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1 Introduction

Capital taxation has for a long time not been favored by economists as a
revenue-raising option. Now “capital is back” (Piketty and Zucman, 2013) as
a factor to be taxed for financing public investment in developed countries:
on the one hand, the capital-output ratio increases (Piketty, 2014) which
in part explains great wealth disparities (Wolff, 2010). On the other hand
public investment may significantly enhance aggregate productivity (Romp
and De Haan, 2007). For the distributional consequences of financing public
investment by capital taxation, household heterogeneity in saving motives
(Browning and Lusardi, 1996; Dynan et al., 2004) and income sources (Wolff,
1998) should crucially influence the outcome of fiscal policy, but previous
analyses have neglected such heterogeneity. This article introduces a model
of two stylized types of households that differ in saving motives and in-
come source to study the effect of financing productive public investment
by a capital tax. It answers the following question: is it possible to invest
in public capital in a way that all households benefit while the financing
mechanism mitigates inequality? The answer is yes when there is significant
underprovision of public investment and it is financed by a capital tax. We
also prove that wealth inequality is mitigated by the capital tax and that
for each household type, a different rate of capital taxation is optimal.

Previous theoretical work on the provision of public capital has focused
on homogenous households. It has emphasized that a trade-off exists be-
tween investment into productive public capital and efficiency losses from
taxes financing these investments. This trade-off determines an optimal tax
rate (Barro, 1990). When household heterogeneity is taken into account to
study the effects of public investment on inequality, all agents are typically
assumed to have identical preferences, while the heterogeneity stems from
different initial endowments. For example, Alesina and Rodrik (1994) show
that when households differ by the division of their endowment in wealth and
(inelastic) labor supply, growth is always reduced by capital taxation aimed
at reducing inequality, although households with higher labor to capital ra-
tio prefer higher capital taxes. On the contrary, Chatterjee and Turnovsky
(2012) find that, when public investment also affects the labor-leisure deci-
sion of households, investing in public capital increases inequality in wealth
in the long run, but also growth and average welfare, independent of the fi-
nancing mechanism. However, the growth rate determines whether inherited
wealth matters relatively more than labor income for the wealth distribu-
tion (Piketty, 2011). This indicates that household heterogeneity in income
sources and saving motives must be taken into account for robust conclu-
sions about the distributional effects of public investment.
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Here we introduce a model of productive public capital and wealth in-
equality in which the heterogeneity stems from different saving motives and
income sources and there are two different types of households: high income
households, whose only source of income is the interest from their capital
stock, save dynastically and are represented by infinitely-lived agents. Mid-
dle income households live for two periods, have labor income in the first
period and save for retirement; they are modeled as overlapping generations.
A capital tax is levied by the government to finance productive public in-
vestment. In this situation we prove the following results: first, the higher
the capital tax, the higher the share of capital owned by the middle income
households, thus mitigating inequality in wealth. Second, there is not one
optimal level of capital taxation, but each type of household desires a differ-
ent level. Middle income households are more favorable to the investment in
public capital and desire a higher capital tax rate than high income house-
holds. Third, a Pareto-improving capital tax rate exists nevertheless: for
low tax values, both classes are made better off as long as there is little pub-
lic investment provided. The results together imply that there is no clear
trade-off between equity and efficiency.

Our model is related to that presented in Michl (2009)1, in which the au-
thor models different saving behavior across classes similarly, but evaluates
the outcome in a classical context to assess different social security schemes.
In particular, both contain a version of the ‘Pasinetti Paradox’: In the
steady-state one type of households determines the interest rate (Pasinetti,
1962). Our first result is a consequence of this property.

