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v ABSTRACT

A Search Model of Optimal Pricing and Production

This paper presents an overview of the application of the mathematical theory
of ‘high-low’ search to firms’ pricing and production decisions. We show how this
methodology can be used to determine an optimal sequence of price-quantity
decisions by a firm through time.

We suppose that the firm chooses a sequence of prices and quantities supplied
over time not only with a view to earning current profit (given the current
information about the demand curve) but also in order to acquire information
about the demand curve by observing its inventory stocks as a result of these
price and quantity decisions. :

We compare and contrast the high-low model with the conventional
microeconomic model of pricing and production. We show how the firm uses its
pricing and production decisions to partition the uncertainty interval it faces and
thereby influence the value of the information which it receives.
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NON-TECHNICAL SUMMARY

In traditional microeconomic theory, the firm is assumed to maximize its profits,
given a known demand curve for its product and a known total cost curve. In
practice, firms have little information on their demand curves and whatever
information they do have is usually gleaned from selling their products at varying
prices and observing the resulting inventories.

This paper aims to capture the idea that the firm learns about its demand curve
through its pricing, production and inventory holding decisions. With this in mind,
we outline a new methodology, based on the mathematical theory of high-low
search (developed by Alpern, Baston and Bostock) for determining an optimal
sequence of price-quantity decisions through time. In previous work we have
applied this methodology to models in which a firm faces a fixed price and an
unknown quantity of demand (Discussion Paper No. 223). By contrast, this paper
deals with the more general problem of formulating joint pricing and production
decisions on the basis of what is currently known about the demand curve, and
learning about the demand curve from the outcomes of these decisions.

Woe suppose that the firm chooses a sequence of prices and quantities over time
with the purpose of earning current profit (given the current information about the
demand curve) and acquiring information about the demand curve by observing
its inventories. The novel feature of our analysis is that a firm’s pricing and
production decisions may be made with a view to the information it thereby gains
about its demand curve.

In the conventional microeconomic model, in which the firm’s demand curve is
known, the firm has no incentive to hold inventories, provided that the demand
function and cost function remain unchanged through time. When the demand
function is unknown, however, we show that inventory holdings can arise as the
result of optimal pricing and productlon decisions.

We assume that the firm’s initial mformatton about its demand is only that price
and quantity demanded lie in known intervals and that the demand function does
not vary over time. At the beginning of each period, the firm makes a decision
about its price and the quantity put up for sale; we call this decision its ‘guess’,
since the firm is trying to find the price-quantity combination that maximizes the
present value of profits under its unknown demand function. When making the
guess, the firm has an information set consisting of all previous guesses and all
previous inventory stocks. Once a new guess has been made, the firm observes
its new inventory stock and from this observation it makes inferences about its
demand function. In particular, if inventories are zero it infers that demand at the
current price mustbe at least as large as the quantity put up for sale. If inventories



are positive then the firm learns the exact level of demand at the current price.

In our framework the firm chooses a price-quantity strategy which is a sequence
of rules for determining its guess, based on the current information available.
This general model illuminates a trade-off which faces the firm: on the one hand,
it may expect more current profit by reducing production and thereby reducing
its chances of holding inventories; on the other, it can expect more future profit
by increasing production, increasing its chances of holding inventories and
thereby increasing its chances of gaining more information about its demand
curve. In this sense inventories are held on account of the information they
convey.



1. Introduction

In traditional microeconomic theory, the firm is assumed to maximize its
profit, given a known product demand curve (relating quantity demanded to the
price) and a known total cost curve (relating the total cost of production
to the quantity produced). Of course, economists have long recognized that in
Practice the managers of firms have little information on the demand curves
they face and whatever information they do have is usually gleaned from
selling their products at varying prices and observing the resulting
inventories. The traditional theory has made little headway in accounting for
this pervasive learning phenomenon.

