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Abstract

This paper analyzes the conditions under which consistent estimation can be achieved in instrumental
variables (IV') regression when the available instruments are weak, in the local-to-zero sense of Staiger and
Stock (1997) and using the many-instrument framework of Morimune (1983) and Bekker (1994). Our analysis
of an extended k-class of estimators that includes Jackknife IV (JIV E) establishes that consistent estimation
depends importantly on the relative magnitudes of r,, the growth rate of the concentration parameter, and

K, the number of instruments. In particular, LIML and JIV E are consistent when —VTK" — 0, while two-
K’VL

stage least squares is consistent only if — 0, as n — oco. We argue that the use of many instruments may
be beneficial for estimation, as the resultmg concentration parameter growth may allow consistent estimation,
in certain cases.
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1 Introduction

In the weak instruments literature, it has become standard in recent years to analyze the properties of estimators
and test statistics using the local-to-zero framework pioneered by Staiger and Stock (1997), which takes the

coefficients of the instruments in the first-stage regression to be in a n 3 shrinking neighborhood of zero, where n
is the sample size. An interesting feature of the Staiger-Stock framework is that unlike the conventional asymptotic
setup, the concentration parameter does not diverge but rather, roughly speaking, stays constant in expectation
as the sample size grows. Since the concentration parameter is a natural measure of the strength of identification
in an IV regression model, the local-to-zero device allows the Staiger-Stock framework to better mimic the weak
instrument situation than the conventional setup with fixed coefficients, and Staiger and Stock show that the two-
stage least squares (25LS) and the limited information maximum likelihood (LIML) estimators are no longer
consistent and instead converge to nonstandard distributions in the limit under this framework.'?

Another important direction that IV regression research has taken involves the study of situations where the
number of available instruments is large, using an asymptotic framework that takes the number of instruments to
infinity as a function of the sample size. This approach was first taken by Morimune (1983) and later generalized
by Bekker (1994) (see also Angrist and Krueger (1995), Bekker and van der Ploeg (1999), van Hasselt (2000),
Donald and Newey (2001), Hahn, Hausman, and Kuersteiner (2001), Hahn (2002), and Hahn and Inoue (2002)).
In contrast to the papers using the local-to-zero setup, authors taking the many instruments approach typically
assume that the concentration parameter grows at the same rate as the sample size. Hence, these papers tend
to study scenarios where the instruments are not as weak as those assumed in papers employing a local-to-zero
setup.

The purpose of this paper is to provide a unified framework under which the asymptotic behavior of different
estimators can be studied in the presence of weak and/or many instruments. More precisely, the setup adopted
here combines key features of both the local-to-zero and the many instruments asymptotic frameworks. This
combined framework, in turn, allows us to analyze the consistency of various single-equation estimators under
a single coherent set of conditions. In particular, we show that when the number of instruments is taken to
infinity, the concentration parameter can grow, even if each individual instrument is only weakly correlated with
the endogenous explanatory variables, and consistency of certain estimators can be established under weaker

conditions than has previously been assumed in the literature. Our results, thus, complement those of Stock

1The observation that the concentration parameter is a natural measure of the strength of instruments has been made by Phillips

(1983), Rothenberg (1983), and Stock and Yogo (2003a), amongst others.
2Related work by Sargan (1988), Phillips (1989) and Choi and Phillips (1992) addresses the implications for statistical inference

when the underlying simultaneous equations model is underidentified or is only partially identified.



and Yogo (2003b), who derive the limiting distributions of various k-class estimators when the concentration
parameter grows at the same rate as the number of instruments. Although we do not provide distributional
results in this paper, our setup is more general than that of Stock and Yogo (2003b) as we assume more general
conditions on the stochastic properties of the instruments and we allow for weaker instruments, as measured by
the order of magnitude of the concentration parameter. In addition, we examine a broad class of IV estimators
which extends the well-known k-class by allowing the value of k to vary across observations. We refer to this class
of estimators as the w-class, and we show that members of this class which satisfy certain general conditions are
consistent even if 7,, the rate of growth of the concentration parameter, grows slower than K,, the number of
instruments, and possibly much slower than the sample size n, provided that @ — 0, as n — oo. Specializing
our results to specific estimators, we show that LIML and JIV E both satisfy our conditions for consistency,
whereas the 25LS estimator does not. Indeed, the 25LS estimator is shown to be consistent only if If—: — 0, as
n — oo. Our analysis, thus, also provides a precise characterization of the sense in which the 25LS estimator is
asymptotically deficient relative to LIM L and JIV E, in the case of weak identification.3

The remainder of the paper describes our model and assumptions as well as presents and discusses our main
results. All proofs are gathered in an appendix. In the sequel, Tr(-) denotes the trace of a matrix, AT denotes
the Moore-Penrose inverse of a (possibly singular) matrix, “ > 0” denotes positive definiteness when applied to
matrices, Amax (4) and Apin (A) denote, respectively, the maximal eigenvalue and the minimal eigenvalue of the
real, symmetric matrix A, lim a, denotes the limit inferior of the sequence {a,}, and n@oan denotes the limit

n—oo —

superior of the sequence {a,}. In addition, Px = X(X’X)~1X’ denotes the matrix which projects orthogonally

onto the range space of X and Qx =1 — Px.
2 Model, Assumptions, and Main Results

Consider the simultaneous equations model (SEM)

Yin = }/27L/6+X717+u7h (1)

