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Rswlpdo Wd{dwlrq dqg Ulvn Vkdulqj�

Kdplvk Orz

Xqlyhuvlw| ri Fdpeulgjh/ Lqvwlwxwh iru Ilvfdo Vwxglhv dqg FHSU

Gdqlho Pdogrrp

GrwHfrq Owg1

Mdqxdu| 5333

Devwudfw

Wklv sdshu dqdo|vhv wkh wudgh0r� ehwzhhq wkh lqfhqwlyh h�hfwv ri

lqfuhdvhg xqfhuwdlqw| dqg wkh zhoiduh ehqh�wv ri ulvn0vkdulqj lq wkh

ghvljq ri rswlpdo wd{ vfkhgxohv1 Zh xvh qxphulfdo phwkrgv wr fkdudf0

whulvh wkh wd{ vfkhgxoh dqg wr jlyh frpsdudwlyh vwdwlf uhvxowv ri fkdqj0

lqj ulvn dyhuvlrq/ xqfhuwdlqw| dqg wkh frvw ri h�ruw1 Lqfuhdvhg xq0

fhuwdlqw| pd| lqfuhdvh h�ruw iru suhfdxwlrqdu| uhdvrqv/ exw ohdgv wr

juhdwhu ulvn vkdulqj lq wkh rswlpdo wd{ vfkhgxoh1 Vlploduo|/ d uhgxfhg

frvw ri h�ruw ohdgv wr juhdwhu ulvn vkdulqj1 Lqfhqwlyhv wr zrun duh lq0

gxfhg wkurxjk sxqlvkphqw dw orz rxwsxw uhdolvdwlrqv li ulvn dyhuvlrq

lv kljk/ dqg wkurxjk uhzdug ri kljk rxwsxw li ulvn dyhuvlrq lv orz1 Zh

dovr frqvlghu lqwurgxflqj h{wud udqgrplvdwlrq lqwr wkh wd{ vfkhgxoh wr

ixuwkhu lqfhqwlylvh lqglylgxdov1 Wklv lv rqo| rswlpdo li wkh irup ri wkh

wd{ vfkhgxoh lv frqvwudlqhg/ iru h{dpsoh wr eh olqhdu1

WZh duh judwhixo wr Wlp Ehvoh|/ Md|dvul Gxwwd dqg Mlp Pluuohhv iru khosixo glvfxv0

vlrqv dqg wr vhplqdu sduwlflsdqwv dw Fdpeulgjh dqg Hvvh{ iru khosixo frpphqwv1 Fru0

uhvsrqghqfh wr= Kdplvk Orz/ Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Xqlyhuvlw| ri Fdp0

eulgjh/ Vlgjzlfn Dyhqxh/ Fdpeulgjh/ FE6 <GG/ XN1 hpdlo= kdplvk1orzChfrq1fdp1df1xn

ru Gdq Pdogrrp/ GrwHfrq Owg/ 49 Kdqryhu Vt/ Orqgrq/ Z4U <DM/ XN1 hpdlo=

gdq1pdogrrpCgrwhfrq1frp
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H{hfxwlyh Vxppdu|

