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Introducing and evaluating a Gibbs sampler for spatial Poisson

regression models

Susanne Gschlofl Claudia Czado *

March 30, 2005

Abstract

In this paper we present a Gibbs sampler for a Poisson model including spatial effects.
Frithwirth-Schnatter and Wagner (2004b) show that by data augmentation via the introduc-
tion of two sequences of latent variables a Poisson regression model can be transformed into
a normal linear model. We show how this methodology can be extended to spatial Poisson
regression models and give details of the resulting Gibbs sampler. In particular, the influence
of model parameterisation and different update strategies on the mixing of the MCMC chains
are discussed. The developed Gibbs samplers are analysed in two simulation studies and ap-
plied to model the expected number of claims for policyholders of a German car insurance
data set. In general, both large and small simulated spatial effects are estimated accurately
by the Gibbs samplers and reasonable low autocorrelations are obtained when the data vari-
ability is rather large. However, for data with very low heterogeneity, the autocorrelations
resulting from the Gibbs samplers are very high, withdrawing the computational advantage
over a Metropolis Hastings independence sampler which exhibits very low autocorrelations

in all settings.
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1 Introduction

The Poisson distribution is a common model for count data. Often, a regression is performed
on the mean of the Poisson model taking covariates into account. If the data are geographically
distributed, spatial effects may be additionally introduced to allow for spatial dependencies.
Consider for example data of policyholders from a car insurance company distributed on J geo-
graphical regions. Since the risk for claims may depend on the region the policyholder is living in,
models for the expected number of claims for each policyholder might be improved by allowing
for spatial effects. In a Bayesian approach, a conditional autoregressive model (CAR), see for
example Pettitt et al. (2002), is a popular spatial prior allowing for a certain spatial dependency
structure.

Since the full conditional distributions of a spatial Poisson regression model do not follow any
standard distribution, usually single component Metropolis Hasting (MH) steps are performed
in a MCMC setting, see for example Gschlofl and Czado (2005). However, this requires the
choice of appropriate proposal distributions in order to achieve reasonable acceptance rates and
a good mixing of the MCMC chains. Advanced independence proposals, like for example a nor-
mal proposal with the same mode and inverse curvature at the mode as the target distribution,
can lead to high acceptance rates and low autocorrelations but involve considerable computa-
tional efforts. Knorr-Held and Rue (2002) discuss efficient block sampling MH algorithms for
Markov random field models in disease mapping, based on the methodology developed in Rue
(2001). Haran et al. (2003) study MH algorithms with proposal distributions based on Struc-
tured MCMC, introduced by Sargent et al. (2000), for spatial Poisson models.

In this paper we describe a straightforward Gibbs sampler for spatial Poisson regression models
based on the approach by Frithwirth-Schnatter and Wagner (2004a) who developed a Gibbs sam-
pler for Poisson regression models for small counts. They show that by data augmentation via
the introduction of two sequences of latent variables a linear normal model is obtained. The basic
idea is to identify Poisson observations as the number of jumps of an unobserved Poisson process.
The first step of the data augmentation consists in the introduction of unobserved inter-arrival
times of the Poisson process as latent variables. Thus, linearity of the observation equation is
obtained, however the resulting model is still non-normal. In a second step the non-normal error
term is approximated by a mixture of normal distributions and the component indicators of
these mixtures are introduced as the second sequence of latent variables. Conditioning on both
the inter-arrival times and the component indicators a linear normal model is obtained and a
Gibbs sampler can be applied.

In Frithwirth-Schnatter and Wagner (2004b) an application of this Gibbs sampler to state space
models is given, in Frithwirth-Schnatter and Wagner (2004a) the same methodology is applied

for standard Poisson regression models and Poisson regression models with overdispersion. Using



a similar methodology, a Gibbs sampler for logistic models is developed in Frithwirth-Schnatter
and Waldl (2004). In this paper we show that this Gibbs sampler for a Poisson regression model
can be extended to a spatial Poisson regression model in a straightforward manner.

It is well known, that mixing and convergence of the Gibbs sampler depends crucially on sev-
eral implementation issues, see for example Dellaportas and Roberts (2003) for an overview
and Roberts and Sahu (1997) for a detailed discussion. High autocorrelations can be reduced
by updating several parameters in one block or using collapsed algorithms, another important
issue is model parameterisation. Gelfand et al. (1995) discuss the efficiency of centered and non-
centered parameterisation for hierarchical normal linear models, Papaspiliopoulos et al. (2003)
address parameterisation issues for several classes of hierarchical models and introduce partially
non-centered parameterisations. An overview on model parameterisations and efficiency is given
in Frithwirth-Schnatter (2004) with special emphasis on state space models.

We consider both centered and non-centered parameterisations for our model and discuss vari-
ous algorithmic schemes. In a simulation study we examine algorithms updating the parameters
in several blocks as well as collapsed algorithms. In general, the lowest autocorrelations are ob-
tained when a collapsed algorithm is used. The estimation of both small and large simulated
spatial effects is very accurate, the mixing of the Gibbs samplers is reasonable well when the
variability of the data is rather large. However, if the heterogeneity of the data is very low, high
autocorrelations are obtained for all Gibbs sampler schemes, diminishing the computational ad-
vantage in comparison to a single component MH sampler with independence proposal.

