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D Uhfxuvlyh Dojrulwkp wr Jhqhudwh Slhfhzlvh

Olqhdu Exgjhw Frqvwudlqwv

Dodq Gxqfdq�dqg Judkdp Vwdun|

Pd| 5333

Devwudfw

Wklv sdshu lqwurgxfhv d uhfxuvlyh dojrulwkp zlwk zklfk wr jhqhudwh frpsohwh

dqg dffxudwh exgjhw frqvwudlqwv xvlqj vwdwlf plfurvlpxodwlrq prghov1 Zh gh0

vfuleh wkh jhqhulf dojrulwkp/ dqg glvfxvv dq h{whqvlrq e| zklfk uhdvrqv iru dq|

fkdqjh lq wkh pdujlqdo h�hfwlyh wd{ udwh pd| eh h{sodlqhg1 Zh ghulyh frqwlqx0

rxv h{suhvvlrqv iru dyhudjh wd{ udwh +DWU,/ dyhudjh pdujlqdo wd{ udwh +DPWU,/

uhsodfhphqw udwh +UU, dqg pdujlqdo h�hfwlyh wd{ udwh +PHWU, vfkhgxohv/ h{0

suhvvhg vroho| lq whupv ri wkh pdujlqdo zdjh udwh dqg cyluwxdo* lqfrph1 D sudf0

wlfdo dssolfdwlrq vhuyhv wr kljkoljkw wkh xvhixoqhvv ri wklv dojrulwkp lq �vfdo

srolf| dqdo|vlv dw wkh plfur ohyho1

Dfnqrzohgjhphqwv= Zh duh judwhixo wr Mrkq Fuhhg|/ Fkulv Jlohv/ Mxoldq

PfFudh dqg Mrfho|q Sd|qh iru xvhixo frpphqwv dqg vxjjhvwlrqv1 Wkh xvxdo

glvfodlphu dssolhv1

4 Lqwurgxfwlrq

Wd{ plfurvlpxodwlrq prghoolqj lv qrz frpprqo| xvhg lq sxeolf srolf| dqdo|vlv wr

dvvhvv wkh glvwulexwlrqdo lpsdfw ri d wd{ ru ehqh�w fkdqjh/ dqg wr vlpxodwh wkh olnho|

�Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| ri Qrwwlqjkdp/ Xqlyhuvlw| Sdun/ Qrwwlqjkdp QJ:

5UG/ Xqlwhg Nlqjgrp dqg Lqvwlwxwh iru Ilvfdo Vwxglhv1 Who= .77 448 ;79 943:> h0pdlo=

dodq1gxqfdqCqrwwlqjkdp1df1xn
|Lqvwlwxwh iru Ilvfdo Vwxglhv/ : Ulgjprxqw Vwuhhw/ Orqgrq ZF4H :DH/ Xqlwhg Nlqjgrp1 Who=

.77 4:4 5<4 7;33> h0pdlo= jbvwdunCliv1ruj1xn
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frvw wr wkh Jryhuqphqw14 Lqghhg/ wkh plfurvlpxodwlrq phwkrg lv shukdsv wkh rqo| zd|

wr jhqhudwh uhdolvwlf hvwlpdwhv ri wkh h�hfwv ri wd{ ru ehqh�w uhirup rq d khwhurjhqhrxv

srsxodwlrq1 Wkh w|slfdo dssurdfk dgrswhg e| wd{ plfurvlpxodwlrq sudfwlwlrqhuv lv wr

prgho wkh lpsdfw ri wd{ ehqh�w fkdqjhv rq hdfk wd{ xqlw lq d odujh dqg uhsuhvhqwdwlyh

vdpsoh ri krxvhkrogv/ dqg wkhq wr djjuhjdwh lqglylgxdo h�hfwv ryhu wkh vdpsoh wr

vlpxodwh wkh h�hfw ryhu wkh ixoo srsxodwlrq15 Wkhvh vlpxodwlrqv whqg wr eh frqglwlrqhg

rq revhuyhg sdwwhuqv ri +sulqflsdoo| oderxu vxsso|, ehkdylrxu/ dqg khqfh kdyh qrw

ehhq dgdswhg wr jlyh d ixoo ghvfulswlrq ri wkh exgjhw frqvwudlqw iru d sduwlfxodu wd{

xqlw ryhu vrph ihdvleoh udqjh ri lqfrph1 Dw ehvw/ wd{ plfurvlpxodwlrq prghov kdyh

vrxjkw wr dssur{lpdwh ixoo exgjhw frqvwudlqwv e| uhshdwhgo| hydoxdwlqj qhw lqfrphv

dw lqfuhphqwdo jurvv lqfrph ohyhov1 Wklv lv dq lqh!flhqw phwkrg zklfk uhtxluhv pdq|

xqqhffhvvdu| hydoxdwlrqv ri qhw lqfrph/ dqg fdq plvv wkh h{dfw srlqw rq wkh exgjhw

frqvwudlqw dw zklfk pdujlqdo h�hfwlyh wd{ udwhv +PHWUv, fkdqjh1

Wkh devhqfh ri d ixoo dqg ghwdlohg exgjhw frqvwudlqw jhqhudwru olplwv wkh srzhu

ri wd{ plfurvlpxodwlrq phwkrgv lq d qxpehu ri uhvshfwv> dv d frpphqwdu| rq wd{

dqg wudqvihu lqwhudfwlrqv> dv d phdqv wr jhqhudwh vxppdu| phdvxuhv ri lqfhqwlyhv> dv

dq lqsxw lqwr wkh ehkdylrxudo plfurvlpxodwlrq ri wkh h�hfwv ri wd{ uhirup rq oderxu

vxsso|1

Wkh frpsoh{lw| ri pdq| frxqwulhv* wd{ dqg wudqvihu v|vwhpv fdq ohdg wr gl!fxowlhv

lq wkh lqwhusuhwdwlrq ri wkh uhodwlrqvkls ehwzhhq jurvv dqg qhw krxvhkrog lqfrph1 Wkh

XN v|vwhp/ iru h{dpsoh/ lqfoxghv wzr gluhfw wd{hv +Lqfrph Wd{ dqg Qdwlrqdo Lqvxu0

dqfh,/ irxu phdqv0whvwhg ehqh�wv +Zrunlqj Idplolhv* Wd{ Fuhglw +ZIWF,/ Krxvlqj

Ehqh�w/ Frxqflo Wd{ Ehqh�w dqg Lqfrph Vxssruw,/ dqg d qxpehu frqwlqjhqw ehqh0

�wv +vxfk dv Fklog Ehqh�w/ Lqydolglw| Ehqh�w hwf1,/ d orfdo surshuw| wd{ +wkh Frxqflo

Wd{,/ qxphurxv phdqv0whvwhg ru sdvvsruwhg lq0nlqg ehqh�wv +vxfk dv Ohjdo Dlg dqg

iuhh Ghqwdo Wuhdwphqw,/ soxv d frpsoh{ v|vwhp ri lqgluhfw wd{hv1 Lw doo pdnhv iru

vrph lqwhuhvwlqj exgjhw frqvwudlqwv1 Wd{hv dqg phdqv0whvwhg ehqh�wv fdq frpelqh

wr surgxfh pdujlqdo wd{ udwhv forvh wr 433( +ru hyhq 0 wkrxjk wklv lv uduhu wkdq lw

xvhg wr eh 0 lq h{fhvv ri 433(/ vr idplolhv orvh lqfrph dv wkh| zrun pruh,1 Wkhuh

fdq eh vwduwolqj glvfrqwlqxlwlhv dv sduwlfxodu wd{hv ru ehqh�wv nlfn lq ru duh vwrsshg

4Iru h{dpsohv ri wkh wd{ plfurvlpxodwlrq dssurdfk/ vhh lqwhu dold Jlohv dqg PfFudh +4<<8, iru

d XN dssolfdwlrq> Fdoodq/ R*Grqrjkxh/ dqg R*Qhloo +4<<9, iru Luhodqg> Fuhhg| dqg Gxqfdq +4<<<,

iru Dxvwudold1
5Vrph frxqwulhv dovr dsso| ehkdylrxudo plfurvlpxodwlrq phwkrgv wr prgho hpsor|phqw lqfhqwlyh

h�hfwv/ dowkrxjk wklv lv ohvv frpprq1
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dv hduqlqjv ru krxuv zrunhg h{fhhg vrph ohyho1 Zlwk d v|vwhp dv frpsh{ dv wklv/ wkh

dydlodelolw| ri d jhqhulf dojrulwkp wr jhqhudwh h{dfw dqg dxwkhqwlf exgjhw frqvwudlqwv

lv dq h{wuhpho| ydoxdeoh wrro16

D frpsohwh exgjhw frqvwudlqw irupv dq lqsxw iru wkh jhqhudwlrq ri frqwlqxrxv

vxppdu| phdvxuhv zklfk jlyh lqvljkw lqwr wkh glvwruwlrqdu| lpsdfw ri wkh wd{ v|vwhp/

dqg wkh olnho| lqfhqwlyh lpsdfw ri wd{ uhirup1 Lw lv riwhq lqvwuxfwlyh wr frpsduh wkh