� Xqfhuwdlqw| fdq pdnh lqglylgxdov zrun orqjhu krxuv iru suhfdxwlrqdu|

uhdvrqv/ dqg vr vrfldo lqvxudqfh zklfk uhgxfhv wklv xqfhuwdlqw| fdq

ohdg wr orzhu oderxu vxsso| dqg khqfh ohvv rxwsxw lq wkh hfrqrp|1

Krzhyhu/ vrfldo lqvxudqfh surylghv ulvn vkdulqj ehqh�wv dqg vr wkhuh

lv d wudgh0r� ehwzhhq lqfuhdvlqj xqfhuwdlqw| wr lqfhqwlylvh shrsoh dqg

uhgxflqj xqfhuwdlqw| wr surylgh ulvn0vkdulqj1 Wklv sdshu dqdo|vhv wkh

h{whqw wr zklfk wklv wudgh0r� vkrxog eh h{sorlwhg e| wkh jryhuqphqw

lq surylglqj vrfldo lqvxudqfh1

� Pdujlqdo wd{ udwhv lqfuhdvh zlwk jurvv lqfrph li ulvn dyhuvlrq lv kljk/

exw ghfuhdvh zlwk jurvv lqfrph li ulvn dyhuvlrq lv orz1 Ixuwkhu/ lqfhq0

wlyhv wr zrun duh lqgxfhg wkurxjk sxqlvkphqw dw orz rxwsxw uhdolvd0

wlrqv li ulvn dyhuvlrq lv kljk/ dqg wkurxjk uhzdug ri kljk rxwsxw li ulvn

dyhuvlrq lv orz1

� Lqfuhdvhv lq wkh ghjuhh ri xqfhuwdlqw| derxw lqfrph pd| lqfuhdvh h�ruw

iru suhfdxwlrqdu| uhdvrqv/ exw ohdgv wr juhdwhu ulvn vkdulqj lq wkh rs0

wlpdo wd{ vfkhgxoh1 Vlploduo|/ d uhgxfhg frvw ri h�ruw ohdgv wr juhdwhu

ulvn vkdulqj1

� Zh dovr frqvlghu lqwurgxflqj h{wud xqfhuwdlqw| +wkurxjk udqgrplvd0

wlrq lq wkh wd{ vfkhgxoh, wr ixuwkhu lqfhqwlylvh lqglylgxdov1 Li wkh jry0

huqphqw lv xqfrqvwudlqhg lq wkh fkrlfh ri wd{ vfkhgxoh/ h{wud udqgrpl0

vdwlrq lv qrw rswlpdo1 Lqwurgxflqj h{wud xqfhuwdlqw| fdq eh rswlpdo li

wkh irup ri wkh wd{ vfkhgxoh lv frqvwudlqhg/ iru h{dpsoh wr eh olqhdu1
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4 Lqwurgxfwlrq

