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ABSTRACT. For an exchange economy, under assumptions which did not bring about the exis-
tence of equilibrium with dividends as yet, we prove the non-emptiness of the fuzzy rejective
core. Then, via Konovalov (1998, 2005)’s equivalence result, we solve the equilibrium with
dividends existence problem. Adding to the same assumptions a weak non-satiation condition
which differs from the weak non-satiation assumption introduced by Allouch-Le Van (2009),
we show in a last section the existence of a Walrasian quasiequilibrium. This result, which
fits with exchange economies whose consumers’ utility functions are not assumed to be upper
semicontinuous, complements the one obtained by Martins-da-Rocha and Monteiro (2009).
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1. INTRODUCTION

In this note, we consider an exchange economy £ = ((Xi, Ui, €)ie I) defined on the commodity
space RY. Each of a finite set I of consumers has a consumption set X; C R, an initial endowment
e; € R’ and transitive and complete preferences on X; represented by a utility function u;: X; — R.
We normalize utility functions by requiring for each i, u;(e;) = 0. As usual,

A(E) =1z = (2)ier € HXi: sz = Zei
iel i€l i€l
denotes the set of all attainable allocations of the economy £. We let
Arr(€) ={z € A(E), st. 0<u;(x;) Viel}
U= {v = (v3)ier €RY: 3z € A(E), st. 0<v; <wy(z;) Vie I}
be respectively the set of all individually rational attainable allocations and the individually rational

utility set, sometimes called wutility set. We will occasionally denote by A; the projection on X; of

Arr(E).

Definition 1.1. A couple (p,x) where 0 # p € R and x = (2;);c; € A(E) is a (Walrasian)
quastequilibrium of € if for each i € 1,

prx;=p-e and ui(z}) >ui(z;) = p-ai >p-e;.



It is an equilibrium if u;(x}) > u;(x;) actually implies p- i > p-e;

The possibility that the current assumptions do not imply local non-satiation of preferences at
each consumption component of equilibrium has motivated the following definition, going back to
different authors in different contexts, formalized with a different name by Mas-Colell (1992).

Definition 1.2. A couple (p, ) of a price p € R® and of an attainable allocation x = (z;);e; € A(E)
is a quasiequilibrium with dividends (slacks) if for each i € I, there exists m; € Ry such that

p-x; <p-e;+my and ui(x)) > ui(z;) = p-a,>p-e; +m;.
It is an equilibrium (with dividends (m;)icr ) if wi(z;) > ui(x;) actually implies p-x}, > p-e;+m;.

It is worth noticing that, in the previous definition, consumers are not anymore required to bind
their budget constraint at quasiequilibrium. If all dividends are not equal to 0, the fact that z
is an attainable allocation does not imply such an equality between quasiequilibrium expenditure
and revenue that only local non-satiation at quasiequilibrium could explain. Moreover, a null
equilibrium price is compatible with the previous definition. It simply implies that all consumers
are satiated at equilibrium. Obviously, a Walrasian equilibrium (resp. quasiequilibrium) is nothing
else but an equilibrium (resp. a quasiequilibrium) with a non-null price and dividends all equal to
0.

On the other hand, let us now introduce the core notions which will allow to deduce the existence
of equilibria with dividends from the core equivalence theorem proved by Konovalov (2005).

Definition 1.3. A coalition S rejects an attainable allocation x € A(E) if there exists a partition
S = S'U S? and consumption bundles y; € X;, i € S, such that

(a’) Zies Yi = Ziesl e; + ZiESQ Ty,
(b) wi(y;) > wu;(x;) Vi € S.

Following Aubin (1979), a non-null element ¢ = (;);c; of the set [0,1]] is called a fuzzy
coalition. Its ith component is interpreted as the rate of participation of agent i in the fuzzy
coalition. Obviously, a coalition S C I can be seen as a fuzzy coalition with rates of participation
equal to 0 or 1.