lpsdfw ri frpsohwh wd{ dqg wudqvihu v|vwhpv rq d qxpehu ri phdvxuhv/ lqfoxglqj

pdujlqdo h�hfwlyh wd{ udwhv +PHWUv,/ dyhudjh wd{ udwhv +DWUv, dqg uhsodfhphqw

udwhv +UUv, iru d udqjh ri idplo| w|shv xqghu gl�huhqw hfrqrplf flufxpvwdqfhv1

Lq wklv vkruw sdshu zh ghvfuleh d jhqhulf phwkrg e| zklfk plfurvlpxodwlrq prghov

pd| jhqhudwh frpsohwh dqg dffxudwh exgjhw frqvwudlqwv iru hdfk phpehu ri wkh vlp0

xodwlrq vdpsoh/ doorzlqj iru wkh idfw wkdw hdfk lqglylgxdo*v frqvwudlqw lv xqltxh1 Rxu

phwkrg wdnhv dgydqwdjh ri uhfxuvlrqv zklfk h{sorlw wkh jhrphwulf slhfhzlvh olqhdu qd0

wxuh ri wkh w|slfdo exgjhw frqvwudlqw1 Wkh uhvxow lv dq dojrulwkp zklfk lv h!flhqw/ dqg

zklfk lghqwl�hv h{dfwo| wkh srlqwv rq d exgjhw frqvwudlqw dw zklfk pdujlqdo h�hfwlyh

wd{ udwhv fkdqjh1 Zh dovr glvfxvv dq h{whqvlrq wr wkh edvlf dojrulwkp zklfk vhuyhv

dxwrpdwlfdoo| wr lghqwli| uhdvrqv iru wkh fkdqjh lq pdujlqdo h�hfwlyh wd{ udwhv1 Lq

Vhfwlrq 5 zh vhw rxw wkh jhqhulf dojrulwkp/ lqfoxglqj uhihuhqfh wr vnhwfkhg frpsxwhu

frgh wr dvvlvw lq wkh lpsohphqwdwlrq ri rxu dojrulwkp hovhzkhuh1 Zh ghyhors wkh rxw0

sxw iurp wkh edvlf dojrulwkp wr jhqhudwh frqwlqxrxv h{suhvvlrqv iru frpprqo| xvhg

exgjhw frqvwudlqw phdvxuhv +vshfl�fdoo|/ dyhudjh dqg pdujlqdo wd{ udwhv dqg uhsodfh0

phqw udwhv,1 Vhfwlrq 7 uhsruwv d sudfwlfdo dssolfdwlrq1 Wklv vhuyhv wr ghprqvwudwh

wkh xvhv wr zklfk rxu exgjhw frqvwudlqw dojrulwkp pd| eh sxw zkhq dqdo|vlqj wd{

srolf| dw wkh plfur ohyho1 Ilqdoo|/ Vhfwlrq 8 eulh | frqfoxghv1

5 D uhfxuvlyh dojrulwkp

Zh suhvxph wkh h{lvwhqfh ri d vwdwlf plfurvlpxodwlrq surfhgxuh zklfk fdq jhqhudwh

wd{ xqlw qhw lqfrphv xqghu gl�huhqw hfrqrplf dqg vrflr0ghprjudsklf flufxpvwdqfhv1

Lq sduwlfxodu/ rxu dojrulwkp uhtxluhv d wd{ plfurvlpxodwlrq surfhgxuh ri wkh irup

+ ' sE�& mM3&c`cfc A � +4,

6Lqghhg/ wd{ v|vwhpv duh w|slfdoo| vr frpsolfdwhg wkdw zkhq zh ruljlqdoo| ghyhorshg rxu dojr0

ulwkp prvw ri rxu wlph zdv vshqw frqylqflqj rxuvhoyhv wkdw vrph kljko| xqxvxdo exgjhw frqvwudlqwv

jhqhudwhg e| wkh dojrulwkp frxog srvvleo| eh uljkw1
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zkhuh + uhsuhvhqwv wd{ xqlw qhw lqfrph dv d ixqfwlrq ri wkh krxuv ri zrun �& +ru

htxlydohqwo| jurvv lqfrph }&, iru wkh &wk phpehu ri wkh wd{ xqlw1 Qhw lqfrph lv

frqglwlrqhg rq jurvv zdjhv ` ' i��c ��c �gj iru hdfk shuvrq lq wkh wd{ xqlw/ krxuv

ri zrun M
3& iru doo shrsoh rwkhu wkdq wkh &wk phpehu ri wkh wd{ xqlw/ lqglylgxdo dqg

wd{ xqlw ohyho fkdudfwhulvwlfv f1 Ilqdoo|/ A ghqrwhv wkh wd{ v|vwhp rq zklfk wd{ xqlw

qhw lqfrph lv edvhg1

Rqh dssurdfk wr fdofxodwlqj exgjhw frqvwudlqwv/ zklfk lv riwhq xvhg iru looxvwudwlyh

sxusrvhv/ lqyroyhv xvlqj d vwdwlf prgho wr hydoxdwh qhw lqfrph iru d odujh qxpehu ri

oderxu vxsso| +wlph, lqwhuydov1 Lq rughu wr lghqwli| wkh fruqhuv dqg glvfrqwlqxlwlhv

uhdvrqdeo| dffxudwho|/ vpdoo wlph lqwhuydov duh qhhghg> iru �yh0plqxwh lqwhuydov vsuhdg

ryhu 83 krxuv ri zrun/ 933 hydoxdwlrqv ri qhw lqfrph zrxog eh uhtxluhg1 Krzhyhu/ lq

wkh frqwh{w ri ehkdylrxudo prghov lqyroylqj d odujh qxpehu ri gl�huhqw lqglylgxdov/

wklv zrxog eh frpsxwdwlrqdoo| yhu| fxpehuvrph dqg lqh!flhqw1 Lq sduwlfxodu/ lw

uhtxluhv wkh vdph qxpehu ri hydoxdwlrqv ri qhw lqfrph luuhvshfwlyh ri wkh frpsoh{lw|

ri dq lqglylgxdo*v exgjhw frqvwudlqw/ dqg pd| qrw suhflvho| lghqwli| wkh srvlwlrq ri

hdfk nlqn1 Exgjhw frqvwudlqwv fdq eh rewdlqhg pruh h!flhqwo| dqg dffxudwho| xvlqj

d uhfxuvlyh dojrulwkp zklfk h{sorlwv wkh slhfhzlvh olqhdulw| lqkhuhqw lq wkh pdmrulw|

ri wd{ v|vwhpv1 Wkh dojrulwkp exlogv rq wzr revhuydwlrqv1 Iluvw/ hdfk olqhdu vhjphqw

rq d exgjhw frqvwudlqw fdq eh ghvfulehg frpsohwho| e| h{wudsrodwlqj d olqh gudzq

ehwzhhq dq| wzr srlqwv rq wkdw vhjphqw1 Vhfrqg/ wkh lqwhuvhfwlrq srlqw ehwzhhq wzr

dgmdfhqw olqhdu vhjphqwv lghqwl�hv h{dfwo| wkh srlqw dw zklfk wkh pdujlqdo h�hfwlyh

wd{ udwh fkdqjhv17

Ehiruh prylqj wr d ghvfulswlrq ri wkh dojrulwkp lwvhoi/ lw lv lpsruwdqw wr xqghu0

vwdqg d qxpehu ri dvvxpswlrqv lpsolflw lq rxu lpsohphqwdwlrq=

41 jurvv hduqlqjv shu krxu duh frqvwdqw1 Wkxv/ krxuv ri zrun duh mxvw jurvv hduqlqjv

glylghg e| vrph krxuo| zdjh1 Wklv uxohv rxw ryhuwlph/ rq wkh rqh kdqg/ dqg mrev

zkhuh hduqlqjv duh qrw gluhfwo| uhodwhg wr krxuv ri zrun +vxfk dv wkh dxwkru*v

mrev, rq wkh rwkhu>

51 wdnhxs ri ehqh�wv lv frpsohwh/ dqg wd{hv duh xqlyhuvdoo| sdlg1 Wkhuh lv vrph

hylghqfh8 wr vxjjhvw wkdw vpdoo dprxqwv ri ehqh�wv duh ohvv olnho| wr eh fodlphg1

