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1997) have provided useful conditions for the existence of a unique pure-
strategy Nash equilibrium in rent-seeking games of complete information. In
this paper, we generalize their results to contests with incomplete informa-
tion. Two assumptions are imposed on the information structure. First, the
players’ valuations of winning are assumed to be multiplicatively separable
(which includes the polar cases of private values and pure common value).
Second, it is assumed that a player is never certain to be the only one with
a positive budget. It is also shown that, unless the budgets of all players are
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1 Preliminaries

1.1 Introduction

Over the course of the past several decades, contest theory has emerged
through the study of substantial economic problems in areas such as po-
litical campaigning, lobbying, R&D, legal dispute, promotion tournaments,
marketing, and sports.! Based upon game-theoretic methods, the literature
has sought to characterize the extent of rent dissipation in equilibrium, i.e.,
the share of the contested rent that is spent by the competing parties in an
attempt to win the contest. Of much value for any such applied analysis,
however, is typically also the assurance that an equilibrium solution exists
and is unique.?

The literature has considered two main classes of models, the perfectly
discriminating contest (or all-pay auction) and the imperfectly discriminating
contest. This paper deals with imperfectly discriminating contests, for which
Tullock (1980)’s rent-seeking game is an important example. In the case of
complete (or public) information, the problem of equilibrium existence and

uniqueness has been studied quite thoroughly.? For rent-seeking games with

!See Corchén (2007) for an introduction to the theory of contests.

?Indeed, the existence of a unique pure-strategy Nash equilibrium is generally a useful
property for modeling frameworks, for reasons such as analytical convenience, predictive
power, comparative statics, and global stability.

3Pérez-Castrillo and Verdier (1992) offer a complete characterization of the symmet-
ric pure-strategy Nash equilibrium in the Tullock contest. Szidarovszky and Okuguchi
(1997) show that a unique equilibrium exists in rent-seeking games with logit technolo-
gies of strictly decreasing returns. Nti (1999) derives a necessary and sufficient condition
for the existence of a unique pure-strategy Nash equilibrium in the Tullock contest with
asymmetric valuations. Cornes and Hartley (2005) study the pure-strategy equilibrium
in asymmetric contests with general technologies. Yamazaki (2008, 2009) reduces further
the smoothness assumptions and allows for risk aversion and financial constraints.
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incomplete information, however, such comprehensive results have not been
available, in any case not regarding the uniqueness of the equilibrium.* This
is unfortunate because private information in contests is a realistic assump-
tion,” and known to impact on the strategic incentives of players in a variety
of interesting ways.5 Moreover, studying contests with asymmetric informa-
tion typically presupposes some knowledge of the corresponding equilibrium
set. Thus, there is a gap in the literature that concerns general conditions for
the uniqueness of the equilibrium in contests with incomplete information.
The purpose of the present paper is it to fill this gap.”

In this paper, we consider rent-seeking games in which any uncertainty
about the primitives of the contest is conveniently captured in a single (po-
tentially multi-dimensional) state variable. Specifically, the state of the world
pins down the effective number of players, the scale economies and any poten-
tial bias of the contest technology, players’ valuations of winning, their cost
functions, and any budget constraints. Each contestant then receives a pri-
vate signal that is not observable to any other contestant. Thus, depending
on the nature of the signal, a contestant may be either completely informed,
completely uninformed, or possess some arbitrary partial information about

the state of the world.

4The literature on contests with incomplete information is surveyed in Subsection 1.2.

SFor example, in a patent race, it is often hard to tell for one market participant how
advanced her opponents are with their research. Other examples are readily available.

For example, as Hurley and Shogren (1998a) have pointed out, asymmetric information
turns the expenditure of a player into an uncertain investment, which may weaken her
incentives. This, in turn, induces the other player to either increase or decrease her
expenditures, depending on whether she is underdog or favorite in that situation.

"In fact, since the literature does not provide existence results sufficiently general to
cover our asymmetric setting with a state-dependent success function and budget con-
straints, we will offer a self-contained discussion of existence as well.
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7

Our results directly generalize the well-known conditions of Szidarovszky
and Okuguchi (1997) to contests of incomplete information. Two assump-
tions are imposed on the information structure of the contest. First, to ensure
uniqueness, it is assumed that players’ valuations are multiplicatively separa-
ble, i.e., that they can be written as a product of a private-value component
and a public-value component. This assumption covers, in particular, the
polar cases of private values and pure common value, as well as mixed set-
tings. Second, to ensure existence, it is assumed that a player is never certain
to be the only one with a positive budget. Under these two assumptions on
the information structure, we prove that there exists a unique pure-strategy
Nash equilibrium. We also show that, unless all players have zero budgets in
all states of the world, at least two players will earn a positive expected net
rent.

The rest of the paper is structured as follows. The remainder of the
present section discussed some related literature. Section 2 describes the
set-up. Section 3 presents our main result, the uniqueness theorem. The
corresponding existence result is derived in Section 4. Section 5 considers
the extent of rent dissipation in contests with incomplete information. Im-
plications for specific settings are outlined in Section 6. Section 7 concludes.

Technical lemmas have been relegated to an Appendix.

1.2 Related literature

This section briefly reviews some papers on contests with incomplete infor-

mation, where we focus on the existence and uniqueness of the pure-strategy
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equilibrium. For a more complete account of the individual contributions,
the reader is referred to the original works.

In a seminal paper, Hurley and Shogren (1998a) consider a model with
one-sided asymmetric information and private valuations. Assuming that the
informed player is never discouraged from competing in the contest, they find
a unique equilibrium. Hurley and Shogren (1998b) use the index approach to
show that there is at most one interior equilibrium in any two-player lottery
contest with private valuations and with two types for one player and three
for the other, where types may be correlated. Malueg and Yates (2004) study
the unique symmetric equilibrium in a symmetric two-player lottery contest,
where each player may possess one of two equally likely valuations. Sui (2009)
extends that model by introducing the possibility of resale. Miinster (2009)
finds a unique equilibrium in a two-player lottery contest with independent
valuations that are either positive or zero. Schoonbeek and Winkel (2006)
characterize the unique equilibrium in an n-player contest with potential in-
activity, where one player has private information about her valuation and all
other players are identical. More recently, Einy et al. (2013) prove existence
for general (state-independent) success functions and unbounded budgets,
and also derive a uniqueness result for a two-player common-value Tullock
contest with identical linear costs in which players’ information partitions
are nested.