This paper is organized as follows. In Section 2 the spatial Poisson regression model is specified
and the two steps of the data augmentation scheme are described for this specific model. Details
for the MCMC update of all parameters and latent variables are given, in particular several
algorithmic schemes are considered for the update of the regression parameters and the spatial
effects using both centered and non-centered model parameterisations. In Section 3 the devel-
oped Gibbs sampler schemes are examined and compared to a single component MH sampler
with independence proposals in two simulation studys. In the first study, the influence of the size
of the spatial effects on the resulting autocorrelations and parameter estimation is addressed,
while the second study considers the influence of the data heterogeneity on the performance of
the Gibbs samplers. We also apply the Gibbs samplers to model the expected number of claims
in a real data set from a German car insurance company. A comparison of the computational
costs of the considered samplers is given in Section 4, Section 5 gives a summary and draws

conclusions.



2 Data augmentation and Gibbs sampler for spatial Poisson re-

gression models
We assume that observations Y;, i = 1,..,n observed at J regions follow a Poisson model
y; ~ Poisson(u;). (2.1)
The mean u; is specified by

i = tiexp(ziar) := t; exp(x;08 + viy) = t; exp(x;08 + V(i) (2.2)

where z, = (x},v}) denotes the covariate vector x; = (1, ;1,..,x;)" and the incidence vector
1, if R(l)=j

, with R(i) € {1,..,J} denoting
0 otherwise

v; = (vi1, .., v55)" for the regions, ie. vy = {

the region of the i-th observation. Further & = (3,~)’ denotes the vector of regression parameters
B = (Bo, b1, .., Bp) and spatial effects v = (v1,..77). By the inclusion of spatial effects we allow
for geographical differences in the J regions. The quantity ¢; gives the exposure time for the i-th
observation.

We assume a normal prior distribution centered around zero with a large standard deviation for

the regression parameters 3, in particular

/@ ~ Nerl(Oa ‘/0)

where Vo = 721,41 with 72 = 100. Here N, (11, $) denotes the p-variate Normal distribution with
mean p and covariance matrix 3. For the spatial effects a conditional autoregressive (CAR)

prior based on Pettitt et al. (2002) is used. In particular, we assume

Y|, 0% ~ N;(0,0°Q)
where the elements of the precision matrix @ = (Qy;), 4,7 = 1, .., J are given by

L+ -N; i=j
Qij =19 —¢ P Gi~g - (2.3)

0 otherwise

We write ¢ ~ j for regions i and j which are contiguous and assume regions to be neighbours
if they share a common border. N; denotes the number of neighbours of region i. The spatial
hyperparameter ) determines the degree of spatial dependence, for 1 = 0 independence of the
spatial effects is obtained whereas for 1) — oo the degree of spatial dependency increases. Note,
that this prior is a proper distribution in contrast to the well known intrinsic CAR model in-
troduced by Besag and Kooperberg (1995). Other proper spatial prior distributions have been
considered, see for example Czado and Prokopenko (2004) who use a modification of Model (2.3)



and Sun et al. (2000).
Therefore, we have a multivariate normal prior distribution for the regression and spatial pa-

rameters ¢ which is given by

|0 ~ Npi11(0,%) (2.4)

% 0
with ¥ = ( 00 20-1 ) For the spatial hyperparameters @ = (1, 0?) the proper prior distri-
o

butions

1
(1+¢)?

are assumed. The parameterisation of this model described by Observation Equation (2.2) and

W~ and o2 ~ IGamma(1,0.005)

Prior Specification (2.4) is called non-centered in the mean, since the intercept [y appears
in the observation equation, but not in the spatial prior formulation. Other possible model
parameterisations include parameterisations additionally non-centered in the scale and variance
of the spatial prior as well as a centered parameterisation, where the intercept §y only appears
as the mean of the spatial prior. These parameterisations are summarized in Table 1. For a
summary on existing parameterisation techniques see for example Frithwirth-Schnatter (2004).

Initially, our investigations are based on the non-centered mean parameterisation given by (2.2)

parameterisation spatial prior observation equation

centered ¢~ N(Bo,0?Q71) | i =t; exp(x;_oB_g + viY°)

non-centered mean ~ ~ N(0,02Q7 1Y) pi = tiexp(Bo + x,_oB_g + Vi)

non-centered mean and scale ~* ~ N(0,Q71) pi = tiexp(fo + x,_oB_g + oviv®)

non-centered mean and variance | ¥** ~ N(0, I) wi = tiexp(Bo + x,_oB_g + oviLy**)
where LL' = Q!

Table 1: Spatial prior and observation equation for different model parameterisations, where
Xi—0 = (Ti1, -, Tip)' and B_q := (B1, -, Bp)

and (2.4). Necessary changes when other parameterisations are used will be indicated specifically.

2.1 Step 1: Introduction of hidden inter-arrival times

As indicated in the introduction, the idea is to regard the Poisson observations y;,i = 1,..,n, as
the number of jumps of an unobserved Poisson process with intensity p;. For each observation
y; we introduce y; + 1 hidden inter-arrival times 7;;,j = 1,..,y; + 1. From the properties of a

Poisson process, see for example Mikosch (2004), it is well known that the inter-arrival times



are independent and follow an exponential distribution with parameter p;, i.e.

E tial(1
Tij|lo ~ Exponential (p;) = zponential( )
M
Taking the logarithm we obtain
logijla = —log p; + €
= —logt; — ziax + €5, €ij ~ log(Exponential(1)). (2.5)

Denote by 7 = {;;,i = 1,..,n,j = 1,..,y; + 1} the collection of all inter-arrival times. Then

the posterior distribution of a conditional on 7
p(ald,y,7) = p(ald,T)

is independent of y. Conditional on 7 we are now dealing with model (2.5) which is linear in

the parameters «, but still has a non-normal error term.