Wkh dlp ri wklv sdshu lv wr dqdo|vh wkh wudgh0r� ehwzhhq lqfhqwlyhv dqg ulvn0

vkdulqj lq wkh ghvljq ri rswlpdo wd{ vfkhgxohv1 Uhglvwulexwlyh wd{ vfkhphv

uhgxfh wkh yduldqfh ri qhw lqfrph/ surylglqj ulvn vkdulqj ehqh�wv1 Krzhyhu/

vxfk vfkhphv pd| uhgxfh wkh h{shfwhg pdujlqdo uhwxuqv iurp h�ruw dqg/

vlqfh xqfhuwdlqw| pd| lqgxfh shrsoh wr lqfuhdvh h�ruw iru suhfdxwlrqdu|

uhdvrqv/ ulvn vkdulqj lwvhoi pd| kdyh d ixuwkhu eoxqwlqj h�hfw rq lqfhqwlyhv1

Wkh �uvw frqwulexwlrq ri wklv sdshu lv wr surylgh d phwkrg ri vhwwlqj xs

sulqflsdo0djhqw sureohpv ri wklv irup dqg wr xvh wklv phwkrg wr fkdudfwhulvh

wkh wudgh0r� ehwzhhq xqfhuwdlqw| dqg ulvn vkdulqj/ sduwo| wkurxjk qxphul0

fdo vroxwlrqv1 Wkh vhfrqg frqwulexwlrq lv wr vkrz wkh ydoxh ri lqwurgxflqj

dgglwlrqdo udqgrplvdwlrq lqwr sd|r�v xqghu gl�huhqw dvvxpswlrqv derxw wkh

frpsoh{lw| ri wkh wd{ v|vwhp1

Wklv lvvxh xqghuolhv d qxpehu ri txhvwlrqv lq wkh olwhudwxuh1 Iru h{dpsoh/

Yduldq +4<;3, dgguhvvhg wkh txhvwlrq ri krz pxfk ulvn vkdulqj vkrxog eh

surylghg wkurxjk wkh wd{ v|vwhp= surjuhvvlyh wd{dwlrq surylghv lqvxudqfh e|

uhgxflqj wkh yduldqfh ri qhw lqfrph/ exw wklv lqvxudqfh uhgxfhv wkh lqfhqwlyh

wr vhoi0lqvxuh wkurxjk vdylqj1 Yduldq suhvhqwv vrph frpsdudwlyh vwdwlf uh0

vxowv/ exw wkhvh duh rqo| dssur{lpdwlrqv kroglqj hqgrjhqrxv yduldeohv �{hg1

D vhfrqg txhvwlrq/ �uvw udlvhg e| Vwljolw} +4<;5e,/ lv zkhwkhu wkh wd{ vfkhg0

xoh vkrxog eh vxemhfw wr udqgrplvdwlrq1 Rqh lqwhusuhwdwlrq ri udqgrplvlqj

wkh wd{ vfkhgxoh lv wkdw lw lv d zd| ri lqwurgxflqj dgglwlrqdo xqfhuwdlqw| wr

lqfhqwlylvh lqglylgxdov dw wkh frvw ri vrph ulvn vkdulqj ehqh�wv1 Wkh qrwlrq

wkdw ulvn lqfuhdvhv h�ruw iru suhfdxwlrqdu| uhdvrqv lv dqdorjrxv wr wkh suh0

fdxwlrqdu| vdylqj ehkdylrxu dqdo|vlv ri Nlpedoo +4<<3,1 Kropvwurp +4<:</

4<;5, dovr glvfxvvhv lqwurgxflqj qrlvh lqwr wkh sd|r�v ri d sulqflsdo0djhqw

prgho dqg frqfoxghv wkdw lw lv rqo| ehqh�fldo wr frqglwlrq dq djhqw*v frp0

shqvdwlrq rq d udqgrp yduldeoh li wkdw udqgrp yduldeoh surylghv lqirupdwlrq

rq wkh djhqw*v h�ruw1 Wklv uhvxow dulvhv ehfdxvh wkh sulqflsdo grhv qrw idfh
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d exgjhw frqvwudlqw1

