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Abstract

Section 8 presents proofs of two results asserted in the main text, and two addi-
tional lemmas used in the paper. Section 9 gives further details for the applications
discussed in the main paper.

8 Additional Proofs and Results

8.1 Proof of Lemma 3.4

Let wy, t = 1,..., T, denote the distinct (possibly complex) eigenvalues of W, ordered
arbitrarily, let e; = e;(W) denote the ¢-th elementary symmetric function in the
T distinct eigenvalues of W, and let e; ; be that with the j-th eigenvalue omitted.

The polynomial
T T

[T = 2w) =D (=N)fe

t=1 t=0
is a generating function for the e;, and we have accordingly eg = 1, and e, = 0 for
r > T. Correspondingly, the polynomial

T T-1

[T =2w) =D (=N er
t=1 t=0

t#j
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is a generating function for the e;;, and it can easily be checked (by equating
coefficients of suitable powers of \) that

wjet—1,j = €t = €tj, (8.1)

fort=1,...,7T — 1, and
oneT,Lj = er. (82)

We can therefore write the first-order condition (see equation (3.6) as

T T T-1
—al) Z Yer — (aX* — 26\ + ¢ Z njwjz Yer; | =0,  (8.3)
=0

t= J=1
1]

wherea := yW' MxWy, b := yW'Mxy, and ¢ := 3y’ Mxy. We now show that
the polynomial equation (8.3) has degree T'. Using (8.2) and Z;‘-le n; = n, the
coefficient of A\T*! is

na(—1)Ttep + (—1)TaanwjeT_17j =0.

j=1
On the other hand, the coefficient of AT is
T
a(-1)T [ ner_y — Z njwjer—aj | + nb(—1)T ey,
j=1

which, on using (8.1), reduces to

a(-1)T aneT,Lj +nb(=1)Terp.
7=1

This will a.s. not vanish: the term er can vanish if one eigenvalue is zero, but at
least one term in the sum in the first term will not vanish, since only one eigenvalue
can be zero.

8.2 Proof of Proposition 3.8

For simplicity, assume that all densities exist. We need to show that the distribution
of the maximal invariant v = y(y/’ y)_l/ 2 € 8"~ is invariant under scale-mixtures of

the distribution of y. Let f(y) denote the density of y € R™, and let ¢ := (y’y)1/2 >



0. We may transform y — (g, v), setting y = qv. The volume element (Lebesgue
measure) (dy) on R decomposes as

(dy) = ¢"'dg(v'dv)

where (v'dv) denotes (unnormalized) invariant measure on S"~! (see Muirhead
(1982), Theorem 2.1.14 for a more general version of this result). The measure on
S™~! induced by the density f(y) for y is therefore defined, for any subset A of

5" by
Prive )= [, { / . q"—1f<qv>dq} (vdv).

Now let k be a random scalar independent of y with density p(x) on RT. The
density of y* := ky is then given by the mixture

o) = / R ()

The measure induced by g(+) for v(y*) = v(y) is therefore

n—1 _ n—1,_.—n
/q K g(qu)dq = /q g /K LT f(qu/k)p(k)drdq
=/ q" "' f(qu)dgq
q>0

on transforming to (¢/k, k) and integrating out . That is, for any (proper) density
p(+), g(-) induces the same measure on S~ ! as does f(-), as claimed.

