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ON THE ASYMPTOTIC THEORY FOR LEAST SQUARES SERIES:
POINTWISE AND UNIFORM RESULTS

ALEXANDRE BELLONI, VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND KENGO KATO

ABSTRACT. In this work we consider series estimators for the conditional mean in light
of three new ingredients: (i) sharp LLNs for matrices derived from the non-commutative
Khinchin inequalities, (ii) bounds on the Lebesgue factor that controls the ratio between
the L° and L2-norms, and (iii) maximal inequalities for processes whose entropy integrals
diverge at some rate.

These technical tools allow us to contribute to the series literature, specifically the
seminal work of Newey (1997), as follows. First, we weaken considerably the condition
on the number k£ of approximating functions used in series estimation from the typical
k2/n — 0 to k/n — 0, up to log factors, which was available only for spline and local
polynomial partition series before. Second, under the same weak conditions we derive L?
rates and pointwise central limit theorems results when the approximation error vanishes.
Under an incorrectly specified model, i.e. when the approximation error does not vanish,
analogous results are also shown. Third, under stronger conditions we derive uniform rates
and functional central limit theorems that hold if the approximation error vanishes or not.
That is, we derive the strong approximation for the entire estimate of the nonparametric
function. Finally, we derive uniform rates and inference results for linear functionals of
interest of the conditional expectation function such as its partial derivative or conditional

average partial derivative.

1. INTRODUCTION

Series estimators have been playing a central role on various fields. In econometric
applications it is common that the exact form of a conditional expectation is unknown and
having a flexible functional form can lead to improvements over a pre-specified functional
form. Series estimation offers exactly that by approximating the unknown function based
on k basic functions, where k is allowed to grow with the sample size n to balance the trade

off between variance and bias.

Several asymptotic properties of series estimators have been investigated in the literature.

The focus has been on convergence rates and asymptotic normality results (see Andrews,
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1991; Eastwood and Gallant, 1991; Gallant and Souza, 1991; Newey, 1997; Huang, 2003b;
Chen, 2007; Cattaneo and Farell, 2013, and the references therein).

This work revisits the topic by making use of three critical ingredients:

1. The sharp LLNs for matrices derived from the non-commutative Khinchin inequal-
ities.

2. The sharp bounds on the Lebesgue factor that controls the ratio between the L
and L?-norms of the least squares approximation of functions (which is bounded or
grows like a log k in many cases).

3. Sharp maximal inequalities for processes whose entropy integrals diverge at some

rate.

To the best of our knowledge, our results are the first applications of the first ingredient to
statistical estimation problems. Regarding the second ingredient, it has already been used
by Huang (2003a) but for splines only. The third ingredient was derived to allow for weak

moment conditions. All of these ingredients are critical for generating sharp results.

This approach allows us to contribute to the series literature in several directions. First,
we weaken considerably the condition on the number k of approximating functions used in

series estimation from the typical k?/n — 0 (see Newey, 1997) to
k/n — 0 (up to logs)

for bounded or local bases which was previously available only for spline series (Huang,
2003a; Stone, 1994) and local polynomial partition series (Cattaneo and Farell, 2013). An
example of a bounded basis is Fourier series; examples of local bases are spline, wavelet, and
local polynomial partition series. To be more specific, for such bases we require klogn/n —
0. Note that the last condition is similar to that on the bandwidth value required for
local polynomial (kernel) regression estimators (h~%logn/n — 0 where h is the bandwidth
value). Second, under the same weak conditions we derive L? rates and pointwise central
limit theorems results when the approximation error vanishes. Under a misspecified model,
i.e. when the approximation error does not vanish, analogous results are also shown. Third,
under stronger conditions we derive uniform rates that hold if the approximation error
vanishes or not. An important contribution here is that we show that the series estimator
achieves the optimal uniform rate of convergence under quite general conditions. Previously,
the same result was shown only for local polynomial partition series estimator (Cattaneo and
Farell, 2013). In addition, we derive a functional central limit theorems. By the functional

central limit theorem we mean here that the entire estimate of the nonparametric function
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is uniformly close to a Gaussian process that can change with n. That is, we derive the

strong approximation for the entire estimate of the nonparametric function.

Another set of results established here pertains to the estimation and inference methods
for linear functionals 6 of the conditional mean function g : X — R. Examples of linear
functionals 6 of interest include, for z; denoting the j-th component of x and x_; denoting

all components of x excluding z;,

L. the partial derivative:  0(z) = 0y, 9();
2. the average partial derivative: 6 = [ 9, g(2)du(x);
3. the conditional average partial derivative: 6(x_;) = [ 0y, g(x)dpu(z;|z_;).

where the measure i entering the definitions above are taken as known; the result can be
extended to include estimated measures. Under weak conditions we derive pointwise results
for rates of convergence, large sample distributions and inference methods based on the
Gaussian approximation. Under stronger conditions we derive new strong approximation
for the entire estimate of the nonparametric functional. Specifically, we derive results for
uniform rates of convergence, large sample distributions and inference methods based on

the Gaussian approximation.

Notation. In what follows, all parameter values are indexed by the sample size n, but
we omit the index whenever this does not cause confusion. We use the notation (a)y =
max{a,0}, a Vb =max{a,b} and a A b = min{a, b}. The ¢3-norm of a vector v is denoted
by ||v||, while for a matrix ¢ the maximum eigenvalue is denoted by ||Q||. We also use

standard notation in the empirical process literature,

n

Enlf] = Enlf(wi)] =Y _ f(w;)/n and Gpn[f] = Gu[f(wi)] =Y _ f(wi)/vV/n

i=1 i=1
and we use the notation a < b to denote a < c¢b for some constant ¢ > 0 that does not
depend on n; and a <p b to denote a = Op(b). Moreover, for two random variables X,Y

we say that X =; Y if they have the same probability distribution.

2. SET-UpP
Throughout the paper, we consider a sequence of models, indexed by the sample size n,
yi=g(z;) + €, Elele] =0, ;€ X CRY i=1,...,n, (2.1)

where y; is a response variable, x; a vector of covariates (basic regressors), €; noise, and

x +— g(x) = Elyilz; = x| a regression (conditional mean) function; that is, we consider a
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triangular array of models with y; = ¥ n, Ti = ®in, € = €5, and g = g,. We assume that
g € G where G is some class of functions. Since we consider a sequence of models indexed by
n, we allow the function class G = G,,, where the regression function g belongs to, to depend
on n as well. In addition, we allow X = X, to depend on n but we assume for the sake of
simplicity that the diameter of X is bounded from above uniformly over n (dropping the
uniform boundedness condition is possible in expense of more technicalities; for example,
without uniform boundedness condition, we would have an additional term log diam(X’) in
(4.19) and (4.21) of Lemma 4.2). We denote 0? = E[e?|z;], 62 := sup,cy Ele?|x; = 2], and
o? = infyex E[e?|z; = x]. For notational convenience, we omit indexing by n where it does

not lead to confusion.

Assumption A.1 (Sample) For each n, random vectors (y;,x}), i =1,...,n, are i.i.d.
and satisfy (2.1).

We approximate the function z — g(z) by linear forms x — p(z)'b, where

z = p(x) = (p1(x),...,pr(x))

is a vector of approximating functions that can change with n. We denote the regressors as

pi = p(xi) = (p1(xs), - .., pe(@:))'.

Throughout the paper, we assume that the number of series terms k is chosen so that

log k < logn. The next assumption imposes regularity conditions on the regressors.

Assumption A.2 (Eigenvalues) Uniformly over all n, eigenvalues of Q := Elp;p}] are

bounded above and away from zero.

Condition A.2 imposes the restriction that p;’s are not too co-linear. Given this assump-

tion, it is without loss of generality to impose the following normalization:

Normalization. To simplify notation, we normalize Q = I, but we shall treat Q) as

unknown, that is we deal with random design.

The following proposition establishes a simple sufficient condition for A.2 based on or-

thonormal bases with respect to some measure.

Proposition 2.1 (Stability of Bounds on Eigenvalues). Assume that z; ~ F where F is a
probability measure on X, and that the regressors p;’s are orthonormal on (X, ) for some

measure . Then A.2 is satisfied if dF/du is bounded above and away from zero.



LEAST SQUARES SERIES: POINTWISE AND UNIFORM RESULTS 5

It is well known that the least squares parameter § is defined by

= in E [(y; — pib)?],
B := arg min B [(3; — pib)’]

which by (2.1) also implies that 8 = 3, where f, is defined by
= in £/ i) — ,b 2 .
By := arg min B [(g(x:) — pjd)°]

We call x — g(z) the target function and = — gi(x) = p(x)' S the surrogate function. In
this setting, the surrogate function provides the best linear approximation to the target

function.
For all x € X, let

r(z) :=ry(z) = g(z) — p(x)' B, (2.2)
denote the approximation error at the point x, and let

ri = 1(x;) = g(a;) — p(x:) By
denote the approximation error for the observation i. Using this notation, we obtain a many
regressors model

yi = pif +ui, Eluizi] =0, ui:=r;+¢.

The least squares estimator of 3 is

-~

B := arg min E,, [(yZ — p;b)2] ) (2.3)
beR*

which induces the estimator g(z) := p(z)’ B for the target function g(z). Then it follows

from (2.2) that we can decompose the error in estimating the target function as
9(x) = g(x) = p()'(B - B) — r(x),

where the first term on the right-hand side is the estimation error and the second term is

the approximation error.

We are also interested in various linear functionals 6 of the conditional mean function. As
discussed in the introduction, examples include the partial derivative function, the average
partial derivative function, and the conditional average partial derivative. Importantly, in
each example above we could be interested in estimating = 6(w) simultaneously for many
values w € W. Let Z C W denote the set of indices of interest. By the linearity of the series
approximations, the above parameters can be seen as linear functions of the least squares

coefficients 8 up to an approximation error, that is

O(w) = Lg(w)' B+ ro(w), weI, (2.4)



6 BELLONI, CHERNOZHUKOV, CHETVERIKOV, AND KATO

where £g(w)’( is the series approximation, with ¢y(w) denoting the k-vector of loadings on
the coefficients, and rg(w) is the remainder term, which corresponds to the approximation
error. Indeed, the decomposition (2.4) arises from the application of different linear oper-
ators A to the decomposition g(-) = p(-)’8 + r(-) and evaluating the resulting functions at

(Ag()) [w] = (Ap()) [w]' B + (Ar(")) [w]. (2.5)

Examples of the operator A corresponding to the cases enumerated in the introduction

are given by, respectively,

1. a differential operator: (Af)[z] = (0, f)[z], so that
lo(w) = Op,p(x), ro(x) = Op;7();

2. an integro-differential operator: Af = [ 0, f(x)du(z), so that

Ly = /8% x)du(x rg = /8%7‘ Ydp(x

3. a partial integro-differential operator: (Af)[z_;] = [ Oy, f(2)du(x;lx_;), so that

lo(e_j) = / O, F@)du(zsla_y), rolz—;) / O, r () dules ;)

where z_; denotes all components of x excluding z;.
For notational convenience, we use the formulation (2.4) in the analysis, instead of the
motivational formulation (2.5).
We shall provide the inference tools that will be valid for inference on the series approx-
imation
ly(w)'B, weT.

If the approximation error rg(w), w € Z, is small enough as compared to the estimation

error, these tools will also be valid for inference on the functional of interest
O(w), wel.

In this case, the series approximation is an important intermediary target, whereas the
functional 6 is the ultimate target. The inference will be based on the plug-in estimator
f(w) := y(w)'B of the the series approximation fg(w)'8 and hence of the final target 6(w).
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3. APPROXIMATION PROPERTIES OF LEAST SQUARES

Next we consider approximation properties of the least squares estimator. Not sur-
prisingly, approximation properties must rely on the particular choice of approximating
functions. At this point it is instructive to consider particular examples of relevant bases

used in the literature. For each example, we state a bound on the following quantity:

&k == sup [[p(z)|-
reX

This quantity will play a key role in our analysis.

Example 3.1 (Polynomial series). Let X = [0, 1] and consider a polynomial series given
by
p(z) = (1,z,2%, ..., 2871,

In order to reduce collinearity problems, it is useful to orthonormalize the polynomial series

with respect to the Lebesgue measure on [0, 1] to get the Legendre polynomial series

p(x) = (1,V3x,/5/4(32%2 = 1),...)".

The Legendre polynomial series satisfies

& Sk

see, for example, Newey (1997). O
Example 3.2 (Fourier series). Let X = [0,1] and consider a Fourier series given by
p(x) = (1,cos(2mjz),sin(2mjx),j = 1,2,....k/2 — 1),
for k even. Fourier series is orthonormal with respect to the Lebesgue measure on [0, 1] and
satisfies
gk S \/Ev

which follows trivially from the fact that every element of p(z) is bounded in absolute value

by one. O

Example 3.3 (Spline series). Let X = [0, 1] and consider a linear regression spline series, or
regression spline series of order 1, with a finite number of equally spaced knots Iy, ...,lr_o
in X:

!/

p(z)= 0z, (x —11)4+,. .y (2 —l—2)4)"
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The cubic regression spline series, or regression spline series of order 3, with a finite number

of equally spaced knots l1,...,lp_4:
plx) = (1,z,2% 23, (x — ll)i, oy (= lk_4)‘:’_)’.