A number of papers allow for continuous type distributions. Fey (2008)
studies the problem of the existence of a pure-strategy Nash equilibrium
in the symmetric two-player lottery contest with uniformly distributed, pri-

vately known marginal costs. Ryvkin (2010) examines existence in symmet-
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ric n-player contests with likewise independently distributed private mar-
ginal costs, yet allowing for a wider class of contest success functions and
for more general probability densities functions. Wérneryd (2003, 2012) and
Rentschler (2009) find a unique equilibrium in common-value contests be-
tween players that are either privately informed or completely uninformed.
Based on a contraction argument, Wasser (2013a) finds a sufficient condition
for uniqueness for a modified lottery contest with heterogeneous continu-
ous distributions of marginal costs. Wasser (2013b) proves the existence of a
monotone equilibrium in continuous contests with interdependent valuations,
yet does not discuss uniqueness.

Models of population uncertainty have been studied by several authors.
In these models, each player may enter the contest with some exogenous
independent probability. Depending on the set-up, the potential number of
contestants is either finite (Miinster, 2006; Lim and Matros, 2009; Fu et al.,
2011) or unbounded (Myerson and Wirneryd, 2006). Miinster (2006) proves
uniqueness of the pure-strategy equilibrium in this setting.

Clark (1997) characterizes the pure-strategy equilibrium in a lottery con-
test in which players are uncertain about the success function. Such uncer-
tainty may result, for example, when players do not know the exact pref-
erences of the contest administrator, or if players have private information
about their “talent.” Epstein and Mealem (2013) study a lottery contest
with uncertainty about abilities in which one player has perfect information,
while the other player knows only her own ability. They characterize the

equilibrium for two types, and also explore the case of more than two types.®

8Baik and Shogren (1995) have considered a model with uncertainty about players’
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As this overview shows, general results regarding the uniqueness of the
pure-strategy equilibrium in contests of incomplete information have not been

available so far.

2 Set-up

We consider a contest between n > 2 players. All uncertainty about the
primitives of the contest is summarized in a state variable w, which is drawn
ex ante from a finite state space Q.° Player i’s (i = 1,...,n) expenditure
x; > 0 in the contest causes the production of f;,(z;) > 0 “lottery tickets”
in state w. Consequently, player i’s probability of winning the contest is

given by
()
Diw(T1y e Tp) = =5,
2 jm fiw()

provided the denominator in (1) does not vanish. Otherwise, i.e., if the

(1)

denominator vanishes, the probability p;. is set equal to some arbitrary
value p;,(0,...,0) € [0,1) such that Y " p;.(0,...,0) < 1 for all w. This
clearly includes the two common cases where either p; (0, ...,0) = % for any
i and w, or p; (0, ...,0) = 0 for any ¢ and w.

State-contingent production functions arise in a natural way when players
are uncertain about their abilities, as in Clark (1997) or Epstein and Mealem
(2013). These possibilities are obviously covered by our set-up, but cannot

be represented easily in a set-up in which only costs or valuations are state

relative ability before, yet their set-up may not be a game-theoretic one, according to
Bolle (1996).

9The case of infinite state spaces leads to some technicalities that we prefer not to
address in this paper.
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dependent.

Assume that for all 7 and w,

(A) the function f;,, is twice differentiable, strictly increasing and con-

cave, with f;,(0) = 0.

This assumption captures the case of weakly decreasing returns of the
technology that transforms expenditures into “lottery tickets.”

Player 7’s net rent in state w is given by

Hz‘,w(ﬂﬁl, e %) = pi,w(ﬂﬁl, e ﬂﬁn)vz‘(w) - Ci,w(xi)7 (2)

where v;(w) > 0 denotes player i’s valuation of winning in state w, and
¢iw(x;) is player i’s cost of bidding x; in state w. We will alternatively refer
to IL; ,(x1, ..., x,) as player i’s payoff in state w. Assume that for any ¢ and

w,

(B) the function ¢; , is twice differentiable, strictly increasing and convex,

with ¢;,(0) = 0.

Each player i observes a signal 6; (her “type”) that is taken from a corre-
sponding signal space ©,. The signal 6; is the value 0; = ¢;(w) of a mapping
t; - 2 — ©,. Thus, #; may be thought of as the realization of the “random
variable” ¢;. Signals are private information of the respective contestants,
i.e., player i does not observe the signal §; = ¢;(w) of any other player j # i.
Note, however, that some primitives of the contest that are directly relevant

for player i (specifically, her production function, her valuation of winning,
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and her cost function) may in general be dependent on, or correlated with,
other players’ signals that are not directly observable to her. For convenience,
we write P;(0;) = {w € QJt;(w) = 0;} for type 0;’s possibility set, i.e., for
the set of states in which player i observes the signal ;. Thus, w € P;(6;) is
equivalent to t;(w) = 6;.

Let 2**(6;) > 0 denote the budget of type 6;. If 2***(0;) = 0, then type
6, is forced to remain inactive. Note that the assumption of a finite budget
for all types is without loss of generality because no type 6; would optimally
choose an expenditure causing interim expected costs in excess of her highest
possible valuation (which is bounded as a consequence of the finiteness of the
state space).!”

By a bid function for player ¢, we mean a mapping 3, : ©; — R, such
that 3,(6;) € [0, 2*(0;)]. We denote the set of player i’s bid functions by
B;. For a profile of bid functions 5_; = {8,};2 € B-; = [, Bj, denote
by B_;(t—i(w)) = {B,(t;(w))};»i the corresponding profile of bids resulting in
state w, where t_;(w) = {t;(w)};». Similarly, for any § = {3,;}", € B =
[T, B:, we shall write 3(t(w)) = {8;(t:(w))}, for the corresponding profile
of bids resulting in state w, where t(w) = {t;(w)}1 ;.