8.3 The case T =3

In several of the examples we discuss in the text W has just three distinct eigenval-
ues, so 1" = 3 (namely, the pure (unbalanced) Group Interaction model with u = 2,
and the Group Interaction model with v = 2 and constant mean). In that case
Theorem 3 implies that the cdf of AML can, under conditions given in the text, be
represented in the form

Pr(we < 2) = Pr(di1gn, + doagn, + dszgn, < 0), (8.4)

where ¢, ¢ = 1,2, 3 are independent X?u- random variables. Proposition 4.1 implies
that di; < 0 and dsg3 > for all z € A, while dy2 changes sign at a point z = z9 in A,
with doo > 0 for z < zo, and conversely. For z > zo, therefore, for fixed values of
(Gny» qny ), We may write the conditional cdf as

PT(S\ML S Z‘qm,qm) - Pr(qng, S 7/)1qm + ¢2Qn2) - gn3 (wlqm + ¢2Qn2)> (85)



with coefficient functions

d
W = (23 \) = —di,t =1,2, (8.6)
33

that are both positive for z9 < z < 1. Likewise, for z < 29 we may write

Pr(AML < 2|Gng, Gns) = 1=Pr(qn, < Yoy +13Gns) = 1—Gny (V2Gny + 0300, ). (8.7)

with
7 — . J— dtt R
wt = wt(z, )\) = —7d ,t = 2,3, (88)
11
again both positive.

The corresponding conditional densities are, for z > zo,

. eXp{_%(Qm + qny) }
pdf}\ML(z|qn1)Qn2) - 2"73F(%)

n3 _
(111/1%1 + wéqn2)(¢1qn1 + ¢2qn2) 2 17

and, for z < zo,

~exp{—5(an, + dny)}
27T ()

- - = = n_
pdf;\ML (Z‘qnzv Qn3) = (wéqnz + wéqns)(¢2(b¢2 + ¢BQn3) 2 17

(the dash here denotes differentiation with respect to z). To obtain the uncondi-
tional densities we simply need to the average these expressions with respect to the
conditioning variates.

The following Lemma gives a general result that can be used to obtain the
density of ;\ML in each case. Recall that G, denotes the cdf of a X% random variable.

Lemma 8.1. Let a(z) and c(z) be positive functions of z on some interval Ag.
Let g1 ~ X2, g ~ X% be independent, and assume that the conditional cdf of the
random variable w, given (q1,q2), is defined by

Pr(w < zlq1, ¢2) = Gy(a(z)q1 + c(2)q2)

Then, denoting the density of w at w = z when the parameters are (a,f3,7) by
pdf,,(z;a, B,7), we have:

(i) fory=2s+2, s=0,1,..., the unconditional density is

1 aa o (s) Beé ()
pdf,(z;a, 8,25+2) = - helio (01, 02) + ———hy 5. 0(01,02) |,
21+a)5(140)7 [L+a o7 Lo
(8.9)



where 1 :=a/(1+a), p2 :=¢/(1 +¢), and we have defined functions

h$y (w1, 72) .Z() ( )(§>_

(with ha(?)ﬁ(xl,xg) :=1). When v =2 (s =0) this reduces to the very simple
form _ .
orie + At

21+a)3(1+c)

pdf, (z;a,3,2) = 5
2

(ii) for v =1 the unconditional density is

B <a+ﬂ+1 1) 0

o5 Z <a+ﬁ+2>

pdf,(z;a,8,1) = -
2n(1+a)2(1+¢)2 s

O‘ah&}rz ,3( — 1,1 —p2) 5Cha 5+2( — 1,1 — p2)
(1+a) (1+4¢)

(8.10)

(iii) forv=2s+1, s =0,1,..., the unconditional density is

pdf,(z;a, 8,2s+1) = ! Z (8> atct (%) <§> pdf,, (z; a+2i, f+2(s—i); 1).

1y
(5)5 i=0 L
(8.11)
An ordinary generating function for the functions has?g(xl, x2) 1S
Ja,3(0 29 h (1, 22) (1—93}1)_%(1—9%2)_% (8.12)

Proof of Lemma 8.1. The conditional density of w given (¢, ¢g2) is

pdf, (2lg1, 92) = G- (agqi + cgo)
_ exp{—%(aql +cq2)}
2:1(3)

1\3\4

-1

(ag1 + ¢q2)(aq1 + cq2)

and the unconditional density is the expectation of this expression with respect to
g1 ~ x*(a) and g2 ~ x*(B).



