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Abstract

This paper explores the volatility forecasting implications of a model in which the
friction in high-frequency prices is related to the true underlying volatility. The
contribution of this paper is to propose a framework under which the realized variance
may improve volatility forecasting if the noise variance is related to the true return
volatility. The realized variance is defined as the sum of the squared intraday returns.
When based on high-frequency returns, the realized variance would be non-informative
for the true volatility under the standard framework. In this new setting, we revisit the
results of Andersen et al. (2011) and quantify the predictive ability of several measures of
integrated variance. Importantly, the time-varying aspect of the noise variance implies
that the forecast of the integrated variance is different from the forecast of a realized
measure. We characterize this difference, which is time-varying, and propose a feasible
bias correction. We assess the usefulness of our approach for realistic models, then study
the empirical implication of our method when dealing with forecasting integrated
variance or trading options. The empirical results for Alcoa stock show several
improvements resulting from the assumption of time-varying noise variance.

JEL classification: C14, C51, C58
Bank classification: Econometric and statistical methods; Financial markets

Résumé

Les auteurs analysent I’apport, pour la prévision de la volatilité, d’un modele dans lequel
une relation est établie entre la volatilité fondamentale et les frictions qui caractérisent les
prix observés a haute fréquence. L’originalité de leur approche réside dans le fait que, du
moment ou la variance du bruit est liée a la volatilité fondamentale des rendements, ce
modele est susceptible d’améliorer les prévisions de la volatilité basées sur la variance
réalisée. Celle-ci est définie par la somme des carrés des rendements intrajournaliers.
Lorsqu’elle est calculéee a partir de rendements de haute fréquence, la variance réalisée ne
fournit aucune information sur la volatilit¢ fondamentale dans le cadre du modéle
classique. Avec leur nouveau modele, les auteurs réexaminent les résultats de I’étude
d’Andersen et autres (2011) et quantifient le pouvoir de prévision de plusieurs mesures
de la variance intégrée. Le fait que la variance du bruit ne soit pas constante dans le
temps a un important corollaire : les prévisions relatives a la variance intégrée different
des mesures de la volatilité réalisée. Les auteurs caracterisent cette différence, elle-méme
variable dans le temps, et proposent une méthode qui permet de corriger le biais. Ils
évaluent I’utilité¢ de leur approche pour des modeles réalistes et en étudient I’apport
empirique pour la prévision de la variance intégrée ou les transactions d’options.
Appliquée au titre Alcoa, leur méthode, en particulier la forme specifique
d’hétéroscédasticité du bruit, conduit a des améliorations.

Classification JEL : C14, C51, C58
Classification de la Banque : Méthodes économétriques et statistiques; Marchés
financiers



1 Introduction

Volatility forecasts are central to many financial issues, including empirical asset
pricing finance and risk management.! Andersen et al. (2003) were the first to show
the superior performance of the volatility forecasts using high-frequency data.

A problem volatility forecasters face is how to deal with the noise that contaminates
the latent, frictionless, high-frequency prices. One answer is to construct volatility
forecasts based on low-frequency returns in order to limit the impact of the noise
accumulation. For instance, Andersen et al. (2003) use intraday returns sampled
at a thirty-minute frequency. Another answer is to use robust-to-noise volatility
estimators, such as the two time-scales estimator of Zhang et al. (2005).

The contribution of this paper is to propose a framework under which the realized
variance, based on the highest frequency to compute returns, may improve volatility
forecasting if the noise variance is an affine function of the frictionless return
volatility. The realized variance is defined as the sum of the squared intraday returns.
The intuition behind this result is that, under this assumption, the noise variance
contains information about the fundamental volatility. Consequently, the realized
volatility measure, although inconsistent, also carries such information. Moreover,
by properly centering and scaling the realized volatility, we obtain a consistent
volatility estimator.

The standard homoscedastic assumption on the noise is convenient for deriving
consistent robust-to-noise volatility estimators, but it can be rather unrealistic; see
Hansen and Lunde (2006) for the empirical properties of the market microstructure
noise. In contrast, the pre-averaging estimator of Jacod et al. (2009) allows for
general heteroscedasticity in the noise. However, whether the noise is homoscedastic
or heteroscedastic, the realized volatility is inconsistent and dominated by robust-
to-noise forecasts.

The independent and identically distributed (i.i.d.) assumption for the noise is
considered in most forecasting studies. Ait-Sahalia and Mancini (2008) analyze
the out-of-sample forecast performance of the two time-scales volatility estimator.
In fact, this estimator is robust to i.i.d. noise but could be inconsistent under

heteroscedastic noise, as shown in Kalnina and Linton (2008). Apart from individual

!See Andersen et al. (2006) for a discussion of different forecast usages.



forecasts, Patton and Sheppard (2009) study optimal forecast combinations where
the forecasts are the commonly used estimators of integrated variance.
Heteroscedasticity for the noise variance is treated in the literature, but this paper
is the first to assume the presence of fundamental volatility in the noise variance.
Kalnina and Linton (2008) introduce a diurnal heteroscedasticity motivated by the
stylized fact in market microstructure theory of the U-shape intradaily spreads.
Indeed, the bid-ask spread as a friction measure is an important component of the
market microstructure noise. In Bandi et al. (2010), the variance and the kurtosis
of the noise vary across days but not intradaily. Barndorff-Nielsen et al. (2011),
by contrast, allow for intradaily heteroscedastic noise that is independent from the
fundamental volatility, and derive a consistent kernel estimator.

Our model is empirically motivated by the high R? that we obtain by regressing the
realized variance RV on a constant and RV?"¢, the pre-averaging estimator. This
estimator, derived by Jacod et al. (2009), is a consistent estimator of the integrated
volatility, even under the assumption of heteroscedastic market microstructure noise.
We find an R? of 0.94 for Alcoa data covering the January 2009 — March 2011 period.
Theoretically, under independent and white noise assumptions for the noise, this
regression has a small R?. In this paper, we assume that the noise variance is an
affine function of the fundamental spot volatility. Our model also nests the common
i.i.d. noise model in the literature.

This paper is further motivated by a fact observed in financial markets: that during
times of high volatility, such as for 2008 financial crisis, transitory volatility (which
is the noise volatility) is also high. For instance, we observe wide bid-ask spreads,
and transaction costs — one of the sources of market microstructure noise — are
highly volatile during crisis periods. Consequently, hedging strategies that work
well under normal market conditions may deteriorate in performance during crisis
periods. In Stoll (2000), the asset volatility is used as an explanatory variable for
the bid-ask spread. We plot in Figure 1 the time series of either the transitory or the
noise variance measured by the RV estimator, as well as the fundamental variance
measured by the RVP™ estimator — a proxy for fundamental volatility — for Alcoa.
We observe a high correlation of these measures during highly volatile periods.

To theoretically examine the performance of volatility estimators in terms of

forecasting, Andersen et al. (2011) use the eigenfunction representation of the



general stochastic volatility class. The models of this class were developed by
Meddahi (2001) for a standard i.i.d. market microstructure noise. In this paper,
we extend Andersen et al.’s (2011) work to analyze the impact — in terms of
forecasting performance — of a specific market microstructure noise form. Using
their theoretical framework, we quantify the forecasting performance improvement if
the noise variance is a function of the fundamental volatility. Andersen et al. (2004)
and Sizova (2011) also use the eigenfunction stochastic volatility (ESV) framework.
We then present a numerical study with two stochastic volatility models: a GARCH
diffusion model and a two-factor affine model. We find that, under our assumption
regarding the noise-variance form, the traditional realized variance based on the
highest-frequency returns outperforms the kernel, the two time-scales, and the
pre-averaging estimators under the Mincer-Zarnowitz R? metric. The pre-averaging
estimator is robust to heteroscedastic noise and is supposed to perform better than
the noisy realized variance in terms of forecasting.

We conduct an empirical application to confront with real data our numerical results
on the potential out-of-sample performance of the realized volatility for forecasting.
The competing forecasts of the daily integrated volatility are the realized variance
based on the highest-frequency returns and some common robust-to-noise volatility
estimators. To assess the performance of the forecasts, we use a Mincer-Zarnowitz
type regression as in the theoretical section, and an option-trading economic-gain
measure derived by Bandi et al. (2008). Using alternative forecasts, agents
price short-term options on the Alcoa stock before trading with each other at
average prices. The average profits are used as the criteria to evaluate alternative
volatility forecasts. We find that the traditional realized variance based on the
highest-frequency returns is the best forecast for short- and long-term horizons, since
it achieves the highest R? in the Mincer-Zarnowitz type regression and it allows for
reaching a good option-trading gain compared to the overall realized measures that
we use.

The rest of this paper is structured as follows. In the next section, we describe
our model as well as the setting. Section 3 revisits the common realized measures
under the heteroscedasticity model of this paper. In section 4, we measure the
forecasting efficiency of the alternative realized measures. In sections 5 and 6, we

provide the forecast in practice as well as estimators of the noise variance parameters,



respectively. Sections 7, 8 and 9 report numerical results for two calibrated volatility

models, and empirical results for the Alcoa data. The last section concludes.

2 The Model

The main goal of this section is to describe our theoretical framework. In particular,
we state our assumptions and introduce the model for the variance of the noise. We
also define the realized volatility estimator.

We are interested in forecasting the volatility of the frictionless log price denoted

pi, and evolving as a semimartingale given by
dpi = 0,dWs, s € 10,7, (1)

where W, is a Wiener process and o, is a cadlag volatility function. By assumption,
the drift term is zero and W, and o, are independent to exclude leverage and drift
effects. These simplifying assumptions could be relaxed using the ESV framework.
Andersen et al. (2006) provide a starting point for a direct analytical exploration
and quantification of such effects in the case of white noise. In this paper, we are

interested in forecasting the latent integrated volatility over a one-period horizon,

t+1
IV = / ozds, (2)
t
and an m-periods horizon,
Wirapm = Y Vi, (3)
i=1

where m is a positive integer, and 0 < t. We assume the usual additive-form

contamination for the observed log price denoted pj,

Ps = p: + u, (4)

where ug is the market microstructure noise. The standard assumption on the noise
is that u, is i.i.d. and independent from the frictionless price p}. Heteroscedasticity
in the noise is accounted for in Kalnina and Linton (2008), Barndorff-Nielsen et
al. (2011), Jacod et al. (2009), etc. The two time-scales estimator of Zhang et

al. (2005), derived under the standard assumption for the noise, has been extended
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to the multi time-scales estimator of Ait-Sahalia et al. (2011) to allow for serial
correlation in the noise.