In the microeconomic literature, the most common way of analyzing the
behaviour of the firm under imperfect information about demand is simply to
include an additive or multiplicative error term in the demand and to assume
the distribution of the error term is known. However, we are told little
about how the firm discovers this distribution. This paper aims to capture
the idea that the firm learns about its demand curve through its pricing,
production and in.vent‘ory holding decisions. With this in mind, we outline a
new methodology, based on the mathematical theory of high-low search
(developed by Baston and Bostock (1985) and Alpern (1985)) for determining an

optimal seque‘nce of price-quantity decisions through time. See also Gal



(1974).

This mcthodology has already been applied to models in which a firm faces
a fixed price and an unknown quantity demanded by Alpern end Snower (1986) and
Reyniers (1986). The solution to these models is disruﬁsed in Section 3. By
contrast, this paper deals with the more general problem of formulating joint
pricing and production decisions. In particular, it is concerned with the
twin activities of
(a) making pricing and production decisions on the basis of what is currently

known about the demand curve, and
(b) _learning about the demand curve on the basis of outcomes of the pricing

and production decisions.
We suppose that the firm chooses 8 sequence of price-quantity combinations
through time with the purpose of earning current profit (given the current
information about the demand curve) and acquiring information about the
demand curve by observing its inventory stocks.

The formulation of a general model for this purpose, as shown in
Section 2, involves a number of important conceptual issues which have not
been addressed in the microeconomic literature thus far. Indeed, our economic
analysis of this general model leads to the formulation of a new class of

mathematical search models. These models are outlined in Section 4.

2. The General Model

As noted, the novel feature of our analysis is that a firm's pricing and
production decisions may be made (at least in part) with a view to the
information it thereby gains about its demand curve. To bring this feature
into sharp relief, we begin with the conventional, elementary microeconomic
theory on the behaviour of the firm when the demand curve is known. We then

inquire how this theory needs to be modified when the firm does not know its



demand curve, but can reveal it groduslly through its pricing and production
decisions.

In the conventional theory, the firm maximizes i1ts profit (n) subject to
the known demand curve q=f(p), where q is the quantity dewmanded et the price
p. The profit is expressed as the difference between revenue (p.q) and cost
(c(q)). 1In short, the standard problem is

(1) Mex m = p.q - c(q),

P
where q=f(p). For convenience of presentation, we assume that the demand and
cost functions are such that Problem 1 has a unique, economically mecaningful
solution, with the optimal price-quantity combination given by Hf = (P;.q;)
and the optimum profit is n;. (The subscript "f" draws attention to the
fact, significant below, that the optimal decisions depend on the demand
function, f(p).)

In this formulation, the firm hass no incentive to hold inventories,
provided that the demand function (f(p)) and the cost function (c(q)) remain
unchanged through time and c¢* > 0. Thus, it is not pecessary to distinguish
among quantities demanded, produced, and sold.

When the demand function is unknown, however, inventory holdings can
arise, even (as shown below) under optimal pricihg and production decisions.
In order to compare the firm’s decision making under unknown demand with that
under known demand, let us rewrite the known-demand problem (1) as an
intertemporal maxim;zation of the present value (PV) of a stream of profits.
Let the inventory stock at time t be It' We assume that Io = 0. The time
discount factor is q; the inventory holding cost is h(]t) (where h(0) = 0

and h > 0 for I, > 0); & is the inventory depreciation factor; 9, is the

t
quantity produced; dt is the quantity demanded; z, is the quantity sold;
and Xy is the stock of goods put up for sale at time t. Then Problem (1)



becomes
ot
(2) Max PV = I a 'lpi'zt - C(qt) - h(]l)
pt. Xy t=1 .

subject to dt = f(Pt)

z, = min(dt, x‘)
lt:max ( (xt_dt)' 0] for t=1,2,...,
where the choice of Xy implies a value of ql, since the quantity offered for
sale is equal to he quantity produced plus the inventory stock carried
forward from the previous period: xt = 6.1‘_] + q -

Since the firm does not hold inventories at the optimum (]: =0, vt),
the quantities demanded, produced, ansd sold are all equal (dt:qt:xt:k’ vt,
where k is a non-negative constant). The firm's behaviour may be
characterized in terms of a sequence of decisions about price and the quantity
put up for sale at each point in time: (g,, €;,...), where g{ = (pt, xt). The
optimal sequence of these decisions is (Hf' Hf"")' where Hf is the solution
of Problem (1). The corresponding optimal present value is PV]; = (1/(]—a)).n;.

