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ASYMPTOTIC THEORY FOR A VECTOR
ARMA-GARCH MODEL *

Shiging Ling
Hong Kong University of Science and Technology

Michael McAleer
University of Western Australia

Abstract

This paper investigates the asymptotic theory for a vector ARMA-GARCH
model. The conditions for the strict stationarity, ergodicity, and the higher-
order moments of the model are established. Consistency of the quasi- maxi-
mum likelihood estimator (QMLE) is proved under only the second-order mo-
ment condition. This consistency result is new, even for the univariate ARCH
and GARCH maodels. Moreover, the asymptotic normality of the QMLE for
the vector ARCH model is obtained under only the second-order moment of
the unconditional errors, and the finite fourth-order moment of the conditional
errors. Under additional moment conditions, the asymptotic normality of the
QMLE is also obtained for the vector ARMA-ARCH and ARMA-GARCH
models, as well as a consistent estimator of the asymptotic covariance.

1 INTRODUCTION

The primary feature of the autoregressive conditional heteroskedasticity (ARCH)
model, as proposed by Engle (1982), is that the conditional variance of the errors
varies over time. Such conditional variances have been strongly supported by a huge
body of empirical research, especially in stock returns, interest rates, and foreign

exchange markets. Following Engle’s pathbreaking idea, many alternatives have
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comments and suggestions, and to acknowledge the financial support of the Australian Research
Council. This paper was revised while the second author was visiting the Institute of Social and
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been proposed to model conditional variances, forming an immense ARCH family;
see, for example, the surveys of Bollerslev, Chou and Kroner (1992), Bollerslev,
Engle and Nelson (1994), and Li, Ling and McAleer (1999). Of these models, the
most popular is undoubtedly the generalised ARCH (GARCH) model of Bollerslev
(1986). Some multivariate extensions of these models have been proposed; see, for
example, Engle, Granger and Kraft (1984), Bollerslev, Engle and Wooldridge (1988),
Engle and Rodrigues (1989), Ling and Deng (1993), Engle and Kroner (1995), Wong
and Li (1997), and Li, Ling and Wong (1999), among others. However, apart from
Ling and Deng (1993) and Li, Ling and Wong (1998), it seems that no asymptotic
theory of the estimators has been established for these multivariate ARCH-type
models. In most of these multivariate extensions, the primary purpose has been
to investigate the structure of the model, as in Engle and Kroner (1995), and the
reporting of empirical findings.

In this paper, we propose a vector ARMA-GARCH model which includes the
multivariate GARCH model of Bollerslev (1990) as a special case. The sufficient
conditions for the strict stationarity and ergodicity, and a causal representation of
the vector ARMA-GARCH model, are obtained as extensions of Ling and Li (1997).
Based on Tweedie (1988), a simple sufficient condition for the higher-order moments
of the model is also obtained.

The main part of this paper investigates the asymptotic theory of the quasi-
maximum likelihood estimator (QMLE) for the vector ARMA-GARCH model. Con-
sistency of the QMLE is proved under only the second-order moment condition.
Jeantheau (1998) proved consistency for the constant conditional mean drift model
with vector GARCH errors. His result is based on a modified result in Pfanzagl
(1969), in which it is assumed that the initial values consisting of the infinite past
observations are known. In practice, of course, this is not possible.

In the univariate case, the QMLE based on any fixed initial values has been

investigated by Weiss (1986), Pantula (1989), Lee and Hansen (1994), Lumsdaine



(1996), and Ling and Li (1997). Weiss (1986) and Ling and Li (1997) use the
conditions of Basawa, Feigin and Heyde (1976), whereby their consistency results
rely on the assumption that the fourth-order moments exist. Lee and Hansen (1994)
and Lumsdaine (1996) use the conditions of Amemiya (1985, pages 106-111), but
their methods are only valid for the simple GARCH (1,1) model and cannot be
extended to more general cases. Moreover, the conditional errors, that is, 79, when
m = 1 in equation (2.3) in the next section, are required to have the (2 + x)th
(k > 0) finite moment by Lee and Hansen (1994), and the 32nd finite moment by
Lumsdaine (1996).

The consistency result in this paper is based on a uniform convergence as a
modification of a theorem in Amemiya (1985, page 116). Moreover, the consistency
of the QMLE for the vector ARMA-GARCH model is obtained only under the
second-order moment condition. This result is new, even for the univariate ARCH
and GARCH models. For the univariate GARCH (1,1) model, our consistency result
also avoids the requirement of the higher-order moment of the conditional errors, as
in Lee and Hansen (1994) and Lumsdaine (1996).

This paper also investigates the asymptotic normality of the QMLE. For the
ARCH model, asymptotic normality requires only the second-order moment of the
unconditional errors, and the finite fourth-order moment of the conditional errors.
The corresponding result for univariate ARCH requires the fourth-order moment,
as in Weiss (1986) and Pantula (1989). The conditions for asymptotic normality of
the GARCH (1,1) model in Lee and Hansen (1994) and Lumsdaine (1996) are quite
weak. However, their GARCH(1,1) model explicitly excludes the special case of the
ARCH(1) model because they assume that By # 0 (see equation (2.7) in the next
section) for purposes of identifiability. Under additional moment conditions, the
asymptotic normality of the QMLE for the general vector ARMA-GARCH model
is also obtained. Given the uniform convergence result, the proof of asymptotic

normality does not need to explore the third-order derivative of the quasi-likelihood



function. Hence, our method is simpler than those in Weiss (1986), Lee and Hansen
(1994), Lumsdaine (1996), and Ling and Li (1997).

It is worth emphasizing that, unlike Lumsdaine (1996) and Ling and Li (1997),
Lee and Hansen (1994) do not assume that the conditional errors 7, are i.i.d instead
of a series of strictly stationary and ergodic martingale difference. Although it is
possible to use this weaker assumption for our model, for simplicity we use the i.i.d.
assumption.

The paper is organized as follows. Section 2 defines the vector ARMA-GARCH
model and investigates its properties. Section 3 presents the quasi-likelihood func-
tion and gives a uniform convergence result. Section 4 establishes the consistency
of the QMLE and Section 5 develops its asymptotic normality. Concluding remarks
are offered in Section 6. All proofs are given in Appendices A and B.

Throughout this paper, we use the following notation. |- | denotes the absolute
value of a univariate variable or the determinant of a matrix. || - | denotes the
Euclidean norm of a matrix or vector. A’ denotes the transpose of the matrix or
vector A. O(1) (or o(1)) denotes a series of non-stochastic variables that are bounded
(or converge to zero). O,(1) (or 0,(1)) denotes a series of random variables that are
bounded (or converge to zero) in probability. —, (or — /L ) denotes convergence
in probability (or in distribution). p(A) denotes the eigenvalue of the matrix A with

largest absolute value.

2 THE MODEL AND ITS PROPERTIES

Bollerslev (1990) presented an m—dimensional multivariate conditional covariance

model, namely,

Y, = E(Yy|Fie1) + o, Var(eo|Fiz1) = DouI'o Doy, (2.1)
where F; is the past information available up to time ¢, Dy, = dz’ag(hé{f, S héﬁt),

and
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in which og;; = 0¢j. The main feature of this model is that the conditional correla-

tion E(sOiteoth-}_l)/\/E(sgitu-}_l)E(s%th’-}_l) = 0¢;; 1S constant over time, where
1 # j and € is the ith element of £p;. By assuming that

hoit = Wo; + 231 0ij€ai—; + Zlbm-jhmt_j, i=1,--,m, (2.2)

Jj= Jj=

Bollerslev (1990) modeled the exchange rates of the German mark, French franc,
and British pound against the U.S. dollar. His results provided evidence that the as-
sumption of constant correlations was adequate. Tse (2000) developed the Lagrange
multiplier test for the hypothesis of constant correlation in Bollerslev’s model, and
provided evidence that the hypothesis was adequate for spot and futures prices, and
foreign exchange rates.