This paper is the first to model the noise heteroscedasticity as a function of the
fundamental volatility o,. We assume that, given the volatility path, the noise
variance is an affine function of the fundamental volatility. Formally, we make the
following set of assumptions.

Assumption A

Vs,q € [0, 7], and conditioning on the volatility path {o,,0 <7 < T},

i) us and u, are independent.

ii) us and W, are independent.

iii) Varfus | 0,,0 <7 <T]=a+bo? where a,b > 0.

If b=0, a # 0, the noise is i.i.d. and it is independent from the frictionless return.
This corresponds to the same framework as Andersen et al. (2011). We generalize
their framework by allowing b # 0, in which case the parameter a can be zero. The
case where a = 0 provides a noise variance that is proportional to the fundamental
volatility. In either case, the analytical ESV framework helps to quantify the impact
of each parameter.

In Assumption A, the noise parameters a and b are constant across days. An
interesting extension to this model is to assume time-varying parameters across
days.

A consistent integrated volatility estimator when there is no market microstructure

noise is the standard realized volatility given by

1/h
RV (h) = Zrﬁlﬂ‘ha (5)
i=1
where h = 1/N and r} = p! — p! ,. In practice, the frictionless returns are

not observed. We rather dispose of the h-period returns ry = ps — ps_n. The
contaminated and frictionless returns are linked as ry = 7} +e,, where e5 = us—us_p,.
The feasible realized volatility measure based on observed high-frequency returns is

1/h
RVi(h) = Zrt{lﬂ'h- (6)
i=1

The realized volatility is inconsistent for integrated volatility estimation because

of the noise. We now turn to the analysis of the realized volatility forecasting



performance under the noise model of Assumption A.

3 The Common Realized Measures Under the
Heteroscedasticity Model

The realized variance RV;(h) is inconsistent under our Assumption A because of the
noise. However, since the noise variance is affine in the fundamental volatility, we

show in Proposition 1 how we scale RV;(h) to obtain a consistent estimator.

Proposition 1 Under Assumption A,

hRV,(h) — 2a

I 7
win Ve (")

when h goes to zero.

All the technical proofs are in Appendix A. The pre-averaging estimator of Jacod
et al. (2009) is robust to our heteroscedasticity noise form. Therefore, the
pre-averaging estimator is consistent under Assumption A. For the two time-scales
estimator of Zhang et al. (2005) and the kernel estimator of Barndorff-Nielsen et al.
(2008), we do not know whether consistency is achieved under Assumption A.

A standard approach in the literature is to compute the optimal sampling frequency
for returns underlying the realized variance RV}; see Bandi and Russell (2008) and
Zhang et al. (2005). Indeed, while low sampling frequencies reduce the bias of
RV;, they increase its variance. Consequently, we can optimally trade-off bias and
variance by choosing the frequency that minimizes the mean squared error (MSE). In
this section, we aim to find the optimal h in the sense of minimizing the conditional

mean squared error (on the volatility path) for RV; denoted MSE and defined as
MSE(h) = E, [(RVi(h) — IV;)?] .
Proposition 2 gives the optimal sampling frequency expression.

Proposition 2 Under Assumption A,

MSE(h) = 2hQ: + 2 (a +bIV)? + ofh). (®)



When the optimal sampling frequency is high, the following rule-of-thumb applies for
the optimal frequency h*,

* 3 1(@ bIl t)2
h* = - 9
Qt ’ ( )

where the quarticity Q, is defined as ftt_l olds.

The form of the optimal frequency given in Proposition 2 is basically the same as
the one in Bandi et al. (2010) where the authors find that A* = %512 Their
optimal frequency is derived under the assumption that the second moment of the
noise is constant intradaily but varies across days.

Next, we derive the optimal frequency to minimize an estimation error. For the
sake of forecasting, one would minimize a forecasting error and find another optimal

frequency.

4 Forecasting Integrated Volatility within the
ESV Framework

Our procedure builds directly on the eigenfunction representation of the general
stochastic volatility (ESV) class of models developed by Meddahi (2001). We first
describe the ESV framework. Then we derive the analytical expressions of the

Mincer-Zarnowitz regression R?, which is our main forecast evaluation tool.

4.1 The ESV framework

We assume that the spot volatility process is in the ESV class introduced by Meddahi
(2001). If we assume that volatility is driven by a single-state variable f;, the spot
volatility takes the form

Ut2 = Zoanpn(ft>v (10)

where the integer p may be infinite. We assume the normalization Py(f;) = 1. The

latent state variable evolves as

dfy = m(f,)dt + /o(f,)dW/ (11)



where the Wtf Brownian motion is independent of the W; Brownian motion driving
the frictionless price. Furthermore, the a, coefficients are real numbers and the
P,(f:)’s denote the eigenfunctions of the infinitesimal generator associated with f;.

In particular, P,(f;) are orthogonal and centered at zero,

EP.(fi)P;(f1)] =0 E[P.(f)] =0, (12)

and follow first-order autoregressive processes,
Vi>0,n>0, E[P.,(fe) | fr, 7™ < t] = exp(=N\ D) Pu(fy), (13)

where (—\,) denote the corresponding eigenvalues.
The above class of models includes most diffusive stochastic volatility models in the

literature. We now turn to the forecast evaluation within the ESV framework.

4.2 Analytical Mincer-Zarnowitz style regression

In this section, we examine the forecasting performance of several volatility
estimators. The traditional volatility forecasts are the realized variance RV;(h) with
various sampling frequencies h of intraday returns. The robust-to-noise forecasts
compete with the realized variance. To facilitate the analysis of the realized
measures RM;, whether traditional or robust-to-noise, we use the quadratic form
representation. For a sampling frequency h of intraday returns, the quadratic form

representation is given by

RM,(h) = Z Qi Tt—1+ihTt—1+jh, (14)
1<i,j<1/h

where g;; are weights to be chosen for each realized measure. For instance, the
realized variance based on the highest-frequency returns available, RV is a
realized measure with qu” =1if¢=j and q%” = 0 else. Andersen et al. (2011),
provide quadratic-forms representation of the two time-scales estimator, Zhou’s
(1996) estimator and the kernel estimator. We recall these forms in Appendix B.
Next, we derive the pre-averaging estimator quadratic form; see Appendix B for the
proof. We show that

12 6
pre _ T2 o _ ol
q’Lj 6 /NQ’LJ 02NQ’LJ ) (15)

9



where
N—k

—1 | — 1
qzj Z 5l+1<l<l+k61+1<j<l+k¢ ( ) ¢ (] k’ ) 9 (16)

and d,<p<. is the 1ndlcator function equal to 1 when a < b < ¢ and 0 otherwise. The
tuning parameters of the pre-averaging estimator are 6, the function ¢(.) and the
integer k.
The R? from the Mincer-Zarnowitz style regression of IV, onto a constant and the
RM;(h) is expressed as

Cov[IViy1, RM;(h)]?
Var[IVi1)Var[RM(h)]

This R? is our forecasting performance measure. Proposition 3 is instrumental in

R*(IVis1, RMy(h)) =

(17)

deriving the following moments in order to compute this measure under our new

heteroscedastic noise assumptions (Assumption A). We have

COU[IWJthMt(h)]: Z QijCOU[[‘/tJrlaTt71+ih7nt71+jh]>

1<i,j<1/h
Var[RM,(h)] = E[RM{ (h)] — E[RM(h)]?,
E[RMtQ(h’)] = Z Gij Qe BTt in T 14 1T kh Tt 1 118),
1<i,j,k,I<1/h
ERM, (M) = > qij(W)Elri—ainri—1in).
1<i,j<1/h
More  precisely, we derive in Proposition 3 the expressions of

Cov[IVigr, Te14inTi—1+jn)s  Elrt—1vinTi—14inTt—1+knTt—141n), Ere—1tinTi—144n) and
Var[IVi1]. We denote E[u?] =V, and E[u}] = K, V2.
Proposition 3 Under Assumption A,
(a) Elri—1ginri—i4in) = aoh +2V, if i=j
=V, for |i—j]=1
(b) COU[[V;&+1>Tt 1+ihTt— 1+jh]

Z 1—eXp —Ah))(1 = exp(=A,)) exp(=An (1 — ih))

Fb(1—6,,) Xp: 22 Pl - ih”; exp(—An(2 — ih))

b1 — 6 1,) iaiexp(—)\n(l — (i — 1)h))>\—nexp(—)\n(2 — (i — 1)h))),

10



where 0; ; = 1 if i = j, and 0 otherwise.
(€) Elri—14inTt—14jhTt—1+khTt—1-+1h]

p a2
= 3a3h? + 2(K,, + 3)V.2 + 12a0hV,, +6Z—g [—1+ Al + exp(=A,h)]

n=1

P P L1 —exp(—=Ash)
+6b7) apexp(—Anh) + 120 ap——— " if i=j=k=I,

n=1 n=0 An
K V2 WV, — 3b g2 L= exp(=Aah) % 2 Ak
—(Ky +3)Vy, — 3aphV,, — 3 nz:lan)\n—?) ;anexp(— nh)

if i=j=k= l—l—lorz—]—}—l—k—}—l—l—i—l

2

Anh) — -2\ h
= agh® + (K, + 3)V;; + 4aghV,, +Z [1 — exp(—Anh)] +2b2 2 €Xp(— )AeXP( )

n=1

p p

1— —\h

+2b aQ—eXp( )+252 a2 exp(—=M\h) + 02 a?exp(=2\h) if i=j=k+1=1+1,
n )\ n n

n=1 n=1 n=1
2
= a2h? + 4aghV, +4V?2 + Z 21— exp(=Ah))? exp(=An(i — k — 1)h)

n= 1
P . .
—M\h(i—k)) — exp(—)\nh(z —k—-1))
2 2 exp(
N bzf’: 2 EP(=Anh(i = k +1)) — exp(=Anh(i — k)
n=1 " -_An

4 bi aiexp(_/\nh(i —k)) —)\exp(—)\nh(i —k+1))

n=1

p p
+26* ) " al exp(=Anh(i — k) + 0% Y al exp(—Anh(i — k+ 1))

n=1 n=1
p

+02) agexp(=Ah(i—k—1)) if i=j>k+1k=1,
n=1

p
=2(V7+ 0> alexp(=Anh)) if i=j+1,j=k=1+1,

n=1

p p
= —aphVy = 2V7 = 1> al exp(—=Anh(i — k + 1)) = 0° > al exp(—Anh(i — k)

n=1 n=1
P . .
—Ah(i—k+1)) — —Mh(i—=Ek)) .. . . .
—bZafleXp( (@ +_)1\ exp( (@ ) if i=j>kk=Il+1ori=j+1,j>kk=1I,
n=1 n
P
=VZ2+6 alexp(-Mh(i— k) if i=j+1,j>kk=1+1,
n=1
=0 else.