Definition 1.4. A fuzzy coalition t = (t;);er rejects an attainable allocation x € A(E) if there
exists t*,t? in [0,1]" and y € [[,c; X, such that t = t* +t* and

(a) Zie[ tiyi = Zie] t}e,; + Zie] tfzi,

Definition 1.5. An attainable allocation x € A(E) is an element of the rejective core C,(£)
(resp. is an element of the fuzzy rejective core CI(£)) if it cannot be rejected by a coalition
(resp. a fuzzy coalition). It is an element of the Edgeworth rejective core CE(E) if it cannot be

rejected by a fuzzy coalition with rational rates t;, t}, t? of participation.

If, in definitions 1.3 and 1.4, SZ = @ or if t2 = 0, the previous definitions coincide with the
standard definitions of blocking, so that C,.(£) C C(E), C{(E) C C/(E), CE(E) C C4(€). Tt easily
follows from the definitions that an attainable allocation of the rejective core (resp. fuzzy rejective
core, Edgeworth rejective core) is individually rational, that is, belongs to A;r(€). Moreover, if
satiation at all components of an attainable allocation is not ruled out, such an attainable allocation
is a trivial element of C,.(€) (resp. C¢(E), C(€)). It is also a trivial equilibrium with dividends
allocation with any null or non-null equilibrium price.



The main purpose of this note is to give sufficient assumptions on the economy &£ to guarantee
the non-emptiness of its fuzzy rejective core. This will be done in Section 2. A direct proof
of this result is by itself of interest. At the end of the section, using Konovalov(1998, 2005)’s
core-equivalence result, we will deduce from this result sufficient assumptions for the existence of
equilibrium with dividends in £. These assumptions have been proved to be strictly weaker than
comparable assumptions found in the literature. Under the same assumptions, we will show in
Section 3 the existence of a Walrasian equilibrium under a weak non-satiation condition which
differs from the weak non-satiation assumption introduced by Allouch-Le Van (2009) and used by
Martins-da-Rocha—Monteiro (2009).

2. THE NON-EMPTINESS OF THE FUZZY REJECTIVE CORE AND ITS CONSEQUENCE
FOR THE EXISTENCE OF EQUILIBRIUM WITH DIVIDENDS

In this section, we will maintain on £ the following assumptions.

A.1: For each i, X; is convex, containing e;;

A.2: For each i, u; is strictly quasi-concave;

A.3: For each i, the set P;(x;) := {y; € X;: w;(y;) > u;(x;)} is open in X; at every attainable

and individually rational consumption vector;!

A.4: For each i, e; € int X;.
In addition, when consumption sets are not bounded below, a compactness assumption should
limit the arbitrage possibilities for consumers. We borrow this assumption from Martins-da-Rocha
and Monteiro (2009). Let us denote for each i € I, S; = argmax{u;(x;): x; € X;} the set of
satiation points of u; on X;, and for every attainable allocation « € A(E), S(x) ={i € I: x; € S;},
N(x) =T\ S(x).

Definition 2.1. The individually rational utility set U is strongly compact if for every sequence
¥ in Arg(€) there exists an attainable allocation y € A(E) and a subsequence x** satisfying
(a) Vi eI, u;(y;) > limg_oo us(z]*),
. . ISl(zclyk) VRN 2
(b) Vi€ I7 hmk—>oo 1+||-L1Vk‘|2 (yl Ty ) =0.
As explained by Martins-da-Rocha and Monteiro, condition b. means that for the sequence z*,
only three cases can occur:

(1) the subsequence z;* is unbounded,
(2) the subsequence z;* converges to y;,
(3) for k large enough, z;* is not a satiation point.
The two following implications are proved in Martins-da-Rocha—Monteiro (2009) where are also

provided examples showing that the reverse implications are not true.

e If the utility functions u; are upper semicontinuous,?

strong compactness of U,
e strong compactness of U implies its compactness.

compactness of Arg(&) implies the

LAs noticed several times in the literature, this assumption is not necessary if in A.2, the functions u; are
assumed to be concave.

2If A is a subset of R¢, for z € R¢, 1 4(z) is defined by 14(2) = z if z € A, 14(2) = 0 otherwise.

31t is obvious that compactness properties of U subsume some upper semicontinuity properties of utility function.
When the compactness or the strong compactness of U is directly assumed, according to the results to be got, it
may be not necessary to assume in addition that the utility functions are upper semicontinuous.