It is possible to provide a straightforward explanation for the hypothesis of con-
stant correlation. Suppose that hg; captures completely the past information, with
Ehyy = Ee2,. Then ng; = 50ith&1/ % will be independent of the past information.
Thus, for each i, {noy,t = 0,£1,£2,---} will be a sequence of independently and
identically distributed (i.i.d.) random variables, with zero mean and variance 1. In
general, 19, and 7y;; are correlated for ¢ # j, and hence it is natural to assume that
Mot = (Mo1es **+, Mome)” 18 @ sequence of i.i.d. random vectors, with zero mean and

covariance I'g. Thus, we can write
ot = Dotnor- (2.3)

Obviously, €o; in (2.1) has the same conditional covariance matrix as that in (2.3).
Now, the remaining problem is how to define hg;; so that it can capture com-
pletely the past information. It is obvious that hg; may have as many different

forms as in the univariate case. In the multivariate case, hg; should contain some



past information, not only from &; but also from ey;. Hence, a simple specification
such as (2.2) is likely to be inadequate. In particular, if it is desired to explain the
relationships of the volatilities across different markets, it would be necessary to
accommodate some interdependence of the egp;; or the hg; in the model. Note that
Do, depends only on (hoys, -+, home)', denoted by Hy,. It is natural to define Hy,
in the form of (2.5) below, which has also been used by Jeantheau (1998). Speci-
fying the conditional mean part as the vector ARMA model, we define the vector

ARMA-GARCH model as follows:

Do(L)(Y; — po) = Uo(L)eor (2.4)
got = Dotnor, Hor = Wo + ZAOigOt—i + Z BoiHo—, (2.5)
i=1 i=1
where Dy, and 7y are defined as in (2.3), ®¢(L) = I, — Po1L — - -+ — $(,LP and

Uo(L) = Ln+Wo1 L+ - -+ Vo, L7 are polynomials in L, I is the k x k identity matrix,
and €y = (€31, +,€2,,;)- The true parameter vector is denoted by A\g = (¢}, 8, o),
where @y = vec(po, Por, -+ Pop, Yo, -+, Yog), b0 = vec(Wo, Ao, - -+, Aor, Bon, -+,
Bys), and 09 = (0021, * s Tom,15 0032, *** s T0m,2, " * * » Oomm—1) - This model was used
to analyze the Hang Seng index and Standard and Poor’s 500 Composite index by
Wong, Li and Ling (2000). They found that the off-diagonal elements in Ay are
significantly different from zero, and hence can be used to explain the volatility
relationship between the two markets.

The model for the unknown parameter A = (¢, ¢, 0’)’, with ¢, 6, and o defined

in a similar manner to ¢q, dp, and g, respectively, is

B(L)(Y; — p) = U(L)er, (2.6)
=1 i=1

where Hy = (hyg, -+, hynt)'s € = (€3, -+, €2,), and ®(L) and V(L) are defined in a

similar manner to ®(L) and Wo(L), respectively. First, the ¢; are computed from the

observations Y}, - - -, Yy, from (2.6), with initial value Yy = (Yo, -+, Y1, €0, -+, €1-¢)-

0



Then H, can be calculated from (2.7), with initial values &y = (&, -, &1—y, Ho, - -,
H;_). We assume that the parameter space © is a compact subspace of Euclidean
space, such that \g is an interior point in © and, for each \ € O, it is assumed that:

Assumption 1. All the roots of |®(L)| = 0 and all the roots of |¥(L)| = 0 are
outside the unit circle.

Assumption 2. ®(L) and V(L) are left coprime (i.e., if ®(L) = U(L)P(L)
and V(L) = U(L)¥,(L), then U(L) is unimodular with constant determinant), and
satisfy other identifiability conditions given in Dunsmuir and Hannan (1976).

Assumption 3. T' is a finite and positive definite symmetric matrix, with the
elements on the diagonal being 1 and p(I") having a positive lower bound over ©
; all the elements of A; and B; are nonnegative, i = 1,---,r, j = 1,---,s; each
element of W has positive lower and upper bounds over ©; and all the roots of
|, — 30 ALY — Y28 B;L!| = 0 are outside the unit circle.

Assumption 4. I,,, —>"_; A;L* and Y°¢_, B;L" are left coprime; and satisfy other
identifiability conditions given in Jeantheau (1998) (see also Dunsmuir and Hannan
(1976)).

In Assumptions 2 and 4, we use the identifiability conditions in Dunsmuir and
Hannan (1976) and Jeantheau (1998). These conditions may be too strong. Alter-
natively, we can use other identifiability conditions, such as the final form or echelon
form in Liitkepohl (1991, Chapter 7), under which the results in this paper for con-
sistency and asymptotic normality will still hold with some minor modifications.
These identifiability conditions are sufficient for the proofs of (B.3) and (B.6) in
Appendix B.

Note that, under Assumption 4, By # 0 and hence the ARCH and GARCH
models are nonnested. We define the ARMA-ARCH model as follows:

Po(L)(Y: — po) = Yo(L)eor, (2.8)

ot = Dotnot, Hor = Wo + Z Aoi€ot—i- (2.9)

=1



Similarly, under Assumption 2, it is not allowed that all the coefficients in the ARMA
model are zero, so that the ARMA-ARCH model does not include the following

ARCH model as a special case:

Y; = Uo + Eot, (210)

got = Doenor, Hor = Wo + ZAOigopi- (2.11)

i=1
In models (2.8)-(2.9) and (2.10)-(2.11), we assume that all the components of Ay,
1 =1,---,r, are positive. In practice, this assumption may be too strong. If the
parameter matrices A; are assumed to have the nested reduced-rank form, as in Ahn
and Reinsel (1988), then the results in this and following sections will still hold with
some minor modifications.

The unknown parameter ARCH and ARMA-ARCH models are similarly defined
as models (2.6)-(2.7). The true parameter \g = (¢}, 6y, 0p)’, with 8o = vec(Wy, Ao,
-+, Aor), 00 being defined as in models (2.4)-(2.5), and g being defined as in models
(2.4)-(2.5) for models (2.8)-(2.9), and ¢y = po for models (2.10)-(2.11). Similarly,
define the unknown parameter A and the parametric space ©, with 0 < aﬁjk < ajr <
aiy, < 0o, where g is the (j, k)th component of A;, aéjk and a;, are independent
of \,i=1,---,r,and j,k=1,--- ,m'.

The following theorem gives some basic properties of models (2.4)-(2.5). When
m = 1, the result in Theorem 2.1 reduces to that in Ling and Li (1997) and the result
in Theorem 2.2 reduces to Theorem 6.2 in Ling (1999). When the ARMA model
is replaced by a constant mean drift, the second-order stationarity and ergodicity
condition in Theorem 2.1 appears to be the same as Proposition 3.1 in Jeantheau
(1998). Our proof is different from that in his paper and provides a useful causal
expansion. Also note that, in the following theorems, Assumptions 2 and 4 are not
imposed and hence these results hold for models (2.8)-(2.9) and models (2.10)-2.11).

However, for these two special cases, the matrix Ay below can simply be replaced

by its (1,1) block.



THEOREM 2.1. Under Assumptions 1 and 3, models (2.4)-(2.5) possess an
JF;-measurable second-order stationary solution {Y;,eo, Ho: }, Which is unique, given
the 7y, where F; is a o—field generated by {no : £ < t}. The solutions {Y;} and

{Hy:} have the following causal representations:

Y; = Z T0k50t—k7 a.s, (212)
k=0
00 7 5
HOt = Wo + Z C/ ( H AOtf’i) ft,jfl, a.s., (213)
j=1 i=1

!

where ®5(L)Wo(L) = Y520 Toel¥, & = (o)’ 0, -+, 0, W8, 0, 0y g
that is, the subvector consisting of the first . components is 7,1/, and the subvector
consisting of the (rm+1)th to (r+1)mth components is Wy; 7o: = diag(nay, =+« » Tome)s
d =(0,--+,0,10,0, -, 0)px(r+s)m With the subvector consisting of the (rm + 1)th

to (r + 1)mth columns being 7,,,, and

Mot Aot e TotAor | 7ot Bot e Mot Bos
/1 Im(rfl) Om(rfl)xm Om(rfl)xms
0t —
AOI T AOT‘ BOI e BOS
Om(s—l)er Im(s—l) Om(s—l)Xm

Hence, {Y;,e0:, Ho:} are strictly stationary and ergodic.

THEOREM 2.2. Suppose that the assumptions of Theorem 2.1 hold. If
plE(ASF)] < 1, with k being a strictly positive integer, then the 2kth moments of
{Y},e0: } are finite, where Ay, is defined as in Theorem 2.1, and A®* is the Kronecker

product of the £ matrices A.