11



(d) Var[IViyq] = Z eXp + A —1].

By taking b = 0 in Proposition 3, we find the same results as Proposition 2.1
of Andersen et al. (2011). This is coherent with their ii.d. noise assumption
corresponding to b = 0 in our framework. In the numerical results subsection, we
use Proposition 3 to quantify the forecasting gain for two specific stochastic volatility
models.

For longer forecasting horizons m > 1, the R? from the Mincer-Zarnowitz regression

of I'Vi11.41m onto a constant and the RM,(h) is expressed as

COU[[W+1:t+m7 RMt(h)]2
Var[IVig1.em|Var[RM(h)]

R*(IVisvitsm, RMy(h)) = (18)

For the numerator we have

COU[[VtH:Hm, RMt(h)] = Z QijCOU[[V;‘/+1:t+maTt71+ihrt71+]’h]-

1<i,j<1/h
Proposition 4 gives the needed expressions to compute R? for m > 1.
Proposition 4 Under Assumption A,

(CL) COU[IVt+1:t+m, Tt—1+z‘h7“t—1+jh]
P2

_ %(Z %(1 — exp(=Mh))(1 — exp(—Amn)) exp(—An(1 — ih))
" bz 2 exp(—=A, (1 —ih)) — exp(=An(m + 1 —ih))

An

N bZaieXp (1= (i—1)h)) —)e\xp(—/\n(m +1—(i— l)h)))

ex n(1—ih)) —exp(=A\,(m+ 1 —ih
5ii le2 p(— ) Ap( ( )

s, 1J‘bZaieXp (1= (i =1)h)) —)e\xp(—)\n(m +1—(i— 1)h)).

where 6; ; = 1 if i = j, and 0 otherwise.

(b) Var[IVij1.4em) =2 Z exp —Aam) + Aym — 1].

n=1

As mentioned for the one-horizon forecastmg, by setting b = 0 in the multi-period
volatility forecasting, we find the same expressions as in Andersen et al.’s (2011)

1.i.d. noise case.

12



5 The Forecast in Practice

In the previous section, we assess the forecasting performance for each realized
measure. In this section, we explicitly give the forecast under Assumption A and a
bias correction. Then, we provide a method to assess the forecasting performance
of the realized measures when the latent dependent variable in Mincer-Zarnowitz
regression is replaced by a feasible measure of integrated variance.

Let E[.] denote the expectation operator conditional on all the past up to time ¢.

Using the quadratic-form representation of RM;, 1, we have

E{RM;,4] = Z Qi ErlrecinTisjn]

1<i,j<1/h

= D @B+ ecrn) Ffn + €on)]
1<i,j<1/h (19)

= Z G Eilriyinriyn] - +Elecineiin]).
1<i,j<1/h —

ih
:6”Et [fttj(li—l)h G'Eds}

If we suppose that ¢;; = 1, Vi = 1..N, then we have

E{[RMyy1) = Ey[IVia] + Z Qi Eilerrin€irjn)- (20)
1<i,j<1/h

A bias correction is given by E,[RM; 1] —> <ij<1/n i Er letrinert;n) for the realized
measures such that ¢; = 1, Vi = 1..N. We conclude that, under Assumption A, the
forecasting bias is time-varying. If b = 0, E;[e;ripessjn] is constant, and so is the
bias correction.
In the R? expression of equation (17), the integrated volatility regressand is latent.
In this section, we replace IV, by a feasible estimator denoted RM,,; among the

realized measures. The R? is then written as

2 BT _ Cov[RM 1 (h), RM;(h)]?
BA(RMua (h), RMi(h)) = Var[RM .1 (h)]Var[RM,(h)] 1)

Using the quadratic-form representation of RM;,, and RM;(h), we could compute
the requisite moments. And observe that we could maximize the R? to find the

optimal sampling frequency h for forecasting.
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6 Estimating the Noise Parameters

In this section, we examine the estimation of the noise parameters a and b. We also
provide a centered and scaled version of the realized variance to obtain a consistent
estimator of the integrated variance under Assumption A. Using Proposition 1 and

since the pre-averaging estimator is consistent under Assumption A, we have
hRV,(h) = 2a + (2b + h) RV + n, (22)

where 7, is a zero mean residual term, and A is fixed. Seen as a regression of hRV;(h)
on a constant and RV}, equation (22) delivers estimators of the noise parameters.
More precisely, the regression constant is 2a and the slope is 20 + h.

We denote @ and b the OLS estimators (when 7T is big and & is fixed) for a and b,

respectively. Their expressions are

! (th RVi(m)RV/" h)

)

2\ RV

. . (23)
1 (thzl RVt(h) _ (2’5+ h) Zt:l R‘/;pre> .

a

2 T T

We propose a realized measure that results from our noise heteroscedasticity-specific
form. We denote RV,“’(h) the new realized measure if the noise parameters a and
b are known,

_ hRVi(h) — 2a

RV (h) %+ h

(24)
and RV,*"(h) the new realized measure if the noise parameters a and b are estimated
t

by @ and Z, respectively:

hRV,(h) — 2a
_ MRVilh) — 28 (25)
2b+h
We show in Proposition 1 the consistency of RVta’b(h) when h goes to zero. However,
we do not derive the asymptotic distributions of RV;**(h), @, b, and RV (h) if T
goes to infinity and h goes to zero. This question is important for future work. A

first step would be to fix h and let T go to infinity, and then allow A to go to zero
while T goes to infinity.
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7 Numerical Results

We follow Andersen et al. (2011) for the volatility models choice. The first model
M1 is a GARCH diffusion model. The instantaneous volatility is defined by the

process
do? = k(6 — o2)dt + oo2dW,?,

where k = 0.035, # = 0.636 and ¢ = 0.296.
The second model M2 is a two-factor affine model. The instantaneous volatility is

given by

o} =01, +05, doj,=r;(0; —0;,)dt+ njaj,tth(jH), Jj=12,

where k; = 0.5708, 6; = 0.3257, m; = 0.2286, ke = 0.0757, Oy = 0.1786
and 7o = 0.1096, implying a very volatile first factor and a much more slowly
mean-reverting second factor.

We choose two scenarios for parameter b. The sample size is N = 1/h = 1440,
which is equivalent to a trade each 15 seconds for a 6-hour daily market. The
o/ HAHVEIVA)® 3gtead of the

E[Q1]
hard-to-estimate frequency given in (9). Andersen et al. (2011) also replace the

realized variance RV is based on the frequency

quarticity by its unconditional expectation. The expressions of the realized measures
are given in Appendix B. The alternative realized measures are: RV (the realized
variance based on the highest-frequency returns), RV*P**¢ (the realized variance
based on subsampled returns 1/h = 1440/5), RV 7€ (the average of the sparse
estimators that differs in the first used observation to compute RV®ers¢) RVT
(the two time-scales estimator), RVZ"% (the Zhou estimator), RVE¢ "¢ (the kernel
estimator), RV?™® (the pre-averaging estimator), and RV"*¢ (the realized variance
based on optimal frequency returns).

For each scenario and each model, we report in Table 1 the mean, variance and
mean squared error for the competing realized measures. As anticipated, the “all”
estimator is heavily biased, whereas the new realized measure reduces the “all”
estimator bias. When varying b, the pre-averaging estimator characteristics are
almost unchanged, which is coherent with its robustness to the heteroscedastic
noise property. The two time-scales estimator achieves a very good performance

as measured by the MSE for both scenarios and models.
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In Tables 2 and 3 we report the correlations among the alternative realized measures
for models M1 and M2, respectively. We provide in Appendix C the analytical
expressions for the true volatility and realized measures correlations. The realized
variance RV"™¢ is the most correlated with the pre-averaging estimator.

In Table 4, we compute R? for different values of b. The pre-averaging estimator is
robust to heteroscedastic noise, so varying b does not change R?. However, the
traditional noisy realized variance estimator computed at the highest frequency
dominates when b is high. This is evidence of the validity of Assumption A; that
is, the noise contains information about the frictionless return volatility. As the
forecasting horizon increases, each realized measure has a bigger R%. Moreover,
the realized variance based on the highest-frequency returns performs well for
multi-period volatility forecasting. Finally, we notice that RV %€ achieves very
good performance, as was the case in Andersen et al. (2011) where b = 0.

In the next section, we turn to the empirical forecasting gain of the realized volatility

using real data.

8 Forecasting Analysis with Real Data

The goal of this section is to investigate with real data the forecasting performance
of the competing volatility estimators. To evaluate alternative predictors, we use
the Mincer-Zarnowitz regression, as in section 4. The proxy for the true I'V or
the dependent variable in the Mincer-Zarnowitz regression is the realized variance,
where returns are sampled every 300 ticks, RV, I focus on a one-day-, 5-day- and

20-day-ahead forecast horizon. The Mincer-Zarnowitz regression is given by
IV; :bo—i‘bl[/‘\/l’j—i‘bgf/‘\/z’j—i-eT?"OTj, (26)

where TV 1,; and v 2,; are the predictors and RV is a proxy for IV. The subscript
j refers to the days of the sample.

We use trade prices of Alcoa during 01/2009—03/2011. In Tables 5 and 6, we present
descriptive statistics and correlations for the alternative realized measure. We report
the Mincer-Zarnowitz R? in Table 7, showing that the pre-averaging predictor does
not necessarily outperform the inconsistent realized volatility out of sample. As

the forecasting horizon grows, the forecasting performance increases for the realized
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measures. When adding the “all” estimator in the Mincer-Zarnowitz regression, we
notice an important improvement in R?, as advocated in the theoretical study of
this paper. We can further improve the R? providing a practical adjustment, as in
Andersen et al. (2005)2,

In the next section, we propose another forecasting performance measure.

9 Option-Trading Analysis with Real Data

In this section we evaluate the proposed integrated volatility forecasts in the
context of the profits from the option-pricing and -trading economic metric. Using
alternative forecasts obtained in the previous section, agents price short-term options
on Alcoa stock before trading with each other at average price. The average
profit is used as the criterion to evaluate alternative volatility estimates and the
corresponding forecasts.

We construct a hypothetical option market, as in Bandi et al. (2008), in order
to quantify the economic gain or loss for using alternative integrated volatility
measures.