Y2n = ZnH+Xn(I)+Vn7 (2)

where y1, and Ys, are, respectively, an n x 1 vector and an n X G matrix of observations on the G + 1 endogenous

variables of the system, X,, is an n X J matrix of observations on the J exogenous variables included in the

3A very interesting recent paper on the subject discussed herein, which was written subsequent to this one, is that of Han and
Phillips (2003). One of the main differences between our paper and theirs is the following. Our paper focuses explicitly on a linear
IV regression setup, while Han and Phillips (2003) consider a (possibly) nonlinear GMM framework. On the other hand, our paper
studies estimators such as LIM L and JIV E, which lie outside of the class of GMM estimators considered by Han and Phillips (2003),

and we show that these estimators have some desirable properties under weak identification.



structural equation (1), Z,, is an n x K, matrix of observations on the K, instrumental variables, or exogenous
variables excluded from the structural equation (1), and w,,V,, are, respectively, an n x 1 vector and an n x G
matrix of random disturbances. Also, define Z,, = (Z,,, X,,). Furthermore, let 1; = (u;,v!)" where u; and v/ are,
respectively, the ith component of the random vector wu,, and the ¢th row of the random matrix V,,. The following

assumptions are used in the sequel.

Assumption 1: II =11, = % for some sequence of positive real numbers {b, } , non-decreasing in n, and for
n

some sequence of nonrandom, K, x G parameter matrices {C),} .

Assumption 2: Let {77%1' i=1,..,n; n> 1} be a triangular array of R¥»*7/_valued random variables, where

Zni=( i X)) with Z],

and X denoting the ith row of the matrices Z,, and X, respectively. Moreover,
suppose that: (a) K,, — 0o as n — oo such that % — « for some constant « satisfying 0 < a < 1; (b) there
exists a positive integer N such that ¥n > N, Z,, is of full column rank K, + J almost surely; and (c) {r,}

is a non-decreasing sequence of positive real numbers such that, as n — oo, *= — x for some constant x, with

0<K<o0 and ¥, = W, where Qx, = I, — X, (X!, X,,) 1 X/, and there exist constants D and D,
with 0 <D < D < oo, such that D < lim Apin (¥,,) and lim Apax (¥,,) < D almost surely.*

oo n—oo
Assumption 3: Assume that: (a) Z,, and 7; are independent for all 4 and n; (b) {n;} = i.i.d.(0, ), where ¥ > 0,
and ¥ can be partitioned conformably with (u;,v}) as 3 = < Z;Z gi‘i; ) , with o{,,, and and Z&f{/h) denoting
the ¢g'" element of oy, and the (g, h)™" element of Yy ; respectively; and (c) there exists some positive constant

D,, < oo such that maX{E (uf) JE (v?l) e B (vfg)} < D,.
The estimators we consider can be written in the form:

Bw,n = (}/gn [In - Q?nﬂn] QX,,LYV2n)+ (}/gn [In - Q?nﬂn] QX”yln) ) (3)

where Q,, = diag (w1,n, Wa,n,....,wn,n). It is easily seen that this class of estimators is broader than the well-
known k-class in the sense that each k-class estimator can be obtained from the formula above by setting wy,, =
Wop = .... = w = k for a particular k. We shall refer to the class of estimators given by expression (3) above as
the w—class. One reason for defining this broader class of estimators is that an interesting estimator which is not

a member of the k-class is JIVE; but JIV E is a member of the w—class. It is often convenient to rewrite (3) as:

B = (Y2/n [Pz - Px, — Q?nﬁann} an)+ (YQ/n [qu, - Px, — Q?nﬁann} yln) ; (4)

4More primitive conditions that imply Assumption 2 are given in the extended version of this paper, Chao and Swanson (2002).



where ﬁn =Q, —1I,, ﬁn = diag (W1,n, Wapn,.oo,Wnpn), and 0; p, = w; , — 1, for i = 1,...,n. Note that, without
further restrictions on w; , (¢ = 1,...,n), (or @;, (1 =1,...,n)), Bw,n is not a consistent estimator for 3. Consistent

estimation can be obtained, however, given the following restriction:

Assumption 4: Suppose that for each ¢ and n, &;, can be decomposed into the sum of two components as
Win = Win + & pn, such that @;,, is either non-random or depends only on the exogenous variables Z.,,, so that

W, = fn,i(fn). Also, assume that @, ,, and &; , satisfy the following conditions: (a) lim I, < oo a.s., where

n—oo

|

n = sup |@inl; (b) D Win(1—hin) = K, as. ¥n, where h;,, is the ith diagonal element of Pz (c)
i=1

1< i <n
=op (%)

-

F (@2”) =O(K,); and (d) sup &
1 1< i <n

K3
Theorem 2.1: Under Assumptions 1-4, let Bw,n be defined as in equation (4) above. Suppose that r, — oo as

N 5P
n — 0o, such that % — 0. Then, B, n — Bo asn — oo.

Remark 2.2: (i) Note that under Assumption 2(c), r,, can be interpreted as the rate at which the concentration
parameter Z;éHnZ;LQ X, ZanZ;,é grows as n increases. An assumption on the rate of growth of the concen-
tration parameter seems natural here since the concentration parameter is a measure of instrumental strength.
Because we are interested in the case of weak instruments, Assumption 2(c) stipulates that r,, must grow no
faster than n. In fact, we will be interested primarily in the case where r,, grows much slower than n. In addition,
Assumption 3 requires the instrument matrix Z, to be independent of the disturbance vector n; for all i and
n, and also requires the disturbances to have finite absolute fourth moments. Note that these assumptions are
weaker than the corresponding assumptions in Morimune (1983) and Bekker (1994), where fixed instruments and
i.i.d. Gaussian errors are assumed.