The function x — p(z)’b constructed using regression splines of order sy is so — 1 times
continuously differentiable in = for any b. Instead of regression splines, it is often helpful
to consider B-splines p(z) = (p1(x),...,pr(x))’, which are linear transformations of the
regression splines with lower multicellularity; see De Boor (2001) for the introduction to
the theory of splines. B-splines are local in the sense that each B-spline p;(x) is supported
on the interval [I;(1,l;2)] for some j(1) and j(2) satisfying j(2) — j(1) < 1 and there is at
most sg + 1 non-zero B-splines on each interval [l;_1,l;]. From this property of B-splines,

it is easy to see that B-spline series satisfies
& S VE;
see, for example, Newey (1997). O

Example 3.4 (Cohen-Deubechies-Vial wavelet series). Let X = [0, 1] and consider Cohen-
Deubechies-Vial (CDV) wavelet bases; see Section 4 in Cohen et al. (1993) and Chapter
7.5 in Mallat (2009) for details on CDV wavelet bases. CDV wavelet bases is a class of
orthonormal with respect to the Lebesgue measure on [0, 1] bases. Each such basis is built
from a Daubechies scaling function ¢ (defined on R) and the wavelet 1 of order sy starting
from a fixed resolution level Jy such that 270 > 2sy. The functions ¢ and 1) are supported on
[0,250—1] and [—sg+1, 5], respectively. Translate ¢ so that it has the support [—so+1, s¢].
Let
drm(x) = 21202 —m), Ypm(x) = 2202 —m), I,m > 0.

Then we can create the CDV wavelet basis from these functions as follows. Take all the
functions ¢y m, ¥i,m, | > Jo, that are supported in the interior of [0, 1] (these are functions
GJo.m Withm = sp—1,...,2%0—s5 and Y1 wWithm = so—1,. .. .2 —s0,1 > Jy). Denote these
functions 5 Jo,ms Jl,m' To this set of functions, add suitable boundary corrected functions

(bJo,Ou v 7(25]0,80—27 ¢J0,2J0—so+17 e 7¢J0,2J0_17 1/”,07 cee 71/}l,80—27 wl,2J0_30+17 oo 71/11,2J0_17 l 2
Jo, 80 that {@s5mtocmerio U {¥mto<meat 1>, forms an orthonormal basis of L*[0,1].
Suppose that k = 2/ for some J > Jy. Then the CDV series takes the form:

p(x) = (Ps0(x),. .. 75‘10,2(10_1(35)7 bro0(2), ... 7TZJ—172J*1—1(x))/’

This series satisfies

& S VE.
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This bound can be derived by the same argument as that for B-splines. CDV wavelet bases

is a flexible tool to approximate many different function classes. O

Example 3.5 (Local polynomial partition series). Let X = [0, 1] and define a local poly-
nomial partition series as follows. Let sy be a nonnegative integer. Partition X as 0 = [y <
i, <lz_, <lz =1 where k= k/(so+1). For j = 1,...,%, define d; : [0,1] — {0,1} by
dj(x) =1if x € (Ij—1,;] and 0 otherwise. For j =1,...,k, define

pj(x) == 5[j/(so+1)]+1(;p)xi—l—(so+1)[j/(so+1)]

for all z € X where [a] is the largest integer that is strictly smaller than a. Finally, define
the local polynomial partition series pi(:),...,pr(-) of order sy as an orthonormalization
of p1(+),...,pr(-) with respect to the Lebesgue (or some other) measure on X'. The local
polynomial partition series estimator was analyzed in detail in Cattaneo and Farell (2013).
Its properties are somewhat similar to those of local polynomial estimator of Stone (1982).
When the partition ly, ..., [z satisfies p; —p;_1 < 1/7::, that is there exist constants ¢,C > 0
independent of n and such that c/?: <pj—pj-1 < C/Z: forallj=1,... ,7::, and the Lebesgue

measure is used, the local polynomial partition series satisfies
& S VE.

This bound can be derived by the same argument as that for B-splines. O

Example 3.6 (Tensor Products). Generalizations to multiple regressors are straightforward

using tensor products of unidimensional series. Suppose that the basic regressors are
/
T; = (a:li, ...,xdi) .

Then we can create d series for each basic regressor. Then we take all interactions of func-
tions from these d series, called tensor products, and collect them into vector of regressors

p;. If each series for a basic regressor has J terms, then the final regressor has dimension
k= J,
which explodes exponentially in the dimension d. The bounds on & in terms of k£ remain

the same as in one-dimensional case. O

Fach basis described in Examples 3.1-3.6 has different approximation properties which
also depend on the particular class of functions G. The following assumption captures the

essence of this dependence into two quantities.
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Assumption A.3 (Approximation) For each n and k, there are finite constants cx and
£y, such that for each f € G,

7 ¢llF2 := \/ fmeX rj%(a:)dF(a;) <c¢, and ||rfllFe = 21612\77(33)] < lc.

Here ry is defined by (2.2). We call ¢}, the Lebesgue factor because of its relation to
the Lebesgue constant defined in Section 3.2 below. Together ¢ and ¢j characterize the
approximation properties of the underlying class of functions under L?(X, F) and uniform
distances. Note that constants ¢y = cx(G) and ¢ = ¢(G) are allowed to depend n but we
omit indexing by n for simplicity of notation. Next we discuss primitive bounds on c¢; and
lg.

3.1. Bounds on c¢;. In what follows, we call the case where ¢, — 0 as k — oo the correctly
specified case. In particular, if the series are formed from bases that span G, then ¢ — 0
as k — oo. However, if series are formed from bases that do not span G, then ¢, 4 0 as

k — oo. We call any case where ¢ /4 0 the incorrectly specified (misspecified) case.

To give an example of the misspecified case, suppose that d = 2, so that z = (21, x2)’
and g(x) = g(x1,x2). Further, suppose that the researcher mistakenly assumes that g(x) is
additively separable in z1 and zo: g(z1,22) = g1(x1) + g(x2). Given this assumption, the
researcher forms the vector of approximating functions p(x1, z2) such that each component
of this vector depends either on z; or x2 but not on both; see Newey (1997) and Newey et al.
(1999) for the description of nonparametric series estimators of separately additive models.
Then note that if the true function g(z1,z2) is not separately additive, linear combinations
p(x1,22)'b will not be able to accurately approximate g(x1,x2) for any b, so that ¢, does
not converge to zero as k — oo. Since analysis of misspecified models plays an important

role in econometrics, we include results both for correctly and incorrectly specified models.

To provide a bound on ¢, note that for any f € G,
il'élf If = P'blp2 < irgf 1f — 20l o0,

so that it suffices to set ¢, such that c; > supjeginfy [|f — p'bl|Foo- Next, the bounds for
infy ||f — p'b||Feo are readily available from the Approximation Theory; see DeVore and
Lorentz (1993). A typical example is based on the concept of s-smooth classes, namely

Hoélder classes of smoothness order s, ¥4(X). For s € (0, 1], the Hélder class of smoothness
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order s, ¥4(X), is defined as the set of all functions f : X — R such that for C' > 0,
d
[f@) = F@)| < CQ_(a; — 7))
j=1

for all x = (x1,...,24) and T = (Z1,...,%4) in X. The smallest C' satisfying this property
defines a norm of f in X4(X), which we denote by || f||ls. For s > 1, ¥4(X) can be defined

as follows. For a d-tuple o = (v, ..., aq) of nonnegative integers, let
=0 ... 000

Let [s] denote the largest integer strictly smaller than s. Then ¥(X) is defined as the set
of all functions f : X — R such that f is [s] times continuously differentiable and for some
C >0,

d
|Df () = D*f(@)| < CO_(x; (s=[sD/2 and |DP f(z)| < C
j=1

for all x = (x1,...,24) and T = (Z1,...,24)" in X and for all d-tuples a = (a, ..., aq) and
B = (p1,--..,Bq) of nonnegative integers satisfying oy +-- -+ ag = [s] and B+ -+ Bq < [s].
Again, the smallest C' satisfying these properties defines a norm of f in ¥4(X), which we
denote || f||s-

If G is a set of functions f in X4(X) such that ||f||s is bounded from above uniformly

over all f € G, then we can take
e Skl (3.6)

for the polynomial series and
Cr < k—(s/\so)/d

~

for spline, CDV wavelet, and local polynomial partition series of order sg. If in addition we
assume that each element of G can be extended to a periodic function, then (3.6) also holds

for the Fourier series. See, for example, Chen (2007) for references.

3.2. Bounds on /. We say that a least squares approximation by a particular series for
the function class G is co-minimal if the Lebesgue factor £ is small in the sense of being a
slowly varying function in k. A simple bound on £, which is independent of G, is established

in the following proposition:

Proposition 3.1. If ¢ is chosen so that ¢ > supeg infy || f —p'b||F00, then Condition A.8
holds with some £y, satisfying

by < 14+ &.
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The proof of this proposition is based on the ideas of Newey (1997) and is provided in the
Appendix. The bound established in this proposition, however, is not sharp in most cases
because &, typically satisfies &, > v/k; see our examples above. Much sharper bounds follow
from Approximation Theory for some important cases. To apply these bounds, define the
Lebesgue constant:

o Bl
re¢ 1 fllrec

The following proposition provides a bound on ¢ in terms of Zk:

Proposition 3.2. If ¢, is chosen so that ¢y > supseg infy || f —p'b|| F00, then Condition A.3
holds with
by =1+ Zk

Note that in all examples above, we provided ¢, such that ¢ > sup g infy || f — p'b||F 00,
and so the results of Propositions 3.1 and 3.2 apply in our examples. We now provide

bounds on Zk

Example 3.7 (Fourier series, continued). For Fourier series on X = [0,1], F' = U(0,1),
and G C C(X)
0, < Cologk + C1,

where here and below Cj and C; are some universal constants; see Zygmund (2002). O

Example 3.8 (Spline series, continued). For B-spline series on X = [0,1], F = U(0,1),
and G C C(X)

0y < Co,
under approximately uniform placement of knots; see Huang (2003b). In fact, the result of
Huang states that £, < C' whenever F has the pdf on [0,1] bounded from above by a and

below from zero by a where C' is a constant that depends only on ¢ and a. g

Example 3.9 (Wavelet series, continued). For CDV wavelet series on X = [0,1], F =
U(0,1), and G C C(X)

Zk < Cp.
The proof of this result was recently obtained by Chen and Christensen (2013) who extended
the argument of Huang (2003b) for B-splines to cover wavelets. In fact, the result of Chen
and Christensen also shows that ; < C' whenever F has the pdf on [0, 1] bounded from

above by a and below from zero by a where C is a constant that depends only on a and
a. O
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Example 3.10 (Local polynomial partition series, continued). For local polynomial parti-
tion series on X', F = U(0,1), and G C C(X),

0 < Co.
To prove this bound, note that first order conditions imply that for any f € G,

Br = QT Ep(z1)f(z1)] = Elp(z1) f(21)).

Hence, for any x € X,

Ip(x) Byl = [E[p(z)'p(z1) f(z1)]] S [1£]l o

where the last inequality follows by noting that the sum p(z)'p(z1) = E?lej(:n)pj(xl)
contains at most sy + 1 nonzero terms, all nonzero terms in the sum are bounded by 5,% <k,
and p(z)'p(z1) = 0 outside of a set with probability bounded from above by 1/k up to a

constant. The bound follows. O

Example 3.11 (Polynomial series, continued). For Chebyshev polynomials with X = [0, 1],
dF (z)/dz =1/v/1— 22, and G C C(X)

Zk < Cologk+C1.

This bound follows from a trigonometric representation of Chebyshev polynomials (see, for
example, DeVore and Lorentz (1993)) and Example 3.7. O

Example 3.12 (Tailored Function Classes). For each type of series approximations, it is

possible to specify function classes for which the Lebesgue factors are small. O

Since the Lebesgue factor depends on the particular basis and on the underlying proba-
bility measure, it is important to have a stability result for the Lebesgue factor. The next

proposition provides a bound on ¢ic, for most functions in the a-ellipsoid class

Fla)=4> pi()i ™% G ERj>1

Jj=1
according to a Gaussian measure on the coefficients £;, j > 1, provided the basis functions

are bounded and Lipschitz.

Proposition 3.3 (Generic Stability of Approximation Error for a-Ellipsoid). Consider an
i.i.d. sequence of N(0,1) coefficients &, j > 1, let f = Zj21pj(:n)j_°‘£j and let Uk(f) and

ck(f) denote respective the Lebesgue factor and the Lo approximation rate associated with f.
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If the basis {p;(x)}j>1 obeys sup,cx [p;(2)| < 77 and sup ey || Vpj(2)|| < M;, with 8> 0
and Ej21j_an(1Ogj)1/2 < 00, then

P (G(ex(f) S d'?/la =B =1/2)log kk™"+71/2) =1 - o(1) as k — o0
fora>pg+1/2.