Our hypothetical market has eight traders. Each trader uses one from the following
realized measures: RV, RV sparse Ry/average RY/TS R/ Zhou Ry Kernel py/pre and
RV™¢ The quadratic form representations of the realized measures are given in
Appendix B.

First, each trader constructs an out-of sample one-day-ahead variance forecast using
daily variances series and computes a predicted Black-Scholes option price. We focus
on an at-the-money price of a one-day option on a one-dollar share of Alcoa. The
risk-free rate is taken to be zero.

Second, the pairwise trades take place. For two given traders, if the forecast of the
first one is higher than the midpoint of the forecasts of the two traders, then the
option is perceived as underpriced, and the first trader will buy a straddle (one call
and one put) from the other trader. Then the positions are hedged using the deltas
of the options.

Finally, we compute the profits or losses. Each trader averages the eight profits or

losses from pairwise trading. We then average across days.

2See Appendix D for more details.
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Option-trading and profit results are computed as in the following three steps.
1-Let o; be the volatility forecast for a given measure. The Black-Scholes option
price P, is given by

1

Pt = 2®(§O—t) - 17

where @ is the cumulative normal distribution.

2-The daily profit for a trader who buys the straddle is
1
| Ri| =2P,+ R(1 - 28(;01)),

where the last term corresponds to the hedging, and R; is the daily return for day t.
The daily profit for a trader who sells the straddle is

2P— | R, | —Ru(1 — 2@(%@)).
3- We then average the profits and obtain the metric.
We obtain the profits in cents in Table 8 for different realized measures. The
traditional realized variance RV achieves the best profit. All of the estimators
(RVp”,RV’“e””el,RVTS , RVZhov and RV™s¢) endure losses for the agents using
them as forecasts. Compared with the forecasting performance results using the

Mincer-Zarnowitz regression, the option-trading exercise provides similar rankings.

10 Conclusion

This paper quantifies the gain for volatility forecasting performance if the noise
heteroscedasticity form is an affine function of the fundamental volatility. We use
the eigenfunction stochastic volatility theoretical framework. If our model is true,
using a robust-to-noise volatility estimator for forecasting does not profit from the
fundamental volatility information in the noise volatility. The traditional realized
variance computed using high-frequency intraday returns exploits this information,
though. However, if our model is misspecified and not supported by the data, no
valuable information can be inferred from the noise, and robust-to-noise volatility
estimators should be used.

In the future, it would be interesting to explore other semi-parametric estimators

of integrated volatility. The classical non-parametric estimators do not exploit the
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noise information and make ad hoc assumptions about the noise. Another promising
possibility would be to use observable variables such as the bid-ask spread and
trading volume to model the market microstructure noise. In that case, more high-

frequency data would be exploited in addition to trade prices or quotes.
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Figure 1: Time series for trade price realized variance. We use the expression given
in (14); RV is the realized measure with ¢ff' = 1if i = j and ¢§f' = 0 else. RV?"
is obtained using the quadratic form given in equations (15) and (16). The sample

period covers 01/2009-03/2011 for Alcoa stock.
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Model M1 M2

Mean Variance MSE Mean Variance MSE

1V, 0.6360  0.1681 0.1681 0.5043  0.0262 0.0262
b=0.35%

RV 9.7943 20.8353 104.7104 7.7662  3.3443  56.0798
RV Perse 2.4676  1.5894 4.9444 1.9566  0.2742 2.3836
RV 24668  1.5419 4.8937 1.9512  0.2459 2.3396
RVTS 0.5133  0.1205 0.1356 0.4023  0.0231 0.0335
RV Zhou 0.6423  0.3346 0.3346 0.5093  0.1166 0.1167
RVKernel (6423 0.2016 0.2016 0.5093  0.0437 0.0438
RV} 0.5793  0.2065 0.2097 0.4723  0.0683 0.0693
RVta’b 0.6990  0.2050 0.2090 0.5543  0.0329 0.0354
RVmse 0.6423  0.3391 0.3391 0.5093  0.1188 0.1189
b= 0.45%

RV 9.7943 32.9596 116.8347 7.7662 < 5.2379  57.9734
RVPeT¢ 2.4676  2.2309 5.5858 1.9566  0.3747 2.4841
RV 24668  2.1819 5.5338 1.9512  0.3457 2.4393
RVTS 0.5133  0.1220 0.1370 0.4023  0.0235 0.0339
RV Zhou 0.6423  0.3526 0.3526 0.5093  0.1200 0.1201
RVKernel (6423 0.2053 0.2053 0.5093  0.0447 0.0447
RVP" 0.5793  0.2121 0.2153 0.4723  0.0701 0.0712
RVta’b 0.6850  0.1962 0.1986 0.5432  0.0311 0.0326
RVmse 0.6423  0.3570 0.3571 0.5093  0.1222 0.1223

Table 1: Mean, variance and MSE of the realized measures. Model M1 is a GARCH
diffusion and M2 is a two-factor affine model; the parameters are given in section 7.
The realized measures are computed using the quadratic-form representation given
by equation (14). The size of the intraday return h is 1/1440 for RV, RV "¢ is
computed with h = 5/1440 as well as the RV *"%9¢ estimator. The noise-to-signal
ratio is equal to 0.5%, which is defined as V,,/E[IV;]. Recall that V,, = a + bE|[0?}]
under Assumption A.
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b Model M1 M2

Horizon m 1 5 20 1 5 20

0.35% R*(IViy1.441m, RV 0.9455 0.8626 0.6238 0.6644 0.4291 0.2063
R*(IVii1ittm, RVt“’b) 0.9455 0.8626 0.6238 0.6644 0.4291 0.2063
R*(IViy1im, RVP75€)0.9183  0.8379 0.6058 0.6004 0.3877 0.1864
R*(IVii 1., RV79) 0 0.9457  0.8629 0.6239 0.6656 0.4299 0.2067
R*(IVii 1.t 4m, RVtTS) 0.8622 0.7867 0.5689 0.4972 0.3211 0.1544
R*(IVii1ttm, RVch"“) 0.4862 0.4436 0.3208 0.1573 0.1015 0.0488
R*(IVii1it1m, RVtk””d) 0.8070 0.7363 0.5324 0.4193 0.2708 0.1302
R*(IVii1itm, RVF™) 0.6509 0.5939 0.4294 0.2306 0.1489 0.0716
R*(IViy 1.t 4m, RV™5) 0.4798 0.4378 0.3165 0.1544 0.0997 0.0479

0.45% R*(IViy1ttim, RVt“”) 0.9488 0.8656 0.6259 0.6734 0.4349 0.2091
R*(IVii1ittm, RVta’b) 0.9488 0.8656 0.6259 0.6734 0.4349 0.2091
R*(IViy1gm, RVP25€) 0 0.9280 0.8467 0.6123 0.6232 0.4025 0.1935
R*(IVii 1. 4m, RV79) 0 0.9481  0.8650 0.6255 0.6717 0.4338 0.2086
R*(IVii 1.t 4m, RV;TS) 0.8554 0.7805 0.5643 0.4888 0.3157 0.1518
R*(IVii 1t 4m, RVchO“) 0.4633 0.4227 0.3056 0.1534 0.0991 0.0476
R*(IVii1ittm, RVtk””d) 0.7957 0.7260 0.5250 0.4120 0.2661 0.1279
R*(IViy1itm, RVF™) 0.6295 0.5744 0.4153 0.2255 0.1457 0.0700
R*(IViy1.41m, RV™s€) 0.4575 0.4174 0.3018 0.1507 0.0973 0.0468

Table 4: R? for the integrated variance forecasts. Model M1 is a GARCH diffusion
and M2 is a two-factor affine model; the parameters are given in section 7. To
compute the R?, we use equations (17) and (18) as well as Propositions 3 and 4.
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Mean Variance Skewness Kurtosis Minimum

RV}ow 7.649 79.0 3.178 20.111 0.779
RV 11.540  180.1 2.724 12.200 1.334
RVPerse 8387 93.4 2.775 12.950 0.885
RVvere9e 8323 91.3 2.741 12.588 0.864
RVTS 7.520 75.4 2.782 12.910 0.723
RVZhou 7988 67.0 2.867 14.222 0.654
RV ernel 7 489 74.4 2.854 13.931 0.668
RV}e 7.506 81.9 2.959 15.080 0.681
RV,mse 8.178 87.5 2.818 13.438 0.979

Table 5: Descriptive statistics for the realized measures. The realized measures
are computed using the quadratic-form representation given by equation (14). The
sample period covers 01/2009-03/2011 for Alcoa stock.
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Horizon 1 5 20

RVl 0.701 0.802 0.773
RV;PeTse 0.647 0.723  0.695
RV,vera9e 0.646 0.726 0.698
RV,TS 0.611 0.683 0.655
RV, Zheu 0.597 0.668 0.634
RV Kernel 0.611 0.682 0.651
RV 0.612 0.678 0.658
RV;mse 0.640 0.706 0.684

RV, 7™ RVAT 0707 0.820 0.791
RV Ry 0.709  0.819  0.790
RVS RVall 0.709 0.819 0.790
RV/Zhew Ryl 0712 0.824  0.800
RV/Kernel Ryall 0708 0.818 0.791
RVP™ RV 0706 0.817 0.784
RV/™e RV 0703 0.814 0.782

Table 7: R? for volatility forecasts. We use the Mincer-Zarnowitz regression given
by equation (26). The dependent variable is RV!**  which is our proxy for the
true volatility. The realized measures are computed using the quadratic-form
representation given by equation (14). The sample period covers 01/2009-03/2011
for Alcoa stock.
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Profits (cents) Ranking

RVl 0.172 1
RV Parse 0.034 3
RV verase 0.109 2
RV,TS -0.387 5
RV, Zhou -0.482 7
RV, Kernel -0.477 6
RV -0.312 4
RV,mse -0.487 8

Table 8: Rank by annualized daily profits. The option-trading game as well as the
profit expressions are given in section 9. The realized measures are computed using

the quadratic-form representation given by equation (14). The sample period covers
01/2009-03/2011 for Alcoa stock.
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Appendix A: Technical proofs
Proof of Proposition 1:

We have
1/h 1/h

RVi(h) = RV;*(h +Zet 1+zh+227"t 14inCt—1+ih-

When h goes to zero, the first term RV;*(h) converges to IV; and the last term goes

to zero. Therefore, along with Assumption A iii) we obtain that
hRVi(h) = 2a + (h + 2b)IV; 4 o(h), (A.1)

which gives (7).

Proof of Proposition 2:

MSE(h) = E, [(RVi(h) — IV;)?]