2.2 Step 2: Mixture approximation for error term

The second step of the data augmentation scheme eliminates the non-normality of model (2.5).
The error term in (2.5) can be approximated by a mixture of R normal distributions with mean

m,., variance s? and weight w,,r = 1,.., R, i.e.

p(eij) = exp(ew exp EZ_] ZwrfN €ijs My, S 72~)
r=1

where fn(-;m;,s2) denotes the density of the normal distribution with mean m, and variance
s2. Frithwirth-Schnatter and Wagner (2004b) show that R = 5 is sufficient to obtain a close
approximation to the normal distribution. They also give the corresponding values for m,., s
and w,. The second step of the data augmentation then consists in the introduction of the
component indicators 7;; € {1,..,5} as latent variables. We denote the set of all component

indicators by R = {r;,i = 1,..,n,j =1, ..,; + 1}. Conditional on R we have
lognj|a,rl-j = —10gti - Z;a + My, + €ijs o~ N(O) r”)

i.e.

(log 735 + logt; — my,, )|ee, i ~ N(—zjax s2 ). (2.6)

9144

Therefore we are dealing with a normal model which is linear in & now. The posterior distribution

of a conditional on 7 and R is given by

n yi+1
p(a]@, 7, R) x m(x|0) H H exp[ ——(log 7i; +logt; — m;,; + z;a)Q].

i=1 j=1 Srij sz




Since the prior distribution 7(cx|@) is normal as well, the resulting posterior distribution is
multivariate normal and a Gibbs sampler can be applied. Note, that by performing this data
augmentation we are no longer dealing with n but with """ ,(y; + 1) observations. Therefore
this Gibbs Sampler is mainly useful for count data with small counts only, otherwise the data

set might get very large.

2.3 Algorithmic scheme

The algorithmic scheme for the above Gibbs Sampler is the following;:
Choose appropriate starting values for the component indicators R and the inter-arrival times

T.
(1) sample regression and spatial parameters a = (3,)’ given 7, R, 0
(2) sample spatial hyperparameters 6 given o
(3) sample the inter-arrival times 7;; given o,y
(4) sample the component indicators 7;; given T,

Step (1) consists of sampling from a multivariate normal distribution. This can be done in
one block, however it might be computationally more efficient to perform an update in several
smaller blocks. We will consider several update strategies for step (1) later in more detail.

2 can be

The spatial hyperparameter 1 is updated using a Metropolis Hastings step, whereas o
updated using a Gibbs step. Steps (3) and (4), elaborated in Frithwirth-Schnatter and Wagner

(2004b), are described in the following sections.

2.4 Sampling the inter-arrival times

Given y and «, the inter-arrival times for different observations ¢ = 1,..,n are independent. For
fixed i however, 7;1,..,7;,,+1 are stochastically dependent, but independent of the component
indicators R. The inter-arrival times 7;1, .., 7;,, are independent of o and only depend on the
number of jumps, whereas 7; 41 depends on the model parameters. Using this we have

n

p(T‘Y7a7R) = Hp(Tilv"7Tiyi77_’i,yi+1‘yi7a)
=1
n

- Hp(Ti,yi+1 |yla Oy Tyl ooy Tiyi)p(Til) () Tiyi |yz)
i=1

It is well known that, given y; = n, the n arrival times of a Poisson process are distributed as
the order statistics of n U([0,1]) distributed random variables, see for example Mikosch (2004).

The last inter-arrival time 7;,,11, given y;, 71, .., Ty, is exponentially distributed with mean



1 1
E = W truncated at 1 — Z

follows:

=1 Tij- Therefore the inter-arrival times can be sampled as

o Ify;, >0

sample y; random numbers u;1, .., wiy, ~ U([0,1])

sort these random numbers: u; (1), .., U; (y;)

define 7;; as the increments 7;; = u; () — u; (j—1), J=1,..,y; where u; ) :=0

sample 7; 41 =1 — ijlzl 7ij + G, where (; ~ Exponential(fi;)

e If y; = 0 sample 757 = 1 + (;, where (; ~ Exponential (p;)

2.5 Sampling the component indicators

The component indicators R are mutually independent given 7, a, therefore

n yi+1

R|T a H H b TZ]|TZ])

i=1 j=1
Further

p(rij =k, mij,a)  p(Tijlri; =k, e)p(ri; = k
p(ﬁ]:k|7'z],a) — ( J J ): ( J| J - ) ( J )
p(szO‘) p(szO‘)

x  p(rijlri; =k, a)wy (2.7)

since wy = p(ry; = k). Since log 7i;|a, rij ~ N(—log pu; +my,;, s % .)> Tij is log normal distributed,

i.e.

p(Tijlri; =k, o) o exp[_l <1°g(7ij) + log p1; — mk)z]

SkTij Sk

ri; can therefore be sampled from the discrete distribution (2.7) with R = 5 categories.

2.6 Starting values

Starting values for the component indicators r;; are obtained by drawing random numbers from
1 to R. For 7;; starting values are generated according to the sampling procedure described in
Section 2.4. For zero observations we sample (; ~ Exponential(0.1), for observations greater

zero (; ~ Exponential(y;), as suggested in Frithwirth-Schnatter and Wagner (2004b).

