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Abstract

In the data, after a contractionary monetary policy shock aggregate output de-
creases over time, with a trough after four to eight quarters. This paper replicates
the ‘hump-shaped’ response of output with a segmented markets model where part of
the households are excluded from financial markets. A contractionary monetary pol-
icy shock is modeled as an unanticipated increase in the short-term nominal interest
rate. Since households and firms need cash-in-advance to purchase consumption and
hire labor, an increase in the nominal interest rate discourages the households’ con-
sumption demand and labor supply, and the firms’ labor demand. In a benchmark full
participation model, the effect is strongest in the impact period, and decays over time.
When markets are segmented, however, the shock has an additional liquidity effect,
increasing the real interest rate above fundamentals, and decreasing the growth rate
of the participants’ labor supply. As a result, the response of the aggregate labor and
output has a trough several quarters after the shock. The model is able to replicate
the sign, the magnitude and the persistence of the responses of output, money, prices
and interest rates. It can generate a positive response of the real interest rate together
with a negative response of the output growth rate.
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monetary policy shocks, persistence.
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1 Introduction

After a contractionary monetary policy shock, aggregate output decreases over time, with a
trough after four to eight quarters. This evidence seems robust to different ways of identifying
monetary policy shocks, as documented by Christiano, Eichenbaum and Evans (1999)*. The
delayed response of output to monetary policy is, also, central in the analysis by most
monetary economists at central banks and academics. Replicating this fundamental robust
feature, however, has proven to be challenging for existing representative agent monetary
models, both sticky-price and limited participation.

This paper replicates the ‘hump-shaped’ response of output using a simple segmented
markets model where part of the households are excluded from financial markets. The model
departs from the limited participation framework of Lucas (1990), Fuerst (1992) and Chris-
tiano and Eichenbaum (1992) reintroducing the distributional effects of monetary policy. It
is most closely related with the segmented markets models of Alvarez and Atkeson (1996),
Alvarez, Lucas and Weber (2001), and Occhino (2004), although it differs from them because
production is endogenous.

In the model, the only source of uncertainty are monetary policy shocks. The monetary
policy variable is the short-term nominal interest rate, so monetary policy shocks are unan-
ticipated increases in the interest rate. A reason why we choose an interest rate monetary
policy is that Bernanke and Blinder (1992) show that the federal funds rate, an overnight
interest rate, is an excellent indicator of the stance of monetary policy, and innovations to the
federal funds rate can be identified with monetary policy shocks. More generally, monetary
policy is defined in terms of a short-term nominal interest rate in most OECD countries. We
assume that the interest rate follows an exogenous stochastic process such that the response
of the interest rate itself to a monetary policy shock matches the empirical response. There
is no need to specify an interest rate feedback rule since the private sector, which acts in a
non-strategic way, makes its decisions only based on the expected evolution of the monetary
policy variable, independently of the specific monetary policy feedback rule. With regard to
seigniorage revenue, we assume that it is not rebated to the households, which we see as the
most plausible assumption since we focus on the effects of monetary policy shocks for up to
2 years. This is the assumption which leads to equilibrium determinacy.

Monetary policy affects production in two ways. First, households need cash-in-advance
to purchase consumption goods, and wages are received with delay. An increase in the
nominal interest rate, then, increases the price of consumption in terms of leisure, and
discourages the labor supply. Also, firms need cash-in-advance to hire labor, an assumption
that follows Fuerst (1992) and the limited participation literature, so an increase in the
nominal interest rate increases the cost of wages, and discourages the labor demand. An

!The works of Gordon and Leeper (1994), Strongin (1995), Bernanke and Mihov (1998) and Leeper, Sims
and Zha (1996) also support the claim, while Uhlig (2001) identifies a monetary policy shock with sign
restrictions on the response of money, prices and interest rate, and finds that a contractionary monetary
policy shock has no clear effect on real GDP.



increase in the nominal interest rate, then, decreases aggregate labor and output.

In a benchmark full participation model, the effect is strongest in the impact period and
decays over time. When markets are segmented, however, the monetary policy shock has an
additional liquidity effect, originally described by Grossman and Weiss (1983), and further
studied by Lucas (1990), Fuerst (1992), Alvarez and Atkeson (1996) and Occhino (2004)
among others. The real interest rate increases above fundamentals, so the growth rates of
consumption and leisure of participating households increase, and the growth rate of their
labor supply decreases. The higher the degree of market segmentation, the stronger and more
persistent the liquidity effect. As a result of the composition of the general contractionary
effect and the segmented markets liquidity effect, the trough of the equilibrium labor and
output response occurs after several quarters.

The paper is organized as follows. Section 2 describes the economy and defines the
competitive equilibrium, Section 3 explains the solution method, Section 4 describes and
comments the results, and Section 5 concludes.

2 Economy

The model is a cash-in-advance production economy, with a large number of households, a
large number of firms owned by households, and a monetary authority. The number of firms
is normalized to one. Each household is composed by a worker-shopper pair, as in standard
cash-in-advance production models. Time is discrete and is indexed by ¢ > 0. There are
a single non-durable consumption good produced by labor, money, and one-period nominal
bonds, which are claims to one unit of money payable at the end of the period. Monetary
policy shocks are the only source of uncertainty in the economy.