It is well known that if I is compact, the economy & has a (strong) Pareto optimum® which is also
individually rational. Strong compactness of U allows to prove the following sharper result to be
used later (see the discussion between Claim 2 and Claim 3 in the proof of Proposition 2.2). For
T € Arr(€), let us define the following subset of U

0<y; < ul(ml) Vielx,=2; Vi S(l‘),}

U = {v = (vi)ier € RT: 3z € A(E), sit. and u; (z;) > wi(T;) Vi e N(T)

Proposition 2.1. Assume that U is nonempty and strongly compact. Then for T € Ajr(E), the
set U(T) has a mazimal element.

Proof. it suffices to verify that U(T) is closed. Let v a sequence of elements of U(T) converging
to v. There exists a sequence z” of elements of A(E) such that 0 < v/ < w;(z¥) Vi € I and
xf =T Vi T € S, ui(xY) > ui(T;) Vi T; ¢ S;. By strong compactness of U, the exists a
subsequence z7* and y € A(E) satisfying for all i € I, u;(y;) > limy_ o ui(z}*) and one of the
three properties above. It then follows that y; = T; if T; € S; and w;(y;) > u;(%T;) if T; ¢ S;, thus
that v e U(Z). M

We will keep in mind that if v* = (ul(zf))lel is a maximal element of U(Z) then S(Z) C S(z*).

From now on, we add to the assumptions A.1 — A.4 on the economy & the following compactness
assumption.

A.5: U is strongly compact.

The next proposition is the main result of the note.
Proposition 2.2. Under Assumptions A.1 — A.5, the economy € has a non-empty fuzzy rejective
core.

Proof. As Le Van-Minh (2007), given some p > 0 and § = (4;);er € RL ., we associate to the
economy &, the economy

~

&= ((Xiaaiaé\i)iel)

defined as follows. For each i € I, )?i = X; xRy, & = (e;,0;), and, for any (z;,d;) € )?“
S~y u; () if,in &, x; ¢ 5;
Ui, d) = {ui(wi) 4+ ud; if,in &, x; €5;

Without loss of generality, we can assume that no e; is satiation point of u; on X;, so that
;(e;,0;) = 0.° For the economy &, the sets A(E), Arr(E), U are defined as in €. In particular,

U={v=(v)icr: Iz,d) = (x;,di)ics € AE), s.t. 0<v; <Ui(z,d;) Vi € I}

The proposition will be proved through a sequence of claims. Two first claims will verify the
conditions, stated in Proposition 4.1 of Allouch—Florenzano (2004), for existence of Edgeworth
equilibria in E. Then, the following claims will show first that to an Edgeworth equilibrium of g
can be associated an element of the Edgeworth rejective core of £, which is, in view of Assumption
A.3, an element of the fuzzy rejective core of €.

4That is, 2* € A(E) such that there is no y € A(E) with wu;(y;) > us (z7) for each i € I and wig(yig) > uig (27)
for some ig € I.
5A consumer who is satiated at e; does not play any role in the rejection process.



Claim 1. For each i, X; is convex, containing €;. Moreover, the function u; is strictly quasicon-
cave.

The claim is proved in Le Van—Minh (2007).
Claim 2. The set U is compact.

Let (v”) = ((v))ier) be a sequence of elements of U. By definition, there exists a sequence
((@¥,dY)ier) of elements of A;p(E) such that

177

0 <o < {uz(a:l”) + pd? if 2 is a satiation point

== ui(x?) if ¥ is not a satiation point

Using the strong compactness of U, there exists y = (y;)ier € A(E)and, for each i € I, subsequences
(x7*) satisfying the conditions of Definition 2.1, together with subsequences (v;*) converging to
v;, (dY*) converging to d; € Ry such that (y;,d;)ier € A(E).

Passing to limit in the above relation, distinguishing whether y; is or not a satiation point, and
observing that if y; is not a satiation point then for k large enough, x;* is not a satiation point,
we get for each i €

0< v < w;(yi) + pd; if y; is a satiation point
- = w;i(y;) if y; is not a satiation point
so that 0 < wv; < 4;(y;,d;), which proves that v = (v;)ies € U.

