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PIVOTAL ESTIMATION VIA SQUARE-ROOT LASSO IN
NONPARAMETRIC REGRESSION*

By ALEXANDRE BELLONI, VICTOR CHERNOZHUKOV AND LIE WANG

We propose a self-tuning v/ Lasso method that simultaneously re-
solves three important practical problems in high-dimensional regres-
sion analysis, namely it handles the unknown scale, heteroscedastic-
ity, and (drastic) non-Gaussianity of the noise. In addition, our anal-
ysis allows for badly behaved designs, for example perfectly collinear
regressors, and generates sharp bounds even in extreme cases, such
as the infinite variance case and the noiseless case, in contrast to
Lasso. We establish various non-asymptotic bounds for v/Lasso in-
cluding prediction norm rate and sharp sparsity bound. Our analysis
is based on new impact factors that are tailored to establish pre-
diction rates. In order to cover heteroscedastic non-Gaussian noise,
we rely on moderate deviation theory for self-normalized sums to
achieve Gaussian-like results under weak conditions. Moreover, we
derive bounds on the performance of ordinary least square (ols) ap-
plied to the model selected by +/Lasso accounting for possible mis-
specification of the selected model. Under mild conditions the rate of
convergence of ols post v/Lasso is no worse than v/Lasso even with
a misspecified selected model and possibly better otherwise. As an
application, we consider the use of v/ Lasso and post v/ Lasso as esti-
mators of nuisance parameters in a generic semi-parametric problem
(nonlinear instrumental /moment condition or Z-estimation problem).

1. Introduction. We consider a nonparametric regression model:
(1.1) yi = f(zi) +oe, i=1,...,n,

where y;’s are the outcomes, z;’s are vectors of fixed basic covariates, €;’s
are independent noise, f is the regression function, and ¢ is an unknown
scaling parameter. The goal is to recover the values (f;)"; = (f(zi))i~; of
the regression function f at z;’s. To achieve this goal, we use linear combi-
nations of technical regressors x; = P(z;) to approximate f, where P(z;) is
a dictionary of p-vector of transformations of z;. We are interested in the
high dimension low sample size case, where we potentially have p > n, to
attain a flexible functional form. In particular, we are interested in a sparse

model over the technical regressors x; to describe the regression function.
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The model above can be written as y; = 8y + r; + o¢;, where f; = f(z)
and r; = f; — x5y is the approximation error. The vector [y is defined
as a solution of an optimization problem to compute the oracle risk, which
balances bias and variance (see Section 2) . The cardinality of the sup-
port of coefficient fy is denoted by s := ||5p|lo- It is well known that or-
dinary least square (ols) is generally inconsistent when p > n. However,
the sparsity assumption, namely that s < n, makes it possible to esti-
mate these models effectively by searching for approximately the right set
of the regressors. In particular, ¢1-penalization have played a central role
[14, 15, 20, 34, 40, 53, 61, 59]. It was demonstrated that, under appropriate
choice of penalty level, the /1-penalized least squares estimators achieve the
rate oy/s/ny/logp, which is very close to the oracle rate o/s/n achiev-
able when the true model is known. Importantly, in the context of linear
regression, these ¢1-regularized problems can be cast as convex optimization
problems which make them computationally efficient (polynomial time). We
refer to [14, 15, 17, 18, 16, 25, 37, 38, 46, 53] for a more detailed review of
the existing literature which has been focusing on the homoscedastic case.

In this paper, we attack the problem of nonparametric regression under
non-Gaussian, heteroscedastic errors ¢;, having an unknown scale 0. We pro-
pose to use a self-tuning +/Lasso which is pivotal with respect to the scaling
parameter o, and which handles non-Gaussianity and heteroscedasticity in
the errors. The resulting rates and performance guarantees are very similar
to the Gaussian case, thanks due to the use of self-normalized moderate de-
viation theory. Such results and properties,' particularly the pivotality with
respect to the scale, are in contrast to the previous results and methods on
others /1-regularized methods, for example Lasso and Dantzig selector that
use penalty levels that depend linearly on the unknown scaling parameter
.

There is now a growing literature on high-dimensional linear models? al-
lowing for unknown scale o. [48] propose a ¢1-penalized maximum likelihood
estimator for parametric Gaussian regression models. [12] considers v/Lasso
for a parametric homoscedastic model with both Gaussian and non-Gaussian
errors and establish that the choice of the penalty parameter in v/Lasso be-
comes pivotal with respect to o. [49] considers an equivalent formulation

!Earlier literature, e.g. in bounded designs, [15] provide bounds using refinements of
Nemirovski’s inequality, see [36]. These provide rates as good as in the Gaussian case.
However, when the design is unbounded (e.g. regressors generated as realizations of Gaus-
sian), the rates of convergence provided by these techniques are no longer sharp. The use
of self-normalized moderate deviations in the present context allows to handle the latter
cases, with sharp rates.

2There is also a literature on penalized median regression, which can be used in the case
of symmetric errors, since some methods are independent of the unknown o, cf. [4, 60].
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of the (homoscedastic) v/Lasso to establish finite sample results and de-
rives primitive results in the parametric homoscedastic Gaussian setting.
[22] consider scaled Fused Dantzig selector to allow for different sparsity
patterns and provide primitive results under homoscedastic Gaussian er-
rors. [6] studies Lasso with a plug-in estimator based on Lasso iterations
in a parametric homoscedastic setting. [23] studies plug-in estimators and a
trade-off penalty choice between fit and penalty in the parametric case with
homoscedastic Gaussian errors under random support assumption (similarly
to [19]) using coherence condition. In a trace regression model for recovery
of a matrix, [33] proposed and analysed a version of the square-root lasso
under homoscedasticity. A comprehensive review on this literature is given
in [29]. All these works rely essentially on the restricted eigenvalue condi-
tion [14] and homoscedasticity and do not differentiate penalty levels across
components.

In order to address the nonparametric, heteroscedastic, and non-Gaussian
cases, we develop covariate-specific penalty loadings. To derive a practical
and theoretically justified choice of penalty level and loadings, we need to
account for the impact of the approximation error. We rely on moderate
deviation theory for self-normalized sums of [32] to achieve Gaussian-like
results in many non-Gaussian cases provided logp = o(nl/ 3), improving
upon results derived in the parametric case that required logp < logmn,
see [12]. (In the context of standard Lasso, the self-normalized moderated
deviation theory was first employed in [3].)

Our first contribution is the proposal of new design and noise impact fac-
tors, in order to allow for more general designs. Unlike previous conditions,
these factors are tailored for establishing performance bounds with respect
to the prediction norm, which is appealing in nonparametric problems. In
particular, collinear designs motivate our new condition. In studying their
properties we further exploit the oracle based definition of the approximat-
ing function. (For instance, our results for rates in prediction norm remain
unaffected if repeated regressors are added.) The analysis based on these
impact factors complements the analysis based on restricted eigenvalue pro-
posed in [14] and compatibility condition in [54], which are more suitable
for establishing rates for £;-norms.

The second contribution is a set of finite sample upper bounds and lower
bounds for estimation errors under prediction norm, and upper bounds on
the sparsity of the v/ Lasso estimator. These results are “geometric,” in that
they hold conditional on the design and errors provided some key events
occur. We further develop primitive sufficient conditions that allow for these
results to be applied to heteroscedastic non-Gaussian errors. We also give
results for other norms in the Supplementary Material (SM).
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The third contribution develops properties of the estimator that applies
ordinary least squares (ols) to the model selected by v/Lasso. Our focus is
on the case that v/Lasso fails to achieve perfect model selection, including
cases where the oracle model is not completely selected by +/Lasso. This
is usually the case in a nonparametric setting. This estimator intends to
remove the potentially significant bias towards zero introduced by the /-
norm regularization employed in the v/Lasso estimator.

The fourth contribution is to study two extreme cases: (i) parametric
noiseless case and (ii) nonparametric infinite variance case. v/ Lasso does have
interesting theoretical guarantees for these two extreme cases. For case (i)
v/Lasso achieves exact recovery in sharp contrast to Lasso, under some con-
ditions. For case (ii), v/ Lasso estimator can still be consistent with penalty
choice that does not depend on the scale of the noise. We develop the neces-
sary modifications of the penalty loadings and derive finite-sample bounds
for the case of symmetric noise. We provide specific bounds to the case
of Student’s t-distribution with 2 degrees of freedom where Gaussian-noise
rates up to a factor of logl/2 n.

The final contribution is to provide an application of v/Lasso methods to
a generic semi-parametric problem, where some low-dimensional parameters
are of interest and these methods are used to estimate nonparametric nui-
sance parameters. These results extend the y/n consistency and asymptotic
normality results of [8, 3] on a rather specific linear model to a generic non-
linear problem, which covers covers smooth frameworks in statistics and in
econometrics, where the main parameters of interest are defined via non-
linear instrumental variable/moment conditions or z-conditions containing
unknown nuisance functions (as in [21]). This and all the above results il-
lustrate the wide applicability of the proposed estimation procedure.

Notation. To make asymptotic statements, we assume that n — oo and
p = pp, — o0, and we allow for s = s, — oco. In what follows, all parameters
are indexed by the sample size n, but we omit the index whenever it does
not cause confusion. We work with i.n.i.d, independent but not necessarily
identically distributed data (w;)! ;, with k-dimensional real vectors w; con-
taining y; € R and z; € RP#| the latter taking values in a set Z. We use the
notation (a); = max{a,0}, a Vb = max{a,b} and a A b = min{a,b}. The
lo-norm is denoted by || - ||, the £1-norm is denoted by || - |1, the foo-norm is
denoted by || - |, and the £o-“norm” || - [|op denotes the number of non-zero
components of a vector. The transpose of a matrix A is denoted by A’. Given
a vector 6 € RP, and a set of indices T' C {1,...,p}, we denote by dp the
vector in which é7; = 0;if j € T, 67; = 0if j ¢ T, and by |T| the cardinality
of T. For a measurable function f : R* — IR, the symbol E[f(w;)] denotes
the expected value of f(w;); E,[f(w)] denotes the average n=1 Y1 | f(w;);
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E[f(w)] denotes the average expectation n=1>""  E[f(w;)]; and G, (f(w))
denotes n=1/23""  (f(w;) — E[f(w;)]). We will work with regressor values
(x;)_, generated via z; = P(z;), where P(-) : Z +— RP is a measurable dic-
tionary of transformations, where p is potentially larger than n. We define
the prediction norm of a vector § € RP as ||d]j2.,, = {En[(2/6)?]}/2, and
given values y1, ..., y, we define @(ﬁ) = E,[(y —2'B)?]. We use the notation
a < b to denote a < Cb for some constant C' > 0 that does not depend on
n (and therefore does not depend on quantities indexed by n like p or s);
and a Sp b to denote a = Op(b). ¢ denotes the cumulative distribution of
a standard Gaussian distribution and ®~! its inverse function.

2. Setting and Estimators. Consider the nonparametric regression
model:

(2.1)  yi= f(z) ‘o€, € ~F, Elgl=0, i=1,....n, B[] =1,

where z; are vectors of fixed regressors, €; are independent errors, and o is
the scaling factor of the errors. In order to recover the regression function
f we consider linear combinations of the covariates x; = P(z;) which are p-
vectors of transformation of z; normalized so that E,, [m?] =1(=1,...,p).

The goal is to estimate the value of the nonparametric regression function
f at the design points, namely the values (f;)"; := (f(%))i~;. In many
applications of interest, especially in the nonparametric settings, there is no
exact sparse model or, due to noise. However, there might be a sparse model
x5y that yields a good approximation to the true regression function f in
equation (2.1). One way to find such approximating model is to let 8y be a
solution of the following risk minimization problem:

a?|18lo

(2.2) min B, ((f —a/9)?) + T2

The problem (2.2) yields the so called oracle risk — an upper bound on the
risk of the best k-sparse least squares estimator in the case of homoscedastic
Gaussian errors, i.e. the best estimator among all least squares estimators
that use k out of p components of x; to estimate f;. The solution 3y achieves
a balance between the mean square of the approximation error r; := f;— a5y
and the variance, where the latter is determined by the complexity of the
model (number of non-zero components of fy).

In what follows, we call 3y the target parameter value, T := supp(fp)
the oracle model, s := |T'| = ||fo|lo the dimension of the oracle model, and
x5y the oracle or the best sparse approximation to f;. We note that 7' is
generally unknown. We summarize the preceding discussion as follows.



6 BELLONI, CHERNOZHUKOV AND WANG

CONDITION ASM. We have data {(yi,zi) : i =1,...,n} that for each
n obey the regression model (2.1), where y; are the outcomes, z; are vectors

of fized basic covariates, the regressors x; = P(z;) are transformations of
zi, and € are i.n.i.d. errors. The vector [y is defined by (2.2) where the
regressors x; are normalized so that En[xi] =1,5=1,...,p. Welet

(23)  T=supp(fo), s:=IT|, 7= fi—ifo, and & :=E,[r?)

REMARK 1 (Targeting x}f, is the same as targeting f;’s.). We focus
on estimating the oracle model 25y using estimators of the form a:;B, and
we seek to bound estimation errors with respect to the prediction norm
18 — Bollan := {Eal('Bo — 2’'B)?]}'/2. The bounds on estimation error for
the ultimate target f; then follow from the triangle inequality, namely

(2.4) E,[(f —2'B)%] < |8 — Bollzn + cs-

REMARK 2 (Bounds on the Approximation error). The approximation
errors typically satisfy ¢y < Ko+/(sV 1)/n for some fixed constant K, since
the optimization problem (2.2) balances the (squared) norm of the approx-
imation error (the norm of the bias) and the variance, see [50, 5, 6] . In
particular, this condition holds for wide classes of functions, see Example S

of Section 4 dealing with Sobolev classes and SM’s Section C.

2.1. Heteroscedastic v/ Lasso. In this section we formally define the esti-
mators which are tailored to deal with heteroscedasticity.
We propose to define the v/Lasso estimator as

~ ) = A
(25) 3  arg min /Q(8) + ST,

where Q(8) = E,[(y — 2/8)?], T = diag(y1,...,7p) is a diagonal matrix
of penalty loadings. The scaled fi-penalty allows component specific ad-
justments to more efficiently deal with heteroscedasticity.?> Throughout we
assume v; > 1 for j =1,...,p.

In order to reduce the shrinkage bias of +/Lasso, we consider the post
model selection estimator that applies ordinary least squares (918) to a model
T that contains the model selected by v/Lasso. Formally, let T" be such that

supp(B) = {j € {1,....p} : |B| >0} C T,

3In the traditional case of homoscedastic errors every penalty loading can be taken
equal to 1. In the heteroscedastic case, if A and I are appropriate choices, then A||I'||oo
and I, are also an appropriate choice but potentially conservative, i.e. leading to over
penalization and worse finite sample performance.
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and define the ols post v/Lasso estimator B associated with T
(2.6) B e argélgé}, QB) : Bj=0if j&T.

A sensible choice for 7' is simply to set T = supp(g ). We allow for additional
components (potentially selected through an arbitrary data-dependent pro-
cedure) to be added, which is relevant for practice.

2.2. Typical Conditions on the Gram Matriz. The Gram matrix E,,[z2]
plays an important role in the analysis of estimators in this setup. When
p > n, the smallest eigenvalue of the Gram matrix is 0, which creates iden-
tification problems. Thus, to restore identification, one needs to restrict the
type of deviation vectors d corresponding to the potential deviations of the
estimator from the target value (y. Because of the ¢1-norm regularization,
the following restricted set is important:

Az = {6 € R?: |Dore|y < l|Tor|r,6 # 0}, for &> 1.