Households are of two types, traders and non-traders. Let A € (0,1] and A* = 1 — A
be respectively the proportion of traders and non-traders. Households of the same type are
identical in all respects. The difference between the two types of households is that traders
choose bond demand, consumption demand and labor supply optimally, while non-traders
cannot purchase bonds, they spend all their initial cash balances purchasing consumption
goods, and they supply a constant amount of labor. We will refer to the case where \* =
and \* > 0 respectively as the full participation model and the segmented markets model.

Households start each period with cash balances from the previous period. Then, three
markets meet in sequence, the bond market, the labor market and the goods market.

In the bond market, the firms and the monetary authority sell respectively D, and Dy
one-period nominal bonds to the traders at the bond price ¢; > 0. Open market operations
are conducted in terms of the short-term nominal interest rate i; > 0 defined by

iy = —log(q) (1)

The monetary authority announces the bond price and stands ready to issue and sell any
number of bonds to clear the market at that price. Monetary policy is, then, an exogenous



stochastic process for the interest rate, while the bond supply and the money supply are
both determined endogenously.

Let ¢ > 0 be the non-stochastic steady state value of the nominal interest rate. The
nominal interest rate follows the process

irp1 — 1= p(iy — 1) + 0641 (2)

where p € [0,1), 0 > 0, and €,4; is a monetary policy shock independently and identically
distributed as standard normal.

After the bond market, the labor market meets where firms hire labor with the money
borrowed in the bond market. This assumption follows Fuerst (1992) and the limited par-
ticipation literature. The role that banks play in limited participation models is played by
traders here. We assume that firms need to borrow a fraction d € [0, 1] of the cost of wages.
The case 0 = 1 corresponds to Fuerst’s assumption, while setting 6 = 0 implies that firms
do not need to borrow money to finance production. Firms hire labor from workers at the
wage rate W, > 0.

After the labor market, firms produce consumption goods using a linear technology in
labor. Units are normalized so that N; > 0 denotes both the aggregate labor demand and
the aggregate production. Firms, then, enter the goods market, and sell consumption goods
to shoppers at the goods price P, > 0. By assumption, the money earned by workers are
not available for shoppers’ purchases, which is a standard assumption in cash-in-advance
production models. The money supply

M, = PN, (3)

is the amount of dollars spent in the goods market.

Finally, after the goods market, households consume the goods purchased by shoppers,
workers bring their wages back to the household, firms redeem their bonds and distribute
profits to the households, and the monetary authority redeems its bonds. Since the produc-
tion technology is linear, equilibrium profits are zero, and the equilibrium does not depend on
the firms’ ownership. For notational convenience, then, we assume that profits are destroyed
rather than distributed to households.

Each trader chooses contingent sequences of consumption demand CY, labor supply L,
bond demand B, and next-period cash balances A;;1, to solve

i s G _ i L™
— 11—« 1+
subject to: (4)
@B + PCy = A

A1 = WLy + By

max Ey
{Ct >0,Lt >0,Bt,At+1 >0}§io

given the trader’s initial cash balances Ay > 0 in period zero, where Fj is the expectation
conditional on information available after the monetary policy shock €y has been revealed,
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g€ (0,1),a>0,P>0,and ¢ > 0. The case a = 1 is interpreted as the logarithmic utility
case.
The necessary first-order conditions for the traders’ optimization problem are

BICT —vlP, =0
—B'OLy + ;W =0
—th qt + Vt2 =0
—v; + Byt ] =0
and the transversality condition is
tlgglo Eo[vtA] =0
1

where v} and 1? are the Lagrange multipliers associated with the two constraints in the
traders’ problem (4). It follows that

BICT* =P,
B'OLY = viqW, (5)
qt’/zt1 = Et[’/t1+1]
and
tlirglo Eolv} A =0 (6)

Non-traders do not optimize. They spend all their initial cash balances purchasing con-
sumption goods, and they supply a constant amount of labor L* > 0. The behavior of a
non-trader is described by the constraints

:-1-1 = WtL*

given the non-trader’s initial cash balances A > 0 in period zero?®.
Firms choose labor demand N; and bonds supply D; to solve the profits maximization

problem
{Ng%?]gt}PtNt —WiNy — (1 — ) Dy
subject to: (9)
¢ Dy = OW, N,

2 Alternatively, one could restrict the relative risk aversion « to be one, and assume that the non-traders
solve the same problem as the traders except that they cannot purchase bonds. They would then solve

> (logw:) - @erj)

= 14+

subject to: (8)
A?+1 = Wi Ly

Ey

max
{C{>0,L;>0,A7, ,>0}92,

given the trader’s initial cash balances A > 0 in period zero. In this case, from the necessary first-order



The zero-profit condition for the firms’ optimization problem is
PtNt — M/tNt — (1 — Qt)Dt = 0

— Gt
OWN; =0
gt o (10)

(5) Wt ~ Wt/qg

1
PNy — Wi N, —

— Gt
qt

1
Pt:(1+

where the approximation follows from

) )
1— 1— 1
1+ 5 <1+ Qt) - (—)
qt qi qi

The approximation is exact both for § =0 and § = 1.
The bond market, labor market and goods market equilibrium conditions are
Dy + Df = \B;
AL + X' L* = N, (11)
ACy + N Cf = N,

Let the traders’ initial assets Ag, the non-traders initial assets A} and the values of all
variables dated at periods earlier than zero be given. Histories are made of all possible re-
alizations of the monetary policy shock €. An equilibrium is a set of contingent sequences
of: consumption, labor supply, bond demand and cash balances for traders {C; > 0,L; >
0, B, Ayy1 > 0}72; consumption, and cash balances for non-traders {C} > 0, A7, ; > 0}:2;
labor demand and bond supply for firms {N; > 0, D;}?°,; bond supply for the monetary
authority {D;}7°,; and prices {¢ > 0,4, > 0, W; > 0, P, > 0}3°,; satisfying the identity (1),
the process (2), the traders’ first-order conditions (5), the constraints in the traders’ prob-
lem (4), the non-traders’ constraints (7), the firms’ zero profit condition (10), the constraint
in the firms’ problem (9), and the equilibrium conditions (11).