Wkh irupxodwlrq lq wklv sdshu iroorzv wkh iudphzrun ri Yduldq +4<;3,

lq vroylqj iru wkh jhqhudo vroxwlrq wr wkh wd{ vfkhgxoh1 Frpsdudwlyh vwdwlf

uhvxowv rq wklv wd{ vfkhgxoh uhtxluh wkh frpsohwh vroxwlrq ri wkh rswlplvd0

wlrq sureohp dqg zh xvh qxphulfdo phwkrgv wr ghulyh frpsdudwlyh vwdwlf

uhvxowv rq wkh h{whqw ri ulvn vkdulqj/ ydu|lqj ulvn dyhuvlrq/ wkh frvw ri hi0

iruw dqg xqfhuwdlqw|1 Wkh wudgh0r� dw wkh khduw ri wkh prgho lv ehwzhhq

lqgxflqj sduwlfxodu lqglylgxdov wr h{huw juhdwhu h�ruw e| pdnlqj wkhlu lq0

frph xqfhuwdlq dqg surylglqj ulvn vkdulqj ehqh�wv iru doo lqglylgxdov wr

lqfuhdvh vrfldo zhoiduh1 Lq wklv prgho/ lqglylgxdov duh h{0dqwh lghqwlfdo dqg

vr wkh lqglylgxdov zkr h{huw juhdwhu h�ruw duh dovr ehqh�wlqj iurp wkh ulvn

vkdulqj1 Wkh nh| uhvxowv ri wkh frpsdudwlyh vwdwlfv duh= �uvw/ lqfuhdvhv lq

wkh dprxqw ri h{rjhqrxv xqfhuwdlqw| kdyh d gluhfw h�hfw ohdglqj wr juhdwhu

h�ruw iru suhfdxwlrqdu| uhdvrqv zlwk d jlyhq wd{ vfkhgxoh1 Krzhyhu/ wkh

rswlpdo wd{ vfkhgxoh fkdqjhv wr surylgh juhdwhu ulvn vkdulqj ehfdxvh ohvv

lqirupdwlrq rq h�ruw lv ohduqw iurp d jlyhq rxwsxw ohyho/ dqg wklv ohdgv wr

uhgxfhg h�ruw1 Vhfrqg/ d juhdwhu frvw ri h�ruw ohdgv wr uhgxfhg h�ruw1 Wklv

ohdgv wr uhgxfhg ulvn vkdulqj dv wkh wd{ vfkhgxoh wulhv wr surylgh juhdwhu lq0

fhqwlyhv wr zrun wr frpshqvdwh iru wklv uhgxfhg h�ruw1 Wklug/ dv lqglylgxdov

glvolnh ri xqfhuwdlqw| lqfuhdvhv +lqfuhdvlqj ulvn dyhuvlrq dqg lqfuhdvlqj frq0

yh{lw| ri pdujlqdo xwlolw|,/ wkh| zloo h{huw juhdwhu h�ruw/ wkxv wkh lqfhqwlyh

h�hfwv ri xqfhuwdlqw| duh vkdushu1 R�vhwwlqj wklv/ wkh vrfldo zhoiduh ehqh�w

ri ulvn vkdulqj lv juhdwhu dqg vr wkh h�hfw rq ulvn vkdulqj wkurxjk wkh wd{

vfkhgxoh lv dpeljxrxv1 Zkhq lqglylgxdov duh yhu| ulvn dyhuvh/ lqglylgxdov

duh lqfhqwlylvhg wkurxjk shqdowlhv dw orz rxwsxw/ zlwk vljql�fdqw ulvn vkdu0

lqj hovhzkhuh1 Zkhq lqglylgxdov duh ohvv ulvn dyhuvh/ wkh| duh lqfhqwlylvhg

wkurxjk uhzdugv iru kljk rxwsxw/ zlwk vljql�fdqw ulvn vkdulqj hovhzkhuh1

Wkh iudphzrun lq wkh sdshu fdq dovr eh xvhg wr dgguhvv wkh txhvwlrq ri

zkhwkhu wkh wd{ vfkhgxoh vkrxog eh vxemhfw wr udqgrplvdwlrq ehfdxvh lp0
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srvhg udqgrplvdwlrq lv dqdorjrxv wr d uhgxfwlrq lq ulvn vkdulqj lq wkh wd{