The restricted eigenvalue rz of the Gram matrix E,[x2'] is defined as

2.7 Kg := min ———.
(2.7) sea: [|Tor|1

The restricted eigenvalues can depend on n, 7', and I', but we suppress the
dependence in our notations. The restricted eigenvalues (2.7) are variants of
the restricted eigenvalue introduced in [14] and of compatibility condition in
[54] that accommodate the penalty loadings I'. They proved to be suitable
for many design of interest specially to establish fp-norm rates. Below we
discuss new variants of restricted eigenvalues and compatibility conditions

in [52] and [54] that are tailored for deriving prediction error rates.
The minimal and maximal m-sparse eigenvalues of a matrix M,

&' Més &' Ms
(28)  Gninlm. M) = 0 k0 LIS Pmax(m M) = | X 50 IEIEN
Typically we consider M = E,[z2'] or M = I'"'E,[z2/]l~!. When M is
not specified we mean M = E,[z2'], i.e. dmin(m) = dmin(m, E,[z2’]) and
Gmax(Mm) = Gmax(m, Ep[x2’]). These quantities play an important role in
the sparsity and post model selection analysis. Moreover, sparse eigenvalues
provide a simple sufficient condition to bound restricted eigenvalues, see [14].

3. Finite-sample analysis of v/ Lasso. Next we establish several finite-
sample results regarding the v/Lasso estimator. Importantly, these results
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are based on new impact factors that are invariant to the introduction of
repeated regressors and well-behaved if the restricted eigenvalue (2.7) is
well-behaved.

The following event plays a central role in the analysis

(31)  An>c|l78]|s, where S :=E,[z(ce+ r)]//Enl(ce + r)?]

is the score of @1/ 2 at By. Throughout the section we assume such event
holds. Later we provide choices of A and I' based on primitive conditions
such that the event in (3.1) holds with high probability (see Lemma 7 for a
detailed finite sample analysis).

3.1. Noise and Design Impact Factors. In this section we propose new
impact factors that are tailored to establish prediction error rates which
will allow for more general designs than previous conditions proposed in the
literature [15]. We define the following noise and design impact factors:

5§
(3.2) 0z = sup UL )
5 € Ag, [8ll2,n >0 ”5”2m

1T + Bo)ll < el Bollr
V516|2,n

ITsrell <ozl [|To7|[1 — [ Torell1”

(3.3) Rk =

These quantities depend on n, T', and I'; in what follows, we suppress this
dependence whenever this is convenient.

An analysis based on the quantities pz and £ will be more general than
the one relying only on restricted eigenvalue condition (2.7). This follows
because (2.7) yields one possible way to bound both & and gz, namely,

V5[19ll2.n V/s]|9] el

2,n 2,n

R = in min ———— > min ———— = Kg,
ITérelh<ITor s |Do7||L — |Dore|ly = 6€ar ||Dép|y ~ sea. ||Dor| c
15| |75 I 19]|oo(1 + &)||T6 1+¢ ~
o< sy LIPS T IS+ 0oy (4 VE g
Sen. [[6]]2,n SeA. [[6]]2,n G

Moreover, we stress that the quantities ¥ and oz can be well-behaved even
in the presence of repeated regressors while restricted eigenvalues and com-
patibility constants proposed in the literature would be trivially zero in that
case.

The design impact factor % in (3.3) strictly generalizes the original re-
stricted eigenvalue (2.7) conditions proposed in [14] and the compatibility
condition defined in [54]. It also generalizes the compatibility condition in
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[52]. Thus (3.3) is an interesting condition since it was shown in [14] and
[54] that the restricted eigenvalue and the compatibility assumptions are
relatively weak conditions.

The noise impact factor gz also plays a critical role in our analysis. It de-
pends not only on the design but also on the error and approximation terms,
and can be controlled via empirical process techniques. Finally, the deviation
from [y of the v/Lasso estimator, 6 = B — B, satisfies the two constraints
in the definition of gz provided the penalty level X is set appropriately. The
lemmas below summarize the above discussion.

LEMMA 1 (Bounds on and Invariance of Design Impact Factor). Under
Condition ASM we have k > k1 > ke. If |[T| = 1 we have that & > 1/||T]|co-
Moreover, if copies of regressors are included with the same corresponding
penalty loadings, k does not change.

LEMMA 2 (Bounds on and Invariance of Noise Impact Factor). Under
Condition ASM we have gz < (1 + €)y/s||L71S]|oo/ke. Moreover, if copies
of regressors are included with the same corresponding penalty loadings, oz
does not change.

LeEMMA 3 (Estimators belong to Restricted Sets).  Assume that for some
c>1 we have A\/n > ¢|[T71S| w0, then we have for ¢ = (c+1)/(c — 1) that

(3.4) ITBrelly < e|D(Br — Bo)lli and  |TB1 < &l|TBollr.

3.2, Finite-sample bounds on +/ Lasso. In this section we derive finite-
sample bounds for the prediction norm of the v/Lasso estimator. These
bounds are established under heteroscedasticity, without knowledge of the
scaling parameter ¢, and using the impact factors proposed in Section 3.1.
For ¢ > 1,let ¢=(c+1)/(c — 1) and consider the event

(3.5) An>cl71S) and (= As/(nR) < 1.

THEOREM 1 (Finite Sample Bounds on Estimation Error). Under Con-
dition ASM and (3.5) we have

0:+C
1—¢%

“The compatibility condition defined in [52] would be stated in the current notation as
Jv(T) > 0 such that

1B = Bolla.n < 21/Q(B0)

inf /5192 > 0.
ITszel1<3ITsr 1 (14 v(T))|ITor][1 — [|Tdre]1

By using v(7T') = 0 and A; which weakens the conditions v(T') > 0 and Az required in
[52]. Allowing for v(T') = 0 is necessary to cover designs with repeated regressors.
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We recall that the choice of A\ does not depend on the scaling parameter
0. The impact of ¢ in the bound of Theorem 1 comes through the factor
@1/ 2(By) < 0/Ey[€%] + cs where ¢ is the size of the approximation error
defined in Condition ASM. Moreover, under the typical condition that imply
Kz is bounded away from zero, for example under Condition P of Section 4
and standard choice of penalty, we have with a high probability

0:+C slog(pVvn ~ slog(pVn
S slogpvm) _, 18 = Bollz;n < sloglpvm)

1-¢ n n
Thus, Theorem 1 generally leads to the same rate of convergence as in the
case of the Lasso estimator that knows o since [, [¢?] concentrates around
one under (2.1) and a law of large numbers holds. We derive performance

bounds for other norms of interest in the Supplementary Material (SM)
The next result deals with Q(ﬂ) as an estimator for Q(Bo) and o2

THEOREM 2 (Estimation of o).  Under Condition ASM and (3.5)

200/ Q(A0) “Ci_ Jo®d) - Jaw) <2 Q(ﬁo)gc+<§-
Under only Condition ASM we have

We note that further bounds on |E,[e?] — 1| are implied by Vonbahr-
Esssen’s and Markov’s inequalities, or by self-normalized moderate deviation
(SNMD) theory as in Lemma 4. As a result, the theorem implies consistency
IQV2(B) — o] = op(1) under mild moment conditions; see Section 4. The
stated bounds on Ql/ 2 (5 ) are also useful for establishing sparsity properties,
which is what we deal with in the next result.

< ng_ /80“2,71 +cs + U’En[ez] - 1"

THEOREM 3 (Sparsity bound for v/ Lasso). Under Condition ASM and
(8.5), let m := |Supp(3) \ T| and Q(SBo) > 0. If%go < 1/¢, we have

1+ 0:/C
(1-¢%)
N 2
where M = {m € N : m > s¢nax(m,['E,[z2/][71) - 822 (égié%) }.
Moreover, if kz > 0 and ¢ < 1/v/2 we have
[supp(B)| < 5+ (4 /5e)? min Gmae(m, T~ Ep 2|0 )
meM*

|Supp(3)| < s -4 < > mln Pmax(m, DT IE, [z2/]071)

where M* = {m € N:m > s¢max(m, [ B, [z2/|T 1) - 2(46 /ks)?}.
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REMARK 3 (On the Sparsity Bound). Section 4 will show that under
minimal and maximal sparse eigenvalues of order slogn bounded away from
zero and from above, the bound derived above implies that with a high
probability R

[supp(8)| < s == |supp(Bo)l,

that is the selected model’s size will be of the same order as the size of
the oracle model. We note however that the former condition is merely a
sufficient condition. The bound \supp(B)] < s will apply for other designs of
interest. This can be the case even if kz = 0. For instance, this would be the
case for the aforemention design, if we change it by adding a single repeated
Tegressor. n

REMARK 4 (Maximum Sparse Eigenvalue and Sparsity). Consider the
case of f(z) = z with p repeated regressors z; = (z;,...,2;) where |z| < B.
In this case one could set I' = I - B. In this setting, there is a sparse solution
for v/Lasso, but there is also a solution which has p nonzero regressors.
Nonetheless, the bound for the prediction error rate will be well-behaved
since & and ¢ are invariant under repeated regressors and satisfy:

& >1/B and g¢ = |Enfe2]|/{En[2]En[z2]}2 <p 1/v/m.

Thus, the sparsity bound above will become trivial because of the max-
imum sparse eigenvalue. Indeed, in this case @max(m, T 'E,[za/T~1) =
(m+1)E,[2%]/B? and the set M becomes empty leading to the trivial bound
m < p. Note that in this case it is possible to use the goodness-of-fit based
thresholding procedure of [6] to get the model of the right sparsity. ]

3.3. Finite-sample bounds on ols post v/ Lasso. Next we consider the ols
estimator applied to the models T' that was selected by v/Lasso or includes
such model (plus other components that the data analyst may wish to in-
clude), namely supp(8) C T. We are interested in the case when model
selection does not work perfectly, as occurs in applications.

The following result establishes performance bounds for the ols post v/ Lasso
estimator. Following [6], the analysis accounts for the data-driven choice of
components and for the possibly misspecified selected model (i.e. T'Z T').

THEOREM 4 (Performance of ols post v/Lasso). Under Condition ASM
and (3.5), let supp(B) C T, and m = |T'\T|. Then we have that the ols post
v Lasso estimator based on T satisfies

1 = Bollam < T2 *Z'.E(”ﬁf‘;e]”w + 2, +2y/Q(50) (ffé__? |
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The result is derived from the sparsity of the model T and from its approx-
imating ability. Note the presence of the new term— ||E,[z€]|/~. Bounds on
|IE;, [z€] ||o can be derived using the same tools used to justify the penalty
level A, via self-normalized moderate deviation theory [32] or using empir-
ical process inequalities as derived in [4]. Under mild conditions we have

IE, [z€]|loo < Cy/log(pn)/n with probability 1 — o(1).

3.4. Two extreme cases. Case (i): Parametric noiseless case. Consider
the case that ¢ = 0 and ¢, = 0. Therefore the regression function is exactly
sparse, f(z;) = x,f5y. In this case v/Lasso can exactly recover the regression
function under weak conditions.

THEOREM 5 (Exact recovery for the parametric noiseless case). Under
Condition ASM, let o =0 and c¢; = 0. Suppose that A > 0 obeys the growth
restriction ( = A\\/s/[nk] < 1. Then we have |3 — Boll2.n = 0. Moreover, if
k1 > 0, we have 3: 5.

Thus, a sufficient condition for exact recovery of the regression function
in the noiseless case depends on the design impact factor . If, further, the
restricted eigenvalue x; is bounded away from zero, the v/Lasso estimator
will perfectly recover 5y under a wide range of penalty levels.

REMARK 5 (Perfect Recovery and Lasso). It is worth mentioning that
for any A > 0, unless 5y = 0, Lasso cannot achieve exact recovery. Moreover,
it is not obvious how to properly set the penalty level for Lasso even if we
knew a priori that it is a parametric noiseless model. In contrast, v/Lasso
can automatically adapt to the noiseless case. n

Case (i1): Nonparametric infinite variance. We conclude this section with
the infinite variance case. The finite sample theory does not rely on E[¢?] = 1.
Instead it relies on the choice of penalty level and penalty loadings to satisfy
A/n > ¢||l71S]|e. Under symmetric errors we exploit the self-normalized
theory to develop a choice of penalty level and loadings,

(3.6) A= (14 uy)ey/n(l + /2log(2p/a)) and ~; = ax |25

The sequence u,, is defined below and typically we can set u, = o(1).

THEOREM 6 (v/Lasso prediction norm for symmetric errors). Consider
a nonparametric regression model with data (y;, z)'q, yi = f(z) + €, x; =
P(z;) such that En[:ng] =1(j=1,...,p), &’s are independent symmetric
errors, and [y defined as any solution to (2.2). Let the penalty level and
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loadings as in (3.6) where uy is such that P(Eplo€?] > (1 + un)En[(ce +
7)?]) < mu. Moreover let P(Ey[€?] < {14un} ') <mo. If ¢ = A\/s/[nk] < 1,

then with probability at least 1 — o — 11 — 12 we have A/n > ¢|l 15| and

~ 2(0c + ¢
18~ Bollo < 22t 520 (e + oV/E).

The rate of convergence will be affected by how fast E,, [¢2] diverges. That
is, the final rate will depend on the particular tail properties of the distri-
bution of the noise. The next corollary establishes a finite-sample bound in
the case of ¢, ~t(2),i=1,...,n.

COROLLARY 1 (v/Lasso prediction norm for ¢; ~ £(2)).  Under the setting
of Theorem 6, suppose that ¢; ~ t(2) are i.i.d. noise. Then for any T €

(0,1/2), with probability at least 1 — o — T — 2log(4n/) 72log” n

- nun /[I+un] — n1/2(logn—6)2’
have A/n > ¢||[T71S| s and

we

17— Bollan <2 (e + o/ ogtan/r) + 27 ) 55

Asymptotically, provided that regressors are uniformly bounded and sat-
isfy the sparse eigenvalues condition (4.3), we have that the restricted eigen-
value Kz is bounded away from zero for the choice of I'. Because Corollary
1 ensures A\/n > ¢||T~15|s with the stated probability, by Lemmas 1 and
2 we have gz + ¢ < A\/s/{nkz} < /slog(p VvV n)/n. Therefore, under these
design conditions, if 7 = 1/logn, 1/a = o(logn) and slog(p/a) = o(n),
Corollary 1 yields that the v/Lasso estimator satisfies

(3.7) 13 = Bollam < (cs + or/Togm)y/ 22082V

n

with probability 1 —a(1+0(1)), where the scale o < oo is fixed. Despite the
infinite variance of the noise in the ¢(2) case, the bound (3.7) differs from
the Gaussian noise case by a +/logn factor.

4. Asymptotics Analysis under Primitive Conditions. In this
section we formally state an algorithm to compute the estimators and we
provide rates of convergence results under simple primitive conditions.

We propose setting the penalty level as

(4.1) A=cynd 11— a/2p),

where « controls the confidence level, and ¢ > 1 is a slack constant similar to
[14], and the penalty loadings according to the following iterative algorithm.
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AvLcoriTHM 1 (Estimation of Square-root Lasso Loadings). Choose « €
(1/n,1), and a constant K > 1 as an upper bound on the number of itera-
tions. (0) Set k = 0, X as defined in (4.1), and set ;0 = maxi<j<y, |2;;| for
each j =1,...,p. (1) Compute the v/Lasso estimator B based on the current
penalty loadings {7 4,7 = 1,...,p}. (2) Set

At = 1V \[Eala2(y — /521 /\/Eal(y — 2/B)?).

(3) If k > K, stop; otherwise set k < k + 1 and go to step 1.