In the case of orthogonal basis, most functions f in this class will have ¢ (f) = k—oth+1/2,

Thus, Proposition 3.3 establishes that ¢(f) is slow varying for those functions.

The following example illustrate the performance of the series estimator using different

bases for a real data set.
Example 3.13 (Real Data). Here g(z) is the mean of log wage (y) conditional on education
z € {8,9,10,11,12, 13, 14, 16,17, 18, 19, 20}.

The function g(z) is computed using population data — the 1990 Census data for the U.S.
men of prime age; see Angrist et al. (2006) for more details. So in this example, we
know the true population function g(x). We would like to know how well this function
is approximated when common approximation methods are used to form the regressors.
For simplicity we assume that z; is uniformly distributed (otherwise we can weigh by the
frequency). In population, least squares estimator solves the approximation problem: g =
arg min, E[{g(z;) — pb}?] for p; = p(w;), where we form p(z) as (a) linear spline (Figure
1, left) and (b) polynomial series (Figure 1, right), such that dimension of p(x) is either
k=3 or k=38. It is clear from these graphs that spline and polynomial series yield similar

approximations.
In the table below, we also present L? and L> norms of approximating errors:
spline k =3 spline k=8 Poly k=3 Poly k=8

L? Error 0.12 0.08 0.12 0.05
L Error 0.29 0.17 0.30 0.12

We see from the table that in this example, the Lebesgue factor, which is defined as the
ratio of L™ to L? errors, of the polynomial approximations is comparable to the Lebesgue

factor of the spline approximations. O

4. LiMiT THEORY
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Approximation by Linear Splines, K=3 and 8 Approximation by Polynomial Series, K=3 and 8

cef

6.5
|

FIGURE 1. Conditional expectation function (cef) of log wage given education
(ed) in the 1990 Census data for the U.S. men of prime age and its least squares
approximation by spline (left panel) and polynomial series (right panel). Solid line -
conditional expectation function; dashed line - approximation by k& = 3 series terms;

dash-dot line - approximation by k& = 8 series terms

4.1. L? Limit Theory. After we have established the set-up, we proceed to derive our
results. Recall that 62 = sup,cy Fle?|z; = z]. In the theorem below, we assume that

&2 < 1. This is a mild regularity condition. We start with L? rate of convergence result.

Theorem 4.1 (L? rate of convergence). Assume that Conditions A.1-A.3 are satisfied. In

addition, assume that 513 logn/n — 0 and @ < 1. Then under ¢, — 0,

19— 9llp2 <P VE/n+ cx, (4.7)
and under cx # 0,
19— P'Bllr2 Sp VE/n+ (e k/n) A (Eker/Vn), (4.8)

Comment 4.1. (i) This is our first main result in this paper. The condition 5,% logn/n — 0,
which we impose, is weaker than that imposed in Newey (1997) who required k&2 /n — 0.
For series satisfying &, < vk, the condition 513 logn/n — 0 amounts to

klogn/n — 0. (4.9)

This condition is the same as that imposed in Stone (1994), Huang (2003a), and Cattaneo
and Farell (2013) but the result (4.7) is obtained under the condition (4.9) in Stone (1994)
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and Huang (2003a) only for spline series and in Cattaneo and Farell (2013) only for local
polynomial partition series. Therefore, our result improves on those in the literature by
weakening the rate requirements on the growth of k& (with respect to n) and/or by allowing

for a wider set of series.

(ii) Under the correct specification (¢ — 0), the fastest L? rate of convergence is achieved

by setting the approximation error and the sampling error to be of the same order,

VEk/n=<cg.

One consequence of this result is that for Holder classes of smoothness order s, ¥4(X), with
cr < k=5/% we obtain the optimal L? rate of convergence by setting k < n%(4+25) which
is allowed under our conditions for all s > 0 if & < vk (Fourier, spline, wavelet, and local
polynomial partition series). On the other hand, if & is growing faster than vk, then it
is not possible to achieve optimal L? rate of convergence for all s > 0. For example, for
polynomial series considered above, & < k, and so the condition 5,% logn/n — 0 becomes
k%2logn/n — 0. Hence, optimal L? rate of convergence is achieved by polynomial series
only if d/(d + 2s) < 1/2 or, equivalently, s > d/2. Even though this condition is somewhat
restrictive, it is better than that obtained in Newey (1997) who required k3/n — 0 for
polynomial series, so that optimal L? rate could be achieved only if d/(d + 2s) < 1/3 or,
equivalently, s > d. Therefore, our results allow to achieve optimal L? rate of convergence

in a larger set of classes of functions for particular series.

(iii) The result (4.8) is concerned with the case when the model is misspecified (¢ 4 0).
It shows that when k/n — 0 and (¢gcxr/k/n) A (Excr/v/n) — 0, the estimator G(-) converges
in L2 to the surrogate function p(-)’ that provides the best linear approximation to the
target function g(-). In this case, the estimator g(-) does not generally converge in L? to

the target function g(-). O

4.2. Pointwise Limit Theory. Next we focus on pointwise limit theory (some authors
refer to pointwise limit theory as local asymptotics; see Huang (2003b)). That is, we study
asymptotic behavior of \/no/(3 — 8) and n(g(z) — g(z)) for particular o € S*~1 and
x € X. Here S¥~1 denotes the space of vectors o in R¥ with unit Euclidean norm: ||a| = 1.
Note that both « and x implicitly depend on n. As we will show, pointwise results can be
achieved under weak conditions similar to those we required in Theorem 4.1. The following

lemma plays a key role in our asymptotic pointwise normality result.
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Lemma 4.1 (Pointwise Linearization). Assume that Conditions A.1-A.3 are satisfied. In

addition, assume that {g logn/n — 0 and @ < 1. Then for any o € SF~1,
Vnd! (B — B) = o/ Gulpi(e; +14)] + Rin(a), (4.10)

where the term Ri,(«), summarizing the impact of unknown design, obeys

2
Rin(a) <p ,/5'f l;’g”(l + VElycy). (4.11)

\/ﬁa’(ﬁ— B) = oGy, [pi€i] + Rin(a) + Rop(a), (4.12)

Moreover,

where the term Rop (), summarizing the impact of approximation error on the sampling

error of the estimator, obeys

Rgn(oz) <p lrci. (4.13)

Comment 4.2. (i) In summary, the only condition that generally matters for linearization
(4.10)-(4.11) is that Ry,,(a) — 0, which holds if €2 logn/n — 0 and k&242c2 logn/n — 0. In
particular, linearization (4.10)-(4.11) allows for misspecification (¢ — 0 is not required).
In principle, linearization (4.12)-(4.13) also allows for misspecification but the bounds are
only useful if the model is correctly specified, so that frc; — 0. As in the theorem on L2

rate of convergence, our main condition is that 513 logn/n — 0.

(ii) We conjecture that the bound on Rj, () can be improved for splines to

[e21
Rin(a) <p 5’@%(1%/10%-@%). (4.14)

since it is attained by local polynomials and splines are also similarly localized. O

With the help of Lemma 4.1, we derive our asymptotic pointwise normality result. We

will use the following additional notation:
Q= Q 'E[(e; + ) *pil]Q " and Qo := Q' E[Zpip}]Q .

In the theorem below, we will impose the condition that sup,ey E [e21{|¢;] > M}|z; = z] —
0 as M — oo uniformly over n. This is a mild uniform integrability condition. Specifically,
it holds if for some m > 2, sup,cy E[|€;|™|x; = 2] < 1. In addition, we will impose the

condition that 1 < 2. This condition is used to properly normalize the estimator.
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Theorem 4.2 (Pointwise Normality). Assume that Conditions A.1-A.3 are satisfied. In
addition, assume that (i) sup,ey E [e21{|e;] > M}|z; = ] — 0 as M — oo uniformly over
n, (i) 1 < o2, and (iii) (€2 logn/n)2(1 + kY/2ler) — 0. Then for any o € S¥1,

o' (B—P)

ﬁm =4 N(0,1) + op(1), (4.15)

where we set Q = Q but if Ron(a) —p 0, then we can set Q = Q. Moreover, for any v € X
and s(x) == Q/2p(x),
/ 2 —
VP =B) _ N0, 1) + op(1), (4.16)
[s(@)]l
and if the approzimation error is negligible relative to the estimation error, namely /nr(z) =
o([[s(@)]), then

ﬁ% =4 N(0,1) +op(1). (4.17)

Comment 4.3. (i) This is our second main result in this paper. The result delivers point-
wise convergence in distribution for any sequences o = a,, and = = z,, with & € S¥~1 and
x € X. In fact, the proof of the theorem implies that the convergence is uniform over all
sequences. Note that the normalization factor ||s(x)|| is the pointwise standard error, and
it is of a typical order ||s(z)|| o< vk at most points. (If xcp, < 1 and & < VE, this holds
uniformly across all points.) In this case the condition for negligibility of approximation
error /nr(z)/||s(x)|] — 0, which can be understood as an undersmoothing condition, can

be replaced by
\/n/k . chk — 0.

When /lrcr, < k™%, this condition substantially improves on Newey (1997) who required
Vnk™% — 0 in a similar set-up. Further, under the Newey’s condition \/nk~* — 0, our as-
ymptotic pointwise normality (4.17) holds assuming that £ logn/n — 0 (if k¥ < n) whereas

Newey (1997) assumed that k&Z/n — 0.

(ii) When applied to splines, our result is somewhat less sharp than that of Huang (2003b).
Specifically, Huang required that &2 logn/n — 0 and (n/ k)2 . fyc;, — 0 whereas we require
(k&2 log n/n)"24,c;, — 0 in addition to Huang’s conditions. The difference can likely be
explained by the fact that we use linearization bound (4.11) whereas for splines it is likely
that (4.14) holds as well.

(iii) More generally, our asymptotic pointwise normality result, as well as other related
results in this paper, applies to any problem where the estimator of g(z) = p(x)'8 + r(z)
takes the form p(z)'B, where 3 admits linearization of the form (4.10)-(4.13). O
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4.3. Uniform Limit Theory. Finally, we turn to a uniform limit theory. Not surprising,
stronger conditions are required for our results to hold when compared to the pointwise
case. Let m > 2. We will need the following assumption on the tails of the regression

errors.
Assumption A.4 (Disturbances) Regression errors satisfy sup,cy Elle;|™ |z, = ] S 1.
It will be convenient to denote a(x) := p(z)/||p(x)]|| in this subsection. Moreover, denote
g o @]
saeXiatey |z —2
We will also need the following assumption on the basis functions to hold with the same

m > 2 as that in Condition A.4.

Assumption A.5 (Basis) Basis functions are such that (i) fzm/(m_2) logn/n <1 and
log 5,5 <logk.

The following lemma provides uniform linearization of the series estimator and plays a

key role in our derivation of the uniform rate of convergence.

Lemma 4.2 (Uniform Linearization). Assume that Conditions A.1-A.5 are satisfied. Then

Vo) (B — 8) = a(x) Gulpi(e; + 1)) + Rin(a(x)), (4.18)

where Ry, (a(zx)), summarizing the impact of unknown design, obeys

2
Rin(e(z)) Sp o/ S'f1%(711/”@\/1054; n+Vk-lyey) = Riy, (4.19)

uniformly over x € X. Moreover,

Vina(z) (B = B) = a(@) Gulpiei] + Rin(a()) + Ran(a(x)), (4.20)
where Rop(a(x)), summarizing the impact of approximation error on the sampling error of
the estimator, obeys

Ron(a(x)) Sp\logn - Lyey =: Ran (4.21)

uniformly over x € X.

Comment 4.4. As in the case of pointwise linearization, our results on uniform lineariza-
tion (4.18)-(4.19) allow for misspecification (c; — 0 is not required). In principle, lineariza-
tion (4.20)-(4.21) also allows for misspecification but the bounds are most useful if the model
is correctly specified so that (log n)l/ 20ic; — 0. We are not aware of any similar uniform
linearization result in the literature. We believe that this result is useful in a variety of

problems. Below we use this result to derive good uniform rate of convergence of the series
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estimator. Another application of this result would in be testing shape restrictions in the

nonparametric model. ]

The following theorem provides uniform rate of convergence of the series estimator:

Theorem 4.3 (Uniform Rate of Convergence). Assume that Conditions A.1-A.5 are sat-
isfied. Then

sup |a(z)' G, [pie]] <p \/logn. (4.22)

zeX

Moreover, for R, and Ro, given above we have

sup p(z)' (B - B)| < \/ logn + Ry, + Ray) (4.23)
Te
and
sup [g(z) — g()| Sp S (V1ogn + Rin + Rop) + Lck. (4.24)
zeX \/ﬁ

Comment 4.5. (i) This is our third main result in this paper. Assume that £c; < k=%/%,
& < Vk, and Ry, + Rop < (log n)1/2. Then the bound in (4.24) becomes

. klogn s
sup \g(m)—g(m)\gp\/ & + K8/,
TeX n

Therefore, setting k = (logn/n)~%25+d)  we obtain
- log 1\ 5/(25+d)
sup ) — g(o)| 5p (£ )

TEX n

which is the optimal uniform rate of convergence in the function class X4(X); see Stone
(1982). To the best of our knowledge, our paper is the first to show that the series estimator
attains the optimal uniform rate of convergence under rather general conditions. We also
note here that it has been known for a long time that a local polynomial (kernel) estimator
achieves the same optimal uniform rate of convergence for a long time; see, for example,
Tsybakov (2009), and it was also shown recently by Cattaneo and Farell (2013) that local
polynomial partition series estimator also achieves the same rate.