The division of households into two types with respect to their saving
behavior can be justified as follows. It is well-known that there are striking
wealth disparities within developed economies; for example Wolff (2010)
finds for the U.S. that the wealthiest 5 % of the population own roughly 62 %
of total wealth, the next 55 % of the population own close to the remaining
38 %, while the rest of the population owns virtually no wealth. These
groups can be distinguished by different saving motives: Attanasio (1994)
analyzes the saving behavior of different income cohorts in the U.S. and finds
that the wealthiest cohort in the above mentioned study saves dynastically.
Dynan et al. (2004) find a mixture of bequest and precautionary motives as
the main drivers of savings of the wealthiest households. They also find that
each motive in isolation yields almost the same outcome as a combination
of both. Moreover, the wealthiest individuals are known to be typically self-

1Michl and Foley (2004) and Michl (2009) label the income classes ‘capitalists’ and
‘workers’ respectively. We refrain from these terms not only to avoid invoking unhelpful
rhetoric of class conflict, but also for the fact that ‘workers’ typically have no bequest
motive. ‘Workers’ seems rather a term appropriate to low income households, who are
not modeled here, as they do not save and thus do not own a part of the capital stock of
the economy.
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employed entrepreneurs (Wolff (1998) finds that 72 percent of the richest
1% were self-employed entrepreneurs for data on U.S. households for 1995.).

The middle part of the wealth distribution is known to save in a life-cycle
fashion (Attanasio, 1994; Browning and Lusardi, 1996), that is accumulates
wealth while employed and dissaves when retired. Moreover, lower income
households are also supposed to have higher time preference rates (Lawrance,
1991).

These empirical findings suggest dividing households into three groups
with distinctly different saving motives: The poorest households do not save
– and are hence excluded from our analysis as the benefits they may have
from public investment are unlikely to affect their saving behavior. The
cohorts in the middle of the wealth distribution save mainly for their retire-
ment and are thus best represented as overlapping generation agents that
have income from both labor and capital. The wealthiest income cohorts are
mainly self-employed and save dynastically, which suggests that they should
be modelled as infinitely-lived households who have income from capital
only. Variants of this stylized classification are also used by Mankiw (2000)
and Michl (2009).

The remainder of this article is structured as follows: Section 2 sets
out the model. Section 3 presents its steady-state properties, contains the
derivations of the analytical results and the numerical estimates. Section 4
summarizes the distributional properties of the model and mentions possible
extensions.

2 Model

We model a one-good economy in which the government can finance public
capital that enhances productivity. The population consists of two classes,
high income households and middle income households. The representative
middle income household provides labor when its members are young and
they save for retirement; the household leaves no bequests. Middle income
households are modelled as overlapping generations. The representative high
income household holds capital and interest is its sole source of income. It
has a dynastic saving motive and is thus modeled as an infinitely lived agent.
Both types of agents derive utility from consumption only. Factor markets
clear and on the capital market, the supply consists of both high income
households’ investment and middle income households’ savings. There are
decreasing returns to scale in private and public capital, but constant returns
to scale in private capital and labor. We first describe the household’s
behavior before detailing the role of the firms and the government.
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High income household The high income household owns a capital
stock Kc

t and maximizes intertemporal utility given by

∞∑
t=0

1

(1 + ρc)t
ln(Cct ), (1)

with consumption Cct and time preference rate ρc. Its budget constraint is

Kc
t+1 −Kc

t = (1− τ)rtK
c
t − Cct , (2)

where rt is the interest rate and τ is the capital tax.
The initial capital stock is given as Kc

1 = Kc
0. The high income household

respects a transversality condition: limt→∞

(
Kc
t

∏t−1
s=1

1
1+rs

)
≥ 0.

Solving the maximization problem yields the Euler equation

Cct+1

Cct
=

1 + (1− τ)rt+1

1 + ρc
. (3)

Middle income household The middle income household lives for two
periods, a ’young’ (y) and an ’old’ (o) stage. It maximizes their lifetime
utility, where utility from consumption in the second period is discounted
by the time preference rate ρw:

ln(Cyt ) +
1

1 + ρw
ln(Cot+1). (4)

In the first period, the middle income household rents its fixed labor to the
producing firm, which in turn pays a wage rate wt. Labor income can either
be consumed or saved for the old age:

wtL = St + Cyt . (5)