REMARK 6 (Parameters of the Algorithm). The parameter 1 — a is a
confidence level which guarantees near-oracle performance with probability
at least 1 — a; we recommend o = 0.05/logn. The constant ¢ > 1 is the
slack parameter used as in [14]; we recommend ¢ = 1.01. To invoke self-
normalized moderate deviations, we just need to be able to bound with a
high probability:

(4.2) VEnle2e2)/VE[@] < 750-

The choice of 7;0 = maxi<j<y, |2;;| automatically achieves (4.2). Nonethe-
less, we recommend iterating the procedure to avoid unnecessary overpenal-
ization since at each iteration more precise estimates of the penalty loadings
are achieved. These recommendations are valid either in finite or large sam-
ples under the conditions stated below. They are also supported by the
finite-sample experiments (see SM’s Section G). "

REMARK 7 (Alternative Estimation of Loadings). Algorithm 1 relies
on the vLasso estimator . Another possibility is to use the post v/Lasso
estimator 8. This leads to similar theoretical and practical results. Moreover,
we can define the initial penalty loading as 7;0 = W{E, [m?]}l/ 1 where the
kurtosis parameter W > {E[¢*]}!/*/{E[e*]}'/? is pivotal with respect to
the scaling parameter o, but we need to assume an upper bound for this
quantity. The purpose of this parameter is to bound the kurtosis of the
marginal distribution of errors, namely that of F.(v) =n~1Y " | P(e; < v).
We recommend W = 2, which permits a wide class of marginal distributions
of errors, in particular it allows F, to have tails as heavy as v~ with a > 5.
Either option is a reasonable way of achieving (4.2) and we analyze both
options in the SM’s Section C.1 under weaker conditions than Condition P
below. m

The following is a set of simple sufficient conditions which is used to com-
municate the results in a simple manner.
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CONDITION P. The noise and the covariates obey sup,s; E[le|] < oo,
q > 4, inf,>; minlSjSpEn[:EgE[ez]] > 0, sup,,>1 maxi<j<p En[xg’E[e?’]] < 00
and
(4.3) 51;11) Gmax(slogn, By, [2;21]) / bmin (s log n, By [2;2]]) < oo.
n>
Moreover, we have that logp < C(n/logn)'/3, max;<, ||2i||%.slog(p V n) <
Cn/logn, s > 1, and ¢ < Co?(slog(p vV n)/n).

Condition P collects moment conditions that allow us to use results of the
self-normalized moderate deviation theory, weak requirements on (s,p,n),
well behaved sparse eigenvalue as a sufficient condition on the design to
bound the impact factors, and a mild condition on the approximation errors
(see Remark 2 for a discussion and references).

The proofs in this section rely on the following result due to [32].

LEMMA 4 (Moderate deviations for self-normalized sums). Let Xi,...,
X, be independent, zero-mean random variables and 6 € (0,1]. Let S, , =

nE,[X], V2, =nE,[X?] and M, = {E[X?|}\/2/{E|X|*T°]}1/{2+} > 0.
[
Suppose that for some £, — 0o such that n2+9 M, /¢,, > 1. Then for some

[
absolute constant A, uniformly on 0 < x < n2@F M, /¢, — 1, we have

P(|Snn/Van| = x) A
) ) _ < = .
21 —a@) | See !

The following theorem summarizes the asymptotic performance of v/Lasso,
based upon Algorithm 1, for commonly used designs.

THEOREM 7 (Performance of vLasso and ols post vLasso under Con-
dition P). Suppose Conditions ASM and P hold. Let o € (1/n,1/logn),
¢ > 1.01, the penalty level A be set as in (4.1) and the penalty loadings as
in Algorithm 1. Then for all n > ng, with probability at least 1 — a{1l +

C/logn} — C{n~Y2logn} we have
/ slog(nV(p/a))

1B — Bollz < oCy/21o8tvtp/a)), — 2'B)?
1B — Bolly < o€/ =roslrelal g \supp( Bl

where ng and C depend only on the constants in Condition P. Moreover, the

ols post \/ Lasso estimator satisfies with the same probability for all n > nyg,
1B — Bollom < oC/21Be oD\ [ [(F — 2B)?] < oCy2lostre/e)

and || — Boll1 < oCy/2loenV(p/a)

n

] <
<C
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Theorem 7 yields bounds on the estimation errors that are “Gaussian-
like,” namely the factor \/log p/a and other constants in the performance
bound are the same as if errors were Gaussian, but the probabilistic guaran-
tee is not 1 — a but rather 1 — (14 o(1)), which together with mildly more
restrictive growth conditions is the cost of non-Gaussianity here. Lemma 7
in the SM Section C.1 derives a more precise calculation of the probability
of success under weaker conditions.

The results above establish that v/Lasso achieves the same near oracle
rate of convergence of Lasso despite not knowing the scaling parameter o.
It allows for heteroscedastic errors with mild restrictions on its moments.
Moreover, it allows for any number of iterations K in Algorithm 1. The
result also establishes that the upper bounds on the rates of convergence
of v/Lasso and ols post v/Lasso coincide. This is confirmed also by Monte-
Carlo experiments reported in the SM, with ols post v/Lasso performing no
worse and often outperforming v/Lasso due to having a much smaller bias.
Notably this theoretical and practical performance occurs despite the fact
that v/Lasso may in general fail to correctly select the oracle model T" as a
subset and potentially select variables not in T'.

ExAMPLE S. (Performance for Sobolev Balls and p-Rearranged Sobolev
Balls.) In this example we show how our results apply to an important
class of Sobolev functions, and illustrates how modern selection drastically
reduces the dependency on knowing the order of importance of the basis
functions.

Following [50], for an orthonormal bounded basis {F;(-)}32; in L?[0,1],
consider functions f(z) = 272, 0;P;(2) in a Sobolev space S(a, L) for some
a > 1 and L > 0. This space consist of functions whose Fourier coefficients
0 satisfy 372, [0;] < oo and

0€O(a,L)={0€*(N): > 32,207 <L* }.

We also consider functions in a p-Rearranged Sobolev space RS(«, p, L).
These functions take the form f(z) = > 22, 0;P;(2) such that 372 [0;] < oo
and 6 € ©F(a, p, L), where

3 permutation Y : {1,...,p} = {1,...,p}

0 (a, ,L:{eee2N: 90 o 5 P .

(a,p, L) (IN) ;;:132 032%‘) + Zj:p+1]2 932 < L2
Note that S(a, L) C RS(a, p, L).

In the SM, we show that the rate-optimal choice for the size of the sup-
port of the oracle model By is s < n'/e+t1 with the supp(fy) consisting of
indices j that correspond to the s largest coefficients |#;|. The oracle pro-

jection estimator B"r that uses these “ideal” s components with the largest
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coefficients achieves optimal prediction error rate under a (sequence of) re-
gression functions f € S(«, L) or f € RS(a, p, L):

\/ {f Z ﬁorP }2] <P n a/[2a+1]

Under mild regularity conditions, as in Theorem 7, v/Lasso estimator 3 that
uses z; = (P1(%), ..., Py(2))" achieves

E.[(f — /B)2] <p n=®/2o+Uflog(n v p),

without knowing the “ideal” s components amongst x;. The same statement
also holds for the post v/Lasso estimator B

Therefore the v/Lasso or post v/ Lasso estimators achieves near oracle rates
uniformly over f € S(a, L), provided conditions of preceding theorem hold
for any sequence of regression functions f € S(«, L) and the corresponding
sequence of p. In the case function in a p-Rearranged Sobolev ball, the
adaptivity of the v/Lasso estimator allows it to achieve the same uniform
rates over RS(a,p, L). Finally, consider the “naive oracle” series projection
estimator that consider the first s components of the basis, assuming that the
parameter space is S(«, L). This estimator achieves the optimal rate for the
Sobolev space S(a, L), but fails to be uniformly consistent over p-Rearranged
Sobolev space RS(«a, p, L), since we can select a model f € RS(«, p, L) such
that its first s Fourier coeflicients are zero, and the remaining coefficients
are non-zero, therefore the “naive oracle” fit will be 0 plus some centered
noise, and the estimator will be inconsistent for this f. ]

We proceed to state a result on estimation of o2 under the asymptotic
framework.

COROLLARY 2 (Estimation of o2 under Asymptotics). Suppose Condi-
tions ASM and P hold. Let o € (1/n,1/logn), ¢ > 1.01, the penalty level A
be set as in (4.1) and the penalty loadings as in Algorithm 1. Then for all
n > ng, with probability at least 1 — a{l + C/logn} — C{n~"?logn} — 26
we have

‘@(3)— 2( _ 0?Cslog(nV (p/@)) QCW
o7 < n \/(_5711 1/q \/5_’11

Moreover, provided further that s> logz(p vV n) < Cn/logn, we have that
{026} 10Y/2 (Q(B) = 0%) = N(0,1) where €2 = E[{e — E[¢]}?).

This result extends [6, 49] to the heteroscedastic, non-Gaussian cases.
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5. An application to a generic semi-parametric problem. In this
section we present a generic application of the methods of this paper to semi-
parametric problems, where some lower-dimensional structural parameter is
of interest and the v/Lasso or ols post v/ Lasso are used to estimate the
high-dimensional nuisance function. We denote the true value of the target
parameter by 6y € © C R%, and assume that it satisfies the following moment
condition:

(51) E[¢(wi,90, ho(zl))] = 0, 1= 1, ey T,

where w; is a random vector taking values in W, containing vector z; tak-
ing values in Z as a subcomponent; the function (w,0,t) — ¥(w,0,t) =
(Q,Z)j(w,ﬁ,t));l:l is a measurable map from an open neighborhood of W x
© x T, a subset of Euclidian space, to R%, and 2z + ho(2) = (hmo(2))M_; is
a vector of measurable nuisance functions mapping Z to T'C RM. We note
that M and d are fixed and do not depend on n in what follows.

Perhaps the simplest, that is linear, example of this kind arises in the in-
strumental variable (IV) regression problem in [3, 8], where 1 (w;, 0o, ho(z;)) =
(u; — 6pd;)ho(z;), where u; is the response variable, d; is the endogenous
variable, z; is the instrumental variable, ho(z;) = E[d; | z;] is the opti-
mal instrument, and E[(u; — 0od;) | z;] = 0. Other examples include par-
tially linear models, heterogeneous treatment effect models, nonlinear in-
strumental variable, Z-estimation problems as well as many others (see,
e.g., [1, 31, 30, 21, 3, 10, 62, 9, 28, 55, 11, 44, 13, 26, 7]), which all give
rise to bi-linear and nonlinear moment conditions with respect to the nui-
sance functions.

We assume that the nuisance functions hg arise as conditional expecta-
tions of some variables that can be modelled and estimated in the approxi-
mately sparse framework, as formally described below. For instance, in the
example mentioned above, the function hg is indeed a conditional expec-
tation of the endogenous variable given the instrumental variable. We let
h = (hy,,)M_, denote the estimator of hg, which obeys conditions stated be-
low. The estimator 6 of 0y is constructed as any approximate ¢,-solution in
O to a sample analog of the estimating equation above:

(5.2) B[t (w, 8, 7(2))]]| < en, where e, = o(n™'/?).

The key condition needed for regular estimation of 6 is the orthogonality
condition:

(53) E[at¢(w27 907 hO(ZZ))’ZZ] - 07 i = 17 s 10,

where here and below we use the symbol 0, to abbreviate %. For instance in
the IV example this condition holds, since Op)(w;, 0o, ho(z)) = (u; — God;)
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and E[(u; — 6pd;)|z;] = 0 by assumption. In other examples, it is important
to construct the scores that have this orthogonality property. Generally, if
we have a score, which identifies the target parameter but does not have
the orthogonality property, we can construct the score that has the required
property by projecting the original score onto the orthocomplement of the
tangent space for the nuisance parameter; see, e.g., [57, 56, 35] for detailed
discussion.

The orthogonality condition reduces sensitivity to “crude” estimation of
the nuisance function hg. Indeed, under appropriate sparsity assumptions
stated below, the estimation errors for hg, arising as sampling, approxima-
tion, and model selection errors, will be of order op(n~/4). The orthog-
onality condition together with other conditions will guarantee that these
estimation errors do not impact the first order asymptotic behavior of the
estimating equations, so that

(5.4) VB [(w,0,h(2))] = VEn[ih(w, 8, ho(2))] + op(1).

This leads us to a regular estimation problem, despite h being highly non-
regular.

In what follows, we shall denote by ¢ and C' some positive constants, and
by L, a sequence of positive constants that may grow to infinity as n — oo.

CONDITION SP. For each n, we observe the independent data vectors
(w;)iy with law determined by the probability measure P = P,,. Uniformly
for all n the following conditions hold. (i) The true parameter values 6
obeys (5.1) and is interior relative to ©, namely there is a ball of fixed posi-
tive radius centered at Oy contained in ©, where © is a fixed compact subset
of R%. (ii) The map v + (w,v) is twice continuously differentiable with
respect to v = (vp)K_| = (0,t) for all v € © x T, with derivatives of the
second order bounded in absolute value by L,,, uniformly for allw € W. The
conditional second moments of the first derivatives are bounded as follows:
P-a.s. E (sup,cour [0y, 0j(wi,v)|? | z:) < C for each k, j, and i. (iii) The
orthogonality condition (5.3) holds. (iv) The following identifiability con-
dition holds: for all @ € O, |E[t(w,8,ho(2))]|| = 271([|Jn(0 — 60)| V ),
where J, = E[0g(w, 00, ho(2))] has eigenvalues bounded away from zero
and above. (v) El||v(w, 0o, ho(2))||?] is bounded from above.

In addition to the previous conditions, Condition SP imposes standard
identifiability and certain smoothness on the problem, requiring second deriva-
tives to be bounded by L,,, which is allowed to grow with n subject to
restrictions specified below. It is possible to allow for non-differentiable v
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at the cost of a more complicated argument; see [11]. In what follows, let
dn \( 0 be a sequence of constants approaching zero from above.

CONDITION AS. The following conditions hold for each n. (i) The func-
tion hg = (hom)%zl : Z — T is approximately sparse, namely, for each m,
hom (2)= >_1_1 Pi(2)Bomi + Tm(2), where P, : Z — T are measurable func-
tions, Bom = (BOml)le obeys |supp(Bom)| < s, s > 1, and the approxima-
tion errors obey E[r2,(2)] < Cs log(pVn)/n. There is an estimator ﬁm() =
S B )Bumi of hom_such that h = (hm )M maps Z into T, and with prob-

m=1
abzlzty 1-96,, Bm = (ﬁml)l | satisfies ||5m Bom|1 < Cy/s%log(pV n)/n and
Ey (B (2) —hom (2))2 < Cslog(pVn)/n. (i) The scalar variables Vmjr(w;i) =
O, i (wi, 0o, ho (2 ))Pl(zl) obey maXmJlE [|1,Z)mjl( W2 < L2 with probability
16, and mp 1 (Blltmo () P)YS Ellmgs(w) P2 < B (i) Finally,
the following growth restrictions hold as n — oco:

(5.5) L2s%log?(pV n)/n — 0 and log(p V n)n~ /3B — 0.

The assumption records a formal sense in which approximate sparsity is
used, as well as requires reasonable behavior of the estimator h. In the pre-
vious sections, we established primitive conditions under which this behavior
occurs in problems where hg arise as conditional expectation functions. By
virtue of (5.5) the assumption implies that {E,(hm(z) — hom(2))?}/? =
op(n~*). It is standard that the square of this term multiplied by /n
shows up as a linerization error for \/n(6 — 6y), and therefore this term
does not affect its ﬁrs/t\ order behavior. Moreover, the assumption implies by
virtue of (5.5) that ||3, — Bomll1 = op(L;(log(p vV n))~t), which is used to
control another key term in the linearization as follows:

\/ﬁljnﬁ}l( ‘En[wmjl(w)m‘/@\m _/BOmul ng Ly V log(p v n)H//B\m_/BOm“l = OP(1)7

where the bound follows from an application of the moderate deviation
inequalities for self-normalized sums. The idea for this type of control is
borrowed from [3], who used in the context of the IV example mentioned
above.