7Glvfrqwlqxlwlhv lq wkh exgjhw frqvwudlqw reylrxvo| frpsolfdwh wkh lqwxlwlrq/ exw pd| dovr eh

dffrpprgdwhg zlwklq wkh vdph jhqhulf dojrulwkp1
8vhh Iu| dqg Vwdun +4<<6,
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Vr d uhdo0zruog exgjhw frqvwudlqw pljkw kdyh |hw pruh glvfuhwh mxpsv lq lw dv

vpdoo dprxqwv ri ehqh�w zhuh mxgjhg qr orqjhu zruwk fodlplqj>

61 fkdqjhv lq jurvv hduqlqjv gr qrw lpsdfw rq rwkhu lqfrph ru h{shqglwxuh phd0

vxuhv1 Khqfh/ zrun h{shqvhv/ shqvlrq frqwulexwlrqv hwf1 duh doo khog frqvwdqw/

dv duh wkh hduqlqjv ri rwkhu idplo| phpehuv>

71 zh dovr ljqruh doo wlplqj lvvxhv1 Iru h{dpsoh/ Qdwlrqdo Lqvxudqfh +QL, lq wkh

XN lv uhfdoxodwhg zhhno| zklovw wkh qhzZrunlqj Idplolhv* Wd{ Fuhglw +ZIWF,

lv sdlg iru vl{ prqwkv uhjdugohvv ri dq| fkdqjh lq flufxpvwdqfhv19 Lpsolflwo|/

rxu exgjhw frqvwudlqwv vkrz wkh orqj uxq srvlwlrq1 Krzhyhu/ hdfk ri wkhvh

dvvxpswlrqv frxog eh uhod{hg zlwkrxw euhdnlqj wkh dojrulwkp/ dowkrxjk wkh

lqwhusuhwdwlrq ri uhvxowv zrxog lqhylwdeo| eh pruh gl!fxow1

514 Frqyh{ exgjhw vhwv

Frqvlghu wkh vlpsoh exgjhw frqvwudlqw vkrzq lq Iljxuh 4 frqvlvwlqj ri wkuhh olqhdu

vhfwlrqv1 Wklv uhsuhvhqwv d frqyh{ exgjhw vhw dvvrfldwhg zlwk dq lqfuhdvlqj/ ru sur0

juhvvlyh/ pdujlqdo udwh vwuxfwxuh1 Wkh dojrulwkp ehjlqv e| wdnlqj wkh plqlpxp dqg

pd{lpxp qxpehu ri krxuv/ �f dqg �4@ uhvshfwlyho|/ dgglqj d vpdoo lqfuhphqw/ {�c

wr wkh �uvw dqg vxewudfwlqj lw iurp wkh vhfrqg/ dqg hydoxdwlqj wkh qhw lqfrphv fru0

uhvsrqglqj wr wkh uhvxowlqj irxu ydoxhv ri �� Wkhvh ydoxhv fdq eh xvhg wr frqvwuxfw

wkh vwudljkw olqhv vkrzq dv DF dqg FH/ zklfk duh irxqg wr lqwhuvhfw dw srlqw F1 Wkh

qhw lqfrph fruuhvsrqglqj wr wkh oderxu vxsso| dw F lv wkhq hydoxdwhg dqg frpsduhg

zlwk wkh dfwxdo qhw lqfrph dw F1 Wkh frpsdulvrq uhyhdov wkdw F lv qrw rq wkh exgjhw

frqvwudlqw1

Wkh dojrulwkp frqwlqxhv e| frqvlghulqj wkh wzr vhsdudwh udqjhv/ ehwzhhq �f dqg

�� dqg wkdw ehwzhhq �� dqg �4@ � Wklv lqyroyhv �qglqj wkh htxdwlrqv ri wkh exgjhw

olqhv hlwkhu vlgh ri srlqw I dqg wkh lqwhuvhfwlrq zlwk olqhv iurp D dqg H +wkh vorshv dw

�f dqg �4@ kdyh ri frxuvh douhdg| ehhq frpsxwhg,1 Wkh lqwhuvhfwlrq srlqwv/ E dqg

G/ duh wkhq irxqg wr eh rq wkh exgjhw frqvwudlqw= wkh qhw lqfrphv dw wkrvh srlqwv

duh frpsduhg zlwk wkh qhw lqfrphv fdofxodwhg iru wkh krxuv fruuhvsrqglqj wr wkrvh

srlqwv1 Dovr/ wkh vorshv ri wkhvh olqhv duh wkh vdph1 Khqfh EI dqg IG duh irxqg wr

eh rq wkh vdph vhjphqw ri wkh exgjhw frqvwudlqw/ vr wkh| irup wkh olqh EG1

9Vhh Eoxqghoo/ Gxqfdq/ PfFudh/ dqg Phjklu +5333,1

8



hmax

F

E

A

C

B

D

h0 hB hC hD

Net
income

hours

Iljxuh 4=

Krzhyhu/ lw lv qrw dssursuldwh wr vwrs/ ehfdxvh lw fdqqrw eh dvvxphg/ zlwkrxw

ixuwkhu fkhfnlqj/ wkdw wkh frqvwudlqw ehwzhhq srlqwv D dqg E/ dqg ehwzhhq G dqg H/

duh lq idfw vwudljkw olqhv> wkhuh pd| eh rwkhu nlqnv dqg2ru glvfrqwlqxlwlhv +dvvrfldwhg/

iru h{dpsoh/ zlwk wkh w|shv ri qrq0frqyh{ exgjhw vhwv glvfxvvhg lq wkh qh{w vxevhf0

wlrq,1 Lw lv qhfhvvdu| wr frqvlghu wkh olqhv rewdlqhg e| prylqj wr wkh ohiw dqg uljkw

kdqg vlghv ri hdfk ri wkh srlqwv E dqg G uhvshfwlyho|1 Frpsdulvrqv zrxog wkhuhiruh

uhyhdo wkdw wkh olqh rq wkh ohiw vlgh ri �� frlqflghv zlwk wkh olqh iurp �f/ dqg wkh

clqwhuvhfwlrq* ri wkh wzr uhohydqw olqhv/ d frpprq olqh/ gh�qhv wkh udqjh DE ri wkh

wuxh exgjhw frqvwudlqw1 Vlploduo|/ wkh olqh rq wkh uljkw ri �( lv irxqg wr frlqflgh

zlwk wkdw rq wkh ohiw ri �4@ c zklfk jhqhudwhv wkh olqhdu vhfwlrq GH ri wkh exgjhw

frqvwudlqw1 Wkh dojrulwkp wkhuhiruh udslgo| lghqwl�hv wkh exgjhw frqvwudlqw dv wkh

slhfhzlvh olqhdu frqvwudlqw DEGH1:

Lq wklv h{dpsoh/ mxvw 46 hydoxdwlrqv ri qhw lqfrph duh uhtxluhg wr �qg wkh h{dfw

exgjhw frqvwudlqw1 Lq wkh fdvh ri d exgjhw frqvwudlqw frqvlvwlqj ri wzr olqhdu vhfwlrqv/

dqg khqfh rqo| rqh nlqn/ lw fdq eh vhhq wkdw rqo| vhyhq hydoxdwlrqv ri qhw lqfrph

fruuhvsrqglqj wr vhyhq gl�huhqw ydoxhv ri krxuv zrunhg duh uhtxluhg1 Wklv dojrulwkp

:Wkh surfhgxuh dvvxphv wkdw/ zkhuh olqhv iurp wzr srlqwv duh irxqg wr frlqflgh/ wkhuh duh qr

lqwhuphgldwh nlqnv lqyroyhg1 Wklv lv ehfdxvh lv lw lpsuredeoh wkdw dq| sudfwlfdo exgjhw frqvwudlqw

zrxog wdnh vxfk d irup1

9



Net
income

hmax

F

D

AE B

C

h0 h1

hours

Iljxuh 5=

lv reylrxvo| pxfk pruh h!flhqw wkdq vlpso| cprylqj dfurvv* wkh frpsohwh udqjh ri

krxuv e| wdnlqj vpdoo lqfuhphqwv dqg hydoxdwlqj qhw lqfrphv iru hdfk ydoxh1

515 Qrq0frqyh{ exgjhw vhwv

Ixuwkhu frpsolfdwlrqv dulvh lq wkh fdvh ri qrq0frqyh{ exgjhw vhwv1 Iru h{dpsoh/

frqvlghu Iljxuh 5/ vkrzlqj wkh exgjhw frqvwudlqw DEFG1 Lq wklv fdvh/ vwduwlqj iurp

�f dqg �4@ surgxfhv dq lqwhuvhfwlrq srlqw dw H/ zklfk lv dvvrfldwhg zlwk qhjdwlyh

krxuv1 Wkh qh{w vwdjh lv wr glylgh wkh krxuv udqjh/ �f wr �4@ c lqwr kdoi/ jlylqj ���

Frqvlghudwlrq ri wkh wzr vhsdudwh vhfwlrqv wr wkh uljkw dqg ohiw ri I wkhq uhyhdov wkh

lqwhuvhfwlrq srlqwv E dqg F1 Djdlq/ h{dplqdwlrq ri wkh olqhv iurp E dqg F prylqj wr

wkh ohiw dqg uljkw ri hdfk/ hvwdeolvkhv wkh udqjhv DE/ EI/ IF dqg FG1 Ixuwkhupruh/

wkh vorshv ri wkh vhfwlrqv EI dqg IF duh htxdo/ vr wkh| duh lqghhg sduw ri wkh vdph

olqh1 Khqfh glvfryhu| ri wkh frqvwudlqw ri Iljxuh 5 lqyroyhv wkh hydoxdwlrq ri qhw

lqfrph iru 47 gl�huhqw krxuv ohyhov1 Wkh lpsruwdqw sulqflsoh lqyroyhg lq wklv fdvh

lv wkdw zkhq dq lqwhuvhfwlrq srlqw rffxuv rxwvlgh wkh uhohydqw udqjh ri krxuv/ lw lv

qhfhvvdu| wr glylgh wkh udqjh lqwr kdoi1

Iljxuh 6 vkrzv dq h{dpsoh ri d qrq0frqyh{ exgjhw frqvwudlqw lqyroylqj d glv0

frqwlqxlw| ehwzhhq E dqg F1 Vwduwlqj iurp wkh olplwv/ �f dqg �4@ c jhqhudwhv wkh

:



hours

G
B

FE

hmax

D

A

C

h0 hE hG hF

Net
income

Iljxuh 6=

lqwhuvhfwlrq srlqw H/ fruuhvsrqglqj wr �.c zklfk lv irxqg wr eh rq wkh wuxh exgjhw

frqvwudlqw1 H{dplqdwlrq ri wkh olqh wr wkh ohiw ri srlqw H lpphgldwho| jhqhudwhv wkh

vhfwlrq DH dv sduw ri wkh frqvwudlqw> wkh olqh iurp D frlqflghv zlwk wkdw iurp H1 Exw

wdnlqj wkh uljkw kdqg vlgh ri H lq frpelqdwlrq zlwk wkh ohiw kdqg vlgh ri G djdlq

jlyhv H dv wkh srlqw ri lqwhuvhfwlrq1 Lq fdvhv zkhuh vxfk d c�{hg srlqw* rffxuv/ lw lv

djdlq qhfhvvdu| wr glylgh wkh uhohydqw udqjh/ wklv wlph ehwzhhq �. dqg �4@ c lqwr kdoi/

jlylqj krxuv ri �8 dqg dvvrfldwhg qhw lqfrph ri I1 Prylqj lq d uljkwzdug gluhfwlrq

iurp I lghqwl�hv wkh ohqjwk IG dv ehlqj rq wkh exgjhw frqvwudlqw/ vlqfh wkh olqh iurp

I frlqflghv zlwk wkdw iurp G1 Krzhyhu/ prylqj wr wkh ohiw ri I/ frpelqhg zlwk d

pryh wr wkh uljkw ri H/ djdlq surgxfhv wkh �{hg srlqw dw H1

Wkh qh{w vwhs lv wkhuhiruh wr glylgh wkh udqjh ehwzhhq �. dqg �8 lq kdoi/ jlylqj

krxuv ri �C� Prylqj wr wkh ohiw ri J jlyhv wkh dgglwlrqdo udqjh HJ/ zkloh prylqj wr

wkh uljkw ri J/ dqg wkh ohiw ri I frqwlqxhv wr jhqhudwh wkh �{hg srlqw ri lqwhuvhfwlrq/ H1

Xs wr wklv vwdjh/ 46 hydoxdwlrqv ri qhw lqfrph duh uhtxluhg +uhphpehulqj wkdw wkhuh

lv qr qhhg wr uhshdw wkh fdofxodwlrqv rqfh qhw lqfrph iru d sduwlfxodu ydoxh ri krxuv

kdv ehhq irxqg,1 Wkh surfhgxuh frqwlqxhv e| glylglqj wkh udqjh ehwzhhq �C dqg

�8 c lqwr kdoi dqg frqwlqxlqj dv ehiruh1 Wkh dojrulwkp lwhudwhv wrzdugv frqyhujhqfh

dw wkh glvfrqwlqxlw|/ zkhuh wkh qxpehu ri lwhudwlrqv uhtxluhg ghshqgv rq wkh ohyho ri

dffxudf| vshfl�hg1

;



Wkh jhqhudo uxohv wkhuhiruh dsso| ri glylglqj wkh uhohydqw udqjh ri krxuv lqwr wzr

vxe0udqjhv zkhqhyhu d �{hg srlqw lv revhuyhg ru zkhqhyhu dq lqwhuvhfwlrq rxwvlgh wkh

uhohydqw udqjh lv revhuyhg1 Zkhqhyhu dq lqwhuvhfwlrq srlqw lv irxqg lq wkh ihdvleoh

udqjh/ wkh olqhv hlwkhu vlgh ri wkdw srlqw duh lqyhvwljdwhg1 Vhfwlrqv ri wkh wuxh exgjhw

frqvwudlqw duh lghqwl�hg zkhq olqhv iurp wzr vhsdudwh srlqwv duh irxqg wr frlqflgh1

Lq dsso|lqj wkh dojrulwkp/ wkh srvlwlrq ri doo nlqnv dqg vorshv ri doo olqhdu vhfwlrqv

ri wkh exgjhw frqvwudlqw duh dxwrpdwlfdoo| frpsxwhg1 Lq dgglwlrq/ wkh dojrulwkp

dxwrpdwlfdoo| jhqhudwhv wkh lqwhuvhfwlrq zlwk wkh yhuwlfdo d{lv dw }hur krxuv iru hdfk

olqhdu vhjphqw1 Iru hdfk olqhdu vhfwlrq/ wkh vorsh lv lghqwl�hg dv wkh qhw zdjh udwh

dqg wkh lqwhufhsw lv uhihuuhg wr dv wkh cyluwxdo lqfrph* fruuhvsrqglqj wr wkdw vhfwlrq1

Wkh frqfhsw ri yluwxdo lqfrph sod|v d fuxfldo uroh zkhq h{dplqlqj oderxu vxsso|

ehkdylrxu1 Wklv lv ehfdxvh dq lqglylgxdo zkr lv rq d sduwlfxodu olqhdu vhjphqw fdq

eh uhjdughg dv li rswlplvdwlrq lv dfklhyhg zlwk uhvshfw wr d vlpsoh olqhdu frqvwudlqw

kdylqj wkh dssursuldwh qhw zdjh dqg zlwk yluwxdo lqfrph lqvwhdg ri wkh dfwxdo qrq0

zdjh lqfrph1

6 Fdofxodwlqj dyhudjh wd{ udwhv dqg uhsodfhphqw

udwhv

Rqfh wkh jhqhulf exgjhw frqvwudlqw jhqhudwlrq urxwlqh lv uxq/ zh duh deoh wr vxp0

pdulvh wkh exgjhw frqvwudlqw frpsohwho| lq whupv ri wkh frpelqdwlrqv ri jurvv dqg

qhw lqfrphv dw zklfk pdujlqdo wd{ udwhv fkdqjh +dv lq Wdeohv 4 dqg 5,1 Lq idfw/ vlqfh

wkh dojrulwkp lv hvvhqwldoo| jhrphwulf lq qdwxuh/ wkh *yluwxdo lqfrph* >& dqg pdujlqdo

zdjh /& duh jhqhudwhg dv lqwulqvlf hohphqwv ri wkh fdofxodwlrq1 Rqh vljql�fdqw dgydq0

wdjh ri rxu h{dfw uhfxuvlyh dojrulwkp lv wkdw/ rqfh zh kdyh vxppdulvhg wkh & vhjphqw

exgjhw frqvwudlqw lq whupv ri wkh krxuv ohyhov �& dw zklfk yluwxdo lqfrphv >& dqg

pdujlqdo zdjh udwhv /& fkdqjh/ zh pd| jhqhudwh frqwlqxrxv ixqfwlrqv iru wkh dyhu0

djh wd{ udwh +DWU,/ uhsodfhphqw udwh +UU, dqg pdujlqdo h�hfwlyh wd{ udwh +PHWU,

zlwk qr uhtxluhphqw wr dffhvv wkh wd{ dqg ehqh�w prgho dq| ixuwkhu1 Vshfl�fdoo|/

hdfk phdvxuh fdq eh h{suhvvhg vroho| lq whupv ri �&c >& dqg /&1 Dv zlwk wkh exgjhw

frqvwudlqw jhqhudwlrq urxwlqh lwvhoi/ wkh vroxwlrq wr wkh ghulydwlrq ri frqwlqxrxv DWU

dqg UU vfkhgxohv lv hvvhqwldoo| jhrphwulf/ dqg lv vhw rxw lq Iljxuh 7>

<



Iljxuh 7= Ghulylqj Dyhudjh Wd{ Udwhv dqg Uhsodfhphqw Udwhv

µ0

µk ωκ

hk h

ωamtr(h)

A

O hours

Net 
income

I(h)

hk+1

ωatr(h)