(A.2)
= Var,[RV;(h)] + (E,[RVy(h)] — IV;)?
Recall the equality,
1/h 1/h
RVi(h) = ) + Z €i11in T2 Z T{_14in€t—1+ih- (A.3)
For the bias term,
1/h 1/h
Eo[RVi()] = Eo[RV (W] + ) Bolelapal 2 Bolrivsmnerroa
=1 =1 —O g
1/h
= Z Ea(rﬁlﬂ-h) + Ea[(utflJrih - ut71+(i71)h>2]
=1 (A.4)
L/h  i—1+4ih 1/h
— Z/ o2ds + Z(Vara [we—144n) + Vare[ue—i4i-1)n))
i=1 Y t=1+(=1h i=1

1/h
=1Vi+2a/h +b Z(OtQ—l+ih + 07 i)

=1
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For the variance term,

1/h 1/h
Var,|RVi(h)] = Var,[RV(h)] + Var, Z € 1| +Vary |2 Z Ty 1 in€i—1tih
i=1 i=1
[ 1/h [ 1/h
+2Cov, | RV*(h), Z e 1| +2Cov, | RV (h),2 Z Ty 1in€i—1+ih
i=1 i=1
[ 1/ 1/h i
+ 2Cov, Z efﬁlﬂh, 2 Z T 14 inCt—1+ih
i=1 i=1
) (A.5)
Var,[RV,*(h)] = 2hQ; + o(h) (A.6)
where Q; = ftt_l olds is the integrated quarticity:
1/h 1/h 1k
VC”"U[Z € 1pin) = Z Varglef il + Z Covgle} 11in € 14j1)
i=1 i=1 i\j=1ri]
1/h
= Z (V‘WU [Uilﬂ'h] + Var, [u?flJr(ifl)h] + 4Varg[u—14in|Var, [ut—l—i—(i—l)h])
i=1
1/h
+ Z COUU[(Ut—H-ih - ut—l+(i—1)h)2a (Ut—1+jh - Ut—1+(j—1)h)2]
ij=liij
1/h
= Z (Varg[ui_y 4] + Var, [Uffu(zel)h] + 4V arg w1 4n)V are [t 14G-1)n))
i=1
1/h—1
+2 Z Varg[ui_y i)
i=1
1/h—1 1/h
=4 Z Varg[uf_y ] + 42[‘1 + 00y pplla +boi i) + Vare[up_y] + Var([u]]
i=1 i=1
1/h—1 1/h
=4 Z [KuVi = (a+bop )] + 42[“ + 007y alla+ b0y ol
i=1 i=1
+ [V = (a+ b0y )] + KV = (a+ bo})?].
(A7)
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1/h 1/h

* * *
Varg[2 Z T 1yinCt-1+in] =4 Z Covg[ry_1fin€t—1tins Ti—14nCt—1+jh

i=1 i,j=1
1/h
=4 Z Vary[r;_ i inei—1+in)
i=1
1/h
= 4ZE Tt 1+zh6t 1+zh]
1/h (A.8)
=4 Z Eo[ri21 vin) Bolei—14in]
Lh  t—14ih
=4 Z(/ o3ds)[2a +boy_y iy, + 0oy iyl
7 Jt-1+(i—1)h
h  t—14ih
= 8alV; +4b Z(/ 02ds) 07 1 pin + Oty ol
7 Jt—1+(i—1)h
1/h
2Cov, | RV*(h), Z e 1| =0 (A.9)
1/h
2C0v, | RV (h),2) 1y jneiasin| =0 (A.10)
i=1
1/h 1/h
2Cov, Z ef,Hih, 2 Z Tf,lﬂhetqnh =0 (A.11)
i=1 i=1
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To summarize, we have

MSE(h) = Var,[RV;(h)] + (E,[RVi(R)] — IV})?

1/h—1 1/h
= 2hQ¢ + o(h) +4 Z [K.VE = (a+bo_y )] +4 Z[a + b0 anlla + 001y oy
i=1 i=1

+ [KV2 — (a+b02 )% + [KJV2 — (a+bo?)?]

/b 14ih

+ 8alV; +4b Z(/ 02ds)[o7_ 1 + 071 -1yl
= Ji14-1)h

1/h
+ (2a/h +b Z(Uf—lﬂ'h + ‘7t2—1+(i—1)h))2
=1
1/h
= 2hQ; + (2a/h + bZ(Utszih + 07 o)’ +o(1/h) + f(t)

=1

4
~ 2hQ; + ﬁ(a + bIV;)2.

(A.12)
Proof of Proposition 3:
(@) Elri—ivinti—14n) = El(r{_i i + e—1vin) (Mi_14jn + €t—144n)] (A.13)
Ifi— j,
Elre1snte—14jn] = Elr2 i + €i_1pm] = aoh + 2V, (A.14)
If i —jl=1,
Elriirinriiwn] = _E[U?—H(i—l)h] = Vi (A.15)
Else,
Elri_1tinri—1+4n) = 0. (A.16)

(b)
Cov [IVZH, rt71+ih7at71+jh]
= Cov[IVigr, (ri_ypin + €—11in) (11140 + €t-144n)]
= 03 ;Cou[IVigr, 121 ) + Cov[IVign, €1 yinei—14j]
= 0i;Cov[IVi1, 772 in] = 015 1Cov[IViy, uf iyl = 0im1 jCo0[IViy, uf 1))
+0i;Cov[I Vi, uiuih] + 0;;Cov[I Vi, U§f1+(i71)h]-
(A.17)
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Using (21) in Andersen et al. (2011),

p 2
ConlIVean, 1721 1) = 32 (1~ exp(—Aeh)) (1L — exp(~A) exp(— (1 — ih)
n=1""
(A.18)
We have
Cov[IViy1, ut2—1+ih] = E[E, [[‘/15+1ut2—1+ih“ — E[IV;41] E[U?—Hih]
——
=ao =Vu=a+bag
t+1
= aag + bE[ainh/ o2ds] — agV,
t
t+
= aap + bE| a0+zan (fim1+in) / a0+zam (fs))ds]
n=1 t
=0 Z anam/ ft 1+lh) m(fs)]ds
n,m=1
| (A.19)
=) Z anam/ ft 1+zh) m(fs)|f‘r:7_§t_1+7’h“ds
n,m=1
=b Z anam/ ft 1+lh) [Pm(f8)|f7'a7- S t_1+lhl]d8
n,m=1

:exp(—)\m(s—(t—Ifi-ih)))Pm(ft_l_;,_ih)

—bz / exp(—An(s — (t —1+ih)))ds

—bz 5 exp(—A,(1 —zh)))\—nexp(—/\n(Q—ih))'

The same for

CovlIVigr,ui 1y i 1yn) = bz 2 €Xp(=An(1 = (i — 1)h)) — exp(=A(2 = (2 — 1)h))

(A.20)
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To recapitulate,

Cov[IVig1, Te—14inTt—14n]
b 2

- 5¢,j(z %(1 —exp(—=A\ 1)) (1 — exp(—=A\,)) exp(—=A, (1 — ih))
3 Rl 1) 2 )
e it Ul 1>h>>;nexp<—kn<2 —(i= 1), (A.21)

p . .
—Au(1 —ih)) — — (2 —ih
I = DL CHERLD)
n=1 n

_@ﬁﬁﬁéﬁmmkﬁal—@—1M»;@mvﬁa2—@—1m»‘

(c)
E[Tt—1+z‘h7”t—1+jh7‘t—1+kh7‘t—1+lh]

= E[(ri_y 1 + et*1+ih)<7";tk—1+jh + et 1440) (T1—15kn + €—14k0) (T30 + €1—1410)]
(A.22)

fi=j=k=1l

Elri 1qinTt—14hTt—14khTt—1+1n) = E[Tﬁum] + E[G?—Hz‘h] + 6E[r:31+ih€§—1+ih]

= Elrity ] + Elui_y ) + E[u?—l—&—(i—l)h] + 6E[u§—1+ihut2—1+(i—1)h] + 6B € 1)

(A.23)
Equation (17) in Andersen et al. (2011) gives
4 272 ~ a
Elr;2 n] = 3agh” 46 Z )\—’21[—1 + Aph + exp(—A,h)] (A.24)
n=1""
We have
E[u?71+ih] = E[Uiu(z’q)h] = Kuvuz- (A.25)
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E[uf—l—i—ihu?—l-&-(z‘—l)h] = E[EU[u?—l—&-ihu?—l—i—(i—l)h“

= E[E, [ufflJrih]Ea[ufflJr(ifl)hH

= El(a+bo? | )(a+ b0t2—1+(i—1)h)]

= a® + V’Elo} | 01 1+ (—1)h] T abElo} | ) + abE[o7- 1+ (i—1)h)

= a® + V’Elo} 1+1h0t 1+ (i—1)n] T 2abag

=a*+V’E [(ao + Zan (fi—14in))(ao + Z A P (f—14G-1)n))] + 2abag

p

= a2 + b2a(2) + b2 Z anamE[Pn<ft—l+ih>Pm(ft—l—l—(i—l)h)] + 2abao

n,m=1

p
= a® + b*aj + b Z n i B[ E [Py ( fr—14in) P (fi—14(—1)n) | frr<t—14+G-1)n]] + 2abag

n,m=1
= a® + baj) o+ v’ Z Ap G ft 14(i— l)h) E[Pn(ftth)|fr,7§t—1+(z'—1)hl] + 2abay
n,m=1 ~

=exp(—Anh) Pn(ft—14(i—1)n)

p
— CL2 —+ bZClg —+ bZ Z Ay Ay exp(_)\nh)E[Pm(ftflJr(ifl)h)Pn(ftflJr(ifl)h)] + 2aba0

n,m=1

p
= a® + b*aj + b Z a2 exp(—A,h) + 2abay,
n=1

(A.26)

Elr? n€avn) = Blri (Ui o + 01 yn — 201 gint-14G-1n)] (A.27)

= Blri? i) + E[Tt—1+ihuz:2—1+(z‘—1)h]-
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t—1+ih
EV:QHMU? 1+zh] E[EU[Tﬁlﬂh]Eo[u?lehH = El(a + b0t21+ih)/ a?ds]
t—14(—1)h
t—14ih
= aaph + bE[UtZ—l—Hh/ o3ds]
t—1+(i—1)h
t—1+ih
—aa0h+bE a0+zan ft 1+zh))/ a0+zam fs dS
n—=1 t 1+ 2 1
t—1+ih
= aapgh + ba%h%— b Z &nam/ Po(fi—14in) P (fs)]ds
n,m=1 1+ Z 1
t—1+ih
= aaph + baih +b Z anam/ Po(feertin) P (f)| fr, 7 < s]]ds
n,m=1 1+ Z 1
t—1+ih
= aaph + baih +b Z anam/ Pou([) B[P (fr-14in)| fr, 7 < s]]ds
14+(i— 1 v
n,m=1 H exp(—An (t—1+ih—8)) P (fs)
t—1+ih
_aa0h+ba0h+bz / exp(—A,(t — 1+ ih —s))ds
t—14+(i—1)h
exp )\nh)