THEOREM 8.  Under Conditions SP and AS holding for each n, the es-
timator 0 that obeys equation ( d. 2) and 6 € © with probability approach-

ing 1, satisfies /(0 — 69) = —J; \/—ZZ 1 Y(w;, 0o, ho(2i)) + op(1). Fur-
thermore, provided €2, = E[(w, 0o, ho(2))(w, 0o, ho(2))'] has eigenvalues
bounded away from zero, we have that

Q2 J,v/n(0 — 6y) = N(0,1).
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This theorem extends the analogous result from [8, 3] for a specific linear
to a generic non-linear setting, and could be of independent interest in many
problems cited above.

APPENDIX A: PROOFS OF SECTION 3

PrROOF OF LEMMA 1. The first result holds by definition. Note that for
a diagonal matrix with positive entries, ||v|2,, > ||T'v||2,n/]|T'||cc and, since
Enfz5] = 1, [vlla,n < [[v]ly for any v € RP. For any ¢ such that |[Tdre[; <

|ITor||1 we have that

[191]2.n
I [l1 = [ITore 1

Il T2,

[T |[1—[[Tore |l

[Tl UITd7 l[2.m — 1Tz 2.n) > ITl S (T |20 —[ITdre fl2)
Tor [l =[Tore [ I [l1 = [ITdre 1

ALY

The result follows since |I'dr||2,, = |[|[T0r|1 if |7 = 1.

To show the third statement note that 1" does not change by including
repeated regressors (that is, since T is selected by the oracle (2.2), T" will
not contain repeated regressors). Next let §' and §? denote the vectors in
each copy of the regressors so that 6 = §' + §2. It follows that

L 182
I62 0y — 1C67ely ~ T8RN — I06k]s — [T62] — 062

which is minimized in the case that 6* = 4, gflp = 5:1p + 5%, Sflpc = 5¢1pc + 5%”
and 62 = 0. [

PrROOF OF LEMMA 2. The first part follows from Holder’s inequality and
the definition of kz. To show the second part note that T° does not change
by including repeated regressors. Next let 6" and 62 denote the vectors in
each copy of the regressors so that § = (5%,5%,5%,5%6) It follows that
1578 /116]l2,n = 1575]/16]|2,, where o7 = (5% + 02, 54 + 0%, 0/, 0)', and dpe =
6 — 0p. This transformation yields |[T(6 + Bo)|l1 < |IT(6 + Bo)|1 and that
§ € Az implies § € A;. Finally, the restriction of § to its first p components
is also considered into the definition of ¢z without the repeated regressors.m

PrROOF OF LEMMA 3. See SM. n

PROOF OF THEOREM 1. First note that by Lemma 3 we have 5= B—
Bo € Az By optimality of 8 and definition of &, ( = A\y/s/[nk| we have

~ = ~ A A A ~ S
VOB)~/QB0) < 2ol = 2Bl < 2 (IT8r s — [T ) < El3ln.

Multiplying both sides by \/@(3) + \/@(ﬁo) and since (a+b)(a—b) = a®>—b?

(A.2) H&@,nngnuoew)x'mW@B )+ QBo)C 1Bllzn.
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From (A.1) we have \/@(E) < \/@(50) + EHSH2n so that

1813, < 2E.[(oe +r)a'8] + 24/ Q(Bo)Cld |20 + C2[16]13...

Since |E,[(ce +1)a'd]| = \/Q(B0)| S0 < 1/Q ﬁo)ch(SHgn we obtain

113, < 2/ QBo)celldllzm + 2/ Q(B0) N 12, + CIIS13,0
and the result follows provided ¢ < 1. m

PROOF OF THEOREM 2. Let § := B— Bo € Az under the condition that
A/n > ¢|T 'S by Lemma 3.
First we establish the upper bound. By optimality of ﬁ

~

= PN A ~ A A
QB QBo) < —(IlAoll1=IITB]1) < ~([Tor[l1~[ITorel1) < n—fnanm

by definition of % (note that if 6 ¢ A; we have @(3) < Q(Bo)). The result
follows from Theorem 1 to bound ||0][2,.

To establish the lower bound, by convexity of \/5 and the definition of
0z we have

VOB) = /(o) > —55 > —oelldllon.
Thus, by Theorem 1, letting ¢ := A\y/s/[nk] < 1, we obtain

\/@(B)_\/@(ﬂo) > -2 @(50)9%4:_555_

Moreover, we have

\@3—0

‘F—U{E [€2]}1/2

and the right side is bounded by HB — Bollzn + ¢s + o|Ey[e?] — 1. n

+ o [{Eale]} -

PROOF OF THEOREM 3. For notational convenience we denote ¢, (m) =
Gmax(m, TLE, [z2/]071). We shall rely on the following lemma, whose proof
is given after the proof of this theorem:

LEMMA 5 (Relating Sparsity and Prediction Norm). Under Condition
ASM, let G C supp(f). For any A > 0 we have

A .
\/ BIVIG] < VIGIIT S0\ Q(B0)+V bimax (G \ T1, T 1E, [22/T0 1) 3—Bo|2,n-
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In the event A/n > ¢[[I15]|s, by Lemma 5

(A3) (\/ ) )\\/Q Bo) \/’SUPP < Vo ([@)[18 = Bollz.n-

Under the condition { = A\\/s/[n&] < 1, we have by Theorems 1 and 2 that

<1 ~ 20:(0z + Q)
12

0z +¢
1-¢2

1 - =
) 2 /050 1supp ()] < v/Enm121/ Q(A0)
Since we assume %ﬁ—ja < 1/¢ we have

n@c+C - Nrwe )2_1+QC/C

lsupp(B)| < 2¢ $n(m) + F- )

where the last equality follows from § = \/s/[nE].

Let L = 2¢ {1 + 0z/C}/{Rk(1 — ¢?)}. Consider any m € M, and sup-
pose m > m. Therefore by the well-known sublinearity of sparse eigen-
values, ¢,(¢m) < [£] ¢n(m) for £ > 1, and m < |supp(S)| we have m <

{%W ¢n(m)L?. Thus, since [k] < 2k for any k& > 1 we have m <

5 - 2¢,(m)L? which violates the condition of m € M and s. Therefore,
we must have m < m. In turn, applying (A.4) once more with m < m we
obtain m < s - ¢,(m)L% The result follows by minimizing the bound over
m e M.

To show the second part, by Lemma 2 and A\/n > ¢|T"15]|s, we have
0z < (A\/n)(v/5/ke)(14¢€)/c. Lemma 1 yields & > kg so that { < A\y/s/(nkz).
Therefore

n oz +C NG l1+e /s
o Sncu—c?){ “}‘ncu—c?)'

Thus, under the condition ¢ < 1//2,

(A1) supp(B)] < 5 6n() (452) |

Re
The same argument used before with L = 4¢/k; yields the second result. m

PROOF OF LEMMA 5. Recall that I' = diag(v,...,7p). First note that
by strong duality

p
E, [ya] = 1 fm” ij
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Since E,, [z;a] Bj = )\’yjlﬁj\/n for every 7 =1,...,p, we have

Y - X8 4 o~ Y =XB

Rearranging the terms we have E,[(y — 2/B)a] = ||Y — XB||/v/n.

If |[Y — XJ| = 0, we have \/% = 0 and the statement of the lemma
trivially holds. If [|[Y — X 3| > 0, since |[d@| < v/n the equality can only hold
for @ = Va(Y — XB)/IIY — XB| = (v — XB)/\/Q().

Next, note that for any j € Supp(f\g) we have E, [z;a] = sign(gj))wj/n.
Therefore, for any subset G C supp(f) we have

Va( \/@—Hr 'Y - XB)ell
< HF (Y - Xﬂo))cl\ + T XX (Bo — B))cll R
|G| n||r 'En[z(0€ +7)]lloo + 2/ Gmax(IGL, T Enfza T8 = foll2.n

1G] 7/ Q(Bo)IT ™" Slloe + ny/Pmax(IG \ T, T En[z2’TT1)|| 8 — Boll2.n,

where we used

IT=Y (X' X (B - Bo))all < SUD e o <|G\T],af<1 [T X" X(B - Bo))l
< SUPjage o<\ T o) <1 1T 1X/HHX(ﬂ o)l
< n\/¢max (IG\T|, TE,[z2']T~ )”5 Boll2,n-

PROOF OF THEOREM 4. Let X = [x1;...;2,] denote a n by p matrix
and for a set of indices S C {1,...,p} we define Pg = X[S](X[S] X[S])~LX[S]
denote the projection matrix on the columns associated with the indices in
S. We have that f— X3 = (I —=Pz)f—0Pse where I is the identity operator.
Therefore we have

(a5 VAlBo = Blon =X~ XB| = If — X5 ~ R|
= ||(I = Pz)f — oPpe — RI| < (I = Pp)f || + ol Ppell + || R]

where we have ||R|| < \/ncs. Since for m = |T'\ T|, we have
IXITNXTYXT]) lop < V1/bmin (72, Enlza’]) = v/1/ Grmin (2

the term |Pgel| in (A.5) satisfies

1Prell < /1 Smm(m)IX [TV e/l < \/IT|/bmin ()| X €/ v/R oo
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Therefore, we have

s \% m En o0
18 — Bollzn < 2 st A[Ie]” e teq
¢min(m)

where c; = mingegre \/En[(f — 2/ 37)?]. Since supp(ﬁ) C T and (3.5) holds,

ep = min {E[(f — /B I}2 < {Bal(f - /B
<cs+ Hﬁo - B\HQ,n <cs+2 @(50)%25_)

where we have used Theorem 1. n

PROOF OF THEOREM 5. Note that because 0 = 0 and ¢, = 0, we have

\/@(ﬁo) =0 and \/@(3) = HB— Boll2,n- Thus, by optimality of B we have
18 = Bollzu +21ITB]1 < 2T 5ol11- Therefore, |T5][1 < ||IFBolly which implies
that § = 3 — By satisfies |[Tore|[1 < [Tér[l1. In turn [|6]2, < 2(|Tér|l —
||F8\Tc||1) < )“/§||5||27n. Since A\y/s < nk we have ||d]2,, = 0.

Next the relation 0 = v/3|[8]l2. > &(| D07l — [Pz 1) implies [Dor; =

|Td7el|1 since & > 0 by our assumptions.
Also, if K1 > 0, 0 = /s||0]|2,n > &1[|To7|[1 > &1[|T'6]|1/2. Since I' > 0, this

shows that 6 = 0 and B = 0. n

PROOF OF THEOREM 6. If A/n > ¢||I15]|s, by Theorem 1, for ( =

M/5/[nk] < 1 we have |3 — Boll2.n < 2\/@(50)56_29 and the bound on the

prediction norm follows by 1/Q(80) < ¢s + oy/Ene?].
Thus we need to show that the choice of A and I' is suitable for the desired
probability on the event A/n > ¢||[I71S||o. Since v; = maxj<i<p |2| >

E, [m?] =1, by the choice of u,, we have

-13 A [En[(oetr)a;]| A
P (C”P Slloe > ") =P (cl??éip VEn@] "<1+“”>”2) o

[En [ez;]] V/2log(2p/ ) |En [ra]|loo (1tu,)'/?
< .
=P <1@f§pwwz] — )*P (wnanuaem Z T n >+”1

We invoke the following lemma, proven in SM:
LEMMA 6. Under Condition ASM we have ||Ep 7] < min {%, cs} .

By Lemma 6 ||E,[rz]||c < o/v/n and P(E,[e2] < {1 +u,}™!) < no we

have P l%ggl';’] > (1+\"/"ﬁ)1/2> < P( En[(oe)?] < {1+ Un}_1/2> < 2.
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To bound the last term we have

_ Vn[Enlezj]] V7 |En [ex;]|
P (1<J<p 121&){ o ]‘\/W \/210g(2p/a)) <P ( gljagp —_— > \/210g(2p/a))

En [1?62]

VAlEn [e;]|
< pl?]aé(pp (\/m > \/2log(2p/a)) <a

where we used the union bound and Theorem 2.15 of [24] because ¢;’s are
independent and symmetric. n

PrROOF OF LEMMA 6. First note that for every j = 1,...,p, we have
B [zj7]] < \/En[23]En[r?] = c;. Next, by definition of fy in (2.2), for j € T

we have E,[z;(f — 2/5y)] = Eplxjr] = 0 since Sy is a minimizer over the
support of fy. For j € T we have that for any t € R

Eul(f — @/B0)’] +0° > < Eul(f —a'fo — t2;)’] + 0

Therefore, for any ¢t € IR we have
—0®/n S En[(f—2'Bo — tw;)?] = Eu[(f — 2'B0)%] = —2En[z;(f — 2 o)] + t*En[23].
Taking the minimum over ¢ in the right hand side at t* = E,[z;(f — 2/5))]
we obtain —o?/n < —(E,[z;(f—2'Bp)])? or equivalently, |E,[z;(f—2'B)]| <
|

o/\/n.

PRrROOF OF COROLLARY 1. See SM.

95 +1
ot

APPENDIX B: PROOFS OF SECTION 4

PROOF OF THEOREM 7. Conditions ASM, P and the choice of penalty
level with a € (1/n,1/logn) imply the assumptions of Lemma 7 with ¢ = 4,
u, = 1/loglogn, the slack constant as /¢ > 1, £, = log"/?n, and n = 0
(given the choice of 7 ) for n > ng for sufficiently large ng. Thus by Lemma
7 we have A/n > /¢||[[715|o with probability at least 1—a{l1+C/logn}—
C{n='2logn}.

Moreover, since ¢ = (64 1)/(¢ — 1), kz(To) > ke(I)/ maxi<p |||l oos Ke(L)
is bounded away from zero for large enough ng by the sparse eigenvalue
conditions,

A< V/nlog(p/a) < \/nlog(p V n),
and the condition max;<, ||z;||% slog(p V n) < Cn/logn, the side condi-
tion in Lemma 7. The results then follow from Theorems 1, 3 and 4 be-
cause & > ra(ly) by Lemma 1, oz < CAy/5/nkz(Tg) by Lemma 2, and
¢ < CA\y/s/n. The result for the £1-rate follows from 18— Bolr < \/C—’HB—
/80H2 n/ V (bmm Cl C//\/_”B 50”2 n for B /8 and B B. un

PROOF OF COROLLARY 2. See SM. n
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APPENDIX C: PROOFS FOR SECTION 5

Proof of Theorem 8. Throughout the proof we use the notation

B(w) := max sup |0y, 9j(w,v)|, 7 :=+/slog(pVn)/n.

3k veoxT

Step 1. (A Preliminary Rate Result). In this step we claim that ||§ -
0ol| <p . By definition ||[E,¢(w,0,h(2))| < €, and 6 € ©, which implies
via triangle inequality that:

|l (w, 0, ho(llpp | < € + 1+ 22 S 7

where [1 and I5 are defined in Step 2 below, and the last bound also follows
from Step 2 below and from the numerical tolerance obeying ¢, = o(n~'/?)
by assumption. Since by condition SP(iv), 27(|Jn (6 — 60)]| V c) is weakly
smaller than the left side of the display, we conclude that ||0 — 0| <p
(mineig(J,,)) "7, which gives the stated claim since mineig(.J,,) is bounded
away from zero uniformly in n by condition SP (v).