614 wkh dyhudjh wd{ udwh +DWU, dqg dyhudjh pdujlqdo wd{

udwh +DPWU, vfkhgxohv

Zh fdq gh�qh wzr dyhudjh wd{ phdvxuhv/ wkh dyhudjh wd{ udwh �A-E�� dqg wkh dy0

hudjh pdujlqdo wd{ udwh ��A-E��1; +vrph h{sodqdwlrq khuh ri wkh gl�huhqfh,1Wkh

judsklfdo uhsuhvhqwdwlrq ri wkhvh wzr frqfhswv lv ghvfulehg lq Iljxuh 71 Wkh dyhudjh

pdujlqdo zdjh /@6|oE�� lv jlyhq e| wkh olqh >f�c dqg lqwhuvhfwv wkh &wk olqhdulvhg

exgjhw frqvwudlqw vhjphqw >&D dw qhw lqfrph UE��c zkhuhdv wkh dyhudjh zdjh /@|oE��

lv jlyhq e| wkh vorsh ��1

Frqvlghu dq duelwudu| krxuv ohyho � 5 d�&c �&n�� iru vrph olqhdu vhjphqw & ri wkh

exgjhw frqvwudlqw1 Wxuqlqj �uvw wr wkh dyhudjh pdujlqdo wd{ udwh/ zh kdyh wkdw

>& n /&�� ' >f n /@6|oE����

' >f n`�d�� ��A-&E��o��

zkhuh ��A-&E�� uhsuhvhqwv wkh dyhudjh pdujlqdo wd{ udwh dw dq| srlqw rq wkh &wk

;Zh wkdqn Mrkq Fuhhg| iru srlqwlqj rxw wklv glvwlqfwlrq1
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olqhdulvhg exgjhw vhjphqw/ dqg ` ghqrwhv wkh jurvv zdjh udwh1 Wklv pd| eh uh0

duudqjhg wr jlyh

��A-&E�� ' ��
E>& � >f� n /&��

`�

'
E` � /&���� E>& � >f�

`��

zkhuh �E�� ghqrwhv wkh lqglfdwru ixqfwlrq1 Vr/ wkh ixoo dyhudjh wd{ udwh vfkhgxoh

�A-E�� lv jlyhq e|

��A-E�� '
[
&

�E�& � � 	 �&n�����A-&E�� +5,

Wkh dyhudjh wd{ udwh �A-E�� lv ghulyhg lq d vlplodu zd| wr ��A-E��1 Vshfl�0

fdoo|/ wkh dyhudjh wd{ udwh vdwlv�hv

>& n /&�� ' /@|oE����

' `�d���A-&E��o��c

zkhuh �A-&E�� uhsuhvhqwv wkh dyhudjh wd{ udwh rq wkh &wk exgjhw vhjphqw1 Wklv

jlyhv

�A-&E�� ' ��
>& n /&��

`�

'
E` � /&���� >&

`��
c

ohdglqj wr d ixoo dyhudjh wd{ udwh vfkhgxoh �A-E�� ri wkh irup

�A-E�� '
[
&

�E�& � � 	 �&n����A-&E�� +6,

615 wkh uhsodfhphqw udwh +UU, vfkhgxoh

Wr fdofxodwh wkh uhsodfhphqw udwh --E�� iru vrph duelwudu| krxuv ohyho �/ zh vlpso|

glylgh wkh lqwhufhsw lqfrph >f e| wrwdo qhw lqfrph UE�� dw dq| srlqw rq wkh exgjhw

frqvwudlqw +vhh Iljxuh 7,1 Krzhyhu/ vlqfh UE�� ' >& n /&�� dw krxuv � 5 d�&c �&n��/

wkh uhsodfhphqw udwh --&E�� iru wkh &|� vhjphqw ri wkh exgjhw frqvwudlqw lv
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--&E�� '
>f

>& n /&��
c

dqg wkh ixoo uhsodfhphqw udwh vfkhgxoh --E�� lv

--E�� '
[
&

�E�& � � 	 �&n���--&E�� +7,

616 wkh pdujlqdo h�hfwlyh wd{ udwh +PHWU, vfkhgxoh

Rqh fdq jhqhudwh wkh pdujlqdo h�hfwlyh wd{ udwh �.A-E�� vwudljkwiruzdugo| lq

whupv ri /& dqg �& dv iroorzv=

�.A-E�� '
[
&

�E�& � � 	 �&n���
�
` � �&

`

�
�

617 zk| gr pdujlqdo h�hfwlyh wd{ udwhv fkdqjhB

Iru pdq| frxqwulhv/ wkh frpsoh{lw| ri exgjhw frqvwudlqwv idflqj sduwlfxoduo| orz0

lqfrph krxvhkrogv fdq eh gl!fxow wr dqwlflsdwh/ dqg fhuwdlqo| gl!fxow wr h{sodlq1

Prvw wd{ dqg wudqvihu v|vwhpv durxqg wkh zruog kdyh vrph ru pruh ri wkh iroorzlqj

ghvljq ihdwxuhv> d vr0fdoohg *vwdfnlqj* ri udwhv dfurvv wudqvihu surjudpv> wkh xvh ri

gl�huhqwldo vrxufhv ri dvvhvvdeoh lqfrph iru wd{dwlrq dqg zhoiduh ehqh�w sxusrvhv>

ryhuodsslqj wdshuv> dqg wkh *sdvvsruwlqj* ehqh�wv +zkhuhe| wkh hqwlwohphqw wr rqh

zhoiduh surjudpph fuhdwhv dq hqwlwohphqw wr dqrwkhu ehqh�w,1 Wklv pdnhv wkh dvvhvv0

phqw ri qhw krxvhkrog lqfrph fruuhvsrqglqj wr d vshfl�f ydoxh ri lqglylgxdo jurvv

lqfrph ru krxuv ru zrun frpsoh{ lq wkh h{wuhph1

Wkh delolw| wr h{sodlq dqg udwlrqdolvh pdujlqdo udwh fkdqjhv lv dq lpsruwdqw gh0

vfulswlyh dqg gldjqrvwlf wrro lq wkh idfh ri wkhvh vruwv ri frpsoh{lwlhv1 Wkh uhfxuvlyh

exgjhw frqvwudlqw dojrulwkp zh kdyh ghyhorshg ohqgv lwvhoi wr wklv vruw ri gldjqrvwlf

dssolfdwlrq/ vlqfh wkh srlqwv dw zklfk pdujlqdo udwhv fkdqjh duh slqsrlqwhg h{dfwo|1

Rqfh wkh frqvwudlqw lv jhqhudwhg/ d vhfrqg urxwlqh vfdqv dfurvv wkh vhw ri nlqn srlqwv

orrnlqj iru h{sodqdwlrqv iru hdfk rqh> wklv urxwlqh lv rqh frqvhtxhqfh ri rxu lqlwldo

vnhswlflvp ri vrph ri wkh vkdshv zh zhuh vhhlqj1 Wkh sduwlfxodu dojrulwkp iru jhqhudw0

lqj uhdvrqv iru pdujlqdo h�hfwlyh wd{ udwh fkdqjhv uhtxluhv wkdw zh froohfw lqirupdwlrq

rq hqwlwohphqw wr doo ehqh�wv dqg sd|phqwv ri doo vrxufhv ri wd{dwlrq dfurvv wkh nlqn

srlqw1 Ohw �& uhsuhvhqw wkh &wk nlqn srlqw rq d exgjhw frqvwudlqw/ dqg vxssrvh wkdw
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qhw lqfrph 8 E�� lv hydoxdwhg dw wkuhh vxffhvvlyh srlqwv �&0{� / �& dqg �&.{� iru

vrph vpdoo {�� Lq jhqhudo whupv/ wkh iroorzlqj vhw ri uxohv vhuyh wr h{sodlq wkh uhdvrq

iru d PHWU fkdqjh=

41 li hqwlwohphqw wr d vshfl�f ehqh�w pryhv iurp }hur dw �& wr vrph srvlwlyh qxpehu

dw �&.{�/ wkh nlqn kdv +dw ohdvw lq sduw, ehhq fdxvhg e| vrphrqh lq wkh

krxvhkrog prylqj rqwr d zhoiduh surjudpph dw srlqw �&>

51 li hqwlwohphqw wr d vshfl�f ehqh�w pryhv iurp vrph srvlwlyh qxpehu dw �&0{�

wr }hur dw �&/ wkh nlqn fdq eh h{sodlqhg lq sduw e| vrphrqh orvlqj hqwlwohphqw

wr d ehqh�w>

61 li wkh lqfuhphqw lq hqwlwohphqw ru wd{ sd|phqw ehwzhhq �&0{� dqg �& lv gli0

ihuhqw wr wkh lqfuhphqw ehwzhhq �& dqg �&.{�/ wkhq wkh nlqn fdq eh sduwldoo|

h{sodlqhg e| d fkdqjh lq wkh zlwkgudzdo wdshu ru wd{ udwh1

Ri frxuvh/ dq| rqh wxuqlqj srlqw lq d exgjhw frqvwudlqw pd| eh fdxvhg e| pruh

wkdq rqh ri wkh uxohv olvwhg deryh1 Wkh suhvhqw lpsohphqwdwlrq uhtxluhv d fhuwdlq

dprxqw ri orfdo nqrzohgjh ri wkh wd{ v|vwhp/ dqg vr fdq*w hdvlo| eh jhqhudolvhg1 Lw

pd| dovr idlo wr lghqwli| h{sodqdwlrqv lq doo fdvhv1 Qhyhuwkhohvv/ wkh dojrulwkp fdq

juhdwo| dgg wr wkh gldjqrvwlf srzhu ri wkh wd{ plfurvlpxodwlrq surfhgxuh dw wkh

ohyho ri wkh krxvhkrog/ dqg kdv suryhg dq lqydoxdeoh ghexjjlqj wrro lq surjudpph

ghyhorsphqw1

7 D sudfwlfdo dssolfdwlrq

Zh frqfhqwudwh khuh rq d sudfwlfdo lpsohphqwdwlrq ri wkh Gxqfdq0Vwdun dojrulwkp

e| suhvhqwlqj exgjhw frqwudlqwv/ pdujlqdo h�hfwlyh wd{ udwh +PHWU, vfkhgxohv dqg

PHWU gldjqrvwlfv ghulyhg iurp d vwdqgdug wd{ plfurvlpxodwlrq prgho1 Wklv looxvwud0

wlyh lpsohphqwdwlrq lv edvhg rq lqsxw iurp wkh Phoerxuqh Lqvwlwxwh Wd{ dqg Wudqvihu