2.7 Sampling «

For a several update schemes are possible and will be discussed in this section. For notational

convenience we define with N :=>"" , (y; + 1)

T = (7—17 (XD TN) = (7_117 (XD Tl,yl—l—lv T21 5«5 7—2,:1/2-1-17 s Tnly ooy Tn,yn-i-l)v



€ = (61, ooy EN) = (611, cy €1,y 415 €215 -5 €2 90415 -5 Enly ooy en,yn—l—l)a

m = (M, .., mN) = (M, - My 15 Mrgrs s Mrg g s s My <o an,ynJrl)
and

2 (22 2. (2 2 2 2 2 2
5% = (87,.,8N) = (57, - P11 Sty 1 rnl""srn,yn+1)'

Let t = (t~1, ot ~) denote the vector where ¢; is repeated y; + 1 times. Further define
¥ = (J1,-9n) = (log 71 — mq +logty,..,log 7y — 1y + logty).
Using this notation (2.6) is written as

Jil, R ~ N(~Ziat, 57)

7

where z = : isa N x (p+ 1+ J)-matrix where z; is repeated y; + 1 times.
Zy
2.7.1 Joint update of a = (3,7)’

For a joint update of the regression parameters 8 and the spatial effects « in one block we have

to consider the full conditional of & = (3,)" which is given by

N
.
plal, ) x m(el) [Jexp(— 5z + 2er)?)
i=1 @

N
1 _ | T
o exp{—§ [a’E la + i_g 1 g_?(yl + Z;a)Q] }
1
x exp{—§ [a'Zaa - 20/#(1} },

. y—1 N 15 =1 L N 1~ ~
where X = X7 + ) .0 5%2; and p, = — > i1 5Zili.
7

Hence,
al0, 7, R~ Npi107(25 g, B0 0).

2.7.2 Separate update of 3 and ~

The calculation of the posterior covariance matrix Y31 in Section 2.7.1 can be computationally

intensive if the number of regression parameters and spatial effects is large. Therefore it might



be more efficient to update 3 and ~ in two separate blocks. Recall that zZ' = (x/,v). The full

conditional of 3 is given by

N
P8l 0,7, R) o 7(B) [ exp (5 0+ KB + 1))
i=1 ¢
1 /y—1 al 1 S/ 2
x exp{-Z[BV B+ Y 5[ +%B +me)] }
=1 ?

x exp{—2[898 20y},
where S 1= V51 + Y, éizig and pg = — PO éii(gi +Yr@))-
Hence,

Blv, 0,7, R~ Npy1(Z5" 1, 5570).
Similarly, we can show that
v8,0, 7, R ~ N;y(S5 1, B3,

where ¥, := LQ + 27| #Viviand p = - SV #Villi +XiB).

2.7.3 Joint update of the intercept Gy and ~

Due to the high correlation between the intercept [y and the spatial effects + mixing and
convergence is not very good when 3 and ~ are updated in two separate blocks. Better results are
achieved if we perform a joint block update of 3y and « whereas the remaining parameters 8_; =
(b1, .., Bp) are still updated in one separate block. With this setting the posterior distributions

are given by

B_olB0,7, 0,7, R ~ Npy(Z5" ps .55

and
v, 60‘/6—07 07 T, R~ NJ+1(E;ﬂ10ufyﬁo7 E;ﬂlo)
with
N N
1 ~ ~ ~ ~
Yy = Vog_, t Z ?Xﬁ—oixlﬁ_oiv Hp_, = — Z g—gxﬁ_oi(yz‘ + YR + Bo)
i=1 "1 i=1 "t
and

™2 0 Al |
YnBo = ( 0 1 0 ) +Z~_2(1"7i)(1"7i)/’ Ky = _Zg_z(l’{’i)(gi +i/ﬁ,oi5—0)'
o2

Here Vpg_, = TQIp and Xg_,; = (@i, --ajz‘p)-

i=1 "1 i=1 "1

10



2.7.4 Collapsed algorithm for a model parameterisation with a non-centered mean

Another possibility is to use a collapsed algorithm, that is to integrate out particular components
and perform an update based on the marginal distribution. In our context the joint posterior

distribution of 3 and ~ can be written as

(8,716, 7. R) x p(B|T,R)p(v|3,6,7,R)

where p(8|T,R) = [ p(B,7|0,T,R)d~ is the marginalised posterior density of 8 with « inte-
grated out. It is shown in the Appendix that

B|T, R~ Np+1(2;jﬂcol’ E;)%)

with
N o N N o
Voot 1= 7 4 ) %% — (Y} ViR AT () 5 ¥iK)
=1 1 =1 1 =1 !
and
N o N N o
~ ~ —1 ~ ~ ~ ~
Heol = (Zl gvl-x;)'/l (; ?Viyi) - 21 gxi?/z’,
1= 1= 1=

where A := "N, ViV +02Q.
Step (1) in the algorithmic scheme presented in Section 2.3 is then the following for the
collapsed algorithm:

o sample 3 from Nyi1(2 ) Moot St

col

e sample v|3,0,7,R as in Section 2.7.2

2.7.5 Collapsed algorithm for a model parameterisation with a non-centered mean

and scale

Up to now, we only considered models with the non-centered mean parameterisation specified
by (2.2) and spatial prior |, ¢ ~ N;(0,02Q~!). In this section we consider a model where the
prior of the spatial effects is not only non-centered in the mean, but in the scale as well, i.e. the
third model parameterisation given in Table 1. By assuming v*[1) ~ N;(0,Q~!), o appears as

an unknown parameter in the observation equation, in particular we have

fti = t; exp(x;B + oV )-

For this parameterisation and 7(-) denoting the prior distributions the joint posterior of 3,v*,
and o is given by

n

DB 0,013, R) o exp{ 5 37 S+ KB + 0¥y Jr(B)m(y7 ) () (o).

