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UNIFORM POST SELECTION INFERENCE FOR LAD REGRESSION AND
OTHER Z-ESTIMATION PROBLEMS

A. BELLONI, V. CHERNOZHUKOV, AND K. KATO

ABSTRACT. We develop uniformly valid confidence regions for regression coefficients in a high-dimensional
sparse least absolute deviation/median regression model. The setting is one where the number of regres-
sors p could be large in comparison to the sample size n, but only s < n of them are needed to accurately
describe the regression function. Our new methods are based on the instrumental median regression es-
timator that assembles the optimal estimating equation from the output of the post ¢1-penalized median
regression and post £1-penalized least squares in an auxiliary equation. The estimating equation is im-
munized against non-regular estimation of nuisance part of the median regression function, in the sense
of Neyman. We establish that in a homoscedastic regression model, the instrumental median regression
estimator of a single regression coefficient is asymptotically root-n normal uniformly with respect to the
underlying sparse model. The resulting confidence regions are valid uniformly with respect to the un-
derlying model. We illustrate the value of uniformity with Monte-Carlo experiments which demonstrate
that standard/naive post-selection inference breaks down over large parts of the parameter space, and
the proposed method does not. We then generalize our method to the case where p; > n regression
coefficients are of interest in a non-smooth Z-estimation framework with approximately sparse nuisance
functions, containing median regression with a single target regression coefficient as a very special case.
‘We construct simultaneous confidence bands on all p; coefficients, and establish their uniform validity

over the underlying approximately sparse model.

Key words: uniformly valid inference, instruments, Neymanization, optimality, sparsity, model selec-

tion

1. INTRODUCTION

We consider the following regression model
yizdiao—kx;ﬁo—i—ei, 1=1,...,n, (11)

where d; is the “main regressor” of interest, whose coefficient ag we would like to estimate and perform
(robust) inference on. The (z;)!"; are other high-dimensional regressors or “controls.” The regression

error ¢; is independent of d; and x; and has median 0. The errors (¢;)!; are i.i.d. with distribution

Date: First version: May 2012, this version December 29, 2013. We would like to thank the participants of Luminy
conference on Nonparametric and high-dimensional statistics (December 2012), Oberwolfach workshop on Frontiers in
Quantile Regression (November 2012), 8h World Congress in Probability and Statistics (August 2012), and seminar at the
University of Michigan (October 2012). We are grateful to Sara van de Geer, Xuming He, Richard Nickl, Roger Koenker,
Vladimir Koltchinskii, Steve Portnoy, Philippe Rigollet, and Bin Yu for useful comments and discussions.
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2 UNIFORM POST SELECTION INFERENCE FOR Z-PROBLEMS

function F(-) and probability density function f.(-) such that F(0) = 1/2 and f. = f.(0) > 0. The
assumption on the error term motivates the use of the least absolute deviation (LAD) or median regression,

suitably adjusted for use in high-dimensional settings.

The dimension p of “controls” x; is large, potentially much larger than n, which creates a challenge for
inference on . Although the unknown true parameter 3y lies in this large space, the key assumption
that will make estimation possible is its sparsity, namely T = supp(Sp) has s < n elements (where s can
depend on n; we shall use array asymptotics). This in turn motivates the use of regularization or model

selection methods.

A standard (non-robust) approach towards inference in this setting would be first to perform model

selection via the ¢1-penalized LAD regression estimator

~ 5 . A
(@,5) € argmin Enfly — dov — '] + — (e, 5ll1, (1.2)
where A is a penalty parameter and ? = diag(Ey[d?], E,[z7],... ,E,[22]) is a diagonal matrix with
normalization weights, and then to use the post-model selection estimator
(@,B) e argmiél {En[|y —da—2'B|]: B; =0if B; = O} (1.3)

to perform “usual” inference for ag. (The notation E,[-] denotes the average over index 1 < i < n.)

This standard approach is justified if (1.2) achieves perfect model selection with probability approach-
ing 1, so that the estimator (1.3) has the “oracle” property with with probability approaching 1. However
conditions for “perfect selection” are very restrictive in this model, in particular, requiring significant sep-
aration of non-zero coefficients away from zero. If these conditions do not hold, the estimator & does
not converge to o at the y/n-rate — uniformly with respect to the underlying model— which implies that
“usual” inference breaks down and is not valid. (The statements continue to apply if « is not penalized in
(1.2), a is restricted in (1.3), or if thresholding is applied.) We shall demonstrate the breakdown of such
naive inference in the Monte-Carlo experiements where non-zero coefficients in 6y are not significantly

separated from zero.

Note that the breakdown of inference does not mean that the aforementioned procedures are not
suitable for prediction purposes. Indeed, the ¢1-LAD estimator (1.2) and post ¢1-LAD estimator (1.3)
attain (essentially) optimal rates \/W of convergence for estimating the entire median regression
function, as has been shown in [28, 3, 15, 31] and in [3]. This property means that while these procedures
will not deliver perfect model recovery, they will only make “moderate” model selection mistakes (omitting

only controls with coefficients local to zero).

To achieve uniformly valid inferential performance we propose a procedure whose performance does
not require perfect model selection and allows potential “moderate” model selection mistakes. The latter
feature is critical in achieving uniformity over a large class of data generating processes, similarly to
the results for instrumental regression and mean regression studied in [2], [7], [32], [6]. This allows us to
overcome the impact of (moderate) model selection mistakes on inference, avoiding (in part) the criticisms
in [19], who prove that the “oracle property” sometime achieved by the naive estimators necessarily implies

the failure of uniform validity of inference and their semiparametric inefficiency [20].
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In order to achieve robustness with respect to moderate model selection mistakes, it will be necessary
to achieve the proper orthogonality condition between the main regressors and the control variables.

Towards that goal the following auxiliary equation plays a key role (in the homoscedastic case):
dizxwo—i—vi, E[’Ui|$i]=0, 1=1,...,n (14)

describing the relevant dependence of the regressor of interest d; to the other controls z;. We shall assume
the sparsity of 6y, namely Ty = supp(fp) has at most s < n elements, and estimate the relation (1.4) via
Lasso or post-Lasso methods described below.

Given v;, which “partials out” the effect of x; from d;, we shall use it as an instrument in the following

estimating equations for ay:
Elp(yi — dicg — i Bo)vi] =0, i=1,...,n,

where ¢(t) = 1/2—1(¢t < 1/2). We shall use the empirical analog of this equation to form an instrumental
median regression estimator of «g, using a plug-in estimator for z}8p. The estimating equation above

has the following feature:

0 .
—E[p(y; — diag — x,8)v;] =0, i=1,..,n, (1.5)
08 B=Bo
As aresult, the estimator of g will be “immunized” against “crude” estimation of 23y, for example, via a
post-selection procedure or some regularization procedure. As we explain in Section 5, such immunization

ideas can be traced back to Neyman ([21, 22]).

Our estimation procedure has the following three steps.

Step 1: Estimation of the confounding function ;3 in (1.1).
Step 2: Estimation of the instruments (residuals) v; in (1.4).
Step 3: Estimation of the main effect ag based on the instrumental

median regression using v; as instruments for d;.

Each step is computationally tractable, involving solutions of convex problems and a one-dimensional
search, and relies on a different identification condition which in turn requires a different estimation

procedure:

Step 1 constructs an estimate for the nuisance function x5y and not an estimate for ag. Here we
do not need a y/n-rate consistency for the estimates of the nuisance function; slower rate like o(n=1/4)
will suffice. Thus, this can be based either on the ¢1-LAD regression estimator (1.2) or the associated

post-model selection estimator (1.3).

Step 2 partials out the impact of the covariates x; on the main regressor d;, obtaining the estimate
of the residuals v; in the decomposition (1.4). In order to estimate these residuals we rely either on

heteroscedastic Lasso [2], a version of the Lasso estimator of [27, 9]:

b argmin E,[(d — 2'6)%] + 5|\f9|\1 and set ; =d; — /0, i=1,...,n, (1.6)
n
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where A and T are the penalty level and data-driven penalty loadings described in [2] (restated in Appendix

D), or the associated post-model selection estimator (Post-Lasso) [4, 2] defined as

fe arg min {En[(d —2'0)?): 0, =0if b, = 0} and set ; = d; — /0. (1.7)

K2

Step 3 constructs an estimator ¢ of the coefficient g via an instrumental LAD regression proposed in
[12], using (v;)"_; as instruments. Formally, & is defined as

_ A, [o(y — 2B — da)d]?
- E.[07] ’

& € arg inf4 L,(a), where L, () (1.8)
ac

o(t) = 1/2 — 1{t < 0} and A is a parameter space for ag. We will analyze the choice of A = [ —

Clog™'n,a+ Clog™* n] with a suitable constant C' > 0. 1 Several other choices for A are possible.

Our main result establishes conditions under which ¢ is root-n consistent for ag, asymptotically normal,
and achieves the semi-parametric efficiency bound for estimating o in the current homoscedastic setting,
provided that (s log® p)/n — 0 and other regularity conditions hold. Specifically, we show that, despite

possible model selection mistakes in Steps 1 and 2, the estimator & obeys
Ugl\/ﬁ(d_o@) ~ N(Ovl)a (19)

where 02 = 1/(4f?E[v?]) with f. = f.(0). An alternative (and more robust) expression for o2 is given

by Huber’s sandwich:
02 = J7'QJ7!, where Q := E[v?]/4 and J := E[f.dv]. (1.10)

We recommend to estimate Q by the plug-in method and to estimate J by Powell’s method [23]. Fur-
thermore, we show that the criterion function at the true value aq in Step 3 has the following pivotal
behavior

nLy(ag) ~ x2(1). (1.11)
This allows the construction of a confidence region En@ with asymptotic coverage 1 — & based on the

statistic Ly,

pr(ag € Ane) — 1 — & where A, ¢ = {a € A: nL,(a) < (1 — &)-quantile of x?(1)}. (1.12)

Importantly, the robustness with respect to moderate model selection mistakes, which occurs because of
(1.5), allows the results (1.9) and (1.11) to hold uniformly over a large range of data generating processes,
similarly to the results for instrumental regression and partially linear mean regression model established
in [6, 32, 2]. One of our proposed algorithms explicitly uses ¢1-regularization methods, similarly to [32]

and [2], while the main algorithm we propose uses post-selection methods, similarly to [6, 2].

Throughout the paper, we use array asymptotics — asymptotics where the model changes with n — to
better capture some finite-sample phenomena such as “small coefficients” that are local to zero. This
ensures the robustness of conclusions with respect to perturbations of the data-generating process along
various model sequences. This robustness, in turn, translates into uniform validity of confidence regions

over substantial regions of data-generating processes.

—1/2

IFor numerical experiments we used C = 10(Ey, [d2]) and typically we normalize E,, [d?] = 1.
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In Section 3 we generalize the LAD regression to a more general setting by (i) allowing p; target
parameters defined via Huber’s Z-problems are of interest, with dimension p; potentially much larger
than the sample size, and (ii) also allowing for approximately sparse models. This framework covers
many other semi-parametric models since we cover smooth and non-smooth score functions. We provide
sufficient conditions to derive a uniform Bahadur representation. Finally, building up on [11], we verify

the validity of a multiplier bootstrap procedure.

1.1. Notation and convention. Denote by (Q, F,pr) the underlying probability space. The notation

E,[] denotes the average over index 1 < i < n, ie., it simply abbreviates the notation n=* Y7, [].

For example, E,[z5] = n~' 3" x7,. For a function f : R x R x R? — R, we write G,(f) =
n~YV23 (f(vi,diy i) — B[f(yi,di,2i)]). The lp-norm is denoted by || - ||, and the lp-norm, || - ||,
denotes the number of non-zero components of a vector. Denote by || - ||oo the maximal absolute element

of a vector. For a sequence (z;)_, of constants, we write ||z||2,, = 1/En[22]. For example, for a vector
§ € R, ||2'8|2,n = \/En[(2/0)?] denotes the prediction norm of §. Given a vector § € RP, and a set of
indices T C {1,...,p}, we denote by dr € RP the vector such that (d7); = ¢; if j € T and (6r); = 0
if j ¢ T. Also we write the support of ¢ as supp(d) = {j € {1,...,p} : §; # 0}. We use the notation
(a)+ = max{a,0}, a Vb = max{a, b}, and a A b = min{a,b}. We also use the notation a < b to denote
a < c¢b for some constant ¢ > 0 that does not depend on n; and a Sp b to denote a = Op(b). The arrow
~ denotes convergence in distribution. We assume that the quantities such as p (the dimension of z;),
s (a bound on the numbers of non-zero elements of 3y and ), and hence y;, ;, Bo, 00, T and T, are all
dependent on the sample size n, and allow for the case where p = p,, — o0 and s = s,, = 00 as n — oc.
However, for the notational convenience, we shall omit the dependence of these quantities on n. For a
class of measurable functions F equipped with the envelope F' = sup,cz |f|, let N(e, F, || - [|,2) denote
the e-covering number of the class of functions F with respect to the L*(Q) seminorm || - || 2, where Q is

finitely discrete, and let ent(e, F) = logsupg N (|| F'[|q.2, F, || - [|@.2) denote the uniform covering entropy.