(ii) One of the critical conditions to attain the optimal uniform rate of convergence is that

/2 Specifically, under our other assumptions, this condition re-

we require Ry, < (logn)
quires that klogn/n'=2/™ < 1 and k?=2%/4/n < 1, and so we can set k =< (logn/n)~%2s+d)

ifd/(2s+d) <1—2/m and (2d—2s)/(2s+d) < 1 or, equivalently, m > 2+d/s and d < 4s.

(iii) If the errors have heavy tails (m is small) but one is only interested in estimating

some location function, then one could use median regression estimator that will achieve
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faster uniform convergence rates, since the “errors” in the linearized version of this estimator

are just Bernoulli and therefore are sub-Gaussian; see Belloni et al. (2011) for details. O

After establishing the uniform rate of convergence, we present two results on inference
based on the series estimator. The first result on inference is concerned with the strong
approximation of a series process by a Gaussian process and is a (relatively) minor extension
of the result obtained by Chernozhukov et al. (2009). The extension is undertaken to allow
for a non-vanishing specification error to cover misspecified models. In particular, we make
a distinction between ) = Q7 LE[(e; + r:)?pipl]Q7 Y, and Qy = Q 1E[eZp;pi]Q~! which
are potentially asymptotically different if Ry, /4 p 0. To state the result, let a, be some

sequence of positive numbers satisfying a,, — oo.

Theorem 4.4 (Strong Approximation by a Gaussian Process). Assume that Conditions
A.1-A.5 are satisfied with m > 3. In addition, assume that (i) Ry, = op(a,?t), (i) 1 < o2,
and (iii) aSk*¢2(1 + £3¢3)?log? n/n — 0. Then for some Ny ~ N(0,I},),

/ 2)QL/2 o
v IIi(lg’Ql/%I) e ||a§ 3/91/2||N’f+01’(an1) in £(X), (4.25)

so that for s(x) = Q/2p(x

)

[ls(2)l [ls(2)l
and if sup,ex Vrlr(z)|/||s(z)]| = ofa, ), then

g) —glx)  s(@) o) i g
vn ls@) ¢ Hs(:E)HNk+ pla, ) in £7(X). (4.27)

where we set @ = Q but if Ron = op(a; ), then we can set 0 = Q.

)
\/ﬁp(ﬂ)/( B) 2@ nn s op(ast) in 0(%), (4.26)
(

Comment 4.6. Ideally, in order to perform uniform in x € X inference on g(x), one would

like to have a result of the form

Vi H)( >u( 2 G) + oplay!) in £2(X) (4.28)

or, equivalently,

\/EW —q G(x) in £7°(X) (4.29)

where {G(z) : x € X} is some zero-mean Gaussian process. However, one can show that the
process on the left-hand side of (4.28) and (4.29) is not asymptotically equicontinuous, and
so it does not have a limit distribution. Instead, Theorem 4.4 provides an approximation of

the series process by a sequence of zero-mean Gaussian processes. Since a, — oo, under our
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conditions the theorem implies that the series process is well approximated by a Gaussian
process, and so the theorem can be interpreted that in large samples, the distribution of
the series process depends on the distribution of the data only via covariance matrix €2;
hence, it allows to do inference based on the whole series process. Note that the conditions
of the theorem are quite strong but the result of the theorem is also much stronger than
the pointwise normality result: it asserts that the entire series process is uniformly close to

a Gaussian process of the stated form. O

Our result on strong approximation by a Gaussian process plays an important role in our
second result on inference that is concerned with the weighted bootstrap. Consider a set
of weights hq,...,h, that are i.i.d. draws from the standard exponential distribution and
are independent of the data. For each draw of such weights, define the weighted bootstrap
draw of the least squares estimator as a solution to the least squares problem weighted by
hi,...,hy, namely

B € arg min En[hi(y; — plib)?]. (4.30)
beRF

For all € X, denote §°(z) = p(z)'B°. The following theorem establishes a new result that
states that the weighted bootstrap distribution is valid for approximating the distribution

of the series process.

Theorem 4.5 (Weighted Bootstrap Method). (1) Assume that Conditions A.1-A.5 are
satisfied. Then the weighted bootstrap process satisfies
Via()' (B = B) = a(@) Gal(hi — Dpile; +ri)] + RY, (alx),

where RY, (a(x)) obeys

21pg3 _
RS, (oal2)) Sp A/ éko#(nl/m\/logn +VE - Gyer) = o(1/ log n) =: RY, (4.31)
uniformly over x € X.
(2) If, in addition, Conditions A.J and A.5 are satisfied with m > 3 and (i) RY, =
op(ayt), (i) 1 < o, and (iii) aSk*¢2(1+63¢3)? log? n/n — 0 hold, then for s(x) = QY/?p(x)
and some Ny ~ N(0,I),

) (5 - B s(x)
it \)\Sf(i)\\ 2= Hs((a;))HN’f*OP(aﬁl) in £(X), (4.32)

and so

3 (x) — a9z s(z)’
Vit (Hz(az)g\y\( ) - Hs((:c))HN’f +op(a,) in £°(X). (4.33)
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where we set ) = S~), but if Ro, = op(a,l), then we can set Q = Qq. Moreover, the bounds
(4.31), (4.32), and (4.33) continue to hold in P-probability if we replace the unconditional
probability P by the conditional probability P*(-|D) where D = {(z;,y;) : i =1,...,n}.

Comment 4.7. (i) This is our fourth main result in this paper. The theorem implies
that the weighted bootstrap process can be approximated by the same Gaussian process
as that used to approximate original series process, and so weighted bootstrap process also
approximates the original series process. Alternatively, one can think of this theorem as a
result that shows equivalence of the weighted bootstrap process and the Gaussian process

in approximating the original series process.

(ii) We emphasize that the first part of the theorem does not require the correct speci-
fication, that is the case c; /4 0 is allowed. The second part implicitly require ¢ — 0 via
the condition aSk%¢2(1 4 £3c3)? log?n/n — 0. Also, in this theorem, symbol P refers to a
joint probability measure with respect to the data D = {(z;,y;) : i = 1,...,n} and the set
of bootstrap weights {h; :i =1,...,n}. O

We close this section by establishing sufficient conditions for consistent estimation of 2.

Recall that @ = E[p;p}]. In addition, denote ¥ = E[(¢; + 7;)?pipl] = I, @ = E,[pip}], and

S = E,[e2p;p}] where & = y; — p;B\, and let v, = (E[maxi<i<p \ei\2])1/2.

Theorem 4.6 (Matrices Estimation). Assume that Conditions A.1-A.5 are satisfied. In
addition, assume that Ry, + Ra, < (log n)1/2. Then

- [e21 - [e21
10-@Qll <p /% BN _ o) and |8~ ) Sp (00 1+ ey B2 o),

Moreover, for Q= @_lié_l,

~ Je21
16— 0 Sp (0 v 1+ lhci)y 2R —o(1).

Comment 4.8. Theorem 4.6 allows for consistent estimation of the matrix () under the

mild condition fg logn/n — 0 and for consistent estimation of the matrices ¥ and 2 under
slightly more restricted conditions. Not surprising, the estimation of ¥ and €2 depends on
the tail behavior of the error term via the value of v,. Under Condition A.4, the following

simple inequality can be used to bound vy: v, < n'/™. O
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5. RATES AND INFERENCE ON LINEAR FUNCTIONALS

In this section, we derive rates and inference results for linear functionals 6(w),w € Z
of the conditional expectation function such as its derivative or average derivative. To a
large extent, with the exception of Theorem 5.6, the results presented in this section can
be considered as an extension of results presented in Section 4, and so similar comments
can be applied as those given in Section 4. Theorem 5.6 deals with construction of uniform

confidence bands for linear functionals under weak conditions and is a new result.

By the linearity of the series approximations, the linear functionals can be seen as linear

functions of the least squares coefficients 8 up to an approximation error, that is
0(w) = Lo(w)'B + ro(w), w €T,

where £g(w)’(3 is the series approximation, with ¢y(w) denoting the k-vector of loadings on
the coefficients, and rg(w) is the remainder term, which corresponds to the approximation
error. Throughout this section, we assume that Z is a subset of some Euclidean space R/
equipped with its usual norm || - ||. We allow Z = Z,, to depend on n but for simplicity, we
assume that the diameter of 7 is bounded from above uniformly over n. Results allowing
for the case where 7 is expanding as n grows can be covered as well with slightly more

technicalities.

In order to perform inference, we construct estimators of o3(w) = ly(w)'QUp(w)/n, the

variance of the associated linear functionals, as
57 (w) = Lo(w)' Qg(w) /n. (5.34)
In what follows, it will be convenient to have the following result on consistency of 7y(w):

Lemma 5.1 (Variance Estimation for Linear Functionals). Assume that Conditions A.1-
A.5 are satisfied. In addition, assume that (i) Ry, + Rap, < (logn)Y/? and (i) 1 < o?.
Then

~ N 21
ao(w) _ 1' <p 19— QI <p (v V 1+ lrep)y| 8" = o(1)
og(w) n

uniformly over w € L.

By Lemma 5.1, under our conditions, (5.34) is uniformly consistent for o3 (w) in the sense

that 53 (w)/o2(w) = 1+ op(1) uniformly over w € Z.
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5.1. Pointwise Limit Theory for Linear Functionals. We now present a result on
pointwise rate of convergence for linear functionals. The rate we derive is ||[lg(w)]||//n.

Some examples with explicit bounds on ||¢p(w)|| are given below.

Theorem 5.1 (Pointwise Rate of Convergence for Linear Functionals). Assume that Con-
ditions A.1-A.3 are satisfied. In addition, assume that (i) v/n|re(w)|/|[lo(w)| — 0, (ii)
52 <1, (iii) (€2 logn/n)Y2(1 + kY24c,) — 0, and (iv) e, — 0. Then

~ Lo(w
) — 0w < P
Comment 5.1. (i) This theorem shows in particular that §(w) is y/n-consistent whenever
llo(w)]] < 1. A simple example of this case is § = 6(w) = E[g(z1)]. In this example,
¢ ={l(w) = Elp(z1)], and so |[£|| = [|[E[p(z1)]|| £ 1 where the last inequality follows from
the argument used in the proof of Proposition 3.1. Another simple example is § = 6(w) =
E[p(x1)g(z1)] = p1. In this example, £ = ¢(w) is a k-vector whose first component is 1 and
all other components are 0, and so [|¢|| < 1. This example trivially implies y/n-consistency

of the series estimator of the linear part of the partially linear model. Yet another example,

which is discussed in Newey (1997), is the average partial derivative.

(ii) Condition /n|rg(w)/||lg(w)|| — 0 imposed in this theorem can be understood as
undersmoothing condition. Unfortunately, to the best of our knowledge, there is no theo-
retically justified practical procedure in the literature that would lead to a desired level un-
dersmoothing. Some ad hoc suggestions include using cross validation or “plug-in” method
to determine the number of series terms that would minimize the asymptotic integrated
mean-square error of the series estimator (see Hardle, 1990) and then blow up the esti-
mated number of series terms by some number that grows to infinity as the sample size

increases. U

To perform pointwise inference, we consider the t-statistic:

We can carry out standard inference based on this statistic because of the following theorem.

Theorem 5.2 (Pointwise Inference for Linear Functionals). Assume that the conditions of
Theorem 4.2 and Lemma 5.1 are satisfied. In addition, assume that /n|re(w)|/||¢s(w)| — 0.
Then

t(w) —d N(O, 1).
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The same comments apply here as those given in Section 4.2 for pointwise results on

estimating the function g itself.

5.2. Uniform Limit Theory for Linear Functionals. In obtaining uniform rates of

convergence and inference results for linear functionals, we will denote

Lo(w) — Lo (w'
k.0 := sup ||lp(w)| and 51579 = sup 146 (w) 9,( )”
wel w,w'€L: wH#w’ ||w —w H

The value of & ¢ depends on the choice of the basis for the series estimator and on the
linear functional. Newey (1997) and Chen (2007) provides several examples. In the case
of splines with & = [0,1]%, it has been established that & < vk and sup,cy 107 p(2)] <
kY/2tm. see. for example, Newey (1997). With this basis we have for

1. the function g itself: 6(x) = g(z), ly(x) = p(z), and & ¢ S VE;
2. the derivatives: 0(z) = 0y;9(7), lo(v) = O0;p(7), &ro S k32,
3. the average derivatives: 0 = [0, g(x)du(x), lg = [ Op;p(x)dp(x), and &g S 1,

where in the last example it is assumed that supp(p) C intX, x; is continuously distributed
with the density bounded below from zero on supp(u), and |0y, pu(x)| S 1foralll =1,... k.
We will impose the following regularity condition on the loadings on the coefficients £y(w):

Assumption A.6 (Loadings) Loadings on the coefficients satisfy (i) sup,,ez 1/[/¢o(w)]] <
1 and (i) logflﬁg <logk.