vfkhgxoh1 Zh vkrz wkdw lqwurgxflqj vxfk udqgrplvdwlrq lv rswlpdo rqo| li

wkh wd{ vfkhgxoh lv frqvwudlqhg/ iru h{dpsoh wr eh olqhdu1 Li wkh wd{ vfkhgxoh

lv xqfrqvwudlqhg dqg lqfrph lv douhdg| xqfhuwdlq/ wkhq lw lv qhyhu rswlpdo wr

lqwurgxfh dgglwlrqdo udqgrplvdwlrq1 Wklv lv ehfdxvh wkh lqfhqwlyh h�hfwv ri

udqgrplvdwlrq fdq douhdg| eh h{sorlwhg wkurxjk olplwlqj wkh dprxqw ri lq0

vxudqfh djdlqvw lqfrph vkrfnv1 Wklv kdv lpsolfdwlrqv iru wkh vl}h ri �jurxsv�

zkhuh wkh wd{ vfkhgxoh lv fkrvhq wr glvwulexwh rxwsxw zlwklq wkh jurxs1 Wkh

lpsolfdwlrq ri wkh qr0udqgrplvdwlrq uhvxow lv wkdw zh vkrxog qrw uhvwulfw

jurxs vl}h= uhvwulfwlqj jurxs vl}h lqwurgxfhv djjuhjdwh ulvn/ zklfk lv dqdor0

jrxv wr udqgrplvdwlrq/ dqg vr lv rqo| zhoiduh lqfuhdvlqj li zh duh frqvwudlqhg

lq wkh vhw ri wd{ lqvwuxphqwv zh fdq xvh1 Wklv frqfoxvlrq fdq/ krzhyhu/ eh

ylhzhg lq wkh rssrvlwh zd|= li zh duh frqvwudlqhg wr xvh olqhdu wd{dwlrq/ uh0

vwulfwlqj jurxs vl}h ru lqwurgxflqj udqgrplvdwlrq pd| eh zd|v ri h{sorlwlqj

wkh lqfhqwlyh h�hfwv ri xqfhuwdlqw|1

Vhfwlrq 5 suhvhqwv wkh prgho zlwk ixoo| glyhuvl�deoh ulvn1 Wklv vhfwlrq

dovr ghvfulehv d jhqhudo zd| ri fkdudfwhulvlqj wkh sureohp zklfk uxohv rxw

wkh srvvlelolw| ri Pluuohhv shqdowlhv1 Vhfwlrq 516 wkhq surylghv d qxphulfdo

fkdudfwhulvdwlrq ri wkh wd{ vfkhgxoh iru d udqjh ri sdudphwhu ydoxhv1 Vhfwlrq

6 ghprqvwudwhv wkh qrq0rswlpdolw| ri udqgrplvdwlrq li wkh wd{ vfkhgxoh lv

xqfrqvwudlqhg dqg vhfwlrq 7 vkrzv wkh vlwxdwlrqv lq zklfk udqgrplvdwlrq

fdq eh zhoiduh lqfuhdvlqj1 Vhfwlrq 8 frqfoxghv1

5 Wkh prgho

Zh frqvlghu d vlpsoh sulqflsdo0djhqw prgho lq zklfk wkhuh lv d frqwlqxxp

ri djhqwv1 Hdfk djhqw surgxfhv dq rxwsxw wkdw ghshqgv rq klv ru khu rzq

h�ruw dqg dq lglrv|qfudwlf vkrfn1 Doo rxwsxw ulvnv duh srwhqwldoo| ixoo| gl0

yhuvl�deoh/ dowkrxjk lw zloo qrw eh rswlpdo wr gr vr ehfdxvh ri lqfhqwlyh

sureohpv1
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Djhqwv duh lqgh{hg e| l 5 ^3> 4`1 Djhqw l*v rxwsxw/ {�/ lv d ixqfwlrq ri