3 QUASI- MAXIMUM LIKELIHOOD ESTIMA-
TOR

The estimators of the parameters in models (2.4)-(2.5) are obtained by maximizing,
conditional on (Y, &),

1 1
th()\), lt(/\> = —5 In |DtPDt| - §€Q(DtFDt)_1€t, (31)

t=1

Lo(A) =



where L, () takes the form of the Gaussian log-likelihood, and D; = diag(hif, e

7 ). Since we do not assume that 7y is normal, the estimators from (3.1) are the
quasi-maximum likelihood estimators (QMLE). Note that the processes ¢; and D;,
1 < 0, are unobserved, and hence they are only some chosen constant vectors. Thus,
L,()) is the likelihood function which is not conditional on the true (Yp, &) and, in
practice, we work with this likelihood function.

For convenience, we introduce the unobserved process {(e§, Hf) : t = 0, £1,£2,-- -},

which satisfies

B(L)(Y; — ) = B(L)e, 3.2)
Hf =W+ A&+ BH, (3.3)

i=1 i=1
where & = (¢©,---,e%,) and Hf = (hS,,---,h¢,) . Denote Y, = (Y, Y_q,---). The

unobserved log-likelihood function conditional on Y is

n

€ 1 € € 1 € € 1 EI € €\ — €
Ln()\) = n th<)‘)7 Ii(\) = D) In | D;T'Dj| — 551& (D' Dy) lgta (3.4)
i—1

where Df = diag(h{,,---,hS,;). When A = A\, we have €f = e, Hf = Hp and
D{ = Dy;. The primary difference in the likelihoods (3.1) and (3.4) is that (3.1)
is conditional on any initial values, while (3.4) is conditional on the infinite past
observations. In practice, the use of (3.4) is not possible. Jeantheau (1998) inves-
tigated the likelihood (3.4) for models (2.4)-(2.5) with p = ¢ = 0, that is, with
the conditional mean part identified as the constant drift. By modifying a result in
Pfanzagl (1969), he proved the consistency of the QMLE for a special case of models
(2.4)-(2.5). An improvement on his result requires only the second-order moment
condition. However, the method of his proof is valid only for the log-likelihood
function (3.4) and it is not clear whether his result also holds for the likelihood
(3.1).

The likelihood function L, (\) and the unobserved log-likelihood function L ()
for models (2.8)-(2.9) and models (2.10)-(2.11) are similarly defined as in (3.1) and

(3.4).

10



The following uniform convergence theorem is a modification of Theorem 4.2.1
in Amemiya (1985). This theorem, as well as Lemma 4.5 in the next Section, makes
it possible to prove the consistency of the QMLE from the likelihood (3.1) under
only a second-order moment condition.

THEOREM 3.1.% Let g(y, 6) be a measurable function of y in Euclidean space
for each 0 € ©, a compact subset of R™ (Euclidean m—space), and a continuous
function of & € © for each y. Suppose that y; is a sequence of strictly stationary

and ergodic time series, such that Eg(y;,0) = 0 and E supyce |g(y:, 0)| < oo. Then

suPgeo [ 1y 9y, 0)] = op(1).
4 CONSISTENCY OF THE QMLE

In (3.4), Ds is evaluated by an infinite expansion of (3.3). We need to show that
such an expansion is convergent. In general, all the roots of |I,,, — > A;L" —

*_ B;L| = 0 lying outside the unit circle does not ensure that all the roots of
|I, — Y54 B;:L'| = 0 are outside the unit circle. However, since all the elements of
A; and B; are negative, we have the following lemma.

LEMMA 4.1. Under Assumption 3, all the roots of |I,, — 35, B;L| = 0 are
outside the unit circle.

We first present five lemmas. Lemma 4.2 ensures the identification of Ag. Lem-
mas 4.3, 4.4 and 4.6 ensure that the likelihood L, (\) of the ARMA-GARCH, ARMA-
ARCH and ARCH models converges uniformly in the whole parameter space, with
its limit attaining a unique maximum at \y. Lemma 4.5 is important for the proof
of Lemma 4.6 under the second-order moment condition.

LEMMA 4.2. Suppose that Y; is generated by models (2.4)-(2.5) satisfying As-
sumptions 1-4, or models (2.8)-(2.9) satisfying Assumptions 1-3, or models (2.10)-
(2.11) satisfying Assumption 3. Let ¢, and c be constant vectors, with the same
dimensions as ¢ and ¢, respectively. Then c;(asg'/c“)go) =0 a.s. only if ¢, =0, and

d(0H{ /96) = 0 a.s. only if ¢ = 0.

11



LEMMA 4.3. Define L(X) = E[l5()\)]. Under the assumptions of Lemma 4.2,
L(\) exists for all A € © and supycg |L5(A) — L(A)| = 0,(1).

LEMMA 4.4. Under the assumptions of Lemma 4.2, L(\) achieves a unique
maximum at \,.

LEMMA 4.5. Let X; be a strictly stationary and ergodic time series, with
E|X;| < oo, and & be a sequence of random variables such that

Sup & < C and n7! g &l = 0p(1).

Then n™ ' 37, X,& = 0,(1).

LEMMA 4.6. Under the assumptions of Lemma 4.2, sup,cg |L5(A) — Ln(N)| =
op(1).

Based on the above lemmas, we now have the following consistency theorem.

THEOREM 4.1. Denote ), as the solution to max,ce L,(\). Under the as-

sumptions of Lemma 4.2, A\, —, Ao.

5 ASYMPTOTIC NORMALITY OF THE QMLE

To prove the asymptotic normality of the QMLE, it is inevitable to explore the
second derivative of the likelihood. The method adopted by Weiss (1986), Lee and
Hansen (1994), Lumsdaine (1996) and Ling and Li (1997) uses the third derivative
of the likelihood. By using Theorem 3.1, our method requires only the second
derivative of the likelihood, which simplifies the proof and reduces the requirement
for higher-order moments.

For the general models (2.4)-(2.5), the asymptotic normality of the QMLE would
require the existence of the sixth moment. However, for models (2.8)-(2.9) or models
(2.10)-(2.11), the moment requirements are weaker. Now we can state some basic
results.

LEMMA 5.1. Suppose that Y; is generated by models (2.4)-(2.5) satisfying As-
sumptions 1-4, or models (2.8)-(2.9) satisfying Assumptions 1-3, or models (2.10)-

12



(2.11) satisfying Assumption 3. Then, it follows that

Oe§ ¢ 1 Ogg
DiT"'Dy —t
Oy ( 2 D!

€

5;' € e\—1 t
DI'D
Op (DiTD;) o'

E sup < oo and E [ > 0, (5.1)

PYS{C)
where a matrix A > 0 means that A is positive definite.

LEMMA 5.2. Suppose that Y; is generated by models (2.4)-(2.5) satisfying
Assumptions 1-4 and E||Y;||* < oo, or models (2.8)-(2.9) satisfying Assumptions 1-
3 and E||Y;||* < oo, or models (2.10)-(2.11) satisfying Assumption 3 and E||ng||* <
oo. Then Qg = E[(0l§, /OX)(0l5,/ON)] is finite. Furthermore, if Qq > 0, then

1 Z%—KCNOQO)

where 0If,/0\ = 0I5 /OM| 5, and Olo;/ON = Ol; /O] x, -

LEMMA 5.3. Suppose that Y; is generated by models (2.4)-(2.5) satisfying
Assumptions 1-4 and E||Y;||® < oo, or models (2.8)-(2.9) satisfying Assumptions
1-3 and E||Y;||* < oo, or models (2.10)-(2.11) satisfying Assumption 3. Then,

a[_]t De QAEDE 28H
A oN

E sup < 00, (5.2)

PYSC]
where A = (¢, &), Af = G071 + Afiif, Af = diag(exD g, -+, en D71, €5 =

(0,--+, 0,1,0---,0) of which the ith element is 1, 7 = (n%,---,n5,) and 75 =

d?;a/g<77§t7 e ’nmt) Wlth 77“5 — Elt/h61/2 : 1

LEMMA 5.4. Under the assumptions of Lemma 5.3,

,...7m_

1 & O 021
() sup)> ; AN [amx] ‘ = (L),
oL
() sup ntzl lamx N amx] ‘ = op(1):

By straightforward calculation, we can show that

ek S S
EOEE[ t/] :_< %0 Aoo>,
NN | > PP

where Y5, = FE[(9e§,/0\) (DoiToDos) (05, /ON)] +E[(OHS;/ON) Do,C Dy? (9H,
[ON)|/4, 55, = E|[(0H§/0N)Dy’| C1P/2, 0e5/ON = 25/ON s, OHG,/ON =
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8H§/85\’]A0, P=(I,®T HK, C1 = (Ci1,--+,Cip), O is an m x m matrix with
the (¢,7)th component being 1 and the other components zero, K = dvec(I") /0o’ is
a constant matrix, and C' = Fgl © T+ I, where A® B = (a;;b;;) for two matrices

A = (a;j) and B = (b;;). In practice, ¥y is evaluated by

where I', = T'[5_,

. 1 H! A H,
ES\ _ L [85} (DtFDt)_la—(?t‘| + = Z la ~tDt_2Cn t_Qa ~t :
n = | o\ ON |5, dn = | O\ oN |5,
n !
3o = % > la(;;[t Dﬁ] CGP, P= (I, oK, Gy =T 00, + 1,
t=1 An

LEMMA 5.5. Under the assumptions of Lemma 5.3, ||Zo|| < co and %, =
Yo + 0,(1) for any sequence A, such that A\, — \g = o0,(1). If Iy ®Ty > I, then
—> > 0.