We finally define the inflation rate m; and the real interest rate r; by

T4l = 10g(Pt+1) - log(B) (12)
re = ip — [T

and we define the money growth rate and the wage growth rate similarly to the inflation
rate.

conditions and the two constraints, it would follow that

DL;Y /Wy = E4[8/Cyy1Piy1]
LYY /Wi = B/Al
LY /Wy = B/WiLi
L = (B/@)/0+%)
so the non-traders would optimally choose to supply a constant amount of labor, and the analysis in this

paper would apply. This is particularly noteworthy since all the numerical experiments in this paper are
conducted for the case of a = 1.



3 Solution

As in Lucas (1990), nominal variables are normalized by the aggregate cash balances A; =
ANA; + A\* A} available at the beginning of the period. Also, we introduce aggregate variables
for each of the two types of households, and we normalize variables as follows: v, = v} A,/
ct =\Cy, Iy = ALy, by = AB /Ay, ay = MNAJ A, ¢ = NCF 1= ML af = VA A, ng = N,
Dt/Ata dy = D*/At7 Wy = Wt/At, Pt = Pt/At; my = Mt/At, and y; = At—i—l/At
The system describing the equilibrium can then be written as

it+1 —1 = p(lt - Z) + O€t4+1 (13&)
—log(qr) (13b)
My = Py (13c)

C\ ¢ .
<X) = WDt (13d)

I\*
d X = Vq Wy (136)

@it = BE Vi) (13f)
Qbe + prcy = (13g)
Vi1 = wily + by (13h)
picy = ay (13i)
Vel = wil” (13))
P = (1+ 1;%5) wy & wy/q (13k)

qudy = dwyny (131)

dy + dj = by + b} (13m)
L+U=m (13n)
atc=m (130)
ar+a; =1 (13p)

The transversality condition (2) can be written as

lim Ey|f'vea:] =0 (14)

t—o0
Notice that the system is the same as in an economy with one trader, one non-trader and
one firm, with different preferences parameters.
It is now convenient to substitute the traders’ budget constraint (13h) with the equation
derived as follows. From the households’ cash-in-advance constraints (13g) and (13i), and
from the households’ budget constraints (13h) and (13j), it follows that

Qb + picy + picy = ap + ag
qt (’Vtatﬂ — wily + Veayyq — wtl*) + pice +pecy = ar+ay



Then, using the identity (13p),

@ Ye — @we(le + 1) +pele +¢;) =1

Finally, using the labor and goods markets equilibrium conditions (13n) and (130), and the
zero-profit condition (13k)

@Y — qweng +png = 1
@Y — qwing + peny — qpene + (g + (1 — @) o weny =1
@y + (1 — q) (peng + dwyny) = 1

which we use in place of the traders’ budget constraint (13h) in the previous system (13).

In the non-stochastic steady state, all normalized variables are constant over time. Given
the non-stochastic steady state value of the nominal interest rate 7, the non-stochastic steady
state can be computed numerically from the system

i = —log(q)
m = pn

()"
1\
P <X) = vquw

qay =

gb+pc=a

gy + (1= q)(pn+ dwn) =1

pe* = (15)
va* = wl*
p= (1—1—%5)10%10/(]5
qgd = dwn

d+d =b

[+1"=n

c+c=n

a+a" =1

where the variables without the time subscript are the non-stochastic steady state values.
Notice that, since § € (0, 1), the transversality condition for the traders’ optimization prob-
lem is satisfied in the non-stochastic steady state.



Log-linearizing the system around the non-stochastic steady state yields

b1 = piy + O€p1 (16a)

i = —G (16b)

My = Py + T (16¢)

— il = D+ Py (16d)

ly = Dy + Gy + iy (16e)

G + 3 + 0y = Ey[Di44] (16f)

ab(Ge + by) + pe(pr + &) = ady (16g)

s s q
qv(G + ) + (1 — q)pn (—1 — + Py +nt> + (1 — q)dwn (—1 =

(16h)

e+ ¢ =ay (161)
ot iy = 0y (16)
pr =Wy — 7+ (16_ q)(S(‘?t AWy — Gy (16k)

G+ dp = Wy + 1y (161)

dd, + d*d} = b, (16m)
1, = niy (16n)

cCp + ¢ = niy (160)
ad; +a*a; =0 (16p)

where the variables without the time subscript are the non-stochastic steady state values,
while the variables with the hat are the percentage deviations from the steady state values,
except for I =i — i

Using the system (16), we can express all variables in terms of the exogenous state
variable 7;, the endogenous state variable @}, and the control variable 7, so the system (16)
can be reduced to a first-order system of difference equations in the two state variables and
the control variable. With standard methods, we then derive the control variable ©; as an
equilibrium function of the two state variables and determine the equilibrium evolution of
the system?®.