(i) If v = 2s + 2, the last term in the conditional density can be expanded
Binomially and integrated term by term. A simple calculation gives

L 1
SIT()T(S) Lo, owtog@ o+ ()

S

. . S\ i e i+2-1 s—it5-1
x (aq1 + éq2) <z>“ ‘a7 g (d)(dg)
s 5 (A 6 .6)
- o . 1¥2 5 |5

2511+ a) 3+ (1 + ¢)7 o5 \i 2 )i\2/),,

pe —~ (s s—i(a> s
=) (5+1

+ @HZ e \5) (gt .

28'(1+(Z)%(1+C)2 i=0

pdfw(z; Oé,ﬂ, 2s + 2) = 23+a+§+2

1
%

aa s ¢ s
5 [ ), (o1, 02) + o hgl)mz(whs@z)] -
214+a)2(1+c)2

1+aq ot28 1+c

The result for v = 2 is the case s = 0, when h((lo)r? 5= h((lo)ﬁ o =1L

(ii) Case (ii). When = 1 the last term involved in the conditional density is

-

(aqi +cq2)" 2 = \/ﬂ/ exp{—= x(aq1—|—ch)}:c 2dx.
>0

Using this to evaluate the expectation with respect to (q1,¢2) (and revers-
ing the order of integration) gives the following integral expression for the
unconditional density:

1

o 272 [aa(l +a+azx)” @GV 4 e+ c:v)_g +B8e(1+a+ax) 2(14c+ cx)_(§+1) dx.
T

Each term is of the form

1 a
x’%(l+a+ax)’5(1+c+cx)’§da:
2m >0
1 _a _B _1 _a _B
=—(14a) 2(1+¢) 2 7 2(1+¢1x)” 2 (1 + pox)” 2dx.
27 >0



Transform to b := x/(1 + z), so the integral becomes

[ ovtaen=Eas o ta- gt
0<hel 14+a 1+e¢

0 a 8
_B oz-f—ﬁ—l} Z (2)1'(2)5 (%)i-‘,—s
N 2 72) = stil(l+a)i(l+ a+f

(The validity of the series expansions used for the Bessel functions (1—b/(1+
a))~/? and (1 —b/(1 + ¢))~?/2, as well as of the term-by term integration
involved, are consequences of the fact that o1, @2 € (0,1)).

For the first term, replace o by « + 2, giving

+6+1 1
aaB (a , 2)

00 1
B DR R R
2 :

2r(1+a)s (1 +¢)7 § (“””2) ol
S

and for the second replace 8 by 5 + 2, giving

: at+f+1 1 00
BCB( 5) )s ()
> <a+6+2> Bl = @11 = ).

om(1+a)3(1+c)2H o
We therefore have, when v =1,

B <a+,6’+1 1) o

g Z (a+6+2>

om(1+a)z(14¢)2 5=

pdf, (z;a,8,1) =

aih?), 5(1— 1,1~ ) ) Ben o(1— 1,1 — @)
(1+a) (14+¢)

(iii) For the case v = 2s + 1 the final term in the conditional density is (ag; +



cq2)°” 2. Expanding the term (aq1 + cg2)® we have

pdf, (20, 3,25 +1) = \/tilsM i <‘:> ates—i (%)Z <5>H

1=0

/ / eXp{—*(a% +cq2)}
q1>0 Jg2>0 2° +7

(§+0T(5 +s—1)
5 +i—1 5+s—z—

. . _1
i q5 (aq1 + ¢g2)(aqr + cq2) " 2dq1dge

1 5 ) A | |
— (%)S ; <j>a208—z (%)Z (g) _ pdf,,(z;a+2i, 8+ 2(s —i);1)

xq

as stated.