In the second period the middle income household consumes its savings and
the interest on them:

Cot+1 = (1 + (1− τ)rt+1)St. (6)

Solving the optimization problem subject to the budget constraints leads
to the Euler equation:

Cot+1

Cyt
=

1 + (1− τ) · rt+1

1 + ρw
. (7)

From Equations (5-7) explicit expressions for saving and consumption in
the two periods can be derived:

St =
1

2 + ρw
wtL (8)
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Cyt =

(
1 + ρw
2 + ρw

)
wtL (9)

Cot+1 =

(
1 + (1− τ)rt+1

2 + ρw

)
wtL. (10)

The savings rate is constant, as is standard in discrete OLG models when the
utility function is logarithmic. The same is true for the consumption of the
young agent, while Cot+1 is still dependent on the interest rate r. Moreover,
combining Equations (8-9) implies that Cyt depends linearly on savings S.

Production The firm produces output according to a Cobb-Douglas pro-
duction function. Public capital enhances productivity of both factors:

F (Kt, L) = AtK
α
t L

1−α

with At = P βt and 0 < α, β < 1. Throughout we assume α+β < 1 to exclude
the case of long-run or explosive growth.

Kt denotes the sum of the individual capital stocks

Kt = Kc
t + St−1 (11)

and β is the efficiency factor of public capital Pt. Profit maximization yields
the standard rates of return for capital and labor:

rt + δK =
∂F (Kt, L)

∂Kt
= α

F (Kt, L)

Kt
(12)

wt =
∂F (Kt, L)

∂L
= (1− α)

F (Kt, L)

L
. (13)

Government The sole function of the government in this model is the
provision of public capital. It finances its investments by the capital tax, thus
influencing the interest rate. Hence the government’s activity is summarized
as the change in the stock of public capital:

Pt+1 = P0 + (1− δP )Pt + τrtKt. (14)

For the following results, we assume

P0 = 0. (15)

We later confirm numerically that even if a minimal provision of public good
P0 > 0 is present without government intervention, our qualitative results
do not change and we provide numerical results on the significance of P0.
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3 Results

In this section we show that inequality in wealth is mitigated by a capital
tax levied for public investment in our model. We also characterize the
optimal tax rate for each household type: the middle income household
is more favorable to capital taxation and higher public investment than
high income household. We point out that low capital tax rates lead to a
Pareto-improvement, even for the case in which the economy is functioning
without any public investment. First, we characterize the steady-state and
the validity range of the model. We then prove the results just stated.
Finally the model is calibrated and analyzed numerically to determine the
optimal tax rates that cannot be calculated explicitly and to examine the
role of potential non-publicly provided existing infrastructure. Figures 1 and
2 below illustrate the main findings.

3.1 Steady state and validity range

In our model, a version of the ”Pasinetti Paradox” holds because the high
income household’s sole income is capital interest. In a model with two types
of households, in which one household only receives income from capital –
“the capitalists” –, the Pasinetti Paradox (Pasinetti, 1962; Samuelson and
Modigliani, 1966) states that the “capitalists” will determine the steady
state interest rate independently of the savings rate of the other household
type or the production technology.

In a neoclassical setting with exogenous savings rates, Samuelson and
Modigliani (1966) show as an extension of this result that in a steady-state
one of the following regimes must hold: (i) the savings rate of the “capi-
talists” determine the interest rate or (ii) the “capitalists” do not have any
capital at all. In the steady-state of our model we find a similar duality
although the saving behavior of our household types is derived from their
intertemporal preferences: Either (i) the high income household determines
the steady-state interest rate or (ii) its capital stock and consumption is zero
and the economy is only populated by middle income households. Which
regime holds in the steady-state of our model depends on its parameters.
In the following analysis, we are exclusively concerned with (the applicable)
case (i). We study the effect of the capital tax on the wealth distribution
and call the tax rate at which the high income household’s share of capital
approaches zero, the limit of case (i), the model’s validity limit.