The equilibrium is determinate even though monetary policy is an exogenous process for
the interest rate. To see why, it is best to consider the full participation economy where all

3The solution method is based on the eigenvalue decomposition of the matrix describing the evolution
of the state and control variables. In addition, the model has been solved using MATLAB files writ-
ten by Chris Sims and Paul Klein. We thank them for making the files available at the web address
http://www.ssc.uwo.ca/economics/faculty /klein/. Their solution method is based on the Schur decomposi-
tion of the matrix describing the evolution of the state and control variables. The two methods yield identical
solutions.



households are traders. In this case, the real allocation is determinate and the only issue
regards whether nominal variables are determined. Recall that taxes and transfers are equal
to zero. Given the traders’ initial level of nominal assets, and the real variables stochastic
processes, the traders’ intertemporal budget constraint pins down the initial price level.
Numerical methods show that the equilibrium is determinate in the segmented markets case
as well, although the previous argument does not apply directly since changes in the money
supply can affect the real allocation between traders and non-traders. The assumption that
the fiscal variables do not adjust to balance the intertemporal budget constraint, so the
fiscal policy is active in the terminology of Leeper (1991), plays an important role in the
argument. In models where the equilibrium is indeterminate, in each period, the revenue
from seigniorage is rebated to the households through lump-sum transfers. Equivalently,
money is introduced into the economy through helicopter-drops. In these models, then,
transfers are a function of open-market operations, the intertemporal budget constraint can
hold for several possible path of money, prices and seigniorage, and the initial price level
cannot be determined. Since we focus on the effects of monetary policy shocks for up to 2
years, we see the assumption that the fiscal variables are exogenous as far more plausible
than assuming that they depend on current open market operations.

After solving the model, we can derive the following rates. From the definitions of the
inflation rate and the real interest rate,

Tip1 = log(pey1) + log(ve) — log(py)

T = i — By[miga)
Their non-stochastic steady state values are given by

™ = log(7)

r=1—m
and their linear approximations by

M1 =Pl +Ye — De

T = gt - Lk [ﬁt-&-l]

(17)

where 7; = m; — 7w and 7; = r; — r. The linear approximations of the money growth rate and
the wage growth rate are derived similarly to the inflation rate.

Before turning to the analysis of the effects of a monetary policy shock, let us derive a
more intuitive version of the traders’ Euler equation. From the traders’ first-order condition
for consumption (16d) and the traders’ Euler equation (16f), it follows that

Gt + Et[pr1] + % — Dt = —aEi[ép1 — ¢

G + Ey[fti1] = —aFEy[Cry1 — &

where the last equation follows from the inflation rate definition in (17). Then, using the
interest rate definition (16b) and the real interest rate definition in (17), the following version

10



of the traders’ Euler equation follows

~
~

i — Et[ﬁtﬂ] = aEt[ét+1 - Ct} (18)

/f‘t = Q{Et[ét+1 — ét}
which implies that the equilibrium real interest rate is equal to the relative risk aversion «
times the traders’ expected consumption growth rate.

4 Results

We not turn to the expected response of the economy to a contractionary monetary policy
shock which increases the nominal interest rate by o. Since the system is linear, we equiv-
alently study the deterministic evolution of the economy in the case that ¢g =1 and ¢, =0
for all t > 0. We set the initial values of the state variables i_; and ag equal to zero. Then,
from the interest rate process (16a), the deviation of the nominal interest rate iy from steady
state follows the exogenous evolution i; = op'. To gain intuition, we consider in sequence the
four cases of full and limited participation with constant labor supply, and full and limited
participation with endogenous labor supply.

As in Cooley and Hansen (1989) model, the length of a period plays an important role in
the model because of the presence of cash-in-advance constraints. As explained below, the
longer the length of the period, the larger the impact of a nominal interest rate increase on
labor and production. We set one period equal to one quarter, but we show what happens as
the length increases up to one year. The average interest rate i is set to 6.14%/4, to match
the average federal funds rate*. The preferences discount rate —log(3) is set to 2.38%/4,
so the average inflation rate 7 = i + log(3) takes the value 3.76%/4, and matches the
average inflation rate of the GDP price deflator. The quarterly first-order autocorrelation p
of the nominal interest rate is set to 0.84, which implies a half-life of one year and is in the
range of typical estimates of the interest rate smoothing parameter (see Clarida, Gali’ and
Gertler (1999), page 1687-1688). The benchmark values for the other parameters are the
following. The relative risk aversion « and the inverse of the labor supply elasticity ¢ are
both equal to 1. We show, however, what happens as the labor supply elasticity increases.
The fraction of wages 0 that firms must hold in cash is 1. The constant labor supply L*
of one non-trader is normalized to 1. The parameter ® in the traders’ preferences is set so
that the steady state labor supply of one trader is equal to the constant labor supply of one
non-trader. Then, the proportion of traders A is also the traders’ share of aggregate labor
supply 1/(I + 1*). The analysis below focuses on how the market segmentation parameter

4Data are for the period 1955:1-1999:1V, from the FRED II database of the Federal Reserve Bank of St.
Louis.

°If one estimates the interest rate process (16a) directly from data on the federal funds rate, the first-order
autocorrelation p is 0.92, and the conditional standard deviation o is 1.29. Using the H-P filtered series, p
is 0.71, and o is 1.19.
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A affects the economy’s response to a monetary shock. In related work, Landon-Lane and
Occhino (2004) have estimated an endowment segmented markets economy with data on the
money growth rate and the inflation rate, and have obtained a maximum likelihood estimate
of X at 0.13. We then set A = 0.1 as benchmark value for the segmented markets economy.

