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ABSTRACT

There are several possibilities to introduce skewness into a symmetric distribution. One of
these procedures applies two different parameters of scale — with possibly different weights —
to the positive and the negative part of a symmetric density. Within this work we show that
this technique incorporates a well-defined parameter of skewness, i.e. that the generated
distributions are skewed to the right (left) if the parameter of skewness takes values less
(greater) than one. Secondly, we prove that the skewness parameter is compatible with
the skewness ordering of van Zwet (1964) which is the strongest ordering in the hierarchy
of orderings discussed by Oja (1981). Hence, the generated (skewed) distributions can be

ordered by the skewness parameter.

1. INTRODUCTION

Several techniques can be applied to symmetric distributions in order to generate asymmet-
ric ones. Tukey (1960), for example, exploits the technique of variable transformation and
suggests the so-called g-transformations. Similarly, Morgenthaler and Tukey (2000) advocate
kurtosis transformations with different transformation parameters on the positive and the
negative axis. Azzalini (1985, 1986), on the contrary, introduces skew densities by means of
g(x) = 2f(x)F(Ax), where f and F' denote the density and the distribution function, respec-
tively, of an arbitrary symmetric distribution and A € R governs the amount of skewness. A

further generalization in terms of weighting functions is given by Ferreira and Steel (2004).



The method we focus on can also be embedded in the framework of Ferreira and Steel (2004).
The main idea is to apply different scale parameters to the positive and the negative part
of a symmetric density. However, the new density distributes half of the probability mass
to the negative axis and half of the mass to the positive axis. This disadvantage can be
removed if the ”split of the scale parameter” is appropriately weighted, as it was done by
Fernandez et al. (1995) and Theodossiou (1998). None of them, however, shows that the
corresponding parameter is actually a skewness parameter.

For that reason, the proceeding is as follows. Section 2 reviews the technique of splitting
the scale parameter. In section 3, we specify our notion of skewness and prove that the
transformed distributions are skewed to the right if the corresponding parameter takes values
less than one. Section 4 introduces the ¢-function of a distribution and derives general
conditions — based on the ¢—function — how two distributions can be ordered according to
the skewness ordering of van Zwet (1964). In section 5, the proof is given for the method of

splitting the scale parameter.

2. SPLITTING THE SCALE PARAMETER
Assume that X is a symmetric random variable with corresponding density f. A new density

can be defined by

1
fa(z;y) = a(y) - - f(@/7) e (@) + (2 =a(v)) -7+ f(@7) - Lo (7) (1)
with 0 < a(y) <2 for v > 0 and a(1) = 1. Note that, in principle, two different parameters
of scale are introduced for the negative and the positive part of the distribution. For that
reason we call this method ”splitting the scale parameter”. For v = 1, no transformation
takes place. In the following, we assume a(7y) to be either strictly increasing or constant

equal to one for v > 0.
Example 1 1. For a =1 we obtain a ‘simple’ split, given by

Ja(z;y) = = f(2/7)  Tcoog (@) +7 - f(27) - T0,00) ().

= |~



Obviously, F,(0;~) = ffoo fa(x;y)dx = 1/2, independent of .

2. Choosing a(y) = 72%:)1 results in
2
folo) =53 [£@/1) - I @) + F(@7) - Loy ()] 2)

Densities of the form (2) were considered by Ferndndez et al. (1995) to generate skew
exponential power distributions. Grottke (2001) applied this transformation to the GT-
distribution, whereas Fischer and Vaughan (2002) applied it to the GSH distribution. Notice
that

4y
') = —= >0 > 0.

We next show that the function a(.) is completely determined if the density f,(z;~) should

be continuous at z = 0.

Lemma 1 Assume F' to be a distribution function on R with continuous density. The den-

sity fo from (1) is continuous on R if and only if a(y) = 2v*/(1 + ~?).

Proof: The result follows immediately from

i fu(2i7) = “OF(0) = (2= ()0 /(0) =l L) O

z—0~

For that reason, we focus on the two cases of example 1, above. The corresponding distri-

bution function of f, from equation (1) is given by

Fal@iy) = a(y) - F (@/7) - Icoa(@) + |a(y) = 1+ (2 = a(1) - F (27) ]| - Lo (). (3)

Occasionally, we make use of the inverse distribution function which is

) =~ P 1 L 1+u—a(y) e (u
R = P () a5
with A = (0, 125) = (0, “2) and Ly(u) = 1 — Ly(w).



