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Abstract

Recently, several papers have re-examined the so-called production efficiency theorem and
the Atkinson and Stiglitz theorem on commodity taxes in the optimal taxation literature.
Naito (1999) showed that indirect redistribution through production distortion or consump-
tion distortion can Pareto-improve welfare and that the two theorems do not necessarily hold
when different factors are imperfect substitutes and factor prices are endogenous. On the
other hand, Saez (2001) argued that in the long run where human capital accumulation is
endogenous, the two theorems are still valid. This paper develops reasonable alternative mod-
els where individuals accumulate human capital based on their comparative advantage. The
present paper shows that the production efficiency theorem is not necessarily valid and that
indirect redistribution from the able to the less able such as tariffs and production subsidies
can increase efficiency even when skill accumulation is endogenous.
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1 Introduction

Whether efficient income redistribution should be done through income taxation alone or should
be complemented with other measures such as production distortion or consumption distortion
is one of the key issues whenever optimal public policies are discussed. With this regard, the
production efficiency theorem (Diamond and Mirrlees, 1971), which states that production dis-
tortion is not optimal and the Atkinson and Stiglitz theorem on optimal commodity taxation
(Atkinson and Stiglitz, 1976, 1980), which shows that commodity taxation is not necessary in
the presence of an optimal income tax system, are the most important results in public finance
literature.

However, in public finance literature researchers started examining those results. For example,
Cremer, Pestieau and Rochet (2001) showed that the Atkinson and Stiglitz theorem does not hold
when individuals are different in ability and endowment. Saez (2003) showed that the Atkinson
and Stiglitz theorem does not hold when tastes are heterogenous. Naito (1999) showed that in
a model similar to the model of Stiglitz (1982), if multiple goods are produced and factor prices
are endogenous, the Atkinson and Stiglitz theorem does not necessarily hold and the production
efficiency result does not either.

On the other hand, many of the previous studies on optimal income taxation have received
criticism that they did not focus on long term decisions such as human capital accumulation but
focused on the short term choices such as labor supply. As a result, it is sometimes argued that
the result obtained in the short run model might not hold in the long run.

In particular, Saez (2003) made skill accumulation endogenous in the model of optimal tax-
ation and analyzed several issues of public policy. He showed that Naito’s results are not valid
and that the production efficiency theorem and the Atkinson and Stiglitz theorem on commod-
ity taxation are valid when human capital accumulation is endogenous. Since accumulation of
human capital has a strong effect on the economy in the long run and since the implications of

the production efficiency theorem and the Atkinson and the Stiglitz theorem are important, the



contribution of Saez’s paper is substantial.

Despite such contributions, however, we believe that a further investigation would be needed.
In many previous analyses involving asymmetric information not only in public finance literature
but also in other literature, conclusions were not often robust in the sense that they critically
depended on the structure of information and the timing of information revelation. Thus, it
is worthwhile investigating the robustness of the result of Saez (2003) with another reasonable
set of assumptions. In particular, in this paper we will show that if higher ability persons have
comparative advantage in the sense that the relative return from accumulating skilled human
capital to unskilled human capital is higher than that of lower ability persons, the production
efficiency theorem does not hold. !

To explain the intuition of the present paper, it would be useful to look at the differences
between the assumptions in Saez (2003) and those in Naito (1999). In Naito (1999), there are
two factors of production that are imperfect substitutes. In addition, from the beginning, each
individual is attached to a particular labor market (the skilled labor market or the unskilled
labor market) but the government cannot observe whether each individual is attached to the
skilled or unskilled labor markets. The main idea in Naito (1999) is that when the government
cannot observe an individual’s type, the government can affect different individuals differently by
using the response of the factor markets (Stolper and Samuelson theorem, Stolper and Samuelson
(1941)). Since the income tax policy cannot discriminate the different types of agents attached
to different labor markets but a commodity tax and a tariff can, using a commodity tax (in a
case of a closed economy), or a tariff (in a case of an open economy) with the response of factor
markets can increase the efficiency.

In Saez (2003), each job requires pre-determined skill levels. As a result, the income level

'In this paper, we only analyze the case of a small open economy due to the limitation of the space. As a result,
we only prove that the production efficiency theorem does not hold. In a small open economy, a commodity tax
cannot affect the producer prices and hence, factor prices. Therefore, the Atkinson and Stiglitz theorem holds in a
small open economy. On the other hand, the result is changed in a closed economy. In the previous version of the
paper, we proved that the Atkinson and Stiglitz theorem does not hold in a closed economy. See the section 5 in
the present paper for more discussion. Also, for proof, please see our previous version of the present paper (Naito,
2002).



represents the amount of skill the individuals acquired. People have a heterogenous ability to
acquire skill. However, since such heterogeneity of ability is incorporated in the utility function
as a difference of disutility to acquire skill, there is not any room for such heterogenous ability to
interact with the market reaction. Thus, the heterogeneity of abilities is intrinsically independent
of the external environment of the economy. When the heterogeneity of abilities is independent
of the response of the factor market, it is essentially equivalent to assuming that the dimension
of factors used for production is one. In such a case, changes of factor prices due to government
policy cannot increase the economic efficiency.

The key idea of the present paper is that in the presence of comparative advantage in ac-
cumulating different types of human capital, individuals with different abilities will be affected
differently by the responses of factor markets even when skill accumulation is endogenous. In
such a case, a policy that introduces inefficient production but affects the factor prices differently
for different factors can indirectly redistribute from the less able to the able. Although such a
policy cause a distortion, it has only the second order effect, but such an indirect redistribution
has the first order effect on welfare. Thus, it can increase the social welfare.

For illustration, consider a situation where there are two types of human capital: skilled human
capital and unskilled human capital and where those who have higher ability have comparative
advantage in accumulating skilled human capital. Comparative advantage in accumulating skilled
human capital for the able means that the relative benefit from accumulating skilled human
capital to unskilled human capital for individuals with high ability is higher than for the less
able. We could think that training, knowledge and experience in white collar jobs are skilled
human capital and those in blue collar jobs are unskilled human capital. In such a situation, a
decrease of the return from skilled human capital and an increase of the return from unskilled
human capital will hurt the able relatively more and give relatively more benefit to the less able.
The intuition of this paper is that when individual ability is not observable to the social planner

but the social planner is interested in redistribution from high ability individuals to low ability



individuals, then a policy that will change the returns from skilled and unskilled human capital
differently might be useful for an efficiency reason.