(ii) To see the relationship between our framework and that of Staiger and Stock (1997), note that the Staiger-
Stock setup takes b, = /n, Z,,Qx, Zn, = Op (n), and the number of instruments to be fixed as n — oo, so that C
is a (fixed-dimensional) K x G matrix such that C'C' = O(1). It is easily shown in their case that r, = O(1), so
that the concentration parameter does not diverge but is bounded in probability. Numerical results reported in
Staiger and Stock (1997) show that asymptotic distributions of estimators and test statistics derived under this
setup give very good approximations to their finite sample distributions, particularly if the number of instruments
is not large relative to the sample size. Our paper here builds upon their work by looking at the case where one
uses a large number of weak instruments, so that K, is allowed to approach infinity as a function of n. In this
case, it turns out that the concentration parameter may grow even when the coefficient matrix II in the first-
stage equation is modeled as being small in the local-to-zero sense because, while each individual instruments

may be weakly correlated with the endogenous regressors, the combined effect of using a lot of instruments may



nevertheless lead to a very large concentration parameter.?
(iii) It is also of interest to compare our setup with that of Bekker (1994).° Focusing on the case J = 0, the
alternative asymptotics considered by Bekker (1994), in our notations, boils down to one where the quantity
(n — G)~I'Z! Z,11 is kept fixed, as both K, and n go to infinity, such that % — «, for some constant «
satisfying 0 < « < 1. It follows that the Bekker approach assumes that the concentration parameter grows at
the rate of the sample size n. Our framework, thus, allows for weaker instruments, as measured by the order of
magnitude of the concentration parameter, than that of Bekker, since we allow r, to grow at possibly a much
slower rate than n.

Our setup is also closely related to others in the literature. For example, in an important paper, Donald and
Newey (2001) use a setup which is similar to ours, although we do not require the exogenous regressors Z; to be

i.i.d, and we allow K, to diverge at the same rate as n.

(iv) Many commonly-used IV estimators are members of the w—class, including:
a. Limited Information Mazimum Likelihood (LIML) Estimator:
) / 3 1 + / 3 i
BrimMr.n = (anQXn Yon — Anivr,nYs,Q7, Y2n) (YQnQXnyln —ArimrnYe,Qz, yln) ) (5)

where XL IML,n 1S the smallest root of the determinantal equation:

det ylanXnyln ylanXﬂ Yan Y ylanZnyln ylanfn Yon -0 (6)
Y2/nQXn Yin Y—QInQXn YQn " Yéannyln YQ/ann Y2n

b. Two-Stage Least Squares (2SLS) Estimator:
2 / + (vt
ﬁ2SLS,n = (}/Qn(PfT, - PXn)szn) (}/QH(PZW - PX")yln) : (7)

c. Jackknife Instrumental Variables Estimator (JIVE):

~ +
Birven = (Yo [In — Qz Ha] Qx,Yon) " (Ya, [In — Q7 Hn] Qx,y1n) (8)
where H,, = diag (17}%1 —5 s 17}1” ), with h; , being the ith diagonal element of Pz .

With respect to the last estimator, JIV E, it should be noted this estimator was first proposed by Phillips
and Hale (1977) but was further studied and given its jackknife interpretation by Angrist, Imbens, and Krueger

(1999)7. In addition, we note that for JIV E to be well-defined, we need the following assumption:

5Technically, this can occur because, in our setup, K, the number of rows of the sequence of matices Cj,, is now allowed to go to
1

1

1 2 ’ -2
P . -1 -1 s 2clz Z3pCn S . .
infinity as n — oco. Hence, the concentration parameter X, 211}, Z;, Qx,, Znlln X, J = =" nQXy InCnByy may diverge even if

n
ZpQxp, Zn
Lxnln _ 0, (1),

6The type of asymptotic approximation used by Bekker (1994) dates back to the work of Anderson (1976), Kunitomo (1980), and
Morimune (1983), as is pointed out by Bekker in his paper.

7Still another paper that examined JIVE is Blomquist and Dahlberg (1999), which provided a Monte Carlo study comparing
JIV E with a number of other IV estimators.



Assumption J: There exists a constant k, with 0 < A < 1, such that 0 < hin < h a.s. for 1 <4 <mn and for all
n sufficiently large such that P is well-defined almost surely®?.
As shown in the appendix, both LIML and JIV E satisfy Assumption 4, and hence Theorem 2.1 holds.

However, this is not the case for the 2SLS estimator.!?

Corollary 2.3: Suppose that v, — oo as n — oo, such that Y= — 0. Then, (a), under Assumptions 1-3,

Tn

BrLiMrin 2 By asn — oo and (b), under Assumptions 1-3 and J, Birven 2 By asn — co.

Theorem 2.4: Under Assumptions 1-3, let BQSLSm be defined as in equation (7) above. Asn — oo : (a) for = —

0, BzSLS,n L Bo + Syt ova; (b) for # — 0 (0<6<00), B2SLS,n — B0 = (00, + Zyv) " ovy + 0p(1),where

c!z! Z,Chp - a P
an:%a and (C) fOT Ir(i - 07 /82SLS,n - /60-

n

Thus, in contrast to LIML and JIV E, 25LS is inconsistent when the concentration parameter grows at
the same or slower rate than the number of instruments, and is consistent only when the instruments are strong
enough so that r, grows faster than K,.!! Interestingly, Theorem 2.4(a) shows that for IT(—’; — 0, the 2SLS
estimator (while inconsistent) does not converge to a random limit, in contrast to the case when the number of
instruments is held fixed (i.e. see Staiger and Stock (1997)). Rather, the 2SLS converges in probability to a
nonrandom limit equaling the sum of By and the OLS bias term, 2‘7%/0\/“. This result is consistent with the
result given in Chao and Swanson (2001) based on sequential asymptotics, where it is shown that the variance of
the 25 LS estimator tends to zero as the number of instruments goes to infinity, but a non-zero bias remains.