In view of the previous claims, the economy & satisfies Assumptions A.1-A.3 of Theorem 3.1
in Allouch-Florenzano (2004), thus has an Edgeworth equilibrium (%, d).

At this stage, it is worthwhile noticing that in 3 , the set

S = [ Pi(®) xRy ifz; ¢ 5;
Pz(xz;dz) - {Sz X {dZ > El} otherwise

is not necessarily open in )?, We thus cannot infer from the previous conclusion that (7, d) belongs
to the fuzzy core of €. We now indicate how to circumvent this difficulty.
If, in view of Proposition 2.1, v* = (ui(mf))lel is a maximal element of U(Z), the reader will
verify that, in the economy &, Ui(x¥,d;) > U;(Fi,d;) Vi € I, and thus that (z*,d) is likewise an
element of Ce(SA). In the following claim, we intend to show that z* = (z);cr € CS(E), and assume
from now on, by way of contradiction, that there exists t*,¢* in ([0,1]NQ)’) and y € [,.; X; such
that if t = ¢! +¢2 # 0 then

(a) Yjertivi = 2iertiei + Yer tiv5,

(b) wi(yi) > wi(z}) Vi: t; > 0.
Taking in account Proposition 1 in the appendix, there is no loss of generality to assume that
t; = 0 if and only if i € S(z*).

Claim 3. z* € C¢(€).

Setting, as Konovalov (2005) = max; t7, we will distinguish two cases.

2
’ ti max



Casel: 7 .. = 0. In this case, >, o tiyi = D ;crtici and >, ti(yi, 0;) = ;e ti(eis 6;). As
Wi (yi, 0;) > u;(xf,d;) Vi: t; > 0, the coalition ¢ blocks the allocation (z*,d), which contradicts the
fact that (z*,d) is an Edgeworth equilibrium of &.

Case 2: t? . > 0. We first remark that, in this case, there exists iy such that tl > 0. In-
deed, if not, from Y, , 7y, = Yo, tiar with ui(y;) > wui(x)) Vi: 87 > 0 we easﬂy deduce:

9 t? t? 7152 " 2 . t? 2
Yier tzmax( l, yi + l;“?‘:;x i J;Z) =D icr timaxes With if z; = 7 i ’?‘za" L a: s i (2) > ui(xf)
ift2 >0,z =afift? =0. Ast?, >0 = 2= (2)ies € A( ), recalhng “that S(z) C S(z*), it
follows that (ul(zz))z o7 € U(Z), which contradicts the definition of z*.

7 max

In view of this remark, using

Dtiyi=> tiei+ » tia] (2.1)

el el iel

0< > té;+ Y tid; (2.2)

i€l i€l

and

we can choose for i € S(z*) d; > d; and rational 72 such that
S i —di) =D 6+ > thd; (2.3)
€S (x*) i€l i€l

Wlth0<T < t?

1max”

. . i .  (:,0)  ifi¢ S(x¥)
Let in &, the allocation z = (z;);er with z; = {( )it e S(at)

Setting 772 = 0 for i € S(a*), 7! =t} and 77 = t? for i ¢ S(z*), it is easily verified that
Stz =Y thend) + > 7 () dy) (2.4)
iel iel iel

and that the fuzzy coalition 7 = 7! 4 72 rejects with z the allocation (z*,d). Notice, in addition,

that 7; > 0 Vi € I.

From (2.4), using the attainability of the allocation (z},d;) we successively deduce:

iel’
Zt1Z,+ZT Zl+z zmax_ x:(7ai) :Zt%(e“ +thmax (25)
i€l el i€l i€l i€l
2
T xS
Zt'}(y“ + thmax t 5%+ (1 - ﬁil)(mﬂdl)) = Z(tl + t?mdx)(eﬂ 61) (26)
iEI ZEI i max 7 max iEI
Set ) )
T; T; * 3
Zl{:tgilzﬁ‘(l—tgl (@7, di),
i max i max
t! t?
Z/_l (y,O) + 2 max Z/
‘ tl + t?max ' tl + t?max ’

For every i € I, let us first assume that 72 > 0. Then, either i € S(z*), z; = (x},d;), and
u;(2l) > w;(xr,d;) follows from the strict monotonicity of u; relative to its second argument
when ¢ € S(z*) and its strict quasi-concavity; or i ¢ S(z*), z; = (¥:,0), U;i(z) > w;i(z},d;)



and @;(2}) > @,(z},d;) by strict quasi-concavity of 4;. In both cases, whether ¢/ > 0 or not,
wi(2) > ui(xf, d;).