The crucial assumption in the present paper is the presence of comparative advantage in
human capital accumulation. Whether such an assumption is reasonable or not is an interesting
empirical question. Earlier literature of the human capital theory assumed that earning could be
explained completely once it is conditioned by human capital level. Earlier empirical evidences
showed that there is a strong correlation between earnings and the level of human capital and
indicated that ability does not matter for explaining earnings once they are conditioned by the
human capital levels. On the other hand, recent literature of labor economics and self-selection
emphasizes that ability can also increase earning and play a systematic role for explaining earnings
even after it is conditioned by the human capital level. This literature points out that even in
an extreme case when human capital does not increase the productivity at all, if ability can
increase the productivity and if higher ability agents tend to acquire more skills, there will be a
correlation between human capital level and earnings. In the standard signaling literature, it is
commonly assumed that a higher ability person would get more benefit from acquiring skill. In
addition, recently, Dinardo and Tobias (2001) and Tobias (2003) examined whether the returns
from schooling are higher for high ability individuals than for low ability individuals by using a
non-parametric method. They found that the returns are higher for high ability individuals than
for low ability individuals. This suggests that assuming the presence of comparative advantage
is not unrealistic as an approximation of the reality.

At this point, one might wonder about the difference between Naito (1999) and the present
paper. In the case of Naito (1999), each type of worker is attached to a different labor market.
As a result, skilled workers can supply only skilled labor and unskilled workers can supply only
unskilled labor. However, in the present paper, both high ability persons and low ability persons
have options to accumulate both types of human capital or either type of human capital. Thus,

the reasoning that an increase of the return from unskilled human capital and a decrease of the



return from skilled human capital always increases efficiency is not obvious.

The organization of this paper is as follows. In section 2, we present the model in a small
open economy and analyze the production efficiency theorem by Diamond and Mirrlees (1971)
when two factors are imperfect substitutes. In section 3, we analyze the same issue when two
factors are perfect substitutes. In section 4, we shall give the implications and in section 5 we

will give a brief conclusion.

2 The model

The economy is small and open and there are two output goods: good 1 and good 2. Good 1 is
skilled human capital intensive good and good 2 is unskilled human capital intensive good. We
assume that there are two types of human capital in this economy: skilled human capital and
unskilled human capital. In this economy, there is a continuum of agents and all agents have
identical, additive separable utility functions with respect to consumption, skilled human capital
investment and unskilled human capital investment. We index all individuals’ ability by ¢ where
1 takes any value from one to two. We assume that the utility function of the type i agent has

the following form:
u(c, c2i) — fs(h) — fu(hi')

where u(ci4, c2;) is strictly increasing with each argument and strictly concave and fg(h;) and
f(h}) are strictly increasing and strictly convex. ¢;; and cg; are the consumption of good 1 and
good 2 by agent ¢. We assume that the labor supply is fixed and it is normalized to one. h}
and A} are the levels of skilled and unskilled human capital of individual 7. hj and A can be
interpreted as the knowledge levels, years of education, experience and training for each type of
skill. In addition, to illustrate our point, we assume that fi(h) and f(h{) have the following
2

functional forms:

fs(hi) = (h{) and fs(hj') = (ki)™

20ur main results can hold in more general functional forms.



where v, and -, measure the curvature of the disutility functions of skilled and unskilled human
capital accumulation respectively and they are strictly greater than one. Given the amount of
skilled human capital and unskilled human capital of individual ¢, we assume that the earning of

individual ¢ is determined as follows:
earning; = gs(i) X w® X hi + gy, (i) x w" x h} (1)

where w® and w" are the returns from one efficient unit of skilled and unskilled human capital,
respectively. (1) means that when individual ¢ accumulates h; units of skilled human capital
and h} units of unskilled human capital, the efficient unit of skilled human capital and unskilled
human capital are gs(i) x h{ and g,,(7) x h}* and the total return from skilled human capital and
unskilled human capital are g,(7) x w® x h{ and g, (i) x w" x h, respectively. Let g4(i) x w*
and g, (i) X w" be wi and w!. ¢.(i)/gs(i) and g,(¢)/g.(7) measure the absolute advantage of an
agent with ability ¢ + € over agent ¢ in accumulating skilled human capital and unskilled human
capital, respectively. We assume that agents who have higher ability have absolute advantage
in accumulating both skilled human capital and unskilled human capital: ¢.(i)/gs(i) > 0 and
g..(1)/gu(i). 3 Also, as we discussed in the introduction, we assume that agents who have higher

ability have comparative advantage in accumulating skilled human capital than unskilled human

capital. Thus, we assume that
(i

u (i

~—

95(7)

s(7)

The assumption (2) has a clear economic meaning. Consider a situation where the disutility

Q

Yu
b (2)

>

s
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functions of accumulating skilled human capital and unskilled human capital have the same
degree of curvature (75 = 7). In this case, (2) means that an agent whose ability is higher
will have a larger rate of increase of w;, the return from accumulating skilled human capital,
than that of w{, the return from accumulating unskilled human capital. When the curvature of

the disutility functions are different, (2) says that the condition of the comparative advantage

3The assumption of the absolute advantage is not necessary. The assumption of the absolute advantage is a
sufficient condition that guarantees that agents who have higher ¢ will receive higher utility. As long as agents with
higher ability can receive higher utility the assumption of the absolute advantage is not necessary.



must be adjusted by the ratio of the curvatures of marginal disutility of skilled human capital
accumulation and unskilled human capital accumulation. *

At this point, note that (1) is different from the assumptions in Saez in several ways. In
Saez, he assumed that heterogeneity of individuals is incorporated in the utility function, not
the earning equation. Thus, once earning is conditioned by the human capital level, individual
level heterogeneity of ability does not play any systematic role for explaining earnings. On the
other hand, in (1) even after conditioned by the level of human capital, heterogeneity of ability
plays a systematic role for explaining earnings and it induces higher earning for agents with
higher ability. In addition, the relative return from one efficient unit of skilled human capital to
unskilled human capital is higher for the agent who has higher ability than for the agent who has
lower ability. As we discussed in the introduction, this interaction term between heterogeneity of
ability and the return of human capital plays a crucial role in the present paper.