From the proof, we can see that the sixth-order moment in models (2.4)-(2.5)
is required only for Lemma 5.4(a), while the fourth-order moment is sufficient for
Lemma 5.4(b). If we can show that the convergent rate of the QMLE is O,(n~'/2),
then the fourth-order moment is sufficient for models (2.4)-(2.5). However, it would

seem that proving the rate of convergence is quite difficult.

LEMMA 5.6. Under the assumptions of Lemma 5.2, if \/n(\, — \o) = O,(1),

then
1 X [ol; ol Ol algt]
. N / =0 (1)’
n tzzl l OX OXN |, P
" 10l Ol
) Q, == Z; la; 8;’] =+ 0,(1).

THEOREM 5.1. Suppose that Y; is generated by models (2.4)-(2.5) satisfy-
ing Assumptions 1-4 and E||Y;||® < oo, or models (2.8)-(2.9) satisfying Assump-
tions 1-3 and E||Y;||* < oo, or models (2.10)-(2.11) satisfying Assumption 3 and
E||no||* < co. Q> 0and Tyt &Ly > I, then /n(A,— o) —z N(0,55' Q%5 1).

Furthermore, , and €2, can be estimated consistently by 3, and €2,,, respectively.

14



When m = 1 or 2, we can show that ['y;' ® I'y > I,,, and hence, in this case,
—> > 0. However, it is difficult to prove I'y '®Ty > I, for the general case. When
Iy = I,,, it is straightforward to show that —¥y > 0 and €2y are positive definite.
When 7, follows a symmetric distribution,

Moy
Qo=F O 04 o1z, Iz and Yo = — o0 0 )
0 2 o8 0 25

in which 6 = (6',0"),

e,
dp
S ( Y50 12500 )
o = \ s, PP )

where Y50 = E[0HS;/06Do?CDo20HS, /06" /4 and Ys,o = E[0HS, /06Dy C1LP/2.

_1 Ocgy 1

] OHg,
op'” 4

D

o O,

Esoo = E[ ot 890']7

Dy*CD

(Do:T'oDor)

El

Furthermore, if 79 is normal, it follows that —¥g = §29. Note that the QMLE here is
the global maximum over the whole parameter space. The requirement of the sixth-
order moment is quite strong for models (2.4)-(2.5), and is used only because we
need to verify the uniform convergence of the second derivative of the log-likelihood
function, that is, Lemma 5.4(a). If we consider only the local QMLE, then the
fourth-order moment is sufficient. For univariate cases, such proofs can be found in

Ling and Li (1998) and Ling and McAleer (1999).

6 CONCLUSION

This paper presented the asymptotic theory for a vector ARMA-GARCH model. An
explanation of the proposed model was offered. Using a similar idea, different mul-
tivariate models such as E-GARCH, threshold GARCH, and asymmetric GARCH
can be proposed for modelling multivariate conditional heteroskedasticity. The con-
ditions for the strict stationarity and ergodicity of the vector ARMA-GARCH model
were obtained. A simple sufficient condition for the higher-order moments of the
model was also provided. We established a uniform convergence result by modify-

ing a theorem in Amemiya (1985). Based on the uniform convergence result, the
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consistency of the QMLE was obtained under only the second-order moment condi-
tion. Unlike Weiss (1986) and Pantula (1989) for the univariate case, the asymptotic
normality of the QMLE for the vector ARCH model requires only the second-order
moment of the unconditional errors, and the finite fourth-order moment of the condi-
tional errors. The asymptotic normality of the QMLE for the vector ARMA-ARCH
model was proved using the fourth-order moment, which is an extension of Weiss
(1986) and Pantula (1989). For the general vector ARMA-GARCH model, the
asymptotic normality of the QMLE requires the assumption that the sixth-order
moment exists. Whether this result will hold under some weaker moment condi-

tions remains to be proved.

NOTES

1.For models (2.8)-(2.9) and (2.10)-(2.11), B; in Assumption 3 reduces to the zero matrix,
wherei=1,---,s..

2. The Co-editor has suggested that this theorem may not be new, consisting of Lemma 2.4

and footnote 18 of Newey and McFadden (1994).
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A APPENDIX: PROOFS OF THEOREMS 2.1-

2.2

Proof of Theorem 2.1. Multiplying (2.5) by 7jo; yields

ot = TMoWo + Y Tt Avi€or—i + Y Tlot Boi Hot—i- (A.1)

i=1 i=1

Now rewrite (A.1) in vector form as

4
where X; = (&, -

wheren =1,2,---.

X = AOtXt—l + &, (A.2)

’E_:)t—r—&—h Hp,, -+, Hy 1) and & is defined as in (2.9). Let
n 7 B
Snt = &+ Z ( H Aor—iv1) &gy (A.3)
j=1 i=1

Denote the kth element of (ngl Agt_i) &—j—1 by Syt We have

j ~
Elsp:| = BZE(H Aoi—i) &—j—1
i=1
j ~ ~ .
= e;c(H EAy_i)E&_j1 = e, A", (A.4)

i=1
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where e, = (0,---,0,1,0,--- ,O)'m(ﬂrs)xl and 1 appears in the kth position, ¢* = E¢;

is a constant vector, and

AOI T AOT‘ BOl e BOS
A _ Im(r—l) Om(r—l)Xm Om(r—l)Xms (AS)

AOl e AOT BOl e BOS
Om(sfl)xmr Im(sfl) Om(sfl)xm

By direct calculation, we know that the characteristic polynomial of A is

f(2) = |2|"T™| 1, ZA 2~ ZB 2. (A.6)

By Assumption 3, it is obvious that all the roots of f(z) lie inside the unit circle.
Thus, p(A) < 1 and hence each component of A? is O(p?). Therefore, the right-hand
side of (A.4) is equal to O(p’). Note that 7j; is a sequence of i.i.d. random matrices,
and each element of A(]t and & is non-negative. We know that each component of
Sn,t converges almost surely (a.s.) as n — oo, as does S, ;. Denote the limit of S,, ;
by X;. We have
©

X, gt+z H 0t—i) i1, (A7)
with the first-order moment being finite.

It is easy to verify that X, satisfies (A.2). Hence, there exists an F;—measurable
second-order solution eo; to (2.5) with ith element ot = 10itv/hoit = Mot (€L, +1Xt)1/ 2
with the representation (2.13).

Now we show that such a solution is unique to (2.5). Let Et ) be another F,—
measurable second-order stationary solution of (2.5). As in (A.2), we have xV =
flOtXt(Pl + &, where Xt( ) = (_(1), Eﬁl)ﬂrl, Ht(l)l, e Ht(i)slﬂ)’, and Ht(l) =Wy +

L Ag &Y 15 BuHY with &Y = (2. WPy Let U, = X, — XV, Then

U, is first-order stationary and, by (A.2), U, = ([T%- Aot—i)Ui—n_1. Denote the kth
component of U; as ux;. Then, as each element of A, is nonnegative,

el < b ([ Ave )0 a] < (T Ao IVl (A8)

=0 i=0
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where ey, is defined as in (A.4), and |Uy| is defined as (|ui], - - -, [uptsymel). As Uy

is first-order stationary and F;—measurable, by (A.8), we have

n
Elug| < e;E(H Api—i)ElU—n_1| = e, A"t — 0 (A.9)
i=0
as n — 0o, where ¢f = E|Uy| is a constant vector. So ug; = 0 a.s., that is, X; = t(l)

a.s.. Thus, hy = hgtl ) a.s., and hence go; = 5(()? = UOithéZ/tQ a.s.. That is, gq; satisfying
(2.5) is unique.