The (unique non-trivial) steady-state is saddle-point stable and the econ-
omy converges to it on a stable path because the capitalist’s behavior deter-
mines the overall dynamics.2 The Pasinetti-type behavior of the model in

2A heuristic argument for saddle-point stability is as follows: The dynamics of the
model are captured by four Equations for the variables Kc, Cc, P and K, namely Equations
(2), (3), (14) and substituting Equation (8) into Equation (11). If it were the case that
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the steady-state can be explained as follows: The high income household’s
saving behavior determines the interest rate because reducing or increasing
its investment is its only means of obtaining its desired long-term distribu-
tion of consumption to capital. Any attempt of the middle income household
to obtain a different interest rate would thus be balanced by the high income
household adjusting its savings rate. Thus the middle income household ac-
cepts the interest rate as given. However, their propensity to save (which
is independent of the interest rate) has an influence on the amount the
high income household saves. Thus the high income household determines
the interest rate and with it the total capital stock, but the middle income
households determine the capital share owned by the high income household.

Steady-state values of variables are denoted by a tilde. We first assume
that C̃c > 0 and then derive its validity range.

It follows from the high income household’s Euler Equation (3) that

r̃ =
ρc

(1− τ)
(16)

and from its budget constraint (2) that

C̃c = ρcK̃c. (17)

The steady-state level of public capital is given by:

P̃ =
1

δP
τ · r̃K̃. (18)

From Equation (12) a steady-state relationship for the production factors P̃
and K̃ can be derived:

αP̃ βK̃α−1L1−α =
ρc

1− τ
+ δk. (19)

Rearranging and inserting Equation (18) into Equation (19) gives an explicit
expression for K :

K̃(1−( β
1−α)) = L

(
τ

ρc
δP (1− τ)

)( β
1−α)

(
α

ρc
(1−τ) + δk

)( 1
1−α)

. (20)

Kc = K, then the model would be a neoclassical growth model with public capital in
discrete time. The dynamics of public capital is such that the required stability properties
carry over from the neoclassical growth model, where Cc is a “jump variable”. What does
Equation (11) add to the dynamics of the case Kc = K? The only modification is that
in Equations (2) and (3) the interest rate is lower than if Kc was the only capital input
(the revenue in Equation (8) stays a constant fraction of total output). This implies that
there are no qualitative differences in the dynamics, only the steady-state value of Kc

is smaller than the Keynes-Ramsey level of capital K by exactly S. This can be shown
by transforming the original system by dividing all variables throuth Y, and noting that
K
Y

= Kc

Y
− 1−α

1+ρc
, which reduces the transformed system to three dimensions.
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Validity limit The above equations are only valid if both agents have
positive capital and consumption (see the discussion at the beginning of
this section). This is ensured as long as the middle income household’s
savings are smaller than the total capital, that is

S̃

K̃
=

Lw̃

(2 + ρw)K̃
=

(
1− α

)
α(2 + ρw)

( ρc
1− τ

+ δk
)
< 1, (21)

where Equations (8) , (13) and (19) were used to obtain an expression in

terms of parameters only. We use the ratio S̃

K̃
as an indicator for inequality

below.
From Equation (21), one can derive that there exists a constant τlim < 1

for which the steady-state characterization of the agents’ behavior is valid
in exactly the interval [0; τlim]. The expression of τlim is:

τlim = 1− ρc
( 1− α
α(2 + ρw)− δk(1− α)

)
. (22)

For the remainder of the analysis, we assume that all critical values of τ
are within the interval on which the analysis is valid. We check numerically
in Section 3.3 that this assumption holds for a wide range of parameters,
including those that best represent developed economies in a stylized way.

We next describe the impact of the capital tax rate on the steady-state
behavior.

3.2 The effects of policy

The three main results on the role of fiscal policy in our model are stated as
three propositions below: a capital tax levied for public investment decreases
inequality in wealth (Proposition 1), middle income households prefer a
higher capital tax rate than high income households (Proposition 2) and
there exists a Pareto-improving range of capital tax rates (Proposition 3).

