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1. Introducing the problem

In many productive activities in the economy we encounter problems in defining
and/or measuring output and thus in analyzing productivity development. Even in
some manufacturing sectors — particularly those dealing with "tailor—made", highly
differentiated goods — the measurement of quality changes, both across a given
assortment of goods and over time, can be extremely problematic.

In the steadily increasing service sector of the economy, this problem of quality
measurement tends to be nearly all-pervasive. Particularly in personal services, the
only relevant output measures will often be defined in terms of different quality
dimensions, some of which are practically impossible to measure in an objective
way. There are also conceptual problems involved in deciding on the appropriate
output dimensions for, say, health and education. Are only immediate results to be
counted or should we also take into account the long—term capabilities they crgate?
How much weight should be attached to the way in which results are achieved?
Etc.

For private services, sold in competitive markets, the value of total sales can,
however, be used as a measure of the value of production. Thus, we do not then
need output measures to be able to carry out cross—section studies of e.g. substitu-
tion possibilities, returns to scale or inter—firm differences in efficiency.! For com-
parisons over time, e.g. studies of productivity changes, output measures have been
considered necessary, however.

For services distributed by government, free of charge or at "nominal" user
charges, no market valuation of service output is registered. We are thus denied
also the possibility of using market values for cross—section studies. Without reli-

able output measures, we seem to be blocked, not only from analyzing productivity



developments, but also from studying the efficiency problems, which could be
expected to be especially urgent due to the lack of market competition.

The usual way to tackle the analytical problems arising from the paucity of
measures for service output, is to use some indicator variable as proxy for output.2
In most applications, however, this does not solve the problem in any satisfactory
way. The choice of proxy remains arbitrary, and there is no way of knowing how
well the chosen proxy will reflect the changes in the actual output.

What we try to do in the following is to explore how much of the problem that
can be solved if, instead of a proxy, we use that part of economic theory known as
duality theory. By working with cost functions instead of production functions we
try to avoid altogether the use of an output measure. We investigate how much
that can be learnt about productivity and efficiency from input data alone. The
main condition for using this approach turns out — not surprisingly — to be that the
technology should be homothetic, i.e. that factor proportions should be independent
of the level of production

Given a homothetic technology it will be shown that we can learn surprisingly
much about productivity and efficiency from simply analyzing the development of
prices and cost shares for the various factors of production. In addition, we will
argue that the assumption of homotheticity may in many cases be neither overly

restrictive nor particularly unrealistic.

2. The meaning of homotheticity

Our main theoretical question can be framed in the following way. Under what

conditions can a production activity be characterized by input data only? For

answering this question we use the dual relation between production and cost



functions, first shown by Shephard (1953): given a cost function, which fulfills
certain regularity conditions, it is always possible to define a production function
from which the given cost function can be derived, under assumptions of cost—mini-
mizing behavior. A technology which can be characterized by a production function
can thus equally well be described in terms of a cost function and vice versa.

To simplify the discussion, let us for the present disregard technical change and
the possibility of inefficiencies in production. We will come back to these issues in
Sections 3 and 4. For the time being we thus assume a static technology and
cost—minimizing producers. Let the minimum cost function be C 0= C O(y,p), where

y is output and p denotes the vector of input prices, p = (p1 ) n). Accordingly:

Co(y,p) =p'x, where x =minp'x st xe V(y) (1)
X

where x = (xl,...,xn) denotes a vector of inputs and V(y) is the input requirement
set, i.e. the set of input bundles that can produce at least y. The subindex o is,
henceforth, used to denote that the value of the corresponding variable is optimal,
i.e. cost—minimizing.

The above mentioned regularity conditions can e.g. be formulated as in Diewert
(1971, p. 489-90) and will, i.a., imply that C 0(y,p) should be non—decreasing in
both y and p and linearly homogeneous and concave in p. If these conditions are all
satisfied, the cost function will describe all economically relevant aspects of the
production technology. The producer's input demands can be derived by means of

Shephard's lemma, according to which:

aC,(y,p)
— - 0o s
Xop = xoi(y,p) = ___6,p_i~__, i=1,..,n (2)



Since the cost function is linearly homogeneous in p, it further holds — by Euler's

theorem — that:

n

aC,(y,p)
PR:

Z s o¥P) = ———55——— Cy(y:P) - (3)

=1

The system (2) thus contains all information available in the original cost function,
since the factor demands multiplied by the factor prices add up to Co(y,p), as
shown in (3).

Using (2) the optimal shares of factor costs become:

D x,;(y,p)

SOi = W, 1= 1,...,11 . (4)

For our purposes the system of input cost shares has an important advantage over
the system (2) of input demand equations: in contrast to the xis the cost shares are
not necessarily dependent upon the output level, y.3

Our problem can thus be reformulated in the following manner: Which
constraints must be imposed on the cost function (or production function) to make
the cost shares independent of the quantity of output?

