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� Introduction

The analysis of the determinants of business �xed investment has long been one of the most
challenging and controversial topics in applied econometrics� Due to the microeconomic foun�
dation of macroeconomic theory� models based on the dynamic optimization behaviour of a
representative �rm had been developed� Di�erent speci�cations of the Euler equation model
and the neoclassical version of Tobin�s q�model were applied to macroeconomic and secto�
ral data� although with little success� See Chirinko ������ for a comprehensive survey on
investment theory and empirical evidence�

The rising number of suitable micro data sets and strong improvements in computing facilities
supported the application of the theories to the level for which they were originally construc�
ted� the individual �rm� Panel data studies emerged for a variety of countries� leading to some
encouraging� but not fully convincing results� For Germany� �rm level studies of q�type invest�
ment models were carried out by Elston ����������� and Elston and Albach �������
Euler equation models were analyzed by Harhoff �������

One of the most crucial problems in panel data investment analysis is the assumption of a
unique empirical model for all �rms� with the exception of a �rm speci�c e�ect� In this paper
we loosen this assumption� allowing for an unknown fraction of outliers� We apply the outlier
robust Generalized Method of Moments �Robust GMM	 estimator recently proposed by Lucas�
van Dijk� and Kloek ����	� to a Bond and Meghir ����	� type Euler equation model
of �rm investment behaviour for a small panel of German non�nancial stock companies� We
�nd that the investment equation� based on dynamic optimization with imperfectly competitive
product markets is able to explain the investment behaviour of the bulk of the �rms�

The outline of the paper is as follows� In Section 
 the empirical Euler equation model is
developed� The Robust GMM estimator is presented in Section �� In Section � we apply
plotting techniques common in robust statistics for checking distributional implications and for
the selection of tuning constants� Empirical results are stated and Section  concludes�

� The Euler Equation Model

We consider a model of the �rm which is usually applied in the literature �see Blundell�
Bond� and Meghir� ���� and especiallyBond and Meghir� ���		� A �rm i is maximizing
the expected present value of dividend �ows� Regarding the identity of sources and use of liquid
funds and neglecting debt� �nancial assets� and taxation� this leads to the maximization of

Vi� � Ei�

�
TX
t��

�� � ri	
�t �pit�Qit	Qit � witLit � citIit�

�
� ��	

where Qit indicates �rms output� Lit the amount of hired labour� Iit gross investment in �xed
capital� and pit� cit� wit the prices of output goods� investment goods and labour� respectively�
The markets for investment goods and labour are assumed to be perfect� The output price is
allowed to depend on the �rm�s output due to imperfectly competitive product markets� The
expectations operator Ei� f�g points out that decisions are made conditional on information
available to �rm i in period �� �� � ri	�� is the �rm�s time invariant discount factor�

�



The �rm�s capital stock Kit develops according to the transition equation

Kit � �� � �i	Ki�t�� � Iit �t � �� � � � � T 	 �
	

Ki��� � �Ki��� given ��	

with �i as the time invariant rate of physical depreciation�

The output Qit depends on the �rm�s capital stock� the amount of hired labour� and the current
gross investment according to a linear homogeneous neoclassical production function F and a
linear homogeneous convex adjustment cost function G�

Qit � F �Kit� Lit	�G�Kit� Iit	 �t � �� � � � � T 	� ��	

The adjustment cost function G is usually assumed to be quadratic�

G�Kit� Iit	 �
b
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Kit �t � �� � � � � T 	� �	

where a� b are �nite constants with b � ��

The �rm�s control variables are the amount of labour Lit and gross investment Iit� The structure
of the optimization problem implies that we can con�ne ourselves to closed loop problems� The
optimal values of the control variables do only depend on the capital stock of the previous
period Ki�t�� which acts as the state variable covering the complete history of past decisions�
Invoking the discrete Maximum Principle �see Arkin and Evstigneev� ��
�	 we can use
equations ��	���	 to form a discrete current�value Hamiltonian�

Hi�t�� �Lit� Iit�Ki�t��� �i�t��	

� Eit fpit�Qit	Qit �witLit � citIit � �i�t�� ��� � �i	Ki�t�� � Iit�g �t � �� � � � � T 	

with the costate variable �i�t�� as the shadow price of the installed capital stock at the beginning
of period t� ��

The necessary conditions characterizing a maximum are given by

Eit f�pit � pit�QQit	FL�Kit� Lit	� witg � � �t � �� � � � � T 	 ��	

Eit f�pit � pit�QQit	�FK�Kit� Lit	�GK�Kit� Iit	�GI�Kit� Iit	�� cit � �i�t��g
� � �t � �� � � � � T 	 ��	

Eit f��� �i	�pit � pit�QQit	�FK�Kit� Lit	�GK�Kit� Iit	� � �� � �i	�i�t��g
� Eit f�� � ri	�itg �t � �� � � � � T 	 ��	

Eit f�i�t��g � � �t � T 	 ��	

Eit f�� � �i	Ki�t�� � Iitg � Eit fKitg �t � �� � � � � T��	 ���	

where e�g� FL indicates the partial derivation of F with respect to L� Equations ��	 and ��	
follow from setting to zero the partial derivatives of the Hamiltonian with respect to the control
variables� The equations of motion for the costate variable ��	 and the state variable ���	 follow
from the partial derivatives with respect to the state and costate variable� respectively� The
transversality condition for the costate variable is given by equation ��	�






Substituting equation ��	 in equation ��	� substituting the expectation in t�� of the resulting
equation back in equation ��	� and shifting the time index one period foreward� we obtain the
Euler equation of �rm investment behaviour�
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where �it denotes the price elasticity of demand� Recognizing the homogeneity properties of
F and G� equations �	 and ��	� and additionally assuming that the expectations are formed
rationally� the Euler equation can be transformed to an expression in observable variables
�Bond and Meghir� ���		�
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where both � � � � �� � ri	���� � 	it	�� � �i	� and the demand elasticity � are assumed to
be constant over individual �rms and time for simplicity� 	it indicates the rate of in�ation of
output goods� ui�t�� stands for the expectations error� which has zero mean and is uncorrelated
with information available to �rm i in period t�

The optimization procedure results in an equation where the investment rate is seen as a
function of the lagged investment rate� the lagged investment rate squared� the lagged rate of
real pro�t to capital� and the lagged ratio of output to capital�

Ii�t��
Ki�t��

� 
� ��
Iit
Kit

� ��

�
Iit
Kit

��
� ��

Pit
Kit

� ��
Qit

Kit

� �i�t�� �t � �� � � � � T��	� ���	

with

Pit � Qit � wit

pit
Lit �

�
� � � � �i

� � ri

ci�t��
cit

�
cit
pit
Kit

as real pro�t adjusted for the user costs of capital� The explanatory variables are predetermined�
The coe�cient �� is strictly positive and should be near one� depending on the value assumed
for a� The coe�cient �� is less than �� for reasonable values of �� If the demand for output
is elastic� the coe�cient �� is expected to be strictly negative and the coe�cient �� strictly
positive and less than �� in absolute values� The parameters of the economic model can be
calculated as
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� The Robust GMM Estimator

For estimation purposes we stack the observations for the dependent variable into a T�
dimensional column vector yi� the observations for the K � � explanatory variables into a
T�K�matrix Xi� the coe�cients into a K�dimensional column vector �� and the error terms
into a T�dimensional column vector of errors �i� As usual in panel data econometrics� we add
an individual random e�ect to equation ���	 re�ecting unobserved individual heterogeneity and
obtain

yi � Xi� � eT �i � 
	 � �i �i � �� � � � � N	�

where eT indicates a T�dimensional column vector of ones� The elements �it of the vector
of errors and the individual e�ect i are assumed to be iid��� ��� 	 and iid��� ���	� respectively�
and statistically independent� The explanatory variables are predetermined by assumption and
possibly correlated with the individual e�ects� i�e� Efx�is�itg � � for s � t� and Efx�itig �� � in
general� de�ning xit as the t�th row of Xi�

Since the individual e�ects cannot be estimated consistently for �nite T they have to be �ltered
by a suitable �T��	�T �lter matrix with rank T��� such as the �rst di�erence �lter matrix
FD �Anderson and Hsiao� ��
�	 with FDeT � ��

FD �yi �Xi�	 � FD�i �i � �� � � � � N	�

The usual procedure in GMM panel data estimation is to construct a �T��	�M �M � K	
matrix of instruments Wi � diag�wi�� � � � � wiT 	 to form the theoretical moment conditions

E
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iF
D�i

o
� � �i � �� � � � � N	� ���	

where wit denotes the mt�dimensional row vector of explanatory variables orthogonal to the
�ltered error terms in period t with

PT
t��mt � M � Replacing the theoretical moments by

their empirical counterparts de�ned on the cross section N��PN
i��W

�
iF

D�yi�Xi�	� the GMM
estimator �Hansen� ��
�	 is de�ned to be the minimizing argument of the quadratic criterion
function

N�� �y �X�	� F �WANW
�F �y �X�	

with y � �y��� � � � � y
�
N	

�� X � �X �
�� � � � �X

�
N 	

�� W � �W �
�� � � � �W

�
N 	

� and F � IN � FD� IN re�
presenting an N�dimensional unity matrix� AN is an asymptotically nonstochastic� positive
de�nite weighting matrix of dimension M � The resulting estimator is consistent and asympto�
tically normal for any matrix AN � and asymptotically e�cient for given moment conditions� if
a matrix converging to the inverse of the covariance matrix of the theoretical moments is used
as the weighting matrix �see Arellano and Bond� ����	�

However� Lucas� van Dijk� and Kloek ����	� proved that one single outlier in the space
of instruments or error terms can make the usual GMM panel data estimator grow above all
bounds� i�e� that the GMM estimator has an unbounded in�uence function and an in�nite
gross error sensitivity �see Hampel� et al� ��
�	� They construct a Robust GMM estimator
with a bounded in�uence function� replacing ���	 by a robustly weighted theoretical moment
condition�

E
n
W �

i�iF
D�i

o
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�i is a �T ��	 dimensional diagonal matrix of robust weights depending on Wi and FD�i�
su�ciently downweighting aberrant values of the instruments or the �ltered error terms to
ensure a bounded in�uence function of the estimator� Proceeding as in the usual GMM case�
they construct a quadratic criterion function

N�� �y �X�	� F ��WANW
��F �y �X�	

with � � diag���� � � � ��N 	� which is to be minimized with respect to �� The resulting estimator
has been shown to be consistent and asymtotically normal under suitable regularity conditi�
ons� including the assumption that the instruments for a given period t are sampled from a
multivariate normal population� The estimator is asymptotically e�cient for given robustly
weighted moment conditions� if a matrix converging to the inverse of the covariance matrix of
the robustly weighted theoretical moments is used as the weighting matrix AN �

In selecting an appropriate weighting matrix �i Lucas� van Dijk� and Kloek ����	�make
use of the decomposition proposed by Mallows �see Li ���
��	 for the general M�estimation
of a linear regression model�

�i � �W
i ��

i

where �W
i denotes a �T � �	 dimensional diagonal weighting matrix for the instruments with

typical element �Wit and ��
i a �T ��	 dimensional diagonal weighting matrix for the error terms

with typical element ��it�

The weights ��it of the error terms are functions of the scale adjusted errors

��it � ��
�
�fit
s��f 	

�
�

where �fit is the t�th element of the vector of �ltered error terms and s��f	 a measure of the
scale of the �ltered errors� The weights �Wit of the instruments are de�ned as functions of a
measure of the distance of the instruments to their own mean�

�Wit � �W �dt�wit	� �

where dt�wit	 is the distance of the i�th �rm�s instruments within the t�th period�

Since the weights depend on the parameter vector � through the weights of the error terms�
the Robust GMM estimator is nonlinear and has to be computed iteratively� We follow Lucas�
van Dijk� and Kloek ����	� and use

��� �
	
X �F ��WWA�

NW
��WFX


��
X �F ��WWA�

NW
��WFy

with A�
N �

	
N��PN

i W �
i�

W
i H�W

i Wi


��
as the starting estimator� H is a Toeplitz matrix

built by the �T ��	�dimensional vector �
���� �� � � � � �	�� representing a matrix proportional
to the covariance matrix of the �ltered error terms FD�i in the iid case �Arellano and
Bond� ����	� We use one fully iterative procedure� updating the weighting matrix �� in every
iteration step for a given initial estimate of the scale �s��f 	� Since the instruments� weights �Wit





are independent of �� they can be estimated in advance� We calculate the weighting matrix
Aj
N of the j�th step of iteration by