As for the objective of the government, we assume that the social planner will maximize the

following utilitarian social welfare function:

2
/1 {ulerssca) — folh3) — Fulh®)ynadi (3)

As for prices, we normalize the producer price and the consumer price of good 1 to one.
Let p2, g2 and p3 be the consumer price and the producer price and the international price of
good 2, respectively. As the purpose of this section is to examine whether introducing production
distortion can increase the social welfare or not, we consider imposing a tariff on good 2. Although
a tariff introduces not only a production distortion but also a consumption distortion, the first

order effect of consumption distortion on welfare can be ignored as we will demonstrate. Let o

“The reason that the terms of g, /gs and g.,/g. need to be adjusted by the curvature of the marginal disutility
is as follows. For illustration, consider a condition that g,/gs and g, /g, must satisfy when agents with ability
i + € and agents with ability 7 have the same degree of comparative advantage under the assumption of vs > ..
The assumption of v, > 7, implies that the marginal disutility of skilled human capital changes faster than the
marginal disutility of unskilled human capital when the amount of skilled and unskilled human capital respectively
changes at the same rate. Note that the marginal disutility per return of skilled and unskilled human capital must
be equal at the margin. This implies that in order that agents with ability ¢ 4+ € and agents with ability ¢ have the
same degree of comparative advantage, g;/gs must be smaller than g, /g, .



be a size of a tariff on good 2. Then, we will have
p2=q2=p;5+o0. (4)

As for the equations determining the returns from skilled and unskilled human capital, we
assume the standard two sector Heckscher-Ohlin model. In this economy, there are two sectors.
Sector 1 is the skilled human capital intensive sector and it produces good 1. Sector 2 is the
unskilled human capital intensive sector and it produces good 2. Each sector uses both skilled and
unskilled human capital. Consumers (workers) are perfectly mobile between two sectors. When
an agent who has h; units of skilled human capital and h}' units of unskilled human capital works
in sector k, it means that sector k uses gs(i) x hJ units of skilled human capital and g, (i) x h}
units of unskilled human capital. Each sector behaves as a price taker and maximizes its profit.
Let F¥(H{, H*) be the production function in sector k = 1,2 where H; and H}* are the total
amount of skilled human capital and unskilled human capital used in sector k. We assume that
F¥(H;, H}) exhibits constant returns to scale and it is concave with respect to both arguments.
Let c*(w®,w") be the cost function in sector k to produce one unit of output in sector k& when
the returns of one efficient unit of skilled human capital and unskilled human capital are w® and
w", respectively. When both good 1 and good 2 are produced at the equilibrium, w® and w* are
determined

1 =c(w®,w") and g2 = co(w®, w"), (5)

From the Stolper -Samuelson theorem, Ow®/dq < 0 and dw"/dq > 0.
The output of both goods are determined from the following factor market equilibrium con-
ditions:

601 1 602 2

861 1 862 2 .
ows* 4 ows* N

2 2
/1 gs(i) x hi x n;di, and S Y + p /1 gu(i) X hi x n;di  (6)

Although the output of both goods can be calculated from equation (6), it is more useful to
work on the production possibility frontier for analytical reasons. Let H® and H" be the total

amount of skilled human capital and unskilled human capital in this economy and define a



production possibility frontier as I'(H*, H"). Since the production functions are concave and the
factor intensity of the two sectors are different, the production possibility set is convex. Let the
producer price of good 1 and good 2 be 1 and ¢s. Then, the output of good 1 and good 2 are

determined as the solution of the following constrained maximization problem:
max y1 +qay2  s.t. (y1,y2) € '(H®, HY) =0

Thus, the output of good 1 and good 2 can be thought as a function of ¢, H® and H*. Let
Y(q, Hy, H,) be the output function of good 2. At the optimum, the slope of production possi-
bility set is equal to the relative producer price of good 2. Thus, we obtain Y, = 9Y/dgs > 0.
The Rybcyzynski theorem shows that Yy« = 9Y/0H" > 0 and Yys = 0Y/0H® < 0.

The purpose of the social planner is to maximize the utilitarian social welfare function. Given
the additive separable utility function and the utilitarian social welfare function, the social planner
wants to redistribute income from those who have higher ability to those who have lower ability.
On the other hand, since the social planner cannot observe individual ability but rather individual
earning, the social planner needs to design a non-linear income tax system T'(R) to redistribute
income where T'(R) is a tax liability function and R is pre-tax income.

Before designing an income tax system, it is useful to consider the problem of designing the
non-linear income tax system in two steps. The first step is to know how an individual 7 will
choose skilled human capital and unskilled human capital to generate pre-tax income, R. The
second step is to know, given an after-tax-income schedule of X = R—T(R), how each individual
chooses pre-tax income.

The first stage of the problem can be solved considering the following programming problem:

min f5(h§) + fu(hi’) (7)
s.t. R=wj x hi +w;' x hj

where w; = ¢5(7) x w® and w;' = g, (i) X w"

Let the minimized value of the above problem be Z(w{,w}, R). Z(w;,w}, R) is the minimized



disutility to generate the pre-tax income R for an agent whose net returns from skilled human

capital and unskilled capital are w; and w;', respectively. We denote the solution of the above

problem as h{(wf,w}, R) and h¥(wf,w!, R). For the analysis later, it is useful to calculate com-

pensated human capital supply. Consider the following dual problem of (7):
E(w],w}, V) =max w;h] + w;'hj
st fo(h3) + fulht) <V

Let the solution of the above problem be %g(wf,wg, V) where j = s,u. Then, from the dual

relationship, we will have
Wl (w} wi, B(w}, wi, V) = bl(wf,wi, V) j=su

By taking derivative on both sides, we will have the Slutsky equation for A and h}":

oh? . o, _ O . Ohl  oh., Ohl
. = 1 . = =S.u
ows T OR T owy T owr T OR T owy O

(2

Note that the indifference curve of fs(h7) + f,(hY) is strictly concave. Therefore, 87Lf Jows >0,
O /ow" < 0, OhY/Ow? > 0 and ¥ /Ows < 0. This relationship means that if an individual
maximizes his earnings holding the total disutility constant, an increase of the net return from
skilled human capital will increase the supply of skilled human capital and an increase of the
return of unskilled human capital will decrease the supply for skilled human capital. As for
the properties of Z, let the Lagrangian multiplier of the disutility minimization problem be «;.
Then, fi(hf) = ciwi , fi(h}) = ", Zys = 0Z/0w; = —a;hi, Zyu = 0Z/0w" = —a; hi'and
Zr=0Z/OR = «.