= aaph + bagh + bz

(A.28)
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E[Ti‘&l—&-zhut 14(i— l)h] E[EU[r;szl-i-ih]EU[uf—l—i-(i—l)hﬂ

t—1+ih
2 2
= El(a+boy_146-1)n) / osds]
t—14(i—1)h
t—1+4ih
= aaoh, + bE[O-t271+(ifl)h / O-gds]
t—1+(i—1)h
t—1+ih

= aaoh + bE(( aO"’Zan (fe-140- 1)h))/ ao+zam (fs))ds]
t

p— —1+4(i—1)h

t—1+ih

= aaph + bajh + b Z anam/ Po(fer4-1yn) P ([fs)]ds

nym=1 1+(i—1)h

t—1+ih

= aagh + bagh + b Z anam/ Po(ficiv—on) P (f)|fr, 7 <t — 1+ (1 — 1)h]]ds

nym=1 1+(i—1)h

t—14ih
= aagh + bagh + b E anam/ Po(fic1tG-1)n) ﬁ[Pm(fs)’fT,T <t—1+(i— 1)hl]d3
t

1+ z 1)h v
=exp(—Am (s—(t=1+(i=1)h))) Pm (fi—14(i=1)n)

n,m=1

P t—1+ih
= aaph + bagh + bz a’ / exp(—=An(s — (t =1+ (i — 1)h)))ds
t

n=1 1+(i—1)h

= aaoh + baih + b Z eXp )\nh) .

(A.29)

Consequently if 1 = j =k = [,

P2
Qa
Elri—1inri—1nTi—14knTi—14m] = 3agh + 6> )\—Z[—l + Al + exp(=Anh)] + 2K,V

n=1""

p p
1 —exp(—A\,h)
6(V2 b2§ 2 A 12(aghV,, b§ : 2
+ ( u + anexp( ))+ (ao + - a, >\n

n=1

)

P9
a
= 3agh* + 2(K, + 3)V.2 + 12a0hV, + 6 § A—g[—1 + Anh + exp(—Ah)]
n=1

n

+6b2§p: 2 oxp(—\ h)+1zb§p: 21 = (= Anh)
a, exp(—A, a, " .

n=1 n=0

(A.30)
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fi=j=k=Il+lori=j+1=k+1=1[+1,

3
Ere1qinTe—14jnrt—14knTt—1+10) = Er_ 1 inTe—14(-1)n]
*2 * 2 3 *
= B[} 1ih 3T 1 pinCe—14ih + 31 in€i14in + €—11in) (T 14 Gi—1)n T €t—14(i—1)n)]
_ 3
= B3 Liner—1vin + € 1) 14G-1)]

= _3E[7’t 1+zhut 14+(i— l)h] 3E[u3—1+ihu?—l+(i—1)h] _E[u?—l-&-(i—l)h]

"L, 1 —exp(—=\h -
= (K, +3)V2 —3aphV, —30 Y o @?( ”B—3§§:ﬁampagw
(A.31)

n=1 n=1

fi=j=k+l=1+1,
Elre1pintt—14nTt-11knTt—1410) = Blri ntt ool

= E[(r{_y + 6t—l+ih)2(rf_1+(i_1)h + et (i—n)’]

= E[Tﬁuihrﬁu(i—l)h] + E[rzﬁlﬂ‘het?—l—&-(i—l)h] + E[Tﬁu(i—nhef—um] + E[€?—1+ih€?—1+(z‘—1)h]
= E[Tﬁuihrgu(iﬂ)h] + E[Tﬁlﬂ'h(ut{w(iﬂ)h + U?71+(i72)h)]

+ E[Tﬁu(i—l)h(u?—Hm + u?—l—i—(i—l)h)] + E[(uf o + u?—1+(i—1)h)(ut2—1+(z’—1)h + u?—1+(i—2)h)]
= E[Tﬁl+ih7”£1+(i—1)h] + E[r;fl-l—ihu?—l—&—(i—l)h] + E[Tﬁlﬂhuf—u(i—z)h]

+ E["’ﬁw(iﬂ)hut{uih] + E["”Zﬁzw(iﬂ)hut{n(iﬂ)h]

+ E[U?—Hihuf—u(i—nh] + E[Uf—1+ihut2—1+(z'—2)h] + E[uf—l—&-(i—l)h] + E[uf—l—i-(i—l)hu?—l—i—(i—Z)h]‘

(A.32)
Using (18) in Andersen et al. (2011),
E[Tﬁ1+ihrﬁ1+(i_1)h a0h2 + Z [1 — exp( )\nh)]Q. (A.33)
From (A.14), we have
E[rleﬂhuf 1 (i l)h] = aaoh + bajh + b Z exp )\nh). (A.34)
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The third term in (A.17) is written as

E[szlﬂhug 14(i— 2)h] = E[E, [T:Q1+zh]E¢T[U§fl+(i72)hH

t—1+41ih
—Blla bt ) [ ot
t—1+(i—1)h
t—1+ih
= aa,oh, + bE[O—tQ_l_;'_(i_Q)h/ O'EdS]
t—1+4(i—1)h
t—1+ih
= aaph + OE| ao—i-Zan (fim1+6 ))/ ao—i-Zam (fs))ds]
— t—1+4(i—1)h
t—1+4ih
= aagh + baoh +0 Z anam/ Po(fe-1t@—2)n) Pm(fs)lds
n,m=1 1+(i—1)h
t—1+4ih
= aaph + bagh + b Z anam/ Po(feert—2n) P (fs)| fro 7 <t =14 (i — 2)h]]ds
n,m=1 1+(i—1)h
t—1+ih
= aaph + bajh + b Z anam/ Po(fio1v6 2)h) ElP(f)lfrsm <t —1+4(i— Q)h] Jds
1+(i—1)h
n,m=1 +( ,exp( A (5= (t—1+(i Q)h)))Pm(ft71+(zf 2)h)
P t—1+ih
= aagh + bagh + by _ ag/ exp(=Mn(s — (t — 1+ (i — 2)h)))ds
p— t—1+(i—1)h
exp(—2\,h) — exp(—A h)
= aagh +bagh + b a2
= aaph + dagn + ; Y

(A.35)
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E[7’£1+(¢—1)huf—1+ih] = E[E, [T;Skzl-i-(i—l)h]EU[u?—l—&-ihﬂ
t—14(i—1)h
— Bl(a+bo? 1.0 | o%ds

t—1+(i—2)h
t—1+4(i—1)h

= aaoh + bE[Utz—l—H'h/ o7ds]
t—14(i=2)h
t—14+(i—1)h

= aaph + bE]| a0+zan (fie 1+zh))/ G0+Zam (fs))ds]
t

t—14(i— 1)h
= aagh + bagh + b Z anam/ Po(fi1tin) Pn(fs)]ds

n,m=1

t—14(i— 1)h
= aaoh + baih + b Z anam/ Po(fe-r4in) Pu( )| fr,7 <t — 1+ (i — 1)h]]ds

n,m=1

t—14(i— 1)h
= aaoh + baZh + b Z anam/ P(fs) ?[Pn(ft_1+ih)|f7, T< sl]ds

nm=1 —exp(— A ((t—1+ih)—8)) Pa(f2)
t—14(i—1)h
= aa0h+ba0h+bz / exp(—A,((t — 1 +1ih) — s))ds
t—1+(i—2
Ah) — 2M\,h
= aagh + baoh +b Z 2 XP(— ) exp(— )

An

n=1

(A.36)
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E[T:E1+(i—1)huf—1+(i—1)h] = E[E, [7“:31+(¢—1)h}Ea [U?—H(i—l)hﬂ

t—1+4(i—1)h
2 2
= El(a + bUt—1+(i—1)h) / o ds]
t—1+(i—2)h
t—14(i—1)h
= aagh + bE[UtQ—l-i-(i—l)h/ oyds)
t—1+(i—2)h
t—14(i—1)h
= aaph + bE] ao—i—Zan (fr—14(— 1)h))/ aO—I—Zam (fs))ds]
n=1 t—1+4(i—2
t—14+(i—1)h
= aaph + balh +b Z anam/ Po(feo14-1)n) Pm(fs)]ds
g 1+(i—2)h
t—14(i—1)h
= CLaoh + baoh + b Z anam/ [ n(ft71+(ifl)h)Pm<fS)’fT7 T S SHdS
n,m=1 1+(i—2)h
t—1+(G—-1)h
= aa0h+ba0h+b Z anam/ P, (fs)E] n(ft71+(i71)h)|f7'77- < s]]ds
nm— t—14+(i—2)h N ~ 4
' exp(—An (t— 1+ (i~1)h—5)) P (£2)
p t—1+4(i—1)h
= aaph + bagh + bZa2 / exp(—A,(t—14 (i —1)h —s))ds
n—1 t—1+(i—2)h
p
1— —\nh
= aaph + bagh + b Z a? eXI;\( ) .
n=1 n
(A.37)
Equation (A.11) gives
P
E[uf_1+ihuf_1+(i_1)h] =a* + b%ad + b Z a? exp(—Anh) + 2abag. (A.38)

n=1
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E[uf—l—i—ihu?—l-&-(z‘—mh] = E[EU[u?—l—&-ihu?—l—i—(i—Q)hH

= E[E, [ul%flJrih]EG [uffu(ia)h“

= El(a+bo? | )(a+ b0t2—1+(‘—2)h)]

= a® + V’Elo} | 01 1+ (—2)n] T abElo} | ) + abE[o7- 1+(i—2)h)