We now consider the case in which the demand function is unknown. We
examine how the analysis above (Problem (2)) must be extended to capture the
idea that the firm may learn about its demand curve through its sequence of
decisions (g,, Ez,...)- To this end, wé assume that the firm’s initial
information about its demand is only that p and d belong to the known
intervals P = [p, p] and D = (d, d}, respectively (where p < p and d « d),
and that the demand function f is time invarient and taken from & known set F

(say, the set of all decreasing, continuous functions f:P4D).

At the beginning of each period t, the firm makes & decision about its



price (pt) and its quantity put up for sale (xl): we call this decision the

"guess'” g, = (p

N xt) about Hf. since the firm is trying to find the

v
price-quantity combination which muximizes its present value under its actuel
(but unknown) demsnd function. Easch guess g is taken from the set G = P x D,
called the "price-quantity rectangle” (or "scarch region").

When making the guess g‘, the firm has an information set consisting all
previous guesses and all previous inventory stocks:
(g,.g,....g(_l; ]o‘l"]"""]t—l)' (We still assume that the initiel
inventory stock is zero.) Once the guess g‘ has been made, the firm observes
its new inventory stock ]t and, from this observation, it makes inferences
about its demand function. In particular,
(a) if It = 0 (i.e. a stock-out), then it infers that f(pt) > xi(i.e. its
demand at the price Py must be at least as large as the quantity put up for
sale); and
(b) if It >0 (i.e. a positive inventory stock), then it infers the exact

level of demand at the price P, dt = f(pt) =Ny ]t'

These inferences are illustrated in Figure 1. Here we have drawn the actual,

but unknown, demand function d = f (p). The firm has made five guesses
(denoted by the points gl,...,gs) and has observed that 11, 14, ]5 = 0 and 12,
1, > 0. Consequently, the firm infers that the demand function must pass

3
through the points €5 and gé(wherg g; = [pj, f(pi)] and through the vertical
lines Ll' L4, and Ls
(where Li = {(pi, 5): X ¢ s ¢ d)).

0f course, if the demand function f is known to be decreasing, then the
firm can infer that f passes through the same points and the shorter vertical
lines given in Figure 2.
o  t-1

As noted, the maximum attainable present value is Pv; = zt—l“ .n;

(of Problem (2)). In general, the firm does not achieve this present value,
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since it has imperfect informetion sbout its demand function. The opportunity

cost associated with its sequence of guesses g = (g,, €,,...) 18
T I
(3) R(g,f) = X a .[nf - (pt zy - c(q‘)) + h(lt)] ,
t-1
where Zy Qs and lt may all be expressed in terms of gt = (Pt'xt)

(as shown in Problem 2).
A price-quantity strategy S = (S,, S,,...) is 8 scquence of rules St'

t=1,2,..., for determining the guess ¢ (pt,xt) based on information

t
available when g is chosen. Since all previous guesses and inventories are
known at that time, we have gt(S,f) = St(g,,g,...,gt_l: I,, I""'It—l) is the
t'th guess assuming 8 strategy S and an actual demand function f, with
g(S,T) = (g,(S,), €.(S,),...). If the firm uses strategy S and the demand
curve is f, then the opportunity cost is given by ﬁ(S,f} = R(g(S,f),f]. 1f ¥
denotes the set of all strategies, then we seek 8 minimax strategy S‘ and a
minimax value'Vf defined by

(4)  Mox R(S*,f) = min max R(s,f) = V'

feF Sey feF
We may interpret V* as being the optimal worst-case cost to the firm of not
knowing the actual demand curve.