Let X (R) be the after-tax income schedule that the government designed. Then, at the second

stage of the problem, given Z(w{,w}, R) and X (R), each individual ¢ will maximize his utility:
i Ulpa, X (R) - Z(uf,ul )

where U(pe,x) is the indirect utility function from the consumption of two goods when the

consumer price of good 2 is py and the after tax income is . The objective of the social planner

10



is to design a schedule of X (R) to maximize the social welfare. On the other hand, the Revelation
Principle shows that without loss of generality we can focus on the incentive compatible revelation
mechanism. Thus, let (R;, X;) be the pre-tax income and after tax income when an agent

announces that his type is j. Then define v(i) and v(j;7) as follows:

v(i) = H{la}x U(p2, Xj) — Z(w;i,wy, Rj)
J

v(4) is the maximized utility given the schedule of (R;, X;) and v(j; ) is the indirect utility when
agent ¢ announces that he is type j. The incentive compatibility condition implies that the type
i agent has an incentive to announce that he is type :
i = argmax v(j;1)
{5}

Assuming the differentiability of (X, R;), the first order condition of the incentive compatibility

condition is
o0.0)| _ U o DZOR _
dj  0xr9dj 0RO

j=i

On the other hand, by using the above first order condition, we have dv/di = —Zys x (dw; /di).
Since «; is the Lagrangian multiplier of the required income constraint in the disutility minimiza-

tion problem (7), from the FOC of the minimization problem we obtain

!

dv 9:(1) , | 9u() wihi
- = asz 2 s 932' + u - QUZ Where 0 i = 1T 8
& = %t g it =g 0

Because of the assumption from the absolute advantage, dv/di > 0. (8) has a clear economic
meaning. It means that the slope of the value function v(i) is proportional to the weighted
average of the absolute advantage of skilled human capital accumulation and unskilled human
capital accumulation. For analytical reasons, it is useful to eliminate «; in the above equation.

Using the first order condition for h{ and A, we can rewrite (8) as follows:

@_g;(i) 11 S\ S g;(z) (U7
di gs(z')fS(hZ)h’ " gu(i)f () )

11



Given (9), as Mirrlees (1971) pointed out, it is more useful to assume that the social planner

controls v; and R;. ® Then, z; is defined by the following relationship:
U(Z) = U(anXi) - Z(wiwngz) (10)

Let x(R,v,pe, w?, w) be the solution that solves (10) about X. Obviously, dz/0v = (U,)~! ,
O0x/O0R; = Zg/U; and 0z/0p = —(Up)/(Uz), 0z/0p = —(Up)/(Uz) ,0x/0w; = Zy:/(U,) and
Oz /ow" = Zyu [(Uy).

Finally, the government budget constraint implies that
2 2
/ nZ{RZ—$Z}dl+U{/ c%nidi—Y(p;—l—U,Hs,H“)}:O
1 1
The problem of the social planner is to solve the following constrained optimization program:

W(o) = metK2MﬂnMi.

{R;i,v;}
dv  g.(i) ,, 9.(3) ,,
st. —— = =L fI(R)hS 4+ 2L f (i) byt
v gs<z)f(> gu@)f( )

2 2
/ ni{R; — x;(V;}di + cr{/ coinidi — Y (p5 + o0, H*, H*)} =0
1 1

o is given.

In the above programming problem, W (o) is the maximized social welfare for given o. Also note
that A7 and A} are functions of (R;, w],w}') and that w; and w}" are the functions of o.

Our interest is to know whether a change of o from 0 will increase the social welfare or not.
Analytically, by calculating dW/do, and evaluating at o = 0, we can check whether introducing
a distortion in production side (and consumption side too) can increase the social welfare. Let p;

and A be the Lagrangian multiplier of the incentive compatibility constraint and the government

®One might think that the local incentive compatibility constraints are not sufficient for the global incentive
compatibility constraints. On the other hand, the literature of the mechanism design shows that a single crossing
property (SCP) and the monotonicity constraints are sufficient conditions for local incentive compatibility con-
straints to satisfy the global incentive compatibility constraints. (Fudenberg and Tirole, 1992). In this paper, we
assume that the monotonicity constraints are always satisfied. This assumption is equivalent to assuming that
there is no bunching. Many of the previous papers assumed that there is no bunching at the optimum. (Konishi

1995, Naito 1998). As for SCP, we can check it by examining % > 0. This is true as long as %}g > 0.

12



budget constraint. By using the envelope theorem, we obtain

aw
do

n dhi dw}
dw? do dw* do

Ydi

[P Al (BBl gs)] , dRg duw?
- Hi dhs {
0'*0 1 ’i

2 / /
dlf'(h*)h¥(g.,/gu)] . dRY dwl  dh¥ dw} .
_ ; 1 /"% \Ju 7 7 i i1
/1 a dhy {dwf do + dw} do ydi

_% B Ox; Ow; B Ox; ow
op Ow] do  OJw“ Oo

2 2
+ )\{/ coin;di — Y(p; +o0,H?, Hu)} + )\/ ( )nzdz
1 1

After several calculations, we can obtain the following equation (See Appendix):

aw
do

2 , , Ohf dwg  Ohg dw
_ . . (1S 7 ) 3 ) ;
= [ e {td o) ~ g} 20D G SR+ S S >0 ()

=0

Because of the property of the compensated supply function of h?, aﬁf JOow? > 0 and 8%5 JOow <
0. From the Stolper-Samuelson theorem, Jw!/Jo < 0 and dw}*/do > 0. From the assumption on
comparative advantage, fys(g; /gs) — fyu(g; /gu) > 0. As for the sign of the Lagrangian multiplier
of the incentive compatibility constraint, the standard argument shows that p; > 0 for all i.(See

Appendix). Thus, we obtain dW/do > 0.

Proposition 1 Suppose that at the zero distortion on production and the consumption in a small
open economy the social planner sets the income tax structure to maximize the social welfare
function in an endogenous skill accumulation model . Then an introduction of a tariff (export

subsidy) on an unskilled-labor-intensive good will increase the social welfare.

The above equation (11) has several implications. For an illustration, consider a situation
where the disutility functions of skilled and unskilled human capital accumulation have the same
degree of curvature, i.e. v, = v, = 7. Then, (11) shows that if (g,/gs) = (9.,/gu), dW/do = 0.
In other words, if there is no comparative advantage and if higher ability individuals are as good
at accumulating skilled and unskilled human capital as lower ability individuals, then there is
no welfare gain from changing the returns of skilled and unskilled human capital. Second, note
that (8%;9 Jow?) (0w /0o) and (8%;9 JOw!) (0w} /o) measure how changes of returns from each

type of human capital change the compensated supply of skilled human capital. Also note that
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v x fi(h3) = fU(h$)R: + fL(hF) and that f/(R$)hi + fL(h$) is related with a change of . In
addition, note that p; measures how the social welfare increases when the incentive compatibility
is relaxed. This implies that the term after the integration measures how a compensated change
of the returns from skilled and unskilled human capital changes the slope of ¢ and increases the
social welfare. Also the calculation needed for obtaining the equation shows that the effect of
consumption distortion on welfare is zero, because as long as ¢ is small, such a distortion is of
the second order.%