Let ¢(w) denote the ex-ante probability of state w, where we assume
¢(w) > 0 without loss of generality. The unconditional probability that
signal 0; realizes is then given by ¢;(0;) = >_ cp. 4, ¢(w). Based on the
private signal 6; received, player ¢ forms a posterior belief on €2, given by a

probability ¢;(w|f;) for each w. It is assumed that each possible realization

of player i’s signal occurs with positive probability, i.e., ¢;(f;) > 0 for any i

10A similar argument has been used by Yamazaki (2008).
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and any 6;. Hence, according to Bayes’ rule, ¢;(w|0;) = ¢q(w)/q:(6;) for any
w € Pi(0;), and ¢;(w|f;) = 0 otherwise. Note that ¢;(w|6;) > 0 is equivalent to
w € P;i(6;), i.e., the support of type 6;’s posterior is just P;(6;). The interim

expected payoff for type 0; € ©; is given by the conditional expectation

ﬁi(xiaﬁ_iaei): Yo Gi(wl]0)i(w, B (ti(w)),w). (3)

weP; (92)

A pure-strategy Nash equilibrium is then a profile 5 € B such that
TL(57(6:), 874, 05) > T, 574, 6:) (4)

for any i, 0; and any x; € [0, z"**(6;)].

(2

3 Uniqueness

3.1 Approach to uniqueness

Our approach to uniqueness rests upon J.B. Rosen’s (1965) result for con-
cave n-person games with strategy spaces that are convex subsets of some
Euclidean space. Rosen (1965) considers the Jacobian matrix J associated
with players’ marginal payoff functions, and requires that J + J7, i.e., the
sum of J and its transpose, be negative definite at all strategy profiles. To
obtain some intuition, consider the pseudogradient associated with the pay-
off functions in an asymmetric two-player lottery contest. I.e., to each pair
of bids (z1,z2) € RZ\{(0,0)}, one attaches a vector whose i’s component

corresponds to player ¢’s marginal payoff, for i = 1,2. Figure 1 shows the
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corresponding directional field, in which the length of the pseudogradient at

each point is normalized to one.!'’ At the unique interior equilibrium /3%, the

pseudogradient vanishes. Suppose there was another interior equilibrium 5**

that differs from *. Then the inner product between the pseudogradient

and the vector pointing from 5™ to 5* would have to vanish at both 5* and

[**. But under Rosen’s (1965) condition on the Jacobian, this inner product

turns out to be strictly declining as one moves along the straight line from

£** to B, which is impossible. The argument works, in fact, equally well for

boundary equilibria. Hence, there is at most one equilibrium.
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Figure 1: Illustration of Rosen’s (1965) argument.

Tn the example drawn, the common valuation of winning is v = 1, and marginal costs
are ¢; = 0.6 for player 1, and ¢, = 0.4 for player 2.

10
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3.2 Multiplicative separability

The following assumption of multiplicative separability will be imposed on

players’ valuation functions.

(C) There is a function v :  — R, | and, for each i = 1, ..., n, a function

ki : ©; — R, such that v;(w) = v(w) - k;(t;(w)) for any w.

This assumption encompasses many of the information structures that
have been used in the literature. In a setting with private valuations, for
instance, the common-value component can be normalized to unity, i.e., v =
1. In this case, every player knows her valuation at the time of bidding.
Note that these private valuations can be either independently distributed
or correlated. In another example, a pure common value setting, each player’s
private-value component is normalized to unity, i.e., x; = 1 fori =1,....n. In
this case, the value of winning is the same for all players, yet each individual
player may possess only incomplete information about the value at the time
of bidding. Further settings are feasible.!? A setting excluded by Assumption
(C) is one with truly interdependent valuations. In this case, v;(w) would
depend not only on §; = t;(w) but also on 0, = t;(w), for at least one
J # i, and in such a way that a representation as in Assumption (C) becomes
impossible. However, we are aware of only one paper that has dealt with this

case so far, which is Wasser (2013b).!3

12For example, in an international conflict about an oil field located under the Northern
polar cap, v(w) might correspond to the size of the oil field, and x;(6;) to a country-
specific parameter. This setting is, in general, neither one of private values nor one of
pure common value.

13While it must be conjectured that multiplicity of equilibria is a possibility with inter-
dependent valuations, we have not managed to come up with a suitable example.

11
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3.3 The uniqueness theorem

We shall now present the uniqueness argument more formally. We shall deal
with the case of a pure common value first. Suppose there are two equilibria

£* and [ with g* #£ **. Consider the convex combination

B =sp"+(1—s)5" (5)

for s € [0,1], and fix some type 6; € ©; of some player i. If x"**(§;) > 0,
then by Lemma A.1 in the Appendix, type 6;’s expected payoff IT;(z;, 3% ;, 6;)

is differentiable at x; = 3;(0;) with

)

OIL(5;(6:), B2, 6:) OLL; (57 (6:), B2, (t—i(w)), w)

wE'Pi(Gi)

Therefore, the “marginal payoft”

. OMBLOP200) i a9, > (7)
Ti\S,U;) = l
0 if 27(0;) = 0

(2

is well-defined for any i, any 6;, and any s € [0, 1]. Following Rosen (1965),

consider now the “inner product”

V=D > w05 (0:) = B (0:)) (s, 0,)- (8)

i=1 0,€0;
Recall that ° = g** and ' = B* are equilibria. Hence, for s =0 or s = 1,
from the necessary Kuhn-Tucker conditions, 5;(6;) = 0 if 7;(s,6;) < 0 and

Bi(6;) = a*(0;) if (s, 0;) > 0, for any ¢ and any ;. It follows that v, <0

K3 K3

12
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and y; > 0. To provoke a contradiction, we shall now show that v, —~, < 0.

Let s € [0, 1] be general again. Combining equations (6) and (7) delivers

ﬁi(S,ei) = Z qi(w|9i)7ri,w(3), (9)

weP;(0;)
with
OIL (B°(tw)w)  jf ,-max ti(w)) >0
7Ti,w(3> = o ' ( ( )) (10)
0 if " (t;(w)) = 0.