Vlpxodwru +PLWWV,/ d qhz plfurvlpxodwlrq prgho ri wkh Dxvwudoldq wd{ dqg wudqv0

ihu v|vwhp xqghu ghyhorsphqw dw wkh Phoerxuqh Lqvwlwxwh ri Dssolhg Hfrqrplf dqg

Vrfldo Uhvhdufk1< Zh irfxv rq wkh exgjhw frqwudlqw idflqj wkh sulpdu| hduqhu lq

d wzr0shuvrq krxvhkrog xqghu wkh Pdufk 4<<< Dxvwudoldq wd{ dqg wudqvihu v|vwhp1

<Iru ixoo ghwdlov ri wkh Phoerxuqh Lqvwlwxwh Wd{ dqg Wudqvihu Vlpxodwru/ vhh Fuhhg| dqg Gxqfdq

+4<<<,1
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Iljxuh 8= Krxvhkrog Exgjhw Frqvwudlqw
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Iljxuhv 8 dqg 9 suhvhqw judsklfdo uhsuhvhqwdwlrqv ri wkh exgjhw frqwudlqw dqg PHWU

vfkhgxohv idflqj wkh sulpdu| hduqhu lq d krxvhkrog zlwk wkuhh fkloguhq +wzr ri zkrp

duh suh0vfkrro djh, zlwk d jurvv krxuo| zdjh ri Dxv'581 Wkh frpsoh{lw| ri wkh wd{

vfkhgxoh/ dqg wkh vxffhvv dqg dffxudf| zlwk zklfk wkh dojrulwkp slqsrlqwv nlqnv dqg

glvfrqwlqxlwlhv/ lv hylghqw sduwlfxoduo| iurp wkh vhfrqg PHWU vfkhgxoh1

Rqfh hdfk nlqn kdv ehhq dffxudwho| lghqwl�hg/ zh surfhhg wr gldjqrvh wkh uhdvrq

+ru uhdvrqv, iru wkh suhvhqfh ri wkh wxuqlqj srlqw e| shuwxuelqj krxuv durxqg wkh nlqn

dqg h{dplqlqj wkh fkdqjhv lq wkh frqvwlwxhqw sduwv ri wrwdo krxvhkrog qhw lqfrph1 Lq

Wdeohv 4 dqg 5 wkh wxuqlqj srlqwv duh udwlrqdolvhg iru/ uhvshfwlyho|/ wkh Pdufk 4<<<

Dxvwudoldq wd{ dqg wudqvihu v|vwhp dqg d yduldqw ri wkh vdph143 Wkh dgydqwdjh ri

wkh jhqhulf exgjhw frqvwudlqw dojrulwkp ryhu d julg vhdufk surfhgxuh lv hylghqw iurp

wkhvh gldjqrvwlfv1 Zh duh deoh wr lghqwli| hdfk wxuqlqj srlqw zlwk kljk suhflvlrq ryhu

wkh ixoo exgjhw frqvwudlqw/ dqg wr h{sodlq zklfk fkdqjhv lq hqwlwohphqw ru sd|phqw

jlyh ulvh wr hdfk wxuqlqj srlqw1

43Dv d frxqwhuidfwxdo wr wkh Pdufk 4<<< Dxvwudoldq wd{ dqg wudqvihu v|vwhp/ zh lpsrvh d orzhu

+43 shu fhqw, wd{ udwh iru wkh �uvw '43/333 ri wkh sulpdu| hduqhu*v lqfrph/ dqg dq lqfuhdvh wr '473

shu iruwqljkw lq wkh edvlf udwh ri Idplo| Sd|phqw1
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Wdeoh 4= PHWU gldjqrvwlfv= �uvw wd{ v|vwhp

krxuv jurvv lqfrph qhw lqfrph cyluwxdo* lqfrph PHWU suredeoh uhdvrq iru nlqn

3133 3133 865176 865176 31333 frqvwudlqw vwduwv

318; 47178 8791;: 868164 31533 Lqfrph Wd{ vwduwv

4153 63133 88<165 883164 31:33 PU fkdqjhv iru Wd{deoh Doorzdqfh

PU fkdqjhv iru Ehqh�fldu| Wd{ Uhedwh

51;3 :3133 8:4164 897164 31<33 PU fkdqjhv iru Wd{deoh Doorzdqfh

PU fkdqjhv iru Ehqh�fldu| Wd{ Uhedwh

6185 ;:1<7 8:6144 897164 1 �� glvfrqwlqxlw| ��

6185 ;:1<: 89617< 8871:3 31<33 Idplo| Wd{ Sd|phqw Sw E vwrsv iru sduwqhu

7145 4351<6 8971<< 87315< 31:93 Ehqh�fldu| Wd{ Uhedwh vwrsv

46155 663176 94<18< 8;9188 31<33 Wd{deoh Doorzdqfh vwrsv iru sduwqhu

sduwqhu*v PU fkdqjhv iru Qrq0Wd{deoh Doorzdqfh

4713; 6841<4 9541:5 :9517< 41733 sduwqhu*v PU fkdqjhv iru Idplo| Sd|phqw

48143 6::193 94417: 7<;14< 31:33 Qrq0Wd{deoh Doorzdqfh vwrsv iru sduwqhu

481<5 6<;143 94:194 89<1;7 31;;3 PU fkdqjhv iru Orz Lqfrph Uhedwh

4:193 773136 955198 98:1;8 413;3 Phglfduh Ohy| vwduwv

4;1;4 7:3155 953156 96<137 41373 Orz Lqfrph Uhedwh vwrsv

4<136 7:81:4 953134 884136 31;88 PU fkdqjhv iru Phglfduh Ohy|

57163 93:194 96<148 57:157 31688 sduwqhu*v PU fkdqjhv iru Idplo| Sd|phqw

Idplo| Wd{ Sd|phqw Sw D vwrsv iru sduwqhu

Idplo| Wd{ Dvvlvwdqfh vwduwv

5<156 :631:: :4;18< 646134 31778 PU fkdqjhv iru Lqfrph Wd{

6;179 <94187 ;7919: 68417: 317;8 PU fkdqjhv iru Lqfrph Wd{

83133 4583133 <<8155 68417: 1 frqvwudlqw hqgv

Qrwhv= Exgjhw frqvwudlqwv dqg PHWU gldjqrvwlfv jhqhudwhg xvlqj wkh Phoerxuqh Lqvwlwxwh Wd{ dqg Wudqvihu Vlpxodwru

+PLWWV,/ dqg duhedvhg rq wkh Pdufk 4<<< Dxvwudoldq wd{ dqg wudqvihu v|vwhp1 Exgjhw vhwv dqg pdujlqdo h�hfwlyh

wd{ udwhv ghwdlov uhodwh wr wkh krxuv fkrlfhv ri wkh sulqflsoh hduqhu lq d wzr0hduqhu frxsoh zlwk wzr suh0vfkrro fkloguhq

dqg rqh vfkrro djhg fklog1 Wkh vhfrqgdu| hduqhu zrunv iru �yh krxuv shu zhhn/ dqg erwk dgxowv lq wkh frxsoh uhfhlyh

d jurvv krxuo| zdjh ri Dxv'581 Vhh Fuhhg| dqg Gxqfdq +4<<<, iru ixuwkhu ghwdlov1
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Wdeoh 5= PHWU gldjqrvwlfv= vhfrqg wd{ v|vwhp

krxuv jurvv lqfrph qhw lqfrph cyluwxdo* lqfrph PHWU suredeoh uhdvrq iru nlqn

3133 3133 8:9144 8:9144 31333 frqvwudlqw vwduwv

4148 5;1;: 9371<: 8:;1<< 31433 Lqfrph Wd{ vwduwv

4153 63133 939133 8<61<< 31933 PU fkdqjhv iru Wd{deoh Doorzdqfh

PU fkdqjhv iru Ehqh�fldu| Wd{ Uhedwh

5176 931;5 94;165 8<:136 31983 +nlqn qrw uhfrjqlvhg,

51;3 :3133 954186 93<196 31;63 PU fkdqjhv iru Wd{deoh Doorzdqfh

PU fkdqjhv iru Ehqh�fldu| Wd{ Uhedwh

6185 ;:1<7 95718; <:9168 1 �� glvfrqwlqxlw| ��

6185 ;:1<: 94<1:; 9371;5 31;63 Idplo| Wd{ Sd|phqw Sw E vwrsv iru sduwqhu

7145 4351<9 955166 8<:195 31:93 Ehqh�fldu| Wd{ Uhedwh vwrsv

43138 584164 98:1<6 948154 31;63 Wd{deoh Doorzdqfh vwrsv

451:; 64<179 99<185 96:18: 31<33 +nlqn qrw uhfrjqlvhg,

4713; 6841;; 9:51:9 ;46184 41733 sduwqhu*v PU fkdqjhv iru Idplo| Sd|phqw

48143 6::193 99517< 87<154 31:33 Qrq0Wd{deoh Doorzdqfh vwrsv iru sduwqhu

481<5 6<;13; 99;196 9531;: 31;;3 PU fkdqjhv iru Orz Lqfrph Uhedwh

4:193 773138 9:619: :3;1;: 413;3 Phglfduh Ohy| vwduwv

4;1;4 7:3155 9:4158 9<3139 41373 Orz Lqfrph Uhedwh vwrsv

4<136 7:81:6 9:4137 935139 31;88 PU fkdqjhv iru Phglfduh Ohy|

5;136 :331;4 :3619< 58419: 31688 +nlqn qrw uhfrjqlvhg,

5<156 :631:: :56134 64:176 31778 PU fkdqjhv iru Lqfrph Wd{

6;179 <94187 ;8413< 6881<3 317;8 PU fkdqjhv iru Lqfrph Wd{

83133 4583133 <<<198 6881<3 1 frqvwudlqw hqgv

Qrwhv= dv iru Wdeoh 41 Uhodwlyh wr wkh Pdufk 4<<< Dxvwudoldq wd{ dqg wudqvihu v|vwhp/ wklv v|vwhp lqyroyhv d orzhu