The intuition of the above proposition is as follows. In a situation where higher ability
individuals have comparative advantage in accumulating skilled human capital and lower ability
individuals have comparative advantage in accumulating unskilled human capital, a decrease of
the return from skilled human capital and an increase of the return from unskilled human capital
will hurt higher ability individuals and benefit lower ability individuals. If the social planner is
interested in redistributing income from high ability individuals to low ability individuals, such
changes of the returns from skilled and unskilled capital can indirectly redistribute income. On
the other hand, starting from zero distortion, the deadweight loss of the production distortion
is of the second-order but the welfare gain of relaxing the incentive problem has the first-order

effect. As a result, introducing the production distortion increases the social welfare.
3 Extension: A case of Perfect substitute

In the previous section, we have assumed that two types of human capital are imperfect substitutes
in order to assume differentiability of the human capital accumulation functions. As a result,
people always accumulate both types of human capital. In reality, however, people sometimes
accumulate only one type of human capital and, as a result, the choice of human capital becomes
discrete. The purpose of this section is to analyze the welfare effect of direct versus indirect

redistribution when human capital accumulation is endogenous and different types of human

5This can be easily checked from A ff coimidi = \ ff(— %ﬂij )nidi in the Appendix.

14



capital are perfect substitutes. *
In this section, because the assumption that two types of human capital are perfect substitutes,

we assume the following utility function for agent i:

S1.S uUru
u(ery, c2i) — a’hi — ahy

where u(cy4, coi) is strictly increasing with each argument and strictly concave.
As in the previous section, we assume that following comparative advantage condition holds:

95()) _ gu,(9)
s(1) ~ gu(i)

The economic meaning of the above equation is the same as before. When two types of skill ac-

(12)

Q

cumulation are perfect substitutes in the disutility function, the agent always solves the following

constrained disutility minimization problem:

Z(wi,w, R) = minash; + a,hy
st R = w;h; + w;'hj’

where w; = g5(i) x w® and w{’ = g, () x w"

In the above problem, for an agent with ability 4, if as/a, < w{/w; he will accumulate only skilled
human capital and if as/a, > w]/w}, he will accumulate only unskilled human capital. Note
that because of the assumption of comparative advantage (12), w;/w}" is an increasing function
of i. Let ¢* be i that satisfies (w® x g5(i))/(w" X gu(7)) = as/ay,. Then, agents whose ability is
greater than ¢* accumulate only skilled human capital and agents whose ability ¢ is less than ¢*

accumulate only unskilled human capital. We assume that such * is located within 1 and 2.8

"Besides the reason mentioned in the previous section, conducting a welfare analysis when individual behavior
includes a discrete choice is useful from a theoretical standpoint as well. In many important economic situations
such as the choice of location to live, the choice of technology by firms and labor market participation, decisions
made by consumers or firms include discrete choices. Until very recently, a welfare analysis that includes discrete
choices was rare. As far as the author knows, only Boadway and Cuff (2001) started to investigate this issue very
recently. They analyzed an optimal taxation problem when some individuals are bunched at the bottom. Another
purpose of this section is to contribute to such a literature as well.

8This assumption is not so restrictive as the following reason. For example, if i* is greater than 2, all agents
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Given such i* , Z(w{,w}, R) is

) fori* <i<2

S

S| =

Z(wi, wi, R) = a*(

Z(wi,w, R) =a"(—) for 1 < i<

&

Let X (R) be an after-tax income schedule that the government designs. Then, each agent chooses
his best R to maximize U(ps, X (R)) — Z(wf,w}', R). Once R is chosen, an agent chooses his
optimal skill type and accumulates human capital to generate pre-tax income R. Let v(i) be the

maximized value given the schedule X (R):
(i) = max U(p2, X(R)) — Z(wj,w}, R).

For the analysis of the optimal schedule of X(R), we assume that the schedule of X(R) is a
continuous function. Although it is possible that the optimal schedule of X (R) is not continuous,
the tax schedules of almost of all developed countries are continuous. When X (R) is a contin-
uous function, it is straightforward to show that v(i) is continuous with respect to i from the
theory of the maximum (Berg 1963). In addition, there is an interesting property on v(¢) in the
neighborhood of * that turns out to be crucial for our result. The following lemma shows that

property of v(i).

Lemma 1 When i increases, the graph of v(i) has a counter-clockwise kink at i*.

Proof. Let v,(i) be the maximized utility of an agent with ability 7 given the tax schedule when
he can accumulate only skilled human capital. Also, let v,(i) be the maximized utility of an
agent with ability ¢ when he can accumulate only unskilled human capital. By the definition, the
graph of v(i) is the upper envelope of v,(i) and v, (i) and i* is at the intersection between v4(i)

and vy, (¢). This implies that there is a counter-clockwise kink at i* (See also Figure 1). [

will accumulate only unskilled human capital. However, the production needs both skilled and unskilled human
capital. As a result, the return from skilled human capital will start to increase and the return from unskilled
human capital will start to decrease. This implies that i* will start to decrease. This process will continue until
some agents start to accumulate skilled human capital.
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Now consider the problem of designing a nonlinear income tax system. As in the previous

section, we define v(7) as follows:
v(i) = max U(pa, X;) — Z(w;i, wy’, Rj)
J

By using the same technique as in the previous section, we can calculate dv(i)/di for ¢ in (1,7*)

and (i*,2).
dv g R; . .
— =a° f * 2 13
Frik 4s oW ori € (i*,2) (13)
E =a gj(m) fOI' 1€ (1,2 ) (14)

Next we will check a single crossing property of the utility function U(pe, X) — Z(R, w®, w", R).
The marginal rate of substitution between X and R is

1 S
MRS(R,x) = — —— for i € (i*,2)
» gsW*

_ L9 e,
B Uz guw® ’

Thus the MRS(R,X) is a decreasing function of ¢ and a single crossing property is satisfied.
This means that the local incentive compatibility and the monotone condition of R are sufficient
conditions for the global incentive compatibility (Fudenberg and Tirole, 1991). We assume that
the monotonicity constraint is not binding.

