
Federici, Daniela; Gandolfo, Giancarlo

Working Paper

The Euro/Dollar exchange rate: Chaotic or non-
chaotic?

CESifo Working Paper, No. 3420

Provided in Cooperation with:
Ifo Institute – Leibniz Institute for Economic Research at the University of Munich

Suggested Citation: Federici, Daniela; Gandolfo, Giancarlo (2011) : The Euro/Dollar exchange
rate: Chaotic or non-chaotic?, CESifo Working Paper, No. 3420, Center for Economic Studies
and ifo Institute (CESifo), Munich

This Version is available at:
http://hdl.handle.net/10419/46414

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your
personal and scholarly purposes.

You are not to copy documents for public or commercial
purposes, to exhibit the documents publicly, to make them
publicly available on the internet, or to distribute or otherwise
use the documents in public.

If the documents have been made available under an Open
Content Licence (especially Creative Commons Licences), you
may exercise further usage rights as specified in the indicated
licence.



 
 
 
 
 
 
 
 

The Euro/Dollar Exchange Rate: 
Chaotic or Non-Chaotic? 

 
 
 

Daniela Federici 
Giancarlo Gandolfo 

 
 

CESIFO WORKING PAPER NO. 3420 
CATEGORY 7: MONETARY POLICY AND INTERNATIONAL FINANCE 

APRIL 2011 
 
PRESENTED AT CESIFO AREA CONFERENCE ON MACRO, MONEY & INTERNATIONAL FINANCE, FEBRUARY 2011 
 
 
 

An electronic version of the paper may be downloaded  
• from the SSRN website:              www.SSRN.com 
• from the RePEc website:              www.RePEc.org 

• from the CESifo website:           Twww.CESifo-group.org/wp T 



CESifo Working Paper No. 3420 
 
 
 

The Euro/Dollar Exchange Rate: 
Chaotic or Non-Chaotic? 

 
 

Abstract 
 
The aim of this paper is to develop a continuous time exchange rate model that allows for 
heterogeneity of the agents’ beliefs, in order to explore non-linearities and possible chaotic 
behaviour. The theoretical model contains an intrinsic non-linearity that gives rise to a jerk 
differential equation, which is in principle capable of generating chaos. The model is 
econometrically estimated in continuous time with Euro/Dollar data and examined for the 
possible presence of chaotic motion. Our results indicate that the possibility of chaotic 
dynamics has to be rejected. 

JEL-Code: F310, F370, C490, C610. 

Keywords: exchange rate, chaos, jerk equation, continuous time econometrics. 
 
 
 
 
 

Daniela Federici 
Department of Economics 

University of Cassino 
Via S. Angelo 

Italy - 03043 Cassino (FR) 
d.federici@unicas.it 

Giancarlo Gandolfo 
National Academy of Lincei 

Rome / Italy 
kunz@gandolfo.org 

 
  
  

 
Revised version of the paper presented at the CESifo Area Conference on Macro, Money and 
International Finance, Munich, 25-26 February 2011. The comments of the participants, and 
in particular of Professor Hans Dewachter, are gratefully acknowledged. A previous version 
of this paper was presented at the Conference on Dynamic Models in Economics and Finance, 
University of Urbino, 23-25 September 2010. The authors thank the participants and in 
particular Professor J. Barkley Rosser, Jr, for their useful comments. Finally, the authors wish 
to thank Dr Clifford Wymer for his help with the estimation procedure. The usual disclaimer 
applies to all the persons mentioned. 



1 Introduction

The aim of this paper is to investigate the possibility of chaotic dynamics in
the Euro/Dollar exchange rate. The interest of economists in chaos theory
started in the 1980s, more than 20 years after the onset of this theory in
physics, which is conventionally dated from 1963 when the meteorologist E.
N. Lorenz published his paper on what became to be known as the Lorenz
attractor (Lorenz, 1963).
A few words are in order to explain the interest of economists in chaos