Shephard (1953, p. 45—47) has shown that if, and only if, the production

technology is homothetic, the cost function can be factored according to:

Coly:p) =1(y)-8(p) ()

where f i3 a continuous, monotonically increasing function of y. The form of this

function is determined by the scaling properties of the technology, i.e. whether the



production function exhibits increasing, constant or decreasing returns to scale. In
general, for a homothetic technology the rate of returns to scale vary with the
output level. In the special case when the rate of return is the same for all output
levels, the technology is homogeneous. If, in particular, the technology is linearly
homogeneous, i.e. if there are constant returns to scale, then y can be substituted for
f(y) in (5).

Given (5) the system of input cost shares becomes

Pi'%‘iﬁ

SOi = SOl(p) = ——g—('ﬂ"————, i=1,..,n. (6)

Specifying a homothetic functional form for C thus makes it possible to estimate
the system (6), i.e. to estimate cost shares as functions of factor prices only, without
having to take the level of output into account. This obviously provides us with a
key to our main problem. Starting with input data — cost shares and factor prices —
we can try to characterize and analyze production technology and producer behavior
even in the absence of output measures.

The homotheticity assumption can of course be questioned. The characteristic
feature of such a technology is that the optimal factor proportions, i.e. the ratios
X /x of i # j, are independent of the level of production, which is often a restrictive
aésumption. As shown by the isoquant diagram in Figure la, it implies that the
expansion path, i.e. the dashed path describing the optimal input combinations at
successively higher output levels (yl,yz,...), is linear. For more general technologies
the expansion path is non—linear as in Figure 1b. If, e.g., Xq TEpresents the capital
input this figure can be taken to illustrate the often noted tendency to increase the

capital intensity at larger scales of operation.



FIGURE 1: Expansion paths for homothetic and non — homothetic

technologies in a static environment

» X,

a: homothetic technology b: non — homothetic technology

Homotheticity has also been decisively rejeéted in many studies concerned with,
e.g., the manufacturing sector. However, it should be more easily motivated in the
context of service production than in the production of goods. The reason is, of
course, that services are more difficult to routinize and, hence, the scope for
automatization more limited. Although this argument should be used with caution —
for instance, one would expect factor proportions in large scale banking to differ
substantially from those in provincial banks, whereas big and small kindergartens
are presumably more alike in this respect — it appears as if the homotheticity
assumption might be applicable where it is most needed, i.e. in contexts where no
reliable output measures are available. In the case of government services
homotheticity may, moreover, simply reflect centralized decision making, which
tends to treat establishments of different size all alike. Furthermore, as we now
introduce technical change we shall see that by taking technological developments
into account we may, in effect, also allow for non—linear expansion paths, in spite of

the homotheticity assumption.



3. Technical change and total factor productivity

Starting with the assumption of homotheticity we will now investigate what input
data can reveal concerning technical change and productivity developments. We
begin by considering the effect of technical change on the input requirements and
the cost shares. Secondly, we discuss how the introduction of non—neutral, i.e.
input specific, technical change into our homothetic technology can give rise to
non—linear expansion paths, similar to those of non—homothetic technologies.
Finally, we consider the connection between technical change and total factor
productivity and show that it is possible to draw quite far—reaching conclusions
about the rate of total factor productivity growth, even in the absence of an output
measure.

Technical change (of a disembodied nature) can be incorporated in the model by
augmenting the price function with a time index?, t, resulting in the following cost

function
CO(Yapat) = f(y) 'g(p’t) . (7)

The system of cost shares corresponding to (7) is

t
p..@&%d
! i

SOi = Soi(p,t) = W, i= 1,...,]1 . (8)

By including the time index, input demands are allowed to shift over time not
only in response to changes in relative factor prices but also because of exogenously
determined technological developments. These developments affect the input
requirements over time and, hence, also the input cost shares. In the following, we

will use the letter 7 to denote a relative time derivative. Accordingly, the rate of



change in the usage of factor i resulting from technical change can be written

3 fn x;(y,p;t)

Since in our case [cf. (2)]

t .
x,;(v:p,t) =1(y) - —a-g%g{—), i=1,.n, (10)
i

the rate of technical change can be expressed in terms of only the input prices and

the time index according to

Txm:%{%ﬂ' [Qg%;t)]“l’ i=1..n. (11)

Further, the effects of technical change on the cost shares can be obtained in

terms of the effects on the input demands as follows

. O fsupt) 1 D%, (¥:Prt)
Soi O “s.(pt)t | n
oi

=

=71, - _2_31 SOJ-TXOj , i=1,.n. (12)

The technically induced rate of change in the i'th cost share will thus be equal to
the difference between the rate of change in the demand for the i'th input and the
corresponding cost—weighted average rate of demand changes, taken over all n

inputs. However, due to the linear dependence among the cost shares the system of



equations (8) — in contrast to the full rank system (10) — cannot provide us with all
the n Txoi'S. Fortunately, the condition that the cost function be linearly
homogeneous in the input prices implies one restriction on the rxoi's. If this
restriction is imposed there will only be n—1 independent measures of the rates of
technical change, which is exactly what the cost shares are capable of generating.5

If Tooi < 0 technical change is characterized as factor i—saving and if Tsoi> 0 it

is said to be factor i—using. If 7, = r_ # 0 for all i, so that 7, = 0 for all i, then
Xoi Xpo Soi
technical change is said to be neutral. This can only happen if the function g is

multiplicatively separable in p and t, i.e. if (7) can be written in the form

Co(y,p3t) = f(Y) 'g(p) h(t) .