3. SPLITTING THE SCALE PARAMETER AND SKEWNESS TO THE RIGHT
To the best of our knowledge, all authors using the method speak of the ”skewness parameter
~” without having it defined. In the next definition we specify our notion of skewness to the

right in terms of the distribution function F, from equation (3), above.

Definition 1 The distribution function F, with median F, '(0.5) will be called skewed to the
right if
Fy(F7H0.5;7) +¢7) < 1= F(F(05:9) = ¢79)

for all c € R with " <" for at least one ¢ € R.

We next show that the distribution function Fj, is skewed to the right, if v < 1 and a(y) = 1.
In addition, the same result will be proved for a(y) = 2v?/(14+~?) and a unimodal symmetric
density f with median at the = 0. Note that there are several definitions of unimodality.
According to Hajek and Sidak (1967, p. 15), a density f is unimodal, if — log f is increasing.
This definition cancels out, for instance, the Student ¢-distribution. For that reason, we call
a density f unimodal if the corresponding distribution function F' is strictly convex for x < 0

and strictly concave for x > 0.

Theorem 1 1. Leta(vy) =1 and F denote a strictly increasing distribution function with

symmetric density f. Then F, from equation (3) is skewed to the right if v < 1.

2. Let a(y) = 1%?; and F' be a continuous distribution function with unimodal symmetric

density. Then F, 1is skewed to the right if v < 1.
Proof: 1. The median of F is F~1(0.5) = 0 and
Fo(z;v) = F(x/v; ’Y)I(—oo,o](x) + F(l"Y)I(o,oo) ().
Let ¢ > 0 be fixed. Then, F,(F~1(0.5) + ¢;v) = F(cy) and due to the symmetry of F'

1= F(F7H0.5) — ;) = 1 = Fo(—c) = 1 = F(=c/v) = F(c/7).



For 0 < v < 1, we have |e¢y| < |¢/7|. Using the strict monotonicity of F,
F.(¢;v) = F(cy) < F(¢/y) =1 — F,(—¢;y) fore¢> 0.

For ¢ <0, F,(—c¢;v) <1 — Fu(c;y) and F,(c;7y) <1 — Fu(c;y). The case ¢ = 0 is trivial.
2. Let x5 = F,;1(0.5;v) denote the median of F,.

Case 1: o5 +c>0and zg5 — ¢ > 0 for ¢ > 0.

From the unimodality of f we conclude that f, has to be unimodal with modus z 5.

Therefore, F), is strictly concave for £ > 0. This means that
A Fo(ry) + (1= A) - Fo(ze;y) < Fa(Azy + (1 — A)a2); )

for 1,29 > 0,0 < XA < 1. Setting A = %, r1 = x5 — ¢ and x9 = 05 + ¢ we get

Fo(xos —c; Fo(xo5+ ¢ Tos —C Tos+cC 1
(052 ’Y)_|_ (052 ) < Fa( 052 1 052 ;7>=Fa($o.5;7)=—-

Multiplying with 2, F,(zo5 — ¢;77) + Fa(zos + ¢;v) < 1. If F is strictly concave this
inequality holds strictly for at least one ¢ > 0.
Case 2: o5 —c <0 and xg5 +c¢ >0 for ¢ > 0.

Define b(c) = Fy(xo5 — ¢;7v) + Fu(xos + ¢;7y) for ¢ > 0. Maximization of b(c) with

respect to ¢ implies the necessary condition

pie)= ") (“:‘ ) (2= a)y- f(wos + ) L0, (5)

or, equivalently, f((zo5 — ¢)/7) = f((zo5 + ¢)v). Due to the symmetry of f, this

condition can only be satisfied if the absolute values of the arguments are identical.

272

T2 this leads to the solution

For a(vy) =

Co = 00(7) = o5



co is strictly positive if ¥ < 1. It can be verified that the second derivative of b at ¢y is
strictly negative for v < 1. Therefore, we have a maximum at ¢y for v < 1. It remains

to show that b(cy) < 1. Plugging ¢, into (5) we get

b(co) = a(y)- F((zos —co)/7) +aly) =14 (2 —a(y)) - F((zo5 + c0)7)

= a()F(—2z057/(1 =7%) + a(y) =1+ (2 — a(7)) F (2zos57/(1 —77)).