(v) To better understand the discrepancy between asymptotic behavior of the 25LS estimator vis-a-vis those
estimators which satisfy Assumption 4, it is helpful to focus discussion on the special case where J = 0 and

G =1 (i.e., the case where there are no included exogenous regressors and only one endogenous regressor in the

structural equation). As mentioned above, an w—class estimator can be viewed as an IV estimator where the

8Note that Assumption J does rule out exogenous regressors of the form e; = (0,...,0,1,0,...,0), where e; denotes the it* column

of I, but it does not rule out dummy variable regressors in general.

9Note also that Assumption 2(b) implies that, for n sufficiently large, the matrix 7;771 is positive definite almost surely, so that
., \—1 N1
(Z;Zn> exists. It is in this sense that we say that the projection matrix PEn =Zn (Z:LZTL) Z:L is well-defined almost surely
for n sufficiently large.
10There are many other recent important papers that examine the JIVE estimator, and which are not discussed here. For example,

the reader is referred to Hahn and Newey (2003), and the references cited therein.

M Theorem 2.4 above is consistent with the results of Hahn and Kuersteiner (2002), who examine the asymptotic properties of the
2SLS estimator in the case where the number of instruments is fixed, b, = n~%,and (in our notation) Z!,Zn = Op (n) . In their case,
rn = n'~2%; and hence, as long as § < 1/2, the concentration parameter will grow and the 2SLS estimator will be weakly consistent.
Our results extend theirs and show that, more generally, it is the relative magnitudes of 7, and K, which determine whether the
2SLS estimator is consistent, and the rate at which the first-stage coefficient is allowed to shrink toward zero is important only in so

much that it affects rj,.



vector of observations on the instrumental variable is given by w;, (Qn) = [Pzn — ﬁnQ Zn] Yon, in the case where
J =0 and G = 1. Now, under conventional asymptotic theory with strongly identified models, consistency of IV
estimation involves an asymptotic orthogonality condition of the form %wn <S~2n>/ Up = 0 as n — co. When the
instruments are weak, however, v}, [Pzn -Qz, ﬁn} Yon, the “denominator” of the w—class estimator, will grow at
a rate r, which may be substantially slower than n. As a result, a stronger (asymptotic) orthogonality condition

(OC, henceforth) of the form %ﬂwn (Qn)/un = (ﬂ) [lewn (Qn)/un} 20 (or %wn (ﬁn)/un = 0p (%)) is

T

required for consistency (i.e., %wn (ﬁn)/un must not only converge in probability to zero, but must be of an
order lower than = in probability). Moreover, it is clear that restrictions are needed on the choice of the diagonal
matrix €, in order to ensure that OC is satisfied. Given the other assumptions above, OC holds for w—class
estimators which satisfy Assumption 4. To see this, note first that, under Assumption 4, (NZn can be decomposed

as (NZn = Q,, +Z,, where Q,, = diag (W1 1, ..., On.n) and Z,, = diag (&1.n, E2.ny ey Enn) - It follows that, after some

algebra, we can write

1 ~\/ 1 — 1 -
rwn (Qn> Up = ryén [PZn - QZ”Qn] Up — TU;IQZn:*nun- (9)

n
Now, part (d) of Assumption 4 and the Cauchy-Schwartz inequality immediately imply that %’U;IQ 2, Snln 2o
as n — oo. Furthermore, the first term of expression (9) has expectation zero since E [y, [Pz, — Qz,Qn] un] =
E (b1, Ziun) + B (v} [Ps, — Qz,00] un) = B (b ¢y Zin) + 0B, |Kn— 3 @in(1 = hi)| = 0, where
the second equality follows from Assumption 4 (b). Part (c) of Assumptionzzl1 then helps to ensure that
Var (%yén [Pz, — Qz,] un> — 0 as n — oo, so that the first term of expression (9) also converges to
zero asymptotically.

In contrast to w—class estimators which satisfy Assumption 4, the 2S5LS estimator is not as well-centered
in that it does not satisfy OC. Indeed, the 25LS estimator takes ﬁn to be the zero matrix; so that, for this
estimator, %ﬂE [wn (ﬁn>/un] = %E (Y4, Pz, un] = %E [v), Pz, up] = (If—:) Ouu, Which grows without bound
when instrument weakness is such that r, grows slower than K,,. This lack of centering, in turn, causes the bias
of the 25 LS estimator to increase as the number of instruments increases; and this bias problem becomes more
severe when the instruments are weak as measured by a slower rate of growth of the concentration parameter. In
consequence, as shown in theorem 2.4 above, the 2S5LS estimator is inconsistent and has asymptotic bias equals
to that of the OLS estimator unless r,, grows faster than K,. This analysis is consistent with results reported
in some recent Monte Carlo studies, such as those of Staiger and Stock (1997), Chao and Swanson (2001), and
Hahn and Inoue (2002).