and the exchange rate. After the failure of the standard structural models
of exchange rate determination in out-of-sample ex-post forecasts (the most
notable empirical rejection is that by Meese and Rogo¤, 1983a,b; for sub-
sequent studies see Gandolfo et al., 1990, 1993, Gandolfo, 2002, and Rogo¤
and Stavrakeva, 2008), the exchange rate has come to be considered as a
stochastic phenomenon, and exchange rate forecasting has come to rely on
technical analysis and time series procedures, with no place for economic
theory. Economic theory can be reintroduced in various ways, one of which
is through a chaotic model. In fact, this would explain the apparently er-
ratic behaviour of the exchange rate not through purely stochastic processes,
but as due to a deterministic economic model capable of generating chaos.
Another possibility would be to use a non-linear non-chaotic but stochastic
structural model.
Furthermore, it has become evident that it is not possible to understand

exchange rate behaviour by relying on models with representative agents.
All forms of this simplifying approach have failed empirically (see Sarno and
Taylor, 2002). There is now abundant evidence that market participants have
quite heterogeneous beliefs on future exchange rates. These di¤erent expec-
tations introduce non-linear features in the dynamics of the exchange rate.
Heterogeneous agent models may create complex endogenous dynamics, in-
cluding chaotic dynamics. This approach was initiated by Frankel and Froot
(1987, 1990a,b). Further studies developed this line of research mainly in the
context of stock markets (e.g. Kirman, 1991, Day and Huang, 1990; Brock
and Hommes, 1997, 1998; Lux, 1998; Le Baron et al. 1999; Gaunersdorfer et
al. 2003)1.
The empirical evidence in favour of chaos in the exchange rate is not very

strong. Sometimes chaos has been detected in the data (see Bajo-Rubio et
al. 1992; De Grauwe et al. 1993; Chen, 1999; Bask, 2002; Brzozowska-Rup
and Orlowski, 2004; Weston, 2007; Torkamani et al., 2007) but most often

1For surveys of this �eld of literature, see Hommes (2006), Chiarella et al. (2009),
Hommes and Wagener (2009), Lux (2009) and Westerho¤ (2009).
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no such dynamics has been found (Brooks, 1998; Guillaume, 2000; Federici
and Gandolfo, 2002; Serletis and Shahmoradi, 2004; Resende and Zeidan,
2008). In general, the empirical evidence for chaotic dynamics in economic
time series is very fragile.
Studies aimed at detecting chaos in economic variables can be roughly

classi�ed into two categories.
I) On the one hand, there are studies that simply examine the data and

apply various tests, such as the studies mentioned above (for applications to
the exchange rate see Bajo-Rubio et al., 1992; Cuaresma, 1998; Guillaume,
2000, Chap. 3; Schwartz and Youse�, 2003; Weston, 2007). These tests have
been originally developed in the physics literature. This approach is not
very satisfactory from our point of view, which aims at �nding the dynamic
model (if any) underlying the data. Besides, in the case of the investigation
of individual time series to determine whether they are the result of chaotic
or stochastic behaviour, the results could be inconclusive, as shown in the
single blind comparative study of Barnett et al. (1997).
II) On the other hand, structural models are built and analysed. This

analysis can in principle be carried out in several ways:
II.a) showing that plausible economic assumptions give rise to theoretical

models having dynamic structures that fall into one of the mathematical
forms known to give rise to chaotic motion;
II.b) building a theoretical model and then
II.b1) giving plausible values to the parameters, simulating the model,

and testing the resulting data series for chaos; or
II.b2) estimating the parameters econometrically, and then proceeding as

in b1:
Existing chaotic exchange rate models (De Grauwe and Versanten, 1990;

Reszat, 1992; De Grauwe and Dewachter, 1993a,b; De Grauwe, Dewachter,
Embrechts, 1993; De Grauwe and Grimaldi, 2006a,b; Ellis, 1994; Szpiro,
1994; Chen, 1999: Da Silva, 2000, 2001; Moosa, 2000, Chap. 9) follow ap-
proaches (II.a) or (II.b1). From the theoretical point of view, these models
show that with orthodox assumptions (PPP, interest parity, etc.) and in-
troducing nonlinearities in the dynamic equations, it is possible to obtain a
dynamic system capable of giving rise to chaotic motion. However, none of
these models is estimated, and the conclusions are based on simulations: the
empirical validity of these models is not tested.
In the present paper, after a preliminary investigation of the data accord-

ing to I)2, we follow approach II.a) and approach II.b2). For this purpose, we

2In order to detect the presence of chaos, in the �rst step, we use tick-by-tick
Euro/Dollar exchange rate from January 2003 to December 2009 (one-minute and �ve-
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develop a continuous-time exchange rate model that allows for heterogene-
ity of the agents�beliefs and possesses an intrinsic non-linearity, which is in
principle capable of generating a chaotic motion.
After the analysis of its theoretical properties, the model is econometri-

cally estimated in continuous time with Euro/Dollar data and examined for
the possible presence of chaotic motion.