Plugging equation (9) into (8), and subsequently exploiting ¢;(0;)q;(w|0;) =

q(w) for any w € P;(6;) yields

Vo= 0 D> aw B (0:) = B (0:)}iw(s). (11)
i=1 0,€0; weP;(6;)
Since player i’s possibility sets P;(0;), for signals 6; € ©;, form a partition of

the state space {2, we may write this more compactly as

Vo= D D aw)zilw)miu(s), (12)

i=1 we

where z;(w) = (] (t;(w)) — B (ti(w)). For any w satisfying 5°(t(w)) = 0 for

some s € [0, 1], necessarily 8*(t(w)) = 0 or ™ (t(w)) = 0, so that by part (ii)

of Lemma A.4 (and its obvious counterpart for ), z**(¢;(w)) = 0 for any

i, and hence, 7m;,(s) = 0 for any i. Therefore,

Yo=Y D) dW)zE(w)miu(s), (13)

i=1 weN

13
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where ) is the set of w such that 5°(t(w)) # 0 for all s € [0, 1]. Consider

next the difference

N = Y ) a(w)z(w)(miu(1) — 7w (0)) (14)

i=1 we

- Y S [ T (15)

=1 UJEQO

Fix for the moment some ¢ and w € Q. If 2"*(¢;(w)) > 0, then

Opiw(B1(11 (W), - Br(tn(w))) — Ociw(B;(ti(w)))
axi 8.1’@ ’

Tiw(s) = v;(w) (16)

and a straightforward application of the chain rule for differentiation, using

Bi(t;j(w)) = 55 (tj(w)) + s 2z;(w) for j =1,...,n, leads to

J J

Om; () Zn Ppiw(B(t1(w)), ... By (tn(w)))
0s ul) e 0z ;0x; ()
D% (B; (t:(w)))
TaalB@) ) (1m)

(2

Multiplying this through with z;(w), and subsequently exploiting Assumption

(B), one obtains the inequality

améz(s)zi BETTS azpi,g;f;(;fw)))zj ale) "

J=1

If, on the other hand, x"**(#;) = 0, then z;(w) = ;" (t;(w)) — 5i (t:(w)) = 0,

K3 3

and (18) holds likewise. Thus, (18) holds for any ¢ and any w € €. Plugging

14
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this into (15), and exploiting that v;(w) = v(w) for i = 1, ..., n, one arrives at

71— %o

> S atete) [ 3 PP gty (19

1=1 weo

IN

= 3 ) [ )i 20)

wEN 0

where z(w) = (21(w), ..., 22 (w))T, and J, () is the n x n-matrix whose ele-
ments are 9°p; ,(x)/0z;0x;. It suffices to show now that the right-hand side
of (20) is negative. By part (iii) of Lemma A.2, J, ,(8°(t(w)))+Jpw(B° (t(w)))T

is negative semi-definite for any w € €)y. Hence, by Lemma A.5,
2(w) " Ty (B° (t(w)))2(w) <0, (21)

for any s € [0,1] and for any w € €y. Moreover, by Lemma A.3, there is
a state wg such that z(wp) # 0 and such that 5°(t(wg)) has two or more
nonzero components. Hence, using the respective strict versions of part (iii)

of Lemma A.2 and of Lemma A.5, we obtain even

2(w0)" Jpwo (B° (H(w0))) 2(wo) < 0, (22)

for any s € [0, 1]. Since wy € Q, q(wy) > 0, and v(wy) > 0, this implies that
the right-hand side of (20) is indeed negative. Thus, v, — 7, < 0, as claimed,
which is inconsistent with v, < 0 and y; > 0. The contradiction shows that
there cannot be two distinct equilibria.

We arrive at the following result:
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Theorem 1 Under Assumptions (A), (B) and (C), there exists at most
one pure-strateqy Nash equilibrium in the contest with incomplete informa-

tion.

Proof. The case of pure common value has been proved in the text
above. The general case can be reduced to the case of pure common value

as follows. Maximizing type 0;’s expected payoff

= (w8, fi,w(xi) o) — e (a
R <fz-,w<xz->+2#ifj,w<ﬁj<tj(w))> ) = il z>>

is, by the virtue of Assumption (C), equivalent to maximizing type 0,’s ex-
pected payoff in units of her private-valuation component x;(6;) > 0,

ﬁi(l‘iu 6—1‘7 91)

i (60) (24)

_ (!0, fi,w(mi) vlw) — Cz‘,w(%‘)
= ey HI (fim)+Z#ifj,w<ﬁj<tj<w>>> ) =56 )

The normalized contest C' with valuations V;(w) = v(w) and cost functions
Ciw(Ti) = ciw(w)/ki(ti(w)), all else equal, is one of pure common value.
Therefore, as shown above, there is at most one pure-strategy equilibrium in
the contest C. Hence, there is at most one pure-strategy equilibrium in the

original contest. [

Theorem 1 subsumes and extends a variety of conditions that have been
proposed for the existence of at most one pure-strategy Nash equilibrium.

In particular, this is true for conditions used by Szidarovszky and Okuguchi
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(1997), Clark (1997), Schoonbeek and Winkel (2006), Miinster (2006), and
Einy et al. (2013).

4 Existence

4.1 Approach to existence

To prove existence, we will deal more explicitly with the discontinuity of the
contest success function (1). Indeed, since there is no optimal choice for a
player if all of her opponents remain inactive, the best-response correspon-
dence does not possess a closed graph, which conflicts with the usual way of
constructing an equilibrium.!* To circumvent the problem, a number of pa-
pers, including Fey (2008), Ryvkin (2010), and Einy et al. (2013), introduce

a minimum bid € > 0, and let € go to zero. Our approach is similar.

4.2 An assumption

We will say that player ¢ is the only player with a positive budget in state
w if 2 (t;(w)) > 0 and 27*(t;(w)) = 0 for any j # i. Clearly, to obtain
an equilibrium, we need to require that a player cannot be certain to be the

only one with a positive budget. We therefore assume that

(D) there is no state w in which a player is certain to be the only player

with a positive budget.

“Note that changing the value of the contest success function at the origin would
not solve the problem. Also, restricting attention to symmetric contests with independent
types does not help. While any equilibrium is then necessarily interior, a proof of existence
is still needed.
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Certainty is defined here in the usual way. le., a type 6, is certain of

an arbitrary event £ C () when she assigns probability one to F, i.e., if

ZwEE qi(w)0;) = 1.

4.3 The existence theorem

Consider a modified contest C"™ in which each type 6; of any player ¢ with a
positive budget is obligated to bid at least ¢, > 0, for some positive integer
m, where lim,, ...c,, = 0. We assume that m is sufficiently large so that
the minimum bid is not in conflict with the budget constraint, i.e., such that
Em < z®(0;) for all ¢ and all 0; with x***(6;) > 0. Then, clearly, there
exists a pure-strategy Nash equilibrium 3™ in C™.1°

To construct an equilibrium in the original rent-seeking game, we let m
go to infinity. Since strategy spaces are closed and bounded, we may assume
without loss of generality that {5™}5°_; is convergent to some profile 5* (if
{8™}%_, is not convergent, then one may select a converging subsequence).