(vi) Within his framework, Bekker (1994) finds that, if £2 — & # 0 as n — oo, then 25LS is inconsistent whereas

LIML is consistent. On the other hand, if % — 0, then both 25LS and LIML are consistent. These results



are special cases of the results provided in Theorem 2.1, Corollary 2.3, and Theorem 2.4 if we assume r,, = n, but
analysis from our more general framework shows that some of these results need not hold more generally in the
presence of weak instruments. In particular, the Bekker framework suggests that the 25 LS estimator is consistent
whenever K,, grows at a slower rate than n, but more generally the consistency of the 25LS estimator depends
on the relative magnitude of r,, vis-a-vis K,,, as n — oo, and not so much on the relative orders of magnitude of
n and K,,, unless of course r,, = n. Hence, instruments may be sufficiently weak (so that 7, is of a lower order
relative to both n and K,,) in which case 25LS is inconsistent, even though % — 0 (see Theorem 2.4).

(vii) Interestingly, our analysis shows that w-class estimators satisfying Assumption 4 may be consistent even
if weakness in the instruments is such that the concentration parameter grows at a rate slower than K,, so
long as 7, grows faster than /K, as n — oco. Thus, the consistency result given in Theorem 2.1 allows for
weaker instruments, as measured by the order of magnitude of the concentration parameter, than any previous
results establishing consistent estimation of IV estimators. All previous consistency results assume that the
concentration parameter grows at the same rate or at a faster rate than K,.

(viii) For models that are weakly identified, our results suggest that it might be beneficial to use a lot of in-
struments, since even if each individual instrument is only weakly correlated with the endogenous regressors, the
combined effect of using a lot of them might nevertheless allow the concentration parameter to be sufficiently
large so that the precision with which we estimate is improved.'? However, this advice must be qualified in
two ways. First, it is well-known that the bias of the 25LS estimator increases as the number of instruments
increases, so that the use of the 25LS estimator with a large number of instruments is not recommended as a
way of dealing with weak identification. On the other hand, w—class estimators which satisfy our Assumption
4 are sufficiently well-centered, so that their bias does not increase appreciably with the number of instruments.
Hence, when the instruments are weak, using an estimator such as LIM L with a large number of instruments
may represent an empirical researcher’s best chance at reliable point estimation. Secondly, our analysis focuses
only on point estimation, whereas questions of set (or interval) estimation and hypothesis testing using a large
number of weak instruments require further study and are left for future research. With regard to set estimation
and hypothesis testing, a number of procedures have recently been shown by Staiger and Stock (1997), Wang
and Zivot (1998), Kleibergen (2002), and Moreira (2002) to give asymptotically valid confidence region under
both conventional and local-to-zero asymptotics. It would be of interest to also analyze the properties of these

procedures in a many, weak instruments framework such as the one studied here.

12Phillips and Han (2003) give a remarkable result showing that, within a many-instrument framework, totally irrelevant instruments
can be used to provide consistent estimation of the mean of a location model. However, their result does not generalize completely to
the case of an instrumental variables regression model since there is in general no way to consistently estimate the entire structural

coefficient vector, 3, with totally irrelevant instruments, even if the number of such instruments is allowed to approach infinity.



3 Appendix

For the sake of brevity, some proofs are not included, and the reader is referred to the working paper version
of this note (Chao and Swanson (2002)). We begin by providing four lemmas which are used to prove the main
results of the paper.

Lemma A1l: Under Assumptions 1-4, suppose that r, — 0o as n — oo such that —Vfi” — 0. Then, the following

Tt 2.0 (b) Ve 2 0; () St 2 0; (d) St 2o (o)

n nTn

statements are true, forn — oo : (a)

gt 2.0z and (f) el 20, where M, = [ (Pz, — Px,) — Qz,80.Qx.]

bt

Proof of Lemma A1l: Since each part of this lemma can be demonstrated by showing mean square convergence,
we will only prove part (a) to give a flavor of the mean square calculations involved. Proofs for parts (b)-(f) are
omitted to avoid redundancy. Details of these proofs can be found in an earlier version of our paper, Chao and
Swanson (2002). To show part (a), it suffices to show that, under the assumptions of the lemma, the g element
of V’:Tij\f”u converges in probability to zero, i.e. Lﬁl"“" 2,0, where V,§9>, g € {1,...,G}, denotes an arbitrary
gth column of V,,. Note first that, given Assumption 4 and n sufficiently large, we can write

n(g)/Mnu B Vn(g)/ﬁnun (g)/Qz unQX,LUn (10)

Tn Tn Tn

where M,, = (an — Pxn)*anﬁnQXn and where Q,, = diag (1,7, W21, -+, Wn,n) and Zp, = diag (E1,ny Eany -ees Enn)-

We will show that both of the terms on the right-hand side of (10) converge in probability to zero. To proceed,

V(9 M"un P,

. 2
note that to show that 0 as n — oo, it suffices to show that T%E (V,gg)/Mnun) — 0. Next, let

Mijn denote the (i,7)"" element of M,, and let v;, denote the (i, g)"" element of V,,, and we can calculate the

Vrig)'ﬁn Un
Tn

second moment of as follows:

1 2(979) - SRS
E vV Tunl Z Mijn

1 o 2
—F (V,§9>’Mnun)