=1 ?

11



Following the lines of Section 2.7.4 we obtain for 3 the marginalized posterior distribution

,B‘O',T,R ~ Np+1((220l)71u:017 ( :01)71)7

where
Y1 Mo N
Si =T 2+ Y XK — (0 ?vzsc;)’(A*)*l(aZ 5 ViX))
i=1 "1 =1 ¢ i=1 "t
and
N Al A
Heeol (o Z 5_2‘715(;)(14*)71(02 2‘7@@;) Z —5 XiYi
=1 "t i=1 =1 7
Here A* is given by A* := 02> ;' 5% @. The full conditional distribution for ~* is given
by
VBT R0y~ Ny((S5)7 5, (35)7),
with

N N
1 1, .
SE = o2 E g—zvivg +Q and pl:=-0o E ?Vz(yz +%;8).
i=1 "1

i=1 "1

For the spatial hyperparameter 1 the full conditional distribution is given by

p(l) o [QIF exp(~ 27 Qy ) (v)

For this parametrisation we choose a normal prior for o, in particular ¢ ~ N(0,72). The full

conditional distribution of ¢ is then given by
olB. " TR~ N((35) g (55)7),
where

-2

_ r .
’YR(Z 2+ To ? and fg = — Z 'Y}k%(i)g_g(yi +Xi0).
9 (2

Nc’i\g| —

2.7.6 Collapsed algorithm for a model parameterisation with a non-centered mean

and variance

In this section we will consider the model parameterisation non-centered in both mean and
variance, also given in Table 1. In contrast to the non-centered parametrisation in scale only

considered in the previous section, we assume a spatial prior
¥~ Ny(0,1)

12



here and obtain the observation equation
wi = t;exp(x.8 + oviLy*),

where L is a lower triangular matrix resulting from the Cholesky decompostion Q! = LL’. The
resulting joint posterior distribution of 3,~**,1 and o is given by
*k ~ 1 - 1 ~ =/ ~/ *\2 Kk
P87\, 015. 7, R) s exp{ =3 Y = (6 + KB+ 0V Ly")? pr(B)m(y ) () (o).
; i

=1

The marginalized posterior distribution of 3 changes to

Blo. T, R~ Nyy1 ((55) ™ ey, (320) ™),

where
N Noqo Noqo
Se =1 0T+ Z S%i%; — (0 Z 2L vix;) (A™) (o Z 2 Lvixi)
=1 1 i=1 ¢ =1 "t
and
N Noqo N oy
iy = (0 g_gL/{’zi J(A™) oY g—zL'Vz‘ﬂg) -> il
i=1 "1 i=1 ? =1 1

Here A** is given by A** := g2y N g%ljvi\?gl) + 1.
The full conditional distribution of v** is given by

Y8, T R0~ Ny((Z5) 7 el (2397,

with

N

1, . 1, ., .
= o E S—QL/Ving +1 and pl":=-—0 g g—zL’vi(yi + %,3).

i i=1

i=1 3

The full conditional distribution of v is given by

p(wlﬁ,v**,a,T,R)cxeXp{ ( ] 22 L’vz Lv**+2az~2 ZL"/**(?Jz'f'XB))} (1)

For o again the normal prior o ~ N (0, 72) is assumed and we obtain the following full conditional

distribution for o:

o8,y 0, T R~ N((Z7) g™ (55)7h,

where
N
o= Z 'ZSL'V Y4+ 1,% and  prt :——ZVL g—yz—i—xﬁ)
1= 1 1=1 i
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2.7.7 Centered CAR-Model

Alternatively, the centered spatial prior v¢|8y ~ N(Bp,02Q 1) with By ~ N(0,72) and B_, ~
N(0,7%1,) can be used. For this model the posterior distribution for B_ is the same as in
Section 2.7.3 but with pg  replaced by — Zf;l g%iﬁ,oi(?]i + 'Y}C%(i))'

The posterior distribution for ~¢ is given by

76|ﬂ0)/3—05 0) T, R) y ~ NJ(E;lugent) E;l)

where X, is given as in Section 2.7.2 and

N
Bo L.
M?yent = EQ]- — E ?Vz(yz + X/ﬁ_oilg—O)
i=1 "1
and 1 represents a J X 1 vector of ones.

Bo is updated in an extra Gibbs step, in particular
folB-9:7,0,7, R,y ~ N(Egoluﬁov 2501)

where ¥g, := 0—12 Z;{j:l Qij + 7_12 and pg, = 0—121’Q’yc.

3 Simulation studies and application

We want to use the developed Gibbs sampler to analyse the expected number of claims in a data
set from a German car insurance company. The data consider 16307 policyholders in Bavaria
with full comprehensive car insurance for one year and contain information on several covariates
like age and gender of the policyholders, kilometers driven per year and the geographical region
each policyholder is living in. Bavaria is divided into 96 regions. The variability of these data is
very small, 95% of the observations are zero observations, the highest number of claims observed
is only four. The data have been already analysed by Gschlé8l and Czado (2005) who considered
both a spatial Poisson regression model as well as spatial models taking overdispersion into
account. They show that the spatial effects are very small for these data and have no significant
contribution to explaining the expected claim number.