The first part of this condition implies that the linear functional is normalized appropri-
ately. The second part is a very mild restriction on the modulus of continuity (with respect

to w) of the linear functional (w).

Under Conditions A.1-A.6, results presented in Lemma 4.2 on uniform linearization can

be extended to cover general linear functionals considered here:

Lemma 5.2 (Uniform Linearization for Linear Functionals). Assume that Conditions A.1-
A.6 are satisfied. Then for ap(w) = Lg(w)/||ls(w)]|,

Vinag(w) (B — B) = ag(w) Gulpilei + )] + Rinlag(w)),

where Ryp(ag(w)), summarizing the impact of unknown design, obeys

gl%logn 1/m D
Rin(a(w)) Sp T(n Viogn + Vk - le) = Rin
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uniformly over w € Z. Moreover,

Vinag(w)' (B — 8) = ag(w) Galpses] + Rin(ag(w)) + Ran(ag(w)),

where Raon(ap(w)), summarizing the impact of approzimation error on the sampling error

of the estimator, obeys
Ron(ap(w)) Sp v/logn - lycp, = Rop

uniformly over w € T.

From Lemma 5.2, we can derive the following theorem on uniform rate of convergence

for linear functionals.

Theorem 5.3 (Uniform Rate of Convergence for Linear Functionals). Assume that Con-
ditions A.1-A.6 are satisfied. Then
sup |og (w)' Gy lpies] | Sp v/log n. (5.35)

wel

If, in addition, we assume that (i) Rin+ Ran < (logn)'/? and (i) sup,,ez [ro(w)] /|l (w)]| =

o((logn/n)'/?), then
~ 2 logn
sup [0(w) — B(w)| <p 1] " (5.36)
weL n

Next, we consider the problem of uniform inference for linear functionals based on the
series estimator. We base our inference on the t-statistic process:

{t(w) = M w e I} : (5.37)

Gg(w)

We present two results for inference on linear functionals. The first result is an extension
of Theorem 4.4 on strong approximations to cover the case of linear functionals. As we
discussed in Comment 4.6, in order to perform uniform in w € Z inference on #(w), we would
like to approximate the distribution of the whole process (5.37). However, one can show that
this process typically does not have a limit distribution in ¢°°(Z). Yet, we can construct a
Gaussian process that would be close to the process (5.37) for all w € Z simultaneously with
large probability. Specifically, we will approximate the t-statistic process by the following

Gaussian coupling:

_ U(w) Q2N (5.38)

{tntw) = =205

where N}, denotes a vector of k i.i.d. N(0,1) random variables.

, wGI}
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Theorem 5.4 (Strong Approximation by a Gaussian Process for Linear Functionals).
Assume that the conditions of Theorem 4.4 and Condition A.6 are satisfied. In addi-
tion, assume that (i) Ron < (logn)'/?, (ii) & logn/n'/?>~Y™ = o(a;'), and that (iii)

~

supyez v/|ro(w)|/ |16 (w)|| = o(azt). Then

t(w) =q t*(w) + op(a, ') in £°(Z).

As in the case of inference on the function g(z), we could also consider weighted bootstrap
method to obtain a result analogous to that in Theorem 4.5. For brevity of the paper,

however, we do not consider weighted bootstrap method here.

The second result on inference for linear functionals is new and concerns with the problem
of constructing uniform confidence bands for the linear functional #(w). Specifically, we are

interested in the confidence bands of the form

[i(w), i(w)] = |8(w) — el — @)Tg(w), B(w) + cn(1 — a)ag(w)] ,wel (5.39)
where ¢, (1 — «) is chosen so that 0(w) € [i(w),i(w)] for all w € Z with the prescribed
probability 1 — « where « € (0, 1) is a user-specified level. For this purpose, we would like
to set ¢, (1 — ) as the (1 — a)-quantile of sup,,c7 |t(w)|. However, this choice is infeasible
because the exact distribution of sup,c7 |t(w)| is unknown. Instead, Theorem 5.4 suggests
that we can set ¢, (1 — a) as the (1 — a)-quantile of sup,,¢7 |t*(w)]| or, if € is unknown and
has to be estimated, that we can set

¢n(1 — @) := the conditional (1 — a) — quantile of sup [t*(w)| given the data  (5.40)
wel

where

_ w) QNG

t(w) == SyA

ap(w)

and Ny ~ N(0, ;). Note that ¢,(1—«) defined in (5.40) can be simulated numerically with
any precision. Yet, conditions of Theorem 5.4 are rather strong. Fortunately, Chernozhukov
et al. (2012) noticed that when we are only interested in the supremum of the process and do
not need the process itself, sufficient conditions for the strong approximation can be much
weaker. Specifically, we have the following theorem, which is an application of a general
result obtained in Chernozhukov et al. (2012):

Theorem 5.5 (Strong Approximation of Suprema for Linear Functionals). Assume that
Conditions A.1-A.6 are satisfied with m > 4. In addition, assume that (i) Ry, + Rop <
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1/(logn)'/2, (ii) & log® n/n'/>"1/™ = 0, (iii) 1 < 0®, and (iv) sup,.ez vnlro(w)|/ € (w)]| =
o(1/(logn)'/?). Then

1
sup |[t(w)| =4 sup [t* (w)| + op <7> .
wezl( )| tezl (w)] Toen

Construction of uniform confidence bands also critically relies on the following anti-

concentration lemma:

Lemma 5.3 (Anti-concentration for Separable Gaussian Processes). Let Y = (Y;)ier be
a separable Gaussian process indexed by a semimetric space T such that E[Y;] = 0 and
E[Y2 =1 for allt € T. Assume that sup,er Xy < o0 a.s. Then a(|Y]) := Efsuper V2] <
oo and

sup P { sup |Yy| — x
z€R teT

for all e > 0 and some absolute constant A.

< 6} < Aea(|Y))

The proof of this lemma can be found in Chernozhukov et al. (2012) (Corollary 2.1).
From Theorem 5.5 and Lemma 5.3, we can now derive the following result on uniform
validity of confidence bands in (5.39):

Theorem 5.6 (Uniform Inference for Linear Functionals). Assume that the conditions of
Theorem 5.5 are satisfied. In addition, assume that cp(1 — ) is defined by (5.40). Then

P{zlépz)]tn(w)] <en(1 —a)} =1—a+o(l). (5.41)

As a consequence, the confidence bands defined in (5.39) satisfy
P{e(w) € [i(w), i(w)], for all w € I} —1—a+o(1). (5.42)

The width of the confidence bands 2¢, (1 — a)a,(w) obeys

. logn Sﬁglogn
2e0(1 = ) () Sp on(w)y/logn < o)/ 2 <[22 (5.43)

uniformly over w € L.

Comment 5.2. (i) This is our fifth (and last) main result in this paper. The theorem shows
that the confidence bands constructed above maintain the required level asymptotically and
establishes that the uniform width of the bands is of the same order as the uniform rate of

convergence. Moreover, confidence intervals are asymptotically similar.

(ii) The proof strategy of Theorem 5.6 is similar to that proposed in Chernozhukov et

al. (2009) for inference on the minimum of a function. Since the limit distribution may not
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exists, the insight was to use distributions provided by couplings. Because the limit distri-
bution does not necessarily exist, it is not immediately clear that the confidence bands are
asymptotically similar or at least maintain the right asymptotic level. Nonetheless, we show
that the confidence bands are asymptotically similar with the help of anti-concentration

lemma stated above.

(iii) Theorem 5.6 only considers two-sided confidence bands. However, both Theorem 5.5
and Lemma 5.3 continue to hold if we replace suprema of absolute values of the processes
by suprema of the processes itself, namely if we replace sup, ¢z |tn(w)| and sup,,c7 [t5] in
Theorem 5.5 by sup,,c7tn(w) and sup,c7t;(w), respectively, and sup,crp |Y;| in Lemma
5.3 by supser Y. Therefore, we can show that Theorem 5.6 also applies for one-sided
confidence bands, namely Theorem 5.6 holds with ¢, (1—«) defined as the conditional (1—«)-
quantile of sup,,c7 t,(w) given the data and the confidence bands defined by [i(w), i(w)] :=

~

(—00,0(w) + cp(1 — a)o,(w)] for all w € 7. O

6. TooLS: MAXIMAL INEQUALITIES FOR MATRICES AND EMPIRICAL PROCESSES

In this section we collect the main technical tools that our analysis rely upon, namely

Khinchin Inequalities for Matrices and a Data Dependent Maximal Inequalities.

6.1. Khinchin Inequalities for Matrices. Consider the Schatten norm Sp on symmetric

k x k matrices () as

& 1/p
IQls. = | > I\(@Q)F
j=1
The case p = oo recovers the operator norm || - || and p = 2 the Frobenius norm. It is

obvious that for any p > 1
IRl < [IQllsy < k70

Therefore, setting p = log k, we get equivalence
QI < [|Qls10,. < €ll Q- (6.44)

Lemma 6.1 (Khinchin Inequality for Matrices). For symmetric k x k-matrices Q;, i =

1,...,n, and 2 < p < o0, and an i.i.d. sequence of Rademacher variables €1, ... ,&, we have

ar ]| Q'] < (B lGa@E,) " < be |Eat@22

where
bp < 227 /e]Y? - /.
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As a consequence of equivalence (6.44) if k > e? we have
E|Gu[e:Qilll S vog k||(E,[QF) 7|

The notable feature of this inequality is the /Iog k factor instead of the vk factor ex-
pected from the conventional maximal inequalities based on entropy. This inequality due
to Lust-Picard and Pisier (1991) generalizes the Khinchin inequality for vectors. A version
of this inequality was derived by Guédon and Rudelson (2007) using generalized entropy
(majorizing measure) arguments. This is another striking example where the use of gener-
alized entropy yields drastic improvements over the use of entropy. Prior to this Talagrand
(1996a) provided ellipsoidal examples where the difference between the two approaches was

even more extreme.

6.2. LLN for Matrices. The following lemma is a variant of a fundamental result obtained
by Rudelson (1999).

Lemma 6.2 (Matrix LLN). Let Q1,...,Qy, be i.n.i.d. symmetric non-negative k x k-
matrices with k > €2 such that Q = E,[E[Q;]] and |Qi]| < M a.s., then for Q = E,[Q;]

B M(1+ Q) logn
A-—EIIQ—QHS\/ - .

In particular, if Q; = pip}, with ||p;|| < & a.s., then

& (1 +]Ql) logn
m .

A:=E|Q - Q| 5\/

6.3. Maximal Inequalities. Consider a function class F collecting functions mapping
some set Z to R, equipped with an envelope function F'(2) > supscz |f(2)[. The covering
number N(F,L?(Q),¢) is the minimal number of L?(Q)-balls of radius ¢ needed to cover

the function set F. The covering number relative to the envelope function is given by

N (F L2(@)2 1 Fllgs) (6.45)

The entropy is the logarithm of the covering number.

We rely on the following result.

Proposition 6.1. Let (e1, X1),..., (e, X,) be i.i.d. random vectors in R with Ele;| X;] =
0 and o? = sup, E[?|X; = ] < oo. Let F be a class of functions on R such that
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E[f(X1)?] = 1 (normalization) and ||f|jec < b for all f € F. Let G := {(e,z) > R*!
ef(x): f € F}. Suppose that there exist constants A > e and V > 2 such that

sup NG, L(@), Gl ) < (4/0)"

for all 0 < e <1 for the envelope G(e,x) := |e|b. If for some m > 2 E[|e;|™"] < oo, then

Zeif(Xi)

i=1

E <C [(a + VE[Jer|"])/nV log(Ab) + Vom/ (m=2) log(Ab)] ,

f
where C 1s a universal constant.

The proof is based on a truncation argument and maximal inequalities for uniformly
bounded classes of functions developed in Giné and Koltchinskii (2006). We recall its

version.

Theorem 6.1 (Giné and Koltchinskii (2006)). Let &1,...,&, be i.i.d. random wvariables
taking values in a measurable space (S,S) with common distribution P. Let F be a suit-
ably measurable class of functions on S with envelope F. Let o be a constant such that
supjervar(f) < o? < HFH2L2(P). Suppose that there exist constants A > €? and V > 2 such
that supg N (F, L*(Q), €| Fll 12(g)) < (A/e)V for all 0 < e < 1. Then,

AllF| r2(py

A|lF
E <C \/nanlogw—l-VHFHoologf ,

Z{f(fz‘) — E[f(&)]}
i=1

F

where C' 1s a universal constant.

APPENDIX A. PROOFS

A.1. Proofs of Sections 2 and 3.