It is easily verified by means of Shephard's lemma that in this case the system
(8) degenerates to the system (6), i.e. that the cost shares are unaffected by
technical change.6

Accordingly, to capture any effects of technical change through estimation of
the system of input cost shares it is necessary to specify technical change as being
non—neutral. This is no drawback as far as modeling is concerned; neutral tech-
nical change is presumably a very rare phenomenon. There is a negative con-
sequence with respect to testing, however. This is due to the fact that the cost
share systems corresponding to technologies undergoing neutral technical change are
observationally equivalent to systems derived from completely static technologies.
As a consequence it is impossible to prove that technical developments have had no
influence on the production process and thus on the production costs. If the system
(8) should prove superior to (6) on statistical grounds then, clearly, the hypothesis
of no technical change must be rejected. If, on the other hand, statistical tests

cannot discriminate between the two systems, technical changes might still have
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affected factor demand, albeit in a neutral fashion.

Regarding empirical implementation, the effect of allowing for non—neutral
technical change might be very close to the effect of allowing for non—homotheticity,
provided that there is a positive time trend in both input usage and output
development. This is a relevant consideration here since most types of service
production seem to have increased steadily over time. An illustration is givenin
Figure 2, which illustrates the effects of neutral and non—neutral technical change

between three points of time; 1, 2 and 3.

FIGURE 2: The obserx}ed expansion path of a homothetic technology

under neutral and non—neutral technical change

1

a: neutral technical change b: non—neutral technical change

The impact of neutral technical change on the observed expansion path is illustrated

in Figure 2a. As indicated by the unchanged slopes of the isocost lines, the relative
input prices are here assumed to be fixed. Since the technical change is neutral it
will by definition not alter the cost—minimizing factor mix, so the observed

expansion path will remain linear. The only effect of technical change in this case



will be to increase the output resulting from any given set of inputs. Thus e.g. the

output obtainable with cost—constraint 2 at time t., yzz , will be higher than the
t1

,

In analyzing the observed expansion path we are, however, faced with a difficult

corresponding production possibility at time t,y

identification problem. The increases in productivity over time may be explained
either by increased returns to scale or by technical change or by both. The figure
thus illustrates the well known problem of separating the effects of technical change
from the effects of returns to scale.

Figure 2b illustrates the consequences of non—neutral technical change. In
addition to the identification problem just mentioned we will now also observe
changes in the composition of the cost—minimizing factor mix, giving rise to a new
problem of interpretation. As illustrated by the three rays through the origin at
times t,, t, and tg, respectively, the expansion path is linear for any point in time.
Over time the path itself shifts, however. Accordingly, if output grows over time
the observed expansion path will look like the dotted line in the diagram, strongly
resembling that of non—homothetic technology (cf. Figure 1b).

This means, on the one hand, that estimates of the effects of non—neutral
technical change have to be interpreted with great caution. For instance, the
observed expansion path of a homothetic technology undergoing non—neutral
technical change may be almost indistinguishable from that of non—homothetic
technology subject to neutral technical change.? On the other hand, it also means
that from a practical point of view our maintained hypothesis of homotheticity need
not be particularly restrictive. Given that there are time trends in inputs and
output, effects of the production level, i.e. effects of non—homotheticity, may be
captured by the time index variable.

Concerning, finally, the effects of technical change on the rate of total factor

productivity a general duality result derived by Ohta (1974) can be applied. Let
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¥(x,t) denote the production function to which the cost function (7) is dual, when

x = X . The primal rate of total factor productivity is then defined according to

9 f y(x;t)

What Ohta has shown is that the following dual relationship holds

— (_ . -1
T = (=7c.) (6c ) (14
where
d & C (y,p,t)
and

€Coy = d Iny (16)

The first factor in (14), the negative of the rate of total cost diminution, is the
dual representation of technical change. The second factor, the inverse of the
elasticity of total cost with respect to output, is the dual form of the rate of return
to scale. Returns to scale are increasing if oy < 1, constant if €y = b and

oy oy
decreasing if Coy > 1.
Application of (15) and (16) to the cost function (7) shows that in the present

context (15) becomesd

o, = 9 fn a%(p,t) , (17)
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while the cost elasticity is given by

_ fi%)
ECoy_Y' y)’ (18)

Inserting (17) and (18) into (14) we obtain the following expression for the dual rate

of total factor productivity

-1
= [ [y (19

Because of the occurrence of y in the last factor of (19), it is obvious that, in
general, the system (8) of input cost shares does not provide all the information
needed to calculate an estimate of the rate of total factor productivity. However, as
long as production does not take place at negative returns to scale GCOy will be
strictly positive,® in which case the sign of (19) will be equal to the sign of the first
factor on the right hand side, i.e. the dual rate of technical change. Accordingly,
with this weak qualification the question of whether total factor productivity is
increasing or decreasing can always be answered by means of (17) which can be
obtained from the estimation of the system of cost shares.