Below, inequality and optimality for the two household types are exclu-
sively discussed in terms of their wealth: This is sufficient as the consumption
of the high income household and the old and young middle income house-
hold are linear functions of their wealth. For the case of the high income
household this is due to Equation (17), for middle income household’s con-
sumption when young it is an immediate consequence of Equations (8-9)
and for its consumption when old this follows from Equations (6) and (16).

The economic intuition behind the three propositions can be developed
as follows: The first result is a consequence of the Pasinetti Paradox. The
middle income household’s savings are proportional to its wage income,
which is proportional to total output. So the share of the middle income
household’s savings to total capital – the indicator for inequality – depends
linearly on the ratio of total output to total capital. By the properties of the
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neoclassical production function, the output-capital ratio depends positively
on the marginal productivity of capital. But the marginal productivity of
capital increases for higher capital taxes, even independently of how the tax
revenue is used. This follows from the Pasinetti behavior of the model – as
the interest rate is fixed by the high income household’s behavior to be an
increasing function of the tax rate (see Equation (16)).

The second result is derived from the fact that total capital depends in a
convex way on the capital tax. The relationship is determined by the coun-
teracting effects of the distortion through the capital tax and the beneficial
effect on spending it on public investment that also impacts the productiv-
ity of private capital positively.3 The maximal wealth of the middle income
household then occurs for a higher capital tax value because his savings
depend only on his labor income. His labor income depends monotonically
on accumulated total private capital, but also on public capital, and the
impact of the latter is always positive. The maximal wealth of the high
income household occurs for lower capital values as a consequence of the
first result. As the share of total capital belonging to the middle income
household increases faster than total capital the higher the capital tax, the
maximal wealth of the remainder, the share of the high income household,
must be reached for lower values of the capital tax than the maximal total
capital.

The third result is due to the fact that the economy has no productive
public capital if the government does not finance it. Thus a small increase in
public investment has a bigger positive effect for both household types than
the distortionary effect of financing it. (See also Section 3.3. for a numerical
analysis of this effect.)

Figures 1 and 2 summarize the analytic results.

Proposition 1. Capital taxation (used for public investment) decreases in-

equality in wealth:
dK
S

dτ > 0 for 0 < τ < 1.

Proof. By Equation (21),

S̃

K̃
=

(
1− α

)
α(2 + ρw)

( ρc
1− τ

+ δk
)
, (23)

which is increasing in τ.

Proposition 2. Middle income households prefer a higher capital tax rate

than high income households: for some threshold rate τ∗, dS̃(τ)
dτ > 0 for

0 < τ < τ∗ + ε and dK̃C(τ)
dτ < 0 for 1 > τ > τ∗ − ε for some ε > 0.

3This is the same trade-off between efficiency-enhancing public investment and the
distortionary capital taxation study by Barro (1990) for a single infinitely-lived agent.
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Figure 1: The upper graph shows the size of the different private capital
stocks for capital taxes between 0 and 80 %. Each capital stock has its max-
imum for a different value of the capital tax τ . The high income household
prefers a lower tax rate than the middle income household, with the capital
tax rate that maximizes total capital in between (i.e. τmaxKc

< τmaxK < τmaxS ).
The same happens for consumption as shown in the graph on the bottom.

Proof. Let τ∗ be the value of τ that maximizes K as a function of τ on
(0, 1) : it can be calculated that for τ∗ = β(ρc+δk)

βδk+ρc
, K(τ∗) = 0 and shown

that dK̃(τ)
dτ > 0 for τ < τ∗ and dK̃(τ)

dτ < 0 for τ > τ∗ (see Appendix A).
By combining Equations (8), (13) and (18), we obtain:

S̃ =
1− α
2 + ρw

L(1−α)(
ρc
δP

)β︸ ︷︷ ︸
=ϑ

(
τ

(1− τ)

)β
K̃α+β.