In this general model, the guesses g will in general never reach the
theoretical equilibrium point Hf, although it is possible that the guesses €,
will converge to it. However, for an important class of demand function
sets' F, the equilibrium can be attained in finite time: Suppose that every
demand curve f in the set F has the property that it is completely determined
by any n distinct valuations f(p,), f(p,),..., f(pn). We say that such a set
F has "complexity n". For example, the set of n’th degree polynomials has
complexity n+l. |

If f has complexity n, then any n periods with overproduction at distinct



prices will determine £ and hence the equilibrium point Hf. This observatlion
gives an upper bound for V‘ by consideration of a strategy with £, 5 (p(. d)
for distinct pt, t=1,...,n. Moreover, we conjecture that for all f with
finite complexity, there is an optimal strastegy S‘ for which an & priori

estimate can be made on the number of guesses necded to find H.

3. Models of Given Price and Unknown Demand

While the general unknown demand curve model described in the previous
section is too complex for an analytical solution, two models which may be
interéreted as special cases of the one above have been solved. We briefly
describe these models and their solutions here.

The model of Alpern and Snower (1986) assumes that the product has a
fixed unit price P, and that the only unknown is the amount d demanded at this
price. The demand d is known to belong to a given interval D = [d, a]. We
assume linear production and inventory holding costs of ¢ and h per unit,

respectively.

The firm’s sequence g = {gt, t=1,2,...} of guesses can now be identified
with the amounts Xy offered for sale, since Py is always P, We view X, as a
guess about the unknown level d of demand. (1f demand d is known, then of

course the optimal sequence of guesses g =X is (d,d,...).) Let N be the

t
first time period in which the guess gt is greater than the demand d: N = min
{i:gi > d}. At the end of the period N, the demand can be inferred by
observing the inventory stock IN and computing d = gN - IN. Thereafter demand
will be met exactly (i.e. all gt with t > N will be set at g = d).

The opportunity costs R of the sequence of guesses (g,, €,,...)

is given by



(5) R(g.d) = } ot Lp, - c- .- g
g,¢d
. } ' lih 4 e aa)lg, - @
gt)d
where (p ~ ¢ - h) is the unit cost of underproduction and [h + c.(l-a)) is the
unit cost of overproduction. A pure scarch strategy S = (S,, S,,...) is now
quite simple to describe. Each Si is a number belonging to [g,a]
and d ¢ §, ¢ 8, ¢...¢ d. The strategy S together with the actual value d of
demand determine the guesses g, as follows. For t ¢ N, g = St; and
for t > N, gt = d. Using recursive mcthods adapted from the mathematical
theory of high-low search as formulated in Baston and Bostock (1985) and
Alpern (1985), e minimax strategy S‘ = (ST, S:,...) was calculated.

As an example, we give the strategy S' corresponding to a demand interval
of [d, d} = [20, 31], unit production costs of c=8 and holding costs of h=2.
We assume each unit sells for the fixed price of p = 12 and the discounting
factor is a = 1/2. The unique minimax strategy is then S = (23,29,31,31,...).
The maximum opportunity cost corresponding to S* is 18 and occurs when d is
20, 23, or 31.

This problem can be viewed as & special case of the general problem of
Section 2. The set F of demand curves is given by F = {fd: d¢d¢ d)
where fd(p) = d for p ¢ P, and fd(p) = 0 for p > P, This family has
complexity 1, i.e. a single guess above the demand curve determines the
curve completely.