2 The model: formulation in terms of excess
demands for foreign exchange

Our starting point is that the exchange rate is determined in the foreign
exchange market through the demand for and supply of foreign exchange.
This is a truism, but it should be complemented by the observation that,
when all the sources of demand and supply� including the monetary author-
ities through their reaction function� are accounted for, that is, once one
has speci�ed behavioural equations for all the items included in the bal-
ance of payments, the exchange rate comes out of the solution of an implicit
dynamical equation.
Let us then come to the formulation of the excess demands (demandminus

supply) of the various agents. Our classi�cation is functional. It follows that
a commercial trader who wants to pro�t from the leads and lags of trade
(namely, is anticipating payments for imports and/or delaying the collection
of receipts from exports in the expectation of a depreciation of the domestic
currency) is behaving like a speculator.
1) In the foreign exchange market non-speculators (commercial traders,

etc.) are permanently present, whose excess demand only depends on the
current exchange rate:

En(t) = gn[r(t)]; g
0
n ? 0: (1)

where r(t) denotes the current spot exchange rate (price quotation system:
number of units of domestic currency per unit of foreign currency). Possible
transaction costs are subsumed under the non-linear function gn: On the sign
of g0n see below, Sect. 3.1.

minute intervals). Similarly to many other papers, we study the exchange rate returns
(the exchange rate return at time t is calculated as the log di¤erence of two consecutive
exchange rate levels). Tools from dynamical systems theory, such as the maximum Lya-
punov exponent, are used. In addition we apply the reshu ed (surrogate) data procedure,
which is unfortunately overlooked in most tests carried out in economic studies. The re-
sults of this analysis indicate that the data do not possess the features that are required
to classify them as chaotic.
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2) Let us now introduce speculators, who demand and supply foreign ex-
change in the expectation of a change in the exchange rate. According to a
standard distinction, we consider two categories of speculators, fundamen-
talists and chartists3.
2a) Fundamentalists hold regressive expectations, namely they think that

the current exchange rate will move toward its "equilibrium" value. There
are several ways to de�ne such a value4; we believe that the most appropriate
one is the NATREX (acronym of NATural Real EXchange rate), set forth
by Stein (1990, 1995, 2001, 2002, 2006). It is based on a speci�c theoretical
dynamic stock-�ow model to derive the equilibrium real exchange rate. The
equilibrium concept re�ects the behaviour of the fundamental variables be-
hind investment and saving decisions in the absence of cyclical factors, spec-
ulative capital movements and movements in international reserves. Two
aspects of this approach are particularly worth noting. The �rst is that the
hypotheses of perfect knowledge and perfect foresight are rejected: ratio-
nal agents who e¢ ciently use all the available information will base their
intertemporal decisions upon a sub-optimal feedback control (SOFC) rule,
which does not require the perfect-knowledge perfect-foresight postulated by
the Representative Agent Intertemporally Optimizing Model, but only re-
quires current measurements of the variables involved. The second is that
expenditure is separated between consumption and investment, which are
decided by di¤erent agents. The consumption and investment functions are
derived according to SOFC, through dynamic optimization techniques with
feedback control. Thus the NATREX approach is actually an intertemporal
optimizing approach, though based on di¤erent optimization rules.
For a treatment of the NATREX, and for an empirical estimation of the

$/e NATREX, see Belloc, Federici and Gandolfo (2008), and Belloc and
Federici (2010). Let us call Nn the nominal NATREX . Then the excess
demand by fundamentalists is given by the function