Step 2 (Define and bound /; and I3.) We claim that:

Iy := sup Enw(w797ﬁ(’z))_En¢(w707h0(z))“ SP Tn,
0cO

I = sup|[Bu(w,0, ho(2)) = Bb(w, 0, ho(2) | Sp n~2,
S

Using Taylor’s expansion, for iz(z; 0, j) denoting a point on a line connect-
ing vectors ho(z) and h(z), which can depend on # and j,

I En[01,,5(,0, 5230, 1)) (rn () = hom (2))

N
i

IN

AMVA{E, B (w)}'* max{Ey (hun (2) — hom(2))*}'/7,

where the last inequality holds by definition of B(w) given earlier and the
Holder’s inequality. Since EB%(w) < C by condition SP(ii), E,B*(w) <p 1
by Markov’s inequality. By this, by condition AS(ii), by d and M fixed,
conclude that Iy <p 7,.

Using Jain-Marcus theorem, as stated in Example 2.11.13 in [57], we
conclude that /nly <p 1. Indeed the hypotheses of that example follow
from the assumption that © is a fixed compact subset of R%, and from the
Lipschitz property, ||1(w, 8, ho(2)) — ¥ (w, 0, ho(2))|| < B(w)||0 — 6] holding
uniformly for all § and 6 in ©, with EB?(w) < C by condition SP(ii).
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Step 3. (Main Step) We have that /n2||Enth(w, 8, h(2))|| < eny/n. Appli-
cation of Taylor’s theorem and the triangle inequality gives

[VREnt(w, 00, ho(2)) + Juv/n(0 — o) || < ev/n+ [T + [T || + [T Is]| = op (1),

where the terms 117, I15, and II3 are defined and bounded below in Step
4; the op(1) bound follows from Step 4 and from €,+/n = o(1) holding by
assumption. Conclude using condition SP(iv) that

||J,:1\/HIE”1/)(U), 0o, ho(z)) + /(0 — 90)H < OP(I)(mineg(Jn))71 =op(1l),

which verifies the first claim of the theorem. Application of Liapunov’s cen-
tral limit theorem in conjunction with condition SP(v) and the conditions

on €2, imposed by the theorem imply the second claim.
Step 4. (Define and Bound 11y, I, and I13). Let 11} := (IIlj) _, and

11, = (_[,[2])] 1» Where

M
IIlj = Z \/ﬁEn [(’“)tmwj(w,eo,ho(z))(ﬁm(z) - hom(z))} y

m=1

K
Iy = Y By (00,00, 405 (w, 0(w; ){Tr (w) = vor (w) Hk (w) = vor(w)}]

rk=1
IIg = \/E(Enam/)(w, 90, ho(Z)) - Jn) (9 - 90),

where vo(w) = (vor) K, = (0, ho(=)')'s K = d+ M; 9(w) = (7(w))_, :=
(0, h(z)"), and (w;j) is a vector on the line connecting vo(w) and D(w)
that may depend on j; and J,, = Edy)(w,0p, ho(2)). We show in this step
that 11y + IIy + 113 Sp Ty,

The key portion of the proof is bounding /13, which is very similar to
the argument first given in [3] (pp. 2421-2423). We repeat it here for com-
pleteness. In order to bound I1y; we split it IIy; = I11y; + I115;, where

P

I1L; = Z\/_E lat Y;(w, 0o, ho(z Z 2) (Bt — ﬂOml)‘|7

m=1

M
IIIgj = Z \/ﬁEn [atmwj(wﬁo,ho(Z))Tm(Z)]-

m=1

Using Holder inequality, max; [I111;| < M max; \\/ﬁEnwjml(w)\HBm —
Bom|l1- Now max,, | Em Bom|l1 < Cy/s7, with probability at least 1 — d,
by condition AS(i). Moreover, using they key property that E?/)]ml(wl) =0
which holds by the orthogonality property and that max; ,, ; E,, Whml( w)? <
L? with probability at least 1 — &, by condition AS(ii), we can apply the
moderate deviation inequality for self-normalized sum, following the idea in
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[3], to conclude that max; [I11;;]| < /2log(pn)L, with probability 1 —o(1).
Note that this application requires the side condition +/2log(pn)B,n /6 =
o(1) be satisfied for B,, defined in condition AS(ii), which indeed holds by
condition AS(iii). We now recall the details of this calculation:

J,m,

<P (maX\\/_En%ml /A Enlthjmi(w) |2 > +/21og(pn ) + 6y,

J,m,
< M P (Vo (0| Eul ) > /20T )+,

< dMp®(y/21og(pn))(1 + o(1)) + 6, < depinu +0(1)) + 6, = o(1),

P (o VB ()| > VEToR I )

where the penultimate inequality occurs due to the application of the mod-
erate deviation theorems for self-normalized sums. Putting bounds together
we conclude that ITI; <p L,+/log(p V n)y/s1, = o(1), where o(1) holds by
the growth restrictions imposed in condition AS(iii).

The bound on I11, also follows similarly to [3]. IIl; is a n™"/* times
the sums of M terms each having mean zero and variance of order slog(p V
n)/n = o(1). Indeed, the mean zero occurs because

1/2

n~t ZE [0t Vi (w3, 00, ho(2:))rm (2i)] = 1ZE [0-7m(2)] =0,
i=1
for each m-th term, which holds by E[0},, 1j(w;, 60, ho(z:))|2i] = 0, i.e. the
orthogonality property, and the law of iterated expectations. To derive the
variance bound, note that for each m-th term,

n~Y B[O, v (wi, 00, ho(2)) Y1, (2:)] < CE[r2,(2)] < C*slog(p v n)/n,
i=1

which holds by E[{0},,v;(wi, 0o, ho(2:))}?|21] < E[B*(w)|z] < C as. by
virtue of condition SP(iii), and the law iterated expectations; the last bound
in the display holds by AS(i). Hence var(I115;) < nn='M?C?%slog(pV n)/n
< slog(pVn)/n = o(1). Therefore, ||I115]] < 2?21 |I115;| Sp slog(pVn)/n
by Chebyshev’s inequality.

To deduce that ||II5]] = op(1), we use condition AS(i)-(iii), the claim of
Step 1, and Holder inequalities, concluding that

max |ITy;| < VnK?L, mI?XEn{ﬁk(w) — vop(w)Y? Sp VnL,2 = o(1).
J
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Finally, since [[II3]| < /n|| (E,dpt(w, 00, ho(2)) — Jn) HOPH§— 0o|| and
since ||E,,0pto(w, 8o, ho(2)) — Jnllop Sp n~1/2 by Cbebyshev’s inequality, us-
ing that EB2(w) < C by condition AS(ii), and |6 — 6| <p 7 by Step 1,
conclude that [|[II3]| <p 7. "
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Supplementary Material for the paper “Pivotal Estimation via Square-
root Lasso for Nonparametric Regression”: Additional Results and Sim-
ulations
(http://arxiv.org/abs/1105.1475). The supplementary material contains deferred
proofs, additional theoretical results on convergence rates in fo, ¢1, and /., lower
bound on the prediction rate, Monte Carlo simulations, and auxiliary probability
inequalities.
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APPENDIX A: ADDITIONAL RESULTS FOR SECTION 3

A.1. Bounds in Other Norms. This section contains bounds for ¢
and {.-rates and lower bounds on prediction norm Rates.

THEOREM 9 (Lower Bound on Prediction Error).  Under Condition ASM

-~

and (8.5), let m = |supp(B8) \ T'|. We have

18— Boll2;n >

/\\/lsupp(gﬂ \/@(50) <1 1 M)
1/ max (M, T, [z2/]0—1) c 1—C2 :

It is interesting to contrast the lower bound on the prediction norm above
with the corresponding lower bound for Lasso. In the case of Lasso, as de-
rived in [38], the lower bound does not have the term Q'/2(8y) since the
impact of the scaling parameter o is accounted in the penalty level A. Thus,
under Condition ASM and ¢ bounded away from zero and above, the lower
bounds for Lasso and v/Lasso are very close.

THEOREM 10 (¢1-rate of convergence).  Under Condition ASM, if \/n >
/TS |00, for ¢ > 1 and ¢ := (c +1)/(c — 1), then

IT(B = Bo)lln < (1+ &)Vs]18 = Bollzn /e
Moreover, if ( = \\/s/[nk] < 1, we have

ITG — o)l < 2“*}@7?“5\/@50)%.

The results above highlight that, in general, & alone is not suitable to
bound ¢; and #5 rates of convergence. This is expected since repeated re-
gressors are allowed in the design.

THEOREM 11 ({o-rate of convergence). Let f = [T E,[z2’ — 1T Y| oo -
Under Condition ASM, if \/n > ¢|T 15|00, forc > 1 and é = (c+1)/(c—1),
then we have

IC (B = Bollles _ (10N | X V5 1B~ Follan , - IT(B—5o)ln
~ - 2 r ~ ~ ’
Q(Po) o T QBo) Q(Po)
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Moreover, if ( = A\y/s/[nk] < 1 we have

IC (5= Bollloe _ (10N | 220 +C

\/EQE—FE
@(50) cn n 1—¢2 P

Re 1—52

+2(1+0)

The /. -rate is bounded based on the prediction norm and the #;-rate of
convergence. Since we have || - ||oo < || ||1, the result is meaningful for nearly
orthogonal designs so that |[[~!'E,[z2’ — I]T7!||s is small. In fact, near
orthogonality also allows to bound the restricted eigenvalue kz from below.
In the homoscedastic case for Lasso (which corresponds to I' = I) [14] and
[37] established that if for some u > 1 we have ||E,[z2/] —I||o < 1/(u(1+¢)s)
then kz > /1 —1/u. In that case, the first term determines the rate of
convergence in the /,.-norm.

APPENDIX B: DEFERRED PROOFS FOR RESULTS AND
ADDITIONAL RESULTS FOR SECTION 3

B.1. Deferred Proofs for Results in Section 3.

PROOF OF COROLLARY 1. We will bound the probability of relevant events
to establish A\/n > ¢||I"1S]|s and consequentially the prediction norm
bound by Theorem 6.

Applying Lemma 13(ii) with a = 1/logn we have g = !

nl/2(1/6—1/logn)? -

36log?n
nl/2(logn—6)2"

Applying Lemma 13(iii) with ¢, = 4n/7, a = 1/logn, and a,, = u,/[1 +
uy], where we note the simplification that

402clog t, 2logt,
n(c2 + apo?alogn)? ~ napalogn
we have
2log(4n/T) T
2¢2] < ) < gy = T =
P (VEA[?@ < (14 un) VEnl(oe +1)7]) <m oy e

Thus, by Theorem 6, since ¢ < 1, with probability at least 1 —a —n; — 12
we have

2(1+1/c)

oo VOBt < 201/ (o En]) 06 +D):

”B‘BO”ln < 1_762

Finally, by Lemma 13(i) we have E,[¢?] < 2v/2/7 + log(4n/7) with prob-
ability at least 1 — 7/2. "
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PROOF OF LEMMA 3. In this step we show that 5= B— By € Az under
the prescribed penalty level. By definition of 5

PPN ~ A Aas A s >
(B.1) /QB) —/QBo) < Zfolls = SITB s < 2Ty — el

where the last inequality holds because

ITBor [l = ITBr |l — ITBre |

(B.2) ITBolls = ITBl = B
< |Tor|ly = IT67e|1.

Note that using the convexity of \/5, ~S € 8\/5(50), and if \/n >

en||T715 ] 0, we have

(B.3) VOB — QB > —F5 > — T 1§ |3
A _
(B4) —C—n(HmTHl + [[Td7e1)

v

v

A _
(ITBollx + [ITB]]1)-

cn

Combining (B.1) with (B.4) we obtain

(B.5)

v

A ~ ~ A -
(B.6) = o (ITorfly + [ITorely) < —(ITér [y — [Tore]l1),
that is

—~ c+1 ~ o~ ~
(B?) HF(STcul < . ”PéT”l = CHF(STHL or d € Az

c—1
On the other hand, by (B.5) and (B.1) we have

S| >

A ~ ~
(B8) = - UTBolls + ITAl)+ < — (T Aol = [ITBI])-

which similarly leads to [|[T3]l1 < &||T'Bol|x. "
B.2. Proofs of Additional Results for Section 3.

PrROOF OF THEOREM 9. We can assume that @N(BO) > 0 otherwise the
result is trivially true. In the event A\/n > /T8 o0, by Lemma 5 with

G = supp(f) we have
(B.9)

( % - %) g\/@wm </ bimax (M, TIE, [z2/[T1)|| B — Boll2.n-
0
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Under the condition { = \/s/[nk] < 1, we have by the lower bound in
Theorem 2

oot © M QB VIG 5
(1_1_2&(@0%)) W) VI < |18 = Boll2,n-

c 1- 4_2 n\/QSmax(m’F_lEn[xx/]F_l)

PrROOF OF THEOREM 10. Let § := B — Bo. Under the condition on A
above, we have that 0 € Az. Thus, we have

V5[|0l2n
Ka )

C

[T6[1 < (1 +0)||Tor|1 < (1+¢)

by the restricted eigenvalue condition. The result follows by Theorem 1 to
bound ||d]]2,y,.

PROOF OF THEOREM 11. Let ¢ := 3— By. We have that
T 0]|oe < IT ™ Ep[22/6][loo + [T (Bn[zz’d] — 6)|co-

Note that by the first-order optimality conditions of B\ and the assumption
on A

P Enfza’d)lloc < 1P Enlz(y — @/B)llloc + TS0/ Q(B0)
< WQB) | AWQ(B)

- n

by the first-order conditions and the condition on A.
Next let e; denote the jth-canonical direction.

ITE,[z2" —1)]|ec = [T 'Enfza’ — 107600

< P Epfza’ — 10| T

Therefore, using the optimality of 3 that implies \/ @(3) < \/ @(ﬁo) +
(A/n)(IT8z [y = [Torellt) < 4/ Q(Bo) + (AV/5/[nR])[|6]l2.m, we have

1016 < < @BH—VC“(”)%+ur—lEn[m'—I]F”HooHFéHl

0 2 S — —
< (14 2) 2 4 2 6]l + T En e’ — 1D o131

The result follows from Theorem 1 and 10. n
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APPENDIX C: ADDITIONAL RESULTS FOR SECTION 4

C.1. An Analysis of the Penalty Level and Loadings for v/Lasso.
Here we analyze the data-driven choice for the penalty level and loadings
proposed in Algorithm 1 which are pivotal with respect the scaling parameter
o. Our focus is on establishing that A/n dominates the rescaled score, namely

(C.1) A/n>c|T7S0, where ¢> 1,

which implies that 3 — By € Az, & = (¢ +1)/(c — 1), so that the results
in the previous sections hold. We note that the principle of setting A\/n to
dominate the score of the criterion function is motivated by [14]’s choice of
penalty level for Lasso under homoscedasticity and known o. Here, in order
to account for heteroscedasticity the penalty level A/n needs to majorate
the score rescaled by the penalty loadings.

REMARK 8 (Pivotality in the Parametric Case). In the parametric case,
r; = 0,7 =1,...,n, the score does not depend on ¢ nor fy. Under the
homoscedastic Gaussian assumption, namely F; = ® and I' = I, the score is
in fact completely pivotal conditional on the covariates. This means that in
principle we know the distribution of [|[[715]|w, or at least we can compute
it by simulation. Therefore the choice of A can be directly made by the
quantile of [|[T715]», see [12].

In order to achieve Gaussian-like behavior under heteroscedastic non-
Gaussian noise we have to rely on certain conditions on the moment of
the noise, the growth of p relative to n, and also consider a to be either
bounded away from zero or approaches zero not too rapidly. That is, under
these conditions the penalty level A can be set to v/n® (1 — a/[2p]) as in
the Gaussian noise case despite the non-Gaussian noise.

Let the penalty level A be set to

(C.2) A= (14 up)ey/n{® 11 — o/[2p]) + 1 + u,}
and the initial penalty loadings 7; are given by

~(I ~(IT
340 = max o] or A5 = W{E [}

where W > {E[¢*]}/*/{E[¢*]}!/? is the kurtosis parameter discussed in
Remark 7. In this section we focus on the following set of regularities con-

ditions.