Generating Function. Straightforward manipulation of the double series using the
device of “summing by diagonals” gives

Sty = 555 (e (3),(5),

s=0 1=0
o 95+i

= 3 i (3), (3),

= (1—0x1)"2(1 — Oxy)”

[Nlje

O
Under an additional restriction on the functions a(z) and ¢(z) these results can

z
be expressed quite simply in terms of the Gaussian hypergeometric function

Lemma 8.2. If, in the same context as Lemma 8.1, a(1 + ¢) < 2¢(1 + a) for all
z € Ao, then the results in Lemma 8.1 can be written more simply as

B (%53 % ada
pdf, (z; 0, 8,7) = ( ) [(

P a+B+y a+2 a+p5+2
R e e (CRR a NE A I

Bé a+p+v a a+B+2

———F; — 8.13

+ (Oé—{—ﬁ)CQ 1 9 727 92 1 ) ( )

where

_1_a(1+c)
= c(l+a)



Proof of Lemma 8.2. The conditional density of w given (q1, g2) is

eXP{—%(afh +cq2)}
2T(3)

w2

(aqr + égo)(aqr + cqz)2 ™t

pdf,,(2]q1,¢2) =

Multiply by the joint density of (¢1,¢2) and transform to z; := (1 4+ a)g1 and
x2 = (14 ¢)g2 to get

1
expi—s5(x1 + 22 a_1 B_4
pdfw(z’$17m2) = ~yt+a+p8 { Q(B )}a ; :E22
27 TEHIET(E) (A +a)2(1+0)

o a n ¢ a n c 31
T T T T .
1—|—a1 1+02 1+al 1—|—c2

Note that if v = 2 the last term is not present and, on integrating out x1,xs,
we obtain the result given in Lemma 8.1. For the general case, transforming to
q:=x1 + x2 and b := x1/q, and integrating out ¢, we obtain

F(a+§+'y) (ﬁ)
T(HTNETE) 1 +a)5(1+0)7

ab_ . ¢(1 —b)

[1+a 1+c¢

SIS

-1

pdf,,(z,b) =

LR E

} b2 (1 —b)

Integrating out b in the last line is a standard result, provided |n| < 1, and gives
two terms (ignoring the constant in the first line for the moment):

a T(HT(%?) <a(1+0)>”¥“ . <a+ﬁ+7 B atB+2, )
m 2 F1 > n

(
l+a p(etb+2) \c(l+a) 2 "2’ 2

and
+8
¢ TEHT(Q) fa(l+0)\ 2 at+f+y B+2 a+pB+2
2F1 ; ; i) -
1+e¢ p(%ﬁﬂ) c(1+a) 2 2 2

Multiplying by the remaining constant gives the result stated. O

9 Additional Results for the Examples

9.1 Balanced Group Interaction Model
Further details can be found in Hillier and Martellosio (2013).



9.2 Group Interaction Model

In the unbalanced Group Interaction model with v = 2 the following parameters
and functions in Lemma 8.1 occur: on the interval —(m; —1) < z < 29, (o, B,7) =
(r,ng,n1) and (a(z),c(z)) = (192,193), and on the interval zo < z < 1, (o, 8,7) =
(n1,ne,7) and (a(z),c(z)) = (¥11,%12). The density is simplest when both r and
ny = ri(my1 — 1) are even, and we restrict attention to this situation for brevity.
The formulae make use of the functions hgi)ﬁ(xl, x2) defined in Lemma 8.1. The
two components of the density are given in the next result.

Proposition 9.1. In the unbalanced Group interaction model wz’th; ~ SMN(0, 0%1,,),
r=2s1+2, and ng = 283+ 2 (s1,82 = 0,1,...), the density of AL is given, for
—(m1—1) < z< 29, by

St () oz () (o1 en2) + 222 o (on, ¢12) o)
A N = T ) ) :
M 2(1 + h22)2 (1 + 9ho3) ®

and for zo < z <1 by

() = — ﬂﬁllll 51512-5)-27712(9021’ p22) + ?jﬁﬁ h;?212+2(9021, ©22)

2(1+ 1#11)%1(1 + ¢12)%2

where the dot as usual denotes differentiation with respect to z, p11 := aa/(1+1)22),
012 1= a3/ (1 + ¥23), 021 := Y11/ (1 + ¥11), and w22 := P12/(1 + Y12).