2. THE METHODS, CONDITIONS, AND RESULTS

2.1. The methods. Each of the steps outlined before uses a different identification condition. Several

combinations are possible to implement each step, two of which are the following.

Algorithm 1 (Based on Post-Model Selection estimators).
(1) Run Post-£;-penalized LAD (1.3) of y; on d; and z;; keep fitted value x;B
(2) Run Post-Lasso (1.7) of d; on ;; keep the residual 0; := d; — /6.
(3) Run Instrumental LAD regression (1.8) of y; — :1025 on d; using v; as the instrument for d; to

compute the estimator ¢. Report & and/or perform inference based upon (1.9) or (1.12).

Algorithm 2 (Based on Regularized Estimators).
(1) Run ¢;-penalized LAD (1.2) of y; on d; and ;; keep fitted value 2,f3.
(2) Run Lasso of (1.6) d; on x;; keep the residual v; := d; — xia
(3) Run Instrumental LAD regression (1.8) of y; — I;B on d; using v; as the instrument for d; to

compute the estimator ¢. Report & and/or perform inference based upon (1.9) or (1.12).
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Comment 2.1 (Penalty Levels). In order to perform ¢;-LAD and Lasso, one has to suitably choose the
penalty levels. In the Supplementary Appendix F we provide implementation details including penalty
choices for each step of the algorithm, and in all what follows we shall obey the penalty choices described

in Appendix F.

Comment 2.2 (Differences). Algorithm 1 relies on Post-£1-LAD and Post-Lasso while Algorithm 2 relies
on ¢1-LAD and Lasso. Since Algorithm 1 refits the non-zero coefficients without the penalty term it has
a smaller bias. Therefore it does rely on ¢;-LAD and Lasso obtaining sparse solutions which in turn
typically relies on restricted isometry conditions [3, 2]. Algorithm 2 relies on penalized estimators. Step

3 of both algorithms relies on instrumental LAD regression with estimated data.

Comment 2.3 (Alternative Implementations). As discussed before, the three step approach proposed
here can be implemented with several different methods each with specific features. For instance, Dantzig
selector, square-root Lasso or the associated post-model selection could be used instead of Lasso or Post-
Lasso. Moreover, the instrumental LAD regression can be substituted by a 1-step estimator from the
,-LAD estimator @ of the form & = @ + (Ey[f0%]) " En[@(y — d& — 2/ B)3] or by a LAD regression with

all the covariates selected in Steps 1 and 2.

2.2. Regularity Conditions. Here we provide regularity conditions that are sufficient for validity of
the main estimation and inference results. The behavior of the population Gram matrix E[ZZ'], where
Z; = (d;,x}), plays an important role in the analysis. It suffices to have good behavior of smaller
submatrices despite the fact that whenever p + 1 > n, the empirical Gram matrix E,,[ZZ'] does not have
full rank and in principle is not well-behaved. Define the minimal and maximal m-sparse eigenvalue of a
matrix M as P P

Gmin(m, M) := 1<|%1H1?<m o and  @max(m, M) := 1<ﬁr¢$1|§|3t)xgm o
We denote dmin(m) := dmax(m, E[ZZ']) and ¢max(m) := dmax(m, E[ZZ']). To assume that ¢min(m) > 0

requires that all population Gram submatrices formed by any m components of Z; are positive definite.

(2.13)

Next we state our main condition, which contains the previously defined approximate sparsity as well as
other more technical assumptions. Throughout the paper, let ¢ and C' be positive constants independent

of n, and let ¢,, /" 00,4, \, 0, and A,, \ 0 be sequences of positive constants.

Condition 1. (i) (&), is a sequence of i.i.d. random variables with common distribution function F
such that F(0) = 1/2, independent of the random vectors {(d;, )" Yi_y. {(vi,di, )"}y is a sequence of
i.i.d. random vectors generated according to models (1.1) and (1.4). (i) c < E[v? | 2] and E[|v]® | 2] < C,
a.s., and Bld'] + E[v*] + max,<j<p(Elz3d?] + E[|z;v[*]) < C. (ii) There exists s = s, > 1 such that
1Bollo < s and ||6ollo < s. (i) The error distribution F is absolutely continuous with continuously
differentiable density f.(-) such that f.(0) = ¢ > 0 and f(t) V |fL(t)] < C for all t € R, (v) with prob-
ability 1 — A, we have K, > maxicicn ||%i]loo and (K2 + K252 + s%)log®(p V n) < nd,. (vi) We have
¢ < Gmin(€n8) < Gmax(ns) < C.

Comment 2.4. Condition 1(i) imposes the setting discussed in the previous section with the zero

conditional median of the error distribution. Condition 1(ii) imposes moment conditions on the structural
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errors and regressors to ensure good model selection performance of Lasso applied to equation (1.4). The
approximate sparsity 1 (iii) imposes sparsity of the high-dimensional vectors 3y and . In the theorems
below we provide the required technical conditions on the growth of slogp since it is dependent on the
choice of algorithm. Condition 1(iv) is a set of standard assumptions in the LAD literature (see [16])
and in the instrumental quantile regression literature [12]. Condition 1(v) restricts the sparsity index, so
that s®log®(p V n) = o(n) is required; this is analogous to the restriction p*(logp)? = o(n) made in [13]
in the problem without selection. Most importantly, no assumptions on the separation from zero of the

non-zero coefficients of y and [y are made.

Comment 2.5. Condition 1(vi) is quite plausible for many designs of interest. Combined with Condition
1(v), an equivalence between the norms induced by the empirical Gram matrix and the population Gram
matrix over s-sparse vectors follows. Other examples of such equivalence are: Theorem 3.2 in [25] (see
also [33] and [1]) for i.i.d. zero-mean sub-Gaussian regressors and slog?(n V p) < §,,n; Theorem 1.8 [25]

(see also Lemma 1 in [4]) for i.i.d. uniformly bounded zero-mean regressors and s(log® n) log(pVn) < d,n.

2.3. Results. We begin with considering the estimators generated by Algorithms 1 and Algorithm 2.

Theorem 1 (Robust Estimation and Inference). Let & and L., be obtained by Algorithm 1 or Algorithm
2. Suppose that Condition 1 is satisfied for all n > 1. Moreover, suppose that with probability at least
1— A, |Bllo < Cs. Then, as n — oo and for o2 = 1/(4f2E[v?]),

o, v/n(d — ag) ~ N(0,1) and nL,(ag) ~ x*(1).

Theorem 1 establishes the first main result of the paper. Algorithm 1 relies on the post model se-
lection estimators which in turn hinge on achieving sufficiently sparse estimates B and 0. Sparsity of
the former can be directly achieved under sharp penalty choices for optimal rates as discussed in the
Supplementary Appendix F.2. The sparsity for the latter potentially requires heavier penalty as shown
in [3]. Alternatively, sparsity for the estimator in Step 1 can also be achieved by truncating the smallest
components of estimate 3.2 Algorithm 2 relies on the regularized estimators instead of the post-model
selection estimators. Theorem 1 establishes that Algorithm 2 achieves the same inferential guarantees as
Algorithm 1.

An important consequence of these results is the following corollary. Here P,, denotes a collection of dis-
tributions for {(y;, d;, ;)" }j=, and for P,, € P, the notation prp means that under prp_, {(yi, ds, 2}) iy
is distributed according to the law determined by P,.

Corollary 1 (Uniformly Valid Confidence Intervals). Let & be the estimator of ag constructed
according to Algorithm 1 or Algorithm 2, and let Py, be the collection of all distributions of {(yi, ds, x5)' }iy
for which Condition 1 and ||B||0 < Cs holds with with probability at least 1 — A, for given n > 1. Then
asn — 0o,

sup |prp, (a0 € (@t onzea/V]) = (1 =€) =o(1), sup |prp (ag € Ang) = (1) = o(1),
Pp€Pn Pn,€Pn

2Lemma 3 in Appendix D.2 formally shows that a suitable truncation preserves the rate of convergence under our

conditions.
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where z¢ ;o = 1 (1 —£/2) and /Alnf ={a e A:nLy(a) < (1 - ¢&)-quantile of x*(1)}.

Corollary 1 establishes the second main result of the paper; it highlights the uniformity nature of the
results. As long as the overall sparsity requirements hold, imperfect model selection in Steps 1 and 2 do
not compromise the results. The robustness of the approach is also apparent from the fact that Corollary
1 allows for the data-generating process to change with n. This result is new even under the traditional
case of fixed-p asymptotics. Condition 1 explicitly characterize regions of data-generating processes for
which the uniformity result holds. Simulations results discussed next also provide an additional evidence

that these regions are substantial.

2.4. Generalization to Many Target Coefficients and Approximate Sparsity. We consider the

following generalization to the previous model:

D1

y=> diag+g(u)+e, e~F, F(0)=1/2
(=1

where (d, u) are regressors, and ¢ is the noise with distribution function F that is independent of regressors,
and has median 0, i.e. F(0) = 1/2. The coefficients oy for each ¢ € £ = {1,...,p1} are now the high-

dimensional parameter of interest.

We can rewrite this model as p; models of the previous form:
Yy = apdy + gg(Zg) +e€ dp= mg(Zg) + vy, E[U@|Z@] =0, (f S ﬁ), (2.14)

where ay is the target coefficient, g¢(z¢) = f;é dioq + g(u), me(ze) = Elde | z¢] and z¢ = (d,u) \ dg. We
would like to estimate and perform inference on each of the p; coefficients ay simultaneously. Moreover,
we would like to allow regression functions gy and my that are approximately sparse in terms of some
dictionary of technical regressors, generalizing the previous exact sparsity. By approximate sparsity
we mean that we can decompose the regression function into a sum of a sparse approximation and an

approximation error,

9e(ze) = for(20)00k + 19, (20), e =Y for(20)0ex + T, (20) (2.15)

k=1 k=1
where the sparse approximation is formulated in terms of a dictionary {fe} , of technical regressors
containing (d;);x¢ as a subvector. Moreover, we require that the sparse approximations have dimension

1 < s < n and the resulting squared approximation errors are small in expectation, namely for each £ € £

10er)i=illo < s [(er)ioillo < s, Elry,(20)] < Cs/n, Elryy, (20)] < Cs/n.

The approximately sparse framework above is quite general, in particular it contains traditional linear
sieve/series framework which uses s = o(n) dictionary terms to approximate and estimate regression
functions. Here we allow for the same possibility, except that we assume no a priori knowledge of the
most important dictionary terms. It is important to note that we allow for the regression functions to
have non-zero Fourier coefficients associated with each term in the dictionary, but we do require that
keeping the largest s coefficients while setting to zero the rest does produce a good approximation to the

target regression function.
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Given the setting, we can apply our previous instrumental median regression to estimate the sparse ap-
proximations to the function hy = (g, m¢) appearing in equation (2.14), and each of the target parameters

(cwe)eer can be identified and estimated by working with the system of “immunized” equations:

E[tpe{we, g, he(2e)}] = 0,

where g (we, o, t) = @(y — deae — t1)(de — t2) and we = (y, de, z¢), and OiE[e(wy, ap, t)|2¢]li=p,(z) = 0
is the “immunization” property. We will treat this generalization as a special case of a more general,

unified framework of the next section.

3. INFERENCE ON MANY TARGET PARAMETERS IN Z-PROBLEMS WITH APPROXIMATELY SPARSE
NUISANCE FUNCTIONS

In this section we generalize the previous example to a more general setting, where p; target parameters
defined via Huber’s Z-problems are of interest, with dimension p; potentially much larger than the sample
size. This framework covers the median regression example, its generalization discussed above, as well

many other semi-parametric models.

