Geer (1999, p.20). Define

(L+n=Y2) (1+1¢) L+n7 2 (1+1)

7 E}am@ﬁﬂ+cﬁ

:E(ﬁjaej) - C hp+1(nhd)1/2 hp+1(nhd)1/2 )
, w
(B.18) R; =max (0,R;), R;=min PL R
Bounding R(f,0) — R; and R(5,60) — R; for (3,60) in B((53;,6;),7), (B.16) and (B.13) give
(B.19) R, <R, <R(3,0)<R; <R,
It then follows that {[R;, R;],j =1,...,N} is a covering of F, with, since 0 < R; <R; <w/2,
— w t
20 - n) < 7>

(nhd)l/z.
We now bound E {(Rj —Ej)ﬂ and E “Rj —R; ‘ } (B.19), p-(i,iii), (B.9) and Assumptions F, K
give
_ e _ 1+~ (1 +1)?
E [(RJ‘ —Ejﬂ <E {(Rj _Ej) ] <2E [(R (B35,05) —E(ﬁjﬂj)ﬂ +C’72( nthzw
< 8E [Ki (X —a;) 0% (8;,0;) (T (Y — Q" (X;0;),6(8;,6;)) — (Y — Q" (X30;),0 (53'79;')))2}

(l +1)?

2

SE

IA

K%;(Xxné%,ej)/(/olu(yQ( 0,),v8 (5;,0,)) € D) d )

(1+ t)Q 2
+C nh2P T (77 + 77)

8hd||ﬁ\| /K2 VUG

f(le)dy}

IN

X {//0 I((y— Q*(z; + hjz;0;),v5 (B},65)) € D)dvf(y|lz; + hjz)dy} flz; + hjz)dz

(1+0°
nh2Pretd (77 +77)

1+1)°
Cn(h2p+2+d (772 Tt n1/2) '

IN
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This together with (B.20) give for any integer number & > 2

. K (T ’“*2E _ 2 _ k(@) o LtD? 12
[m-5l]=<(3) El®-8)]<5(5) *Cmma(rrnea).
Hence (B.14) holds if 7 satisfies

c 22t 1/2 nh2PHErd (22 2 )
=—min| [ —— 7 72, -
T3 (1+1) (1+1)° (1+1)°

Recall now that 7 < 1, ¢t > 1 and that h > Cn~Y4 under Assumption K. The bound (B.17) for
N = exp(H(T)) gives taking n as above

Cctf
eH(™) < max | 1, PraTs
. nb2p+2+d 1/2 nh2p+2+d 2 nﬁ2p+2+d 2 4
min ( (1707 ) T aror T ,( ok ) T
Ct3pAp+a)/ay PHd+2
< max <1)
-

It then follows for n large enough

3., (4p+4)/d 4 4
H(r) < (P +d+ 2)max (0,10g (Ctn>> C(Slogt+ p;— lognlogT) < Clog (tn>’
T

7
and (B.15) is proved. This ends the proof of the Lemma. O

Let us now return to the proof of Proposition A.1. Define X = (Xi,---, X,,). The definition of R}
and (A.10) give

(B.c.0)EB(0,t5) xB(0,t)xO1 |17

E sup ‘R}L (ﬂ,e;@)’
(B,6,0)€B(0,t3) xB(0,t.)xO!

= E sup > (Ri(8,60) —E[R; (8,€6) X))
(B,e.0)€B(0,t5) x B(0,t.)x O |15

< E sup > (Ri(B;e,6) —E[R; (5; 679)])’
(8,6,0)€B(0,t5) x B(0,t.)x O |57

+E sup E | (Ri(8,60) —E[R; (8,€0)]) X
(8,6,0)€B(0,t5) x B(0,t.) x O Py

Let H(-), o and @ be as in Lemma B.2. Recall that tg +tc > 1 and that 7 < 1 < n(tg + t¢) for n large
enough under the assumptions for t3 and t. of the Proposition. It follows from Massart (2007, Theorem
6.8) that

n

Z(Ri (B,60) —E[R; (ﬁ,e;ﬂ)])H <C <n1/2

i=1

E

sup
(B,€,0)€B(0,t3) xB(0,t.)xO1

%@Wm+m+@ﬂm)

0
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Since @ < 1, Lemma B.2 gives, for all u in (0,7], H(u) < Clog(n(ts + t.)/u). This gives

(ne)'/? (/OUH(u)du> - < C(n7)'/? (/Oalog <n(tﬁu+te)> du) -

1/2
C’(TLE)l/2 (o (log ((tﬂ —;te)n> + 1)) < C’nl/Qﬁlogl/2 ((tﬁ —i(;te)n> .

The order for @ given in Lemma B.2, assumption on tg + t. and Assumption K give

IN

nt/? / HY?(u)du
0

3/2 a\ M4 1/2 3/2 a2
B n (n@ ) (tg + te) n (nﬁ )

log (n(tg +te) /o) < Clog < Clog 73 < Clogn.

te log™/“n
Substituting gives
E sup IRL (B,e:0)|| <C (n1/2610g1/2 n+ (¢ +w)log n)
(B,6,0)€B(0,t3) x B(0,t) x O
1/2 1 tg +te)!/? te(tp +t)'/?
< Cte(tﬁ+te) log/2n | 1+10g!/2n (tsg +1te) <C (ts +te) log!/? 1.0

1/4 1/2 1/4 1/4
(nn) () (nn)

B.3. Proof of Proposition A.2. The proof of Proposition A.2 follows the same steps of the proof of
Proposition A.1 and we only sketch it. The integral expression of R((3,¢;6) in (B.10) and the expression
(A.11) of R2?(B,¢;0) give