Il
/N
Sw‘ =
N~~~

tij

E

: ’LZTL

T
n 1=2 j=1
n j—1 n i—1 n i—1
|+ (2 5 R S
Mijn Miin Mjjn Myijn Mjin
j=2i=1 i=2 j=1 i=2 j=1
= -An + Bn + Cna say, (11)

where EZL() denotes the expectation taken with respect to the probability measure of Z,, and where the first
equality above follows from Assumption 3, parts (a) and (b). Dealing first with A4,,, observe that with probability

one



(%) E(v2u?) [ilan] < (:%) B(v},u?)Tr |, M,
< (:%) E(vi,u?) [Kn + |Tr (2.Q7 9.Qx,)]]
< (7}%) B(v?,d) [K N n)\/Tr(QnQXnQn)}
< (12) B2 u?) Kﬁiwznl, (12)

where the third inequality above follows from the Cauchy-Schwarz inequality and where the fourth inequality
above follows from the fact that Q7 and Qx, are symmetric, idempotent matrices. To see the argument behind
the fourth inequality, take Q7 as an example, and note that we can write Q7 = B, A, BJ,, where B, is an
orthogonal matrix (i.e., B, B,, = I, = B}, B,,) whose columns are the orthonormal eigenvectors of Q7 and A,
is a diagonal matrix with n — K,, — J one’s and K,, + J zero’s along the main diagonal; hence, it follows that
Tr (ﬁannﬁn) =Tr (ﬁanAnB;lﬁn) <Tr (ﬁanB;lﬁn) =1Tr (ﬁi) =y, Ein. By a similar argument,

Tr (2.Qx,2) < Y1 w;,. Now, note that since the bound given by (12) holds with probability one, we
deduce that

o= () et [Sot < ()t

where the last equality above follows from Assumption 4(c). Hence, A, — 0 as n — oo if

IN

Z Miin - TL/T)

AR

(13)

— 0 asn — oo.

VEn
Tn
Turning our attention next to the term B,,, we note that similar to the argument given for A,, above, we have

that with probability one

n i—1 n j—1
(9,9) —2
( )E T ZZ Mijn +Z Mijn
n i=2 j=1 j=2i=1

1 (9.9) Vil LY
= (T’%) ZJVV ouI'r |:MnMn:| = a UVV U“u Ky +Zw1" : (14)

It follows again that since the bound given in (14) holds with probability one, we deduce that

n t—1 n j—1
1 (9,9)
B = () Stz | + X Y
n 2 1

=2 j=1 i=
1
() ¢
n

Jj=
n
V K’!L

IA

=0 (Kn/r2), (15)

so that B,, — 0 as n — oo if — 0 asn — oo.

10



Finally, turning to the term C,,, we note that

1 n i—1 n i—1
2 (73) GVu § § mu ,n mj_] n + § § mv] n m]1 n
n i=2 j=1 i=2 j=1

_ (Uv){:p[ 2] 4 (1 [7,)) —QZm} (16

so that with probability one

n i—1 n t—1
0.9
2( r ) munmjjn + mz]nmﬂn
n =2 j=1 =2 j=1

o9 \? . . o9 2
(7)) 1+ 77 (@7, 2007, B )] + 2 (20

'rn n

=1
O_g 2 O_g 2 9 O_g 2 n
< (V“) Kn+( V“) Tr (Qn)+2(‘/“) K,+> @},
Tn Tn Tn =
oy ’ —~
= 3( %) |k, @2 |, 17
(%) | 2oat, ")
where the first equality above makes use of the fact that under Assumption 4(b)
Tr (PZ" —Px, —Qz, 0.Qx,) = —Tr(Qz Q 7. Q,) = 0 a.s.In addition, the second inequality in (17) follows in

part from the Cauchy-Schwarz inequality and in part from argument similar to that given subsequent to expression

(12) above. Since the upper bound given in (17) above holds almost surely, it follows that
O'g 2 n t—1 n i—1
? (W) Bz, |22 Miin Mg + DD sy Wi
n

=2 j=1 =2 j=1
g 2
3 (UVU)
Tn

K,+> E(},)
i=1
_ 2
so that C, — 0 asn — oo if Y22 — 0 asn — oo. It follows from (13), (15), and (18) that & E ( ng)/Mnun) — 0,

Cnl

IN

=0 (Kn/ryzl) , (18)

as n — oo under the condition that —VTK" — 0 as n — oo,from which it follows immediately as a direct consequence

(a3
of Chebyshev’s inequality that Yo" ntn

V' Qy B Qx,un P

Tn

2. Next, we show that, under the assumptions of the lemma,

0. To show this, note that

Vi Qy VO \/u;czxn =2Qx, Uy
T'n Tn

n Vn(g)/an Vrgg) uh Qx, Un,
— | sup |&i,nl ;
T n n

Vn(g)/an En@x, un

Tn

< (19)

where the first inequality above follows from Cauchy-Schwarz. Next, note that standard arguments yield m LN
. . vwro. v

0wy < 00, and, from part (e) of lemma A2 given below, we obtain "Q% 2 Z&f",g) (1 — a) < oo, where E(g 9)

11



denotes the (g, g)"" element of Xyy. Moreover, it follows from assumption 4(d) that (%) sup |&.n| 2 0. The
i

. . vrg, =, n
Slutsky Theorem then implies that — QZ’; Qxn v

5 0, as n, Ky, r, — 0o such that % — « and —VTIZ" — 0.
The desired result follows directly in light of equation (10). O

Lemma A2: Under Assumptions 2-3, suppose that r, — co as n — oo such that Y5~ — 0. Define My =

Tn

[(PZ” - PXW) - (#:H) an]; then, the following statements are true, as n — oo : (a) V’,‘]yij‘u" 2 0; (b)

D (d) 292t Py (1—a); (e) 292 vy (1—a); and (f) L2922

V!M*V,, P u M*u, P
Tn Tn n

Oun (1 — ).
Proof of Lemma A2: For the sake of brevity, the proof of this lemma is omitted. Interested readers are referred

to Chao and Swanson (2002) for a proof of this result.