The interest lies in p; real-valued target parameters ay indexed by £ € £ = {1,...,p1}. We assume
that ay € Ay C A for each £, where A is a fixed compact interval in R. For each £ € L the true value ay

is identified as a unique solution of the following moment condition:
E[tpe{we, e, he(ze)}] = 0. (3.16)

Here for each £ € L, vector wy is a random vector taking values in W, C R%, containing vector z, taking
values in Z; as a subcomponent; the function (w,a,t) — ¥y(w, o, t) is a measurable map from an open
neighborhood of Wy x Ay x Ty to R, and 2 +— hy(2) = {hem(2)}}_, is a measurable map from Z, to

T, C RM | where M is fixed. The latter map is the nuisance parameter, possibly infinite-dimensional.

We assume that the nuisance functions (hs)se, are approximately sparse in the sense of Condition 3
given below. We also assume that these functions can be estimated via sparse estimators, generated by
the use of the post-selection or ¢;-penalized methods; with examples being given in the previous section.
We let ﬁg = (ﬁgm)%:l denote the estimator of hy, which obeys Condition 3 stated below. The estimator

ay of oy is constructed as an Z-estimator, which solves the sample analogue of the equation (3.16):
B [e {we, G, he(2)}]] < inf B [1{we, o, he(2) ] + en, (3.17)
acA,
where ¢, = o(b;'n~1/?) is the numerical tolerance parameter, and b, = +/log(ep1).

In order to achieve robust inference results, we shall need to rely on the condition of orthogonality
(“immunity”) of the scores with respect to small perturbations in the value of the nuisance parameters,

which we can express in the following condition:

(%E[l/)g(wg, Qy, t)|Zz]|t:h£(z£) = 0, a.s., (318)

where here and below we use the symbol 0, to abbreviate 9/0t. It is important to construct the scores v,

to have property (3.18). Generally, we can construct the scores ¢, that obey (3.18) by projecting some
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initial non-orthogonal scores onto the orthocomplement of the tangent space for the nuisance parameter
(see [30, 29, 17]). Sometimes the resulting construction generates additional nuisance parameters, for

example, the auxiliary regression function in the case of the median regression problem in Section 2.

In what follows, we shall denote by ¢, cq, ¢, ng, and C' some positive constants.

Condition 2. For each n, we observe independent and identically distributed copies of (w;)?, of
the random vector w = (wg)ecrc, whose law is determined by the probability measure P € P,. Uni-
formly for all n > ng and P € P, and £ € L, the following conditions hold. (i) The true param-
eter values ay obeys (3.16); there is an interval of fized positive radius centered at oy contained in
A¢ C A, where A is a fived compact set in R. (ii) For each v = ()il = (a,t) € Ay x Ty, the
map v+ E{te(we,v)|2ze} is twice continuously differentiable a.s., and Elsup,¢ 4,1, |00, E{te(we,v) |
zoe}?] < C, sup,eu, w1, 100 0p, E{the(we,v) | z}| < C for each r = 1,...,K and k = 1,...,K;
MoTeover, SUp(, »)e(a,x1,)2 E{We(we, v) — Yo(we, 7)}?|2] < Cllv — D[ almost surely. (i) The or-
thogonality condition (3.18) holds. (i) The following global and local identifiability condition holds:
2|E[tpe{we, a, he(ze)}]| = |Te(a — ap)| V co for all a € Ay, where Ty = 0oE[¢e{we, ag, he(ze)}], with c
ITy| < C for all £ € L. (v) The moments of the scores are well-behaved: ¢ < (B[t {we, cv, he(z¢)}])"/?
(Elle{we, ae, he(z0)}|DV9 < C, for q > 4.

<
<

These conditions impose rather mild assumptions for Z-estimation problems, in particular, allowing
for non-smooth scores 1, such as those arising in median regression. These conditions are analogous to
assumptions imposed in the p = o(n) setting, e.g., in [13]. In what follows, let §, N\, 0 and p, N\, 0

be a sequence of constants approaching zero from above. Let a, = max(pi,p,n,e) and recall that
b, = +/log(ep1).

Condition 3. Uniformly for all n > ng and P € P, and { € L, the following conditions hold: (i) The
nuisance functions hy = (hem)M_, @ Z¢ v T, C RM | where M is fized, are approzimately sparse with
sparsity index at most s = s, = 1, namely, z + hew (2)=Y_1_1 frmk(2)Bekm + Tem (2), where fomp : Z¢ —
R are approzimating functions, Bem = (Bemk)h—q obeys |supp(Bem)| < s, and the approzimation errors
(Tem)M_, : Z¢ — R obey ||rem| 2 < C{slog(a,)/n}'/? for all m and {. (ii) There is a sparse estimator
/f;g = (ﬁgm)n]\le of he with good sparsity and rate properties, namely with probability 1 — 6y, /h\/g € Hy,
where Hy = xM_  Hep, consists of functions (hem)M_y : Z¢ — Ty, where z +— hym(2) = S, Femi(2)Bex
is such that [supp(Bem)| < Cs and || S°0_, femr(20)(Bemk — Bemi)|| p2 < C{slog(an)/n}'/? for all m
and L. (iit) Application of ¢ to Ay and Hy does not increase the entropy too much, namely Fy =
[e{we, o, h(z0)}, 0 € Ag, b € Hipm U {he}] has ent(e, Fp) < C{log(e/e) + Zﬁ‘f:l ent(e/C, Hem)}. (iv) For
F, denoting the envelope of Fy, and F = maxeer Fy, we have |F||pq < C for ¢ = 4. (v) The dimensions

p1, P, and s obey the following growth conditions with respect to n:

n~1/? ( sloga, +n~Y2sn log an) < pny P2 V/s1ogan < 0uby, " (3.19)

Condition 2(i), (ii), (v) records a formal sense in which approximate sparsity of hy is used, as well
as requires reasonable behavior of sparse estimators /f;g. In the previous section, this type of behavior

occurred in the cases where hy consisted of (a part of) median regression function and a conditional
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expectation function in an auxiliary equation. There are lots of conditions in the literature that imply
these conditions from various primitive assumptions. Note that for the case with ¢ = oo, condition (v)
implies the following restrictions on the sparsity indices: s2log®a, /n — 0 for the case where ¢ = 2
(smooth ;) and s%log®a,/n — 0 for the case where ¢ = 1 (non-smooth 1/;). Condition (iii) is a
mild condition on ), — it holds for example, when 1, is generated by applying monotone and Lipschitz
transformations to its arguments, as was the case in median regression (see [30] for many other ways).
The condition (iv) bounds the moments of the envelopes, and it can be relaxed to a bound that grows

with n, with an appropriate strengthening of the growth condition (3.19).

Define, for each £ € L,
o7 = B0, 207 (we, a, he(20))), ¢e(w) = =y Ty b (we, g, he(ze)).

Theorem 2 (Uniform Bahadur Representation). Under Conditions 2 and 8 , uniformly in P € P, with
probability 1 — o(1), as n — oo,

~ _ 1 n
e [V (2) = g o o] <o)

An immediate implication is a corollary on the uniform in P € P, and £ € £ asymptotic normality,

which follows from Liapunov’s central limit theorem for triangular arrays.

Corollary 2 (Uni-Dimensional Central Limit Theorem). Under conditions of Theorem 2, as n — o0,

max sup sup ‘prp {\/ﬁ (aé —_ 04@) < t} —prp{N(0,1) < t}’ =o(1).

tel pcp, teR ¢

This implies, in particular, that for ¢1—, = (1 — a/2)-quantile of N(0,1) variable,

max sup ‘prp {ag € laeg £ 3@61,(1/271_1/2]} —(1- a)‘ =o(1),
teL pep,

provided maxycr |0 — o¢| = op(1) uniformly in P € P,,.
This result construct pointwise confidence bands for ay, and shows that they are valid uniformly in
PePandinle L.

Another useful implication is the high-dimensional central limit theorem uniformly over rectangles in
Rt provided that (logp1)” = o(n), which follows from [11]’s central limit theorem for p;-dimensional

(approximate) sample means, with p; potentially much larger than n. Let
N = (Ne)eec = N(0,Q)

be a random vector with normal distribution with mean zero and variance matrix {2, where Q,; =

E{t¢(w)yz(w)} for (¢,€) € L2. Let R be a collection of rectangles R in RP! of the form

R = {z € RP' : max zy < t,max —zy < t} (teR, ACL, BCL).
(€A (EB
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Corollary 3 (High-Dimensional Central Limit Theorem over Rectangles). Under conditions of Theorem

2, provided that (logp1)” = o(n),

prp {\/ﬁ <a40_;€‘”>€6£ e R} —prp{N e R}’ —o(1). (3.20)

sup sup
PeP, RER

This implies, in particular, that for c1_, = (1 — a)-quantile of maxcr |Nel,

sup prP{az €lartei_qn V2, foralll e E} —(1- a)’ =o(1).

PeP,

The result provides simultaneous confidence bands for (ay)eer, which are valid uniformly in P € P,,.
Moreover, the result (3.20) is immediately useful for performing multiple hypotheses testing about (a)ecr
via the step-down methods of [24] which control the family-wise error rates— we refer the reader to [11]

for further discussion and details of multiple testing with p; > n.

In practice the distribution of A is unknown due to the unknown covariance matrix, but it can be

approximated by the Gaussian multiplier bootstrap procedure, which generates a vector N* as follows:

N* = N")ec = {% Zéige(wi)} , (3.21)

tec
where (&;)1"_; arei.i.d. draws of N(0,1) variables, which are independently distributed of the data (w;)?_,

and ¢ are any estimators of 1, such that maxy e [En [be(w)Pz(w)] — Enlde(w)dz(w)]] = op (b4
uniformly in P € P,.

[11]’s results for multiplier bootstrap then imply the following theorem.

Corollary 4 (Validity of Multiplier Bootstrap). Under conditions of Theorem 2, provided that (logpy)” =
o(n), uniformly in P € Py with probability 1 — o(1),

sup sup
PeP, RER

prpfN* € R| ()i} — prp{N € R} = o(1). (3.22)

This implies, in particular, that for ¢1_, = (1 — a)-quantile of maxeer |N/|,

sup prP{az €lartei_on V2, foralll e E} - (1= a)’ =o(1).

PeP,
4. MONTE-CARLO EXPERIMENTS
In this section we examine the finite sample performance of the proposed estimators. We focus on the
estimator associated with Algorithm 1 based on post-model selection methods.
We considered the following regression model:
y=dag+2'(cyb0) +€, d=2a'(cabp)+v, (4.23)

where ag = 1/2, 6p; = 1/5%,j =1,...,10, and 6p; = 0 otherwise, z = (1, 2’)’ consists of an intercept and
covariates z ~ N(0,X), and the errors € and v are independently and identically distributed as N(0, 1).
The dimension p of the covariates x is 300, and the sample size n is 250. The regressors are correlated

with ¥;; = pl“=9l and p = 0.5. The coefficients ¢, and c4 are used to control the R? of the reduce



UNIFORM POST SELECTION INFERENCE FOR Z-PROBLEMS 13

form equation. For each equation, we consider the following values for the R?: {0,0.1,0.2,...,0.8,0.9}.
Therefore we have 100 different designs and results are based on 500 repetitions for each design. For each

repetition we draw new vectors x;’s and errors ¢;’s and v;’s.

The design above with @'(c,6p) is a sparse model. However, the decay of the components of 6y rules
out typical “separation from zero” assumptions of the coefficients of “important” covariates (since the
last component is of the order of 1/n), unless ¢, is very large. Thus, we anticipate that “standard”
post-selection inference procedures — which rely on model selection of the outcome equation only — work
poorly in the simulation study. In contrast, based upon the prior theoretical arguments, we anticipate
that our instrumental median estimator— which works off both equations in (4.23)— to work well in the

simulation study.

The simulation study focuses on Algorithm 1. Standard errors are computed using the formula (1.10).
(Algorithm 2 worked similarly, though somewhat worse due to larger biases). As the main benchmark
we consider the standard post-model selection estimator & based on the post £1-penalized LAD method,
as defined in (1.3).