An interesting variation on this fixed price model has been considered by
Reyniers (1986). Reyniers allows a time lag of one period so that only It—2

(and not 1 is known when gt is chosen. This time lag may be intepreted

t-1’

as either a production lag (where gt must be chosen at time t-2) or a delay in



informstion feedbock on inventory stocks from retailers (where lt-) is not
known unti] the end of period t). Reyniers develops recursive formulaee which
show thst with time lag, the minimax sirategy S is not monotone, bul rather
slternating. In particulasr,

and S 2:S

§1 €8y oSy ¢ Sopugee 2n+l * Sopez G 2n-1"

4. The_General Nature of the Sesrch Problems

We now investigate in greater detail the information structure of the
models of Sections 2 and 3. In Section 3, a guess g (offering an amount g for
sale) cAn be viewed as an "experiment” which will determine whether the actual
"state of nature” d belongs to the set [g.a] (stock-out) or to one of the
singleton sets {b) where d ¢ b < g. These sets form a "partition” of the set
D = |g,a] of states of nature. This means (definition of partition) that
every state of nature belongs to exactly one of these sets. We denote this
partition of [g,a] into one interval and a continuum of singleton sets as ?g.
The firm knows in advance that if g is the chosen guess, it will learn which
element of the partition ?g (i.e. which subset) contains g. Similarly, in the
more complicated model of Section 2, the guess g = (p,x) partitions the set of
demand curves F into {f: f(p) > x} and the sets {f: f(p)=d}, d < d < x. The
search for the actual demand (in Section 3) or the actual demand curve (in
Section 2) 1is carried out by successive partitioning of the states of nature.

This general search problem may be described as follows:

Simple sequential sesrch problem: An unknown point d is hidden in a

search set D. A discounting factor 0 < a ¢ 1 is given. A searcher seeks

to find d by making successive guesses gteD, t=1,2,..., trying to

o«
minimize the sum R = I a . kd(gt) where kd (deD) is 8 family of



non-negative functions depending on  d,  satisfying kd(d) = 0.
Corresponding to every possible guess g in D, there is a known partition
» of D. If the searcher makes the guess g he is told the element of

g

’g which contains d before he picks gul. Which strategy for picking the
t

gl's guarantees the lowest value of R?

This "simple sequential scarch problem" subsumes the model of Section 3, where
pg hes alrcady been described, and ky(g) is the function (p, - ¢ = h).(d - g)
if d > g and [h + c.(1=a)].(g - d) if g > d.

- The general model of Section 2, however, has a more complicated search
structure. There is also 8 hidden point er.G = PxD which the searcher tries
to approximate. However, each guess g € G gives not information about the
equilibrium point erG but rather information about the demand function f
which lies in another space F. Information about Hf (and hence where to make
the next guess) must be inferred from knowledge of the way Hf depends on f,
which we call a map ¢: F4G, where 0(f)=Hf. The compound nature of the search

problem is captured in the following abstraction, which has not been studied

in the mathematical search literature, but deserves to be:

Compound sequential search problem: There is a primary search region G

and a secondary search region F with a given map ¢: F4G, as illustrated
in Figure 3. To each point g in G there is & corresponding partition ?g
of F. To each ‘f in F here is & non-negative function ‘nf on G with
maximum value n; = nf(o(f)). A point f is hidden in F. The searcher

makes a sequence of guesses gth, t=1,2,... . After each guess gt he is

told the element of ’g containing f. He seeks to minimize the
Tt

opportunity cost function R = I a .[nf - "f(gt)] in the worst case
t=1

10



After guess g, the searcher learns that f is in F

2
and uses this information to pick g,

Figure 3

10a
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with respect to f. Thus the "compound sequential scarch problem” may be
summarized by the question, What is the strategy of picking the gucsses

g‘ 80 848 to minimize the maximum (over f) of R?

$. Final Remark

This pupér has set out a mcthodology for formulating the firm's pricing
and production decisions when these decisions are not only made on the basis
of given demand information, but are also meant to reveal further demand
information. In particular, the firm infers the position of its demand curve
by o?serving its inventory stock. In this setup, which is quite common in
practice, the firm faces & tradeoff between two desirable objectives: on the
one hand, it may expect more current profit by reducing production and thereby
reducing its chances of holding inventories; on the other, it can expect more
future profit by increasing production, increasing its chances of holding
inventories and thereby increasing its chances of gaining more information
about its demand curve. It is in this sense that inventories are held on

account of the information they convey.

11
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