Let us now assume that 72 = 0. Then, i ¢ S(z*), 7} =t} >0, 2/ = (2}, d;), Ui (y;,0) > u;(x}, d;),
and u;(2]") > u;(xf, d;) follows from the strict quasi-concavity of ;.

Summarizing,

t +t1ma tl +t12m'1
X ax (675)
1621 Z]EJ tl + t?max ZEZI ZJEJ tl + t?max) v

-~

with @;(z)) > U;(x},d;) Vi € I, which contradicts (z*,d) € C*(£). The proof of Claim 3 is now
complete.

Claim 4. In view of A.3, one actually has z* € Cf(E).

We omit the proof which is very similar to the one used for proving that, under such a continuity
assumption, an Edgeworth equilibrium of an economy is actually an element of the fuzzy core.
Claim 4 completes the proof of the proposition. W

Decentralizing with prices the elements of the fuzzy rejective core, we get as a consequence of
Proposition 2.2 the following proposition wich does not follow from any of the existence results
proposed so far in the literature.

Proposition 2.3. Under Assumptions A.1-A.5, the economy € has an equilibrium with dividends.

Proof. In view of Proposition 2.2, let Z € C/(€). As in Konovalov (2005), it can be proved that if
N(Z) # @, then there exists a nonnull p € R* such that (p, Z) is a quasiequilibrium with dividends
of £. Given Assumption A.4, this quasiequilibrium is actually an equilibrium with dividends. If
N(Z) = @, T is trivially the allocation of an equilibrium with dividends. ®

Remark 2.2. In several respects, Proposition 2.3 goes less far than results which, following Mas-
Colell (1992), do not assume transitive preferences of consumers. In our framework, that is, in the
case where consumer’s preferences are transitive and represented by utility functions, the reference
paper is Le Van— Minh (2007). Recall that the compactness assumption used by Le Van and Minh
(2007) (compactness of the set of individually rational attainable allocations together with the
upper semicontinuity of utility functions) was proved by Martins-da-Rocha and Monteiro (2009)°
to be strictly stronger than the assumption of strong compactness of the individually rational
utility set (A.5) that we use in Propositions 2.2 and 2.3

Remark 2.3. Before closing Section 2, it is worth noticing the role of Assumption A.4 in the
previous proofs. As well-known, such an assumption is not necessary for the non-emptiness of the
fuzzy core of an economy. Its role in the proof of the non-emptiness of the fuzzy rejective core
(Proposition 2.2) is stressed just before the statement of Claim 3, with a reference to Proposition 1
in the appendix. In the proof of Proposition 2.3, together with A.3, Assumption A.4 is classically
used for proving that a quasiequilibrium (with dividends) is actually an equilibrium with dividends.

63ee Example 7.4 in their paper.



3. EXISTENCE OF (WALRASIAN) EQUILIBRIUM UNDER A WEAK NON-SATIATION ASSUMPTION

According to Definition 1.1, a (Walrasian) quasiequilibrium (resp. equilibrium) is a quasiequi-
librium (resp. equilibrium) with dividends (z*,p*) such that p* # 0 and all dividends m} are
equal to 0. If for each i € I, zf ¢ S;, in view of the strict quasi-concavity of utility functions,
both conditions are obviously satisfied at equilibrium. This explains why the classical assump-
tion of (local) non-satiation at every component of an attainable allocation has been for a long
time the only one non-satiation assumption considered for proving Walrasian quasiequilibrium
(resp. equilibrium) existence. Assuming, in addition to A.1 and A.2, that A;r(€) is compact and
that the utility functions u; are upper semicontinuous, Allouch and Le Van (2009) have stated a
weaker non-satiation condition sufficient for the existence of a (Walrasian) quasiequilibrium. An
interesting result immediately extended by Martins-da-Rocha and Monteiro (2009) to their weaker
compactness assumption (Assumption A.5) on the economy. In this section, we use A.5 and for-
mulate a different weak non-satiation assumption (Assumption A.6 below) especially adapted to
the exchange economies considered in this paper, that is, to economies where consumers’ utility
functions are not assumed to be upper semicontinuous on their consumption set. This assumption
will be proved to be sufficient for quasiequilibrium existence under A.1-A.3 and A.5.