As in the previous section, it is useful to think that the government controls v(i) and R; and

that X; is defined from the following relationship:
’U(Z) = U(p% X) - Z(wf7 w?v R])

Finally for analytical convenience, rewrite the first order condition of (13) and (14) :

/ /
. g g
s = Jsgsps w = Jugupu,

) and v

Js Ju

Based on the setup, the purpose of the government is to solve the following programming problem:
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ok 9

W(o) = max /1 " (iynedi + / v (i) nydi

*

/
st. 0% = &ashf for i* <i <2 (IC1)
g
g
0" = ZHa"hy  for 1 <i<i* (IC2)
Ju
V(%) = v"(i") (BD1)
R = RY (BD2)

2
R RN
s [ R = (R 0 s
1

2
tof / nicaidi — Y (0} + o) H®, H")} > 0 (RC)
1

where

HS — /2 higs(i)n;di and H* = /12'* hi g (1)n;di
i

The above programming problem deserves several comments. First, (IC1) and (IC2) are the
local incentive compatibility constraints. Second, (BD1) comes from the assumption that the tax
schedule that the government designs is continuous and, as a result, the utility level of the agents
must be continuous. (BD2) comes from the assumption that individual i* chooses only one R.
Now let pf,p and A be the Lagrangian multipliers of (IC1),(IC2) and (RC). Let 1 and (2 be
the Lagrangian multipliers of (BD1) and (BD2). The first order conditions can be calculated
and we will write them in the Appendix to save the space. Then, what we need to know is the
effect of increasing o from zero on the social welfare, which is equivalent to dW/do. By using

the envelope theorem, we have (See Appendix)

aw
do

82* g/ g/
= — {,us ashf*g—s — pivathi = (15)

o=0 80— - S U
From the FOC of v}, and v, we have pf. = pit. In addition, as we show in the Appendix p}

and p are always non-negative. Furthermore a®h?.(g,/gs) and a"hl(g.,/gs) are the right hand
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slope of v and the left hand slope v;* at ¢*. From Lemma 1, the slope of v} is steeper than the

slope of v}* at i*. Since % > 0, we have dW/do > 0.

Proposition 2 Consider a small open economy where individuals accumulate human capital
endogenously and different types of human capital are perfect substitutes. Suppose that the social
planner designs a nonlinear income tax system to maximize the utilitarian social welfare function
without any production distortion and that there is no-bunching at the switching point i*. Then,

introducing a tariff on an unskilled human capital intensive good will increase the social welfare.

At this point, it would be useful to consider the economic meaning of (15). Figure 1 shows
the graph of v(i) , vs(7) and v,(i). When the government increases the tariff o from zero, the
graph of v4(i) will shift downward and the graph of v,(i) shifts upward. As a result, i* will
increase. Also, notice that from (IC1) and (IC2), the slope of U4(i) increases and the slope of
Uy (1) decreases.

In the mechanism designs problem, v, the slope of the value function, is related with how the
compensation schedule must be sensitive with unobserved ability. When o is higher, it means that
the social planner needs to give higher utility to those with higher ability. With redistributive
social welfare function, the social planner wants to give higher utility to agents with lower ability.
Thus, when ¢ is high, the level of utility that the social planner can give to the agents with lower
ability is limited since the amount of the resource is limited. In such a situation, if the government
can make ¥ smaller exogenously, it is possible to increase the social welfare and changing ¢ can
be a good policy tool for changing v.

When o increases, the change of © is not the same for all individuals however. As Figure 1
shows, all individuals whose ability is lower than ¢* will experience a decrease of v and all indi-
viduals whose ability is greater than ¢* will experience an increase of ¥ except the neighborhood
of i*. But, as the analysis in the Appendix shows, the effect of a change of v for those agents is

of the second order and can be replicated by the adjustment of the nonlinear income system. On
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the other hand, there are some individuals who experience the first order change of v. Individ-
uals whose ability is in (¢*, i* + 9i* /0o ) will switch from accumulating skilled human capital to
unskilled human capital. Since the graph of v(i) has a counter-clockwise kink at i*, individuals
in (¢*,7" + 00* /0o) will experience the first order decrease of ©. This implies that the government
needs less ability-sensitive compensation schedules for those agents. Because this change of ¥ has
the first order effect, it will increase the social welfare.

(15) can be interpreted in terms of the marginal tax schedule as well. Note that (0Z/0R™)/U,
is equal to 1 =T;" where T;™ is the marginal tax rate of income of those who accumulated m = s, u

type of skill and his ability is equal to 7. From the FOC of R} and R},

w Ol g,
ORY gy

oh? g
aR}g—‘: and \nT} = ui X a

TP = u; x a®

Thus, Since (0h/OR) x R = h, we have

dW 0"
- = M (RETS — RATH).
do |,_, Oo (R T i Ti)

T7 and T7}¢ are the marginal tax rates of individuals just above ¢* and just below ¢*, respectively.
When ¢ increases, the individual just above ¢* who initially accumulated skilled human capital will
switch from accumulating skilled human capital to unskilled human capital. Since the marginal
tax rate of those who accumulated skilled human capital is higher than the marginal tax rate for
those who accumulated unskilled human capital around *, the marginal tax rate will decrease.”

Thus, R;.Tj — Ri.T is the earning that is affected by a change of the marginal tax rates. Since

this change of the marginal tax rate is of the first order, it can increase the social welfare.

4 Discussion

In the above two sections, we have shown that indirect redistribution through an increase of the

return from unskilled human capital and a decrease of the return from skilled human capital

9Readers still might wonder why the marginal tax rate for those who accumulated skilled human capital is
higher than those who accumulated unskilled human capital around i*. The reason is around the right hand side
of ¢*, the marginal return from ability is higher at the right hand side of * than at the left hand side of ¢* because
1" is a switching point.
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would increase the social welfare. One natural question at this point would be why such changes
of returns do not cause the adverse effect on human capital accumulation and, if they cause it,
why we can ignore it. The answer to such a question is that it will cause the adverse effect on
human capital accumulation but a redistributive income tax system also causes such an incentive
problem. In a circumstance where each individual’s comparative advantage is not observable
and human capital accumulation is endogenous, the redistributive income taxation necessarily
introduces adverse incentive effects on human capital accumulation. In such a situation, the
question is not whether redistributive change of returns from different types of skill causes the
adverse incentive effect but whether it can mitigate the existing incentive problem caused by
income taxation. Given that income taxation is subject to asymmetric information due to the
unobservability of comparative advantage at individual levels, redistributive changes of return
from different types of skill mitigates the asymmetric information problem since the government
can affect agents with different types of comparative advantage differently. As a result, the
redistributive changes of returns from different types of skill will increase the economic efficiency.

At this point we should emphasize that the assumption of comparative advantage plays a
crucial role in our analysis. This implies that empirical studies that examined the returns from
human capital accumulation for individual with different abilities such as Dinardo and Tobias
(2001) and Tobias (2003) are important. In addition, the results in the empirical studies and the
result in this paper can have important implications for public policy. For example, it might be
possible that encouraging skilled human capital accumulation through government funding does
not necessarily increase the social welfare if comparative advantage in human capital accumulation
exists and individuals who get the benefit most from the government funding are individuals with
higher ability.