Proof of Proposition 2.1. For any v, [(v'pi)*dF = [(v'pi)*(dF/du)du. Therefore, if dF/du
is bounded above and away from zero, the result follows since p;’s are orthonormal under
(X, ). O

Proof of Proposition 3.1. Fix f € G. Let

B} = argmin || f — p'b|| F,e0-
n

Then

HTfHF,oo =|f _p/ﬁfHF,oo <|f _p/ﬁ;HF,oo + Hp/ﬁ; _p/ﬁfHF,oo Scp+ ||p/ﬁ; —plﬁfHF,oo-
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Further, first order conditions imply that 8y = Q@ E[p(x1)f(z1)], and so for any z € X,
p(x) 8} — pla)'B; = p(@) Q"' QB — p(x)Q Elp(x1) f (1))
= p(@) Q Elp(e1)(p(a1)' B} — f(21))].
This implies that
1985 — B llpoe < &l Elp(a1) (p(e1) 85 — Fla)]Il-
Moreover, since E[p(z1)p(z1)'] = Q = I, Elp;(x1)(p(z1)' 85 — f(21))] is the coefficient on
pj(1) of the projection of p(x1) 8} — f(x1) onto p(x1),
| Elp(a1) (o) 85— Fa))]| < (Elp(a1)' 85 — f@))? < e

Conclude that

7 ¢l Froo < ek + &rer = (1 + &),

and so there exists £ < 1+ & such that Condition A.3 holds with this ;. This completes
the proof of the proposition. O

Proof of Proposition 3.2. Fix f € G. Define B; by
5} = argmin |~ /bl|poc.
Using the fact that for all z € X,
p(2)' (B} — Br) = p(x)' Br—ps3,
we obtain
Irillse < 1f = P'BfllFoc + 1B} — P'Brll oo
<N =B Imee + Gl f = P8l pe < (14 L) inE||f = p'blloc

so that
IrellFoo < (1 +Zk)ilngf — P'b]| Froo-
Next,
cr > supinf || f — p'b| F o
feg b
implies that
sl poe < en(1 + L),

and so Condition A.3 holds with ¢ = 1+Zk. This completes the proof of the proposition. [
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Proof of Proposition 3.3. For a function f(-) = Zj21pj(-)j_a£j € F(a), let

Ap(e) =Y pj(#)j~*¢ and 7, = d'/*/(a — § — 1/2) log kkoHH1/2,
JjZk+1

Then, the statement of the lemma is equivalent to

P (sup s S o) =1 000

TEX

Therefore, it suffices to prove that

P (sup /0] = Cor) = o0

zeX

for some large absolute constant C'.

Consider an e-net N, for X. For some L > 1, let
Hy = {f € F:|Ap(z) — Ap(2))| < Ll|jz — 2| for all z,2’ € X}.
Then

P(sup |[A¢(x)| > Coy) < P(f ¢ Hi) + P(f € Ha, sup |A¢(x)| > Cvy, — Le)

TeEX xENe

P(f ¢ Hy) + Vel max P(| A (z)] = Cop — Le).

Note that we can take [N | < (diam(X)/e)d and

BlA@) = Bl Y 7 n@? = Bl Y. S pwgl s Y e

J>k+1 J>k+1 Jj=k+1
< E—2(a—B)+1

Thus, setting e = k~+#+1/2 /L we have Le < . Further, since Af(z) ~ N(0, E[A;(x)?]),
we have

N max P (|4 (2)| = O — Le) = o(1).

Next, to bound P(f ¢ Hj), note that f is L-Lipschitz if

7= sup > isk11Pi () — i (@)} -

z,x'eX H‘T - .Z',” B

Since sup,ey || Vpj(x)|| < Mj;, we have that for any 6 € (0, 1),

Plz> > j7*M;j\/210g(252/6) | < P(3j > k+1:¢] > \/210g(22/5))
j>k+1

< Y d/iP <o

j>k+1
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Since Zj21j_o‘Mj\/logj < 00, EjZkHj_an\/logj — 0 as k — oo, and so we can find a
sequence {Jy} such that 6y — 0 as k — oo and

> 5TM;/210g(252/6x) — 0
j>k+1

Conclude that

P(f¢H) <P(Z>L)SP|Z> ) j *Mj\/2log(25%/5)
j>k+1

The asserted claim follows. O

A.2. Proofs of Section 4.1.

Proof of Theorem 4.1. We have that

19— gllre <0'B—gllr2+ '8 —0'Bllr2 < e+ 18 —1'BlFr2

where under the normalization Q = E[p(z;)p(z;)'] = I we have

1/2

195~ #'8lea = | [(5 = 0Yp(owta) G- 9ar@)| - =15l
To prove (4.7), we need to show ||§— Bl <p k/n. We have
1B = Bl = Q" Enlps(es + r)]l| < 1Q Enlpici]| + |Q " En[pirs]|l.

By the Matrix LLN (Lemma 6.2), which is the critical step, we have that

£ logn
n

IQ—Q| —»p o0 if — 0.

Therefore, wp — 1, all eigenvalues of @ are bounded away from zero. Indeed, if at least
one eigenvalue of @ is strictly smaller than 1/2, then there exists a vector a with a’a = 1
such that a’Qa < 1/2, and so

IQ ~Qll > 1d'(@Q ~ Qal = |a'Qa — d'a| = |a'Qa — 1| > 1/2.
Hence, wp — 1, all eigenvalues of @ are not smaller than 1/2. Therefore,

1Q " Eulpicill S [Enlpicill Sp VE/n

where the second inequality follows from

E[|Ealpieil®] = Elefpipi/n] = Eloipipi/n] < Elpipi/n] = k/n
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since 02-2 < &2 is bounded. Moreover, since 7; := p;Q_lEn [pir;] is a sample projection of ;
Ol Py,

Q2B [piri]| = Enlrify] = En72 < En[r?] Sp Elr?] < ¢, (A.46)

~

by Markov’s inequality. Therefore, when ¢ — 0,

1Q ™ En [piri] || Sp Q™ *Eulpiri]|l Sp

where the first inequality follows from all eigenvalues of @1/ 2 being bounded away from zero
wp — 1 and the second from (A.46). This completes the proof of (4.7).

Further, note that

n 2
BlEalprdl] = 1E || 3 (mem))

7=1 \i=1

k n 27
E <Z pj(ﬂfi)r(ﬂfi)) < lrck w < Ekck\/g (A.47)
=1 i

=1

1
<=
n

J

where we have used E[p;r;] = 0. Alternatively, the first term in (A.47) can be bounded

from above by

B35 by <2

=1 j=1

E ngr(%’)z] < &ker/vn.
i=1

Therefore, when ¢ /4 0,
1Q " Enlpiril| < 1@ INEalpiralll Sp (brer/k/n) A (Erer/V/n),
and so (4.8) follows. This completes the proof of the theorem. O

A.3. Proofs of Section 4.2.

Proof of Lemma 4.1. Decompose
Vi (B = B) = o/Gulpi(ei + 1) + &/ [Q7" — NG [pi(es + 7))

We divide the proof in three steps. Steps 1 and 2 establish (4.11), the bound on Ry, («).
Step 3 proves (4.13), the bound on Ra, ().

Step 1. Conditional on X = [z1,...,z,], the term

a/[@_l — I1Gy, [pie;]
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has mean zero and variance bounded by o’ [@_1 -1 ]@62 [@_1 — I]a. Next, as in the proof
of Theorem 4.1, wp — 1, all eigenvalues of @ are bounded away from zero and from above,

and so ;
A . 1
107 - 100G ~ Nl S PIQNG PN — 1 <p B

where the second inequality follows from Matrix LLN (Lemma 6.2) and 52 < 1. We then
conclude by Chebyshev’s inequality that

2
17 - D@ulpici] Sp ) T

Step 2. By Matrix LLN (Lemma 6.2), ||Q — I|| <p (€21ogn/n)'/2, and so

~

0/ (Q7 = D)Gulpiri]| < 1Q" = II| - | Gnlpiri]|

o N |2 logn
<NQ7M Q=1 - |Gulpirilll Sp /£ - lrepVE,

where we used the bound |G, [p;iri]|l <p lrckVk obtained in the proof of Theorem 4.1.
Steps 1 and 2 give the linearization result (4.11).

Step 3. Since E[p;r;] = 0, the term
Ron(a) = o/Gy[piri]
has mean zero and variance
Eld/piri)? < Elo/pi]*lici < fich.

Thus, (4.13) follows from Chebyshev’s inequality. This completes the proof of the lemma.
]

Proof of Theorem 4.2. Note that for any o € S¥~1, 1 < ||o/QY?|| because 1 < o? < ¢ and

Q>0 > Q. (A.48)

Therefore, (4.16) and (4.17) follow from (4.15), and so it suffices to prove (4.15).

By condition (iii) of the theorem and Lemma 4.1, Rj,(«) = op(1) (note that we can
apply Lemma 4.1 because 52 < 1 follows from condition (i) and &7 logn/n — 0 follows from
condition (iii) of the theorem). Therefore, we can write

vna! o

Ha,mﬁ”(ﬁ B) = WGn[m(eﬁch)pu)=ani(ei+m+0p(1>,

1=1
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where ,
i = —— P < Sk
T 2| T Y ]

Further, it follows from (A.48) that

le; + 73| < ei] + rck.

nElwni|? < Eld'pi]?/d/Qa < 1/0% < 1. (A.49)
Now we verify Lindberg’s condition for the CLT. First, by construction we have

var (Zn:wm-(ei —1—7"2-)) =1.

i=1
Second, for each § > 0

n

> E [Jwnil*(& + 76)* 1 |wni(es + 15) > 8}] — 0,

i=1

since the left hand side is bounded by
onk melzeil{\q\ + e, > 5/\wm\}] + 2nE melzﬁicil{\q\ + e > 5/\wm\}] ,
and both terms go to zero. Indeed, the first term is bounded from above for some ¢ > 0 by
2nE [|wnil*E [€ 1{]ei] + luer > c53v/n/&}ai] |
S nE [Jwnil?] EEEE [e11{|ei] + rex > cdv/n /&Y xi = ] = o(1)

where we used (A.49), the uniform integrability in the condition (i) and ¢d/n/&k — lrcr —
oo, which follows from the condition (iii); the second term is bounded from above by
2nE [|wnil* i P [|€:] + brer > cov/n/E|z;]]
S nE [Jwni?Gct] - sup P [ei] + yer, > cdv/n/&la; = 2]
zeX

=2

<202 . g

~ TRk [Céﬁ/fk —gkaP
by Chebyshev’s inequality where we used (A.49), ¢dv/n/&x — lre — oo, and lrcp =
o(6v/n/&k)- O

A .4. Proofs of Section 4.3.

=o(1)

Proof of Lemma 4.2. Decompose
Vina(@)' (B = 8) = a(w) Gulps(e; +14)] + a(@) Q" = NGulpi(ei + 7).

We divide the proof in three steps. Steps 1 and 2 establish (4.19), the bound on Ry, (a(x)).
Step 3 proves (4.21), the bound on R, (a(z)).



LEAST SQUARES SERIES: POINTWISE AND UNIFORM RESULTS 39

21 2
Spnt/my | Silogn (A.50)
n

Conditional on the data, let T := {t = (t1,...,tp) € R" : t; = a(z) (Q~ ' = I)pies, x € X}
Define the norm || - [l 2 on R”™ by [[t||2 ; = n~' Y77, t7. Letting 71, ..., 7, be independent

Step 1. Here we show that

sup |a(z) [Q7 — I1G,[pie;]
reX

i=1""
Rademacher random variables (P(n; = 1) = P(m = —1) = 1/2) that are independent of
the data, we have for n = (n1,...,n,) by Dudley’s inequality (Dudley, 1967)

0
By [supla(/1Q - G Inpell| <€ [ \fou N o)
zeX 0

where 0 := 2supyer [tz = 2sup,ey (@) (@~ — Dpicill 2, < 2maxi<icn |e||Q -
I)||Q||*?. Since for any z,7 € X,

() (@~ — Dipses — (@) (Q" = Dpseill r2r,)

< max lella(z) — a@| Q7 — T]1Q)"?

L ~_ Ny ~
< &f max |al|Q7" ~ 11102 |x - ),

we have for some C' > 0,

~ ~ d
Cef maxi<icn |eil|[Q = II!HQH1/2>

€

N(E7T7 ” ’ ”n72) < (

Thus we have

[4 2
| e N e < e [6d1Q7 = 1@ [\ fdion(Ce)de

By A.4, we have E[maxj<i<y |&| | X] <p n'/™ where X = (x1,...,2,). In addition, note
that £zm/(m_2) logn/n < 1 for m > 2 implies that &2 logn/n — 0. Therefore, we have

Q! — 1| <p \/&2logn/n and |Q|l <p 1. Hence, it follows from log&E < logk < logn
that

E {sup a(@)[0" — IGulpici] | X] <2 [En[sup @) [0 - [Gulnmiel] | X
reX reX

2 2
<ppt/m [S1087m
n

where the first line is due to the symmetrization inequality. Thus, (A.50) follows.
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Step 2. Observe that

oA ~ & logn
Sug\a(l’) (@ = DGyulpiri]| < 1Q7 — Il - |Gulpirilll <P - lperVE
xe

where the second inequality was shown in the proof of Lemma 4.1. Now, Steps 1 and 2 give

the linearizarion result (4.19).