If s; = s9 =0 (i.e., r = 2 and m; = 3) these formulae become even simpler,
reducing to

pdfs

AML

2422 + (m2—1)tjn3
fu (B3N = L2 L2 oy for =2 <z <z,
2(1 + tho2) (1 +9p23) 2
2011 + (m2—1)112
=M M gy <2<, (9.3)

2

2(1 4 p11)(1 + 412) 2

with z9 = —2n/(n + 3(m2 — 3)) < 0.

Figures 6 and 7 complement Figure 2 in the paper. They are obtained us-
ing equation (9.3), Lemma 8.1 and Proposition 9.1. Each of the three rows of
Figure 6 displays pdf St (z;A\) for a fixed value of m; and varying n, while Fig-
ure 7 displays pdf St (z;A) for fixed n and varying m;. The parameter space is
A = (—(m1 —1),1). For convenience, all densities are plotted on (—2,1) C A. Re-
call that as long as the model is unbalanced (i.e., m; < mg), there is a point zo € A

pdf

10
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Figure 7: Density of Ay, for the Gaussian pure row-standardized Group Interaction
model with two groups and n = 25.

where the density of AL in nonanalytic, whatever the sample size n. Graphically,
nonanalyticity is clearly visible only for small m; at m; = 6 it becomes already
difficult to notice.

The approach used here to obtain the density from the cdf by first conditioning
on some of the variables involved, and treating each component of the density
separately, can be extended to the general model with u > 2. However, there will
then be T'— 1 intervals in which a separate computation needs to be done, and the
process obviously becomes very cumbersome. We do not pursue this further here;
it is a subject for future research.

9.3 Asymptotics for the Pure Group Interaction Model

The representation of the cdf of At in Theorem 3 provides a useful starting point
for deriving asymptotic properties of A, under the mixed Gaussian assumption.
Different asymptotic regimes are possible depending on how the m;’s and the r;’s
are assumed to vary with n. According to equation (4.11) the cdf of A in a pure
Group Interaction model is

u
PI‘(/\ML S Z) =Pr (Z dtt(x;act) + du+1,u+1(x;+1xu+1) S 0) .
t=1

From the definitions of the dy in the paper we find that, on dividing through by
dy+1,u+1, this becomes

Pr(S‘ML <z)=Pr (X?« - Z%Xi(mﬁn S O) : (9.4)
t=1

12



where the coefficients v are given by

)

u 1—2 z
w . < dtt > <(1 — )\)(Z + my — 1)>2 Zi:l Ty (Z-O—mt—l + z+mi—1)
t = — =
Gt/ A= 2)A+me =) i rom: (i)

fort=1,...,u.

Assuming u, the number of different group sizes, is fixed, one can consider two
types of asymptotic regime. The first, infill asymptotics, holds the 7,’s fixed (hence
also 7), and assumes one or more of the m;’s produce the increased sample size. The
second, fixed-domain asymptotics, holds the m;’s fixed and assumes an increase in
one or more of the r;’s. This second case satisfies the assumptions in Lee (2004).
Hence, it is already known that, under regularity conditions, A1 is consistent and
asymptotically normal. In the first case Lee’s (2004) results leave the properties of
XML open.

It is clear at once that in the first case, convergence will be to a random variable,
because the first term in (9.4) will be unaffected. Precise details for this situation
depend on exactly what is assumed about the behavior of the my’s, but S\ML is
clearly again inconsistent under infill asymptotics. In the second case the known
results are easily deduced from the representation (9.4) by a characteristic function
argument.

13
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