In this section we will first examine the developed Gibbs sampler schemes according to their
mixing and estimation properties on simulated data. Additionally we will also use a Metropolis
Hastings algorithm with an independence proposal where both 3 and ~ are updated component
by component. In particular, we use a t-distribution with 20 degrees of freedom as proposal
which has the same mode and inverse curvature at the mode as the target distribution. We will
consider two studies. In the first study the influence of the size of the spatial effects on mixing
behaviour and parameter estimation is examined, while in the second study the impact of data

heterogeneity is the focus.
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3.1 Study 1: Influence of the size of the spatial effects

We consider two simulated data sets of size 5000 with y; ~ Poisson(u;),i = 1,..,5000. For both
data sets the mean p; is specified by

i = exp(Bo + a1 + Ti2f2 + Vr())

where x7 is an indicator variable and x5 a continuous standardized variable. The exposure is
assumed to be t; = 1 for all observations. We assume a simple spatial structure, namely 100
regions on a 10 x 10 grid. The spatial effects v are generated according to the CAR prior
~ ~ N(0,02Q~") with spatial dependence parameter 1) = 3. For the first simulated data set y;
we assume o2 = 1 resulting in a range of [min(vy) max(«)] = [~0.86,0.85] for the spatial effects,
whereas for the second data set ys we take 02 = 0.01 resulting in a range of [min(vy) max(y)] =
[—0.08,0.08]. For these two data sets we run the Gibbs sampler with the following three update

schemes:
e parameterisation with non-centered mean: v ~ N(0,02Q 1)

— block update of B_y|5p, v and (5o, ~)|B_¢ given in Section 2.7.3 (block)

— collapsed algorithm given in Section 2.7.4 (collapsed)
e centered parameterization given in Section 2.7.7: ¢ ~ N(8y,02Q 1) (centered)

Additionally, a single component Metropolis Hastings sampler with independence proposals is
used. The algorithms are run for 5000 iterations, a burnin of 1000 iterations is taken. For data
set y1 with large spatial effects the estimated empirical autocorrelations for the regression pa-
rameters B = (0o, 01, (2) and the first nine spatial effects (71, ..,79) are plotted in Figure 1 for
the different update strategies, respectively. Except for the intercept §y the lowest autocorrela-
tions are obtained for the independence sampler. The autocorrelations resulting from the three
Gibbs samplers in general are only slightly higher. Further, the differences between the autocor-
relations of the Gibbs update schemes are very small, suggesting that the mixing properties of
the three algorithms are very similar. However, the autocorrelations resulting form the collapsed
algorithm tend to be slightly lower, especially for (.

The corresponding plots for data set yo with small spatial effects are given in Figure 2. Here,
clearly the worst mixing is obtained if the centered parameterization for the spatial effects is
used. This confirms the results given in Gelfand et al. (1995). They show that for a hierar-
chical normal linear model with random effects the centered parameterisation is efficient if the
variance of the random effects dominates the variance in the data. However, if the variance of
the random effects is very small in contrast to the variability of the data (as it is the case in
data set y2), high posterior correlations result. For the Gibbs sampler using the block and the

collapsed update and the MH independence sampler we get similar results as for data set y;.
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Figure 1: Estimated empirical autocorrelations for 3 = (fy, 51, 52) and (71, ..,79) for data set

y1 using the block, collapsed, centered and independence update strategies

Again, the independence sampler produces the lowest autocorrelations, but, particularly for the
spatial effects, the autocorrelations resulting from the block and collapsed Gibbs sampler are
reasonable small as well. According to the empirical autocorrelations for 3 again the collapsed
Gibbs algorithm is to be preferred to the Gibbs sampler using a block update of Gy and ~.

In order to compare the four algorithms according to their estimation of the spatial effects we
consider the following sum of squared differences taken over the MCMC iterates j = burnin, .., R
where burnin = 1000 and R = 5000

J R
71 2 ~J rue rue
S > (B ) - (e AR, (3.1)
=1 j=burnin

Here Bé and ”yg denote the MCMC iterates for By and ~;,7 = 1, .., J, respectively. For the centered

parameterisation (3.1) changes to

J R
1 o
DI el SR 6 Al (o S | (3.2)
i=1 j=burnin

since the intercept [ is the spatial prior mean here and therefore already included in 4; 7. The

resulting values for data sets y; and ys are given in Table 2. The magnitude of this quantity is
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Figure 2: Estimated empirical autocorrelations for 3 = (fy, 51, 52) and (71, ..,79) for data set

y2 using the block, collapsed, centered and independence update strategies

Algorithm: 02=1|0%2=0.01
Gibbs block 6.95 0.40
Gibbs collapsed | 6.54 0.36
Gibbs centered 6.50 0.41
Independence 7.51 1.44

Table 2: Distance (3.1) for block, collapsed Gibbs sampler and independece MH sampler and
(3.2) for centered Gibbs sampler for data sets y1 (02 = 1) and y» (02 = 0.01).

about the same for all algorithms for data set y; with large spatial effects, indicating that the
estimation of the true spatial effects is very similar for all of the four algorithms. For data set
y2 with small spatial effects however, (3.1) is much higher for the independence sampler, i.e.
estimation of the spatial effects is worse here. To illustrate these results we also present a boxplot
of the MCMC iterates Bé + ’Ayij ,J = burnin, .., R (for the centered parameterization a boxplot of
'?fj ,J = burnin, .., R is given) for one particular spatial effect -; in Figure 3. These plots show
that the variability of the MCMC estimates for By + «; is very similar for all algorithms for the
data set with large spatial effects, for the data set with small spatial effects however the MCMC
iterates resulting from the independence sampler are much more variable.