CONDITION D. There exzist a finite constant q > 4 such that supE[|e|?] <
n>1
00, and sup max E,[|z;|?] < oco.
n>11=j<p
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ConDITION R. Let w, =
Uy, such that w,/[1 + u,] >
assume that

(! loganEHe\qM])l/q /Mt < 1/2, and set
Wy, Uy < 1/2. Moreover, for 1 < £, — oo,

n!/S /by > (9711 = a/2p) + 1) max (Bn [l BlJe’(]])° / (Ba[zT L)),

In the following theorem we provide sufficient conditions for the validity
of the penalty level and loadings proposed. For convenience, we use the
notation that I'y = diag(Y1k,---,7pk) and I = diag(y7,...,7,) where

'7; =1v \/En[gj?‘{z]/\/ Enle?], j=1,...,p.

LEMMA 7.  Suppose that Conditions ASM, D and R hold. Consider the
choice of penalty level \ in (C.2) and penalty loadings Ty, k > 0, in Algo-
rithm 1. For k = 0 we have that

A e A3 A1 + ) Ee[]
P<E20”PO S”OO> Sl_a<1+@+logn> B Up, nl=[2/d o

where n =0 if %(IO) is used, and

CoBlle™) 9B |e|7]
(W4 _ E[64])q/4nq/8 nl/\(q/4—1)(W4 _ E[64])q/4

if ‘y\J(»’IOI) is used. Moreover, conditioned on \/n > chalgHoo, provided

2 max il oo <2 @(60)53%%?;* {%} +cs> < oVEA (VT Fun—1),

we have \/n > c|]f,;1§|]00 for all k > 1.

The main insight of the analysis is the use of the theory of moderate devi-
ation for self normalized sums, [32] and [24]. The growth condition depends
on the number of bounded moments g of regressors and of the noise term.
Under condition D and « fixed, condition R is satisfied for n sufficiently large
if logp = o(nl/ 3). This is asymptotically less restrictive than the condition
log p < (¢ —2) log n required in [12]. However, condition D is more stringent
than some conditions in [12] thus neither set of condition dominates the
other.
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C.2. Performance in Sobolev classes. Here were provide additional
comparisons to projection estimators under orthonormal random design for
cases where the regression function belongs to the Sobolev space or rear-
ranged versions of the Sobolev space. We will also provide bounds on the
upper bounds on the sparsity s of the solution By of the oracle problem and
on the corresponding mean square of the approximation error cs.

Throughout this section we consider the nonparametric model (2.1) where
f is a function from [0, 1] to R, ¢; ~ N(0,1) and z; ~ Uniform(0, 1), which
are independent across ¢ = 1,...,n. We will assume that the given basis
{Pj(-),7 > 1} is bounded and orthonormal.

The projection estimator with k terms is defined as

k
(C.3) f(k)(z) = Z@P](z) where 5] =E,[yP;(2))].
j=1

Projection estimators are particularly appealing in orthonormal designs con-
sidered here but are applicable to other designs as well.

EXAMPLE 1 Series Approximations in Sobolev Balls. Similarly to
[50], for an orthonormal bounded basis {P;(-)}32; in L?[0, 1], consider func-
tions f(z) = > 72, 0;P(2) in a Sobolev space S(a, L) for some where a > 1
and L > 0. This space consist of functions whose Fourier coefficients 0 satisfy
> 521105 < oo and

0€O(a,L)={0cP(N): Y52,7207 <L* }.

Among the projection estimators defined in (C.3) the oracle projection
estimator picks k* to minimize the mean squared error. The following char-
acterize the performance of the projection estimators (C.3).

LeMMA 8. Consider the nonparametric model (2.1) where f : [0,1] — R
belongs to the Sobolev space S(a,L) with v > 1 and L > 0, and z; ~
Uniform(0, 1), independent across i = 1,...,n. Given a bounded orthonor-
mal basis {P;(-)}32,, the coefficients of the projection estimator satisfy for

any k < /n/logn
Eal(£(2) = F®(2))% <p k72 + %

By selecting the optimal value of &* which balances (k*)~2% and k* /n, the
1

rate-optimal choice of the number of series terms k* satisfies k* < |Vn2a+T |
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(which is smaller than y/n/logn for n sufficiently large). In turn this implies
an upper bound on the oracle projection estimator risk given by

w20 , 2k 2, — 522
(k") +0°— S on” 2047
n

which achieves minimax bounds, see [50]. "

EXAMPLE 2 Series Approximations in Rearranged Sobolev Balls.
Consider functions in a p-Rearranged Sobolev space RS(«, p, L). These func-
tions take the form f(z) = >272, 0;P;(z) such that 3772, 10;| < oo and
0 € ©%(a, p, L), where

R 9 I permutation Y : {1,...,p} = {1,...,p}
O 1) = {0 PN BRI [l By e
Note that S(a, L) C RS(a, p, L).

The class of rearranged Sobolev functions reduces significantly the rele-
vance of the order of the basis. For each function f, the permutation T
makes the sequence {|0~y f(j)|}§-’:1 non-increasing. In particular, this weakly
improves upon the error due to truncation in the conventional series esti-
mator described in Example 1 since for any k&

p
2 2
SIS S
Jj=k+1 JE{Lp N { T (1), (R) }

Next we consider using the solution 5y of the oracle problem in the main
text to approximate a regression function f € RS(«, p, L). Recall the oracle
problem of choosing the best s-dimensional subspace to approximate the
regression function. The oracle problem solves s € arg ming c% + 02% where

2 : P 2

= min E,[(f—=>7"_,6:P:(z))"].

b= min Bl(f = 30,67 (2)°
Lemma 9 below bounds the sparsity s of the oracle solution fy and also
bounds the mean squared of the approximation errors. Since v/ Lasso achieves
the oracle rates up to a /log(pV n) factor, this result will allow us to

understand the performance of the v/ Lasso estimator for regression functions
in RS(a,p, L).

LEMMA 9.  Given a bounded orthonormal basis {Pj(-)}jo-‘;l, consider the

nonparametric model (2.1) where f : [0,1] — R belongs to a p-Rearranged
Sobolev ball RS(a,p, L) with « > 1 and L > 0, and z; ~ Uniform(0,1),
independent across i = 1,...,n. We have that with probability 1 — o(1)

_ 1 — —2a
s < Knt#2a, 2 +s/n < Knitza
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where the constant K depends only on « and L.

In general, the rate-optimal choice of the number of series terms is at least
_ 1
as good as in Example 1, |T| = s < Kn2+1, which implies an upper bound
on the oracle risk given by

S _ 2«
s72 4 022 < gPpT e,
n

However, in many cases the oracle approximation can improve substantially
over the standard series approximation associated with projection estima-
tors. For example, suppose that Fourier coefficients feature the following
pattern §; = 0 for j < jo and |0;] < Kj~¢ for j > jo. In this case, the stan-
dard series approximation based on the first £ < jy terms, Z?Zl 0;P;j(2),
fails to provide any predictive power for f(z), and the corresponding stan-
dard series estimator based on k terms therefore also fails completely. On the
other hand, series approximation based on k£ > jy terms carry unnecessary
jo terms which increase the variance of the series estimator. For instance, if
0p+1 =1 and 0; =0 for j # n + 1, the standard series estimator fails to be
consistent.

In contrast, the oracle approximation avoids the first unnecessary n term
to achieve consistency. Furthermore, under these regularities conditions (see
Theorem 7), without knowing the exact support, the v/Lasso estimator B
achieves with probability 1 — o(1)

{Enl(F(2) = TaBi P2 < 1B = Bollon + s
slog(pVn)/n+ cs

<o
< pm/etll Slog(p Vv n).

In the case of the sparse model described above in which the first n com-
ponents are not relevant, the adaptivity of v/ Lasso allows it to preserve its
rate while no series projection estimator will be consistent. [

APPENDIX D: DEFERRED PROOFS FOR RESULTS AND
ADDITIONAL RESULTS FOR SECTION 4

D.1. Deferred Proofs for Results in Section 4.

PrROOF OF COROLLARY 2. Note that

— 02 @(B) — @(ﬂo) + (En[aze? + 207e + 12 — 02)

Q
(D.1) - 0’E,[€2 — E[€%]] 4+ 20E,[re] + E,[r2].

——
=
|
Q) Il
>
N
——
+
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The second term in (D.1) is standard since E[|e|?] < C for ¢ > 4. Because
E[{E,[¢® — E[e?]]}?] = €2/n, by Chebyshev’s inequality we have |E,[e? —
E[?]]| < &,/V/én with probability 1 — 6.

Using Theorem 7, for all n > ng, with probability at least 1 — a{1 +
C/logn} — C{n~"?1logn} the conditions for Theorem 2 hold. These condi-
tions and the bound on the second term in (D.1) imply that for ng sufficiently
large |Q/%(By) — 0| < 0/2. Therefore, by Theorem 2 we can bound the first
term in (D.1) as

Q) ~ Q)| = 10"2(5) — Q"2(50) - 10"(B) + @ (Bo)]
< 2Q1/2(80) 49" (2Q1/2(Bo) + 2Q1/2(B0) 42"
<o*{C's 10g(p/0é)/n}
where the last bound follows from Condition P.

The last term in (D.1) satisfies E,[r?] < ¢ < ¢2C’s/n by Condition P.
The third term in (D.1) can be bound using Chebyshev’s inequality and that

E[{Eq[er]}*] = Ble*r?)/n < ¢ max Blef]/n < B[] 1n 12/,
Those imply that 20|E,[re]| < 20cn1/2H14/§12 < g2Cs!/2n=141/4/51/2
with probability 1 — 4.

For the second result of the theorem, note that Conditions ASM, P and

s2log?(p V n) < Cn/logn, implies that oz + ¢ + ¢s < C'+/slog(p V n)/n <
C"n~14/logn = o(n~/*). We expand as before

nl/2 (Q(B) — 0*) = n'/2 (Q(B) — Q(Bo) ) + n'/? (Baloe? + 207¢ +12] - 0?)
=01/ (Q(B) — Qo) ) +n'/2 (0*Enle — BIe] + 20, [re] + En[r?])

By the first part and gz + ¢ + ¢s < C'y/slog(p VvV n)/n < C"n~Y*/logn =

o(n~1*) we have

n'2|Q(B) — Q)| Sp oz + {2 = o(1)
1/2E (2] <pn2 <n'?s/n=o(1)
1/2’15 [7‘6” gP n1/2csn1/q/n1/2 5 nl/2g1/2—1+1/q _ 0(1).

To control the term o?n!/?(E,[¢? — E[¢?]]), since E[¢?] < C, by Lemma 4
with § = ¢/4 —1 > 0 we have

n'/?E,[e? — E[€?]]

D.2
02 VE@ - E@)f]

N(0,1).
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Since E[e!] < C for ¢ > 4 (assume w.l.o.g ¢ < 8), by Vonbahr-Esseen’s LLN,
we have for any t > 0

Bl{c2 — Bl |e/2
P ~ B[] - &) > 1) < S PANT o A0 o),

The result follows from (D.2). "

D.2. Proofs of Additional Results for Section 4 Concerning Penalty
Loadings.

PROOF OF LEMMA 7. Let t, = ®~1(1 — a/2p) and recall we have
wy, = (o~ log nCE[|e|V4))V1 < 1/2
under Condition R. Thus
(D.3)
P (3/n = e|T7 Sl ) = P (14 wa) (b + 1+ u) = Vil T Sl )

< Plo/Enle?] < VT4 uny/En(oe 4 1)%])+
+P(1+up > v/ Enfrr]]loo /0 /Enle2])+

+P(t, > maxi<j<pv/lEn[zjel|/y/EnlrFe?])+
+P(VTF Uk 2 \[Eala?e]/Eale?],j = 1, D).

Next we proceed to bound each term. We shall rely on the following lemma:

LEMMA 10.  Let ry,...,ry, be fized and assume ¢€; are independent zero
mean_random variables such that E[e?] = 1. Suppose that there is q > 2 such
that E[|€|?] < co. Then, for u, >0 we have

2(1+ u")lrgﬂan[eg]

P(W>mm)< min ¥ (v) +

v€(0,1) u,(1—v)n

CqEle1V? 2E[|e|?
where 1(v) = qquLq‘/4 N nl/\(q/Q[‘fL)Lq/Z' Further we have max;<;<y, Ele7] <

n?/4(E]e[7])*/1.
First Term of (D.3). By Lemma 10 with v = w,, we have that

. 2
PloVE] < VIF i/ T 7)< i) + Kl mencecs B

_a_y AQ4un)(E[e e

— logn w, ni—12/d

Second Term of (D.3). By Lemma 6 and using that 7, > 1,

T Enlzr]lloe < |Enfzr]lleo < o/v/n.



12 BELLONI, CHERNOZHUKOV AND WANG

Thus, since [2u, + u2]/[1 4+ uy]? > u,/[1 + uy] > wy, we have

P((1+ un)o/ELTE] 2 VAT Enfor]loe) < P(VELE 2 1/(1+uy))
< P(E,[] - 1] > ety
< (w,) < af logn.

Third Term of (D.3). Let t = minlgjgp(ﬂ?in[x;E[é]])1/2/(1@”[|x§|E[|e3|]])1/3 >
0. By Lemma 4 with § = 1, since t,, < t n'/6 — 1 by Condition R, we have
that there is an universal constant A, such that

b (maxl L VBl tn) < p maxige, P <M . tn)

En[z2€?] \/Enlz3e?]
<2 ®(t,) (1+4) <a(1+4)
where the last inequality follows from the definition of ¢,.

Fourth Term of (D.3). This term determines 7. Let T'y, = diag(31 k. - - -, Yp.k)-
We are interested on the event

(D.4) V1+u¥0 > \/En[:nge?]/\/En[@] forall j=1,...,p

For 70 = 3](10) = maxi<i<n |zi;|, (D.4) follows automatically so n = 0. For

the initial choice of % 0= 3](101) = W(E,[x 4])1/ 4 (D.4) follows provided that

VI+u,Wy/E,[e?] > 1/ 4. We bound this probability
mem D) < PE > W + P (B < )
= qVv8
S Cq:?z[ylfql/s : A nlﬂ(2q]?£| II)UQ/4 + 2/] (11771")

where v* = (W* — E[¢*]) v 0. The result follows since w, /[l + u,] > wy, so
that ¥ (u,/[1 + uy]) < a/logn.

To show the second result of the theorem, consider the iterations of Al-
gorithm 1 for & > 1 conditioned on A\/n > c|]f,;1§|]00 for k = 0. First we
establish a lower bound on 7; . Let 2o = maxi<j<p |2,

\/En (2! B)2] \/En[m 2] \/]En 22 {a'(B—Bo)}2]/o— \/]Engc r2]/
\/En [(y— :c’B)} - VE[2]+]B—Boll2,n /o++/Enlr2]/o

VEn[22e?]~oo; (1B—Bollz,n+cs) /o

> —
- \/]En[62]+(||5—ﬁ0||2,n+cs)/o

’Yj,k

Since 7;x > 1, it suffices to consider the case that E,[¢?] < E,, [m?e2]. There-

fore we have that (1 + A)y; > | /Ey[z3€?]/\/E,[e?] is implied by
(D-5) A = 2B = Bollzn + ¢5)oos /{o/Eale’]}.
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The choice of A = /1 4+ u, — 1 is appropriate under the extra condition
assumed in the theorem and by Theorem 1 to bound |5 — Bol|2,n. Thus,

An > | TS o for k = 1.
Next we establish an upper bound on 7; 4.