Esf (t) = gsf [Nn(t)� r(t)]; sgngsf [:::] = sgn[:::]; g0sf > 0: (2)

where Nn is the fundamental exchange rate, that we identify with the nom-
inal NATREX, exogenously given and assumed known by fundamentalists.
Transaction costs and the like are subsumed under the non-linear function
gsf ; which is a sign-preserving function
2b) The excess demand by chartists is given by

Esc(t) = gsc[ER(t)� r(t)]; sgngsc[:::] = sgn[:::]; g0sc > 0; (3)
3For simplicity�s sake we neglect the possibility of switch between the two categories.
4Typically in the literature the PPP value is used as a measure of the equilibrium

exchange rate.
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where ER(t) denotes the expected spot exchange rate; the non-linear and
sign-preserving function gsc incorporates possible transaction costs. Chartists
hold extrapolative expectations:

ER(t) = r(t) + h[
�
r(t);

��
r(t)]; h01 > 0; h

0
2 > 0; (4)

where the overdot denotes di¤erentiation with respect to time, and h[:::] is
a non-linear function. The assumed signs of the time derivatives mean that
agents do not only extrapolate the current chnge (h01 > 0) but also take
account of the acceleration (h02 > 0). It follows that

Esc(t) = gsc

n
h[
�
r(t);

��
r(t)]

o
: (5)

3) Finally, suppose that the monetary authorities are also operating in the
foreign exchange market with the aim of in�uencing the exchange rate5, ac-
count being taken of the NATREX, by using an integral policy à la Phillips.
The authorities�excess demand EG(t) can be represented by the following
function:

EG(t) = G

�Z t

0

[Nn(t)� r(t)] dt
�
; G0 ? 0: (6)

where G f:::g is a non-linear function and the integral represents the sum of
all the di¤erences that have occurred, from time zero to the current moment,
between the NATREX and the actual values of the exchange rate. The sign of
G0 depends on the policy stance of the monetary authorities. More precisely,
if the aim is to stabilize the exchange rate around its NATREX value, then
G0 > 0: In fact, in such a case,

sgnG = sgn

�Z t

0

[Nn(t)� r(t)] dt
�
; (7)

because if the sum of the deviations is positive, this means that the NATREX
has been on average greater than the actual exchange rate, so that the latter
must increase (depreciate) to move towards the NATREX, hence a positive
excess demand for foreign exchange. The opposite holds in the case of a
negative sum. Thus the function G passes through zero when moving from
negative to positive values, and G0(0) > 0:
But the authorities might wish to maintain or generate a situation of

competitiveness, which occurs when the actual exchange rate has been on

5Central bank have often used direct interventions as a tool to stabilize short-run trends
or to correct long term misalignments of the exchange rate. The large empirical literature
on the impact and the e¤ectiveness of these interventions provides mixed evidence (see
Beine et al. 2009, Beine et al. 2007, Dominguez, 2006, Humpage, 2003 among others).
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average greater than the NATREX, hence the integral is negative. To main-
tain or accentuate this situation, the authorities demand foreign exchange,
so that

sgnG = �sgn
�Z t

0

[Nn(t)� r(t)] dt
�
: (8)

Thus the function G passes through zero when moving from positive to neg-
ative values, and G0(0) < 0:
Market equilibrium requires

En(t) + Esf (t) + Esc(t) + EG(t) = 0: (9)

In this way we have only one endogenous variable, r(t); since the fundamen-
tals are subsumed under the NATREX, which is known to both the author-
ities and the fundamentalists, and is considered exogenous in the present
model.
Since the market equilibrium condition (9) holds instantaneously (given

the practically in�nite speed of adjustment of the FOREX market), we can
di¤erentiate Eq. (9) with respect to time, thus obtaining

�
En(t) +

�
Esf (t) +

�
Esc(t) +

�
EG(t) = 0: (10)

By di¤erentiating Eqs. (1), (2), (5), and (6)6 with respect to time and
substituting the result into Eq. (10) we obtain

g0n�
�
r(t)+g0sf�[

�
Nn(t)�

�
r(t)]+g0sc�[h01�

��
r(t)+h02�

���
r(t)]+G0�[Nn(t)� r(t)] = 0:

(11)
Collecting terms we get

g0sch
0
2�

���
r(t)+g0sch

0
1�

��
r+(g0n�g0sf )�

�
r(t)�G0�r(t) = �G0�Nn(t)+g0sf�

�
Nn(t);
(12)

whence, dividing through by g0sch
0
2 6= 0;

���
r(t) +

h01
h02

��
r +

(g0n � g0sf )
g0sch

0
2

�
r(t)� G0

g0sch
0
2

r(t) = � G0

g0sch
0
2

Nn(t) +
g0sf
g0sch

0
2

�
Nn(t): (13)

This equation may seem linear, but it is not so. In fact, the derivative of a
function is a function of the same arguments of the function, i.e.

g0n = fn[r(t)]; g
0
sf = fsf [Nn(t)� r(t)]; g0sc = fsc

n
h[
�
r(t);

��
r(t)]

o
; etcetera,

(14)

6Note that
�
EG(t) = G

0 � [Nn(t)� r(t)] :
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so that the coe¢ cients of Eq. (13) are to be considered as (non-linear)
functions.
The model could be linearised and the resulting linear form analysed, but

this would be uninteresting in the present context, since a linear model cannot
give rise to chaos. The problem then arises of specifying the non-linearities
of our model.

3 The intrinsic non-linearity of the model

When one abandons linearity (and related functional forms that can be re-
duced to linearity by a simple transformation of variables, such as log-linear
equations), in general it is not clear which non-linear form one should adopt.
Further to clarify the matter, let us distinguish between purely qualitative
non-linearity and speci�c non-linearity.
By purely qualitative non-linearity we mean the situation in which we

only know that a generic non-linear functional relation exists with certain
qualitative properties, such as continuous �rst-order partial derivatives with
a given sign and perhaps certain bounds. This is the aspect so far taken by
our model, but it is hardly useful for our purposes, because the econometric
estimation obviously requires speci�c functional forms.
By speci�c non-linearity we mean the situation in which we assume a

speci�c non-linear functional relationship. Since in general it is not clear
from the theoretical point of view which non-linear form one should adopt,
the choice of a form is often arbitrary or made for convenience.
In our case, however, it is possible to introduce a non-linearity on sound

economic grounds. This concerns the excess demand of non-speculators. To
understand this point, a digression is called for on the derivation of the
demand and supply schedules of these agents.

3.1 Derivation of the demand and supply schedules of
non-speculators 7

The main peculiarity of these demand and supply schedules for foreign ex-
change is the fact that they are derived or indirect schedules in the sense that
they come from the underlying demand schedules for goods (demand for do-
mestic goods by nonresidents and demand for foreign goods by residents). In
other words, in the context we are considering, transactors do not directly
demand and supply foreign exchange as such, but demand and supply it as

7For an in-depth treatment of this point see Sect. 7.3.1 of Gandolfo, 2002.
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Figure 1: Non-linear supply functions

a consequence of the underlying demands for goods. Thus the demand for
and supply of foreign exchange depend on the elasticities of the underlying
demands for goods. Consider for example S(r); the total revenue of foreign
exchange from exports (determined by export demand), which depends on
the elasticity of export demand. If the elasticity of exports is greater than
one, an exchange-rate depreciation of, say, one per cent, causes an increase
in the volume of exports greater than one per cent, which thus more than
o¤sets the decrease in the foreign currency price of exports: total receipts of
foreign exchange therefore increase. The opposite is true when the elasticity
is lower than one.
Since a varying elasticity is the norm rather than an exception (a simple

linear demand function has a varying elasticity), cases like those depicted in
Fig. 1 are quite normal.
In the case depicted in Fig. 1a) the function S(r) can be represented by

a quadratic, while in the case of Fig. 1b) a cubic might do. Let us consider
the simpler quadratic case, S(r) = a + br + cr2; a > 0; b > 0; c < 0;where
a; b; c are constants.8

What we propose to do is to introduce the above quadratic non-linearity
while assuming all the other functions to be linear and with constant coe¢ -
cients. Thus, assuming that D(r) is linear (D(r) = d0 + d1r; d0 > 0; d1 < 0;

8The quadratic function a+ br + cr2 as represented in the diagram implies a > 0; b >
0; c < 0:
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where d0; d1 are constants), we can write