Thus:
∂S̃

∂τ
= ϑ

(
τ

1− τ

)β [ β

τ(1− τ)
+
α+ β

K̃

∂K̃

∂τ

]
K̃α+β. (24)
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Figure 2: This graph illustrates Proposition 1: the middle income house-
hold’s share of total capital increases within the validity range of capital
taxes between 0 and 81 %.

Hence dS(τ)
dτ > 0 for 0 < τ < τ∗. Also dS(τ)

dτ is continuous and strictly posi-
tive at τ∗, thus positive on [τ∗, τ∗ + ε] for some ε.

For a similar argument for K̃C , use that

K̃C = K̃(1− S̃

K̃
).

For 1 > τ > τ∗, K̃C is thus the product of two positive decreasing func-

tions and hence dK̃C(τ)
dτ < 0 there. At τ∗, dK̃C(τ)

dτ is strictly negative and
continuous, hence it is also negative on [τ∗ − ε, τ∗].

Proposition 3. There exists a Pareto-improving range of capital tax rates:
dS̃(τ)

dτ > 0, dK̃C(τ)
dτ > 0 for small τ > 0.

Proof. From Equation (24), dS̃(τ)
dτ > 0 is positive, if dK̃(τ)

dτ > 0 is, which is
true for all 0 < τ < τ∗.

For K̃C = K̃(1 − S̃

K̃
), it is sufficient to prove that limτ→0

dK̃(τ)
dτ > 0,

because
dK̃C(τ)

dτ
=

dK̃(τ)

dτ
(1− S̃

K̃
) + K̃

d

dτ
(1− S

K
) (25)

and the second summand goes to zero by Equation (23) as well as obtaining
limτ→0 K̃(τ) from Equation (20). In fact, it can be shown that

lim
τ→0

dK̃(τ)

dτ
=∞ (26)
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(See Appendix A).

3.3 Simulation and calibration

In the derivation of the three propositions above, we assumed that there is
no public capital, when there are no taxes levied to finance it (P0 = 0). To
relax this assumption, we present results from a numerical simulation. We
also determine the tax values which cannot be calculated analytically, such
as τmaxkc

and τmaxs and list the corresponding values for the distribution of

capital between the agents S
K . We finally determine the range of each input

parameter, within which the validity condition (22) from Section 3.1 holds.

The simulation yields that the results of Propositions 1-3 also hold for
low to moderate base levels of the public capital stock and illustrates the
dependency of optimal tax rates on different public capital productivities β.
The results are summed up in Table 1. The corresponding figures show the
trajectories of capital K,KC and S and consumption C (Figure 1) and of
capital ownership S

K (Figure 2) for tax rates between 0 and τlim = 0.81.

Parameter τmaxkc
τmaxk τmaxs

S
K |τ

max
kc

S
K |τ

max
k

S
K |τ

max
S

β1 = 0 0 0 0 0.34 0.34 0.34
β2 = 0.1 0.16 0.2 0.37 0.37 0.38 0.43
β3 = 0.2 0.29 0.36 0.54 0.41 0.43 0.53
β4 = 0.3 0.41 0.49 0.64 0.45 0.49 0.62
β5 = 0.4 0.52 0.60 0.70 0.51 0.57 0.71
β6 = 0.5 0.63 0.69 0.75 0.60 0.68 0.80

P 1
0 = 0 0.29 0.36 0.54 0.41 0.43 0.53
P 2

0 = 4 0.14 0.24 0.48 0.37 0.39 0.48
P 3

0 = 8 0 0.12 0.44 0.34 0.36 0.46
P 4

0 = 12 0 0 0.40 0.34 0.34 0.45

Table 1: Numerical results for varied public capital parameters β and P0.
The table displays the capital tax values which maximize the different capital
stocks and the ratio of middle income household’s savings to total capital for
these taxes. The highlighted rows correspond to the standard calibration,
see Table (2) for the other parameter values.