V) (Pz, —Px,)un p

Lemma A3: Under Assumptions 2-3, the following statements are true, asn — oo : (a) o = OVu;

and (b) v (PZ;;:PX" JVo

LN Y
Proof of Lemma A3: For the sake of brevity, the proof of this lemma is omitted. Interested readers are referred
to Chao and Swanson (2002) for a proof of this result.

Lemma A4 : Under Assumptions 1-3, let :\\LIMLW be the smallest root of the determinantal equation given by

(6). Suppose that r, — 0o, as n — oo, such that —Vrif” — 0. Then, XLIML,” = # + &, where &, = 0, (%) i
1 0
—bBo Ig

root of the determinantal equation (6) is the same as the smallest root of the equation

Proof of Lemma A4: To proceed, define Y, = [y1n, Y2,] and T = ( ), and note that the smallest

det {T'YQx, s T — \Y'Y,Q5 Y, T} =0, (20)

where the equivalence follows from the fact that

det {T'YQx, Y, T — \ Y'Y, Q5 Y, T} =

det {T}det {Y}Qx, Vs — MY, Q7 Yy} det {1}

det {YTZQXnYn - )\nY/LQZnYn} )

given that det {T} = 1. Note also that the inverses, which appear in the projection matrices Qx, and Rz, in
equation (20), are all well-defined with probability one for n sufficiently large in light of Assumption 2. Moreover,
it can be shown, by straightforward but tedious calculations, that h) LIML,n, the smallest root of the determinantal

equation (20), can be given the representation Apjpr,, = #{J +TLiMLn (%"), where Trrarr,n is the smallest

12



root of the determinantal equation

ul, M¥uy, ul Qx, ZnChr + ul, MXV,
det 1 T'n 7 * 1 ’ b”/T" 7" / *
ChZyQxyun | ViMiun  ChZQx,y ZnCn | CoZyQx,Va | ViQxy ZnCn | ViMiVy

bnTn Tn b2 7, bnrn bnrn T
u/n an Un u/n an Vi
—r . n , n =0 21
n| VaQzun  ViQz,Va J (21)
n n

with M} = [(an - Px,) — (#&) an]. It then follows from Assumption 2(c), parts (d) and (e) of lemma

A1l and parts (a)-(f) of Lemma A2 and by continuity that as n — oo, the difference between 7prar.n, and the

smallest root of

0 0 Ouu (1_04) U(/u (1—0() .
det{( 0 v, ) ™ ( ovu(l—a) Zyy(l—a) =0 (22)
goes to zero in probability as n — co. Since the smallest root of (22) is obviously zero, we deduce immediately

n—J

Th .
TR.—7 T (7)7 as required. [

that Torarr,n = 0p(1), from which it follows that XUML’” =
Proof of Theorem 2.1: To proceed, note first that, given Assumption 2(b), the inverses which appear in
the projection matrices Py, , Pz , Qx,, and Q7 in the expression M, = (an — Pxn) — anﬁnQXn are all

well-defined with probability one for n sufficiently large. Hence, for n sufficiently large, we can write

Yy, M, Yo, CLZ.Qx,ZnCpn C.Z.Qx, Vi VIMuZ,Cn V.MV,
2nMnYon _ €20 Qx, + Qx, V| + ; (23)

2
Tn bn Tn bnTn bnrn Tn

Yy, M, Yap
Tn

Now, it follows from Assumption 2(c) and parts (b), (e), and (f) of lemma A1l that =, +0p(1),where

W, = b,%r,1C Z! Qx, Z,C,, is positive definite almost surely for n sufficiently large given Assumption 2(c).

’ 1t
YQ Mpun — C" Z" QX,L Un

T bprn

’
V,Mpun
Tn

. . Yg Mpu, P
Moreover, for n sufficiently large, we can write + , so that %Tiﬂh — 0, as
"

n — oo,given parts (a) and (d) of lemma Al. Next, note that we can write

R / + / / + /
e (el e R R e S

Y4, M, YQn} * [an M, Yan
T

Tn

It follows by Proposition 2.30 of White (1999) and the Slutsky’s theorem that [ } —Is %0

n

’ + ’ ~
and that [YQ"Af"YQ"} [YZ”M”“"} 2, 0,from which we deduce immediately that 3, » 2, 8y, as required. [J

2 Tn

Proof of Corollary 2.3: To show part (a), we verify that LI M L satisfies Assumption 4. To proceed, note that,

for the case of LIM L, we have &; p, = w0, = XLIML,” —1fori=1,...,n. Now, set w;, =w, = (%) —1=

K, ; Tm il — Tim = — Tim Kn ;
7=k —7- for all i. Observe that nlggoln nlggo (12121571 |Wz,n|) nlgrolo (n_Kn_J) < 00, since we assume that
n
Ko — o for 0 < a < 1. Hence, Assumption 4(a) is satisfied. Next, observe that, in this case, Y. @i, (1 — hy ) =
i=1
n
(#H) 2:1 (1—=hin) = (#) (n— K, —J) = K,, so that Assumption 4(b) is satisfied. Furthermore,
1=

note that, in this case, Y. E (@7,) = K, {(n—f{%} = O (K,) ,since we assume that K, = O(n). Thus,
i=1 "