The variance of the two simulated data sets y; and yo takes the values var(y;) = 0.51 and

var(y2) = 0.49. However, the variability of our real data from a car insurance company is very

small, the variance of these data is only 0.05. Therefore we will conduct a second simulation
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Figure 3: Boxplots of Bé + ’?g ,J = burnin, .., R, for the Gibbs sampler using block and collapsed
update and the MH independence sampler and boxplot of ﬁfj,j = burnin, .., R for the Gibbs
sampler using the centered parameterisation for one particular spatial effect v;, ¢ € {1,..,J}.

The dotted horizontal line gives the true value Gy + ;.
study where we examine whether the heterogeneity of the data influences mixing as well.

3.2 Study 2: Influence of data heterogeneity

We simulate two data sets based on the design of the real data where, according to Gschlofl
and Czado (2005), eight covariates significant for explaining the expected claim number y; were

observed, i.e. y; ~ Poisson(u;),i = 1,..,16307 with

pi = ti exp(XiB + Vr(i))-

Here x; = (1, z41, .., ;8) and x4,k = 1, .., 8 are standardized categorical and metrical covariates.
In this setting we have 96 irregular regions in Bavaria. The spatial effects v again are generated
according to the CAR prior v ~ N(0,02Q!) with ¢ = 8 and 2 = 0.01, that is small spatial
effects with a range of [-0.06 0.08], i.e. spatial effects similar to the ones observed in our real
data set. For the first data set y3 the intercept §y is taken to be —1, whereas for the second
data set y4 we take By = —2.5. For the remaining regression parameters the same values are
assumed for both data sets. The resulting variances of ys and y4 are Var(ys) = 0.46 and
Var(ys) = 0.05, that is data set y4 has very low heterogeneity and is very close to our real
data. The variance of data set ys is not particularly high either, but in comparison to data set
y4 we will refer to this data set as data set with high heterogeneity. We run the block and the
collapsed Gibbs sampler based on the model parameterisation with non-centered mean and the
Gibbs sampler based on the centered parameterisation for 5000 iterations, taking a burnin of

1000 iterations. For comparison again the MH independence sampler is applied. The estimated
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empirical autocorrelations for 3 and for nine of the spatial effects v are given in Figures 4 and
5 for the two data sets. For the high heterogeneity data set yj3 similar results as in study 1 are

obtained. This is not surprising, since the heterogeneity in data sets y; and ys9 is about the same
as in data set ys3.

—— block

——— collapsed
centered

— — independence

2 —~—] o e e

. —0.5
o 50 100 o 50 100 o] 50 100

Figure 4: Estimated empirical autocorrelations for 3 and (71, ..,79) for data set ys with "high’

heterogeneity using the block, collapsed, centered and independence update strategies

The estimated empirical autocorrelations for 3 and -y in data set y4 with low heterogeneity how-
ever are very high for the three Gibbs sampler schemes, especially for the regression parameters.

For this data set the Gibbs sampler is clearly inferior to the MH independence sampler which

has very low autocorrelations again.
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Figure 5: Estimated empirical autocorrelations for 8 and (v1,..,79) for data set y, with low

heterogeneity using the block, collapsed, centered and independence update strategies

3.3 Application to car insurance data

Finally we apply the block, collapsed and centered Gibbs sampler as well as the independence
MH sampler on the car insurance data set described at the beginning of this section. The
empirical autocorrelations for 3 and = are plotted in Figure 6. Similar results to data set y4
which is very close to our real data, are observed. In particular for the regression parameters,
the autocorrelations resulting from the Gibbs sampler schemes are very high compared to the

good mixing of the MH independence sampler.
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Figure 6: Estimated empirical autocorrelations for 3(~1,..,79) and for the real data set using

the block, collapsed, centered and independence update strategies

3.3.1 Parameterisations with non-centered mean, scale and variance

Since neither the centered nor the non-centered mean parameterisations led to satisfying results
for the real data set, we will check, if mixing can be improved by using collapsed algorithms with
parameterisations which are non-centered in the mean, scale and variance discussed in Sections
2.7.5 and 2.7.6. First, we apply collapsed algorithms for these non-centered parameterisation for
the simulated data sets y; and ys, the resulting estimated empirical autocorrelations for 3 and
1, .-,y are given in Figures 7 and 8. Here colll denotes the algorithm given in Section 2.7.4,
whereas coll2 and coll3 denote the algorithms for the parameterisations discussed in Sections
2.7.5 and 2.7.6 respectively. For both data sets the three algorithms perform very similary in

general, the mixing is not improved using the parameterisations additionally non-centered in
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scale and variance respectively.

o 50 100 o) 50 100 o 50 100

Figure 7: Estimated empirical autocorrelations for 8 and 71, .., 9 for data set y; using a collapsed

algorithm for model parameterisations colll, coll2 and coll3.

The resulting empricial autocorrelations for 3 and 1, .., 79 in the real car insurance data set
are plotted in Figure 9. Here, at least for the spatial effects slightly lower autocorrelations are
obtained when using the non-centered scale and variance parameterisations. For the regression

parameters however, mixing is not improved.