5(8,8)+6(e,0)
R*(3,¢,60) = 2K, (X —96)/ (F(Q* (X;0) + ulX) — F (Q" (X;0) | X)) du—-——€"J(6) (e+20).
5(579) 2nh
The definition (3.6) of J() gives
R?(8, € 0)
5(8,0)+6(e,0)
= 2K, (X—x)/mg) (F(Q" (X;50) +ulX) — F(Q" (X;0)|X) —uf (Q" (X;0) |X)) du
6(’3,9)+6(e,9) 1
- 2 (x—a) [ of [ @ 0x0) 4 vulx) - 1 (@ (X30) ) o
5(8,0) 0
Define

6(5,9) 1
r(6:0) = 2K (X - ) [ u{ / <f<@*<X;e>+vu|X>—f(@*(X;enX))dv}du

which is such that R?(3,¢;0) = 7(8+¢;0) —r(8;0). Since |f(qg+v|z) — f(q]x)| < Lo|v| under Assumption
F, (B.9) gives

5(8,0)+6(e,0)
RG] < Kok [T at| < CRLCE = 2)d(e 01550 + 5. 0))°
X V[ (X =) Il U8+ Del)”
W ST
, X—z\|*?  [/x - 3
reol < oxix e o (F0) | x () G,
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The latter inequality gives for all 8 in B(0,ts + t.) and all § in ©1
' o (tﬁ + te)g

~
=S

(nﬁd) 3/2°

It follows from (B.21) that, for all (8, ¢€) in B(0,t5) x B(0, t.),

w‘@\

Ir(8;0)] <

Var (R*(3,¢;0)) < E [R*(3,€0)°]

o) Pl () (5
o ol e W' [ w5 s < @, 7= tela

Then constructing brackets as in Lemma B.2 and arguing as in the proof of Proposition A.1 give

E sup IR2(8,€;0) — E [R} (3, 0)]|

(B.e,0)€B(0,t5)x B(0,t.) x O
tsrt)\ ts+ t.

< V25 logl/? <”(ﬂ,+)>+(g’+w')1og (71(5/+)>
g g

Since (B.21) yields for all (8,¢,0) € B(0,t3) x B(0,t.) x ©!
3K (X - x) lell (181 + llell)*
h (nhd)*/?

o (%57)

IE[R2(8,€0)]|

|nE [R*(8,€60)]| < CnE

te (te +t3)°

substituting gives, using tg > 1,t5/t. = O (nﬁd/ log!/? n) and Assumption K which ensures log (n5/2ﬁd/te) =
O(logn),

E

sup ’Ri(ﬁ,e;@”]

(B,6,0)€B(0,t3)xB(0,t.)xO1

< E
(8,6,0)€B(0,t5) x B(0,tc) x O

- ([B2(5.6:0) — E [R2(5,:0)]| + B [R2(5,:0)] }]

2 5/2pd 2 2
te(tg +t. tg +t. h to(to+t te(te+t
07(5}; Cfg totte 1/2 1/2<7:T(Lt +t)> ( +1§2 = ( +1§3~
B.4. Proof of Lemma A.2. Lemma A.1 (iv) and Assumptions K and F give that there is a C' > 0 such
that for all # in ©' and all 1,

3 (0) = CM; (6), Mi(é)—QKh(Xix)U(Xi}l_x>U<Xi}l_$>T.

Hence for all § in ©1,

(B.22) %ZJ 0) - %ZM (0) = M, (0).
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The entries of M, (0) write

C n Xz_l' vitva Xz—:]j
-~ ) o
nhd;< h ) K( W ),0_|v1|,V2|_p

Let M (6) be the matrix with entries

C X — g\ VY2 X —z
hdﬂi[( =) R )],osm,w@.

Arguing as in the proof of Proposition A.1 for each of the entries of M, (8) gives

sup |[My () — M(0)|| = o (1).
0cO!

Assumptions K, F and X give, for all u in RF, all # in Xy and h small enough,

C X -\ X -z
u"M(O)u = WE Z Uy Unry (h) K( h )

0< v, va|<p

2

= C Z Uy, Uy, /zv1+v2K(z)f(1’ + hz)dz = C’/ Z uyz¥ | K(z)f(z+ hz)dz
0<|v1],|v2|<p 0<|v|<p
2

> C Z uyz’ | dz>Clul|?,
BO.D \o<|vi<p

where the last bound uses the fact that
5 1/2

u+— uvz¥ | dz
fron |2

0<|v|<p

is a norm and that norms over RY are equivalent. Hence (B.22) and ||M,,(8) — M (0)|| = op (1) yield that
there is a v > 0 such that infycer ln(ﬂ) > infpeer infjjy)=1 ulM,, (0)u > v +op(1) . O

B.5. Proof of Lemma A.3. (A.1) implies that E[S;(#)] = 0. Consider the v coordinate of S;(6),
Sv.:(0) = 2{1(Y; < Q*(X:;6)) — a} (Xh_ x) K (Xh_$> .

Hence Assumptions K and X give, uniformly in # € ©! and for all i,

Sv,i(9)
(nhd)1/2

1

Suil0) S0\ _p [(CE K EEYT e
Var((”hd)1/2> = ¢ ((nhd)1/2> = ( (nhd)1/2 > - nhd/(z K (2))

1
< (5//)2’ 5// - n1/2.

— —!
w, w <

Hence arguing as in the proof of Proposition A.1 gives, under Assumption K,

1 n
E | sup — Z Sv.i(@)|| =0 (nl/QE” 10g1/2 n+ (@ +w") 10g1/2 n) -0 (10g1/2 n) .
i=1

fco! (nhd)

The Markov inequality then shows that the Lemma is proved. ]
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