If, further, the technology is homogeneous the rate of return to scale will be
independent of the level of y and so (18) will be equal to a constant, instead of being
a function of y. In that case the relations between the rates of total factor pro-
ductivity at different points in time will be equal to the corresponding relation
between the rates of cost diminution, leaving only the levels of total productivity
growth undetermined. If, finally, the technology is linearly homogeneous, i.e.
characterized by constant returns to scale, then (18) will be equal to unity and the
negative of TCo will be identical with the rate of growth in total factor productivity.

From a theoretical point of view our possibilities of learning about productivity

growth from a study of cost shares will thus depend on how restrictive assumptions



we are willing to make concerning returns to scale. In practical implementation,
however, the data may well, at least partly, decide this issue for us. As explained
above, positive time trends in the input and (unknown) output series are most likely
to result in much of the returns to scale effects being included in the measurement
of technical change. Accordingly, such time trends will have the effect of making
our conclusions regarding productivity growth less contingent upon assumptions
about returns to scale than indicated by a purely theoretical consideration.

Next we will try to discover what input data can reveal concerning possible

inefficiency in production.

4. Inefficiency in production

The previous two sections have demonstrated that the dual approach makes it
possible to obtain a quite extensive description of the structure of production, even
if no output measure is available. However, by definition Co(y,p,t) denotes the
smallest total cost attainable in time period t for input vectors yielding at least the
output y. Accordingly, the dual representation of the production structure is, in
general, valid only in the case of cost minimization.1® Since there are applications for
which the assumption of cost minimization can be questioned — e.g. the production
of public services — it is important to investigate if this condition can be weakened.
Deviations from minimum costs (which, of course, must always be positive) can
arise for several reasons. The one that most readily comes to mind is perhaps
inefficient producer behavior. But there may be other causes as well, e.g.
imperfections in the factor markets. These can take the form of regulatory
constraints — such as rate of return regulations — or rationing schemes.!! Restrictions
in the goods market, e.g. production quotas, may be another reason. Similarly, if the

exogenously given demand is highly variable it may be impossible to avoid some
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slack in off—peak periods in order to be able to cope with the peaks.12

In the following, we will be content with merely examining in what ways the
existence of inefficiencies can be modeled and, secondly, how their cost—increasing
effects can be estimated. We will consider two types of inefficiency; technical
inefficiency and allocative or price inefficiency.13 The easiest way to define these are
by means of the corresponding efficiency concepts.

A producer is said to be technically efficient if, at a given level of production, he
cannot reduce the amount of any input without at the same time reducing the
amount of output. Accordingly, the production is technically efficient if it takes
place at some point along the isoquant.

Price efficiency is directly related to the first order conditions for cost
minimization. As is well known, these conditions require that the inputs be chosen
such that their relative marginal productivity values, or shadow values, be equal to
their relative prices. Denoting, as before, the production function by % and letting
the product price be denoted by =, this can be formalized as requiring equality

between the ratios

W'wi(x 7t) 3

wl
= — and
Tt T W P

H’-U

I

for all i #j, where wi(xq,t) denotes the partial derivative of 9 with respect to X;

evaluated at the point x q= (x Qe The relative shadow values, i.e. the

X qn)'
Wi/Wj’ will be equal to the relative input prices if, and only if, the factor

proportions at the points X, and x a are equal. Using the n'th input to normalize

this requirement can be expressed according to

X .
=2, i=1,.0-1 (20)
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If this equality holds the inputs are optimally allocated and the input mix is said to
be price efficient.

Having thus defined our inefficiency concepts we proceed to modeling aspects.
It will be practical to begin by discussing price inefficiency. The interest in price
inefficiency has grown with the increasing popularity of the dual approach to
applied production theory. The reason is, of course, that while the data required to
estimate production functions are insufficient to obtain measures of price
inefficiency there is no extra data requirement if the production activity is studied
from the cost side — data on input prices will be collected anyhow.

A simple, yet quite powerful, specification is the following one, originally
proposed by Toda (1976) for the two input case and subsequently generalized by
Atkinson and Halvorsen (1980, 1984) to the n input case. The shadow prices, i.e.
the marginal productivity values, are assumed to be proportional to the factor prices

actually observed, the pi's, according to

W, = /\ipi , )‘i >0, i=1,..n, (21)
where ), is an (unknown) input specific proportionality constant.

Assuming, for the moment, that there is no technical inefficiency the realized
cost shares — as opposed to the optimal, cost minimizing shares — can be derived as
follows. First, notice that if the producer is technically efficient his choice of input
levels can be regarded as the result of minimizing total shadow costs, Ek:wkxk.