For the unique solution ¢, by the usual method, we can show that there exists
a unique F;—measurable second-order stationary solution Y; satisfying (2.4), with
the expansion given by

Y, = i YorEot—k- (A.10)
k=0

Note that the solution {Y;, o, Hoi } is a fixed function of a sequence of i.i.d. random
vectors 7y, and hence is strictly stationary and ergodic. This completes the proof.
2

The proof of Theorem 2.2 first transforms models (2.4)-(2.5) into a Markov
chain and then uses Tweedie’s criterion. Let {X;;t = 1,2,---} be a temporally
homogeneous Markov chain with a locally compact completely separable metric
state space (S, B). The transition probability is P(x, A) = Pr(X, € A|X,-1 = z),
where x € S and A € B. Tweedie’s criterion is the following lemma.

LEMMA A.1. (Tweedie, 1988, Theorem 2) Suppose that {X;} is a Feller chain.
(1) If there exists, for some compact set A € 3, a non-negative function g and € > 0

satisfying

/AC Pz, dy)g(y) < g(z) —e,  z €A, (A.11)

then there exists a o-finite invariant measure p for P with 0 < p(A) < oo; (2)

Furthermore, if

[ )l Pla.dy)g(y) < o, (A12)

AC
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then . is finite, and hence m = u/u(S) is an invariant probability; (3) Furthermore,
if
/AC P(z,dy)g(y) < g(z) — f(z),  x€ A (A.13)

then p admits a finite f-moment, i.e.

/S u(dy) f(y) < oo. (A.14)

The following two lemmas are preliminary results for the proof of Theorem 2.2.
LEMMA A.2. Suppose that E(||ny||**) < oo and p[E(AZF)] < 1. Then there
exists a vector M > 0 such that [I,,, — E(A$F)]M > 0, where a vector B > (0 means
that each element of B is positive.
Proof. From the condition given, I, — E(A$F) is invertible. Since each element

of E(A§F) is non-negative, we can choose a vector L; > 0 such that
M = [I, — BE(AZ¥Y) 'Ly = Ly + Z (ASH)1Ly > 0.

Thus, [I,, — E(A$F)]M = Ly > 0. This completes the proof. 2
LEMMA A.3. Suppose that there is a vector M > 0 such that

1, — E(ASFY|M > 0. (A.15)

Then there exists a compact set A = {2 : " = (X9 2k < A} ¢ Ry
with Ry = (0, 00), a function ¢;(x), and x > 0 such that the function ¢, defined by
g(z) =1+ (%) M, satisfies

E(g(X:)| X1 = 7) < g(7) + g1(2), z € Ry, (A.16)
and
E(g(X)|X—1 =2) < (1 —k)g(x), x € A° (A.17)

where A¢ = RU+™m — A z; is the ith component of z, max,ca gi1(z) < Co, X, is

defined as in (A.2), and Cy, x and A are positive constants not depending on z.
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Proof. We illustrate the proof for £ = 3. The technique for k£ # 3 is analogous.

For any = € RY™™ by straightforward algebra, we can show that

E[(& + Agtl')@g]/M
= (2®3E(ASYM + CiM + 2'CLM + (z®2) CLM

< (Y E(ASPYM + (1 + & + 3%, (A.18)

where C7, Cs and Cs are some constant vectors or matrices with non-negative el-
ements, which do not depend on z, and ¢ =maxy{all components of C{M, C4M
and C{M}.

By (A.2) and (A.18), we have

Elg(Xy)|Xim1 =a] = 1+ E[(&+ Aox)®|'M
< 1+ (a®)E(AS M + gi(x)

= 1+ @®)YM — (%) M* + g1(z)
M ale)

et g €T ]_— ; A.19
T RO ALY
where M* = [I,, — E(A$?Y]M and g;(z)=c(1 + & + ?).
Denote
A = {z:3 <AzeRI™™ ¢; = minf{all components of M*},
co = max{all components of M}, cs = min{all components of M}.
It is obvious that A is a compact set on R ™. Since M*, M > 0, it follows that
¢1,02,c3 > 0. From (A.19), we can show that
Elg(X0)| X1 = 2] < g(x) + g(x), @ € Ry, (A.20)
where max,c4 g1(x) < Co(A), and Cy(A) is a constant not depending on x.
Let A > max{1/ce,1}. When z € A°,
c3A < 33 < g(x) < 1+ 3 < 2607 (A.21)
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Thus,

(%) M* . cl:ij’ _ &7 (A.22)
g(x) 20273 2y
and furthermore, since 1 + 2 < 2T as © € A°, we can show that
g(x) 3 T A

where C' is a positive constant not depending on = and A. By (A.19), and (A.22)-
(A.23), as z € AS,

Flg(X)IXi 1 =) < gl)(1 — o + 5

Provided 0 < ¢1/4cy < k < ¢1/2¢o and A > max{l, 1/cy, C/(c1/2¢2 — K)}, then
Elg(X:)| Xi—1 = z] < g(x)(1 — k). This completes the proof. 2

Proof of Theorem 2.2. Obviously, X; defined as in (A.2) is a Markov chain
with state space RT ™. Tt is straightforward to prove that, for each bounded
continuous function g on R{™™, E[g(X;)|X,—1 = z] is continuous in z, that is,
{X:} is a Feller chain. In a similar manner to Lemma A.3, in the following we
illustrate only that the conditions (A.11)-(A.13) are satisfied for k = 3.

From Lemmas A.2 and A.3, we know that there exists a vector M > 0, a compact
set A={z: 2= (X9 2,) < A} c RY™™ and k > 0 such that the function

defined by g(z) = 1 + (a®3)'M satisfies

Elg(X)| X1 = 2] < g(@) + gi(2), z € R (A.24)
and
Elg(X)| X1 =2] < (1 —kK)g(z), = € A, (A.25)

where max,c4 g1(x) < Cp, and Cy, k and A are positive constants not depending
on x.
Since g(z) > 1, it follows that F[g(X;)|X;—1 = z) < g(z) — k. By Lemma A.1,

there exists a o-finite invariant measure p for P with 0 < p(A) < oo.
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Denote ¢; = max{all components of M} and c¢3 = min{all components of M}.

From (A.24), as x € A, it is easy to show that

(r4s)m
Elg(X)|Xii=12] < 14+e( Y. z)°+al()
=1
< Al < 00,

where A is a constant not depending on z. Hence,

/ dx{/ (x,dy)g(y)}

< [ 1(da)Blg(X0) X1t = 2] < Aupu(4) < oc.

This shows that {X,} has a finite invariant measure y, and hence 7 = u/p(RS ™)
is an invariant probability measure of { X;}, that is, there exists a strictly stationary
solution satisfying (A.2), still denoted by X;.

Let f(z) be the function on RY "™ defined by f(z) = csr(X"""™ z;)3. Then,
by (A.25), as x € A°, we have

/ACP(%dy)g(y) < Elg(X)| Xy = ]

< g(x) = rg(z) < g(z) - f(2).

By Lemma A.1(3), we know that E,[f(X;)] = cscE[(X00™ 24)3] < oo, where 7
is the stationary distribution of {X,}, where z;; is the i-th component of X;. Thus,
Eqlleat]|® < oo, where 7, are the stationary distributions of {ey;}. Now, since
Eqr|leoe]|® < o0, it is easy to show that E,,||Y;]|® < oo, where my is the stationary
distribution of Y;.

By Hélder’s inequality, Er,|leoe]|? < (B |leot||?)% < co. Similarly, we have
E,|Yi||? < oo. Thus, {Y;, &0} is a second-order stationary solution of models (2.4)-
(2.5). Furthermore, by Theorem 2.1, the solution {Y;,en:} is unique and ergodic.
Thus, the process {Y;,e0:} satisfying models (2.4)-(2.5) has a finite 2kth moment.