4.1 Constant labor supply

Let us start considering the economy where the traders’ labor supply [; is held constant at
the value I, so I; = 0. The equilibrium is still described by the system (16) without the
traders’ first-order condition for the labor supply (16e). Equivalently, the equilibrium is
described by the system (16) with ¢ — o0, so the traders’ labor supply elasticity tends to
Zero.

Using the labor market equilibrium condition (16n), it follows that 7, = 0, the aggregate
labor demand and the aggregate production are both constant in equilibrium. Then, from
the money definition equation (16¢), m; = p;, money is proportional to prices.

In the case of 6 = 0, the firms’ zero-profit condition (16k) implies p; = 1y, and the model
effectively becomes the benchmark segmented markets model with constant endowment of
Alvarez and Atkeson (1996), Alvarez, Lucas and Weber (2001) and Occhino (2004), except
for the specification of the monetary policy.

4.1.1 Full participation

In the full participation case, all households are traders and ¢* = 0. Then, the goods market
equilibrium condition (160) implies that ¢; = 0, the traders’ consumption is constant. From
the traders’” Euler equation (18),

iy = Eyfft4)

’f't:O

deviations of the nominal interest rate and the expected inflation rate are the same, and the
real interest rate is constant.

In the full participation case, the evolution of the system does not depend on the endoge-
nous state variable a;. In the case that 6 = 0, the response of the economy to a monetary
policy shock can be derived analytically. Although the assumption of full participation is
needed, the assumptions of constant labor supply and 6 = 0 could probably be relaxed.
We briefly present the solution because it is instructive and allows to verify analytically the
determinacy of the equilibrium in the simplest case.

Since ¢ = 0, the traders’ first-order condition for consumption (16d) implies that 0, =
—p¢. The traders’ Euler equation (16f) is then

Eipes1]) =P — G —

12



Since 0 = 0, the equation (16h) implies

qv(Ge + %) + (1 —q)pn (— 1= cht +ﬁt> =0

U 1—q)pn q . .
’Yt‘f‘CIt:( ) ( dr — Dt

qy 1—gq

Plugging the expression for 4;+¢; into the traders’ Euler equation, we obtain the following
first-order difference equation in E;[p,]:

. . 1—q)pn S
Ey[pii1) = pi — ( a)p ( a qr — pt)
qy I—gq

(1- q)m) . opn.,
——— | Dt — —G
qy v

Ei[pr1] = (1 +

The equation has an infinite number of solutions, depending on the initial value po. However,
since the coefficient of p, is strictly greater than one and the coefficient of E;[p;.1] is equal
to one, only one solution is stable.

Recall that i, = op', so, using the bond price identity (16b), ¢ = —op'. The particular
solution can be easily found guessing that Fy[p;] = Kp' for some constant K, and verifying
the guess. Plugging the guess into the first-order difference equation,

1-— n n
KptH:(l—i—( q)p )Kpt_’_%apt

qy
n 1—q)pn
K:—p—a/<1—p+%> <0
Y ay
Since K is negative, p; has the same dynamics as §;. Since 7; = —d,, prices (together with

money and wages) decrease when the nominal interest rate increases. Once the price level
has been determined, all the other variables can be derived. Notice that they all have the
same functional form as ¢;, with different coefficients.

In summary, in the full participation economy with constant labor supply, money and
prices decrease in the impact period of a contractionary shock. In the following periods,
however, both the money growth rate and the inflation rate increase. The real interest rate
does not respond. The pattern of these responses can be observed in Figure 1 which plots
the response of the full participation economy with constant labor supply to a contractionary
monetary policy shock which increases the nominal interest rate by one percent. The two
cases of 0 = 0 and 6 = 1 differ only with regard to the response of the wage growth rate, but
the difference is quantitatively and qualitatively insignificant.

4.1.2 Segmented markets

In the case of market segmentation, the behavior of the economy depends both on the
exogenous state variable ¢, and the endogenous state variable ay. In this case, we cannot
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Figure 1: Response of the full participation economy (A = 1) with constant labor supply to
a contractionary monetary policy shock.

The dashed and solid lines refer respectively to 6 = 0 and § = 1.

One period is one quarter. The five rates are expressed in annual percentage points. The
other variables are percent logarithms.
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find an analytical expression for the equilibrium price level, and we cannot fully characterize
analytically the response of the economy to a monetary policy shock. However, the analysis of
the full participation case suggests that, at least for moderate levels of market segmentation,
money and prices still decrease after a contractionary monetary policy shock, that is the sign
of 7, and P, is negative while the sign of #; is positive in the impact period of the shock.
This is what happens in all the numerical simulations presented in this paper. In this case,
several important analytical results follow.