= a® + V’Elo} 1+1h0t 1+ (i—2)n] T 2abag

=a*+V’E [(ao + Zan (fi—14in))(ao + Z A P (f—14(i—2)n))] + 2abag

p

= a2 + b2a(2) + b2 Z anamE[Pn<ft—l+ih>Pm(ft—l—l—(i—?)h)] + 2abao

n,m=1

p
= a® + b*aj + b Z i B[ E [Py ( fr—14in) P (fi—14(—2)n) | frr<t—1+G-2)n]] + 2abag

n,m=1

= a’ + b%ag ot b? Z Ay I ft 14+(i )E[Pn(ftqnh)|fr,r§t—1+(z'—2)hl] + 2abay

n,m=1 g
=exp(—2Anh) Pn(fi—14(i—2)n)

p
=a’ + 0%+ 0° D @ exp(—2Xh) E[Po(frots(—2n) Pa(fot+—2n)] + 2abag

n,m=1
P
= a® + b*aj + b Z a2 exp(—2X\,h) + 2abag,

n=1

(A.39)
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E[u?—1+(i—1)hu?—1+(i—2)h] = E[Ea[Uf—u(i—l)hUf—1+(i—2)h“

= E[Eo[u?flJr(ifl)h]EU[u?fl+(i72)h]]

= El(a+ bo}- -y (@ + bUtQ—l+(z'—2)h)]

=a’> + b’ E[o (i 1)hUtQ 1+ (—2)n] T abE[af_H(i_l)h] + abE[af_H(i_Q)h]
=a* +V’Elo} (i mat 1+ (i—2)n] T 2abag

=a’ +V’E ao+zan (fe-1+G-1)n) ao+zam (fi1+G-2)n))] + 2abag

p

=a® + b%aj + b Z n i B[P (fr—14—1)n) P (fi—1+(i—2)n)] + 2abag

n,m=1

:a2+b2 + b Z O B (ft 1+(i—=1)h ) m(ft—1+(i—2)h)|fr,r§t—1+(i—2)h]]+2aba0

n,m=1

=a’ + b’af + b° Z U B[P (fi-14(i ) E[P(fi—14(i—1 )|fT,T§t—1+(i—2)hl] + 2abag

n,m=1

=exp(—Anh )Pn(ft—1+(i72)h)

= a® + b’ag o+ b? Z A G €XP(— A1) B[P ( fr—14(i—2)n ) Pr(fr—14(i—2)n)] + 2abag

n,m=1

p
= a® + b*aj + b Z a2 exp(—=A,h) + 2abay.
n=1

(A.40)

To summarize, if i =j=k+1=1+1,

E[th1+ihrt71+jhrt71+kh7qt71+lh] = a%hZ (K + 3>V2 + 4a0hV —+ Z 1 — exp( /\nh>]2

nl”

2
+2bz -\ h) +sz 5 exp(—A,h) )\exp( Anh)

+ 2b° Z a2 exp(—A,h)) + b? Z aZ exp(—2\,h).
n=1 n=1

(A1)
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Timj>k+1k=1
Elre1pinTe—1jnTt—1+knt—14m] = Elrf i1y kn)
= E[(r{_yp + ee-14in) (1 1pn + €-114n)°]
= Elr2 oo + B2 meioim] + Elr2 i omel ) + Elei et iim)
= Bl a2 i + Bl () + up- 1+ (e—1)h)]
+ B2 (0 + up 1+ —np)] T El(u_y . + ut—1+(i—1) ) (U + U1 ey
= Bl il + Bl ants ) + Blre i 1+ (b—1)h)
+ Elry ) ity n) + E[r;tkzl—i-khutg—l—i-(i—l)h]

+ Eluf ) ntiy 1) + E[u?—l—i—ihu?—l—i—(k—l)h] + E[u?—l-&-(i—l)hu?—l-&-kh] + E[u?—l—&-(i—l)hu?—l—&-(k—l)h]'
(A.42)

From (18) in Andersen et al. (2011)

Bl 2] = agh® + Z [1 — exp(=A.h)])? exp(—=A\, (i — k — 1)h), (A.43)

E[Tt*21+muf 1+kh] E[E [T:21+zh]EU[u§—1+th

t—14ih
= Bl(a+ 00711 1) / o3ds]
t—1+(i—1)h
t—1+ih
= aaph + bE[Uf_Hkh/ o2ds)
t—1+(i-1)h
t—1+ih
= aaoh + bE[(ag + Z an P (fio14kn)) / (ao + Z am P (fs))ds]
t—14(i—1)h
t—1+4ih
= aagh + baoh—i- b Z anam/ Po(fi1okn) P fs)]ds
n,m=1 1+(i— l)h
t—1+ih
—wmm+b%h+b§:awm/ Palfovar) Pl F) for < t— 1+ kh]lds
nm=1 1+(i—1)h
t—1+ih
= aagh + bagh +b Z anam/ Po(fe-14kn) ELP (fs)]fT,T <t —1+kh]]ds
= e P Ao LK) P e
t—1+ih
—aagh—l—baoh—i-bz / exp(—An(s — (t — 1+ kh)))ds
t—1+4(i—1)h
— k) — _ _k—1
_a%h+mwﬁh§:2@®<Ah@ k) TM Ahli = k= 1)

(A.44)
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Using the previous equation,

5 €Xp(—Aph(i — k + 1)) —exp(—=A\,h(i — k))

Blri?, puy L1y = aaoh + bagh +b Z ) ;
n=0 n
(A.45)
E[T?l—&-khu? 1) = ElEs [Tz&l—i-kh]EU (w1 i)
t—1+kh
—Blla+bot ) [ ot
t—1+(k—1)h
t—1+kh
= aaph + bE["?—Hih/ o2ds]
t—1+(k—1)h
t—1+kh P
= aaph + bE[(ag + Zan (fio1vin)) / (a0 + Y amPu(fs))ds]
t—14+(k—1)h —
t—1+kh
= aaoh + bajh + b Z anam/ P fe-14in) Pu(fs)]ds
ol 1+ (k— 1)h
t—1+kh
— aagh + baZh + b Z anam/ Palfotain)Po(f)lform <t — 14 (i — D)h]Jds
n,m=1 1+(k=1)h
t—1+kh
~ aanh 4 b4 b Y anan / Pulfs) EIPu(fovsin)lfrr 7 < s]lds
k—1)h ~-
= ™ —exp(~Aun (t=L+ih)=5)) Pa(f2)
P t—1+kh
= aaoh—i-ba%h—i-bZai/ exp(—=A,((t =1 +1ih) — s))ds
= S+
p . .
—\h(t—k)) — —Mh(t—k+1
— aagh + baZh + by 2 SREANEZR) = ep(ZAA( = k1)
n=1 )\n
(A.46)
From the previous equation we have
exp(—A\h(i — 1 —k)) — exp(—= A\, h(i — k))
Bl ppui- 1+(—1)p) = aaoh + bagh + bz : \

n=0

(A.47)
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E[u?—1+ihu§—1+kh] = L[E, [u?—l—&-ihu?—l—kkh“

= E[E, [u?flJrih]EU [U?fukh“
= El(a+boy_1)(a+bop_y )]
=ad’ +VE [Ot 1+th::2 1+kh] +abE[at 1+zh} +abE[0t 1+k’h]

=a’+ V’Elo}_ 1+zh<7t Lixn] + 2abag

=ad’ +V’F [(ao + Z an P (fio1in))(ao + Z am P (fr—14kn))] + 2abag

=a’ + b’a + b° Z nn B[P ( fi—14in) P (fe—145n)] + 2abag

n,m=1
p

- CL2 + b2ag + b2 Z anamE[E[Pn(ft—l—i—ih)Pm(ft—l—i-kh)|f7’,7’§t—1+kh]] + QCLbCI,Q

n,m=1
p

:a2+b2a3+62 Z G B[P ( fr— 1+kh) E[P,(fi—14in)| frr<t—1+kn]] + 2abag

a"'g

=exp(—Anh(i—k))Pn(ft—1+kh)

n,m=1

p
—a®+ ang + b Z A €XP(—= N (i — k) E [P (fi—14xn) Pa(fi—146n)] + 2abag

n,m=1

p
=a* + b%aj + b Z aZ exp(—=Ah(i — k)) + 2aba.

n=1

(A.48)

The same for

p

E[u?_1+ihuf_1+(k_1)h] =a® + b%ad + b Z a2 exp(=A,h(i — k + 1)) + 2abay (A.49)

n=1

p
E[uf_lﬂi_l)huf_l%h] = a® + b’aj + b Z aZ exp(—A,h(i — k — 1)) + 2abay (A.50)

n=1

p
Elu 4 nntti 1 gennl = @ +0%ad + 02 al exp(—Aih(i — k)) + 2abag. (A.51)

n=1
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To summarize, if i =5 > k+ 1,k =1,
E[Tt—1+ih7"t—1+jh7"t—1+kh7"t—1+lh]

p 2
= a2h® + daghV, +4V2 + Y i—gu — exp(—Mh)? exp(—An(i — k — 1)h)
n=1

n

N 262”: 2 SP(Ah(i = B) = exp(-Anh(i — k — 1)

n=1 _/\n
p . .
—Mh(i —k+1)) —exp(=Ah(i — k)
b 2 eXp(
+ ; ay, _w
P , :
—\h(i — k) —exp(=A\h(i — k4 1)) (A.52)
b 5 exp(
+ g;;an ~
P
+ 2b? Z a? exp(—=Ah(i — k))
n=1

p
+ b Z a2 exp(—=Auh(i — k + 1))
n=1
P

+07> " alexp(—Ah(i — k — 1))

n=1
Ifi=j+1,j=k=1[0+1,

E[th1+ih7ﬁt71+jh7ﬁt71+kh7at71+lh] E[rtf1+ihT1t2—1+(i—l)hrt—1+(i—2)h]

= El(r} 1+ er14in) (11 onn T €o16-0n) (11 imopn + €14G-2n)]
= B[(r{_yn + et—l-&-ih)(r:tkzl-i-(i—l)h + €§—1+(i—1)h)(r:—1+(i—2)h + e 14 @-2)n)]
= E[rrzl-',-(i—1)h6t71+ih€t—1+(i—2)h] + E[61:2—1+(i_1)h€t71+ih6t—1+(z’—2)h]

= 2E[ut271+(i71)hu?71+(i72)h]
P
=2(V? +07) _ alexp(—Anh)).

n=1

(A.53)
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Ifi=j>kk=Il+1lori=75+1,7>kk=1I,

E[Tt—1+z‘h7"t—1+jh7"t—1+kh7"t—1+lh] = E[Tf_1+ih7"t—1+kh7“t—1+(k—1)h]
= E[(r{_11n + et—1+z'h)2(7’2k—1+kh + et—14un) (T 14 (k1) T €114 (6—1)n)]

_ 2 *2
= E[et71+ihet*1+kh€t—1+(k—1)’1] + E[rtflJrihet*lJrkhet—1+(k—1)h]

= _E[u§—1+(k—1)h(u?—l+ih + Uf—1+(z‘—1)h)] - E[r;tkzlﬂhu?—l—&-(k—l)h]
P
= —aohV, —2V? = b*> a2 exp(—A.h(i — k + 1)) (A.54)
n=1
P

- Z a2 exp(—Mh(i — k))

n=1

p , .

exp(=Anh(i — k4 1)) — exp(—=Ah(i — k))

—b 2 .

fi=j+1,5>kk=1+1,

Elre1vinTe—14jnTt—14k0Tt—1410) = B[t 14ih e 14— DR =1 +kRTt— 14 (k—1)h)]

= et 14in€t—1-+4(i—1)hCt—14+khCt—1+(k—1)h)
p
= E[u?71+(i71)hu?71+(k71)h] = Vu2 + 0 Z ai exp(—Ah(i — k)).

n=1

(A.55)

Else, E[re 1T 14n e 14knTt—1410) = 0.