\/En 2 (y— :(:’B \/En[:c €2 +\/IEn 2{:(:’(6 Bo)} /O’-"-\/En xzrz}/a

Y el m’ﬂ)} - VEalE]~1B—Boll2,n/o—/Enlr?/o
\/En[x 24T oo (|B—Boll2,n+es) /o

- VEn[e2]~(|B—Boll2,n+cs) /o

’7],19

Under the conditions that maxj<;<p, ||2; ”OO(H,/B\—,B()HQJL—FCS)/O' < upy/Enl€?]/2,
we have
1/ x262 +uny/En[€2]/2

Tik <1 \/]En 2] —tin\/En[e2]/2
<1y tun/2 VEnlzie) < (tun/2)%

—un/2 "\ fBa[2] — 1-un/2 1300

Let T* = diag(vf,...,7;) where v = 1V (/E,[23€?]/\/E,[e?], and re-
call that (2 + up)/(2 — up) < 2 since u, < 2/3. We have that gs(T';) <
OgFyr 1o (T7) < 022(T).

Also, letting 6 = I'*~'T'.d, note that

=T — V56ll2,n
R(T) _m1n||Fk5TC||1<”Fk6T”1 1Tz [1—[porels

(D.6) _ V3IT; 'T*8l2,n
IIF*6Tc|I1<IIF*6TII1 T8 ||1—|IT* 6e ||1

R(T*)/H( T oo

Thus by Theorem 1 we have that the estimator with B based on fk, k=1,
also satisfies (D.5) by the extra condition assumed in the theorem. Thus the
same argument established k > 1. n

PROOF OF LEMMA 10. Let ¢, = (E,[r?]))"/? and a, = 1 — [1/(1 4 u,)] =
U /(1 + up). We have that
(D.7)

P(E,[0%€*] > (1 4+ up)Ey[(0e +1)?]) = P(2E,[er] < —c% — anBy,[0%€%]).

By Lemma 12 we have
P(VE,[e2] <1 —v) < P(|E,[é?] — 1| > v) < 9(v).
Thus,

P(E,[0%€?] > (14un)Ey[(ce+1)?]) < p(v)+P(2E,[oer] < —c2—ano*(1-v)).
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Since €;’s are independent of 7;’s, we have

2

— 4o
2 4 2F(2,2] /) < )2 2 2
E[(2E,[cer])?] = 40°E[e“r*]/n < —— mnin {cs 121%}%E[el], 121%17“@}

By Chebyshev inequality we have

4o?c? max E[e?]/n
P (VEP > VIFuvEloc + 77 ) Sv0)+ i
2(1+un)11£1_a<x Ele?]

< Y(v) +

(1_1))“7177/
The result follows by minimizing over v € (0,1).
Further, we have

2] < 2] < IN2/7 < p2/(E[1e1]])2/9,
@-ag}%E[El] _E[gggez] < (E[IH;%IEZ )71 < n9(E[e?]])

D.3. Proofs of Additional Results for Section 4 Concerning Per-
formance in Sobolev Spaces.

PROOF OF LEMMA 8. The proof used the bound (D.9) in the proof of
Lemma 9. With probability 1 — o(1) E,[(f — Z§=1 0;Pj(2))?] < Kk=%
for any k < y/n/logn A nl_%, and also maxi<j-j<p |E,[Pj(2)Pj(2)]] <
C'\/logn/n. Therefore, for k < y/n/logn, with probability 1 —o(1) we have

Enl(f = F*)? < 2Ba[(Z5-1(6; — 6;P;(2))] + 2Bal(f — 351 05 P5(2))?]
< 2B, 351 (05 — 0;)) max ; | Py(z)

-~ 2 a
+ (2211 105 — 9j!> C\/logn/n + 2Kk~

By Markov’s inequality and Lemma 11 we have

k ~ —oa K
Ea[d (0= 0;)°] Sp k7> +
||

LeMMA 11.  Consider the nonparametric model (2.1) where f :[0,1] —
R belongs to the Sobolev space S(a, L) with « < 1 and L > 0, and z; ~
Uniform(0, 1), independent across i = 1,...,n. Given a bounded orthonor-
mal basis {Pj(-)}]‘?’;l, the coefficients of the projection estimator satisfy for
any k <n

E[Hé\(k) - 0H2|Z17 s 7zn] SP ]{7_2(1 + %

where O = (51, . ,§k,0,0,0,...).
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PROOF OF LEMMA 8. Let Z = [z1,...,2,] and recall that y; = f(z;) +
oe;, Ele;] = 0, E[¢?] = 1. Essentially by Proposition 1.16 of [50] we have
BI6}17) = 0; + 75, where 75 = Balf(:)P5(2)] — 0, and E[(B; — 6;)717] =
E,[Pj(2)}o?/n + 7]2.

Since f(2) = 3,51 0mPm(z) for any z € [0, 1], we have for 1 <j <k < k

V= Y=t OmEa [P (2) P (2)] —

E
= 0;(EalP}(2)] = 1) + Z (2)P;(2)]+
m=1,m#j
+Zm215+1 OmEn [P (2)Pj Z)]

Next, note that 0 satisfies Y 00_, m?@62, < L, we have
(D.8) )

Sk 0] < (K m202)VA(SF _ mm22 < o, L2,
S O] < (50, m2202)2(300_ L m2e) 12 < O LV2R0F 2,

m
For convenience define M = {1,...,k} so that

M»

2 E,[0%; Py (2 Z 10m] <p K o ot
Jj=1 J=1 J=lm>k+1 "

Indeed, note that since the basis is bounded and ( 8) holds, we have
|00 Par(20) Py (2:) — 051 < l0mlly S 1,

and thus Z; := E, [0}, Py (2)P;(z) — 0;] satisfies Ez[Z;] = 0 and EZ[ZJZ] S
1/n. Hence, by Markov’s inequality we have

k
> 25y
=1 "

For some constant V' > 0, setting k = Lan/[QaH]J, k = n, we have

Zm 1 92 5 L2 S n—2a/[2o¢+1}’
Zﬁl 1/7m <p k4 pp—20+1 < p—2a/[2a+1]
= ~ n ~

where we used the fact that the basis is bounded, max; << E,[P;(2)?] < 1,
and kn=2*! < k/n for a > 1. Finally,

~ L
BI0®) —0]212] < S5 EalPi(2)2)% + v sk 02
SpE4 kT
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by the relations above.
| |

PrOOF OF LEMMA 9. For the sake of exposition, without loss of gener-
ality, assume that the components are already rearranged. Note that

G <Eu[(f— Y5, 0;P(2))]
= E,[(XF Me P( ))?]
< 2B, (37 k-i—l Pj(2))?] + 2B, [(3052,041 05P5(2))?]

2
<25 BB ) 2 (S 1051) | _mae [EalP;(2)P ()]
42 (5320 165) ma - [Py (2P
Since the basis is bounded, max; E,[P;(2)?] < K; and max; , |Pj(2)|? <
K5. Because the basis is bounded and orthonormal, E[P;(z)Pj(z)] = 0 for

j # j', for some constant K3, with probability 1 —o(1), by Lemma 19 in [4],
we have

logn
E,|P;(z)P; <K .
 Joax [En[Pi(2) Py (2)]] < K[ —
Also, by f € RS(a,p, L) we have
202 <K1202<Kk2a232a02<KL2]€2a
j=k+1 Jj=k+1 Jj=k+1

Z |9J| §{ Z j2a9j2'}1/2{ Z j—2a}1/2 < Lk‘_a+1/2/m

j=k+1 j=k+1 j=k+1
Therefore, with probability at least 1 — o(1)

i < K L2k~ 4+ 202k~ 2FL /logn/n + 2L*n—2F!

Consider the set of indices Z = {k € N : ky/logn/n < 1, k>* < n2e-1}
For all k € Z, with probability 1 — o(1) we have

(D.9) & <Eu[(f - Z] X N < Kk

Note that for any constant C, k, = Cn'/{1+22} ¢ T for n sufficiently large
since a > 1. Thus,

Cg + s/n < Kk*—2a + k‘*/’l’L < Cln—2a/{1+2a}'

In particular, this implies s < C'n!/{1+2e} [
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APPENDIX E: VARIOUS TECHNICAL LEMMAS

E.1. Lemmas bounding various empirical moments of e;.

LEMMA 12. Let €;, i = 1,...,n, be independent random wvariables such
that E[e?] = 1. Assume that there is ¢ > 2 such that E[|e|?] < oo. Then there
is a constant Cy, that depends on q only, such that for v > 0 we have

CyE[le|™] 2E[|e|"M]
vInd/4 nIN(@/2=1)a/2"

P(|En[€2] - 1| > ’U) < ¢(U) =

PrOOF OF LEMMA 12. This follows by by the application of either Rosen-
thal’s inequality [47] for the case of ¢ > 4 or Vonbahr-Esseen’s inequalities
[58] for the case of 2 < ¢ < 4, and taking the best bound. "

LEMMA 13.  Consider €; ~ t(2). Then, for 7 € (0,1) we have that:
(i) P(E,[€?] > 2v/2/7 + log(4n/T)) < 7/2.

(ii) For 0 < a < 1/6, we have P(E,[e*] < alogn) < m.
(iii) For u, >0 and 0 < a < 1/6, we have

4(7202 log(4n/T
P (VE[?] < (14 un)y/Enl(oe +1)7)) sn<c2+1[un/<l+fi>]!2ilogmz+

+n1/2(1/67a)2 +3

PROOF OF LEMMA 13. To show (i) we will establish a bound on q(E,[¢?], 1—
7). Recall that for a ¢(2) random variable, the cumulative distribution func-
tion and the density function are given by:

x 1
F(z) = 3 <1+W> and f(x)= R

For any truncation level ¢, > V2 we have

2
Ele1{e <t,}] =2 a2 dxz+2f " Gt
<2 V2 Es%g +2f vin dex
< logt,.
(E.1) Elet1£e2 < < V2 zida tnmdm<
[ei1{e; < tn}] 2 [, 23/2 —|—2f tn.
1 f 2 n
El@1{e <t,)] >2) s 42 [Pade o 2 [Vinds
> logty,
= 2\/5 .

Also, because 1 — /1 —v < v for every 0 < v <1,

In
241,

(E.2) P(le;|* > t,) = <1 — ) <2/(2+ty).
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Thus, by setting ¢, = 4n/7 and t = 2/2/7 we have by [27], relation (7.5),

Ele*1{e2<t,,
Hele=ndl L np(le] > 1)

tn 2n
<ot <T/2

P(|En[e?] — B[ 1{e} < tn}]| > )

IN

(E.3)

A

Thus, (i) is established.
To show (ii), for 0 < a < 1/6, we have
(E.4)
P(E,[e?] <alogn) < P(E,[e21{e®> <n'/?}] < alogn)
< P(E[1{e < 017}~ E@1{e < n'2})| 2 (& — a) logn)
< w7 /eae

by Chebyshev’s inequality and since E[e?1{e? < n'/?}] > (1/6) log n.
To show (iii), let an = [(14+up)? — 1]/(1 +un)? = un(2 +upn) /(1 +u,)? >
un/(1 + uy) and note that by (E.1), (E.3), and (E.4) we have

P ( En[02¢2] > (1 + un)y/En[(oe + r)2]) = P(20E,[er] > ¢ + anEn[0%€?])

< P(20E,[er1{e® < t,}] > ¢ + an,o®alogn) + P(E,[€*] < alogn) +nP(e? <t,)
40’20510 tn 1
= n(c§+and2flogn)2 + n1/2(1/6—a)? + 7'/2'

APPENDIX F: PROBABILITY INEQUALITIES USED

F.1. Moment Inequalities.

LEMMA 14 (Rosenthal Inequality). Let Xi,..., X, be independent zero-
mean random variables, then for r > 2

n n n r/2
S Xi| | <Crymax ¢ > EIX[], <Z E[X3]>
i=1 t=1 t=1

COROLLARY 3 (Rosenthal LLN). Let r > 2, and consider the case of
independent and identically distributed zero-mean variables X; with E[X?] =
1 and E[|X;|"] bounded by C. Then for any £, > 0

Pr <’zz':1 Xil > Enn_1/2> < 2C(r)C

n

T

K

r )
n

where C(r) is a constant depend only on r.

Remark. To verify the corollary, note that by Rosenthal’s inequality we
have E[|327, X;|"] < Cn™/2. By Markov’s inequality,

n . r/2
p(IDLX, )  Cow” _clne
n

arn’ — nr/2’

so the corollary follows. We refer to [47] for proofs.
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LEMMA 15 (Vonbahr-Esseen inequality). Let X1, ..., X, be independent
zero-mean random variables. Then for 1 < r <2

n
>_Xi
=1

We refer to [58] for proofs.

T

E

<@-n)- Y EIX.
k=1

COROLLARY 4 (Vonbahr-Esseen’s LLN). Let r € [1,2], and consider the
case of identically distributed zero-mean variables X; with E|X;|" bounded
by C. Then for any £, > 0

Py <|Z?:1 Xil gnn—(l—l/r)> <2

n

Remark. By Markov’s and Vonbahr-Esseen’s inequalities,

pr(LERXL ) < EUREXI  @n- DALY 20

n crnr crnr — Crnr—l )

which implies the corollary.

F.2. Moderate Deviations for Self-Normalized Sums. We shall
be using the following result based on Theorem 7.4 in [24]. (This is restated
here for completeness.)

LEMMA 16 (Moderate deviations for self-normalized sums). Let X1 ,.. .,

Xnn be a triangular array of i.n.i.d, zero-mean random variables, and ¢ €
(0,1]. Let

(% Z?:I EXz%n)l/z
(LS, B[22~

S = f:Xn V2, = f:X;{n and M, = 0.
1=1 i=1

5
Suppose that for some £, — oo such that n2@+9 M, /¢, > 1. Then, for some

_6
absolute constant A, uniformly on 0 < x < n2@F M, /¢, — 1, we have

‘P(|Sn,n/vn,n| > )

2<I>(:n) —1‘< — 0

- €%+5

APPENDIX G: MONTE-CARLO PERFORMANCE OF vLASSO

G.1. Estimation performance of +/Lasso, homoscedastic case.
In this section we use Monte carlo experiments to assess the finite-sample
performance of the following estimators:
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e the (infeasible) Lasso, which knows o (which is unknown outside the
experiments),

e ols post Lasso, which applies ols to the model selected by (infeasible)
Lasso,

e +/Lasso, which does not know o, and

e ols post v/Lasso, which applies ols to the model selected by +/Lasso.

In the homoscedastic case there is no need to estimate the loadings so we
set 75 = 1 for all j = 1,...,p. We set the penalty level for Lasso as the
standard choice in the literature, A = c20y/n® (1 — a/2p), and v/Lasso
according to A = cy/n®1(1 — a/2p), both with 1 — a = .95 and ¢ = 1.1 to
both estimators.

We use the linear regression model stated in the introduction as a data-
generating process, with either standard normal or ¢(4) errors:

(a) €~ N(0,1) or (b) € ~t(4)/V?2,
so that E[e?] = 1 in either case. We set the regression function as

(G1) o) =B, where By =1/72 j=1,....p.

The scaling parameter o vary between 0.25 and 5. For the fixed design, as
the scaling parameter ¢ increases, the number of non-zero components in the
oracle vector s decreases. The number of regressors p = 500, the sample size
n = 100, and we used 100 simulations for each design. We generate regressors
as ¥; ~ N(0,%) with the Toeplitz correlation matrix X5, = (1/2)V =,

We present the results of computational experiments for designs a) and
b) in Figures 1, 2, 3. The left plot of each figure reports the results for
the normal errors, and the right plot of each figure reports the results for
t(4) errors. For each model, the figures show the following quantities as a
function of scaling parameter o for each estimator [:

e Figure 1 — the average empirical risk, E[||§ — Boll2.nl,
e Figure 2 — the norm of the bias, |E[S — (]|, and N
e Figure 3 — the average number of regressors selected, E[|support(3)]].