From the non-traders’ constraints (16i), the goods market equilibrium condition (160),
and n; = 0, it follows that

*

o = (o — )

so the traders’ consumption decreases with money and prices in the impact period of a con-

tractionary monetary policy shock. A monetary policy shock, then, affects the distribution of

cash balances and consumption between traders and non-traders. This effect, first described

by Grossman and Weiss (1983), is crucially present in all limited participation economies.
In turn, changes in the traders’ consumption affect the real interest rate. From the

traders’ Euler equation (18), it follows that

A

Ty = aEt[ét—i—l - Ct]

ac*
~ ~ Ak A Aok
Ty = . Eipri — Ay — Pt + ay)
*
ac
~ ~ ~ o ~ A%
Ty = c Ei[prs1 — W + A — D + @]
*
ac
~ ~ ~ ~ %
ry = c BTt — pe+ ay]

where the second equation follows from the previous result, the third equation from the non-
traders’ budget constraint (16j), and the fourth equation from the zero profit condition (16k),
and from the inflation rate definition in (17). Then, using the real interest rate definition
in (17),

*
act .
. s
Ty = p (i¢ — 7 — Py + a})
>k *
ac act .
. s
1+ Ty = (it — pe + ay)
c c
*
ac A
. . .
Ty = w—prta
c—l—ozc>x<< t)

so the real interest rate increases in the impact period of a contractionary monetary policy
shock. The magnitude of this effect increases both with market segmentation through ¢* and
with the relative risk aversion «, as previously pointed out by Alvarez and Atkeson (1996).

Finally, market segmentation introduces endogenous persistence into the dynamics of the
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model. For all periods ¢t > 0,

ac*

N A ~
Tt_c—f—OéC*(Zt P+ a;)
) ac*t .
"t = c+ac*(zt_7rt)

where the last equation follows from the non-traders’ budget constraint (16j), the zero profit
condition (16k), and the inflation rate definition in (17). Then, substituting the expression
for the real interest rate from the last equation into the real interest rate definition in (17),

Et[ﬁ'tJrl] = gt — Ty

*

~ ac ~
El7 _ s A
t[ﬂt+1] (23 c T ack (@t 7Tt)
R c 4 act
Et[7t+1] = 1 + T

t t
Cc + acx Cc + acx

so the expected inflation rate is a weighted average of the nominal interest rate and current
inflation. The weight on current inflation increases both with market segmentation and with
the relative risk aversion. Given the nominal interest rate process, the persistence of the
inflation rate is passed on the other processes.

All the previous effects, which occur only when markets are segmented, are visible in
Figure 2 which plots the response of the segmented markets economy with constant labor
supply to a contractionary monetary policy shock. A contractionary monetary policy shock,
identified as an exogenous increase in the nominal interest rate, decreases money and prices
in the impact period. In the segmented markets economy, it has an additional liquidity effect,
originally described by Grossman and Weiss (1983), and then by Lucas (1990), Fuerst (1992),
Alvarez and Atkeson (1996), and Occhino (2004). It affects the distribution of cash balances
and consumption between traders and non-traders, increasing the slope of the traders’ con-
sumption response and thereby increasing the real interest rate. Since the nominal interest
rate is exogenous, the Fisher equation implies that the expected inflation rate is lower than
in the full participation economy. If markets are segmented enough, the liquidity effect is
so strong that the expected inflation rate decreases. The money growth rate behaves as the
inflation rate. The mechanism, whereby low current money and prices lead to low future
money and prices, adds endogenous persistence in the model. The behavior of the endoge-
nous state variable a; reveals that the distributional effects of monetary policy play a crucial
role in propagating the effect of the shock beyond the impact period.

4.2 Endogenous labor supply

Let us turn, now, to the general case where the labor supply is endogenous. In this case, a
contractionary monetary policy shock has two effects on the traders’ labor supply. First, it
discourages the traders’ labor supply by increasing the relative price of consumption relative
to leisure. Second, when markets are segmented, it increases the real interest rate and
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Figure 2: Response of the segmented markets economy (A = 0.1) with constant labor supply
to a contractionary monetary policy shock.

The dashed and solid lines refer respectively to 6 = 0 and § = 1.

One period is one quarter. The five rates are expressed in annual percentage points. The
other variables are percent logarithms.
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decreases the traders’ labor supply growth rate. Let us consider separately each of these two
effects.

4.2.1 Full participation

The first effect is best seen in the case of full participation. An increase in the nominal
interest rate discourages the labor supply through two channels. First, from the traders’
first-order conditions (16d) and (16e), it follows that

acy + ol = G + Wy — Py
Ofét"i_@lt:wt_ﬁt_zt

so the marginal rate of substitution between consumption and leisure increases with the real
wage and decreases with the nominal interest rate. As in other cash-in-advance production
economies, since wages cannot be spent to purchase consumption goods in the same period,
the nominal interest rate is a wedge between the marginal rate of substitution and the real
wage. It increases the relative price of consumption relative to leisure, acting as a tax
on consumption. To gain intuition, one can think that traders can increase their current
consumption purchases by borrowing money at the current nominal interest rate, increasing
their current labor supply, and repaying their debt in the next period with the wages received.
An increase in the nominal interest rate then discourages current consumption and labor
supply.

Also, when 6 > 0, the nominal interest rate acts as a tax on labor demand by firms.
Because of constant returns to scale, from the firms’ zero-profit condition (16k)

A d S

Wy — = — &

t Dt q+ (1 _ q)(SQt qt
)

g+ (1—q)p

the real wage decreases by the full amount of the tax,  times the increase in the nominal

Wy — Py = 'it =~ —67/,5

interest rate, which further discourages the traders’ labor supply. Notice that, in the data,
real wages decrease after a contractionary monetary policy shock, as shown by Christiano,
Eichenbaum and Evans (1996).