In this paper, we examined the production efficiency theorem in a small open economy setting.
It is worth mentioning that in a small open economy setting, the Atkinson and Stiglitz theorem

holds since a commodity tax cannot affect the factor prices due to the factor equalization theorem
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(Samuelson, 1949). On the other, it is possible to extend the intuition of the present paper to a
closed economy setting by using the two sector-two factor general equilibrium model (Harberger,
1962). In this case, we can prove that the Atkinson and Stiglitz theorem does not hold since
a commodity tax can affect the producer prices and factor prices in a closed economy. More
specifically, we can prove that imposing a commodity tax on skilled human capital intensive good

will increase the social welfare.!9

5 Conclusion

In this paper, we have examined whether indirect redistribution such as tariffs and production
subsidies can complement income taxation in the long run where human capital accumulation is
endogenous. For that purpose, I developed two models where individuals can choose the amount of
both skilled and unskilled human capital based on their comparative advantage. In the first model,
we assumed that skilled human capital and unskilled human capital are imperfect substitutes and
that individuals accumulate both skilled and unskilled human capital. In the second model, we
assumed that skilled human capital and unskilled human capital are perfect substitutes and that
individuals accumulate only one type of human capital. Assuming that individuals with higher
ability have comparative advantage in accumulating skilled human capital, we have shown that
indirect redistribution such imposing a tariff on an unskilled human capital intensive good can
increase the efficiency and complement an income tax system. This suggests that the validity
of the production efficiency theorem depends on how the process of human capital accumulation
is modelled. The result of this paper also suggests that empirical studies such as Dinardo and
Tobias (2001) and Tobias (2003) that showed the returns from human capital were different

among individuals with different abilities have important implications for public policy.

0For a formal proof, see our previous version of the paper (Naito, 2002).
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Appendix

Derivation of equation (11)

Let u; and A be the Lagrangian multiplier of the incentive constraint and the resource constraint.

Then, the Lagrangian function is
2 2 dv
W(o) = /1 v(i)ndi + /1 wilz = fa(RRi 95/ 95) = Fu(hi)hi (gL/ 9u)dil+
2
+/\/ ni{R; — x;(v;) }di + a{/ nicidi — yo(phy + o, HS, HY)}
1 1
By using the integration by parts, we can obtain
2 2 2 2
Wio) = [ omdi+ [ Sidi= [ om0 = [ nti i /e
2 2
+ )\/ nz{R, — xz}dz + 0’/ n;Coidi — O'Y(p; + o, H?, Hu)}
1 1
2 2 2 2
= [ omidi e = oy~ [ i = [ s gdi [ fubn g /9.)di
1 1 1 1
2 2
+ )\/ nZ{RZ - xz}dz + Ao {/ nz‘CQZ‘di - Y(p; + o, HS, Hu)}
1 1

Therefore, the first-order-conditions are

6 ; OCQZ 61’1 _
T T
AU 0 OHE dLfL )t g )] O Oni | Ocy On; _
H dhs or; 1 dh" oR, TN T AR AT R, T

w1 =0and ugy =0

By using the envelope theorem, we obtain

aw
do

_ / AL 92/ 90) by dws | dn; dwy
o= 1 i dh; dwf do dw do

. /QM.d[f;<h;*>hy<g;/gu>J (AR
1 dh; dw; do  dw! do

2 2 9x; Oz Ows Ox; Ow
A nadi — Y (ph + 0, HS, HY)Y + ) | (=28 90 90 O i
+ M /1 coin;di Py +o )+ /1 ( o dws B0 duwv do Ynidi

Note that —0z;/0ps = (Up,)/(Usz). From the Roy’s identity, (Up,,)/(Uz) = —c2;. Therefore,

)\f12 coin;di = )\fl p ;di. In addition, gf}; = zwf/Ux and 88573 = zyu /Uy and g}% = Zp,/Us.
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Using the definition of Z,s and Zyu, % = —a;hf /Uy, gs; = —o;hl /Uy and Zr/U; = a; /U, .

On the other hand, the FOC of R; at 0 = 0 is that

d[fi(h)hs(95/95)] O dlfi(h¥)Di (gu/gu)] OR
i dh; OR,; M dh¥ OR; + An; = Anja; /U,

Thus, dW/do becomes

aw _/2 ,d[fé(hf)hf(g;/gs)]{dhf dw; . dh; dwy Yy di
do |,_ . dhs dwf do | dut do
2L (R R (g gu)]  dRY dw  dh¥ dwd
_ ; u\"" 1 \Ju/ Ju ? 7 v Vs
/1 a dhs Caws do T dwr a0
2 dfR) R (95/9:)] Ok dfi(hi)h(g,/gu)] OB dw;
Y — s\ /)" \Is/ IS v i u\"" 1 \Ju/ Ju 1 A Zhs v di
y2+/1 e s or; " dn? ok, Al Gy di
2 dlfi(h)R; g4/ 95)] OB d[f},(h*)h¥(g,,/ )] OB ow"
— s\ /)" \Is/ IS 1 i u\"" 1 \Ju/ Ju 1 A zzhu di
+/1[ # dh or, " dh? oR, T ALt di

u

_)\yg—l—/ )\nlhfaaldw/ AnihY 65” di

ENh O di = [P Anihgi G0 dit [ Angh 2 di [ anihgi 0w dit

Note that [} An;hg 80 P S

f12 )\nihyaaw—:d is a change of total earning due to a tariff when levels of human capital of all indi-
viduals are fixed. On the other hand, from perfect competition, for given level of human capital
of all individuals, the total revenue of the firm should be equal to the total payment to fac-
tor owners. Thus, y1 + (p5 + 0)y2 = w* f12 Anghiidi + w* ff An;hidi always holds. Let Q(o)
be the total revenue of firms when all human capital level of all individuals are fixed. Then,

dQ/do = [} An:h$i% di + [7 xnih 22" di. By definition of Q(o)

Q(o) =max y; + (p5 +0)y2 s.t. (y1,92) € D(H®, H*) =0

H? and H" are fixed.

From the envelope theorem, Ccll—Q = 1j9. Therefore , —\yo + fl )\nlhs i dz + fl An;hi S5 aw di = 0.

Note that from the definition of %f and E;‘, we have

: 8f ahu ,~58f 8hf

i
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By using the Slutsky equation for h{ and h{ and the above equation, we have

dW B 2 fURS)RE , 7 (h¥) R , s o OhS Qwp
ol - uz{[fé(hf) 1) far) — (L0 190 | 1000 S e
2 F1(h$)hs , 7 (he)he , ) o ORS Quwt

/1 Mi{[m+1](gs/gs)[W+1](gu/gu)}fs(hi)aw? 9% di

I Y (1 / Fi(hhy / sy OB Ows | Oh3 dwy
— m{[ S el o) — (T +11<gu/gu>}fs<hi>[awf S el

From the condition of the comparative advantage, the inside of the large bracket is positive.

ohs dws Ohs dw o dW
Also, both w90 and gt 9o A€ positive. Thus, we have G-| />0 .