Aj
N �

�
N��

NX
i

W �
i�

W
i ��

i� ��
j��	��f�j��i ��f�j��

�

i ��
i� ��

j��	�W
i Wi

���

�

where ��j�� and ��f�j�� are the vectors of coe�cients and residuals of the estimated �ltered model
of the previous step�

In estimating the scale of the residuals of the starting estimate� a convenient robust equivariant
estimator of scale is needed� We regard the median of the absolute deviation from the median
�MAD estimator	 as suitable�

�s��f � � med
h
j �fit �med��fit	 j

i
�

because it has a high breakdown point� e�g� it can cope with a relatively large number of outliers
�see Donoho and Huber� ��
�	� As usual� the MAD estimator is divided by ����� to give
a consistent estimator of the normal scale in the case of no outliers �Goodall� ��
�	�

As the weighting function of the residuals we use the function proposed by Huber ����	��
because it allows a clear distinction between outliers and non�outliers�

��
�
�fit

�s��f 	

�
� I

fj�f
it
j�k��s	�f 
g

�j �fit j	 �
k��s��f	

�fit
I
fj�f

it
j�k��s	�f
g

�j �fit j	

with I representing the well known indicator function� The tuning constant k� de�nes an
interval where the residuals are given full weights� Scale adjusted residuals which exceed k� in
absolute values are downweighted� The weighting scheme implies a left and right censoring of
the residuals� empirical distribution at �k��s��f 	� k��s��f	� Plotting techniques for selecting the
tuning constant are provided in section ��

As a measure of the instruments� distances the square root of the Mahalanobis distance is used�
which is known to be the Rao distance in the multivariate normal case �Jensen� ����	�

dt�wit	 �
q
�w�

it � �wt	��W
t 	���w�

it � �wt	�

In calculating the distances robust estimates of the location vector �wt and the scatter matrix
�W
t are needed� Lucas� van Dijk� and Kloek ����	� apply the iterative S�estimator

developed by Lopuha�a ���
��� This procedure provides a high breakdown point� but is
computationally extremely expensive� To avoid this� we simplify this procedure and use the
iterative robust M�estimator �Maronna� ����	 in the speci�cation of Campbell ���
�� to
estimate the location vector �wt and the scatter matrix �W

t of the instruments within the t�th
period�
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The ordinary empirical moments are used as starting values� This procedure has a lower
breakdown point� but the additional advantage that the resulting weighting scheme within the
procedure can directly be used as the weights �Wit � Campbell ���
�� uses a redescending
generalization of the Huber ����	� function as the robust weighting function�

�W �dt�wit	� � Ifdt	wit
�k�g�dt�wit	� �
k�

dt�wit	
exp

�
���




�
dt�wit	� k�

k�

��

�Ifdt	wit
�k�g�dt�wit	�

with k�� k� as suitable tuning constants� To make the tuning constants depend on the row
dimension mt of w

�
it� we use Fisher�s square root approximation of a �� variable by a standard

normal and calculate k��t	 �
p
mt � n��

p

 where n� is a given ��percentage point of the

standard normal distribution� k� implies a right truncation of the asymptotic distribution of
the squared distances d�it which are given full weights at the ��percentage point of the ���mt	�
distribution� Distances which exceed k� are decreasingly downweighted� where k� de�nes the
rate of decrease� The Huber function is contained as the special case� when k� tends to in�nity�
Plotting techniques for checking the distributional implications are provided in the next section�

� Diagnostic Plots and Empirical Results

The empirical analysis is based upon a small panel of German non�nancial stock companies�
whose shares were traded continually at the Frankfurt stock exchange during the period ����
to ���
� We use the companies� balance sheet data to construct the relevant variables �see data
appendix	� After applying a number of exclusion restrictions� we are left with a set of N ���
�rms with � observations which reduce to T �� after calculation of the variables� accounting
for the lag structure and �rst di�erencing�

Following Schmidt� Ahn� and Wyhowski ������ we use all linear moment restrictions
implied by the rational expectations hypothesis� Therefore� we exclude the squared lagged
endogenous variable from the set of instruments� WithK�� remaining predetermined variables
this means that we obtain m� � �� m� � �� and m� � �� in sum M � T �T � �	K�
 � ��
moment restrictions� leaving M�K � �� degrees of freedom for the test of overidentifying
restrictions�

In estimating the instruments� distances� more precisely the location vector and the scatter
matrix� by the procedure proposed by Campbell ���
�� we tried di�erent combinations of
the tuning constants n� and k�� We checked the distributional properties of the instruments�
distances which are not regarded to be outliers by the use of truncated quantile�quantile �QQ	
probability plots and observed that the values of the ��percentage point of the standard normal
distribution for n� and ��
 for k� performed best�

Insert �gure � about here�

In the three left diagrams of �gure � the ordered distances are plotted against the quantiles
of a ���mt	 distribution truncated at the ��percentage point� In the three right diagrams
they are plotted against the quantiles of a truncated Beta �mt�
� �N �mt� �	�
� distribution
which performs better in small samples �Gnanadesikan and Kettenring� ����	� The

�



i�th quantile is evaluated at i����
N

in the truncated �� case �Wilk� Gnanadesikan� and
Huyett� ����	 and at �i� p�	��N � p� � p� � �	 with p� � �mt � 
	��
mt	� p� � �N �mt �
�	��
�N �mt� �	� in the truncated Beta case �Small� ���
	� If the empirical and theoretical
distribution coincide� the observations should lay on a straight line through the origin at ���
We still �nd some curvature in the QQ�plots� This may be due to the relatively small number
of observations in each period or the relatively large number of outliers� O� � 
�� O� � 
��
and O� � � from N � �� observations were declared outliers in the instruments� space by the
Campbell ���
�� procedure� However� since the distributional properties of the instruments
have to be assumed for estimation purposes but are not predicted by the economic model�
outliers in the instruments� space do not contradict the underlying theory�

For the selection of the tuning constant k� of the Huber ����	� function� we apply the two
plotting techniques proposed by Denby and Mallows ������� They suggest to systemati�
cally vary the tuning constant across reasonable values� and to plot the standardized robust
residuals as well as the scale adjusted robustly estimated coe�cients against the tuning con�
stants�

Insert �gure 
 about here�

In the �rst � diagrams of �gure 
 the standardized robustly estimated residuals of the N � ��
observations are plotted against the tuning constants for each period t � �� 
� �� We have
added two straight x�marked lines through the origin at ���� For a given tuning constant
the residuals lying on and above the upper line and on and below the lower line are regarded
as outliers and trimmed by the Huber ����	� function� In the fourth diagram of �gure 

the robustly estimated coe�cients standardized by the interquartile range of the corresponding
explanatory variables to remove scale e�ects are plotted against the tuning constants�

The tuning constant is systematically varied from ���� to ���� at ��
 steps� If we move
downwards from ���� to ��� we observe only few outliers and moderate movements of the
residuals in the �rst three diagrams and of the coe�cients in the fourth diagram� From ���
to ��
 the residuals and coe�cients move stronger� This means that the trimmed residuals
have great in�uence on the estimation results and therefore are possibly outliers� The values of
k� � 
�� in the �rst period and k� � ���� in the second and third period seem to be thresholds
for characterizing extremely behaving residuals on the negative half plane as outliers� From
k� � 
�
 downward residuals and coe�cients again begin to move strongly� since more and
more observations are declared outliers�

For that reasons we report the results of the Robust GMM estimation with tuning constants
k� � 
��� 
��� ����� In table � the results of the Robust GMM estimation are presented
and compared with the ordinary two�step GMM estimates �Arellano and Bond� ����	�
Robustly estimated standard errors and tests for overidentifying restrictions �see Lucas� van
Dijk� and Kloek� ���		 are added�

Bearing in mind that the estimated variances� especially of the coe�cients representing the
dynamics of the model� are relatively high and downward biased in two�step GMM techni�
ques� we use the ordinary GMM results to recalculate the parameters of the underlying model�
According to ��
	 we would obtain

a � ������� b � ���
� � � ������� � � ���
�
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Table �� Estimation Results

method GMM Robust GMM
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 ���
� ����
 �����

�������	 �������	 �������	 ������	

J�Test �
��
� ������ ������ ������

p�value ������ ������ ������ ������

��� estimated variances in brackets
k�� tuning constant for the Huber ������ function
J�Test� test statistic for the Hansen ������ test for overidentifying

restrictions

implying a negative discount rate � and a positive price elasticity of demand �� which would
contradict the theory� Recalculating the parameters of the underlying economic model from
the RGMM�k� � 
��	 results� we obtain

a � ������� b � ����� � � ������ � � �
�����

which is in line with the economic theory� We see that the Robust GMM results support the
theory� especially when using the tuning constant k� � 
�� recommended by the plotting
techniques� whereas the GMM results would contradict it�

� Concluding Remarks

In this paper we applied the outlier robust GMM panel data estimator of Lucas� van Dijk�
and Kloek ����	� to an Euler equation investment model with imperfectly competitive
product markets for a small panel of German non�nancial stock companies� Plotting techniques
common in robust statistics are used to check distributional implications and to select the
relevant tuning constants� Whereas the estimation results of the ordinary GMM procedure
would contradict the theory� the results of the Robust GMM largely support it�

The loosening of the assumption of a unique empirical model for all �rms seems to be a step
into the right direction� In a next step the applied plotting techniques or other methods should
be used to identify the �rms for which the Euler equation does not hold� e�g� which are declared
outliers by the estimation procedure� Careful inspection of the situation of these �rms� would
indicate reasonable extensions of the theoretical model� which is left for future research�
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A Data Appendix

The companies� balance sheet data are used to construct the relevant variables� The balance
sheets come from the German  Jahresabschlu!datenbank Aachen" �M�oller et al ����	�
which is part of the  Deutsche Finanzdatenbank" �B�uhler� G�oppl� and M�oller� ����	�
We concentrate on non�nancial stock companies� whose shares were traded continually at the
Frankfurt stock exchange during the period ���� and ���
� We exclude pure or predominant
holding companies and �rms which changed their balance sheet date� After removing obviously
faulty records� we are left with a set of N � �� �rms�

Since the estimated model is formulated in real terms and balance sheet data are nominal� we
transform equation ���	 in nominal terms�

�cI	i�t��
�cK	i�t��

� �� � ��
�cI	it
�cK	it

� ��

�
�cI	it
�cK	it

��

� ��
�pP 	it
�pK	it

� ��
�pQ	it
�pK	it

� �i�t��

with �pP 	it � �pQ	it� �wL	it� �c�K	it� �c�K	it indicates the user cost of capital� The variables
were constructed as follows�

Gross investment in �xed capital �cI	it was calculated by correcting the di�erences in book
values of subsequent periods by the nominal depreciation�

Replacement costs of the �xed capital stock �cK	it were calculated separately for structures and
equipment by perpetual inventory methods� �cK	it � �� � �	 ct

ct��

�cK	it�� � �cI	it� As prices ct
we use the aggregate price de�ators for gross investment in structures and equipment of the
German  Statisches Bundesamt"� As depreciation rates we use the values ����� for structures
and ����� for equipment as proposed byKing and Fullerton ���
	�� Following Schaller
������ we use book values multiplied by the aggregate ratio of net capital stock at current cost
to net capital stock at historical cost for the economy as the whole as starting values�

Fixed capital evaluated at output prices �pK	it was calculated by multiplying the replacement
costs of capital by the ratio of the aggregate price de�ator for output prices in the manufacturing
sector of the  Statistisches Bundesamt" to the above mentioned aggregate price de�ators for
gross investment for structures and equipment�

Pro�ts corrected for the user costs of capital �pP 	it were calculated by adding the nominal
deprecation to the �rms net worth � Betriebsergebnis"	 and subtracting the user costs of capital�
The user costs of capital were calculated separately for structures and equipment using the
above mentioned price de�ators and depreciation rates in cit � ���i

��r
ci�t��� As the discount rate

r we use the yield of �xed income securities published by the  Deutsche Bundesbank"�

Nominal Ouput �pQ	it was calculated indirectly by adding nominal deprecation and gross wages
to the the �rms net worth�
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Figure �� QQ�plots of Robust Distances
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Figure 
� Denby�Mallows Plots of Robust Residuals and Coe�cients
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