Using (21) the minimum total shadow costs can be expressed in terms of the

actually observed prices as
Cy = Cy(y,p,t) =1(y) - g(Aap,t) , (22)

where Ag denotes a n by n diagonal matrix with iith element equal to A, . This is
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the cost function which would have been the minimum cost function, had the
prevailing prices been given by the vector w instead of the vector p. Application of
Shephard's lemma to (22) yields the input levels which minimize total shadow costs,

the x /\i's , according to

oC
- A _ _ Og(Agp,t C

Using (23), the realized total cost, C L can be written

CE%px =f(y)~§p~?%z('%91-2-%-2 (24)
Tog=p KA k=1 K P

and the corresponding cost shares will be

p, - Og(Agp,t
p.'x . 1 .p.
e B L S e (25)
¢ o Agp,t
E . dap,
T pk D
k=1 kPk

However, as C, is linearly homogeneous in the (A;p;)'s, its derivatives, (23), must
be homogeneous of degree zero in the same variables or, equivalently, in the A.'s.
Accordingly, the cost shares (25) must homogeneous of degree zero in the A;'s, too.
Therefore the absolute values of the )\i's cannot be obtained. This property is
consistent with the fact that the first order conditions for cost minimization only
concern relative prices. The following normalization rule can thus be imposed

without loss of generality

A =1. (26)
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Price efficiency can be tested by means of the hypothesis that not only A, but all
the /\i's are all equal to unity, in which case (25) is identically equal to the system
(8) of cost minimizing shares.

Figure 3 can be used to illustrate the test in the two input case. In order to be
capable of illustrating both price inefficiency and technical inefficiency the input
demands measured along the horizontal and the vertical axes have been divided by
f(y). Accordingly, all points lying on or to the northeast of the isoquant II'
correspond to the same volume of output. For the sake of interpretation, notice
that if there are constant returns to scale, i.e. if f(y)=y, this amounts to drawing the
diagram in the space of input/output—coefficients. Figure 3 can thus be viewed as a

generalization of such a diagram.

FIGURE 3: Price inefficiency

1

> )

The isocost shown by a solid line corresponds to the factor prices actually observed,
P; and Py - Since we are assuming technical efficiency, production is taking place
somewhere along the isoquant II'. Given the observed factor prices the producer
will minimize costs by operating at the point E. Now, assume that production is
actually taking place at the point M. With the input prices at the observed levels

this point is obviously price inefficient. However, it would have been a price
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efficient location if the isocost had been given not by the solid but by the dotted
line. The slope, a, of this latter isocost equals the ratio of the shadow prices since,
given that production occurs at M, this is the relative price corresponding to cost
minimization. The hypothesis to be tested is thus whether the siope of the
hypothetical isocost, ¢, is significantly different from v, the slope of the actual
isocost. In the two input case this simply means testing if /\1 =1 [A2 is equal to
unity from the beginning, in accordance with the normalization rule (26) |.

If the hypothesis of price efficiency is rejected, we can define a measure of the
increase in the total costs caused by the non—optimal factor mix — in spite of the
fact that our lack of output measure would seem to prevent us from obtaining a
measure of minimum cost. The relative increase in total costs, ¥ say, can be

obtained in the following way

n
B%EA p,t)
C .2 pj ) (.ip.
r _ _J=1 A

-1. (27)

The numerator involving the partial derivatives is equal to the denominator in the
cost shares (25). Moreover, due to the linear homogeneity of the function g(p,t) in
p, the value of this function can be calculated by setting all the /\i's in the
numerator equal to one.'4 From the definition of it is also clear that once we have a
numerical value for k we can use this figure and the realized total costs, Cr , to
solve for an estimate of the absolute cost increase caused by the price inefficiency,

according to

C-C=¢C .5, (28)

Quite a large amount of information can thus be extracted by means of the



—90 —

simple specification (21). However, a relevant concern is to which extent this
information is contingent upon the assumption that the pr(;duction process is
technically efficient. Since both Toda (op. cit.) and Atkinson and Halvorsen (op.
cit.) discuss only price inefficiency they leave this question open. We will go on,
however, and consider technical inefficiency, too.

Technical inefficiency can be either neutral or non—neutral in nature. In the
former case the relative waste, i.e. the degree of overutilization, is the same for all
inputs, while in the latter it may vary among the inputs.’® We will first investigate
the effect of introducing of neutral technical inefficiency.

Diagrammatically, neutral technical inefficiency can be illustrated by a

movement from the point M to the point A in Figure 3. Since A lies northeast of
the isoquant II' it cannot be a technically efficient point. Further, as A and M lie
on the same ray through the origin (dashed) and, accordingly, are characterized by
the same factor proportions they must suffer from the same price inefficiency. And
the test for price efficiency described above is equally applicable to A as to M or,
indeed, to any other point along the dashed ray (above M). The reason is that the
hypothesis tested only concerns the relative factor usage, employing no information
about the absolute amounts used of the various inputs.