Step 3. We wish to bound sup,cy |@(z) Gy [pir;]|]- We use Theorem 6.1. Consider the

class of functions
F={alx)p()r():z e X}
Then, |a(x) p(-)r(-)| < lrcréy and for any x, 7 € X,
(@) p()r () = @) p()r ()] < Lreréi&ellz — 2,
so that

celN’
sup N, (@)t < (5
Q

Thus, by Theorem 6.1, we have

|
E |sup |a(:n)/Gn[pi7‘i]|] < lrepy/logn + Ekck&% < lrepy/logn,
reX

where we have used the fact that

& logn £2logn
k\/ﬁ = /logny [ 2k - = o(y/logn).

Therefore, we have by Markov’s inequality

sup |a(z) Gu[pirs]| <p lrci/logn. (A.51)
TEX
So, the linearization result (4.21) follows. This completes the proof. O

Proof of Theorem 4.3. Note that (4.23) and (4.24) follow from (4.22) and Lemma 4.2.
Therefore, it suffices to prove (4.22), and so we wish to bound sup,cy |a(z)' G, [piei]]. To

this end, we use Proposition 6.1. Consider the class of functions
G :={(e,x) = ea(v)'p(x) : v € X}.
Then, |a(v)'p(x;)] < &, var(a(v) p(z;)) = 1 and for any v, v € X,

lea(v)'p(x) — ea(@)'p(x)| < |e|&fExllv — B]l.
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Thus, taking G(e, x) := |€|{k, we have

€

cel
up N (G, L(Q). €16 20) < (ﬁ)

Therefore, by Proposition 6.1, we have
m/(m—2)
B [sup la(e) Gulpic]| < Viogn + S

zeX

1
98" < flogn, (A.52)

where we have used the following inequality

m/(m—2) ] 2m/(m—2) 1
Sk \/_ ogn = +/logn - \/—ogn < /logn.
This completes the proof. O

Proof of Theorem 4.4. The proof follows similarly to that in Chernozhukov et al. (2009).
We shall apply Yurinskii’s coupling (see Theorem 10 in Pollard (2002)):

Let (1, ..., ¢, be independent K-vectors with E[¢;] = 0 for each i, and A := > | E[|¢;||?
finite. Let S denote denote a copy of (1 + --- + (,, on a sufficiently rich probability space
(Q, A, P). For each ¢ > 0 there exists a random vector 7" in this space with a N (0, var(S5))
distribution such that

|log(1/B))|

P{||S — T|| > 36} < CuB (1 + 5

> where B := AK§ 73,

for some universal constant Cj.

In order to apply the coupling, consider a copy of the first order approximation to our

estimator on a suitably rich probability space
1 n
n Z Giv G=Q Y 2pi(ei +19).
v i=1

When Rs, = op(a;!), a similar argument can be used with (; = Q-1 2pi(e; + ;) replaced
by ¢ = Q1/2p;e;. As in the proof of Theorem 4.2, all eigenvalues of Q are bounded away

from zero. Therefore,
E|GIP < Ellpi(e; +ro)|°
< ElllpslP(leif® + 17:f)]
< Elllpil P)(1 + Gici)
S Elllpill6e (1 + 6cf)
S Ek&(1L+6c)
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where we used the assumption that sup,cy F[le;|*|z; = 2] < 1. Therefore, by Yurinskii’s

coupling, for each § > 0,

Do G -1 nk2§k(1+€kck) log(k*&,(1 + 63c}))
{H ; NH>35 } «mlm <” p )

because aSk*¢2(1 + £3¢3)? log? n/n — 0.

Hence, using (4.18) and (4.19), we obtain

n

% Z a(z)' V2 — () QYN

i=1

IVna(z) (B—B) —a(z) Q' Ny|| < + Rip = op(ay ).

Since [la(z)'QY?|| is bounded from below uniformly over z € X, we conclude that (4.25)
holds, and (4.26) is a direct consequence of (4.25).

Further, under the assumption that sup,cy n'/2|r(z)|/||s(z)| = op(a;),

V(@) (B 8) @) —g) _
EG] Ea] "

so that (4.27) follows. This completes the proof of the theorem. O

Proof of Theorem 4.5. Note that Bb solves the least squares problem for the rescaled data
{(vVhiyi, Vhipi) : i =1,...,n}. The weight h; is independent of (y;,p;), E[h;] = 1, E[h?] =

2b

1, and max;<;<pn h; Sp logn. That allows us to extend all results from B to ° replacing &

by SZ = &, logn to account for the larger envelope.

We apply Lemma 4.2 to the original problem (2.3) and to the weighted problem (4.30).
Then

via(@) (8" = B) = vaa(@) (3" - 8) + vaala) (8- B)
= a(2)/Gul(hi = Dpilei + 1)) + Ry (a(@))

log3n
Rl{n(a(:n)) <p kT(nl/m\/logn + \/Eﬁkck)

uniformly over z € X, and so (4.31) follows.

where

Further, (4.32) follows similarly to Theorem 4.4 by applying Yurinskii’s coupling for the
weighted process with weights v; = h; — 1 so that E[v?] = 1 and E[|v;|’] < 1. Thus there is
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a Gaussian random vector Ny ~ N(0, I}) such that

Q_1/2 27‘:

(hi — Dpilei +1i) — Ni;
v i=1
Combining (A.53) with (4.31) yields (4.32) by the triangle inequality as in the proof of
Theorem 4.4, and (4.33) follows from (4.32).

= op(a;h). (A.53)

Note also that the results continue to hold in P-probability if we replace P by P*(:|D),
since B, <p 1 implies that B, <p~ 1. Indeed, the first relation means that P(|B,| >
l,) = o(1) for any ¢, — oo, while the second means that P*(|B,| > ¢,) = op(1) for
any ¢, — oo. But the second clearly follows from the first by Markov inequality because
E[P*(|By| > ¢,)] = P(|Byn| > ¢,) = o(1). ]

Proof of Theorem 4.6. Note that it follows from Ry, < (logn)'/? that £yc;, < 1 (see the

~

definition of Ry, in (4.21)). Therefore, ||%]| < (1 + fec)||Q] < 1. In addition, it follows
from Condition A.4 that v, < n'/™, and so Ry, < (logn)'/? implies that

[ €21
(’Un\/l—i-ekck) @ — 0.

Further, the first result follows from the Markov inequality and Matrix LLN (Lemma 6.2),
which shows that E[H@ - QI < (& logn/n)'/? = 0.

To establish the second result, we note that
Soy= E,[(€2 — {e; + 7:}*)pipl] + En[{e; + r:}2pipl] — 2. (A.54)
The first term on the right hand side of (A.54) satisfies
Al = {ei + i} Ipni]l| < [Eal{p}(B = B)Y pii]ll + 2/ Enl(es + r0)pi(B — B)pipll
< e (B — P Bl + mase (el + Iril) masx 15 — B)IEnlpirl

2 1 +Rn+Rn2 A 1 Rn Rn
£2(Vlogn + By 2n) —i—(vn\/l—i—ékck)HQHgk(\/Ogn+ 1n + Rop)

" v

since maxi<i<p |P§(B— 5)|2 Sp fg(\/ log n+ Rln + R2n)2/n by Theorem 4.3, maxj<i<n |7‘1| <

lrck, and max)<ij<p |6 Sp v2 by Markov’s inequality. Therefore,

g 2logn
IEnl(€ = {ei + i} )pipil]l Sp (o0 V 1+ brer)y [ 25—

because Ry, +Ra, < (logn)'/2, ||C§H <p 1 by the first result, &2 logn/n — 0, and v, V1+£xcy,

is bounded away from zero.

SeliQl
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To control the second term in (A.54), let 1y, ..., n, be a sequence of independent Rademacher
random variables (P(n = 1) = P(mq; = —1) = 1/2) that are independent of the data. Then

for n= (7717"' 777n)7

E [|Enl{e; +ri}?pip] — SI]
< E[Ey [|Ennif{e + i} pipi]ll]]

1
< @E [(HEn[{EZ’ + ri}ﬁ‘llszQpipé]H)l/z}

[ &2 logn 2. 1/2
< g 12
< 7,” E 121%}31 |€7, + T7,| (HETL[{EZ + rl} plpz]H)

£2logn 12 1/2
<t/ kT E max le; + 7| (E [I|En[{e; + 7‘1}2p2p2]“]) /

where the first inequality holds by Symmetrization Lemma (Lemma 2.3.6 van der Vaart and
Wellner (1996)), the second by Khinchin inequality (Lemma 6.1), the third by max;<i<, [|pi| <
&k, and the fourth by the Cauchy-Schwarz inequality.

Since for any positive numbers a, b, and R, a < R(a + b)l/2 implies a < R? + Rv/b, the

expression above using the triangle inequality yields

2, <§,%logn 2, 422 Eelogn 5 | 5 5 s 1/2
B [|En{es + riYpip] - SI) S 22002 4+ 3h) + (202 + 2y ) Iz,

and so

5,% logn

E [|Enl{e: + ri}*pini] = 2] < (v V1 + Llicy)

because ||Z| < 1 and (v + £2c2)¢2logn/n — 0. Now, the second result follows from

Markov’s inequality.

Finally, we have
12— SNQ ' =@ HZQ I+ Q' E-D)Q7 M+ Q'@ " = Q7 = or(1/an)

whenever ||Q—Q|| = op(1/ay) and ||[S—3|| = 0p(1/a,) because eigenvalues of both Q and ¥
are bounded away from zero and from above. We can set a,, = (v, V 1+ £lgcy) (€2 logn/n)'/2.

This gives the third result of the theorem and completes the proof. O

A.5. Proofs of Section 5.
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Proof of Lemma 5.1. As in the proof of Theorem 4.2, all eigenvalues of €2 are bounded away

from zero. Therefore, by the triangle inequality,

<p QY2 - Q2. (A.55)

aAw>_4<:wawwﬁ”2—QV%n
og(w) - 19 (w) Q2|

To bound [|Q21/2 — Q1/2||, we shall use the following lemma:

Lemma A.1. Let A and B be k X k symmetric positive semidefinite matrices. Assume that
B is positive definite. Then |AY/? — B1/2|| < ||A — BJ|||B~1||*/2.

Proof of Lemma A.1. This is exercise 7.2.18 in Horn and Johnson (1990). For completeness,
we derive this result here. Let a be an eigenvector of E = AY2 — BY2 with eigenvalue
A\ =||AY2 — BY/2||. Then
|A = B|| > |d'(A - B)al

= |d/(AV2E + EAY? — E?)q)

= |Ad/(AY? + A2 — E)q|

= \d'(AY? + BY?)a

2 )\‘)\min(Al/2) + )\min(Bl/2)‘
where Apin(P) denotes the minimal eigenvalue of P for P = A2 or BY/2. Since A is

positive semidefinite, Amin(A'/?) > 0. Since B is positive definite, Apin(BY/?) = ||[B~1| /2.

Combining these bounds gives the asserted claim. O

~ ~ 2logn
0V2 - Q12 5 18- Q) Sp (0 VL4 Gy EE o) (a56)

where the second inequality and the last equality follow from Theorem 4.6. Combining
(A.55) and (A.56) gives the asserted claim. O

Therefore,

A.6. Proofs of Section 5.1.

Proof of Theorem 5.1. Fix w € Z. Denote « := lg(w)/||lg(w)||. Then

16(w) — 0(w)]| < [lo(w) (B — B)| + |re(w)|
< o (w) Grlpii]| /71 + |1€o(w) || (|Rin ()] + |Ran(@)]) /v/7 + o||€(w)]| /v/7)
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where the second line follows from Lemma 4.1 and condition (i). Next, note that by Lemma

4.1,
&logn
\Rln(a)\ + ‘Rgn(a)‘ SP T(l + \/Efkck) + lper = 0(1)

where the last conclusion holds from conditions (iii) and (iv). Finally, condition (ii) implies
that

B[l (w) Gulpiei]’] < 1o (w)IPa? QI < 1€ (w)[I?,
and so the result follows by applying Chebyshev’s inequality. O

Proof of Theorem 5.2. Under our conditions, all eigenvalues of {2 are bounded away from

zero. Therefore,
7o(w) <5 ro(w) < Viarg(w)
ag(w) ~ op(w) 7 Lo(w)
where the first inequality follows from Lemma 5.1. In addition, by Theorem 4.2,

lo(w)' (B — B)

—q N(0,1).
o0(@) a N(0,1)
Hence,
lo(w)(B—B) _ro(w) __to(w)' (5~ B)
t(w) = - — = = +op(1) -4 N(0,1
W= T e (G erew) | P NG
by Slutsky’s lemma. This completes the proof of the theorem. O

A.7. Proofs of Section 5.2.