Using again the symmetry;,

F(2w057/(1=7%) =1 = F(=2m057/(1 = 7%)) < 1.

Hence, b(co) < 2a(y) — 1+ 2 — 2a(y) = 1.00.

4. - AND ¢-FUNCTION OF A DISTRIBUTION

Let F' denote the cumulative distribution function of a random variable X and assume that
F ' is continuous on R and has a density f which itself is differentiable on R\ {0}. The score
function of X is defined by

'@

L@ for g #0
Vp(r) = i) :
0 forz =0

It is anti-symmetric for every density which is symmetric (around 0), i.e.

Yp(r) = —p(—2z), r€eR.

Example 2 (Gaussian and Student-t distribution) The score function of a zero-mean

and unit-scale Student-t distribution with k degrees of freedom is given by

2k +1 1
_ 2k+ v (k+1)x ceR. (6)

Yule) ko 1+a22/k  k+a?

It is not strictly monotone increasing on R because lim ¢y (x) = 0 for x — oo and k € N fiz.

Letting k — oo in (6) we obtain the score function of a standard Gaussian variable,

Ve(x) =z, xR



Example 3 (GT distribution) The generalized Student-t distribution of McDonald and
Newey (1988) with parameters p,q > 0 has density
—(g+1/p)
p | z[”
fer(x:p,q) = (1 + —)
(@, 9) 2¢'/7B(1/p.q) q
and reduces to the Student-t distribution with v = 2q degrees of freedom for p = 2. Due to the

symmetry, we focus on the positive part of the distribution. The corresponding -function is

given by

(gp+ 1) 2P
1 Ps = ) > 0.
¢GT(37 p Q) —q+ e T

Example 4 (GSH distribution) The generalized secant hyperbolic (GSH) distribution of
Vaughan (2002) generalizes both the logistic and the hyperbolic secant distribution. Its density
s given by

. exp(ce(t)x)
exp(2¢a(t)x) + 2a(t) exp(co(t)x) + 1’

with normalizing constants depending on the kurtosis parameter t through
a(t) = cos(t), ca(t) =4/ % c(t) = Sint(t) cea(t),  for —m <t <0,

a(t) = cosh(t), c(t) = /=25 c(t) w co(t), fort>0

fasu(z;t) = c1(t) reR

It can be verified that the score function is given by

ca(t) (exp(2co(t) x) — 1)

xTr) = .
Vasn (@) exp(2ca(t) z) + 2a(t) exp(ea(t) 2) + 1
4 T T 5 T T
© Gaussian wo GT(p=0.8,=2) i
— Student-t(1) 4| = GT(p=1.0,0=2) !
3f| == GSH(0) = GT(p=1.5,0=2) i
sll— GT(p=2.0,9=2)

(a) Gaussian, Student-t and GSH (b) GT distribution

Figure 1: ¢-functions for different distributions



In the next lemma we derive necessary and sufficient conditions for differentiable score func-

tions such that the ratio between score- and density function,

Yr(v)
flx)’

is strictly monotone increasing. This ratio will be called the ¢-function in the sequel.

op(r) = reR (7)

Lemma 2 Let F' be a cumulative distribution function with density f which is assumed to

be twice differentiable on R. Then ¢p(x) is strictly monotone increasing if and only if
Vp(z) > —¥rp(z)* z€R. (8)

Proof: Applying the quotient rule for x € R,

oy Y@@ —ve@f@) 1
Fple) = EE = 57 (VR0 + 0r(2)?).

The term in brackets is positive if and only if ¢ (z) > —¢p(x)% O

Note that if the score function ¢ itself is strictly monotone increasing, condition (8) is
always satisfied. Hence, ¢ is strictly monotone increasing, too. This is true for the Gaussian
distribution and the GSH distribution. For the Student-t-distribution, however, the validity

of inequation (8) has to be shown.

Example 5 (Student-t distribution, continued) [t is straightforward to verify that the
first derivative of the Student-t(k) score function is given by

k41 12k

Vi () E (Ut a2k r € R.