We consider on £ the assumptions A.1 — A.3, A.5 , still assume without loss of generality that
for each i € I, e; ¢ S;, and add the following weak non-satiation assumption:
A.6: For each consumer ¢ € I, if S; N A; # @ then for all z; € S;, \i(z;) := inf{\ >
0:e; -‘1-)\(331 —62‘) € Sz} < 1.
Note that for each i, the set of satiated points S; is convex and would be closed if the utility
function u; was supposed to be upper semicontinuous. Assumption A.6 is thus inconsistent with
any assumption of upper semicontinuity of consumers’ utility functions.

Let us define on X, the following utility functions:
~ N ul(xl) if €T, ¢ Si
’U,z(il?z) - {Uz(xz) + efd(ei,zi) if x; € Si

and consider the economy 3 , obtained from & replacing by u; the consumers’ utility functions u;.

For proving equilibrium existence in £, the strategy is different from the one used in Section 2.
We first establish the non-emptiness of the fuzzy core of £ and thus the existence of a (Walrasian)
quasi-equilibrium for E. The equilibrium existence for £ will then follows from the equilibrium
existence for €.

Proposition 3.1. Under the assumptions A.1 — A.83, A.5 and A.6, Cf(éA‘) # Q.

Proof. Tt is easily verified that the functions u;: X; — R are quasi-concave. We now prove that
the set R
U= {U = ('Ui)ie]: dr = (.Ti)ie[ S A(g), st. 0<y; < ﬂl(xz) Vi € I}
is compact. Indeed let v¥ and ¥ € A(E) be such that for each i € I, u;(e;) = ui(e;) < v; < u(a¥).
Since U is strongly compact, there exist a subsequence z** of ¥ and an allocation y € A(E) such
that
Viel, wui(y;) > kli_)n;o w;(z*) (3.1)

and one of the three cases stated in Definition 2.1 occur. From (3.1) and the definition of u;, we
first deduce that for each i € I, the sequence v;* converges to v; > 0.



If y; ¢ S;, then for k large enough, x;* ¢ S;. Then, from (3.1) and from v;* < u;(z/*) = w;(x}*),
we deduce: v; < wu;i(y;) = Ui (ys),

If y; € S;, the third case may still occur. Then from (3.1), and from v;* < u;(z7*) = w;(z}*),
we deduce: v; < wi(y;) < U;(y;) =, In the first case, we can assume without loss of generality
limy_, o [|27*]| = o0, so that from (3.1) and from v;* < u;(x;*) < w;(x]*) + e=dei™) we deduce
v; < u;(y;) < @;i(y;). In the second case, the third one being excluded, we can assume without
loss of generality u;(x;*) = u;(z]*) + e=d2*) 50 that by using (3.1) and passing to limit in the
relations v;* < w;(z}*), we get v; < u;(y;) + d(e;,yi) = W;(y;). The proof of compactness of U is
thus complete.

In view of Theorem 3.1 in Allouch—Florenzano (2004), the economy & has an Edgeworth equi-
librium T = (T;);c;. We now prove that, under the assumption A.6, T is an element of the fuzzy
core of €. To see that, assume by contraposition that there exist t = (t;)7¢; € [0,1] \ {0} and
x € [[;c; Xisuch that >, tixs = >, tie; and U;(x;) > u;(Z;) Vi € supp t.