+43 shu fhqw, wd{ udwh iru wkh �uvw '43/333 ri wkh sulpdu| hduqhu*v lqfrph/ dqg dq lqfuhdvh wr '473 shu iruwqljkw lq

wkh edvlf udwh ri Idplo| Sd|phqw1
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Iljxuh 9= Pdujlqdo H�hfwlyh Wd{ Udwhv
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Lq dsso|lqj wkh dojrulwkp lq wkh frqwh{w ri ehkdylrxudo plfurvlpxodwlrq/ wkh sr0

vlwlrq +qxpehu ri krxuv, ri doo nlqnv dqg vorshv ri doo olqhdu vhfwlrqv ri wkh exgjhw

frqvwudlqw ri hdfk lqglylgxdo lq d odujh dqg uhsuhvhqwdwlyh vdpsoh duh dxwrpdwlfdoo|

frpsxwhg1 Lq dgglwlrq/ lw lv qhfhvvdu| wr frpsxwh/ iru hdfk olqhdu vhjphqw/ wkh lqwhu0

vhfwlrq ri wkdw olqhdu vhfwlrq zkhq h{whqghg wr wkh krul}rqwdo d{lv +wkdw lv/ qhw lqfrph

fruuhvsrqglqj wr }hur krxuv,1 Iru hdfk olqhdu vhfwlrq/ wkh vorsh lv lghqwl�hg dv wkh

qhw zdjh udwh dqg wkh lqwhufhsw lv uhihuuhg wr dv wkh cyluwxdo lqfrph* fruuhvsrqglqj wr

wkdw vhfwlrq1 Wkh vhw ri qhw zdjhv/ yluwxdo lqfrphv dqg krxuv dw zklfk wkh qhw zdjh

fkdqjhv +wkdw lv/ wkh nlqn srlqwv, pd| wkhq eh uhwdlqhg iru xvh lq wkh fdofxodwlrq

ri dyhudjh wd{ udwhv dqg uhsodfhphqw udwhv xvlqj wkh irupxodwlrqv ghvfulehg hduolhu1

Iljxuhv : dqg ; vkrz/ uhvshfwlyho|/ wkh dyhudjh pdujlqdo wd{ udwh dqg uhsodfhphqw

udwh vfkhgxohv iru wkh h{dpsoh krxvhkrog ghvfulehg hduolhu1 Wkhvh vfkhgxohv duh h{dfw

ryhu wkh ixoo udqjh ri krxuv/ |hw duh edvhg rq hydoxdwlrqv iurp d wd{ plfurvlpxodwlrq

prgho rqo| dw hdfk wxuqlqj srlqw lq wkh krxuv udqjh1
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Iljxuh := Dyhudjh Pdujlqdo Wd{ Udwhv
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Iljxuh ;= Uhsodfhphqw Udwhv
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8 Frqfoxvlrqv

Lq wklv vkruw sdshu zh ghvfuleh d jhqhulf phwkrg e| zklfk frpsohwh dqg dffxudwh

exgjhw frqvwudlqwv pd| eh jhqhudwhg iurp vwdqgdug wd{ plfurvlpxodwlrq prghov1 Wkh

dojrulwkp lv dssursuldwh iru dq| plfurvlpxodwlrq prgho zklfk doorzv iru yduldwlrq lq

jurvv lqfrph +ru krxuv ri zrun, dw wkh ohyho ri wkh lqglylgxdo1 Rxu phwkrg wdnhv

dgydqwdjh ri uhfxuvlrqv zklfk h{sorlw wkh jhrphwulf slhfhzlvh olqhdu qdwxuh ri wkh

w|slfdo exgjhw frqvwudlqw1 Wkh uhvxow lv dq dojrulwkpzklfk lv h!flhqw/ zklfk lghqwl�hv

h{dfwo| wkh srlqwv rq d exgjhw frqvwudlqw dw zklfk pdujlqdo h�hfwlyh wd{ udwhv fkdqjh/

dqg zklfk fdq eh dgdswhg wr jhqhudwh frqwlqxrxv uhsodfhphqw udwhv dqg dyhudjh wd{

udwh vfkhgxohv1 Zh dovr glvfxvv dq h{whqvlrq wr wkh edvlf dojrulwkp zklfk vhuyhv

dxwrpdwlfdoo| wr lghqwli| uhdvrqv iru wkh fkdqjh lq pdujlqdo h�hfwlyh wd{ udwhv1 D

vnhwfk ri wkh dojrulwkp +lq Mdyd, lv surylghg wr

Uhihuhqfhv

Eoxqghoo/ U1/ D1 Gxqfdq/ M1 PfFudh/ dqg F1 Phjklu +5333,= �Wkh Oderxu

Pdunhw Lpsdfw ri wkh Zrunlqj Idplolhv* Wd{ Fuhglw/� Ilvfdo Vwxglhv/ 54/ :8�4371

Fdoodq/ W1/ F1 R*Grqrjkxh/ dqg F1 R*Qhloo +4<<9,= Vlpxodwlqj Zhoiduh dqg

Lqfrph Wd{ Fkdqjhv= Wkh HVUL Wd{ Ehqh�w Prgho VZLWFK1 Gxeolq= HVUL1

Fuhhg|/ M1/ dqg D1 Gxqfdq +4<<<,= �Wkh Phoerxuqh Lqvwlwxwh Wd{ dqg Wudqvihu

Vlpxodwru/� Glvfxvvlrq sdshu/ Phoerxuqh Lqvwlwxwh/ Xqlyhuvlw| ri Phoerxuqh1

Iu|/ Y1/ dqg J1 Vwdun +4<<6,= �Wkh Wdnh0Xs ri Phdqv0Whvwhg Ehqh�wv/ 4<;70<3/�

Glvfxvvlrq sdshu/ Orqgrq= Lqvwlwxwh iru Ilvfdo Vwxglhv1

Jlohv/ F1/ dqg M1 PfFudh +4<<8,= �Wkh LIV Wd{Plfur0Vlpxodwlrq Wd{ dqg Ehqh�w

Prgho/� Glvfxvvlrq Sdshu Z<824</ Lqvwlwxwh iru Ilvfdo Vwxglhv1

Vhgjhzlfn/ U1 +4<;<,= Dojrulwkpv1 Uhdglqj/ Pdvv1= Dgglvrq Zhvoh|/ 5qg hgq1
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9 Dsshqgl{= D Vnhwfk ri wkh Dojrulwkp lq MDYD

Rxu dojrulwkp kdg ehhq lpsohphqwhg lq vhyhudo frpsxwhu odqjxdjhv= ruljlqdoo|

Prgxod05 iru wkh Lqvwlwxwh iru Ilvfdo Vwxglhv* wd{ plfurvlpxodwlrq prgho WD[EHQ44/

vxevhtxhqwo| JDXVV iru PLWWV45 dqg prvw uhfhqwo| MDYD iru wkh Yluwxdo Hfrqrp|

+YH, surmhfw1 Khuh/ zh vkrz d voljkwo| hglwhg yhuvlrq ri wkh pdlq urxwlqh iurp wkh

MDYD yhuvlrq146

Doo rxu lpsohphqwdwlrqv vr idu kdyh xvhg uhfxuvlrq 0 ixqfwlrqv wkdw fdoo wkhpvhoyhv1

Dv lv zhoo nqrzq47 uhfxuvlrq doorzv wkh surgxfwlrq ri frgh wkdw lv hdv| wr uhdg dqg

pdlqwdlq/ exw riwhq dw wkh h{shqvh ri h!flhqf|= li h!flhqf| zdv wkh sulph frqfhuq/

ru li wkh fkrvhq odqjxdjh grhv qrw vxssruw uhfxuvlrq +h1j1 IRUWUDQ suh0I<{,/ rxu

frgh frxog eh uh0lpsohphqwhg xvlqj JRWRv vwdwhphqwv dw vrph frvw wr uhdgdelolw|148