Neutral technical inefficiency thus does not affect the formulation of the test for
price inefficiency. However, it is obvious that if technical inefficiency exists then
the expressions (27) and (28) do not provide information about all the extra costs
arising from inefficiencies in production. To enable computation of the economic
consequences of technical inefficiency its occurrence has to be explicitly modeled.
Figure 3 suggests a simple way to do this: the distance between the actual point, A,
and the technically efficient point, M, can be used to obtain a measure of the degree

of technical inefficiency. Formally, let X, denote the actually observed usage of

input i. Technical inefficiency can then be taken into account by means of the
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following specification:
X3 =(1+¢)xy;, ¢20, i=1..n, ; (29)

where ( represents the degree of overutilization. The production process is thus
technically efficient if ( = 0. Notice that one and the same ¢ applies to all inputs; a
movement along the dashed ray in Figure 3 from M to A, i.e. from (x ;% 5) to
(Xa,l’x az) implies that the usage of both inputs is increased by the same percentage.
It is this property that makes (29) a specification of neutral technical inefficiency.
Unfortunately, in our context this neutrality leads to an identification problem,
stemming from the fact that the system of input cost shares is unaffected by the
formulation (29). This can be seen as follows. Given (29), the actually observed

cost shares can be written

i (IHO) Xy Piai

n n r’
§1pk'(1+o'x)\k k_z_lpk'x,\k

S4i = (30)

i=1,...,n. The cost shares taking into account both price inefficiency and neutral
technical inefficiency are thus equal to the cost shares computed with regard to
price inefficiency only. Accordingly, the system of input cost shares is invariant to
neutral technical inefficiency. Hence, the specification (29) cannot provide a
solution to the problem of estimating the costs of technical inefficiency.

It should be noted that this negative conclusion has a positive counterpart. It
implies that in the presence of neutral technical inefficiency the system of cost
shares (25) can still be used to study productivity developments and price
inefficiency; neutral technical inefficiency will not introduce any biases into these
analyses.

To be able to take technical inefficiency explicitly into account it is, however,
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necessary to allow it to be pon—neutral, i.e. to let the degree of overutilization vary
among the inputs. This could be accomplished by means of several different

specifications, all of which would have the following two properties in common

X 2%y, i=1..n, (31a)
*ai , *aj
A4 8 for at least one =1,..,n. (31b)
VIR

We will show, however, that non—neutral specifications of technical inefficiency
also lead to — or rather call attention to — a kind of identification problem, namely
that of discriminating between technical inefficiency on the one hand and price
inefficiency on the other. In principle, there is no unambiguous way to partition the
sum of technical inefficiency and price inefficiency into its components. As soon as
one wishes to consider both technical and price inefficiency simultaneously the

problem illustrated in Figure 4 will emerge.

FIGURE 4: Equivalent combinations of price inefficiency and technical
inefficiency
XZ
f(y)
/'Y

xl
» PU——
, f
LA
w2 pz

The isoquant and the points A, M and E have been reproduced from Figure 3,
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as well as the isocost corresponding to the observed factor prices, P, and Py- We
now make the thought experiment that the producer operating at the point A moves
to the efficient point, E. This movement, illustrated by the solid arrow, can be
considered as the sum of two vectors, representing movements towards technical
and price efficiency, respectively. The problem is that, in principle, the sum can be
decomposed in an infinite number of ways. Two of these are shown in the diagram.

The dashed vectors illustrate the special case in which the adjustment towards
technical efficiency is neutral, i.e. when (29) holds. This adjustment is shown by
the vector from A to M, whereas the other one is equivalent to the movement from
M to E, i.e. the movement for price efficiency. Of the dotted vectors the one point-
ing due south, to M', corresponds to a non—neutral adjustment towards technical
efficiency where the amount of X, is held constant while decreasing the use of Xo.
By elimination, the other vector must then show the movement yielding price
efficiency.

The usefulness of the neutral specification (29) lies in the fact that it imposes a
restriction which enables us to pick out exactly one of all the conceivable
decompositions. Of course, in principle this restriction is no less arbitrary than any
other one. It has two advantages, however. One is that it lends straightforward
economic interpretations to the two inefficiency concepts, separating, as it does,
between pure quantity effects of inefficiency (technical inefficiency) and effects
relating to factor prices and, accordingly, factor proportions (price inefficiency). If
non—neutral technical inefficiency is allowed this distinction becomes blurred; cf. the
movement from A to M' in Figure 4 which involves a considerable change in the
factor mix. Secondly, as shown above, neutral technical inefficiency has no effect on
the analysis of price inefficiency. In contrast, any attempt to quantify non—neutral
technical inefficiency will have an impact on the measures of price inefficiency.16

In regard to technical inefficiency we thus seem to be caught in a dilemma. If

we assume it to be neutral we cannot estimate it but we will be able to get
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unambiguous measures of the price inefficiency. If, on the other hand, we specify
technical inefficiency as being non—neutral it may be possible to quantify it but if
we succeed in doing so its magnitude will be dependent upon the measure of price
inefficiency.