In Figure 1, we display the (empirical) rejection probability of tests of a true hypothesis o = ay,
with nominal size of tests equal to 0.05. The left-top plot shows the rejection frequency of the standard
post-model selection inference procedure based upon & (where the inference procedure assumes perfect
recovery of the true model). The rejection frequency deviates very sharply from the ideal rejection
frequency of 0.05. This confirms the anticipated failure (lack of uniform validity) of inference based upon
the standard post-model selection procedure in designs where coefficients are not well separated from zero
(so that perfect recovery does not happen). In sharp contrast, the right top and bottom plots show that
both of our proposed procedures (based on estimator & and the result (1.9) and on the statistic L,, and
the result (1.12)) perform well, closely tracking the ideal level of 0.05. This is achieved uniformly over all
the designs considered in the study, and this confirms our theoretical results established in Corollary 1.

In Figure 2, we compare the performance of the standard post-selection estimator & (defined in (1.3))
and our proposed post-selection estimator & (obtained via Algorithm 1) . We display results in three
different metrics of performance — mean bias (top row), standard deviation (middle row), and root mean
square error (bottom row) of the two approaches. The significant bias for the standard post-selection
procedure occurs when the indirect equation (1.4) is nontrivial, that is, when the main regressor is
correlated to other controls. Such bias can be positive or negative depending on the particular design.
The proposed post-selection estimator & performs well in all three metrics. The root mean square error
for the proposed estimator & are typically much smaller than those for standard post-model selection
estimators & (as shown by bottom plots in Figure 2). This is fully consistent with our theoretical results

and minimax efficiency considerations given in Section 5.
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Appendix

APPENDIX A. GENERALIZATION OF SECTION 3 TO HETEROSCEDASTIC CASE

We emphasize that both proposed algorithms exploit the homoscedasticity of the model (1.1) with
respect to the error term ¢;. The generalization to the heteroscedastic case can be achieved as follows.
In order to achieve the semiparametric efficiency bound we need to consider the weighted version of the

auxilliary equation (1.4). Specifically, we can rely on the following of weighted decomposition:
fidi = fizi05 + v}, E[fivy |z =0, i=1,...,n, (A.24)
where the weights are conditional densities of error terms ¢; evaluated at their medians of 0,
fi=fe;(0lds, i), i=1,...,n, (A.25)
which in general vary under heteroscedasticity. With that in mind it is straightforward to adapt the

proposed algorithms when the weights (f;)?_; are known. For example Algorithm 1 becomes as follows.

Algorithm 1’ (Based on Post-Model Selection estimators).
(1) Run Post-¢1-penalized LAD of y; on d; and x;; keep fitted value x;E
(2) Run Post-Lasso of fid; on fiz;; keep the residual 07 := f;(d; — 2/6).
(3) Run Instrumental LAD regression of y; — E on d; using v} as the instrument for d; to compute

the estimator &. Report & and/or perform inference.

An analogous generalization of Algorithm 2 based on regularized estimator results from removing the

word “Post” in the algorithm above.

Under similar regularity conditions, uniformly over a large collection P} of distributions of {(y;, d;, 25)' }7 4,
the estimator & above obeys
(4E[v* )2 /n(a@ — ag) ~ N(0,1). (A.26)
Moreover, the criterion function at the true value aq in Step 3 also has a pivotal behavior, namely

nLy(ag) ~ x2(1), (A.27)

which can also be used to construct a confidence region An,& based on the L,-statistic as in (1.12) with

coverage 1 — & uniformly over the collection of distributions P;;.

In practice the density function values (f;)?, are typically unknown and need to be replaced by
estimates (ﬁ)le The analysis of the impact of such estimation is very delicate and is developed in the
companion work [8], which considers the more general problem of uniformly valid inference for quantile

regression models in approximately sparse models.

APPENDIX B. ADDITIONAL DISCUSSION FOR SECTION 3

B.1. Connection to Neymanization. In this section we make some connections to Neyman’s C(«)

test ([21, 22]). For the sake of exposition we assume that (y;,d;, z;)7, are i.i.d. but we shall use the
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heteroscedastic setup introduced in the previous section. We consider the estimating equation for «y:
E[(p(yl — diOéo — l‘;ﬁo)’ui] =0.

Our problem is to find useful instruments v; such that

%EW(% —diag — ;B)vil|p=p, = 0.
If this property holds, the estimator of g will be “immunized” against “crude” or nonregular estimation
of By, for example, via a post-selection procedure or some regularization procedure. Such immunization
ideas are in fact behind Neyman’s classical construction of his C'(a) test, so we shall use the term
“Neymanization” to describe such procedure. There will be many instruments v; that can achieve the

property stated above, and there will be one that is optimal.

The instruments can be constructed by taking v; := z;/f;, where z; is the residual in the regression
equation:

w;d; = wimo(xi) + zi, E[’w12’1|$1] =0, (B28)

where w; is a nonnegative weight, a function of (d;, z;) only, for example w; = 1 or w; = f; (the latter

choice will in fact be optimal). Note that function mg(z;) solves the least squares problem
inE [{wd — wh(z)}? B.29
min E [{wd — wh(x)}?], (B.29)

where H is the class of measurable functions h(z) such that E[w?h?(z)] < co. Our assumption is that

the mo(x) is a sparse function 2’6y, with ||6p]|o < s so that
w;d; = umci@o + zi, E[wizi|:vi] =0. (B?)O)

In finite samples, the sparsity assumption allows to employ post-Lasso and Lasso to solve the least squares
problem above approximately, and estimate z;. Of course, the use of other structured assumptions may

motivate the use of other regularization methods.

Arguments similar to those in the proofs show that, for \/n(a — ag) = O(1),
VI{En[p(y — da — 2 B)o] — Enlp(y — dor— 2/ Bo)v]} = op (1),

for B based on a sparse estimation procedure, despite the fact that B converges to [y at a slower rate
than 1/4/n. That is, the empirical estimating equations behave as if 8y is known. Hence for estimation

we can use & as a minimizer of the statistic:

Lo(e) = ¢ |[VnEalp(y — da — 2/ Byo]?,

where ¢, = E,,[v?]/4. Since L, (ag) ~ x%(1), we can also use the statistic directly for testing hypotheses

and for construction of confidence sets.

This is in fact a version of Neyman’s C(«) test statistic, adapted to the present non-smooth set-
ting. The usual expression of C(«) statistic is different. To see a more familiar form, note that

0o = E[w?xa2’]"E[w?d2’], where A~ denotes a generalized inverse of A, and write

vi = (wi/ fi)di — (wi/ f;) 2} Ew?za’| " Elw?da’], and 3; := ¢(y; — dia — 2} ),
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so that,
Lo(a) = ¢ W{Ea[@(w/ )d] — En[@(w/ f)z) Elw?za’] " E[w®da’]} .
This is indeed a familiar form of a C(«a) statistic.
The estimator @ that minimizes L,, up to op(1), under suitable regularity conditions,
~ 1
o, '/n(@—ag) ~ N(0,1), o2 = ZE[fdvrQE[vQ].
It is easy to show that the smallest value of o2 is achieved by using v; = v} induced by setting w; = f;:
1

o = ZE[U*2]_1. (B.31)
Thus, setting w; = f; gives an optimal instrument amongst all “immunizing” instruments generated by
the process described above. Obviously, this improvement translates into shorter confidence intervals and
better testing based on either & or L,,. While w; = f; is optimal, f; will have to be estimated in practice,
resulting actually in more stringent condition than when using non-optimal, known weights, e.g., w; = 1.

The use of known weights may also give better behavior under misspecification of the model. Under

homoscedasticity, w; = 1 is an optimal weight.

B.2. Minimax Efficiency. There is also a clean connection to the (local) minimax efficiency analysis
from the semiparametric efficiency analysis. [18] derives an efficient score function for the partially linear
median regression model:
Si = 2¢(yi — dicg — 23 Bo) fildi — mg(2)],
where mg(x;) is mo(z;) in (B.28) induced by the weight w; = f;:
() = B[f?dii]

E[f2|z:]

Using the assumption mg(z;) = 2,05 , where ||65]]o < s < n is sparse, we have that
Si = 2p(yi — dicvg — 7 60)v;

which is the score that was constructed using Neymanization. It follows that the estimator based on the
instrument v} is actually efficient in the minimax sense (see Theorem 18.4 in [17]), and inference about

ap based on this estimator provides best minimax power against local alternatives (see Theorem 18.12
in [17]).

The claim above is formal as long as, given a law P,, the least favorable submodels are permitted as
deviations that lie within the overall model. Specifically, given a law P,, we shall need to allow for a
certain neighborhood 732 of P, such that P, € 772 C Py, where the overall model P,, is defined similarly
as before, except now permitting heteroscedasticity (or we can keep homoscedasticity f; = f. to maintain

formality). To allow for this we consider a collection of models indexed by a parameter t = (¢, t2):
yi di(oo + t1) + i (Bo + t205) + €5, [t <6, (B.32)
fidi = fiwif5 + i, Elfiv]lz] =0, (B.33)

where ||Bollo V 165 ]lo < s/2 and conditions as in Section 2 hold. The case with ¢ = 0 generates the model

P,; by varying ¢ within é-ball, we generate models P2, containing the least favorable deviations. By [18],
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the efficient score for the model given above is S;, so we cannot have a better regular estimator than
the estimator whose influence function is J~1S;, where J = E[S?]. Since our model P,, contains P2,
all the formal conclusions about (local minimax) optimality of our estimators hold from theorems cited
above (using subsequence arguments to handle models changing with n). Our estimators are regular,
since under P! with t = (O(1/y/n),0(1)), their first order asymptotics do not change, as a consequence

of Theorems in Section 2. (Though our theorems actually prove more than this.)

APPENDIX C. INSTRUMENTAL LAD REGRESSION WITH ESTIMATED INPUTS

Throughout this section (z;)?_, are non-stochastic, and let E[f(y,d, )] := E,[E[f(y,d,z) | z]],
Ya,p,0(Yir dis v:) = (1/2 = Wyi < 2if + dia})(d; — 30) = (1/2 = Wy < 238 + dia}){vi — (0 — 60)}

and G, (f) =n="*> {f(yi,di,xi) — B[f (yi, di, w3)]}.

=1

For fixed @ € R and f3,60 € RP, define the function

where the expectation is conditional on (z;)_;. For the notational convenience, let h = (5',0"), ho =
(B85, 6) and h= (3’, @\’)' The partial derivative of T'(«, 3,6) with respect to « is denoted by T'; (v, 3, 6)
and the partial derivative of T'(a, 8,0) with respect to h = (5’,8")" is denoted by I's(a, 8,6). Consider
the following high-level condition. Here (3’,6')’ is a generic estimator of (85, 6}) (and not necessarily
¢1-LAD and Lasso estimators, reps.), and ¢ is defined by & € argminge 4 Ly, (o) with this (3’, 5’)’, where
A here is also a generic (possibly random) compact interval. We assume that (B’ N ), A and & satisfy

the following conditions.

Condition ILAD. Let {(y;, d;)'}_; be a sequence of independent random vectors generated according
to models (1.1) and (1.4). Suppose (i) f.(t)V|f.(t)| < Cforallt € R, E[v?] > ¢ > 0, and E[v*]VE[d*] < C.
Moreover, for some sequences d, N\, 0 and A,, \, 0, with probability at least 1 — A,,,
(ii) {a: |a —ag| <n~Y%/6,} C A, where A is a (possibly random) compact interval;
(iii) the estimated parameters (3',6') satisfy
{1V max (Bflvi] | 2] V 250 — 00))} * 2/ (B — Bo)llzam < 8un™ %, (12 (8 = 00) 2. < Sun™ Y%, (C.34)

1<i<n
sup 1Gn(vy, 55 = YaBo.00)] < Ons (C.35)

(iv) the estimator & satisfies |& — ap| < .

Comment C.1. Condition ILAD suffices to make the impact of the estimation of instruments negligible
on the first order asymptotics of the estimator &. We note that Condition ILAD covers several different

estimators including both estimators proposed in Algorithms 1 and 2.

The following lemma summarizes the main inferential result based on the high level Condition ILAD.
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Lemma 1. Under Condition ILAD we have, for o2 = 1/(4f2E[v?]),

o, '/n(& —ag) ~ N(0,1) and nL,(ag) ~ x*(1),

Proof of Lemma 1. We shall separate the proof into two parts.
Part 1. (Proof for the first assertion). Observe that

EnlVy 55, d,2)] = En[tbag,s0,00 (¥, d, %)) + En[tby 55y, d, @) — tag,80,00 (Y, d, )]
= En[aq,0.00 (4,4 )] + (@, B, 6)
+ n_1/2Gn(¢d1§7§ — Ya,80,00) + 172G (Vs 80,00 — Vo, Bo,00)
=I+IT+1IT+1V.