We first claim that, in each state wy in which at least one player has
a positive budget, there is at least one player active in the profile 5*. To
see this, fix wy and let & > 0 be sufficiently small, in all what follows. To
provoke a contradiction, suppose that for any sufficiently large m, all bids
in the profile ™ (t(wp)) are smaller than or equal to . Consider now some

player iy that has a positive budget in state wy. By Assumption (D), player

!5Here is a sketch of the proof. Consider the agent-normal form of the game C™, i.e.,
the game in strategic form in which each type realization 6; € ©; of each playeri =1,...,n
is considered a separate player. In that game, type 6;’s expected payoff II; is continuous
in the profile 3. Moreover, by part (i) of Lemma A.1 in the Appendix, II; is concave in z;.
Therefore, invoking standard existence theorems (see, e.g., Fudenberg and Tirole, 1991,
Theorem 2.1), there is indeed a pure-strategy Nash equilibrium 8™ in C™.
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1o must not be certain in state wy to be the only one with a positive budget.
Therefore, there is another player i; # iy and a state w; consistent with
player iy’s information in state wy such that player i;’s budget is positive in
state w;. Note that player 7y has a positive budget at state w; as well, because
she cannot distinguish wy and w;. Thus, there are at least two players with
a positive budget in state w;.

Write now 07" = B7'(t;(w1)) for j = 1,...,n, and consider, among the
players that have a positive budget in state wy, the player ¢ with the smallest
number of “lottery tickets” f; ., (b7") (if there are several such players, any
one of those can be chosen). The expected marginal payoff of type 6; = t;(w)

can now be bounded from below as follows:

(wlg [(PPie(BT(W))) L 9w (B(0:)
T, |ez>( ) ) - T (25)
2 qz’(wl\ei)api’mﬁxft(wl)))Ui(wl)_ ePZ(e)qi(W\@i)an;Eé)

Thus, we dropped all marginal revenue terms corresponding to states w €
P;(0,) different from w; (these terms are weakly positive by Assumption (A)),
and made use of the fact that 57"(0;) < ¢, in combination with Assumption

(B). By Assumption (A),

Opian (B (Hw1)) _ Ofiaor OF)/0xi 2521 Fieon (OF)

Ox; 2221 i (b;n) Z?:l i (b;n>
O fion (2"™(0;)) [Oxi 1
S Sy O R 0

(26)

because fi,, (b") > 0, and because there are at least two players with a
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positive budget in state w;. Now, if ¢ is sufficiently small then, by continuity,
the denominator in (27) can be made arbitrarily small, while the numerator
is bounded away from zero by Assumption (A). Since ¢;(w1]6;) > 0 and
v;(w1) > 0, the right-hand side of inequality (25) will become positive for m
sufficiently large, in contradiction to the Kuhn-Tucker condition associated
with type 6,’s optimal bid, which requires the left-hand side of inequality
(25) to be weakly negative for ¢ sufficiently small, because then §I"(6;) <
§ < xmex(6,).

The contradiction shows that there are infinitely many m such that some
bid in ™ (t(wo)) exceeds §. Since the number of players is finite, there must
be some player that expends more than ¢ in state wq for infinitely many m.
But {8™}°_, is known to converge. Hence, indeed, 8*(t(wp)) # 0 in any
state wp in which not all players are forced to be remain inactive.

We finally show that * is an equilibrium in the original contest. Since

B™ is an equilibrium in C"™,

2. qi(W]0)IL(B]"(6:), BT (t-i(w)), w)

weP; (92)

= Yo Gi(w]0)i(xg, BT (T—i(w)),w) (28)
w€eP;(0;)

max
K3

holds for any i, 6; and z; € [, z**(0;)]. Consider first some positive bid

z; € (0,2*%(6;)]. Then, z; € [e,,, x(0;)] for m sufficiently large. By the

[t %

continuity of the mapping = +— II;(z,w) over R?\{0}, taking the limit in
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inequality (28) yields

> qi(w|0)IL(B7(0:), B (t—i(w)), w)

weP; (97)

> Y qi(w|O0)i (g, B2 (E—i(w)), w) (29)
weP;(0;)

for any i, ; and any x; € (0, 2**(0;)]. Consider now a deviation to z; = 0.
Suppose that 5*,(t_;(w)) = 0 for some w € P;(;). Then the deviation to
zero yields a lower expected payoff than a sufficiently small positive bid,
and we can argue as before. On the other hand, if *,(t_;(w)) # 0 for any
w € P;(0;), then the right-hand side of inequality (29) vanishes. Moreover,
because a bidder could always choose the minimum bid in C,,, which would
ensure an expected payoff of at least —¢,,, the left-hand side of inequality
(29) weakly exceeds lim,, .(—&,,) = 0. Hence, 5 is indeed a pure-strategy

Nash equilibrium in the original rent-seeking game.

We have proved the following result.

Theorem 2 Under Assumptions (A), (B) and (D), there exists a pure-
strateqy Nash equilibrium in the contest with incomplete information. If As-

sumption (C) is added, the equilibrium is also unique.

4.4 Mixed equilibria

One might wonder whether there could be additional equilibria in mixed
strategies. A mixed extension of the contest could be defined, for instance,

by assuming that each type 6; chooses, rather than a bid z; € [0,z;(0;)], a
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probability distribution on the Borel subsets of [0, z;(6;)]."* We claim that
all equilibrium strategies in the mixed extension would be degenerate, i.e.,
give probability one to a specific bid z; € [0,z;(6;)]. To see this, consider
some state w and fix a type of some player i. Indeed, under Assumptions
(A) and (B), provided the opponents profile of bids is not zero, i.e., z_; # 0,
we have 0%I1;(x;, x_;,w)/0x? < 0 for any x; € [0,2(6;)]. On the other
hand, when x_; = 0, then 0?I1;(z;, z_;,w)/0x? < 0 for any x; € (0, z*(6;)].
Moreover, I1;(x;,0,w) jumps up at x; = 0. Since, in a mixed equilibrium,
x_; = 0 cannot occur with probability one (there would be no best response),
the interim expected payoff of each type 6; against any mixed equilibrium
strategy profile of her opponents has a negative second derivative over the
interval (0, "**(0;)], and jumps up at z; = 0. Thus, any equilibrium strategy
is necessarily a degenerate distribution, and therefore, any equilibrium must

be in pure strategies.

5 Rent dissipation

In prior work, Szidarovszky and Okuguchi (1997) had documented the fact
that the expected net rent in rent-seeking games of complete information is
always weakly positive for all players. This result and its proof obviously
extend to the class of contests with incomplete information considered here,
since it is always possible for a player to remain passive, which incurs zero
costs to her as a consequence of Assumption (B).