To get out of this dilemma it is first necessary to decide on the relative
importance of properly measuring price inefficiency and of having the possibility to
estimate the combined effects of price and technical inefficiency. It might be argued
that the potential advantage of the last alternative — i.e. that it, possibly, would
enable computation of the effects on total costs not only of price inefficiency but
also of technical inefficiency — is so important that the question of discriminating
between these inefficiencies can be disregarded.

One way to implement this strategy would be to introduce non—neutral
technical inefficiency by means of the generalized input/output—coefficients that we
employed in the construction of Figure 3 ’a.nd 4. Letting Ci represent the
non—neutral technical inefficiency connected with input i this could be formalized in

general terms according to

Xai ¢[X,\i(y’1”t)

T—(—y—)— = ——f(—y—)__—’cl} , Cl 2 0, i= 1,...,11 (32)

where ¢ is a function, taken to be increasing in both of its arguments. As indicated
by the subindex ), the first argument allows for price inefficiency [cf. (23)] and the
second for non—neutral technical inefficiency. Moreover, the right hand side of (32)
is independent of the output level. This property will carry over to the actually

observed cost shares, since these can be written

Xai
p;-
8, = L7 I S (33)
Y Py Xak
=1 k y
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One problem still remains, however, arising from the fact that whereas price
inefficiency concerns the relative utilization of the various inputs, technical
inefficiency relates to the absolute amounts used. This means that there are as
many measures of non—neutral technical inefficiency as there are inputs, i.e. n. But,
since the system of input cost shares only contains n—1 independent equations it can
only provide at most n—1 estimates of non—neutral technical inefficiency. At least
one restriction must thus be imposed on the ¢.'s in (33).17 Unfortunately, economic
theory can be of no guidance in the choice of a suitable constraint.

Moreover, specifications of non—neutral technical inefficiency cannot be given
the same general applicability as the specification (21) of price inefficiency. For this
reason, and because of the dependency between the measures of price inefficiency
and non—neutral technical inefficiency, it is not possible to say if the parameters of
(33) are identified without considering the functional forms for the cost function and
the stochastic specifications to be employed in the estimation of cost share system.!8

Although neither the requirement concerning the constraint on the g‘i‘s, nor the
appropriate choices of functional form and stochastic specification seem to pose
insurmountable problems a detailed discussion of these issues are beyond the scope
of this paper. We will thus be content with concluding that given a suitable
restriction on the (non—neutral) technical inefficiency characterizing the production
process it should in principle be possible to obtain a measure of the combined effect
of price inefficiency and technical inefficiency. The details concerning

implementation are, however, left as a task for further research.

5. Summing up

What can you learn about productivity and efficiency when no reliable output
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measures are available? This is the question we have tried to answer with the help

of duality theory. Our results indicate that the possibilities to characterize the

production process by means of only input data are indeed much greater than could

be expected intuitively. As long as homotheticity can be assumed, knowledge of

cost shares and input prices enable us to analyze both productivity effects of

technical change and efficiency in producer behavior. Moreover, we find it that in

many of the economic activities constituting natural candidates for application of

our results — e.g. private and, in particular, public services — the assumption of

homotheticity need not be either particularly unrealistic, nor very restrictive.

In summary, our analysis leads to the following three conclusions:

1.

Technical change can be modeled, provided that it is specified as being
non—neutral, i.e. affecting the various inputs differently; neutral
technical change will have no impact on the cost shares. This means,
i.a., that with constant returns to scale we will be able to measure the
rate of growth in total factor productivity. Further, non—neutral
specifications of technical change may, in practice, weaken the seemingly
restrictive implication of homotheticity that the cost minimizing factor
proportions are independent of the output level.

Price inefficiency can be explicitly taken into account in the analysis, to
show if the composition of the factor mix is optimal, given the relative
input prices. If price inefficiency is ascertained measures of the resulting
increase in total costs can be obtained. Moreover, these measures will
not be distorted by the occurrence of neutral technical inefficiency — i.e.
wasteful input usage, characterized by the degree of overutilization being
the same for all inputs — since neutral technical inefficiency will not
affect the cost shares.

Input specific, or non—neutral, technical inefficiency can in principle be
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captured by the cost shares. Further, by specifying simultaneously both
non—neutral technical inefficiency and price inefficiency it should be
possible to estimate their combined effect on total costs. However, any
specification involving non—neutral technical inefficiency will have the
disadvantage of making the separation between price inefficiency and
technical inefficiency ambiguous.

There is thus hope that our dual approach can make a contribution to the
pressing problem of measuring productivity and inefficiency in the many sectors of
the economy for which there are no satisfactory indicators of the production result.
It should be pointed out, however, that even though we manage in this way to
escape the quality problem involved in measuring output, we are still left with the,

sometimes, almost equally difficult quality problem inherent in input measurement.