En(t) = D(r)�S(r) = (d0+d1r)�(a+br+cr2) = (d0�a)+(d1�b)r�cr2 (15)

Given this, we have
�
En(t) = �

�
r(t) + �r(t)

�
r(t); where � = (d1 � b) < 0; � = �2c > 0: (16)

Comparing Eqs. (15) and (1) we note that

g0n = (d1 � b)� 2cr(t) = �+ �r(t): (17)

As regards the other excess demands, we set

Esf (t) = m[Nn(t)� r(t)];m = g0sf > 0

Esc(t) = n[ER(t)� r(t)]; n = g0sc > 0
ER(t) = h[r(t);

�
r(t);

��
r(t)] = r(t) + b1

�
r(t) + b2

��
r(t); (18)

h01 = b1 > 0; h
0
2 = b2 > 0; replacing in the previous equation we get

Esc(t) = nb1
�
r(t) + nb2

��
r(t)

EG(t) = g

�Z t

0

[Nn(t)� r(t)] dt
�
; g = G0 ? 0

where m;n; b1; b2; g are all constants. Substituting Eq. (17), and the para-
meters de�ned in (18), into Eq. (13), and rearranging terms, we obtain

���
r(t) +

b1
b2

��
r(t) + [

��m
nb2

+
�

nb2
r]
�
r(t)� g

nb2
r(t) =

�g
nb2
Nn(t) +

m

nb2

�
Nn(t) = 0;

(19)
or

���
r(t) = �b1

b2

��
r(t) + [

m� �
nb2

� �

nb2
r(t)]

�
r(t) +

g

nb2
r(t) + '(t); (20)

where
'(t) � � g

nb2
Nn(t) +

m

nb2

�
Nn(t): (21)

The homogeneous part of the non-linear third-order di¤erential equation (20)
is a jerk function9, and is known to possibly give rise to chaos for certain

9A jerk function has the general form

x000 = F (x00; x0; x):

In physical terms, the jerk is the time derivative of the acceleration.
It seems that the denomination �jerk�came to the mind of a physics student traveling

in a car of the New York subway some twenty years ago. When standing in a subway car
it is easy to balance a slowly changing acceleration. But the subway drivers had a habit of
accelerating erratically (possibly induced by the rudimentary controls then in use). The
e¤ect of this was to generate an extremely high jerk.
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values of the parameters [Sprott, 1997, eq. (8)]. Besides, since the equation
is non-autonomous, the dimension of the state space is increased by one. In
fact, Eq. (19) can be easily rewritten as a system of �rst-order equations by
de�ning new variables,

x1 � r; x2 �
�
r; x3 �

��
r: (22)

The resulting system consists of three �rst-order equations in the xi; written
as

�
xi = xi+1; i = 1; 2;

�
x3 =

g
nb2
x1 +

h
m��
nb2

� �
nb2
x1

i
x2 � b1

b2
x3 + '(t):

(23)

System (23) is obviously non-autonomous, like the original equation. It can
be rewritten as an autonomous system at the expense of introducing an
additional variable, say

x4 = t: (24)

In this case x4 obeys the trivial equation

�
x4 = 1;

and system (23) becomes an autonomous system of four �rst order equations:

�
xi = xi+1; i = 1; 2;

�
x3 =

g
nb2
x1 +

h
m��
nb2

� �
nb2
x1

i
x2 � b1

b2
x3 + '(x4);

�
x4 = 1:

(25)

In any case, we are not interested in a general numerical analysis of our
jerk equation or of its equivalent system, but in its analysis with the estimated
values of its coe¢ cients.

4 Estimation results

Estimates of the parameters were found by a Gaussian estimator of the
non-linear model subject to all constraints inherent in the model by using
Wymer�s software for the estimation of continuous time non-linear dynamic
models. We use daily observations of the nominal Euro/Dollar exchange rate

11



over the period January 2, 1975 to December 29, 2003 (weekends and holi-
days are neglected)10. The derivation of the NATREX series is discussed in
detail in Federici and Belloc (2010)11. The equation estimated is Eq. (20),
written in the form

���
r(t) = a1

��
r(t) + [a2 + a3r(t)]