By Condition ILAD(iii) (C.35) we have with probability at least 1 — A,, that [ITI| < §,n" /2. We
wish to show that
111 + (f.E[v*)) (¢ — ao)| Sp 8202 + 8,4]d — ag). (C.36)
Observe that
T(a, 3,6) = T(a, Bo, 60) + (v, B, 6) — T(ev, o, o)
= T(a, Bo, ) + {T(ex, B,0) — T(ar, Bo, o) — Ta(ev, Bo. o)’ (h — ho)} + Ta(cv, Bo, o) (h — ho).

Since I'(av, Bo,80) = 0, by Taylor’s theorem, there exists some point & between ay and « such that
I'(«, Bo, 00) = T'1(&, Bo, 00) (v — cap). By its definition, we have
Ti(a, B,0) = ~E[fe(z'(8 — o) +d(a — ao))d(d — 2'0)] = —E[fe(2'(8 — Bo) + (o — a))d{v — z'(6 — 60) }].
Since fe = f(0) and d; = 2}0y + v; with E[v; | 2;] = 0, we have I'1 (a0, o, 00) = —f.E[dv] = — f.E[v?].
Also

T1(e, Bo,60) — T'1(a0, Bo, b0)| < [E[{fe(0) = fe(d(a — a0))dv]| < Cla — ao[E[|d*v]].

Hence I'y (&, B, 00) = —fE[v?] + O(1)|a — .

Observe that

byt ) — (U6~ o)+ dla = an)(d ~ a'0)a]
2\, 2, —E[(1/2 - 1{y < 2/B + da})z] .

Note that since E[f.(0)(d — 2/0;)z] = fE[vz] = 0 and E[(1/2 — 1{y < 2/Bo + dap})z] = B[(1/2 — 1{e <
0})a] = 0, we have Ty(v, 8o, 0p) = 0. Moreover,
T2 (e, Bo, 0)' (h — ho)| = [{T2(av, Bo, ) — T2 (cxo, Bo, 00)} (h — ho)|
< [B[{fe(d(a — ao)) — f(0)}va')(B - Bo)]
+ [B{F(d(a — ap)) = F(0)}2'](0 — 60)]]
<OM{)|2'(B = Bo)llzin + 12(6 = 00)l|2.n}a — a9
= Op(dn)|a — agl.

Hence [Ty (d, Bo, 00) (h — ho)| <p dnld — aql.
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Denote by Taa(a, 8, 6) the Hessian matrix of I'(«a, 8, ) with respect to h = (5’,6’)’. Then
T B Bo) +d(a — ap))(d — 2'0)zx’] E[f(z'(8 — Bo) + d(a — ag))za’]
22(a, B,0) )
z'(B = Bo) + d(a — ap))za’] 0
so that

(h — ho)'Taa(at, B,0)(h — ho) < |(B — Bo) E[f.(a' (B — Bo) + d(a — a))(d — z'0)za’|(B — Bo)|
+2|(B = Bo)Elfe (' (8 — Bo) + d(a — ag))aa’) (6 — bo))|
C{ max E[I — i8] | zi]||2’ (B — Bo)l1Z. + 2]|2" (B — Bo)ll2,n - 12(8 — 60) |2, }-

Here |d; —z}0| = |v; — 2} (0 — 00)| < |vi| +|2;(6 — 0p)|. Hence by Taylor’s theorem together with ILAD(iii),

we conclude that
IT(c, B,0) — T, Bo, o) — Ta(cx, Bo, 00)' (b — ho)| Sp dan ™2,
This leads to the expansion in (C.36).

We now proceed to bound the fourth term. By Condition ILAD(iii) we have with probability at least
1— A, that |& — ag| < §,. Observe that

(wa,ﬁoﬂo - 1/’&0,50,00)(341’7 dzwrz) = (1{yz < 95250 + diaO} - 1{y1 < I;BO + dia})vi
(1{e; <0} — 1{e; < di(a — ap) })vi,

50 that [(¥a,80,00 — Yao.Bo.00) Yis di, )| < 1{|€;| < 0p|di|}|vi| whenever |a — ag| < 0y, Since the class of
functions {(y,d, ) — (¥a,B0,60 — Yao,B0.00)(Y> 4, ) : o — | < 6} is a VC subgraph class with VC index

bounded by some constant independent of n, using (a version of) Theorem 2.14.1 in [30], we have

SuD |G (0,60 — Yao.p0.00)| Sp (BL{Je] < 8aldil}of])'/? Sp 6,/

|O¢—Ot0|§5n
This implies that [IV] <p 65/ *n=1/2,
Combining these bounds on II, III and IV, we have the following stochastic expansion

Eulty 590 d.2)] = —(FEW?])(@ — a0) + Eultbog 080 (4, d, 2)] + Op(5°0~Y/2) + Op(3,)| — aol.

Let a* = ap+(fE[v?]) " En[tay.60.00 (¥s d, 2)]. Then a* € A with probability 1—o(1) since |a* —ag| <p
n~1/2. 1t is not difficult to see that the above stochastic expansion holds with & replaced by a*, so that

En[wa*,gﬁ(yv dv ‘T)] = _(fEE[UQ])(O‘* - OZ()) + En[wao,ﬁoﬁo (ya da I)] + OP(5711/2n—1/2) = Op(ai/zn_lm)'
Therefore, |En[wd1§7§(y,d,x)]| < |En[@[1mﬁ’5(y,d,x)]| = Op(&}/zn_lﬂ), so that

(fE[R])(@ — a0) = En[Yag,50.60(y: d, )] + Op (6, >0~ /),

which immediately implies that o, 1\/n(& — ag) ~ N(0, 1) since by the Lyapunov CLT,

(E[v?]/4)""2V/nEn[taq,50.60 (9, d, )] ~ N(0,1).
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Part 2. (Proof for the second assertion). First consider the denominator of L, (ag). We have that

En[0?] = En[v?)] = |En[(@ = 0)(@ +)]| < [0 = vll2,0][0 + vl2n

< 'O = 00)llz.n 202, + [l (6 = 00)l|2.0) S S,

where we have used the fact that ||v]|2., <p (E[v?])'/? = O(1) (which is guaranteed by ILAD(i)).

Next consider the numerator of L, (ap). Since E[ta,. s,.0, (¥i, di, 7:)] = 0 we have

E, [¢a07§7§(y7 d, ‘T)] = n71/2Gn(¢a 3.6 wao,ﬁo,eo) + F(Oéo, Ba é\) +E, W)aoqﬁoqeo (ya d, I)]

0

By Condition ILAD(iii) and the previous calculation, we have

~

(G (Y 5.5~ Voo 0.00)| P 0 and [P0, 5, 0)] Sp 6an™"/2.
Therefore, using the simple identity that nA2 = nB2 + n(A, — By,)? + 2nB,(A,, — B,,) with
Ay =Bl 55 d)] and By = En[thag 0,00y, d, 2)] Sp (B0 12,
we have
B[, 508 4D 4n|Bp[thag 0,00 (¥: 4 7))

nL,(ag) = E, 2] B[] +Op(0n)

since E[v?] > ¢ is bounded away from zero. The result then follows since
(E[v?)/4)""2V/nBn[tbaq,50.00 (4, d, )] ~ N(0,1).
O

Comment C.2 (On 1l-step procedure). An inspection of the proof leads to the following stochastic

expansion:
Bl 5,054 2)] = ~(fBIe?])(@ — 00) + Bl oy, )]
+0p (6202 + 6,n 7 4a — ag| + @ — a|?),
where @ is any consistent estimator of ap. Hence provided that |& — ag| = op(n~1/%), the remainder

term in the above expansion is op(n~'/2), and the 1-step estimator ¢ defined by
&= @+ Bl 02) Bl 5 500, ds )]
has the following stochastic expansion:

a + {fE[*] +op(n )} H{=(fE[L])(@ = 20) + En[taq,50.00 (¥, d, 2)] + 0p(n~/?)}
= o+ (feE[U2])_lEn[wao”30,90 (yu d, ‘T)] + OP(n_1/2)7

&

so that o, 1\/n(@ — ag) ~ N(0,1).
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APPENDIX D. PROOFS FOR SECTION 3

D.1. Proof of Theorem 1. The proof of Theorem 1 uses the properties of Post-£1-LAD and Post-
Lasso. We will collect these properties together with required regularity conditions in Appendix F.
In what follows we denote Gmin(m) = Gmin(m, En[ZE']), dmax(m) = dmax(m, En[ZF]), dmin(m) =
Grmin(M, B[£7]), max(M) = ¢max(m, E[#F']). The proof focuses on Algorithm 1, while the proof for
Algorithm 2 is deferred to the Supplementary Appendix, since it is basically the same proof.

We will verify Condition ILAD and the desired result then follows from Lemma 1 and noting that
|E.[E[v? | 2]] — E[v?]] <p 6, and E[v?] is bounded away from zero under Condition 1.

The assumptions on the error density fc(-) in Condition ILAD(i) are assumed in Condition 1(iv). The

moment conditions on d; and v; in Condition ILAD(i) are assumed in Condition 1(ii).

Because Condition 1(v) and (vi), by Lemma 4 we have for some /,, — 0o we have &' < ¢min(fn) <
Dmax (£ n) k" with probability 1 — A,. In turn, s is bounded away from zero with probability 1 — A,
for n sufficiently large, see [9].

Step 1 relies on Post-¢1-LAD. By assumption with probability 1 — A,, we have 5= || B llo < Cs. Thus,
dmin(S + s) is bounded away from zero since §+ s < £,s for large enough n with probability 1 — A,,.
Moreover, Condition PLAD in Appendix F is implied by Condition 1. The required side condition of
Lemma 6 is satisfied by relations (H.52) and (H.53). By Lemma 6 we have |[@—ag| Sp +/slog(p V n)/n <
o(1)log™ ' n under s%log®(p V n) < §,n. Note that this implies {a : |o — ap| < n=2logn} C A (with
probability 1—o(1)) which is required in ILAD(ii) and the (shrinking) definition of A establishes the initial
rate of ILAD(iv). By Lemma 7 in Appendix F we have ||2/(3 — Bo)llz.n Sp v/slog(n Vp)/n since the
required side condition holds. Indeed, for &; = (d;, x})" and 6 = (04, d.)’, because dmin(5+ s) is bounded
away from zero, ¢max (3 + s) is bounded from above, and the fact that E,[|d|}] <p E[|d]?] = O(1),
[12°8113,., inf {Smin(s+C5)}/2||5]°
EnllZ’0PT 7 1510 <5+ Cs Enllz 0PI +4[0aPEn[[d[?]

> lnf {¢mit)(5+cs)}3/2”6”3
Z S0 4 s TR e T fumace (5 C) 105 TP +ATBTPE 1T

{bumin(s+Cs)}*/? >, 1
4K 5+ 05 max (s+C)HE, [[dP] ~F Ko /s
Therefore, since K2s%log?(p V n) < d,n and A < \/nlog(p V n) we have

n\/ ¢m1n(5+cs f ||:E 6”2 n > \/H
E.[[70]3] ~P K,slog(pvn)
Av/s+4/sn log(pVvn) ||5||0<s+Cs " v

in
lI5llo<s+Css

WV

— 00.

Step 2 relies on Post-Lasso. Condition HL in Appendix F is implied by Condition 1. Indeed, E, [x?]
is bounded away from zero and from above with probability 1 — o(1) by Conditions 1 (v) and (vi) and
Lemma 4. Next note that by ¢ < E[v? | z] and E[[v]* | 2] < C so that maxi<j<p{En[|z;*E[Jv|® |
2]} {En[z2Ev? | z]]}Y/? < K2+/*C" with probability 1 — A,. Thus, Condition HL(ii) holds under
K+/*\/log(pVn) = o(n'/6). Condition HL(iii) follows by Lemma 2 applied twice with ¢; = v; and
¢; = d; under the condition that Klogp < §,n. By Lemma 9 in Appendix F we have ||2/(6 — 00)ll2,n Sp

V/slog(n V p)/n and ||0||o < s with probability 1 — o(1).
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The rates established above for § and 3 imply (C.34) in ILAD(iii) since by Condition 1(ii) E[Jv]] <
(E[v?])Y/? = O(1) and max;<i<n |2/ (6 — 60)| <p Kov/s21og(p V n)/n = o(1).