Consequently, : ’ :
k(k+1)(1+4+x

0
k+a22

Uiy (@) + Yy (z)? =

forallz € R and k € N.




Example 6 (Laplace distribution) The density of the Laplace distribution is given by

1
fraprace(r) = §eXp(—]x|), z€R

with corresponding score function Vpaprace(x) = sign(x), x € R. The latter is discontin-

wous at x = 0. This point of discontinuity transmits to the ¢-function

||

draprace(r) = 2sign(z)e™, z € R.

However,
Praprace(0) = m@%{ raprace(r) = xlif(% Laprace(r) =2.

Therefore, with ¢paprace(0) =0,
O appace(@) =26 > ¢ aprace(z)’ = -4’z €R
and the ¢—function of a Laplace distribution is strictly monotone increasing.

Example 7 (GT distribution, continued) For the GT distribution,

, , (p+D)a2(p—1) (p+1) @ )’p  (gp+1)° @)
var(®) +ver(e) = = @ri+aoy | qro)

This expression becomes negative for p = 0.75, ¢ = 10 and © = 0.2, for example. Conse-

quently, the ¢-function of the GT distribution is not strictly monotone increasing on R.

10 T v T 10 T
wo Gaussian wo GT(p=0.8,g=2)
= Student-t(1) gl{ == GT(p=1.5,0=2) /)
= GSH(0) — GT(p=2.0,9=2) 1

--------

ot : s T i :
(a) Gaussian, Student-t and GSH (b) GT distribution

Figure 2: ¢-functions for different distributions



By means of the ¢-function we are able to verify whether two distributions can be ordered
according to the skewness ordering of van Zwet (1964): In the notion of Van Zwet (1964),
a continuous distribution F' is less skewed to the right than a continuous distribution G
(briefly, F' <. G), if

G~ Y(F(x)) is convex on R. 9)
If the densities f and ¢g of F' and G, respectively, exist and are differentiable, the second
derivative of G™(F(x)) is positive if and only if

f)? (f'(x)  ¢(G(F(a))
g() ( ) =0

f(@)?2 g(G-H(F(x))?

for z € R. In terms of the ¢-function, the convexity of G7!(F(z)) requires that
(A1)  ¢a(G Y F(2))) — ¢p(xz) >0 for z € R.
Setting u = F~!(z), condition (A1) can be rewritten as
(A2) (G Hu)) — op(F 1 (u)) >0 foru € (0,1).
Note that this condition can only be verified for parametric functions ¢ and ¢¢, respectively.

5. SPLITTING THE SCALE PARAMETER AND SKEWNESS ORDERING
We have already shown in section 3 that, under certain conditions, F, from equation (3)
defines a family of skew distributions. With the help of section 4, we are now able to prove
that this family of skew distributions can be ordered by means of the skewness parameter
7 if the partial ordering of van Zwet (1964) is considered. According to (9), this ordering
concerns

Ay, 70) = F Y (Fy(x;7);92) for z € R

which has to be either convex or concave on R for 75 < 7;. Notice that

-1 ( F(z/7m)a(n) —1 [ a(y2)
Yo Ft ( ;@2) - ) for x <y F! (2;/12) >7
. _ 1 -1 ( Ita(m)F(z/v1)—a(v2) -1 [ a(v2)
A(z;y1,72) = =F ( ’hZ*a(’y’Zl) 2 ) for W F' (%) <z <0, (10)

1p-1 <a(71)+(2—a(71))'F(f’»‘71)—a(”/z)) for £ > 0.
72 2—a(v2)



In theorem 2 we show that 1/ from (1) is a skewness parameter in the sense of van Zwet’s or-
dering if either the ¢-function of F is strictly monotone increasing and a’(y) > 0 or a(y) = 1.
In this case the 1- and the ¢-function of F' are only defined for x # 0 because f is continuous
at x = 0 only for a(y) = 272/(1 + ~?), but not differentiable at x = 0 in all cases. This

requires a special treatment at x = 0.