Using the two results just obtained,

d A A N
I RN AL (19)

so the marginal rate of substitution between consumption and leisure decreases with the

Oéét + QOlAt =

nominal interest rate. The larger 9, the stronger this effect.
Let us now make use of the assumption of full participation. In this case, the market
equilibrium conditions (160) and (16n) imply that ¢; = n; = [;, so the previous result becomes

- )

l:_—f_’:%_l 5A.
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so the traders’ labor supply is a decreasing function of the nominal interest rate. When
0 = 0, there is only the first channel described above, when § > 0, the second channel is also
present. Clearly, the effect increases with §, and decreases with the relative risk aversion «
and the inverse of the labor supply elasticity .

Figure 3 plots the response of the full participation economy to a contractionary monetary
policy shock. The trough in the response of the traders’ labor supply occurs in the impact
period, like the peak of the nominal interest rate response. in the same period as the trough
in the response of ¢;. Since the consumption growth rate increases in equilibrium, so does the
real interest rate. Like in the case of constant labor supply, the money growth rate and the
inflation rate decrease in the impact period but increase in the following periods. The first
channel described above, then, can be seen as the composition of the effect of the interest rate
on anticipated inflation, and the effect of anticipated inflation on consumption and labor. As
Cooley and Hansen (1989) emphasize, anticipated inflation, operating through the inflation
tax, discourages consumption, labor and production. The figure also shows that, intuitively,
the magnitude of the effect of the nominal interest rate on production increases with the
labor supply elasticity 1/¢.

From the above discussion, it is clear that increases in the nominal interest rate further
distort the economy and lower the welfare of households. However, the figure shows that
both consumption and labor decrease after a contractionary monetary policy shock, so the
magnitude of the welfare cost is not evident. We computed the welfare cost as the log-linear
approximation to the percent consumption increase in the period of the shock required to
keep the households’ expected discounted utility constant. For the benchmark parameters
a =1 (log utility), ¢ = 1 and § = 1, the welfare cost associated with a contractionary mon-
etary policy shock increasing the nominal interest rate by one percent is negligible (0.04%).

4.2.2 Segmented markets

Let us consider, now, the segmented markets economy with endogenous labor supply. We
have seen earlier that, in the presence of market segmentation, a contractionary monetary
policy shock has an additional liquidity effect, increasing the real interest rate above fun-
damentals. When the labor supply is endogenous, traders respond to the real interest rate
increase by decreasing their labor supply growth rate. Using the equilibrium condition (19),
the interest rate process (16a), and the traders’ Euler equation (18),

aBy[éiy — &) + pE, [Ztﬂ — Zt] ~—(1+9)E, [%t+1 - %t]
aBi[eeyy — &) + @Bl — ) = (1+6)(1 — p)is
(,DEt[lAt_;'_l — Zt] ~ (]_ + (5)(1 — p)it — ’f’t

Since the nominal interest rate is exogenous, the higher the real interest rate, the lower the
expected traders’ labor supply growth rate. When markets are segmented, then, after a
contractionary monetary policy shock, the real interest rate increases above fundamentals,
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Figure 3: Response of the full participation economy (A = 1) with endogenous labor supply
to a contractionary monetary policy shock.

The dashed and solid lines refer respectively to the cases where the labor supply elasticity
1/¢ is equal to 1 and 5.

One period is one quarter. The five rates are expressed in annual percentage points. The
other variables are percent logarithms.

20



the slope of the traders’ consumption and leisure responses increases, and the slope of their
labor supply response decreases. If the liquidity effect is strong enough, the trough in the
response of the traders’ labor supply occurs several quarters after the shock.

Figure 4 plots the response of the segmented markets economy to a contractionary mon-
etary policy shock. The figure shows the composition of the two effects, and the resulting
‘hump-shaped’ response of labor and output. After a contractionary monetary policy shock,
interest rates increase, while output, money, prices and the real wage decrease.

Let us compare the model response with data. Consider, for instance, Figure 2 in Chris-
tiano, Eichenbaum and Evans (1999), which documents the empirical response to a contrac-
tionary monetary policy shock. The shock has an impact effect on the federal funds rate of
about 75 basis points. The impact effect on the logarithm of M1 is less (in absolute values)
than -0.1, and the impact effect on the logarithm of M2 is less than -0.3. There is almost no
effect on prices. Equivalently, the impact effect on the annualized M1 and M2 growth rate is
respectively less than -0.4% and -1.2%, while the impact effect on the inflation rate is about
zero. The response of output is ‘hump-shaped’, it decreases over time with a trough after
six quarters of -0.5%, and then increases back to its steady state.

The sign, the magnitude and the persistence of the model responses are realistic. Al-
though the inflation rate does respond to the shock, the magnitude is not large. Also, the
magnitude of the output response is about half of what is empirically. The real interest
rate increases persistently, while the output growth rate decreases persistently. This joint
response can hardly be obtained in full participation monetary models, like sticky-price mod-
els, where the Euler equation links directly the real interest rate with the expected output
growth rate.

The figure also shows that the magnitude of the effect of the nominal interest rate on
production increases with the labor supply elasticity 1/¢. On the other hand, when the
labor supply elasticity is higher, the responses are less persistent and the trough of the
output response occurs earlier.

The responses of the traders’ consumption and labor seem to indicate that a contrac-
tionary monetary policy shock increases their welfare. For the benchmark parameters o = 1
(log utility), ¢ = 1 and § = 1, the welfare cost for traders associated with a contractionary
monetary policy shock increasing the nominal interest rate by one percent is negative (-
2.21% when A = 0.5, and -17.04% when A = 0.1). We also computed the welfare cost for
non-traders using the same utility function as for the traders, and we found it positive (2.40%
both when A = 0.5, and when A\ = 0.1). The social welfare cost, computed as the average
welfare cost weighted by the proportion of traders and non-traders, is positive but small
(0.10% when A = 0.5, and 0.46% when A = 0.1). The main welfare effect of a contractionary
monetary policy shock, then, is redistributive in favor of traders.