The non-highlighted rows in Table (1) show the results for varied public
capital productivity (β), and varied initial public capital stock (P0), dis-
playing the change in the numerical values for τ and S

K . The main results
remain true up to a base level of public capital of P0 < 8. For values P0 ≥ 8,
no Pareto-improvement through policy is possible anymore as further public
investment is of no value to the high income household, who prefers a tax



3 RESULTS 14

rate of 0. For the case of totally unproductive public capital (β = 0) each
agent prefers a tax rate of 0.

A more extensive sensitivity analysis of all parameters of the model shows
that for the ranges given in Table (2), the results obtained with the stan-
dard calibration are robust. In particular all capital stocks as functions of
the capital tax rate reach their maximum within the model’s validity limit
for a large parameter range.

We calibrated the model so that for a capital tax of 21 %, which is the
average capital tax rate in OECD countries between the years 1970 and
2000 (Carey and Rabesona, 2002), the distribution of wealth is as in Wolff
(2010): in the U.S. in 2007, 62 % of net worth are held by the top 5 % of the
population, almost 38 % of net worth by the next 55 %, while the bottom 40
% hardly possess any net worth. The bottom cohort is left out of our analysis
as it does not contribute to the aggregate capital stock. In accordance
with findings on significant differences in intertemporal behavior of different
income cohorts, the time preference rate of high income households is chosen
lower than that of middle income households (Lawrance, 1991).

The capital’s share of income α in the production function was chosen
to be 0.38. This is in accordance with observations by the OECD, that in
26 OECD countries with reliable data available, the labor share of income
was dropping from 66.1 % to 61.7 % from 1990 to 2009 OECD (2012).
Labor L, the total working hours, is a fixed factor in our model. Its value
scales all variables: This can be seen from Equations (8), (9) and (10) for
the overlapping generations household, from Equation (17) and (20) for
the infinitely lived household and Equation (18) for the public good. We
normalize labor L = 100 and measure the other variables in this unit to
obtain values in a convenient range. Time is measured in steps of 30 years,
as middle income households are assumed to live for two periods.

Parameter Range Standard value Corresponding annual value

ρc 0.2− 1.6 0.56 1.5%
ρw 3.0− 8.0 3.98 5.5%
δk 0.3− 1.7 0.7 4%
δP 0.3− 3.1 0.7 4%
β 0.0− 0.5 0.2 N/A
P0 0.0− 5.0 0.0 N/A

Table 2: For values inside the range given in column two, the results of the
model are economically meaningful: that is, the functions K(τ) and S(τ)
reach their maximum within the validity range (0 < τ < τ lim). In the
third and fourth column the standard values used in the simulation and the
corresponding yearly values are given.
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4 Conclusion and outlook

This paper shows that under stylized assumptions about heterogeneous sav-
ing behavior of households there is no simple efficiency-equity trade-off. We
assume that the heterogeneity in saving behavior can be captured in three
types of households: High income households save dynastically and their
only source of income is capital interest. Middle income households save a
portion of their wages for retirement. Low income households do not save
and are irrelevant to the present analysis. Under this assumption we prove
that public investment financed by capital taxation decreases inequality in
wealth for any capital tax rate. Middle income households are in favor of
a higher capital tax rate than high income households, but low capital tax
rates constitute a Pareto-improvement over the unregulated outcome. We
confirm numerically that these results still hold if there is positive aggregate
production even without public investment. The results establish that un-
der the heterogeneous saving behavior assumed in this article, balancing the
goals of equity and efficiency is not a single trade-off, but is rather charac-
terized by three stages. While the higher the tax, the more equal the wealth
distribution, regarding the efficiency: (i) Low capital taxes (up to 29 % in
our model) increase consumption for both classes, there is no trade-off; (ii)
higher capital taxes (up to 54 %) still increase aggregate output, but de-
crease consumption of high income households4; (iii) all even higher capital
taxes decrease both household types’ consumption.