We now verify the last requirement in Condition ILAD(iii). Consider the following class of functions
Fo ={(y,d,z) » {y <a'B+da} : a €R, [|Bllo < Cs},
which is the union of (cps) VC-subgraph classes of functions with VC indices bounded by C’s. Hence
log N (e, Fs, || - lIp,.2) < slogp + slog(1/e).

Likewise, consider the following class of functions Gs, = {(y,d,z) — 2’0 : ||0]o0 < Cs, ||2/0]|2,n < 7}
Then

log N(e[|Gs,rllp,.,2,Gs, || - lIp,.2) S slogp + slog(1/e),

— /
where G - (y, d, ) = max|g|j,<Cs,|2/0]|o.n<r |70

Note that

sup G ¢a ~~_¢o¢, ,0 < sup Gn ’@[JQ ~~—¢a 3 D.37
a6A| ( 3,0 Bo o)l a6A| ( 3.0 ,ﬁ790)| ( )

+ Slela |Gn(¢a7§190 - 1/}0t750790)|' (D38)

Consider to bound (D.37). Observe that
Va0 dis i) = Ya,8,00 (Yir dis 7)) = —(1/2 = Wyi < 238 + dia})a (6 — bo),

and consider the class of functions X}, = {(y,d,z) = (1/2—1{y < 2/B+da})z’ (0 —bo) : « € R, ||Blo <
Cs, |00 < Cs, ||2/(0 — 00)|l2,n, < 7} with r < y/slog(pV n)/n. Then by Lemma 11 together with the

above entropy calculations (and some straightforward algebras), we have

sup |Gn(9)| Sp V/slog(pV n)y/slog(p Vv n)/n=op(1),
gEH]

where s2log?(p V n) < 6,n is used. Since |2/ (6 — 09)|2.n Sp /slog(n V p)/n and ||B]o V |0]l0 < s with
probability 1 — o(1), we conclude that (D.37) = op(1).

Lastly consider to bound (D.38). Observe that
V5,00 (Yir dir i) = V5,00 (Y, dis i) = —(H{yi < (B + dia} — Hyi < 2(fo + dia})v;,
where v; = d; — xj6p, and consider the class of functions 2, = {(y,d,z) = (1{y < 2’/ + do} — 1{y <
x'Bo + da})(d — x'0) : a € R, ||Bllo < Cs,||2'(8 — Bo)ll2,n < v} with r < +/slog(pV n)/n. Then by
Lemma 11 together with the above entropy calculations (and some straightforward algebras), we have

sup |Gn(9)| Sp V/slog(pVvn) sup Enlg(y.d,z)?]VE[g(y.d,x)?].

gEH? . gEHZ

Here we have

Elg(y,d,2)’] < C||2' (B — Bo) |20 (E[v*)? S V/s1og(p v n) /n.
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On the other hand,

sup E,[g(y,d,z)*] <n Y% sup Gn(g?) + sup Elg(y,d,z)?, (D.39)
geEHZ geEHZ geEHZ

and apply Lemma 11 to the first term on the right side of (D.39). Then we have

sup Gn(g%) Sp V/slog(pVn) sup En[g(y,d,z)*] VE[g(y,d, )]

gEHZ geEHZ .
< /5T i) En o]V EA] <p /5 To8(pV ) y/BA].
an Spy/slog(n V p)/n and HEHQ < C's with probability 1 — A,,, we conclude that

(D.38) <p /slog(p V n)(slog(pV n)/n)/* = o(1),

where 5% log®(p V n) < 6,7 is used.

Since ||$I(E— Bo)|

D.2. Auxiliary Technical Results for Proofs of Section 3. In this section we collect two auxiliary

technical results. Their proofs are given in the supplementary appendix.

Lemma 2. Let x1,...,2, be non-stochastic vectors in RP with maxi<icn ||Tilloo < Ky. Let (1,...,Cn
be independent random variables such that E[|(;|7] < oo for some q > 4. Then with probability at least
1— 387,

max |(E, — )] < 44/ 22T 2oy )

1<j<p

Lemma 3. Let T = supp(Bo), |T| = ||Bollo < s and ||Brelli < <|Br — Boll1. Moreover, let 5™
denote the vector formed by the largest 2m components ofB in absolute value and zero in the remaining

components. Then for m > s we have that B(Qm) satisfies
|2/ (B®™ = Bo)l2,n < l|2'(B = Bo)

where Gmax (m)/m < 2¢max(s)/s and ||Br — Bollr < V312’ (B — Bo)ll2.n/ ke

2m + v Gmax(m)/m <||Br — Boll1,

Lemma 4. Under Condition 1, for &; = (d;,2})’, there is £,, — oo such that with probability 1 — o(1) we

2

have

sup
16llo<Lns

1#]12.0 ’
Ni) — 1| = o(1).
173] pz W)

APPENDIX E. PROOFS FOR SECTION 4

E.1. A Maximal Inequality. For a class of measurable functions F equipped with the envelope F' =
supser | f], let N(e, F, ||-|lg,2) denote the e-covering number of the class of functions F with respect to the
L?(Q) seminorm || - [|g,2, where @ is finitely discrete, and let ent(e, F) = logsupg N (¢|| F|

Q2 F, H ) ||Q,2)
denote the uniform covering entropy.

Lemma 5 ([10]). Let F be a suitably measurable class of functions. Suppose that F' = sup ;¢ 7 | f| with
|Fllg.q < oo for some q¢ = 2. Let Mp, = {E|max;<, F(w;)|?}"/9. Suppose that there ewist constants
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a>e and s > 1 such that ent(e, F) < s{loga+1log(1l/e)}, 0 <e < 1. Then for o > 0 denoting a positive
o

constant such that sup ez || fllp2 < o < ||F||p2:

E sup IGn ()l < \/502 log (a]| F|| p2/0) +n~"/2sMpylog (al| Fl| p2/)
S

Moreover, for every t > 1 and all u > 0, with probability not less than 1 — t=/2
swp[Ga(f)] < (1 + wEsw|Gu(N) + K@{(c + n 2 Mp Vi + pu'n /2 Mpt},
fer feF

where K(q) > 0 is a constant depending only on q.

E.2. Proof of Theorem 2. It suffices to establish the result under any sequence P = P, € P,. We
shall suppress the dependency of P on n in the proof. We use C as a generic constant that may differ in
each appearance, but that does not depend on the sequence P € P,,. Let
B(w) = max sup 8, E{tbe(w, ) | ze}|, pn = n"?[{slog(an)}'/? + n~Y2gna log(an)]-
k<K ve€EAyXTp bEL
Step 1. (Preliminary Rate). In this step we claim that w.p. 1 —o0(1), maxe |a¢ — o] < Cpy, for some

constant C, independent of n. By definition |En1/)g{wg,&4,/ﬁg(2g)}| < infheq, |En1/)g{w4,a,/ﬁg(zz)}| +
€n, for each ¢ € £, which implies via triangle inequality and Step 2 that w.p. 1 —o(1) uniformly in ¢ € L,

[E[We{we, a, he(ze)}]I| < e+ 20 + 212 S pn, (E.40)

a=0y

where we define [; and I in Step 2. The second inequality in (E.40) is by Step 2 and by the assumption
en = o(b;'n~1/2). Since by Condition 2 2= {|T's(ay — ay)| V co} is weakly smaller than the left side of
(E.40) and inf,>1 ez |Te| > ¢, conclude maxees [ — | S (pn/c) S pn w. p. 1 —o0(1).

Step 2. (Define and bound I; and Iy) We claim that w. p. 1 —o(1):

Il = sup |En¢g{w£, aqﬁé(zf)} - Endjf{w@u a, hf(zé)H S Prns
acAplel

L = sup  |Ene{we, ., he(z0)} — Evbe{we, o, he(20) } S p
acAy el

To show this, we can bound Iy < 1, + I1p and Ir < I14, where w. p. 1 —o(1),

L, = sup |En1/}[{wg,04,h(2g)} —E1/)g{U)z,Oé,h(Zg)}| /S Prns
QGA[,EGL,hGHZU{h@}
L, = sup [Eve{we, o, h(z0)} — Ee{we, o, he(z0) } S pn-

acAg e L heHU{he}

The latter bounds hold by the following arguments.

By Taylor’s expansion and triangle inequality, for hs,(2¢) on a line connecting h(z;) and hy(z),

M

Ly, < ;laemjlelghem |E [04,, E [¢e{we, o, hea(ze)} | 2e) {hm(20) = hem(20)}]|

< M max ||Bl|p2|lhm — hemllp2 S ons
m<M
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where the penultimate inequality holds by definition of B and Holder’s inequality, and the final inequality
holds since by Condition 2 ||B||p,2 < C and by Condition 3 M is fixed and ||k, — hem|
for all h € Hp and all m < M.

p2 S pn uniformly

To bound I, we apply Lemma 5 to the empirical process indexed by F' = Uy Fe with the envelope
F' < F, where Fy = [Ye{w,a,h(z¢)}, 0 € A h € Hp U {he}]. We note that ent(e, F') < log(p1) +
maxye ent(e, Fy). Since ent(e, Hem) < slog(p/e) by Hem consisting of p choose at most C's VC subgraph
classes, we concluded by Condition 3 that ent(e, ;) < {log(e/e) + Mslog(an/e)}. Thus, recalling that
an, = max(p1,p,n,e), ent(e, F') < slog(a,/e) and 1 < 0? < ||F||p2. By Lemma 5 with ¢ = logn, we
conclude that there exists a constant C' > 0 such that with probability 1 — o(1),

ha <swpser Ga(NI < Cn V2 (|Fllpay/sTogan +n” 250t |Fllpylogan) S pu-

To arrive at the conclusion, we used the assumption that |[F|lp, < C, an, > n, and s > 1, and the

elementary inequality Mp2 < na | F'|| p,q-

Step 3. (Linearization) By definition
VAlEntbe{we, G, he(ze)}] < iélﬁ VlEntbe{we, o, he(ze)}] + ean'/2.
aEA,
Application of Taylor’s theorem and the triangle inequality gives that with probability 1 — o(1)

max ’\/ﬁEnW{w e, he(ze)} + Tov/n(@e — o) + Ag(he — he)’
<envn+ max [ ienf‘ VB e{we, a, he(ze)}| + [T ()] + |Hz(€)|] =o(b,"),
aEA,

where I} and Iy are defined in Step 4; the o(b,,!) bound follows from Step 4, the assumption €,/n =
o(b,;1), and Step 5; and

M
Ag(he — he) = Z VnEO,, E[{we, ag, he(ze)} | 2e){hm (ze) — th(Zz)}‘h - =0,
m=1

m=Nm

where the last equality occurs because of the orthogonality condition (3.18). Conclude using Condition
2 that with probability 1 — o(1):

o [T /B e, e, he(ze)} + Vi(@e = ae)| < ofb;, ") max{mineg(T)} = o(b; ),

which implies the main claim of the theorem, since 1 < oy < 1 for all £ € £ by Condition 2.

Application of Lemma 5 to the empirical process indexed by [I'; '¢p{w, ag, he(2¢)},¢ € L] and that
|1 F'lpq < C gives that with probability 1 — o(1) for some constant C:

max T, ' nE,e{w, ae, he(2e)}| < Cv/log(pr V n).