�
r(t) + a4r(t)� a4Nn(t)� a5

�
Nn(t): (26)

where
a1 � � b1

b2
< 0;

a2 � m��
nb2

> 0;

a3 � � �
nb2
< 0;

a4 � g
nb2
? 0;

a5 � � m
nb2
< 0:

(27)

The expected signs of the ai coe¢ cients re�ect our theoretical hypotheses
set out in the previous sections. We note that the �original�parameters are
seven (b1; b2;m; �; n; �; g) while we can estimate only �ve coe¢ cients. Hence
it is impossible to obtain the values of the original parameters. What we
can do is to check the agreement between the signs listed in (27) and the
coe¢ cient estimates. The estimates are reported in Table 1.

Table 1: Estimation results
Coe¢ cient Estimate ASE Ratio
a1 -12.405 1.538 8.06
a2 16.976 2.823 6.01
a3 -27.421 3.545 7.73
a4 -0.01064 0.003596 2.96
a5 -1.226 0.184 6.66

Log-likelihood value 0.3287539E+05

The last column (Ratio) gives the (absolute value of the) ratio of the
parameter estimate to the estimate of its asymptotic standard error (ASE).
This ratio does not have a Student�s t distribution, but has an asymptotic
normal distribution. Thus in a su¢ ciently large sample it is signi�cantly
di¤erent from zero at the 5% level if it is greater than1.96 and signi�cantly
di¤erent from zero at the 1% level (i.e., highly signi�cant) if it it is greater
than 2.58.
10Source: EUROSTAT.
11We have generated daily data over the sample period used in estimation.
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The estimation of the model shows a remarkable agreement between esti-
mates and theoretical assumptions. In fact, not only all the coe¢ cients have
the expected sign and are highly signi�cant, but, in addition, the observed

Figure 2: Observed and estimated values

and the estimated values are very close, as shown by Fig. 2 (the correlation
coe¢ cient turns out to be 0.9959).
The in-sample root mean square error (RMSE) of forecasts12 of the en-

12To obtain these forecasts, the di¤erential equation is re-initialized and solved n times
(if one wants forecasts for n periods), each time using the observed value of the endogenous
variable in period t as initial value in the solution, which is then employed to obtain the
forecast for perod t+1:In other words, the re-initialization is at the same frequency as the
sample observations.
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dogenous variable r turns out to be 0.005475, a very good result.
As regards the out-of-sample, ex post forecasts, we simulated the model

over the period January 5, 2004 to June 30, 2006 (weekdays only) and ob-
tained a RMSE of 0.091338. This value, although higher than the in-sample
value (which is a normal occurrence), is satisfactory.

5 Testing for chaos

Our �rst step13 was that of looking for a strange attractor through phase
diagrams.

Figure 3: Phase diagram

Figure 3 plots r0(t) against r(t) (these are denoted by X 0(t); X(t) in the
�gure). No discernible structure appears. There does not seem to be a
point around which the series evolves, approaching it and going away from it
in�nite times. On the contrary, the values are very close and no unequivocal

13The following tests were carried out using the software Chaos Data Analyzer by Sprott
and Rowlands (1992).
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closed orbits or periodic motions seem to exist. If we lengthen the time
interval for which the phase diagram is built we obtain closed �gures, but
we cannot clearly classify them as strange attractors because when the data
contain such an attractor, this should remain substantially similar as the
time interval changes. Such a feature is absent. This test, however, is hardly
conclusive, as it relies on impression rather than on quantitative evaluation.
We then computed the power spectrum (Fig. 4). Power spectra that

are straight lines on a log-linear scale are thought to be good candidates for
chaos. This is clearly not the case.

Figure 4: Power spectrum

Quantitative tests are based on the correlation dimension and Liapunov
exponents.
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Figure 5: Correlation dimension

The Grassberger-Procaccia algorithm for the computation of the correla-
tion dimension requires the presence of a �at plateau in the diagram where
the log of the dimension is plotted against the log of the radius.