4 Computational costs

Additional to mixing and parameter estimation we also want to compare the computational
costs of the Gibbs sampler schemes and the MH independence sampler. Recall, that by using
the data augmentation scheme described above, we are no longer dealing with n observations,
but with N = > (y; + 1) latent inter-arrival times 7;; and mixture component indicators
r;j. Both 7 and R have to be updated, that is the number of variables to sample from in each
iteration is 2N + J +p+ 1(+2 hyperparameters) in comparison to J+p+ 1(+2 hyperparameters)
variables in the MH independence sampler. The MH independence sampler in contrast requires
the calculation of the posterior mode and the inverse curvature at the posterior mode for each
of the J 4+ p 4+ 1 components in every iteration. The posterior mode may be obtained using the
bisection method for example. In our simulation studies the Gibbs sampler is always faster than

the MH independence sampler. However, the computational advantage of the Gibbs sampler
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Figure 8: Estimated empirical autocorrelations for 8 and 71, .., 9 for data set ys using a collapsed

algorithm for model parameterisations colll, coll2 and coll3.

depends on the complexity of the model. For the setting in study 1 with 5000 observations, an
intercept and two covariates for example, the MH independence sampler takes 1.5 times as long
as the Gibbs sampler using the block update. For the setting in study 2 the MH independence
sampler even takes 3.6 times as long. For the different Gibbs sampler schemes the computational

effort differs only slightly.

5 Summary and conclusions

We have described a Gibbs sampler for a spatial Poisson regression model using data augmen-
tation and discussed several update schemes for the regression parameters and spatial effects.
Centered and non-centered model parameterisations have been considered.

For data which are not too homogeneous, the Gibbs samplers give reasonable low autocorrela-
tions and a good estimation of the spatial effects. In general, the best mixing is achieved using
a collapsed Gibbs sampler in a model parameterisation with a non-centered mean. Additionally
non-centering the scale or the variance of the spatial prior distribution did not lead to significant
improvement.

However, if the variance of the spatial effects is very small, the centered parameterisation is not
very efficient any more, the Gibbs samplers based on the model parameterisations with non-

centered mean perform much better. For data with low heterogeneity none of the Gibbs sampler
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Figure 9: Estimated empirical autocorrelations for 8 and (71, ..,Y9) for the real data set using a

collapsed algorithm for model parameterisations colll, coll2 and coll5.

schemes gives satisfying results, especially for the regression parameters high autocorrelations
are obtained, compensating the computational advantage of the Gibbs samplers over the MH
independence sampler. The MH independence sampler in contrast, leads to very low autocorrela-
tions for both large and small spatial effects and also works well for low heterogeneity data. The
price for this to pay is the higher computational effort. But, taking the high autocorrelations
of the Gibbs sampler for low heterogeneity data into account, the MH independence sampler
outperforms the Gibbs samplers despite the additional effort. However, the estimation of small
spatial effects is worse for the MH independence sampler and the variability of the MCMC
estimates of the spatial effects is higher than for the Gibbs samplers.
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6 Appendix

For the collapsed algorithm in Section 2.7.4 we consider p(8|7,R) = [ p(B,v|0,7,R)dy. We

have

p(B,v0,T,R) o exp
_ N
BB+ Y S+ XiB) |

i=1 7

N
: . 1
’7/(E g_QviV;—'—o- QQ)7+27/Z?W(M+X;’6)]}
L . ,L y — ;

i=1 7

= ¢(B) x exp{—% [’y'A'y + 27'0,} } (6.3)

where A := Zi\; 5%%{/; + 072Q. Further

exp {—% ['7’/1’7 + 2’7'@} }
x exp{—% [%47 + 2y A(A a) + (A"ra) A(A"La) — (A*la,)'A(A*la)} }
x exp{—% [(’y + A ra) A(y + A7) — (Afla)’A(Afla)] }
and therefore
/exp{—% [’y'A’y + 2’7’@] }d’y x (27r)% \AF% exp{%(Aila)’A(Afla)}
oc exp{%(A_la)’A(A_la)} (6.4)
From (6.3) and (6.4) it then follows that

[ p(B,710,7,R)dy

x ¢(B) exp{%(A_la)'A(A_la)}
P R
ox exp{—i [B (I + Z ?xlxl),@ + 20 Z ?xzyl —adA a]}

=1 7 =1 7
Finally, with

N 1 N 1 / N 1 N 1
1 ~ ~ ~ = -1 Yy VX
data = (Y v+ Y ei) A (30 v+ YD 5wikio)
=1 1 =1 "¢ =1 =1 1
N N

/N1~~/'71N1~~/ / 1. N\ 1 1_
x B (Z g_ZviXi) A (Z §—2V1X1>,@ +28 (Z ?vixZ) A (Z ?vlyz)

i=1 1 i=1 1 =1 =1
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it follows that

LT or( =2 N1~~/ N1~~//—1N1
p(B|T,R) exp{—§ [,8 (T I+ Z XX, — (Z —ViX;)' A (Z
im1 % i—1 % i=1
N oy N oy N
- 25,((2 g—g‘N’zig)/A_l(Z 5—2‘7%}@') - Z ?izgz)} },
i=1 "1 i=1 "1 i=1 "1
i.e.
/6’7-7 R ~ N(Ec_o%u'colv Ec_o%)
with
Sl Al Al
2 5.3l ~ oI\ A—1 ~ ol
Seol i=T I+ ; gxlxi — (; glei) A (ZZ:; gvzxi)
and
N1 | N
pea = (Y = vi%) AT QY Vi) = ) il
i=1 "t i=1 "t i=1 "1
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