This completes the proof. 2
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B APPENDIX: PROOFS OF RESULTS IN SEC-
TIONS 3-5

Proof of Theorem 3.1. The proof is similar to that of Theorem 4.2.1 in Amem-
ina (1985), except that the Kolmogorov law of large numbers is replaced by the
ergodic theorem. This completes the proof. 2

Proof of Lemma 4.1. Note that

~ O O
BOl BOs

[m(s—l) Om(s—l)xm
matrix A > the matrix B” means that each component of A is larger than or equal

where A is defined as in (A.5), B = ( ), and here ”the

to the corresponding component of B. Thus, we have
jvt(g gi). (B.1)

By Assumption 3, p(A) < 1, and hence “F A? converges to a finite limit as k — oo.
By (B.1), >¥ , B also converges to a finite limit as k — oo, and hence p(B) < 1,
which is equivalent to all the roots of |I,,, — 2% ; B;L?| = 0 lying outside the unit
circle. This completes the proof. 2

In the following, we prove Lemmas 4.2-4.4 and 4.6 and Theorem 4.1 only for
models (2.4)-(2.5). The proofs for models (2.8)-(2.9) and (2.10)-(2.11) are similar
and simpler, and hence are omitted.

Proof of Lemma 4.2. First, by (3.2),

- g} -
G-V D) Yi— )y 5 = VD) X9 L), (B2)
where Xy = (Y., — ¢/, Y 11 — poes |, ,ef_qﬂ), and the above vector

differentiation follows rules in Liitkepohl (1993, Appendix A). Denote U; = 0¢§/0¢’
and V; = [-®(1), X;_1 ® I,,,]. Then

Uy +0Ui g+ + VU =V, (B.3)
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If Uic, = 0 a.s., then Vic, = 0 a.s.. Let ¢; be the vector consisting of the first m
elements of c,, while ¢y is the vector consisting of the remaining elements of c,.
Then —®(1)c; + (X4—1 ® I,)co = 0. Since X;_1 is not degenerate, (X;_1 ® I,;,)ca = 0
and ®(1)c; = 0. By Assumption 1, ®(1) is of full rank, and hence ¢; = 0. By
Assumption 2, we can show that ¢, = 0. Thus, ¢, = 0.

Next, by (3.3),

Hf = (I, = > B;L"Y "W + (O_ AL")g), (B.4)
=1 =1
OH¢ s . N
a5 = Un = 2 Bil) ™ (I, Hi @ L), (B.5)
=1

where Hf | = (& ,,---,& , HS |,---,HS ). Denoting Uy, = OH¢/d8' and Vi, =

(In, HE | ® I,,,), we have the following recursive equation:
Uiy = BiUy—1 + -+ + BsUyy—s + Vi (B.6)

If Uyse = 0 a.s., then Vi;e = 0 a.s.. By Assumptions 3-4, in a similar manner to
Vic, = 0, we can conclude ¢ = 0 (also refer to the proof of Proposition 3.4 in
Jeantheau (1998)). This completes the proof. 2

Proof of Lemma 4.3. As the parameter space © is compact, all the roots of
®(L) lie outside the unit circle, and the roots of a polynomial are continuous func-
tions of its coefficients, there exist constants cg,c; > 0 and 0 < p < 1, independent

of all A € ©, such that

lefll < co+er Do Yiill = €7 (B.7)

=0
Thus, E'sup,ce ||€§]|* < 0o by Theorem 2.1. Note that, by Assumption 3, | DI Df|

has a lower bound uniformly over ©. We have Esup, glef (DI DS)™e§] < oo. By

Assumption 3 and Lemma 4.1, we can show that

I1Hi || < e2te3 ) oi|[Yinil]” = ey, (B.8)

i=1
where cg,c3 > 0 and 0 < o1 < 1 are constants independent of all A € ©. Thus,

Esupyce ||Hf|| < oo, and hence Esup,.g |D{I'Df| < co. By Jensen’s inequality,
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Esupyce |In|DTDg|| < oco. Thus, E|lf(A)] < oo for all A € ©. Let g(¥Y,,\) =
lf — El, where Y, = (Y},Y;_1,---). Then Esup,co|9(¥;, A)| < oo. Further-
more, since g(Y,,\) is strictly stationary with Eg(Y,,A\) = 0, by Theorem 3.1,
supyee [P0, 9(Y,, A)| = 0,(1). This completes the proof. 2

Proof of Lemma 4.4. First,

~Eln|D;TD;| - Bl (DT D;) " ef]
= —EIn|DTDf| — E[(f — 0 + €0¢) (DT DE) (€5 — s + €01)]
= {—EIn|D{T D§| — Elet, (DT D;) o] }

—E[(e§ — c0t) (DT D;) ™ (e — €0t)] = La(A) + La(). (B.9)

Ly(\) obtains its maximum at zero, and this occurs if and only if € = ;. Thus,

Oes
oy’

gf —eor = (o — o) =0. (B.10)

(p*
By Lemma 4.2, we know that equation (B.10) holds if and only if ¢ = .
Li(\) = —EW|DTD| — Etr(M,)

= —[—Eln ’Mt’ + EtT(Mt)] — Eln ‘DOtFODOt‘a (Bll)

where M, = (DT'DS)~Y2(DyL'gDo,) (DI D$) ™12, Note that, for any positive defi-
nite matrix M, —f(M) = —In |M|+trM > m (see Lemma A.6 in Johansen (1995)),

and hence
—En| M| + Etr(M;) > m. (B.12)

When M, = I,,, we have f(M;) = f(I,,) = —m. If M; # I,,, then f(M;) < f(I,,), so
that Ef(M;) < Ef(Il,,) with equality only if M; = I,,, with probability one. Thus,
Li(A) reaches its maximum —m — Eln(Dy'gDg;), and this occurs if and only if
DiT'D; = Dy I'gDy;. From the definition of I', we have h;; = hg;;, and hence I' = T'y.
Note that

max L)) < max Li(\) + max Ly(N).
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maxyco L(A) = —m—EIn(DyI'gDo) if and only if maxyce L2(A) = 0 and maxyeg L1
(A) = —m — Eln(DylgDy;), which occurs if and only if ¢ = ¢, I' = I’y and
hi = hoie. From ¢ = ¢y and hy = hg;, we have

_ OH;
Y

with probability one, where 6* lies between § and 8. By Lemma 4.2, (B.13) holds

(Hte — H(]t)l (¢076*)(6 - 60) — O (813)

if and only if 6 = ¢yp. Thus, L()\) is uniquely maximised at \g. This completes the
proof. 2

Proof of Lemma 4.5. First, for any positive constant M,

y—Ztht (1% > M)| < —Z\Xt\l 1X,| > M), (B.14)

tl tl

where I(-) is the indicator function. For any small €, k > 0, since E|X;| < oo, there

exists a constant M, such that

( Ztht |Xt| > MO | > K

t 1

S 1 ( Ztht |Xt| > MO)l)
< Sp (13X > )

K =1

C €
< — dF(x) < = B.15
<[ aldF@) <5, (B.15)

where F'(x) is the distribution of X;. For such a constant My, by the given condition,

there exists a positive integer N such that, when n > N,

P (% fjxtgtmxg < My)| > /f> <P (% é &) > R/M0)> < % (B.16)

t=1

By (B.15) and (B.16),asn > N, P (Jn"' 37 X3&| > 2K) < ¢, thatis, n ! 31 | Xi& =
0p(1). This completes the proof. 2

Proof of Lemma 4.6. For convenience, let the initial values be Y, = 0 and
€0 = 0. When the initial values are not equal to zero, the proof is similar. By

Assumption 1, €§ and &, have the expansions:

t—1

ZTkYtk_U = Tu(Yier — 1), (B.17)
k=0 k=0
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where ®~1(L)U(L) = Y32, T LF. By (B.17),
lef — el < ey orllYimr — ull, (B.18)
k=t
where 0 < 01 < 1, and ¢; and p; are constants independent of the parameter A. By
Assumption 3 and Lemma 4.1, we have

00 T t—1 r
=S T W + (N ALYE L), Ho= S TuW + (Y ALY 4], (B.19)
k=0 i=1 k=0

where (I, — Y7 B;L')™' = Y32, ' L*. By (B.19)
1 Hy — Hi|l <) 05(ca + csl|Ei_y, — &), (B.20)
k=t
where 0 < g < 1, and ¢s, ¢35 and g, are constants independent of the parameter .