(d) The variance expression is the same as in Andersen et al. (2011).

Proof of Proposition 4:

(G)OOU [ﬂ/}+1:t+ma Tt—1+z’h7“t—1+jh]

= Cov[IVii1itrm, (Ti—14in + €—14in) (Ti_1jn + €-145n)]

= 8; jCoV[IVii1am, Ti1sin) + CoV[IVigtasm, €1—14in€i—1+jn]

= 5i,jCOU[]Vt+1:t+ma T;Ekzl—l-ih] - 5i,j—ICOU[IVt+1:t+m7 u?—l—l—ih] - ‘51‘—1,1‘00”[”/2+1:t+m7 ut2—1+(i—1)h]

+ 0i;Cov[IlVitriam, u%—l—l—ih] + 05, Cov[IVesragm, u?—1+(i—1)h]'
(A.56)

Using (21) in Andersen et al. (2011),

P2
* an .
Cov[IVistiatm, Th o in) = E )\—2(1 — exp(—A,h))(1 — exp(—=A,m)) exp(—A, (1 — ih)).
n=1""

(A57)
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We have

v v/
=mag =Vu=a+bag

t+m
= aag + bE[o}_ 14 / o2ds] — agV,
t

t+
= aag + bE[(ap + Z anPo(fi- 1+m))/ (ap + Z A P (f5))ds] — agVi
t

n=1

=b Z anam/ Po(fi—14in) P (fs)]ds

n,m=1

A58

=b Z anam/ Po(fi—iqin) P (fo)| fr, 7 <t — 1 +ih)]ds ( )

n,m=1
=meM/ Pulfimsei) EIPa(f)lfr 7 < =1+ ih]]ds

n,m=1

=exp(—Am(s—(t— 1+Zh)))Pm(ft—l+zh)

—bz / exp(—An(s — (t — 1+ ih)))ds

B bZaQ exp(—An(1 —ih)) —exp(=A,(m + 1 —ih))‘

An
The same for
ex i—1Dh) —exp(—A\,(m+1—(:—1)h
CoolIVigrrom 111 —bEZ sespl AL == 1) = exp(A (i = Dh)
(A.59)
To recapitulate,
Cov[IVif1aqm, Te—14inTt—1+44h)
P2
a: .
= 5@1’(2 )\_2<1 —exp(—Anh)) (1 — exp(=A,m)) exp(—A, (1 — ih))
n=1""
n(1—ih)) —exp(=Ap(m + 1 —ih))
b 2€Xp
+ Z .
M1 =(G—=1)h)) — —Am+1—=(i—1)h A.60
+bzaiexp (1 — 1)h)) — exp(=Au(m (t—1) ))) (A.60)

An

n(1—ih)) — —An(m+1—ih
i 1bj£: £ hall = 8) P ulon 1~ i8)

ﬂMﬁzﬁm—n—@4W%fwwm+hu4m)
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(b) The variance expression is the same as in Andersen et al. (2011).

Appendix B: Quadratic-form representation for the realized measures

-The all RV estimator,
qgj”(@) =1 for i=3j
= (0 otherwise.

-The average RV estimator,

1 nhfl
q%ve?“age(h) - qis]parse(h)7 k>‘
"h =0

where,

g7 (h,k) =1 for k+1<i=j<Ny+k,

=1 fori#j, (s—=UDnp+1+k<i,j<sn,+k, s=1,..

=0 otherwise.

-The two time-scales estimator,

ai;” (h) = ¢i7"** (h) — nhgi}' ().

ij
-The kernel-based RV estimator,
gh "N K (), L) = 1for i=j

ij
-1
(552 el

= 0 otherwise.

(B.1)

,Nk/nh,

(B.3)

(B.4)

(B.5)

In the specific calculations below, we use the modified Tukey-Hanning kernel

advocated by Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008),
K(r) = (1 — cosm(1—1)%)/2.

-The pre-averaging estimator

20

(B.6)



The following is the proof of the quadratic-form representation for the pre-averaging:

12 (& 7 T

re all

RVZ) = —Q\/N : <Z¢ (E) Ti-l—j) - QQNRV
l m 6 all

o ( 1¢ <E) ¢ (E) Tl+i7‘m+i> - HQ—NRV

N—k ki ) )

12 I—1 J—1 6
(£ (7)) ) e
O/ N “ <17J—1+i k k 02N

N . .
I — J —
E 51§I—¢§k51gj—igk¢ ( L Z) ¢ < 2 Z) 7“ﬂ”J>

N | N—k ' »
12 I L
B 0V N Z 51<I—i<k51<J—i<k¢( 2 ) ¢( 2 ) riry —

I,J=1 \7,—0 |
:q?J
N N
zi E q¢ 7“17”(1—i E qa”TJTJ
O/ N 1J 92N 1J
1,J=1 1,J=1

N
12 6 .
= Z(G\/Nq?J equI(l]l)TITJ

-The RV;™*¢ estimator:

1/h N
mse mse
RV, Zrt 14ih* — Z ;5 Tt—1+ihTt—1+jh;
ij=1

where ¢j7>¢ = ¢;;""*(h*).

6

. Rvall

02N

6 all
N RV}

Appendix C: The true volatility and realized measures correlations

We prove that the covariances between the integrated variance and the realized

measures (needed to compute the correlations in Tables 2 and 3) are given by,

Cov[IV,, RMy(W)] = Y q;;Cov[IVi, rectsinTioiinl

1<ij<1/h
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where,

p 2

a
Cov[IVy, re—14inTi—14+4n) = 0i (2 E )\—Z (exp(—=Aph) + A\h — 1)
n=1

3

+Z (2 — exp(=An(i — 1)h) — exp(—=An(1 — ih))) (1 — exp(—Anh)))

exp n’lh) — exp(—/\n(l — ’lh))
— b E CL
4,j—1

An
ali = 1)) = exp(—Aa(l = (i = 1)) 2
— exp( 1—1)h) —exp(— A (1 — (2 —1
- Ui—1 jb Z a, \
— exp(—A,ih) — exp(—A,(1 — ih))
+ 6”62 .
n 51]62 —exp(—A, (i — 1)h) —)\exp(—/\n(l — (i — 1)h)).
Indeed,

Cov[IVy, ri1qinre—144n] = Cov[IVy, (r{y i + €1qin) (Ti_ 1 jn + €-14n)]
= 51 jCO’U[IV't, r:21+ih] -+ COU [I‘/t, et71+ih6t71+jh] (C 3)

= 0;;Cov[IV;, 1}~ 1+zh] d;,j—1Cov[IV;, uf—l—l—ih] — 6i-1,;Cov[IV,, u?—l—l—(i—l)h]
+0;,;Cov[IV, ut—l—H’h] + 0 ;Cov[IVy, u?—l-{-(i—l)h]'

For the first term, using (20) in Andersen et al. (2011),
CovlIVy, 12 1] =2 Z exp —\h) + Ah— 1)

) =t (C.4)
F3

—exp(—A,(i — 1)h) — exp(—=An(1 —ih))) (1 — exp(—=Anh)) .

>’I
I3 N
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For a given integer k, we have

Cov[lV, uf—l—i—kh] = B[E, []Vtuf—lﬂch]] — E[1V}] E[Ut 1+kh]
S~ ——

=ag =Vu=a+bag

t
= aap + bE[af_Hkh/ o2ds] — agV,
t—1

t
= aag + OE| a0+2an (fi—11kn) / ao—l—Zam (fs))ds] — apVy,
t_

n=1

=b Z anam/ Po(fie140n) P (fs)lds

n,m=1

t— 1+kh
b Z anam/ ft 1+kh) fs d8+b Z a'nam/ ft 1+kh) m(fs)]ds

1+kh

n,m=1 n,m=1

t— 1+kh
b Z anam/ Po(fie14kn) P (fo)| fro 7 < s]]ds

n,m=1
+0b Z anam/ ft 1+kh) m(fs)lfTaT <t-— 1+ kh]]ds
Nyl 1+kh
t— 1+kh
= Z anam/ (fs) E[Pa(ferawn)| fr 7 < s]]ds
mom=1 —oxp(~An (¢ T+kh)—5) Pa(f2)
0y m/ Pulfi-vein) EIPn(F)I S 7 < 8= 1+ kh]Jds
kh
n,m=1 o *eXP( Am(s (t— 1+kh) P ft 1+kh)
t—1+kh
—bz / exp(—An((t — 1+ kh) — s) ds—l—bz / exp(—An(s — (t — 1+ kh)))ds
t—1+kh
_ bz — exp(—A,kh) —exp(—A, (1 — k’h))

)\n
(C.5)

Appendix D: A practical adjustment

For the alternative realized measures, we can correct the Mincer-Zarnowitz
regression R? in practice. In Andersen et al. (2005), practical error corrections
are provided using the fact that the integrated volatility is latent. Recall the R?

expression,

Cov[IViy1, RM,(h)]?
Var[IVi|Var[RM,(R)]

R*(IVi1, RMy(h)) =

23



A practical adjustment is to replace Var[IV;,;] in the denominator by
Var([Ve] = f(h) Avar(IV g = Vi) + (£ (h)),

where IV +11 s a consistent estimator of IV, 1, Avar(l/‘\/ t+1—1Vi41) is the asymptotic
variance and f(h) is the convergence rate. This adjustment does not apply for
non-consistent estimators of integrated volatility. For our model, only volatility
estimators robust to heteroscedastic noise are consistent. The two time-scales
estimator is not robust to heteroscedastic noise. The traditional estimator, namely,
the realized variance computed at the highest frequency and the average estimator,
is not robust to any type of noise. However, the only estimators for which a practical
adjustment could be applied are the pre-averaging, the kernel estimators, because

they are robust to heteroscedastic noise, and obviously our new realized measure.
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