NOTES

1 Of particular interest in this context are the US studies, carried out in recent
years, of the relative efficiency of private versus public electricity production. There
are no problems with measuring output in this special case — one simply counts the
numbers of produced KWh during a certain period of time. Both econometric and
non—parametric, linear programming approaches have been used in these studies
Cf. e.g. Pescatrice and Trapani (1980), Atkinson and Halvorsen (1984), Fare et.al.
1985)). The perhaps counterintuitive conclusion seems to be that the publicly run
electricit)y plants are at least as efficient as the private (Cf. Fire et.al. (1985),
p. 89-90).

2 Early, well-known, examples of this approach are provided by the attempts of
Kiesling (1967) and Feldstein (1967) to estimate production functions for education
and health respectively. A recent study, which exemplifies the later methodological
developments in this area, is the estimation by Bjurek et.al (1986) of frontier
production functions for local public insurance offices in Sweden, based on combined
cross—section and time—series data.

3 There is a price to be paid for this property, however. Using (3) and (4) it can be
seen that the cost shares sum identically to one. Accordingly, whereas the rank of
the system (2) of input demands is equal to n, the rank 0% the system (4) of cost
shares is only n—1. Because of this linear dependence the original cost function
cannot be recovered from the cost shares. The cost shares thus contain less
information than the input demands, c¢f. McElroy(1987, p. 743). Still, plenty of
information can be obtained by means of (4), e.g. the substitution and price
elasticities which are commonly used to characterize the production technology and
the producer behavior.



4 For examples, see Parks (1971), Woodland (1975), Berndt and Khaled (1979), and
Nadiri and Schankerman (1980).

5 For instance, if the technology is of the translog type proposed by Cristensen,
Jorgensen and Lau (1973) the restriction implies

n n
nt-¥ 7 =Y s.r .
j=1 Xoj j=1 0] Xoj

i.e. equality between the simple arithmetic mean and the cost—weighted average.

This restriction makes it possible to solve for one of the 7x0i 's in terms of the other
and of the n—1 independent cost shares.

6 This proves that g(p,t)=g(p)-h(t) is a sufficient condition for neutral technical
change. To prove necessity, notice that neutrality requires the right hand side of
11) to be equal for all i. Since we know that, in general, [dg(p,t)/dpi] #
dg(p,t)/ dp;] this implies that the function g(p,t) must have the property that

Bzgggét) _ %gg;t) cp(t), i=1,.,n,

where ¢ is a (non—zero) function of t. To have this property the function g(p,t)
must, however, be multiplicatively separable in p and t.

7 A comparison of these two cases in terms of overall goodness—of—fit (likelihood
values) can be found in Berndt and Khaled (1979, Table 2). They find the
alternative with non—homothetic technology and neutral technical change slightly
superior according to this criterion. They make no comparisons in terms of, e.g.,
price and substitution elasticities, however.

8 Since it can be shown that

- O gpt) o
TCO - ot - 2j=lsojrxoj

the computation of the dual rate of technical change does not require any extra
effort; the sum on the right hand side will be of use in the computations of the
effects of technical change on the cost shares, too [cf. (12)].

9 Notice that this does not exclude the possibility that decreasing returns to scale
prevail; the inverse of €Coy may lie in the open interval ]0,1[.
0,

10 Intuitively, the qualification "in general" would seem redundant. It is not,
however, as will be shown below.

11 This potential difficulty in correctly attributing the causes of deviations from cost
minimization is also noted by Atkinson and Halvorsen (1984, note 3).

12 Cf. Fuss and McFadden (1978)

13 Among the inefficiency concepts relevant here, i.e. those relating to the input side
[see, e.g. Forsund and Hjalmarsson (1974)], we are thus not considering scale
inefficiency. The reason is that, by construction, our approach does not permit any
analysis of scaling properties; the cost shares are invariant with respect to both the
level of production, y, and the scaling function, f. This invariance property also has
a positive implication, however. It means that, if present, scale inefficiency will not
have any effect on the analysis of other types of inefficiencies, or of the productivity
effects of technical change.

14 Linear homogeneity of g(p,t) in p implies that



_y t
g(pvt) - Zj=1 p] Qg'%?l )

which is precisely the expression we get if we put all the A;'s in the numerator of
(27) equal to one.

15 For discussions of peutral technical inefficiency, cf. Debreu (1951) and Farrell
(1957). Non—neutral technical inefficiency has been considered by Fare (1975).

16 Strangely enough, this does not seem to have been generally recognized in the
literature. For instance, Lovell and Sickles (1983) consider both price inefficiency
and non—neutral technical inefficiency without even mentioning the problem.

17 This difficulty illustrates one limitation of analyzing the cost shares as compared
to the input demands. Since the system of input demand equations contains n
independent equations it is capable of providing unrestricted measures of
non—neutral technical inefficiency for each of the n inputs, thus eliminating the need
for a constraint on the (j's.

18 See, e.g., the discussion in Lovell and Sickles (1983)
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