By (B.18) and (B.20), we have

Esup(e, — €i1)? = O(0") and Esup |hS, — hy| = O(a"), (B.21)
V) A€O
where i = 1,--+,m, 0 < o < 1, and O(+) holds uniformly in all ¢. Since h; has a

lower bound, by (B.21), it follows that

1 n
S E Sup|1n DIDE| — In|D,I'Dy||
n

t=1

m n h
_ - 1 it
15 ol ()]
m ] B, — hy
< - E it it
_;lnz_: ol hu ]

3°0(e!) = o) (B.22)

2
+ (5 — 5it)2

('N

o(1), (B.23)

||M3
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where O(1) holds uniformly in all ¢. We have

e (DTDS) e — sQ(DtPDt)’lgt’

= 26§ DFTN(Df ' ef — Dy ler) — (e DY — €D DTN (D e — Dy ey

m € 2 1/2 m e 2
E; €; €
< it = ello@ | loa
N (; VR Vhi ) el (2 ) ) O
<3 [lledll e |+t o - 20(1)
gt t it he it \/_ hit
+ 3 [llesll leg — el + (5 — sitﬂ o(1)
=1

where O(1) holds uniformly in all ¢ and the second inequality comes from (B.23).
By (B.7) and (B.21), it is easy to show that n=' >} | sup,cg Ra = 0,(1). Thus,

it is sufficient to show that n=!' Y7 | supyco Rt = 0,(1). Let X; = £} and & =

SUPyeo |Piy V2 _ h_l/Q) where ¢} is defined by (B.7). Then, X; is a strictly station-

ary and ergodic time series, with EX; < oo and |&| < C, a constant. Furthermore,
by (B.21),

1Z& 1& hs, — hy

- f - Sup 1t

”; t “;Ae@ VIR (Vg + Vi)
1 i |h zt| (hzt + hzt)
N =1 Ae® hzthlt(\/he + Vhit)?

— Zsup |hs, — B
— 01~ Y- 0,(e) = 0y(1).

ntl

IN

IN

By Lemma 4.5, n ! 37, X, supyce |G /* — h_l/Q‘ = 0p(1). Similarly, we can show

that n~! 7, X, supyee |hG /2 — 1/2‘ = 0,(1). Thus,

—Zsupth < Z{ Z[thup

n =1 xeo =1 €O

S 1/2 hitl/z‘]} — 0,(1).

he 1/2 —h 1/2‘

+ X sup

This completes the proof. 2
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Proof of Theorem 4.1. First, the space © is compact and )y is an interior
point in ©. Second, L,()) is continuous in A € O and is a measurable function of
Y;,t=1,---,n for all A € ©. Third, by Lemmas 4.3-4.4, Lt (\) —, L(\) uniformly

in ©. From Lemma 4.6, we have

Sup [Ln(A) — L(A)| < Sup Ly, (A) — L(A)| + Sup Ly, (A) — Ln(A)| = 0p(1).

Fourth, Lemma 4.4 showed that L()\) has a unique maximum at Ag. Thus, we have
established all the conditions for consistency in Theorem 4.1.1 in Amemiya (1985).
This completes the proof. 2

Proof of Lemma 5.1. In the proof of Lemma 4.3, we have shown that
Esup, e ||€6]|> < 0o. With the same argument, it can be shown that E sup, g ||(9ef
/0p)||? < oo. Since DT'DS has a lower bound uniformly for all A € ©, we have
Esup,ce || (0 /0p)(DTDS) " (05/0¢')|| < oo. Let ¢ be any constant vector
with the same dimension as ¢. If ¢E[(0s§ /0p) (DT D)~ (0e5) d¢')]e = 0, then
(0 /0p) (DT DE) Y2 = 0 a.s., and hence ¢0s§ /Op = 0 a.s.. By Lemma 4.2,
c=0. Thus E[(0s§ /0p) (DT D)~ (0e5/0¢')] > 0. This completes the proof. 2

Proof of Lemma 5.2. First,

g_i - _?965 (DTD;) e} %855 D¢, (B.25)
%Zfe ZBU ZA L) ( g;t), (B.26)
?)lg iafg DG (B.27)
= 32 D D e D), (829
where & = diag(e$,, -, €5,), G = I — 7T 'ne, I = (1,---,1) ., and ¢ and 7

are defined as in Lemma 5.3. When A\ = Ao, nf = 1o and, in this case, we denote (;
and 7 by (o and 75, respectively.

For models (2.10)-(2.11),
(‘3H £

= —2ZAgt . (B.29)
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Since |e57 ;| < hS;/ous; and ag; > al; > 0,7 =1,---,mand i =1,---,r, we have

3Hf De 2H< 122 Jt

’L
j=11i=1 Jt

Jt—i

H (B.30)

where k; and k9 are some constants independent of . Furthermore, since all the
terms in Ohy /06 appear in h,, ||(OH /06) Di || < M, a constant independent of
A. Since Eng;, < oo and E||(y||> < oo, it follows that £y < oo.

For models (2.4)-(2.5), since (B.25)-(B.26), E||Cu||? < oo, E||Y:||* < oo and Dy,
has a lower bound, we have

8lte)t | |2 &H St

e
EII 0t||2

—EII Dofll E||oe|[* < o0.

Similarly, we can show that E||0l5,/d||? is finite. It is obvious that E||0lg,/do||> <
0o. Thus, we also have {2y < co. In a similar manner, it can be shown that {2y < oo
for models (2.8)-(2.9).

Let Sy = Y1, 0l /ON, where ¢ is a constant vector with the same dimension
as A. Then S, is a martingale array with respect to F;. By the given assump-
tions, ES,,/n = ¢ E[0l§,/ONOI§, /0N ]c > 0. Using the central limit theorem of Stout
(1974), n=Y/2S,, converges to N(0,cQc) in distribution. Finally, by the Cramér-
Wold device, n=1/2 3", 95, /0N converges to N(0,€) in distribution.

In a similar manner to the proof of Lemma 4.6, we can show that

Z H@l& azm

Thus, n=/2 37", 0lo; /O converges to N(0,€) in distribution. This completes the

1

proof. 2
Proof of Lemma 5.3. For models (2.10)-(2.11), from the proof of Lemma 5.2,

we have shown that
sup |[(OHS /ON)D:72|| < C' < oo with probability one,
A0

where C' is a nonrandom constant. Furthermore,

sup || ALl < wa[|nl|* < mallefl]® < maer?,
A€O
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where f is defined as in (B.7). Thus, E supy.e ||(QHS /ON) Df 2ALD{2(0HE /ON)||
< 0.

For models (2.8)-(2.9),

OH; " s
=2y A —L
a¢ Z - la a7

=1

where £ is defined as in (B.26). Thus, with probability one,

0H, f aet =i |

;| O
D% < 122 ]t H tH_ zZZH

j=1l1i=1 j=1l1i=1

H (B.31)

where k1 and k; are constants independent of \. Since all the components in AH /96
also appear in D2, we have

6

up || DE?|| < C < oo, (B.32)

where C'is a nonrandom constant independent of A\. By (B.31)-(B.32), it is easy to
show that, if E||Y;||* < oo, Esup,ee |[(OHS JON)DT2AS D2 (OHE ) ON)|| < oc.
For models (2.4)-(2.5), since E||Y;||® < oo,

E OH. OH¢ OH¢
ESUPH Dy 2A{D;? tll <CE upII = AE :
pY:) )\ oN

where C' is a nonrandom constant independent of A. This completes the proof. 2

Proof of Lemma 5.4. By direct differentiation of (B.25) and (B.27)-(B.28),

we have
2le
o _ —RY _R® _R® (B.33)
ONON
where
(1) — 81? DT D< (2) 16Ht De QAEDC 28‘?756
Rt @)\( t t) a)\, Rt 4 @ a)\/7
0 O’ o
R = (¢f ® I, o5 vec[ai (DT DY) 1]
0 10H¢ 10H¢ 0s¢
/ _~ - ~t e—2 t De 2 "61‘\ lDe 1 AeDe 1 t
+(<t®lm>axvecl2 o ] 2 03 - e
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and A¢, A¢ and 7 are defined as in Lemma 5.3. By Lemmas 5.1 and 5.3, we have
Esupycq Rt(l) < 00 and E'sup,cq R§2) < oo. Similarly, we can show that E'sup,cg

R® < co. Thus, by (B.33), Esupyg ||0%5/0XON|| < co. Furthermore,

0%l 855 ¢ Me—1p—1 e—1p—1 18Ht6l 209G
Opda’ Oy (DT e DT )K_§ (%) D do"’
ol _10H 06
0600’ 2 06 ' Qo'

(¢, o g _

S~ T R e DK,

82[; 1 1 —1 —1me—1_e_€ me—1
000 §IC (I @ L) [l — ("D eie; Dy ® Iy,)

—(I, @ D7D e DY, @ THK.