We examine this point further. From the proof of the existence theorem,

16See Dasgupta and Maskin (1986) for further details.
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we know that in any state wg admitting a positive budget for some player
i, there is some player j (not necessarily identical to i) that bids a positive
amount at wy.!” To make this positive bid a best response for type 6; =
t;j(wo), there must be a state w; consistent with 6;’s information, and a
player k, different from j, that bids a positive amount in state w;. Thus,
unless budgets are zero for all players in all states, there are at least two
players that are active with positive probability.

There is more that can be deduced here. As explained above, any active
type expects in equilibrium that at least one other player is active with
positive probability. Therefore, the expected payoff function for this type,
when playing against the opponents’ equilibrium profile, is a weighted average
of concave payoff functions, with positive weight on functions that have a
negative second derivative. As a consequence, the expected payoff for any
active type is strictly concave. Since inactivity generates a certain payoff of
zero, activity must (as a consequence of the first-order condition and strict
concavity of interim expected payoffs) yield a positive payoff. In particular,
any player that is active with positive probability (and there are at least two)
will realize a positive expected net rent from an ex-ante perspective.

We summarize the discussion as follows.

Theorem 3 Impose Assumptions (A), (B) and (D). Assume also that
there exists a state in which not all budgets are zero. Then the following
statements hold true: (i) In each state of the world in which not all bud-

gets are zero, at least one player is active. (ii) There are two players that

17 Alternatively, this can be seen from part (i) of Lemma A.4.
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are active with positive probability. (iii) Any active type earns a positive
expected net rent. In particular, there are at least two players that earn a
positive expected net rent. (iv) If the contest is symmetric and, in addition,

Assumption (C) holds, then all players earn a positive expected net rent.

Proof. See the text before the statement of the theorem. O

6 Some implications

This section derives some implications of our main results in a number of

specific settings that have been considered in the literature.

6.1 Two-sided asymmetric information

Hurley and Shogren (1998b) study the comparative statics of the unique in-
terior equilibrium. Since their setting is one of private valuations, it follows
from our results that there is at most one equilibrium. In particular, when-
ever there is an interior equilibrium for certain parameter values, additional

equilibria at the boundary can be definitely excluded.

6.2 Symmetric contests

Malueg and Yates (2004) study a class of symmetric Tullock contests, where
fi(z;) = ¥ for some parameter r > 0. In their set-up, a player’s private value
is either vy, or vy, where vy > vy, > 0. Moreover, pr{v; = vy = vy} =pr{v; =

vy = vy} = § and pr{v; = v and v, = vy} =pr{v; = vy and vy, = v } =

l—0o

5%, where o € [0,1] is a parameter that measures the correlation between
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the contestants’ value distributions. As Malueg and Yates (2004) note, the
corresponding Bayesian game need not in general possess a symmetric Nash
equilibrium in pure strategies. Rather,

() () @

is a necessary and sufficient condition for existence of a symmetric equilibrium
in terms of the parameters r, p = vy /vy and o. However, condition (30)
holds for any r < 1.1® Thus, there exists a unique symmetric equilibrium in
Malueg and Yates’ (2004) framework when r < 1. We may now use Theorem
1 to conclude that, in fact, the game considered by Malueg and Yates (2004)
does not allow any asymmetric equilibria for » < 1.!% Thus, the symmetric
equilibrium studied in this context is indeed the only Nash equilibrium of

this game.

18This fact is suggested by the intuitive discussion of Malueg and Yates (2004, pp. 168-
169). For a proof, note that it suffices to show that the right-hand side of inequality (30)
weakly exceeds unity, i.e., it suffices to show that

1<2(0+(20)p’">< 24p7 "+ p" >
- L+ pr 22-0)+o(pm+p))

Re-arranging the ratios individually yields

vea (0 (e )
1+pr 41—0)+c24+pT+p")

Multiplying through with the reciprocal of the second ratio, one arrives at

4(1 - o) < 4(1 - o)
2+p—r+pr - 1+p—7’

+ o0,

which is obviously satisfied for any o € [0, 1] and any p € (0, 1).
YWhile for r < 1, the function f;(z;) = z¥ is not differentiable at z; = 0, a simple
change of variables turns the Tullock contest into a lottery contest with » = 1 and cost

functions ¢;(z;) = xg/ ", which then satisfies Assumptions (A) and (B).
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6.3 Contests with resale

Sui (2009) extends the framework of Malueg and Yates (2004) by allowing for
the possibility of resale. In substance this means that, should a player with
a low valuation vy, win the contest, she may offer the prize to the loser at
price (marginally below) vy, who will accept the offer if and only if she has
valuation vg. Thus, each player’s value of winning is v, if both players have
a low valuation of the prize, and vy otherwise. In other words, the possibility
of resale turns the game into one of a pure common value. As a consequence,
Theorem 1 applies and we find that there is a unique equilibrium. Thus,

again, the restriction to symmetric equilibria is not necessary.

6.4 Asymmetric information about ability

Epstein and Mealem (2013) derive conditions under which, in an interior equi-
librium, an extreme type that is privately informed about her ability would
prefer the uninformed player to become informed. Without uniqueness, how-
ever, the ranking result for more than two types might be overturned by the
presence of additional equilibria at the boundary. Precisely this possibility

is, again, excluded by Theorem 1.

7 Conclusion

It has been shown that uniqueness of the Nash equilibrium is a pervasive
property of contests with weakly decreasing returns and incomplete informa-

tion. Our conditions subsume and extend various prior conditions for the
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existence of a unique equilibrium. As we illustrated in specific settings, our
results allow to exclude the possibility of additional equilibria (e.g., at the
boundary), or the possibility of asymmetric equilibria in symmetric games.
This type of result is useful for both comparative statics and policy analysis.
Further, our results should encourage further numerical calculations of equi-
libria and experiments. In fact, experimental contests with incomplete infor-
mation such as those reported in Brookins and Ryvkin (2013) and Grosskopf
et al. (2010) seem to be a particularly interesting object of research, and

should be studied much more thoroughly in our view.

8 Appendix

This Appendix contains several lemmas that are used in the proof of Theorem
1. We will assume throughout that 5* and ™ denote two distinct equilibria,
and write ° = sf* + (1 — 5)8™ and z(w) = 8 (t(w)) — B*(t(w)), as before.