We now turn to what happens as we increase the length of a period. First, notice that
both the steady state nominal interest rate ¢ and the deviation of the nominal interest rate
iy are expressed in units that depend on the length of the period. For a given increase in
the yearly nominal interest rate, the longer the length of the period, the larger are both i
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Figure 4: Response of the segmented markets economy (A = 0.1) with endogenous labor
supply to a contractionary monetary policy shock.

The dashed and solid lines refer respectively to the cases where the labor supply elasticity
1/p is equal to 1 and 5.

One period is one quarter. The five rates are expressed in annual percentage points. The
other variables are percent logarithms.
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and 7;. For instance, if the yearly nominal interest rate increases by one percentage point, i,
increases by 25 basis points if a period is one quarter, and by 50 basis points if a period is
one semester. Then, considering the equilibrium condition (19), it is clear that the impact
of a given increase in the yearly nominal interest rate on the traders’ consumption and labor
supply increases linearly with the length of the period.

To see why, observe that a nominal interest rate increase is an increase in the cost of
money. The cash-in-advance constraints imply that the longer the length of the period, the
larger the money stock that households need to hold relative to their consumption flow, and
the larger the money stock that firms need to hold relative to their cost of wages flow. Then,
the effect of a given increase in the yearly nominal interest rate on interest costs increases
linearly with the length of the period.

To show the potential of the model at matching the magnitude of the effect of a monetary
policy shock on aggregate production, Figures 5 and 6 plot the response of the segmented
markets economy to a contractionary monetary policy shock respectively in the case that a
period is one semester and one year® For comparison with the other figures, however, the
units of the x-axis are still quarters. All the comments previously made as to Figure 4 apply
to these figures as well. This time, however, the magnitude of the output response is about
right. The inflation rate, also, hardly responds to the shock.

Finally, let us briefly summarize what happens in the numerical experiments as the other
parameters change. Given the nominal interest rate process, the preferences discount factor 3
determines the non-stochastic steady state values of the growth rate of nominal variables and
the traders’ share of aggregate cash balances, and affects this way the economy’s response to
a monetary policy shock, especially the response of nominal variables. Increasing 3, however,
does not affect significantly the economy’s response, except that the output response becomes
positive in the first periods for high values of 7 and low values of §. The threshold values
depend on the degree of markets segmentation.

The effect of decreasing the relative risk aversion « is similar to the effect of increasing
the labor supply elasticity 1/¢. The magnitude of the output response to monetary policy
shocks increases. In addition, the responses become less persistent, and the trough of the
output response occurs earlier. With regard to the exogenous process for the nominal interest
rate, as the serial correlation of the nominal interest rate decreases, the persistence of all
processes decrease, and the trough of the output response occurs earlier.

SFor a model with households’ cash-in-advance constraints only, Cooley and Hansen (1989) point out
that, in order to approximately match the ratio of money to consumption, one period should be set equal
to one quarter (/one month) if money is defined as M1 (/the monetary base). Since the M2 money stock is
more than four times the M1 money stock, one period should be set equal to one year if money is defined as
M2. In our model, however, firms need cash-in-advance to hire labor, so the same line of argument would
lead to setting the period about half as long.
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Figure 5: Response of the segmented markets economy (A = 0.1) with endogenous labor
supply to a contractionary monetary policy shock.

The dashed and solid lines refer respectively to the cases where the labor supply elasticity
1/p is equal to 1 and 5.

One period is one semester. The units of the x-axis, however, are still quarters. The five
rates are expressed in annual percentage points. The other variables are percent logarithms.
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Figure 6: Response of the segmented markets economy (A = 0.1) with endogenous labor
supply to a contractionary monetary policy shock.

The dashed and solid lines refer respectively to the cases where the labor supply elasticity
1/p is equal to 1 and 5.

One period is one year. The units of the x-axis, however, are still quarters. The five rates
are expressed in annual percentage points. The other variables are percent logarithms.
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5 Conclusion

Christiano, Eichenbaum and Evans (1999) argue that comparing the model response to
monetary policy shocks with the empirical response is an important criterion for selecting a
framework for monetary analysis. This paper shows that a segmented markets model with
production is able to replicate the sign, the magnitude and the persistence of the responses
of output, money, prices and interest rates. A contractionary shock increases the interest
rates, and decreases output, money, and the real wage, while prices hardly respond. The
output response is ‘hump-shaped’. The model can replicate the increase in the real interest
rate together with the decrease in the output growth rate.

In future research, we plan to add technology shocks and a monetary policy rule, estimate
the model and compare it with other monetary frameworks. The results from Landon-Lane
and Occhino (2004) on a related segmented markets economy with exogenous stochastic
endowment are very encouraging. We also would like to consider alternative assumptions
on the interaction between monetary and fiscal policies. In the case that the revenue from
seigniorage is rebated to the households through lump-sum transfers, an appropriate feedback
monetary policy rule can insure equilibrium determinacy. Ultimately, we would like to
evaluate the impact of adding the segmented markets friction in models like the one in
Smets and Wouters (2003) where other standard frictions are present. In joint work with
John Landon-Lane, we are conducting research along this direction, and we will report the
results in later work.
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