We first claim that there exists € > 0 such that foreachi € I, 1—-e <A <1 = u; (ei + Ma; —
ei)) > Uy (EZ)
For each ¢ € I, several cases must be considered:
o If T; € S;, from which it follows that x; € S; and d(e;, x;) < d(e;, T;), it suffices to take
1—e> )\z(xz)
o If 7; ¢ S, and x; € S;, from which it follows that w;(z;) + e~ M) > 4, (T,), it suffices to
take 1 —e > \;(z;) to get for A > 1—¢, @, (ei + Az — ei)) > () + e~ Heomd) = 3;(ay).
o If Z; ¢ S; and x; ¢ S;, from which it follows that u;(z;) > w;(T;), using A.3, it suffices to
take 1—e such that for A > 1—¢, U; (e, + Az —€;)) = ui(e;+Awi—e;)) > ui(T) = 6 (7).
We now classically define for eachi € I, s; € @ suchthatt; =0 = s; =0andt; >0 = 1—e <
iﬁ <land zf =e; + i—l(xZ —e;). If s = (s)icr, it is easily verified that Y}, ; s;z5 = >, sie; and
ui(xf) > u;(x;) Vi € supp s, which contradicts the assumption that Z is an Edgeworth equilibrium

~

of£. m

~

Proposition 3.2. Under the assumptions A.1 — A.3, A.5 and A.6, the economy & has a
quasiequilibrium.

Proof. Let T be the element of Cf (SA ) obtained in the previous proposition. As well known, if for
alli € I, T; € cl P;(Z;), then there exists p € R’, p # 0 such that (Z,p) is a quasiequilibrium of €.
Recall that P;(%;) = {z; € X;: u;(x;) > u(T;)}. U T; € S;, the above condition follows from the

definition of w;. If T; ¢ S;, the above condition follows from Assumption A.2. H

Corollary 3.1. Under the assumptions A.1 — A.3, A.5 and A.6, the economy & has a quasiequi-
librium. If we assume in addition A.4, this quasiequilibrium is actually an equilibrium.

Proof. A quasiequilibrium of £ is obviously a quasiequilibrium of £. Proving the second part of
the statement of the corollary is standard. W

APPENDIX

Proposition 1. Assume Assumptions A.1 — A.4 on the economy E. If x* € Arr(E)\CE(E) then
there exists 7,72 in ([0,1] N Q)" and y € [[;c; X; such that 7 = 7'+ 72 # 0 and
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(@) Y Ti%i = Dier Ti€i T X ier IO
(b) wi(y:) > wi(z) Yi: 7 >0,
with 7, > 0 if and only if i ¢ S(x*).

Proof. Indeed, let us assume that * € Arr(€) \ C¢(E) thus that

(a) Yjertizi =Y ertici + 2 ertin

(b) wi(z;) > wi(xy) Vi: t; >0,
for some t',#? in ([0,1]NQ)’, t = ¢* +1? # 0 and z € [[;¢; X

We first claim that there exist 2’ € [],o;int X; and ¢!, % in ([0,1]NQ)’, ¢/ = ¢'* +¢"* # 0 such

that

(a) ZzEI tiz; = ZzeI tilei + el tie

(b) u;(z )>uz( ) Vi th > 0.
Indeed, it suffices to choose A € Qﬁ 0,1) such that 1fz = e;+A(z;—e;) then u;(2]) > ui(af) Vi t; >
0. Then >, ;5 X A P (A )el + X e tia As it follows from the convexity of X; (A.1)
and A.4 that 2] € int X, then 2’ = (z]);es and, up to an obvious normalization, ¢’ = (Xl)lej prove
our claim.

To prove Proposition 1, starting now from the relations obtained in our first claim, we assume
that for some i°, ¢/, = 0 and i° € N(z*). Let y;0 be such that w;o(y,0) > uo(z)). It follows from
A.2 that w0 (xio + p(yio —xo)) > wio(zy) for every p € (0,1]. Letting 2jo = xj + p(yo — z3), we
now have: Y, thzl+ 2l —p(yw —xf) = 3,  tiltei+ 2,0 tRaf + k. Since for t) > 0, 2/ € int XZ,
in view of A.3, it is possible to choose i' such that t}; > 0 and p € (0, 1] such that, if 2 =
2l — (yz —xj) then up (21 > up (1) and 37,0 t’z’+t’1z 4zl =Y ertiteit > i b x*—l—xzo

The same procedure can be repeated until there is no i such that t; =0 and i € N(z*). ®
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