Proof of Lemma 5.2. By triangle inequality,

fown) — fo(ws) || _ o)~ tolwn)] L
‘nfe(wnu ol < Towor 12 gl ~ Totwa
2tglawn) ~ toluws)l| _ p
< 2o ()] gfk,@”’wl 2|

uniformly over wq,wy € Z where the last inequality follows from the definition of 5,?7 g and
the condition that 1/||lp(w)|| < 1 uniformly over w € Z. Therefore, the proof follows from

the same arguments as those given for Lemma 4.2. O

Proof of Theorem 5.3. Given discussion in the proof of Lemma 5.2, (5.35) follows from the

same arguments as those used for Theorem 4.3, equation (4.22).

Now we prove (5.36). By the triangle inequality,

sup |0(w) — 0(w)| < sup [€p(w)' (B — B)| + sup [rg(w)|. (A57)
werl weL weL
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[ (w)] [€glogn
w sup [[fg(w)|| S\ ——— A58
weT wet [[fo(w)] weIH o(w)l n (4.58)

sup |rg(w)| < sup
by the condition (ii) and the definition of & ¢. In addition, by Lemma 5.2 and (5.35),

Further,

sup agp(w) G [pie;]
weL

sup fo(w) (3 = 9)| < % <

1 2 logn
P/ e n sup ||4p(w R A (A.60)
wel n

Combining (A.57), (A.58), (A.59), and (A.60) gives the asserted claim. O

Ru Rgn) sup [la(w)]|  (4.59)
we

Proof of Theorem 5.4. Under our conditions,

§klogn 1
JEER — ofa ).
Further, as in the proof of Theorem 4.4 and using Lemma 5.2, we can find N ~ N(0, I)
such that

(Un V 1+ lpe

| Viao(w) (B = ) — as(w) 22N | = op(a; )

uniformly over w € Z. Since ||ag(w)'Q/?|| is bounded away from zero uniformly over w € Z,

Low)(B=B)  Lpw)Q2N|
‘ Moty Jegwyarr | =)
or, equivalently,
@) (B=p) _ Lo QPNY VR oy
) ) IR

uniformly over w € Z. Further,

lo(w) (B~ B)  to(w) (B~ B)

ag(w) og(w)

o) (B-5) ‘1 _ op(w) ‘

og(w)

< Vilas(w) (B - )| 11 -

[€21
<p Vlogn(v, V 1+ lcy) Silogn =o(a; ')
n

uniformly over w € Z where the second line follows from |ag(w)'Q"/?|| being bounded away

from zero uniformly over w € I and the third line follows from Lemmas 5.1 and 5.2 and



48 BELLONI, CHERNOZHUKOV, CHETVERIKOV, AND KATO

Theorem 5.3. Therefore,

o) (B=B)  Lo(w)QV2N/V/n

= op(a;t) (A.61)

~

O’g(’u)) O'g(w)

uniformly over w € Z. In addition, sup,cz |rg(w)|/og(w) = op(a,') uniformly over w € T
and Lemma 5.1 imply that sup,,cz |[79(w)|/Ta(w) = op(a;!), and so it follows from (A.61)
that

glw) —glw)  Ly(w)Q PN/l
=~ - - OP(an )
gp(w) op(w)
uniformly over w € Z. This completes the proof of the theorem. O

Proof of Theorem 5.5. We have
b(w) —6(w) _ Lo(w) (B —B) _ ro(w)

— — ) A.
o) B ) -
Under the conditions Ry, < 1/(logn)'/? and &, log? n/n'/>=1/™ — 0,
lo(w) (B~ B) _ Lo(w)'(5— ) L
on(w) - op(w) P Viogn (A.63)

uniformly over w € Z by the argument used in the proof of Theorem 5.4 with a, =
1/(log n)'/2. Further, by Lemma 5.2,

lo(w)' (B = B) _ lo(w)Gulpics] (1
og(w) N og(w) tor <\/logn> (A-64)

uniformly over w € T since Ry, + Ro, < 1/(log n)1/2. In addition, as in the proof of Theorem
5.4 with a, = 1/(logn)'/2,

ro(w) 1
= A.65
gg(w) ~P Viogn ( )
uniformly over w € Z. Combining (A.62), (A.63), (A.64), and (A.65) yields
O(w) — 0(w)  Lo(w) Gy lpici] ( 1 >
—= = . A.66
A oo(w) "\ Vhogm (4.66)

Now, under the condition & log2 n/n1/2_1/m

— 0, the asserted claim follows from Propo-
sition 3.3 in Chernozhukov et al. (2012) applied to the first term on the right hand side
of (A.66) (note that Proposition 3.3 in Chernozhukov et al. (2012) only considers a special
case where {y(w), w € Z, is replaced by p(z), z € X, but the same proof applies for a more

general case studied here, with ¢p(w), w € 7). O
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Proof of Theorem 5.6. The proof consists of two steps. The asserted claims are proven in
Step 1, and Step 2 contains some intermediate calculations.

Step 1. Under our conditions, it follows from Step 2 that there exists a sequence {e,}

such that e, = o(1) and

"

Let (1 —a) denote the (1 — a)-quantile of sup,,c7 [tk (w)]. Then in view of (A.67), Lemma

sup [P ()| — sup \&(w)\‘ > sn/\/logn} —o(1), (A.67)
weL weL

A.3 implies that there exists a sequence {v,} such that v, = o(1) and
P {cn(l o)< (1—a—wy)— 5n/\/logn} — o(1), (A.68)
P {cn(l —a)>1—atuv,)+ En/\/logn} = o(1). (A.69)

Further, it follows from Theorem 5.5 that there exists a sequence {8,} of constants and a

sequence {Z,} of random variables such that £, = o(1), Z, equals in distribution to ||t} ||z,

"\

Hence, for some universal constant A,

and

> ﬁn/\/logn} =o(1). (A.70)

sup [tn(w)| — Zn
weTL

P(ilé1%|tn(w)| <ep(l—a)) < P(Z, <cn(l—a)+ Bn/y/logn) + o(1)

< P(Zn < (1= a+vy)+ (60 + Ba)/V/logn) + o(1)
<P(Zy <A1 —a+uv,+Alen + By))) +o(1)
=1—a+uv,+ Ale, + Bn) +0(1)

=1—a+o(1)

where the first inequality follows from (A.70), the second from (A.69), and the third from
Lemma 5.3. This gives one side of the bound in (5.41). The other side of the bound can
be proven by a similar argument. Therefore, (5.41) follows. Further, (5.42) is a direct

consequence of (5.41).

Finally, we consider (5.43). The second inequality in (5.43) holds because op(w) <
[£g(w)]|/n'/? since all eigenvalues of Q are bounded from above. To prove the first inequality,
note that by Lemma 5.1, 6g(w)/og(w) = 1+ op(1) uniformly over w € Z. In addition, Step
2 shows that

cn(l —a) <p /logn. (A.71)
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1/2

Therefore, 2¢,(1 — a)o,(w) Sp (logn)'/“og(w), uniformly over w € Z, which is the first

inequality in (5.43). To complete the proof, we provide auxilliary calculations in Step 2.

Step 2. We first prove (A.67). Note that

Kg(w)’ﬁl/z B Eg(w)’Ql/2 N
Vien(w)  Vaog(w) ) F|

Denote T),(w) := t:(w) — t*(w). Then, conditionally on the data, {T}(w), w € T} is a

zero-mean Gaussian process. Further, we have for Ej, [-] denoting the expectation with

sup 7 (w)] — sup |t;<w>|\ < sup [ (1) — £5(w)] = sup
weL weL weL weL

respect to the distribution of NV,

EQ(W)/§1/2 f@(w),le

w)21/2 = _
En [To(w)7] V10, (W) Vnog(w)

[[€o(w)]] Al/2 _ ol/2 fe(w)lglﬂ op(w) .
SV A L R vy | Exes 1‘
<p Q2 — Q2 + %—1‘

~ 1
Se 8- 2 o ()

uniformly over w € Z where the last line follows from the proof of Lemma 5.1. In addition,

uniformly over wy,ws € Z,
e@(wl)/ﬁlﬂ - Eg(wg)’§1/2
Vnop(w1) Vnog(wz)
lo(w1) lp(w2)
Vo, (wr) \/_Un w3)

Moreover, uniformly over wy,ws € Z,

H Co(wr) lp(w2) [[€9(w1) — Lo(wa)] N [[€g(wa)]|

59(w1)/91/2 69(11)2)/91/2

Vnog(wi)  v/nog(ws)

H lo(wr) lo(w2)

Vnog(wr) \/ﬁffe(ua)

ENk[(Tn(wl) - Tn(w2))2]1/2 <

<r

1 1

Vnog(w1) \/ﬁan(u@) Vnop(wr) vn on(w1)  On(ws2)
_ Neo(wy) = bo(wa)ll | [1eo(wa)ll [ (w2) — Tn(wn)]
Vo, (wr) v n(wi)an(ws)

. [[£g(w1) — Lo(wo)]|
~ €9 (wn)]

where the last inequality follows from Condition A.6. A similar argument shows that

H lo(wr) Lo(ws)

< & (k, ) |lwy — wa

<p & (k, T)|lwy — ws

Vnog(wi)  v/nog(wz)

uniformly over wy,ws € Z. Now, (A.67) follows from Dudley’s inequality (Dudley (1967)).
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Finally, to show (A.71), we note that in view of (A.67), it suffices to prove that

A1 - a) <+/logn. (A.72)
But {t;(w), w € I} is a zero mean Gaussian process satisfying E[t%(w)?]"/? = 1 for all
w € 7 and

f@(wl),le B f@(U)g),le
Vvnog(wy)  Vnog(ws)

where the last inequality was shown above. Hence, (A.72) follows from combining Dudley’s

E(t;,(w1) =t (w2))?]'/? < < & (k. T)|lwr — wo

and Markov’s inequalities. O

A.8. Proofs of Section 6.

Proof of Lemma 6.2. Using the Symmetrization Lemma (Lemma 2.3.6 van der Vaart and
Wellner (1996)) and the Khinchin inequality, bound

A= BIQ - QI < 2BELE [5Qi | < 22" B)(B,0))")
Since
1/2
EJ(E,Q1)") = BIEQ)]? < [MEIE.Qi
and
IEnQill < A+ IQ1I,
one has
A < /TR A QI
solving which for A gives the result stated in the lemma. O

Proof of Proposition 6.1. For a T > 0 specified later, define €; := ;I(|e;| < 7) — Ele;I(|e;] <
)|X;]) and € == €;1(|e;| > 7) — Ele;l(Je;| > 7)|X;]. Since E[e;|X;] =0, ¢; = €; +¢; . Invoke

the decomposition
n

daf(X) =D e f(X)+ > e f(X0).
i=1 i=1

i=1
We apply Theorem 6.1 to the first term. Noting that var(e; f(X;)) < sup, E[(e; )| X; =
7| E[f(X;)?] < sup, E[2|X; = 2] = 02 and ¢; f(X;) < 27b, we have

Z e, f(Xy) <C [\/nJ2V10g(Ab) + Vrblog(Ab)| .
i=1

E

F.
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On the other hand, applying Theorem 2.14.1 of van der Vaart and Wellner (1996) to the

second term, we obtain

E z": e f(Xi)
i=1

1
< Ov/abyJE[eF 2] /O /VToa(AJe)de. (A.73)

F
By assumption,

Ellef ) < Bl I(Jea] > 7)) < 772 Elea|™],
by which we have

(A.73) < CV/E|er[™]br /21 /nV log(A).

Taking 7 = b%/(m=2) we obtain the desired inequality. O

A.9. Additional technical results.

Lemma A.2. Let Z be a random vector in R*, M be a k x k matriz and T C R*\ {0}.
Then we have that

sup |

/ m
7 MZ‘ } < ||M|™ sup E[|d'Z™].
ver LIVl

llal=1

Proof of Lemma A.2. Let 4 achieve the supremum on the left hand side and set a = /|||

Then we have

Bll@Mz|™] = B[(M'a)z|") = |M'a|™E || 2]
_ M/f !
S A
< |[[M[|™supjq=1 E[la'Z|™]
since ||al]| = 1 and M'a/|M'a|| = 1. O

Lemma A.3 (Closeness in Probability Implies Closeness of Conditional Quantiles). Let
Xy, and Y, be random variables and D,, be a random vector. Let Fx, (x|D,) and Fy, (z|Dy,)
denote the conditional distribution functions, and F)zi(p\Dn) and anl(p\Dn) denote the
corresponding conditional quantile functions. If |X,, —Y,| = op(e), then for some v, \, 0

with probability converging to one
Fy, (pIDn) < By, (p + valDn) + € and Fy. (p|Dn) < Fi [ (p+ va|Dn) +€,¥p € (vn, 1 — 1),

Proof of Lemma A.3. We have that for some v, \, 0, P{|X,, — Y,| > €} = o(v,,). This
implies that P[P{|X,, — Y,| > ¢|D,} < 1] — 1, i.e. there is a set £, such that P(Q,) — 1
and P{|X, — Y,| > ¢|D,} <, for all D, € Q,. So, for all D,, € Q,,

Fx, (z|Dy,) > Fy, +c(z|Dy,) — vy, and Fy, (2|Dy,) > Fx, +e(x|Dy) — v, Vo € R,
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which implies the inequality stated in the lemma, by definition of the conditional quantile

function and equivariance of quantiles to location shifts. O
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