Step 4. (Define and Bound IT; and Il5). Define K = 1+ M, pe(ze) = {pen(ze)} 5, = {a, he(z0)'}Y,
where 2, — hg(z) is a generic measurable function Z, — Ty, ve(ze) = {aw, he(20)'Y, {ven(ze) Vi, =



26 UNIFORM POST SELECTION INFERENCE FOR Z-PROBLEMS

{ae, he(z0)' Y5 De(2e) = {Der(z0) Y, = {ag,iALg(ZE)’}’, and let 74(z¢) be a vector on the line connecting

ve(w) and pe(w). We define

K
IL(0) = Y V/E (8,00, Blvoe{we, ve(ze) e {per (22) — ver (z0) Hpran (22) — van(20)})

rk=1
IL(4) =Gy, [w{wg,a, he(ze)} — pe{we, o, he(Ze)}} ,

with expressions above are evaluated at i (-) = Uk (-), fter (-) = Der(+), & = @, he(-) = he(-) after comput-
ing expectations. Using Condition 3 and the claim of Step 1, we conclude that with probability 1 — o(1)
uniformly in £ € L:

K

L] < Y VE{C|er(2e) — ver(ze) e (20) — ver(ze)[}

r.k=1
< CynK? max || ek — verl| b S Vnph = o(b, ),

where expressions above are evaluated at puer(+) = Uer(+), pher (1) = Vpr(+) after computing expectations.
With probability 1 — o(1) we have maxse [I11(€)| $ supyezn |Gn(f)| where
F' = [1/)g{’w, a, h(Zz)} — 1/)[{’[1), oy, h[(Z[)} e ﬁ, h e Hg, [ »AEn]

and Agy, := {a € Ap : Ja — ap| < Cpp}. We note that similarly to Step 2, ent(e, F”) < slog(pran/e) <
slog(an/€). We wish to apply Lemma 5. We can choose o in Lemma 5 so that sup ;e z || fl|p2 < 0 < /2
Indeed, this follows from the following calculation:

s Ifla s swp  B{E ([l pelen)} = ve{w ol )}

LEL e €EApn X He

< sup E{C|lpe(2ze) — ve(ze)°},
LEL g EApn X Hy

= sup Cllue = vellp < sup Clle = vellpn < Phs
LeEL, €A XHy LEL, €A XHy

where iy is defined as before. Here the first inequality follows by the law of iterated expectations; the
second inequality follows by Condition 3; and the last inequality follows from ¢ € [1,2] by Condition 3
and the monotonicity of the norm ||||pq in ¢ € [1,00]. Application of Lemma 5 and of the inequality
Mpa < na || F||p,q gives that with probability 1 — o(1):
max [11(0)| < sup |G(f)] < C (p3/2V/sTogan +n 250t ||| g logan + pu) = o(b;"),
€ feFy

for some constant C, where the last equality follows from the growth conditions of Condition 3.

Step 5. (Auxiliary). We show that with probability 1—o(1), infoe 4, v/7|Enthe{we, o, iAu(ze)}| =o(b;1).
We have that with probability 1 — o(1), infaca, v2lEntbe{we, o, he(z0)}| < VAlEnte{we, ae, he(ze)},
where ay = ay — I‘ZlEnwg{wg,ag,hg(z)}, since a; € Ay for all £ € £ with probability 1 — o(1), and in
fact maxee |ae — ar| S v/log(p1 V n)/n = o(1) by the last sentence of Step 3. Then, arguing similarly
to Steps 3 and 4, we can conclude that with probability 1 — o(1): uniformly in ¢ € L,

VAEe{we, @, he(20)}] < VnlEntoe{we, ae, he(ze)} + De(@e — ag) + Ag(he — he)| + o(byh),
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where the first term on the right side vanishes by definition of a, and by Ag(ﬁg — he) =0. O
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Standard approach: rp(0.05) Proposed Method 1: rp(0.05)

0.5
.Fi2 on d 0o R2 on y

Ideal: rp(0.05) Proposed Method 2: rp(0.05)

FIGURE 1. The figure displays the empirical rejection probabilities of the nominal 5% level tests of a
true hypothesis based on different testing procedures: the top left plot is based on the standard post-
model selection procedure based on @, the top right plot is based on the proposed post-model selection
procedure based on &, and the bottom left plot is based on another proposed procedure based on the
statistic Ly. The results are based on 500 replications for each of the 100 combinations of R2’s in the
primary and auxiliary equations in (4.23). Ideally we should observe the 5% rejection rate (of a true

null) uniformly across the parameter space (as in bottom right plot).
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Proposed Method: Bias

R?ond 0o

Proposed Method: Standard Deviation

0.2

0.5
R’ond 0o

0.8
04 06
R*ony

Proposed Method: RMSE

0.5

0.5
R?ond 0o

0.8
0.4 06

0.2 =
R? on y

FIGURE 2. The figure displays mean bias (top row), standard deviation (middle row), and root mean

square error (bottom row) for the the proposed post-model selection estimator & (right column) and the

standard post-model selection estimator & (left column). The results are based on 500 replications for

each of the 100 combinations of R?’s in the primary and auxiliary equations in (4.23).
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Supplementary Appendix for “Uniform Post Selection Inference

for LAD Regression Models”

APPENDIX F. AUXILIARY RESULTS FOR ¢1-LAD AND HETEROSCEDASTIC LASSO

In this section we state relevant theoretical results on the performance of the estimators £1-LAD, Post-
¢1-LAD, heteroscedastic Lasso, and heteroscedastic Post-Lasso. There results were developed in [3] and

[2]. The main design condition relies on the restricted eigenvalue proposed in [9], namely for Z; = (d;, x})’

inf 127012, /1107 I, (F.41)

Ke =
6zellx<ellr |y
where ¢ = (¢ + 1)/(c — 1) for the slack constant ¢ > 1, see [9]. It is well known that well behaved sparse

eigenvalues imply that k. is bounded away from zero if ¢ is bounded for any subset T' C {1,...,p} with
IT| < s.

F.1. ¢1-Penalized LAD. For a data generating process such that pr(y; < Zino | ;) = 1/2, independent

across ¢ (i = 1,...,n) we consider the estimation of 7y via the ¢;-penalized LAD regression estimate
i € argminE,[ly — /)] + 2w,
where U? = diag(E,[Z7],...,E,[Z7]) is a diagonal matrix of penalty loadings. As established in [3] and
[31], under the event that
25 20U B [(1/2 - 1y < Fm))ille, (.42)
the estimator above achieves good theoretical guarantees under mild design conditions. Although 7 is

unknown, we can set A so that the event in (F.42) holds with high probability. In particular, the pivotal
rule discussed in [3] proposes to set A = ¢'nA(1 —~ | &) for ¢ > ¢ and v — 0 where

A1 =~ | &) := (1 — v)-quantile of 2| T 'E,[(1/2 — 1{U < 1/2})Z] |0, (F.43)

and where U; are independent uniform random variables on (0, 1), independent of 1, ..., Z,. We suggest
v = 0.1/logn and ¢ = 1.1e. This quantity can be easily approximated via simulations. Below we

summarize required regularity conditions.

Condition PLAD. Assume that ||nollo = s > 1, ¢ < E,[Z3] < C for all 1 < j < p, the conditional
density of y; given d;, denoted by fi(-), and its derivative are bounded by f and f’, respectively, and

fi(#ino) = f > 0 is bounded away from zero uniformly in n.

Condition PLAD is implied by Condition 1. The assumption on the conditional density is standard
in the quantile regression literature even with fixed p or p increasing slower than n (see respectively [16]

and [5]). Next we present bounds on the prediction norm of the ¢;-LAD estimator.
Lemma 6 (Estimation Error of ¢1-LAD). Under Condition PLAD, and using A = ¢'nA(1 — v | &), we
have with probability 1 — 2v — o(1) for n large enough

P (7 e 1 /slo
17— o)l < Y5 4 L [8108(p/Y)
nK n

)
C K:C
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provided { Me ¢ nre LTI g M
AV snlog([pvnl/v) | I seac B, [|70)3]
Lemma 6 establishes the rate of convergence in the prediction norm for the ¢;-LAD estimator in
a parametric setting. The extra growth condition required for identification is mild. For instance we
typically have A < /log(n V p)/n and for many designs of interest we have infsea, [|Z'6]]3 ,,/En[|Z'0|?]
bounded away from zero (see [3]). For more general designs we have
inf ||5U/5||§,n . Hi'/5| 2,n Re
sede By[|7/6]3] 7 s€ae [|0]l1 maxicn [Zilloo T v/5(1+ €) maxica | Till

which implies the extra growth condition under K2s?log(p V n) < 8,k2n.

In order to alleviate the bias introduced by the ¢;-penalty, we can consider the associated post-model

selection estimate associated with a selected support T
7] € arg min {Enﬂy —&'n|]:n;=0ifj & f} . (F.44)
7
The following result characterizes the performance of the estimator in (F.44), see [3] for the proof.

Lemma 7 (Estimation Error of Post-£1-LAD). Assume the conditions of Lemma 6 hold, supp(7)) C T,

and let s = |f| Then we have for n large enough

< (5+s)lognVvp) MN/s 1 [slog(p/vy)
2,n SP = +— )
NPmin (5 + ) nke  Ke n

\/ @min (5 \/ Gmin (3 FE =513
pTOUided {n ¢;1$g(5+5) + n ¢mm(5+5) } b 1nf Hx 5”2,71] —p o0.

Vsnlog(lpvnl/) | L i5)0<ats EnllF0F°

12 (7 = no)

Lemma 7 provides the rate of convergence in the prediction norm for the post model selection estimator
despite of possible imperfect model selection. The rates rely on the overall quality of the selected model
(which is at least as good as the model selected by ¢1-LAD) and the overall number of components 5.
Once again the extra growth condition required for identification is mild. For more general designs we

have s
H.’IJ 6”2,71 . ||=%I6||2,n > ¢min(5 + 5)

inf ——=C in — —= = .
Isllo<sts Enl|Z 03] 7 lsllo<sts [|0]]1 maxicy, ||Filloo ~ V3 + smaxi<n ||%il oo

Comment F.1. In Step 1 of Algorithm 2 we use ¢1-LAD with z; = (d;, x})’, 5= n—no = (@—ap, B’—ﬂé)’,

and we are interested on rates for ||2/(8 — Bo)ll2, instead of ||:Tc'g|\2n However, it follows that
[l (B = Bo)

Since s > 1, without loss of generality we can assume the component associated with the treatment

2 < |1#5]

2n + |a - a0| : ||d|

2,n-

d; belongs to T (at the cost of increasing the cardinality of T' by one which will not affect the rate of

convergence). Therefore we have that
16 — aol < 182l < [13ll2.n/ e

In most applications of interest ||d||2,, and 1/kc are bounded from above with high probability. Similarly,
in Step 1 of Algorithm 1 we have that the Post-¢1-LAD estimator satisfies

9/ (3 = Bo)lloan < 13ll2in (1+ 2.0/ v/ Gmin(5 +5) ) -
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F.2. Heteroscedastic Lasso. In this section we consider the equation (1.4) in the form
d; = :10290 + v;, E[’UZ‘ | ,Ti] =0, (F45)

where we observe {(d;, «})'}"_;, (x;)"_, are non-stochastic, and (v;)?_; are independent across ¢ but not
necessary identically distributed. The unknown support of 6y is denoted by Ty and it satisfies |T4| <

To estimate 6y and consequently v;, we compute
. A~ N o
e argm@inEn[(d —2/0)%] + =||T'9||y and set v; = d; — x%0, i=1,...,n, (F.46)
n

where A and T are the associated penalty level and loadings which are potentially data-driven. In this

case the following regularization event plays an important role
2 > 2| T Epz(d — 260)][| - (F.47)

As discussed in [9], [4] and [2], the event above implies that the estimator 8 satisfies HOTC I < c|lfr, —bollx
where ¢ = (¢4 1)/(c — 1). Thus rates of convergence for 6 and 3; defined on (F.46) can be established
based on the restricted eigenvalue k. defined in (F.41) with &; = z; and T = Tj.

The following are sufficient high-level conditions where again the sequences A,, and §,, go to zero and
C is a positive constant independent of n, and let E[f(d,z)] := 2 3" | E[f(d;, 2;)].

Condition HL. For the model (F.45), for s = s, > 1 we have ||6p|lo < s and
(i) e<Ep[zf] < Cforall j=1,...,p; c<E[v] 2] <Cforalli=1,...,n
(if) max {(E[lz;v] DY EllagloP)23 7L~ v/2p) < §an/S,
<<
(ili) max |(E, — E)[z5v*]| + max |(E, — E)[z7d”]| < 6y, with probability 1 — A,,.
1<j<p i<p !

Condition HL is implied by Condition 1. Several primitive moment conditions imply the various
cross moments bounds. These conditions also allow us to invoke moderate deviation theorems for self-
normalized sums from [14] to bound some important error components. Despite heteroscedastic non-
Gaussian noise, Those results allows a sharp choice of penalty level and loadings was analyzed in [2]

which is summarized by the following lemma.

Valid options for setting the penalty level and the loadings for j = 1,...,p, are

initial ;= |/En[22(d — d)?], A =2¢cy/n® (1 —~/(2p)),
refined  7; = /B, [2392], A =2cy/n® (1 —v/(2p)),

where ¢ > 1 is a constant, v € (0,1), d := E,[d] and 9; is an estimate of v; based on Lasso with the

(F.48)

initial option (or iterations). [2] established that using either of the choices in (F.48) implies that the
regularization event (F.47) holds with high probability. Next we present results on the performance of

the estimators generated by Lasso.