Since no such plateau exists (see Fig. 5), the computation of the dimen-
sion (which turned out to be 3:264 � 0:268) is not reliable. In any case,
it should be noted that saturation of the correlation dimension estimate is
just a necessary, but not su¢ cient, condition for the existence of a chaotic
attractor, since also nonlinear nonchaotic stochastic systems are capable of
exhibiting this property (Scheinkman and LeBaron, 1989).
Arguably, the only test speci�c for chaos is provided by Liapunov expo-

nents. The Liapunov exponent is a measure of the rate at which nearby
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trajectories in phase space diverge (SDIC). Chaotic orbits have at least one
positive Liapunov exponent.
Inserting the estimated parameters into the original non-linear model and

solving the di¤erential equation, we obtained the values (daily data) of the
exchange rate generated by the model. Then we applied to this series the
Lyapunov exponents test. In this case the greatest Lyapunov exponent is
0.103�0.016. This is evidence for chaos, but the reshu ed (surrogate) data
procedure14 refutes such a result. The basic idea is to produce from the
original data a new series with the same distributional properties but with
any non-linear dependence removed. The maximum Lyapunov exponent test
is then applied to this surrogate series to check whether it gives the same
(pro chaos) results as those obtained from the original series. If the results
are the same, we should suspect the veracity of our conclusions. We obtained
a positive largest Lyapunov exponent of 0.419�0.16. Hence we can conclude
that the series generated by the estimated model cannot be considered as
chaotic.
The previous results are con�rmed by a di¤erent procedure, which is the

following.
Lyapunov exponents have been calculated from the underlying non-linear

model15 for the estimated parameter values, using the variational matrix
equation, and these concentrate information on the nature of the non-linear
dynamics. In our case all exponents are negative, and are -0.218691,
-0.620225, -0.620229:
On the basis of these results the model is stable dynamically (i.e. for

a given set of parameters) and structurally stable (i.e. the results did not
change in a substantial way even for large changes in the parameter values16).
The stability properties of the model suggest its importance not only to

the foreign exchange market but, given the events over the past few years,
to �nancial markets more generally. The Lyapunov exponents of the model
show that it is stable at the estimated values and apparently in a wide neigh-

14See Scheinkman and LeBaron (1989), Theiler (1991) and Rapp et al. (1993) for a
discussion about shu e diagnostics.
15See Wymer (2009) on the advantage of calculating Lyapunov exponents from an esti-

mated model.
16These changes were not arbitrary. In fact, we are dealing with estimated parameters; it

follows that the �true�value of the parameter can lie anywhere in the con�dence interval,
calculated as
point estimate � 1.96� (95%)
or
point estimate � 2.58� (99%)
where � is the ASE.

On this point see Gandolfo, 1992.
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bourhood of those values. If parameter a2 is set to zero, however, which
means that fundamentalists are not active in the market, the model is unsta-
ble. Moreover, in a fairly wide neighbourhood of the other parameters, the
model remains unstable. There is a major change in the dynamic structure
depending on whether or not fundamentalists are in the market.

6 Conclusion

Our results have important economic implications.
I) The implications for the foreign exchange market, and almost certainly

other �nancial markets, is striking. The stabilizing role of fundamentalists is
not surprising given their longer horizons, but the need for fundamentalists
to stabilize a market that would otherwise be unstable raises questions about
the role of the other players. In recent years, it has been argued that day-
traders and other short-term players are important in providing liquidity
to the market. If so, they should make the market more stable but they
do not. Some (largely anecdotal) evidence suggests that as risk rises these
traders disappear from the market. If that is the case their role in providing
liquidity is super�cial, providing liquidity when it is not needed and not when
it is. If that is so, from a macro-economic point of view it is an ine¢ cient
use of capital.
II) The second implications is methodological. As stated in the Intro-

duction, after the failure of the standard structural models of exchange rate
determination in out-of-sample ex-post forecasts (the most notable empirical
rejection was that by Meese and Rogo¤, con�rmed by subsequent studies),
exchange rate forecasting has come to rely on technical analysis and time
series procedures, with no place for economic theory. Economic theory can
be reintroduced:
a) through a non-linear purely deterministic structural model giving rise

to chaos;
b) through a non-linear non-chaotic but stochastic structural model.
The fact that our model �ts the data well but does not give evidence for

chaos means that non-linear (non-chaotic but stochastic) di¤erential equa-
tions econometrically estimated in continuous time are the most promising
tool for coping with this phenomenon.
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