The first lemma deals with the differentiability of interim expected pay-
offs.

Lemma A.1. If z*(0;) > 0, then the function x; — IL;(x;, 3°,,0;) is
differentiable at x; = [5;(0;), with
OIL;(53;(6:), B2, 0:) OIL (57 (0:), 5%, (t—i(w)), w)
- (w]6; . 1
- S a(wlf) - (31)

weP; (91)

Proof. The claim follows directly from equation (3) if 3;(6;) > 0. Sup-
pose, therefore, that §7(6;) = 0. Assume first that s = 1, so that 5% = g*.

Since x"**(6;) > 0, part (ii) of Lemma A.4 below implies that 5*,(t_;(w)) # 0

i
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for any w € P;(6;), so that the claim follows in this case. Assume now that
s €[0,1). Then 5;(6;) = 0 implies 57" (#;) = 0. Applying part (ii) of Lemma
A4 again (with " replaced by ™), it follows that 5™ (t_;(w)) # 0 for any
w € Py(0;). Hence, 5°,(t_;(w)) # 0 for any w € P;(6;), which proves the

lemma. [

The next lemma applies an argument due to Goodman (1980) to contests.

Recall that J,,(z) is the n x n-matrix whose elements are 8?p; ,(z)/0x;0x;.

Lemma A.2. Impose Assumption (A), and let w € Q2. Then the following
statements hold true: (i) For any i, the function p;, is twice continuously dif-
ferentiable on R"\{0} with 8p;.,/0x7 < 0. Moreover, 0?p; ,(x;,x_;)/02? <
0 for any x; > 0 and any x_; € RT\{0}. (ii) For any i and any x; > 0,
the function x_; — p; ., (zi, 7_;) is convex over Ry, (iii) J,., () + Jpu ()T
is negative semi-definite for any x € RT\{0}, and negative definite for any

x € R’} possessing two or more nonzero components.

Proof. (i) For any « € R \{0}, by Assumption (A),

32pz‘,w($) _ o fz‘,w($i)
0z} 077 fiw (@) + 3050 Fiw(@))
0 (0fiw(wi)/0;) Zﬁéz fiw(®;)

‘9% (Fole) + Sy frole) >
20l 02)2 50 Fro ()
(Frole) + S fie))

L (PLa@) [0 T Lol
(Fole) + Sy frole))
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s« Moreover, if z_; € R\{0}, then 3, f;(2;) > 0, and hence, 9°p; ,,(2) /027 <
ses 0, as claimed.

566 (ii) The mapping x_; = >, f;.(x;) is concave over R”!, as can be seen

=)

5

=)

7 by noting that the corresponding Hessian is a diagonal matrix with weakly

ses  negative entries. Further, for any fixed x; > 0, the mapping y — I_xjry is
ss0 convex and decreasing on R, .. The claim follows now from standard results
s on the concatenation of convex mappings (e.g., Th. 5.1 in Rockafellar, 1970).

5

3

1 (iii) Take some z € R \{0}. We wish to show that

T
572 Jpw(@) + Jpw(T) (35)
573
262p1,w($) 82p2,w($) _|_ 82p1,w($) . 82pn,w(m) + 82171,0.1(3;)
81;% Oxo0x1 Oxo0x1 O0xn0x1 O0xpn0x1
82p1,w($) —I— 82p2,w($) 262p2,w(m) . 82pn,w(x) + 82p2,w(m)
o Ox10z2 Ox10z2 023 0y 0x2 0xn0x2

574 =

9%p1,w () ?pn.w (@) 82172,:» (z) 82pn,w (x) - 282pn,w(x)

0x10Tn 0x10Tn O0x20Tn O0x20Tn ox2

s is negative semi-definite. By part (i) of this lemma, 9?p;,,/02z? < 0 over

5

3

s R\{0}, for all i. Therefore, the diagonal matrix

321”5;%(@ 0 . 0
0 9%pa.w(x) .
o0z '
577 Mw (ZE) = 2 (36)
. . 0
2 x
0 . o 2 Paf;%( )

s 1S negative semi-definite. Fix some k = 1,...,n. From part (ii) of this lemma,

50 for ), > 0, the mapping =y — pg (T, 7_4) is convex over R” . Likewise,
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0 for xp = 0, the mapping z_ +— pi,(0,2_;) = 0 is convex over R\ {0}.

ss1 ' Therefore, the corresponding Hessian matrix, i.e.,

582 Hk,w (33) (37)

583
62Pk,w($) . 621);@7“,(1:) 62pk,w(l’) L 621);@7“,(1:)

61‘51 Oxp_10x1 0xp+10x1 0z, 011

Prrw@) . Prrw(@) Prew(@) . Pprw()
6118%,1 81271 81‘k+181‘k,1 8zn8wk,1

584 = R
Prew@) . _Pprw(@) Prew(@) . Pprw()
690169%“ 81’k,18$k+1 6mi+l 8xn8mk+1
Priw@ | Pl Prw@ | Pl
0x10Tn Oz _10xp Oxy4+10Tn ox2

ss i positive semi-definite. Thus, 27, Hy ,(7)z_j > 0 for any

586 2k = (215 oy Zhels Zht1s ooy Zn) . € R?TL (38)
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Consider now the matrix

0
Hy () (39)
Ppp(z) . ?py () 0 ?py () . ?pi ()
0x3 Oxp_10x1 011071 OxnOx1
Ppr(x) . ?py () ?pi () L 9Pp(@)
0x10x)_1 Bziil 0%k +10Tp—1 0xrnOxp_1
— 0 . 0 0 0 . 0
Ppp(z) . ?py () ?py () . ?py ()
a:v]_aibk+1 ark,18$k+1 Bmi+l 6xn8mk+1
Ppp(x) . 9%pi () 9%py (2) . 9Ppr(@)
0x10Tn Oz _10xp Ox)4+10Tn ox2

It is straightforward to check that 2" HY (x)z = 27, Hy . (x)2_ > 0 for any
z = (21,..., 2,)7 € R™ Thus, the matrix H,S’w(a:) is likewise positive semi-

definite. Summing now over k£ = 1, ..., n, we obtain that

Y. Hiul@) (40)

*p . (x) *piw(x) *prw (@)
Zk:17...,n 3 Zk:l,...,n y e Zk:l,...m, ;
pt) O Ko ] Oz20x1 P 0zndx1
Zk . *piw (x) Zk—l *piw(x) :
_ = 7"7'7” Ox10x2 _k;jé27n 022
*pr,w(x) 0°pr,w ()
Zk—l,...,n D210Zn Zkil,...,n 922
, k#n "
. n _ n 62Pk,w($) _
Since x # 0, we have > ;| prw(x) = 1 and, consequently, > '_, “wion, = 0
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for arbitrary ¢ and j. Hence,