Proof of y; > 0

From the FOC of v;, we will have n; — u; — An; gi? + )\0%% = 0. Thus, we have

ox; .
ni — )\niaT; = Hi
7

gﬁz_’ and pup = 0, we will have

at 0 = 0. By integrating both sides and using the definition of

i A
il — =} =
/1n{ =

From the first order condition of the revelation problem, U,(p2, X)X'(i) = ZrR'(7). This means
that the sign of X'(i) and R’'(i) are the same. Since v(i) is strictly increasing, X'(i) and R’(i)
must be increasing. When X'(7) is increasing, U% is increasing. This implies that if at some 7**,
1 —=X/U; =0, then for any ¢ > i**, 1 — \/U, < 0. However, pus = 0 from the FOC of vy. This

implies that p; is initially strictly positive until ¢** and then it begins to decrease and reaches

to zero at ¢ = 2. Therefore, p; > 0 for all 1 < < 2.

Proof of Proposition 2
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The Lagrangian is:

2

i* 2 i
L= [ o+ [ vmdie [ - ahi(gl /ol + [ it - il /g )i
1 i 1 i*
+01{vj- — vt} + Bo{Rj- — R}
i 2
—i—/\/ {R} — (R}, v}, wy,wy }nidi—i—)\/ {R} — x(R;,v],w;,w;")}n;di
1 i

2
+>\U{/ niCQidi - Y(p; + o, HS,HU)}
1

By using the integration by parts, we obtain

5k

7* 2 % )
L:/ v“(i)nidi—i—/ vE(i)nidi + pitvgk —/ﬂf@ﬂf—/ u?v}‘di—/ pia™hi(gh /) gu)di
1 X 1 1
3 2
@@—@@—/uum [ el a i i — i+ R - RE)
% 7*
2
—I—)\/ {R}' — (R}, v}, q,w f)}nidi—l—k/ {R; — (R}, v{,wi, wi)}n;di
) (2
—|—)\O'{/ nicoidi — Y (p5 + o, H*, H*)}
1
The first order condition for v}, v3, vi., R}, R}, v}, vii, v}, RY and R}. are

s ox Oco; 0x;
vy iy — )\nzas+)\ Da: O0®

=0




Now we characterize those first order conditions. First, note that at o = 0,

5k

i = pus —i—/ nj(1l— /\gj)dj for i € (¢%,2) and pt = uf +/ nj(1l— )\gx)dj (16)
i j 1

Uj
Thus, since p¥ = 0, uf = ff nj(1 — )\%)dj for i € (¢*,2). Note that (%’i, =1/(U;) . A single
crossing property and the monotonicity of R; and R}’ guarantee that x; is increasing. This implies
that 853 is increasing and the inside of the integral is a decreasing function of 7. Since p5 = 0,
pit and pf are non-negative.

Now we examine dW/do and evaluate at o = 0. From the envelope theorem,

dw  0i
do ~ 0o

/
u U Ug’lL
Liwahy =

Gu

{ V() — 0 () 0 (i) + plool — g0t (i) -
— 1% 0(7%) — pi 05 + friev(it) + ,ul*ashsgs + Br{vsp — R} + ﬁg,R e — 55R5

- MR} — a:(Rf*,vf*,q, Wik, Wik ) e + MR« — o( R, v, q, wiv, wit) yng«

— Sx

2 2 ¥
+)\/ nZ‘CQid’i — AY(p; + o, HS,Hu) + / —@@nzdz — %@ / nidi
1 % 1

.~ 0q 0o 0q 0o
From the Roy’s identity, co; = —g—”é%. Thus,
dw o q. q ow® 2 . on; 2 9z ‘
— = Sa’hi= — pha"hi =2 — 2 "di — )\ i9s(1)di
1 ao{ma il el Gl /u 8393 asng()

—U

h;
g ugud —/\/ 5w nzgudz} XY (p5 +o,H°, H)

ow 2
80’ - / IU”L
Now we need to calculate the inside of the integral. Note that from the definition of A and A},

we have

Oh; Oh; ohY ohY
_hS d (4 — _hu 1
ows PoRrs " wy " ORY

This implies that

S

oh; u oh}
S shs R / u uhu /
u Z (2 aRu g’lL

i@ o 55 = Hid Zangs and — pj'a
(2

8
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By using the FOC of R; and RY,

Oh; ox
5 a’hs _ hs JdAn; — An;
(3 8ngs g { ng ny 8R3}
wia” hy OR“g" hi gu{An; — )\nlaRu}

aw " !
di { s shsgs _Mg*auh;;gu}

Js Ju

ow® 2 ox | .. 2 Oz ,
+ 9% {/Z* higs{An; —)\nia—Rf}dz — )\/i* Mfgsnidz}
ow"

z . ox | .. T o .
+ 9% {/Z* hitgu{An; — )\nia—Rg}dz — )\/1 @gunidz

- )‘Y(pg + o, HsvHu)

Next, we need to calculate /\8“’ f higs(i)n; + )\ fl hgyu(i)n;di. From the argument of the

previous section, we have

ow?® owt [
Y2 5 / higs(i)n; + A 5 / hit g (i)n;di.
i* g 1
Third, we will show that A 8812; = — a‘rﬁ and A 86]%”“ = — a?fu' From the definition of Z, we
have
0z s Z
= a’/w; and = —a’hi(1/w}) for i € (i*,2)
OR; ! ow? ! !
07 u 0z
= d — = —a"h}(1 fori e (1,4"
IR = a"/w;'an 3wi a"hi(1/wy) for i € (1,3")
Thus, by using the definition of 8‘91%”8 , 8‘?;”5 , 8‘3%”3 , 8‘13 , we can check that hf aaﬁs =— aazfts and h} 88Rmu =
_ Oz
ow”

Therefore, dW/do is

aw

do

_ i { L ahs, gs_ug*auhg*g&}
do s Gu

o=0

From the FOC of v, and v}, we have uf. = pit. In addition, ashfi—é and a”h@‘g—:’j are the right

side slope of v} and the left side slope v;* at ¢* From Lemma 1, the slope of v} is steeper than the

slope of v at 7*. Since % > 0, % > 0.
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Figure 1: The Graph of v(i)
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