Figure 1, left panel, shows the empirical risk for the Gaussian case. We see
that, for a wide range of the scaling parameter o, Lasso and v/ Lasso perform
similarly in terms of empirical risk, although standard Lasso outperforms
somewhat v/Lasso. At the same time, ols post Lasso outperforms slightly
ols post v/Lasso for larger signal strengths. This is expected since v/Lasso
over regularize to simultaneously estimate o when compared to Lasso (since

it essentially uses 4/ @(3) as an estimate of o). In the nonparametric model
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€; ~~ N(O,l)

Empirical Risk

€; ~ t(4)

2 3 4 2 3 4 5
g g
——LASSO - - -yLASSO A OLS post LASSO @' OLS post vLASSO

F1G 1. The average empirical risk of the estimators as a function of the scaling parameter

ag.

157

Bias

€; N(O,l)

15

€; t(4)

——LASSO - - -VLASSO A" OLS post LASSO @' OLS post vLASSO

Fi1Gc 2. The norm of the bias of the estimators as a function of the scaling parameter o.

considered here, the coefficients are not well separated from zero. These two
issues combined leads to a smaller selected support.

Overall, the empirical performance of v/Lasso and ols post v/ Lasso achieve
its goal. Despite not knowing o, v/Lasso performs comparably to the stan-
dard Lasso that knows o. These results are in close agreement with our
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€; ~ N(O,l) €; ™~ t(4)

10 10
o ° = °
5 O
5 B3
D D
o) IS
n n
0 0
20 )
) 3
~ ~
= g
= =
Z Z

5

——LASSO and OLS post LASSO = = =/LASSO and OLS post vLASSO

Fi1c 3. The average number of regressors selected as a function of the scaling parameter
0.

theoretical results, which state that the upper bounds on empirical risk for
v/Lasso asymptotically approach the analogous bounds for standard Lasso.

Figures 2 and 3 provide additional insight into the performance of the
estimators. On the one hand, Figure 2 shows that the finite-sample differ-
ences in empirical risk for Lasso and +/Lasso arise primarily due to v/Lasso
having a larger bias than standard Lasso. This bias arises because v/ Lasso
uses an effectively heavier penalty. Figure 3 shows that such heavier penalty
translates into v/ Lasso achieving a smaller support than Lasso on average.

Finally, Figure 1, right panel, shows the empirical risk for the ¢(4) case. We
see that the results for the Gaussian case carry over to the t(4) case. In fact,
the performance of Lasso and v/Lasso under ¢(4) errors nearly coincides with
their performance under Gaussian errors. This is exactly what is predicted
by our theoretical results.

G.2. Estimation performance of +/Lasso, heteroscedastic case.
In this section we use Monte carlo experiments to assess the finite-sample
performance under heteroscedastic errors of the following estimators:

the (infeasible) oracle estimator,

heteroscedastic v/ Lasso (as Algorithm 1),

ols post heteroscedastic v/Lasso, which applies ols to the model selected
by heteroscedastic v/ Lasso.

the (infeasible) ideal heteroscedastic v/Lasso (which uses exact load-
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ings),
e ols post ideal heteroscedastic v/Lasso, which applies ols to the model
selected by ideal heteroscedastic v/ Lasso.

We use the linear regression model stated in the introduction as a data-
generating process. We set the regression function as

(G.2) fla:) =25, where B =1/7% j=1,....p.
The error term ¢; is normal with zero mean and variance given by:

o2 = o2 1+ 2335
' En[{1+ 255}

where the scaling parameter o vary between 0.1 and 1. For the fixed design,
as the scaling parameter o increases, the number of non-zero components
in the oracle vector s decreases. The number of regressors p = 200, the
sample size n = 200, and we used 500 simulations for each design. We
generate regressors as x; ~ N(0,%) with the Toeplitz correlation matrix
Yip = (1/2)7=kI. We set the penalty level v/Lasso according to the recom-
mended parameters of Algorithm 1.

Figure 4 displays the average sparsity achieve by each estimator and the
average empirical risk. The heteroscedastic v/ Lasso exhibits a stronger de-
gree of regularization. This is reflected by the smaller number of components
selected and the substantially larger empirical risk. Nonetheless, the selected
support seems to achieve good approximation performance since the ols post
heteroscedastic v/ Lasso performs very close to its ideal counterpart and to
the oracle.

APPENDIX H: COMPARING COMPUTATIONAL METHODS FOR
LASSO AND vLASSO

Next we proceed to evaluate the computational burden of v/Lasso relative
to Lasso, from computational and theoretical perspective.

H.1. Computational performance of v/Lasso relative to Lasso.
Since model selection is particularly relevant in high-dimensional problems,
the computational tractability of the optimization problem associated with
v/Lasso is an important issue. It will follow that the optimization problem
associated with v/Lasso can be cast as a tractable conic programming prob-
lem. Conic programming consists of the following optimization problem

min, ¢(x)
A(z) =0
re K
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Sparsity
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F1G 4. For each estimator the top figure displays the corresponding sparsity and the bot-
tom figure displays the empirical risk as a function of the scaling parameter o. The solid
line corresponds to the oracle estimator, the dotted line corresponds to the heteroscedastic
v/ Lasso, the dashed-dot line corresponds to the ideal heteroscedastic v/ Lasso. The dotted
line with circles corresponds to ols post heteroscedastic v/ Lasso and the dashed-dotted line
with circles corresponds to ols post ideal heteroscedastic \/ Lasso.

where K is a cone, c is a linear functional, A is a linear operator, and b is
an element in the counter domain of A. We are particularly interested in
the case where K is also convex. Convex conic programming problems have
greatly extended the scope of applications of linear programming problems?®
in several fields including optimal control, learning theory, eigenvalue op-

®The relevant cone in linear programs is the non-negative orthant, min, {c¢'w : Aw =
b,w € RE Y.
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timization, combinatorial optimization and others. Under mild regularities
conditions, duality theory for conic programs has been fully developed and
allows for characterization of optimal conditions via dual variables, much
like linear programming problems.

In the past two decades, the study of the computational complexity and
the developments of efficient computational algorithms for conic program-
ming have played a central role in the optimization community. In partic-
ular, for the case of self-dual cones, which encompasses the non-negative
orthant, second-order cones, and the cone of semi-definite positive matri-
ces, interior-point methods have been highly specialize. A sound theoretical
foundation, establishing polynomial computational complexity [43, 45], and
efficient software implementations [51] made large instances of these prob-
lems computational tractable. More recently, first-order methods have also
been propose to approximately solve even larger instances of structured conic
problem [41, 42, 39].

It follows that (2.5) can be written as a conic programming problem whose
relevant cone is self-dual. Letting Q! := {(t,v) € RxIR" : t > ||v||} denote
the second order cone in IR"*!, we can recast (2.5) as the following conic
program:

t Ae

min_ —=+ 23" (v )

(H.1) toftps V/no i

vi=y— BT+ BT, i=1,...,n
(t,v) € Q™ BT >0, B~ >0.

Conic duality immediately yields the following dual problem

E
max  Ey[yal

(H.2) |Enlzja]| < Ayi/n, j=1,...,p
lall < V/n.

From a statistical perspective, the dual variables represent the normalized
residuals. Thus the dual problem maximizes the correlation of the dual vari-
able a subject to the constraint that a are approximately uncorrelated with
the regressors. It follows that these dual variables play a role in deriving
necessary conditions for a component 3; to be non-zero and therefore on
sparsity bounds.

The fact that v/Lasso can be formulated as a convex conic programming
problem allows the use of several computational methods tailored for conic
problems to compute the v/Lasso estimator. In this section we compare three
different methods to compute v/Lasso with their counterparts to compute
Lasso. We note that these methods have different initialization and stopping
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n =100, p =500 Componentwise First-order Interior-point

Lasso 0.2173 10.99 2.545
v/ Lasso 0.3268 7.345 1.645

n =200, p = 1000 Componentwise First-order Interior-point

Lasso 0.6115 19.84 14.20
v/ Lasso 0.6448 19.96 8.291

n =400, p = 2000 Componentwise First-order Interior-point

Lasso 2.625 84.12 108.9
v/ Lasso 2.687 77.65 62.86
TABLE 1
In these instances we had s =5, 0 =1, and each value was computed by averaging 100
simulations.

criterion that could impact the running times significantly. Therefore we do
not aim to compare different methods but instead we focus on the compari-
son of the performance of each method to Lasso and v/Lasso since the same
initialization and stopping criterion are used.

Table H.1 illustrates that the average computational time to solve Lasso
and v/ Lasso optimization problems are comparable. Table H.1 also rein-
forces typical behavior of these methods. As the size increases, the running
time for interior-point method grows faster than other first-order method.
Simple componentwise method is particular effective when the solution is
highly sparse. This is the case of the parametric design considered in these
experiments. We emphasize the performance of each method depends on the
particular design and choice of .

H.2. Discussion of Implementation Details. Below we discuss in
more detail the applications of these methods for Lasso and v/Lasso. For
each method, the similarities between the Lasso and v/Lasso formulations
derived below provide theoretical justification for the similar computational
performance. In what follows we were given data {Y = [y1,...,y,], X =
[%1,..., 2y} and penalty {\, T’ = diag(y1,...,7)}

Interior-point methods. Interior-point methods (IPMs) solvers typi-
cally focus on solving conic programming problems in standard form,

(H.3) mincdw : Aw=bw € K.

w
The main difficulty of the problem arises because the conic constraint will
be biding at the optimal solution.

IPMs regularize the objective function of the optimization with a barrier
function so that the optimal solution of the regularized problem naturally
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lies in the interior of the cone. By steadily scaling down the barrier function,
a IPM creates a sequence of solutions that converges to the solution of the
original problem (H.3).

In order to formulate the optimization problem associated with the Lasso
estimator as a conic programming problem (H.3), we let 8 = 7 — 87, and
note that for any vector v € IR"™ and any scalar t > 0 we have that

v'v <t is equivalent to ||(v, (t —1)/2)|| < (t+1)/2.

Thus, we have that Lasso optimization problem can be cast

t Ae
min -+ — Bt 4+ ~.87
t76+757,a1,a27v n n;’}ljﬂj V]BJ

’U:Y_Xﬁ-‘r_i_Xﬁ_

t=—1+2a;

t =1+ 2as

(v,a2,a1) € Q™*2, ¢ > 0,87 € RY, B~ € RE.

The +/Lasso optimization problem can be cast by similarly but without
auxiliary variables a1, as:

. t AN b e
t,BI‘P,an*,v ﬁJr;;’Yjﬁj + B;
v=Y - XBt + X5~
(v,t) € Q"1 BT e RY, B~ € RE.

First-order methods. The new generation of first-order methods focus
on structured convex problems that can be cast as

Hbi}n f(A(w) + b) + h(w) or Irgn h(w) : A(w)+be€ K.

where f is a smooth function and h is a structured function that is pos-
sibly non-differentiable or with extended values. However it allows for an
efficient proximal function to be solved, see [2]. By combining projections
and (sub)gradient information these methods construct a sequence of iter-
ates with strong theoretical guarantees. Recently these methods have been
specialized for conic problems which includes Lasso and v/Lasso. It is well
known that several different formulations can be made for the same opti-
mization problem and the particular choice can impact the computational
running times substantially. We focus on simple formulations for Lasso and
v/ Lasso.
Lasso is cast as
min F(A(w) +b) + h(w)
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where f(-) = ||-]|?/n, h(:) = (\/n)]||-|1, A = X, and b = —Y. The projection
required to be solved on every iteration for a given current point 8* is

B(5%) = argmin 2, a(y — /8B -+ gyl 8 — B*IP + 2Bl

It follows that the minimization in 8 above is separable and can be solved
by soft-thresholding as

B;(8*) = sign (8;) max {| 8| — Xv;/[ny], 0}
where ﬂ;-r = ﬁf + 2B, [z;(y — 2'6%)]/u.
or v/Lasso the “conic form” is given by

minh(w) : A(w)+b € K.

Letting Q""! = {(2,t) € R" xR :t > ||z||} and h(w) = f(B,t) =
t//n+ (A/n)||TB||1 we have that

min ﬁ + —HFﬁHl A(B,t)+be Q™

where b = (=Y’,0)" and A(B,t) — (5 X', t)".

In the associated dual problem, the dual variable z € IR" is constrained
to be ||z]| < 1/y/n (the corresponding dual variable associated with ¢ is set
to 1/4/n to obtain a finite dual value). Thus we obtain

max inf —||T'B||; + uﬂ BRI — (Y — X
i 2B+ 58 — 847 — £ - X).

Given iterates 8%, zF, as in the case of Lasso that the minimization in 3 is
separable and can be solved by soft-thresholding as

ﬂj(ﬂk,zk) = sign (Bf + (X'zk/u)j) max{‘ﬂf + (X'zk/,u)j — My /[nul, 0} .
The dual projection accounts for the constraint ||z|| < 1/y/n and solves

O
2(BF, %) =arg min =z — 2|2 + (Y — X8z
(3.5 oy win e 4 (v - X6

which yields

2+ (te/0k) (Y — XB%)

k _ky __
A = T o) — X

L . _ ypk
H mln{\/ﬁ, 2k + (t/Ok)(Y — X B )”}
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Componentwise Search. A common approach to solve unconstrained
multivariate optimization problems is to (i) pick a component, (ii) fix all
remaining components, (iii) minimize the objective function along the cho-
sen component, and loop steps (i)-(iii) until convergence is achieved. This is
particulary attractive in cases where the minimization over a single compo-
nent can be done very efficiently. Its simple implementation also contributes
for the widespread use of this approach.

Consider the following Lasso optimization problem:

P
i Eally =97+ 331
j=
Under standard normalization assumptions En[xg] =1for j =1,...,p.
Below we describe the rule to set optimally the value of §; given fixed the
values of the remaining variables. It is well known that Lasso optimization
problem has a closed form solution for minimizing a single component.
For a current point 3, let 5_; = (81, B2, ..., B8j-1,0,Bj+1,--.,5p)":

o if 2K, [z;(y — 2'8_;)] > Av;/n it follows that the optimal choice for j;
is
Bj = (‘2En{$j(y — 517/5—)’)] + )‘Vj/n) /En[$§]7
o if 2K, [z;(y — 2'B_;)] < —Ay;j/n it follows that the optimal choice for
Bj is
Bj = (—2Eufz;(y — 2'B-)] = Avj/n) /Enla3);
o if 2|E,[z;(y — 2'B_;)]| < \vy;j/n we would set 8; = 0.

This simple method is particularly attractive when the optimal solution is
sparse which is typically the case of interest under choices of penalty levels
that dominate the noise like A > enl|S||so-

Despite of the additional square-root, which creates a non-separable crite-
rion function, it turns out that the componentwise minimization for v/Lasso
also has a closed form solution. Consider the following optimization problem:

. A p
min /E,[(y — 2/8)?] + - ;%Wﬂ-

BeERP
As before, under standard normalization assumptions En[xi] =1for j =
1,...,p. Below we describe the rule to set optimally the value of ; given

fixed the values of the remaining variables.
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o I Eufe;(y — @/8-5)] > (\/n)y/Q(B-), we have

B; CEnfzily—2'B5)] | My \/@(B—j) = (Enlz;(y — '5-5)]/Enl2])
i = E,[z]] En[2}] V12— (292/Eq[a2)

)

o if Bgfaj(y — 2'B-,)] < —(A/n)y;\/Q(B-;), we have

Enlzj(y —a'B-5)] My \/@(ﬂ’j) ~ (Bnloyly — 2'8-5)1/Enle])
E,[z7] En[z3] \/n2 — (A272/En[23)

)

o if [E,[zj(y — «'8-;)]| < (\/n)7;4/ Q(B—;), we have §; = 0.
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