In a similar manner, it is straightforward to show that £ sup, g ||0%(5/0¢dc’|| < oo,
Esup,cg ||0%15/0600"|| < oo and Esupyeg ||0%15/dcdc’|| < oo. Finally, by the
triangle inequality, we can show that F sup,.g ||0%l5/ONON|| < oco. By Theorem
3.1, (a) holds. The proof of (b) is similar to that of Lemma 4.6, and hence the
details are omitted. This completes the proof. 2

Proof of Lemma 5.5. By Lemmas 5.1 and 5.3, we know ||¥y|| < oo. By
Lemma 5.4, we have X, = Xy + 0,(1).

Let ¢ be a constant vector with the same dimension as 6. If ¢ E[OH§; /06 Dg,*0
H§,/06|c = 0, then ¢ (OHS;/06)Do,? = 0 and hence ¢OHS, /06 = 0. By Lemma 4.2,
¢ = 0. Thus, E[0HS, /06Dy, 0HS, /08" > 0.

Wi o\ (C G 1D 58 0
0 P C1 I,2/2 0 P

By the condition given, C' > 21I,,,. Thus, it is easy to show that ( CC,, 101/2 ) is
1 Am?

positive by Theorem 14.8.5 in Harville (1997). Since P'P = K'(I';! ® T;1)K and

Denote

Yso =L

E[0H§, /06Dy 0HS,/08'] are positive, we know that Ys is positive.

E[%0t (Do, Lo D)1 221] 0 Yoo Soseo
—_¥, = Op 0y’ ¥ ¥
0 ( 0 0 ) T\ T )
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where S0 = E |(9H§,/00) Do C Dy (OHg, /04)| /4, Tpsor = (S0, Tpon) s Tipso =
E [(0HS,/00) D C Dy (0HS,/08")| /4, Spoo = E [(9Hg /D) Dy’| C1P/2. Let ¢ =
(ch, ) be any constant vector with the same dimension as A, and let ¢; have the
same dimension as ¢, i.e. m + (p + ¢)m? for models (2.4)-(2.5) and (2.8)-(2.9),
and m for models (2.10)-(2.11). If —¢'Soc = 0, then ¢, E[(dep,/0p)(Dol'oDo;) !
(Oeoi/0¢")|c1 = 0. By Lemma 5.1, ¢; = 0. Thus, c,Xs0c2 = 0. As we have shown
that Yo is positive definite, co = 0. Thus, —Y is positive definite. This completes
the proof. 2

Proof of Lemma 5.6. We only present the proof for models (2.4)-(2.5). The
proofs for models (2.8)-(2.9) and models (2.10)-(2.11) are similar, except that (B.29)-
(B.30) are used to avoid the requirement of moments. In the following, ¢; and p; are

some constants independent of A\, with 0 < p; < 1. By (B.2), we can show that

Oe

Hat||§02+032Pi||3/£—i||5X1t- (B.34)
¥ i=1

Since Xy, is a strictly stationary time series with EX?, < oo, we have (see Chung,

1968, p.93)

1 Oe;
%gg%iggHawll = op(1). (B.35)

By (B.5), (B.7),(B.8) and (B.26), it follows that

su 2l <es+c E o Yiil|F = Xo. B.36
Aeg“ B3 | < 5i:1/)2|| il 2t ( )

Since Xy is a strictly stationary time series with FX2, < oo, we have

1 OH:
NG ggilelglla—;H = op(1). (B.37)

In the following, (; is defined as in (B.27) and 7§ and 7§ are defined as in Lemma
5.3. Denote n;, 75, ¢ and D by 0%, 1%, Cue and D5, respectively, when A = A,,.
By (B.35) and (B.37),

1 1/2 1/2 |€0't|
it = moiel < ety — coul—75 + Pt — holi |5 er7m
nit hOit hm't
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< IV = S0l 1531 )

nlf\/— {2, .

el s Ol | )

€ el 2
T STy .
= 0p(1) + 0p(1)[m0utl (B.38)
where 0,(1) holds uniformly in all ¢, ¢ = 1,---,m, and A}, and A}, lie in between X,
and \,. From (B.38), we have
16 = Corll = 11775 T e — 70 00|

< Aol ITRt = T
+2|[715 — oel [T 'm0l | -+ 1775 — 7oel 1110 ]
= 0p(1) + 0p ()]0, (B.39)

where 0,(1) holds uniformly in all ¢. By (B.37),

. . 1 Oht
ma it = hat| = VA = do)ll—= ma (7 5, )

= o,(1), (B.40)

where A} lies in between \g and \,. By (B.39)-(B.40),

1D5: %t — DoCorll < (1D — Do I Coel] + 11D * 111Gt — ol

= 0p(1) + 0p (1) [moc*. (B.41)

By (B.41),

| D& Gt D ® — Dt CorCoe Dot ||
< 2||D5 Gt — Do G Do Col | + || Dy 2t — Do G|

= 0p(1) + 0p(1)| gy | (B.42)

In a similar manner to (B.37), we can show that

O%h =
sup || —=%|| < ¢ + 7 > 3l Yijl P = Xaar, (B.43)
xe0 0 j=1
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where i =1,---,m. By (B.42)-(B.43), we can show that

OHS, . OHS, OH| aH'

H aAtD 2CntCnt nt2 aj\t_ a;t OtQCOtCOt Ot”
OH¢ _,O0H¢, 8H’ _ . aH’
_|| a)\tDOt COtCOt 2 85\ 85?t 0t2C0tCOtDOt28—~)?t||

OH,
aal (ﬁtII?[op(l)+0p(1)||n0tll4]
OHS, OH), . O0H}
< 2| axt_ O‘fIIII 0tIIIIDOt Coroe Do |
OH, aH' Hf;
+||Wt— 0tll || Dog?CorCon Doi” [ 41 tIH p(1) + 0 (1) [170¢|]
m 8Hl

< TO L(D]vVa(A, ZXMH OtHHcOtH?

+\/——|I\/_(A = o)lI? ZX&t ) 1Goel I + X3 (1 + [0 ][0 (1)
=1

m aH/
= op(1 ZX:mH 0t||+ ZXM )+ X3 (1 + [noel|*)
EOp(l)Xt*(H I|n0t|| ), (B.44)

where O,(1) and 0,(1) hold uniformly in all . Note that X; (1 + [|no|?) is strictly
stationary, with E[X;(1 + ||no||*)] = EX;E(1 + |Ine||*) < oo. By the ergodic
theorem, we have n=' Y1 | X7 (1 + ||no|[*) = Op(1). Thus, by (B. 44), we have

1 & OHS, ., ,OHE, 8H(’]t 72@H0t
— =D G Dy = ——|| =o0,(1). (B.45
n;“ E3Y Gt Gt B3 a Dy* 6060 Doy o | =0p(1). ( )
Similarly, we can show that
n € € € € - 8676’:
LS ISR DD e D)
Og| _ , _,0e
—~ a;t(DOtFODOt) Yegiely (Dol Doy) ™ ag2f|| = 0,(1), (B.46)
and
aly, ol Ol Ol
— ° B.47
ntzle(?U do’ 8080” op(1)- ( )
Thus, by (B.45)-(B.47) and the triangle inequality, we can show that
oLy, ol Ol Il
= 0,(1). B.48
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Thus, (a) holds. In a similar manner to the proof of Lemma 4.6, we can show that

18 O, 01, Ol Ol
- nt Pt — 0,(1).
n;” aaon anow oW

(B.49)

Note that (9l5,/0N)(0l5,/ON) is strictly stationary and ergodic with E||(9I§,/0N)
(015,/ON)|| < oo. By the ergodic theorem, we have n=' 37, |[(9l5,/ON) (91, /ON)||
= Oy + 0,(1). Furthermore, by (B.48)-(B.49), (b) holds. This completes the proof.
2

Proof of Theorem 5.1. We need only to verify the conditions of Theorem
4.1.3 in Amemiya (1985). First, by Theorem 4.1, the QMLE A of Ao is consistent.
Second, n~! Y"1 (012/ONON) exists and is continuous in ©. Third, by Lemmas
5.4-5.5, we can immediately obtain that n=' 37, (912,/0XON') converges to Xy > 0
for any sequence \,, such that A\, — Ag in probability. Fourth, by Lemma 5.2,
n~/23 " (Dl /ON) converges to N(0, ) in distribution. Thus, we have established
all the conditions in Theorem 4.1.3 in Amemiya (1985), and hence n'/2(\, — o) con-
verges to N (0, XX, "). Finally, by Lemmas 5.5-5.6, ¥y and )y can be estimated

consistently by 3, and Qn, respectively. This completes the proof. 2
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