13



Assumption 4(c) is also satisfied. Finally, note that, by construction, &, = &, = ©, — @y, where we have

dropped the subscript ¢ on the right-hand side because, in the case of LIM L, w does not vary with ¢. Given that

K

we have set Wnp = T h—K,.—J

n_ljgﬁ, Lemma A4 implies that sup|&; | = |€n| = |[wn — Wn| = ’/\LIZV[L,n -1
K3
ALIMLn — #j_J‘ = 0, (%) ,s0 that Assumption 4(d) is satisfied as well.
To show part (b), we first compare expression (8) with expression (3) or expression (4) and observe that JIVE
can also be obtained as a special case of the w-class, by setting w; , = (ﬁ) ,for i =1,...,n or, alternatively, by

i,m

setting w; , = (:h,_ - ), for i = 1,...,n. Given Assumption J, we can then verify that JIV E satisfies Assumption

4. To proceed, set w; , = [hi,n — 5]] (17}“ ) for i = 1,...,n; so that, by construction, &; , = % (17}“ ) . Now,

observe that, in this case with probability one, I, = sup [@inl < [E + 5]] (ﬁ) for all n sufficiently large, from
1<i<n -
which it follows that lim [, < (%) < 00 a.s., so that Assumption 4(a) is satisfied. Next, observe that in
this case, > Win (1 —hin) = > [hi,n - %] (ﬁ) (I—hin)=> [hi,n — 7{] = K, so that Assumption 4(b)
i=1 i=1 o i=1

is satisfied. Moreover:

n - 1 2 n J J2
ZE @7.) < <l—h> E {Z |:h$n = 2N+ 712} }

i=1

<1ih)2 {Kn+J2(K”ZJ)J+‘ﬂ =0 (Kn,), (25)

where the second inequality follows from the fact that, even if we ignore Assumption J, it must be that 0 < h;,, < 1;

in =

and, hence, > h?, < Y h;, = K, + J. It follows that Assumption 4(c) is also satisfied. Finally, note that
i=1 i=1

sup |&n] = sup % (1_}” n) < % (ﬁ) = O(n™1), where the inequality holds by Assumption J, almost surely.
1<i<n 1<i<n T

Hence, Assum;:ti;)n 4(d) is satisfied as well. OJ
Proof of Theorem 2.4: To show part (a), note first that, for n sufficiently large, the inverses which appear in

the projection matrices Pz , Px,, and Qx, are all well-defined with probability one, so we can write

n?

i, (Pz, —Px.)Yen (10| CiZ0Qx, ZuCn (7 CiZ0@x,Vn
K, K, b2ry, K, bnTn
. ( o > VaQx,ZnCn | Vi (P7, — Px.) Va

Kn bn’f‘n Kn

(26)

Now, since it is assumed in part (a) that £~ — 0 as n — oo, it follows from Assumption 2(c) and Lemma

vy, (Pz, —Px, )Yan
Ky

A1 part (e) and from Lemma A3 part (b) that 2 L Sy ,where Sy is positive definite by

Assumption 3(b) and is, thus, nonsingular. Moreover, for n sufficiently large, we can write

: cz! v/ (P, —Px, )u Y] (Py —Px, )un p
(%) n Z?QTX“”” + n( L n) " so that w = Oyy, a8 n — 00, by Lemma Al part (d) and

Y3 (Pz, = Px )un _
. —

n

14



Lemma A3 part (a). Next, write

Y4, (Pz — Px,)Yan |

Ky

Ygln (PZH - PXn) Y2n
Ky

Basrsm —Bo =

—1Ig | Bo

Y3, (Pz, — Px,) Yan ’

Ky

Ky

}/21’1’74 (Pjn B PXn) un]

Since the Slutsky’s theorem implies that

Y4, (Pz — Px,)Yan|"

Ky

Y3, (Pz, — Px,.) Yan
Ky

—Iz20

and N
Y2/n (PZ,L B PXn) Yon

Ky

an (PZTL - PX,I,) Un
K,

p —1
e EVVO'VU,’

it follows immediately by a further application of the Slutsky’s theorem that 525 LS.n 2 Bo —&—Z‘_,%/avu, as required.

To show part (b) note that since in this case 7= — 4§, for some ¢ € (0,00), as n — oo , it follows directly from

Yy, (Pz, —Px, )Yan
K

n

Assumption 2(¢) and Lemma Al part (e) and from Lemma A3 part (b) that = (60, +Zyv)+

op(1),where ¥,, = b, ?r'ClZ! Qx, ZnC, is positive definite almost surely for n sufficiently large as a result

of Assumption 2(c). In addition, from part (d) of Lemma Al and part (a) of Lemma A3, we deduce that
Y3, (Pz, —Pxy)un

n

2, oyu.The desired result, thus, follows from Proposition 2.30 of White (1999).
Part (c) can be shown using arguments similar to parts (a) and (b) above, except that here we standardize

both Y5, (PZL — Px, ) Y2, and Y3, (an — Px, ) uy by 7, instead of K,. In this case, it is easy to show that
Y3 (Pz, —Pxy)Yon

Tn
Yd, (an —Px,, )un

Tn

Theorem. Please see Chao and Swanson (2002) for details. [J

= U,, + o0,(1),where ¥, is positive definite almost surely for n sufficiently large, and that

LR 0, as n — oo. Weak consistency of //G\QSLS,»,—L then follows as a consequence of the Slutsky

15
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