- Y Hl@ (41)

k=1,...,n
82p1,w(x) 62P1,w (-’E) 62P2,w ((E) . 82pl,w($) 82pn,w(x)
o0x? Oz20x1 Oz20x1 0xn0x1 0xn0x1
Fprw() | Pprw(@) 9?p2,u(2)
o 0x10x2 0x10x2 89025
821)1’4*;(33) 62pn,w(1‘) . - 82pn,w(x)
O0x10xn O0x10xn Ox2

Thus, Jpu(2) + Jpw(x)" = My(x) = >,_; HY () is indeed negative semi-
definite for any € R}\{0}. Let now « € R’} possess two or more nonzero
components. Then, x_; € R%"\{0} foralli = 1,...,n. In this case, therefore,

M, () is negative definite, and so is J, () + Jpu(z)". O

The following lemma says that any two distinct equilibria must assign, in

some state of the world, different bids for at least two players.

Lemma A.3 There is a state w € Q such that z(w) # 0 and such that

B*(t(w)) has two or more nonzero components, for any s € (0,1).

Proof. Since 8* # 3", there is some i and 6; such that 57 (6;) # 3:(0;).
Take an arbitrary w € P;(#;). Then z(w) = B (ti(w)) — B (t:i(w)) # 0
and, hence, z(w) # 0. Moreover, §;(t;(w)) > 0 for any s € (0,1), so that the
profile 5°(t(w)) has at least one non-zero component. We are done if 5°(t(w))
has two or more nonzero components, for any s € (0,1). We may assume
therefore that there is some s € (0, 1) such that 33(¢;(w)) = 0 for all j # i.

Then, clearly, also 37 (t;(w)) = 0 for all j # i. In other words, 8 ,;(t_;(w)) =
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0. To provoke a contradiction, suppose that, in fact, 5*,(t_;(@w)) = 0 for any
state W € P;(0;). Then necessarily 21***(0;) = 0 by part (i) of Lemma A .4,
and consequently /7 (6;) = 0. Thus, 5*(t(w)) = 0. Analogously, one proves
that 8™ (t(w)) = 0, so that z(w) = f*(t(w)) — B (t(w)) = 0. It follows from
the contradiction that there is a state w € P;(6;) such that 5*,(t_;(w)

)
Hence, there is a j # i such that 37(t;(w)) > 0 and, therefore, 33(t;(w)) > 0

for any s € (0,1). Since also §;(t;(@0)) = B;(t;(w)) > 0 for any s € (0,1),
the profile 5°(¢(w)) has two or more nonzero components for any s € (0,1).
Moreover, 2(3) = B1(t:(3))— 87" (1:(3)) = 5(t:(w) — 67" (t:(w)) = 2(w) # 0.

Therefore, the assertion holds with w replaced by w. [J

The next lemma collects a number of useful facts related to the logit form

of the contest success function.

Lemma A.4 For any i € {1,...,n}, the following statements hold true:
(i) For any 0; € ©; with x*(0;) > 0, there is a state w € P;(0;) such that
Bri(t_i(w)) #0. (ii) For any 6; € ©; with **(0;) > 0 and B;(0;) =0, we

have B* ,(t_;(w)) # 0 for any w € P;(0;). (iii) For any w € Q with z(w) # 0,
we have B°(t(w)) # 0 for any s € [0, 1].

Proof. (i) Suppose that 8°,(t_;(w)) = 0 for any w € P;(#;). Then,
x; = 0 is not an optimal response to *, for type 6; because increasing
x; marginally above zero (which is feasible because of z***(6;) > 0) would
raise, in each state w € P;(0;), the probability of winning the rent v;(w) > 0
discontinuously from p;(0,...,0) < 1 to unity. But there is also no z; €

(0, z1"*<(6;)] that could be a best response because, when type 0; is certain to

face zero bids from her opponents, type 6;’s expected payoff IT;(z;, 3*;, 0;) =
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> wepy oy G(w]0:) (vi(w) — ciw(x;)) is strictly declining over (0,27*(6;)] by
Assumption (B). Thus, §;(6;) is not a best response to 8*; for type 6;, which
is a contradiction.

(ii) Suppose that *,(t_;(w)) = 0 at some state w € P;(#;). Then,
for any such state w, player i’s payoff II;(x;,0,w) jumps up discontinuously
when the bid z; is increased marginally from zero, because v;(w) > 0. More-
over, for any state w € P;(0;) with 5*,(t_;(w)) # 0, if any, player i’s pay-
off II;(z;, % ;(t—;(w)),w) is continuous at z; = 0. Since ¢;(w|f;) > 0 for all
states w € P;(6;), type 0;’s expected payoff IL;(z;, 5% ;, ;) jumps up discontin-
uously when the bid z; is increased marginally from zero. Hence, 57 (6;) > 0.

(iii) Take some w, and suppose that 5°(t(w)) = 0 for some s € [0, 1].
Then necessarily 5*(t(w)) = 0 or 8 (t(w)) = 0. Assume first that 5*(t(w)) =
0. Writing 0; = t;(w) for i = 1,...,n, we obtain w € P;(6;), 85 (0;) = 0, and
B (t_i(w)) = 0. By part (ii) of this lemma, }***(6;) = 0 for any . But then
also 377(6;) = 0, so that z;(w) = 5 (t:(w)) — 57" (ti(w)) = B; (6:) — 5" (6:) = 0
for any 4, which contradicts the assumption that z(w) # 0. The proof is
analogous if 5™ (t(w)) = 0. O

The final lemma states two simple matrix-theoretic facts.

Lemma A.5. Let J be an n x n-matriz such that J + JT is negative
semi-definite. Then z'Jz < 0 for any z € R™. If J+ J' is even negative

definite, then 2T Jz < 0 for any z € R"\{0}.

Proof. Since 27 Jz is a real number, 27 Jz = ((27J)2)T = 2T (T )T =
ZTJE (20T = 2T JT 2. Therefore, 2:7Jz = 21Tz + 2T J 2 = 2T (Jz + JT2) =

2T(J + JT)z. The two assertions are now immediate. [J
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