Lemma 8. Under Condition HL and setting A = 2¢//n®~1(1 —~/2p) for ¢’ > ¢ > 1, and using penalty

loadings as in (F.48), there is an uniformly bounded ¢ such that we have

< Mf

15— vl|2,n = [|2"(6 — 60)

and  ||0; — villoo < |10 — Go]|1 max ||z oo
<n
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Associated with Lasso we can define the Post-Lasso estimator as
fe arg min {En[(d —2'0)?: 0, =0if b, = 0} and set ¥; = d; — /0. (F.49)

That is, the Post-Lasso estimator is simply the least squares estimator applied to the covariates selected
by Lasso in (F.46). Sparsity properties of the Lasso estimator 9 under estimated weights follows similarly
to the standard Lasso analysis derived in [2]. By combining such sparsity properties and the rates in the
prediction norm we can establish rates for the post-model selection estimator under estimated weights.
The following result summarizes the properties of the Post-Lasso estimator and relies on sparse eigenvalues
of the empirical Gram matrix

/5 2 /5 2
< ”‘T |22,n < HCL‘ |§,n < Ii” (F.50)
I5lo<tns ||l llo<tns |6

/

Lemma 9 (Model Selection Properties of Lasso and Properties of Post-Lasso). Suppose that Condition
HL and (F.50) hold. Consider the Lasso estimator with penalty level and loadings specified as in Lemma
8. Then the data-dependent model fd selected by the Lasso estimator ) satisfies with probability 1 — A, :

16lo = |Ta| < . (F.51)
Moreover, the Post-Lasso estimator obeys

~ slog(pVn
6= vl = " — )l <p ) T2V,

APPENDIX G. ALTERNATIVE IMPLEMENTATION VIA DOUBLE SELECTION

An alternative proposal for the method is reminiscent of the double selection method proposed in [6]
for partial linear models. This version replaces Step 3 with a LAD regression of y on d and all covariates

selected in Steps 1 and 2 (i.e. the union of the selected sets). The method is described as follows:

Algoritm 3. (A Double Selection Method)

Step 1 Run Post-£1-LAD of y; on d; and z;:

-~

(@,5) € argmin Eally — da —2'8l] + 2 [W(et 8Y 1.
Step 2 Run Heteroscedastic Lasso of d; on x;:
fe argm@in E,[(d — 2'6)?] + %Hf@”l
Step 3 Run LAD regression of y; on d; and the covariates selected in Step 1 and 2:
(@, 5) € arg min {En[ly —da —2']] : supp(F) supp(3) Usupp(6) }.

The double selection algorithm has three steps: (1) select covariates based on the standard ¢;-LAD
regression, (2) select covariates based on heteroscedastic Lasso of the treatment equation, and (3) run a

LAD regression with the treatment and all selected covariates.
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This approach can also be analyzed through Lemma 1 since it creates instruments implicitly. To see
that let 7* denote the variables selected in Step 1 and 2: T* = supp(ﬁ) U supp(a). By the first order

conditions for (¢, 5) we have
IEnlip(y — das —a'B)(d, 27 Il = O{(max, Idi] + Kol T°%) (14 1))/},

which creates an orthogonal relation to any linear combination of (d;, a:;f* ). In particular, by taking the

f'=d; — x;f* gf =d; — :1:;5: Z;, which is the instrument in Step 2

linear combination (d;, z/ 5. )(1, —9' L)

of Algorithm 1, we have
Enle(y — da — 2/B)2] = O (1, 7Y [[(max |d:] + Ka|T*[/2)(1 +|T*])/n}.

As soon as the right side is op (nil/ 2), the double selection estimator & approximately minimizes

E (Oé): |En[ (y da—x/ﬂ) ”2
! En[{¢(y — d& — a/3)}222]

where z; is the instrument created by Step 2 of Algorithm 1. Thus the double selection estimator can be

seen as an iterated version of the method based on instruments where the Step 1 estimate 5 is updated
with 3.

APPENDIX H. PROOF OF THEOREM 1: ALGORITHM 2

Proof of Theorem 1, Algorithm 2. We will verify Condition ILAD and the desired result then follows
from Lemma 1 and noting that |E,[E[v? | z]] — E[v?]| <p 6, and E[v?] is bounded away from zero under
Condition 1.

The assumptions on the error density fc(-) in Condition ILAD(i) are assumed in Condition 1(iv). The

moment conditions on d; and v; in Condition ILAD(i) are assumed in Condition 1(ii).

Because Condition 1(v) and (vi), by Lemma 4 we have for some /,, — 0o we have &' < ¢min(fn) <
Dmax (L n) k" with probability 1 — A,. In turn, s is bounded away from zero with probability 1 — A,
for n sufficiently large, see [9].

Step 1 relies on /1-LAD. Condition PLAD is implied by Condition 1. By Lemma 6 and Comment F.1

we have

|2/ (8 = Bo)ll2.n Sp /slog(n Vp)/n and |a — aol Sp /slog(p Vn)/n S o(1)log™ " n

because s* 1og3(n V p) < d,n and the required side condition holds. Indeed, without loss of generality
assume that T contains the treatment so that for Z; = (d;, z})’, § = (44, 6.,)’, because k. is bounded away
from zero, and the fact that E,[|d|?] <p E[|d[?] = O(1), we have

infsea. s aramn ||w'6||2n+8l<m<1+c>n6rn 1642 {11d13,,, TEA 14T}
ke/V/s

>
8K, (1+o) {1+][d[[3 ,, /w2 +E.[[dP]/rZ} ~F \/_Km

|4 5”2" . ||i'5||2 167 || e Hi/5|‘2 |0 ||Ke
infsen, E.[[7/6]7] > infsen, IE, [[2702 P | -4E,. [[d54 i 2 infsen, TRLTooTiE e S PTrA PE ]
25113, 1167 Il re
> n
2 nfse e TR TS 73T Toadlla 125 A5 PE,TAFTIo T (H.52)
> 128113, 1167 ll1k5e/V/5 .
=
=
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Therefore, since A < y/nlog(p VvV n) we have

s N L PR
)\\/—+\/W5€A E.[|Z'0]3] ~ Kgslog(pVn)
under K2s%log®(p V n) < d,n. Note that the rate for @ and the definition of A implies {a : |a — ag| <
n~2logn} C A (with probability 1 — o(1)) which is required in ILAD(ii). Moreover, by the (shrinking)
definition of \A we have the initial rate of ILAD(iv). Step 2 relies on Lasso. Condition HL is implied by
Condition 1 and Lemma 2 applied twice with ¢; = v; and (; = d; under the condition that K2*logp < d,n.

—p 00 (H.53)

By Lemma 8 we have ||z’ (9—00 ll2.n Sp v/slog(n V p)/n. Moreover, by Lemma 9 we have ||9||0 < s with
probability 1 — o(1).

The rates established above for # and 3 imply (C.34) in ILAD(iii) since by Condition 1(ii) E[jv;] |
z;] < (E? | 2:])'/? = O(1) and max;<i<n |2/ (0 — 00)| <p Ko+/s%log(p V n)/n = of

To verify Condition ILAD(iii) (C.35), arguing as in the proof of Theorem 1, we can deduce that
sup |G (¥, 55— Ya,0.00)| = 0p(1).
acA

This completes the proof.

APPENDIX I. PROOF OF AUXILIARY TECHNICAL RESULTS

Proof of Lemma 2. We shall use Lemma 10 ahead. Let Z; = (x;,¢;) and define F = {f;(z;, () = xfjgf :
j=1,...,p}. Since pr(|X| > t) < E[|X|¥]/t*, for k = 2 we have that median(]X|) < /2E[|X|?] and for
k = q/4 we have (1 — 7)-quantile of | X| is bounded by (E[|X]%/4]/7)*9. Then we have

tmax median (|G (/ (21, G))]) < /2Elelcl] < K2 /2E[CT

and
(1 — 7)-quantile of max En[2}¢}] < (1 — 7)-quantile of K2\/E,[¢Y < K2(E[|¢]1 /7).
IXP
The conclusion follows from Lemma 10. O

Proof of Lemma 3. By the triangle inequality we have

12/ (B™ — Bo)llam < |12'(B — Bo)ll2.

Now let T denote the m largest components of B and T* corresponds to the m largest components of B
outside Ud %Td It follows that 6(27”) = BT1UT2

+ ||/ (B®™ — B)|

2,n-

Next note that for k > 3 we have || Brr+1|| < ||Bre||1/+/m. Indeed, consider the problem max{||v||/|ul]; :
v,u € R™ max; |v;| < min,|u;|}. Given a v and u we can always increase the objective function by
using ¥ = max; |v;|(1,...,1) and @ = min; |u;|(1,...,1)" instead. Thus, the maximum is achieved at
v*=u*=(1,...,1), yielding 1/y/m.
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Thus, by |\ETC|\1 < c||dr]|1 and |T'| = s we have
~ ~ Kk =
12 (B%™ = B)llam = ll2} Xps Brellzn
K ~ ) 3K 2
Ek 3 H'I/BT’c ||2 n < ¢max Zk 3 HﬂT’c ||

/¢ ZK 1 HﬂTkHI /¢ Hﬂ(qﬂ)c”l
max max

/ c / [

(bmax m HﬁT— /,rn”1 X ¢max H T/—nLl_l .

INCININ

Proof of Lemma 4. We will specify £,, below. Let K= max;<n | Zil|lco- We have

12 ]l2,n

RIS

l16]lo<Fns

— 1‘ < {bmin(lns)} ! sup |(En — E)[(/0)?]| 0n.

161l0<Ens, 16]1=1

By symmetrization for probabilities we have

P(supys0<,s o= | En — B)(@S)%)| > 1)
P(supy 5, <ins o=t |(Bn = B)[(@8)*]| > t | K < K) + P(K > K)
4 K

< <
SAP(sup)5y,<ins 51 |Enl€i(@0)?]| > t/4| K < K) + P(K > K)

for any t > 2K/ ZnS\ / &max(gns)/n. From Theorem 3.6 of [26], for

op =2 (C’I_{ lnslog(1 + £,5)\/log(p V n)\/logn) /v,

where C' is the universal constant, we have

E [ swp  [Bae@9))| > /4] K < ] < 02 + 5 Bumanllns) V2.
161l0<2ns,l|8]|=1

By Condition 1, we have maxi <i<n, |di| < £,n'/* with probability 1 — C/Z,,. Setting K := K,V £,,n'/*

we have K < K with probability 1 — A,, — C/En Next we show that §,, — 0. Indeed, for ?,, — 0o slow

enough, we have

5, < {K.V lun'*}\/l,s1og(1 + £,5)/log(p V n) \/logn K,V lynt/ 10g3/2n lnslog(pV n)
NG nl/3 nl/3

since K = o(n) and slog(p V n) = o(n'/3). 0

—0

APPENDIX J. AUXILIARY PROBABILISTIC INEQUALITIES

Let Zi,...,Z, be independent random variables taking values in a measurable space (S5,S), and
consider an empirical process G, (f) = n=/23"" {f(Z:;) —E[f(Z;)]} indexed by a pointwise measurable
class of functions F on S (see [30], Chapter 2.3). Denote by P, the (random) empirical probability
measure that assigns probability n=! to each Z;. Let N(e, F,|| - ||p,.2) denote the e-covering number of

F with respect to the L?(P,,) seminorm || - ||, 2.

The following maximal inequality is derived in [6].
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Lemma 10 (Maximal inequality for finite classes). Suppose that the class F is finite. Then for every
7 €(0,1/2) and ¢ € (0,1), with probability at least 1 — 41 — 40,

max G,(F)| < {4v/2108IF1/3) Q(1L 1)} v 2 max median (|G (1))

where Q(u) = u-quantile of maxscr /En[f(Z)?].

The following maximal inequality is derived in [3].

Lemma 11 (Maximal inequality for infinite classes). Let F' = SUpfe |f|, and suppose that there exist

some constants w, > 1, v > 1, m >0, and h,, > ho such that

Nl Flle, .2, Fo ll - llpn2) < (nV hy)™(wn/e)"™, 0 <e<1.

Set C := (1++/2v)/4. Then for every 6 € (0,1/6) and every constant K > /2/§, we have

sup |G (f)| < 4vV2¢KC/mlog(n V hy V wy) max { sup VE[f(Z)2], sup E.[f(Z)?] ¢,

fer fer feF

with probability at least 1 — §, provided that n\V hg = 3; the constant ¢ < 30 is universal.
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