Wkh jhqhudwru lv vwuxfwxuhg vr dv wr eh lqghshqghqw ri dq| sduwlfxodu prgho1 Dv

glvfxvvhg lq Vhfwlrq 5 deryh/ wkh dojrulwkp qhhgv wr vhh wkh wdujhw prgho dv d vlpsoh

ixqfwlrq ri wkh irup=

�e|U?SJ6e ' 8 ECoJrrU?SJ6e�

ru

�e|U?SJ6e ' 8 EMJ�or�

Dq| vlpxodwlrq prgho wkdw fdq eh h{suhvvhg lq wklv zd| fdq eh xvhg1 Lq dq remhfw

rulhqwdwhg odqjxdjh vxfk dv MDYD/ |rx fdq klgh pxfk ri wkh ghwdlo ri d frpsoh{ prgho

lqvlgh dq remhfw> vr orqj dv wkh remhfw kdv dq dffhvvleoh phwkrg zlwk wklv vljqdwxuh/ lw

fdq eh xvhg e| wkh jhqhudwru1 Prgxod05 lv qrw remhfw0rulhqwdwhg/ exw |rx fdq dfklhyh

vlplodu lqghshqghqfh e| xvlqj surfhgxuh yduldeohv/ wkrxjk wkh frgh lv phvvlhu dqg

uhtxluhv pruh h{whqvlyh xvh ri joredo yduldeohv1 Lq MDYD/ wkh hqwluh exgjhw frqwudlqw

jhqhudwru dojrulwkp lv wkhq lwvhoi hqfdsvxodwhg lq d fodvv zklfk wdnhv wkh ghwdlov ri d

sduwlfxodu krxvhkrog dv lqsxw dqg uhwxuqv wkh froohfwlrq ri E%c +� srlqwv zklfk pdnh

xs wkh exgjhw frqvwudlqw1

44Jlohv dqg PfFudh +4<<8,1
45Fuhhg| dqg Gxqfdq +4<<<,1
46Uhdghuv fdq h{shulphqw zlwk wkh dojrulwkp dw wkh YH zhevlwh dw kwws=22yh1liv1ruj1xn 0 jr wr wkh

Prgho vhfwlrq vhohfw wkh Dgydqfhg lqsxw irup dqg vfuroo wr wkh erwwrp wr vhh wkh Exgjhw Frqvwudlqw

rswlrqv1
47Vhh Vhgjhzlfn +4<;<, Fkdswhu 8/ ss841
48Vhh Vhgjhzlfn +4<;<, ss94 iru dq h{dpsoh1
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Rxu lpsohphqwdwlrq uhtxluhv vrph frqwuro sdudphwhuv=

� lqfu= wkh lqfuhphqw wr dgg ru vxewudfw iurp hdfk srlqw>

� vwduw/ vwrs= wkh {0frruglqdwh ri wkh h{wuhph srlqwv ri wkh fxuuhqw vhjphqw

Lq wkh iroorzlqj MDYD lpsohphqwdwlrq/ wkhvh duh frqwdlqhg lq wkh NlqnvFrqwuro

uhfrug1 Zh dovr qhhg vrph uhfrug ru fodvv uhsuhvhqwlqj d olqh dqg d srlqw/ dqg vrph

gdwd vwuxfwxuh wr krog wkh uhvxowlqj froohfwlrq ri rxwsxw srlqwv 0 lq wklv h{dpsoh/ zh

xvh d VruwhgPds iurp wkh MDYD Froohfwlrqv Iudphzrun wr nhhs wkh srlqwv lq rughu

dqg wr dyrlg gxsolfdwlrq1

D vnhwfk ri wkh wkh pdlq dojrulwkp urxwlqh iroorzv1 Iru fodulw|/ wklv lv vrphzkdw

vlpsol�hg frpsduhg wr wkh MDYD yhuvlrq zh kdyh lpsohphqwhg rq wkh Lqvwlwxwh iru

Ilvfdo Vwxglhv* Yluwxdo Hfrqrp| zhevlwh kwws=22yh1liv1ruj1xn/ zklfk lqfoxghv pruh

gldjqrvwlf dqg huuru kdqgolqj frgh/ dv zhoo dv frgh wr dyrlg pdnlqj uhgxqgdqw uhfdo0

fxodwlrqv=

914 MDYD urxwlqh iru jhqhudwlqj exgjhw frqvwudlqwv

4 sxeolf yrlg JhqhudwhExgjhwFrqvwudlqw+ NlqnvFrqwuro n , ~

5 grxeoh jurvv / } / {>

6 Srlqw^` s @ qhz Srlqw^ 8 `>

7 Olqh^ ` olqh @ qhz Olqh^ 5 `>

8 jurvv @ n1vwduw>

9 s^ 3 ` @ I+ jurvv ,>

: jurvv @ jurvv . n1lqfu>

; s^ 4 ` @ I+ jurvv ,>

< jurvv @ n1vwrs>

43 s^ 5 ` @ I+ jurvv ,>

44 jurvv @ jurvv 0 n1lqfu>

45 s^ 6 ` @ I+ jurvv ,>

46 olqh^ 3 ` @ qhz Olqh+ s^ 3 ` / s^ 4 ` ,>

47 olqh^ 4 ` @ qhz Olqh+ s^ 6 ` / s^ 7 ` ,>

48 li olqh^ 4 `1vdphOlqhDv+ olqh^ 5 ` ,~

49 srlqwv1sxw+ qhz Grxeoh+ s^ 3 `1{ , / s^ 3 ` ,>

4: srlqwv1sxw+ qhz Grxeoh+ s^ 6 `1{ , / s^ 6 ` ,>
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4; uhwxuq> �

4< hovh li +LPdwk1qhduo|Htxdo+ n1vwduw / n1vwrs / n1lqfu 2 43313 , ,

53 uhwxuq

54 hovh ~

55 s^ 7 ` @ olqh^ 3 `1lqwhuvhfwlrq+ olqh^ 4 ` ,>

56 li + s^ 7 `1{ 	@ n1vwduw ,

57 } @ n1vwduw . + +n1vwrs 0 n1vwduw , 2 513 ,>

58 hovh li +s^ 7 ` :@ n1vwrs ,

59 } @ n1vwrs . + +n1vwrs 0 n1vwduw , 2 513 ,>

5: hovh

5; } @ s^ 7 `1{>

5< { @ n1vwrs>

63 n1vwrs @ }>

64 JhqhudwhExgjhwFrqvwudlqw+ n ,>

65 n1vwduw @ }>

66 n1vwrs @ {>

67 JhqhudwhExgjhwFrqvwudlqw+ n ,>

68 �

69 �

Khuh I+jurvv, lv rxu fdoo wr wkh wd{ plfurvlpxodwlrq surfhgxuh1 Wklv uhwxuqv d

srlqw +%c +, zkhuh + lv wkh wd{ xqlw qhw lqfrph dw jurvv lqfrph %1 Wkh urxwlqh pd|

htxdoo| zhoo eh gh�qhg lq whupv ri krxuv ri zrun � udwkhu wkdq jurvv lqfrph %c vlqfh

% ' `� iru +�{hg, jurvv zdjh ` 1 Dw olqhv 8047 wklv surfhgxuh lv fdoohg irxu wlphv wr

jhqhudwh wkh olqhv fruuhvsrqglqj wr DF dqg FH lq Iljxuh 41

Olqhv 4804; whvw iru zkhwkhu wkhvh wzr olqh vhjphqwv duh lq idfw wkh vdph olqh> li vr/

dv glvfxvvhg lq vhfwlrq 514/ zh dgg wkh srlqwv dw hlwkhu hqg wr rxu exgjhw frqvwudlqw

dqg uhwxuq1

Olqhv 4<053 duh d vlpsoh ryhu rz fkhfn iru fdvhv zkhuh wkh exgjhw frqvwudlqw lv

qhdu0yhuwlfdo1

Li qhlwkhu ri wkhvh frqglwlrqv duh phw/ wkh dojrulwkp frqwlqxhv +olqhv 55067,1 Olqh

55 fdofxodwhv srlqw F lq Iljxuh 41 Dw olqhv 63067 JhqhudwhExgjhwFrqvwudlqw lv fdoohg

uhfxuvlyho| wr fdofxodwh wkh vxe0exgjhw frqvwudlqwv hlwkhu vlgh ri F dqg vr rq xqwlo wkh

55



kdowlqj frqglwlrqv dw olqhv 48053 duh phw1 Ilqdoo|/ olqhv 56059 duh wkh qrq0frqyh{lw|

fkhfnv glvfxvvhg lq Vhfwlrq 5151

Wkh lqlwldo fdoo wr JhqhudwhExgjhwFrqvwudlqw zrxog kdyh n1vwduw dqg n1vwrs

vhw wr jurvv lqfrph dw/ vd|/ 3 dqg 433 krxuv shu zhhn1 Zlwk hdfk uhfxuvlyh fdoo/ wkhvh

udqjhv duh vkruwhqhg xqwlo d olqhdu vhjphqw lv jhqhudwhg1
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