There are two ways in which the analysis of this article could be ex-
tended: First, we only characterized potential policy interventions by their
effect on inequality and consumption of the two types of households, es-
chewing the question which outcome is socially optimal. While the question
of social optimality in overlapping generation models has been widely dis-
cussed (Calvo and Obstfeld, 1988; Heijdra, 2009), we do not know of any
treatment of the role of a social planner in models with heterogeneous agents
in which some households evolve as overlapping generations and some are
infinitely-lived. Several reasonable normative viewpoints are conceivable in
such a context. Defending one particular of them will need to answer the
following question: With two household types having different time prefer-
ence rates, does the time preference rate of the social planner only apply to
the birth date of subsequent overlapping generations or should the utility of
one or both household types also be discounted by this rate?

Second, the model employed in the present analysis relies on a set of very

4One might expect yet another stage: some range in which there is an increase in
the income of the middle income households, but a decrease in aggregate output – which
would represent the conventional view on equity and efficiency as conflicting goals. Such
a stage does not exist in this model because there is no direct transfer to middle income
households: When output decreases, both their capital and labor income also decrease.



A DERIVATIONS 16

specific assumptions, introduced for isolating the effect of heterogeneous
saving behavior and tractability. It seems desirable to enquire whether the
results of this article also hold for more general production and utility func-
tions (resulting in non-constant savings rate) and other forms of generating
fiscal revenue, in particular labor taxation under non-fixed labor supply.
Ongoing work suggests that the main results of this study hold under these
more general assumptions (Klenert et al., 2014).
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A Derivations

A.1 Determining τ ∗

Claim 1. At τ∗ = β(ρc+δk)
βδk+ρc

the function K̃(τ) reaches its maximum on (0, 1).

Proof. Let

γ(τ) :=

(
τ

ρc
δP (1− τ)

)( β
1−α)

and

ϕ(τ) :=

(
α

ρc
(1−τ) + δk

)( 1
1−α)

.

It follows from Equation (20) that

∂K̃

∂τ
=

(
1− α

1− α− β

)
(L · γ · ϕ)

(
β

1−α−β

)
L

(
∂γ

∂τ
ϕ+ γ

∂ϕ

∂τ

)
︸ ︷︷ ︸

=Ψ

. (27)

The derivatives of γ and ϕ are

dγ

dτ
=

β

1− α
1

τ(1− τ)
γ (28)

and
dϕ

dτ
= − 1

α(1− α)

ρc
(1− τ)2

ϕ(2−α). (29)

For 0 < τ < 1,

∂K̃

∂τ
= 0⇔ Ψ = 0,
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since γ 6= 0 and ϕ 6= 0 for τ ∈ (0, 1). From Equations (28) and (29) it follows
that:

Ψ =
1

1− α
· γ · ϕ

(
β

τ(1− τ)
− 1

α

ρc
(1− τ)2

ϕ(1−α)

)
.

As

Ψ = 0⇔ β

τ(1− τ)
=

1

α

ρc
(1− τ)2

ϕ(1−α), (30)

the tax value for the only critical point of K on (0, 1) is

τ∗ =
β(ρc + δk)

βδk + ρc
.

To prove that K̃ has a maximum at τ∗, it can be verified that dK̃
dτ > 0 for

0 < τ < τ∗ and dK̃
dτ < 0 as follows: Ψ is the factor which determines the

sign of ∂K̃
∂τ on (0, 1). As γ(τ), ϕ(τ) > 0 there,

Ψ > 0⇔ β

τ
>

ρc
(ρc + δk(1− τ))

⇔ 0 < τ < τ∗. (31)

A.2 Determining limτ→0
dK̃(τ)

dτ

Claim 2. limτ→0
dK(τ)

dτ =∞.

Proof. In Equation (27) the second summand tends to zero. The first sum-
mand’s behavior is determined by the product

1

τ
τ

β
(1−α) .

This product is multiplied by a factor τ
β

(1−α−β) , thus the overall relevant
term for the behavior in the limit is

τ
β

(1−α)+ β
(1−α−β)−1

It can be calculated that the exponent of this factor has denominator
−1− 2α+ α2. This shows the claim, as α < 1.
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