Let 1, and 1) denote the score functions and, ¢, and ¢ the ¢-functions of F, and F, respec-
tively. Obviously,

i) = L 1) +07) 7 @
and
oy /) . @) .
¢a(I77) - a(v) I(—OO,O)( )+ 9 _ a(,y) I(O,OO)( )

According to (A2), a sufficient condition for

F N Fo(zsm)ine), 2 <m

to be convex both on {z < 0} and {x > 0} is that ¢,(u;~) is a strictly decreasing function
of v both on {0 < u < a(y1)/2} and on {a(y1)/2 < u < 1}. For a fixed u € (0,1) we have to

demonstrate that

0da(Fy (w37);7) _ Odalw:7) OF, '(u;7)

<0
oy Oy le=Fot(ww) vy

for u < a(y)/2 and u > a(y/2). If a(y) is strictly increasing with inverse function a™! the

relation has to hold for v < a™!(2u) and v > a~*(2u), u € (0, 1).
Theorem 2 1. Let a(y) =1 and F strictly increasing. If v2 < 71,

F YN Fy(x;71);72) is convex.

a

2. Let a(y) = 1%:; for v > 0 and F be a continuous distribution function with density

function [ which is continuous on R and differentiable for R\ {0} such that ¢'(x) > 0 for

r#0. If 2 <,
F YN Ey(z;71);72) 4s conver.

a



Proof: 1. For a(y) =1,
Fo(zim) = F(a/m1)(—oo0(®) + F(271)1(0,00)(7)

and
F N wsy0) = v F M (w) Lo, /2 (w) + 1/732F (W) L1 /2,1 (w).

It directly follows that

WP HF(z/m)) = 2z forz <0

Fo N (Fa(zsm); ) = .
17 F~H(F(zn)) = 2tz forz <0

This function is convex if 75 /v < 71 /72. This holds for v, < ;.

2. Case 1: © # 0. From ¢'(x) > 0, we conclude that
99a(x:7) _ ¢'(x/7) ¢(xy)7 |
Ox va(y) 2—a(v)

The partial derivative of ¢,(x;~y) with respect to « is given by

0 o (T a / z

a'(7y) .
* ((2 “a( et

L(—oo0) (%) + Lio,00) () > 0.

3@ Taml@) >0

Moreover,

OF; ' (u;7)
v

— “1u/a . 1 L Zud ()] u
- |iF ( / (7))+7 f(F_l(U/CL(”}/))) a(,y)Q } 1(071/2“(7))( )

1 ((1tu—a(y) o' (1) (1—w)
N _F < 2—a(7y) ) _ 1 . ( 1 (u)
v v (( o1 <1+u—a(7)>> (1/2a60), DA

2—a(7)

For a'(v) > 0, this derivative is negative because 1 —u > 0 and —1/4% < 0. Thus,

0da(Fy (37);7) _ Odalz;7) OF; *(u;7)

-1 <0
PN bR |:v—Fa ! (usy) Oy

for0<u<#wor#w)<u<1.



Case 2: Up to now, the proof of the global convexity is not complete because we do not

know whether F, '(F,(x;71);72) is convex for R. For this purpose, using

N(z;m,72) = 7 (11)

o(Fr Y (Fa(2sm)iv2);72)

we show that

lim A(z571,72) < lim A(z:91,72). (12)

z—0~
If v < v and @'(y) > 0, v > 0 we get a(y2) < a(y1). With F,(0;71) = a(y1)/2 it is
F Y (a(71)/2;7v2) > 0. With this in mind and (11),

o - a(v) /7 f(0/m)
i Ao m) = (2 = a(y2))v2f (FH(Fa(0571) - 72)

and

e B (2 —a(y1))nf(0m)
i M%) = e S (R0 ) - 72)
Equation (12) is valid, if

a(n)
S S Q@oatmn = aln) s 7

This is true for a(y) = 292/(1+~%), v > 0. O

The conclusion is that 1/ is a skewness parameter not only by pragmatic reasons but by a

precise definition of skewness as a meaningful statistical concept.

6. SUMMARY

There are several possibilities to introduce skewness into a symmetric distribution. One of
these procedures applies two different parameters of scale to the positive and the negative
part of a symmetric density. We showed that this technique incorporates a well-defined
parameter of skewness. It is well-defined in the sense that the transformed distributions
are skewed to the right if the parameter of skewness takes values less than 1. Secondly we
showed that the parameter of skewness is compatible with the ordering of van Zwet (1964)

which is the strongest ordering in the hierarchy of orderings discussed by Oja (1981).
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