h�ruw/ h�/ dqg d udqgrp vkrfn1 Ohw I +{� m h�, eh wkh glvwulexwlrq ixqfwlrq

ri {� li h�ruw h� lv h{shqghg> zh dvvxph wkdw wklv lv frqwlqxrxvo| glvwulexwhg

zlwk frqwlqxrxvo| gl�huhqwldeoh s1g1i1 i +{� m h�,1 Wkh rxwsxwv ri djhqwv

duh lqghshqghqwo| glvwulexwhg1 Doo djhqwv kdyh lghqwlfdo xwlolw| ixqfwlrqv/

zklfk duh dgglwlyho| vhsdudeoh lq h�ruw dqg lqfrph> ohw x +|, eh wkh xwlolw|

ri lqfrph | dqg j +h, eh wkh glvxwlolw| ri h�ruw h1 Zh dvvxph wkdw x dqg j

duh wzlfh frqwlqxrxvo| gl�huhqwldeoh1

Zh frqvlghu rswlpdo phfkdqlvpv iru uhglvwulexwlqj rxwsxw ehwzhhq djhqwv1

Zh irfxv rq phfkdqlvpv wkdw suhvhuyh wkh yhlo ri ljqrudqfh/ lq wkdw wkh| gr

qrw lghqwli| dq| sduwlfxodu lqglylgxdo1 Irupdoo|/ wklv phdqv wkdw wkh door0

fdwlrq phfkdqlvp vkrxog |lhog wkh vdph lqfrph iru hdfk djhqw hyhq li wkh

djhqwv duh uhodehoohg +l1h1 wkh lqglfhv l duh shupxwhg,1 Wkxv d phfkdqlvp

pd| frqglwlrq dq djhqw*v lqfrph rq wkdw djhqw*v rxwsxw dqg wkh glvwulex0

wlrq ri doo djhqwv* rxwsxwv/ exw pd| qrw frqglwlrq rq dq| sduwlfxodu djhqw*v

rxwsxw1 Lq wkh fdvh ri dq lq�qlwh qxpehu ri djhqwv zlwk xqfruuhodwhg rxwsxw

vkrfnv/ wkh odz ri odujh qxpehuv lpsolhv wkdw lq htxloleulxp wkh glvwulexwlrq

ri doo djhqwv* rxwsxwv lv qrq0vwrfkdvwlf1 Wkhuhiruh/ zh rqo| qhhg wr frqvlghu

phfkdqlvpv lq zklfk hdfk djhqw*v lqfrph pd| eh zulwwhq dv d ixqfwlrq v +{,

ri wkdw djhqw*v rxwsxw { dorqh14

Zh uhtxluh wkdw wkh vkdulqj uxoh/ v +{,/ pxvw eh ihdvleoh/ vr wkdw wkh wrwdo

sd|phqw wr djhqwv lv qr pruh wkdq wrwdo rxwsxw lq dq| frqwlqjhqf|1 Zh dovr

dvvxph wkdw wkh uxoh rqo| lpsohphqwv Sduhwr rswlpdo glvwulexwlrqv +wr dyrlg

wkh sureohp ri h{0srvw uhqhjrwldwlrq,/ vr wkdw wrwdo sd|phqwv h{dfwo| htxdo

wrwdo rxwsxw1 Hyhq zlwkrxw wkh srvvlelolw| ri h{0srvw uhqhjrwldwlrq/ lw lv

rswlpdo wr uhglvwulexwh doo rxwsxw1 Li d vxjjhvwhg wd{ vfkhgxoh zlwkkhog sduw

4 Lq rughu wr frqvlghu wkh lqfhqwlyh frpsdwlelolw| ri wkh rswlpdo vkdulqj uxoh/ zh zloo

qhhg wr frqvlghu k|srwkhwlfdo fkdqjhv lq h�ruw e| d vlqjoh djhqw1 Hyhq xqghu vxfk k|sr0

wkhwlfdo ghyldwlrqv zh qhhg rqo| frqvlghu wkh ghshqghqf| ri wkh vkdulqj uxoh rq dq djhqwv*

rzq rxwsxw dqg pd| vxsuhvv dq| ghshqghqf| rq rwkhu djhqwv* rxwsxwv1
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ri wkh rxwsxw/ dq dowhuqdwlyh vfkhgxoh frxog doorfdwh wkh vxusoxv wr wkh wrs

hduqhu dqg lqfuhdvh zhoiduh zlwkrxw zruvhqlqj lqfhqwlyhv1

Wkh rswlpdo vkdulqj uxoh lv irxqg e| vroylqj wkh rswlplvdwlrq sureohp=

pd{
rEu�ceW

]
x +v +{,, gI +{ m hW,� j +hW, +4,

v1w1 hW 5dujpd{
e

]
x +v +{,, gI +{ m h,� j +h, +5,

]
v +{, gI +{ m hW, @

]
{gI +{ m hW, = +6,

zkhuh htxdwlrq +5, lv wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw dqg htxdwlrq +6,

lv wkh dgglqj0xs frqglwlrq1 Wklv iudphzrun iroorzv wkh vwdqgdug sulqflsdo0

djhqw iudphzrun �uvw xvhg e| Pluuohhv +4<:7,1 Dv glvfxvvhg ixuwkhu ehorz/

zh uhvwulfw wkh fodvv ri glvwulexwlrqv I +{ m hW, vxfk wkdw wkh �uvw rughu ds0

surdfk lv ydolg dqg vr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw fdq eh uhsodfhg

e| d �uvw rughu frqglwlrq=
]

x +v +{,, gIe +{ m hW, @ j� +h, = +7,

Wkhuhiruh/ wkh Odjudqjldq ri wklv sureohp +5, fdq eh zulwwhq

O @

]
^x +v +{,, . �{� �v+{,`gI +{ m hW,� j +hW, +8,

.�

�]
x +v +{,, gIe +{ m hW,� j� +h,

�

zkhuh � lv wkh Odjudqjh pxowlsolhu rq wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw

dqg � wkdw rq wkh dgglqj0xs frqglwlrq> erwk � dqg � vkrxog eh srvlwlyh

+Pluuohhv/ 4<:7> Yduldq/ 4<;3,1 Wkhq v +�, pxvw eh fkrvhq wr pd{lplvh wkh

lqwhjudo ]
i^x +v +{,,� �v+{,` i +{ m h, . �x +v +{,, ie +{ m h,jg{>

srlqwzlvh pd{lplvdwlrq ri zklfk jlyhv wkh �uvw rughu frqglwlrq

x� +v +{,, ^i +{ m h, . �ie +{ m h,`� �i +{ m h, @ 3=

:



Wklv jlyhv d vroxwlrq iru v+�, lq whupv ri wkuhh uhdo yduldeohv h> � dqg �=

x� +v +{,, @
�

4 . �k +{ m h,
zkhuh k +{ m h, @

ie +{ m h,

i +{ m h,
= +9,

Wkh xqnqrzq uhdo yduldeohv lq htxdwlrq +9, duh ghwhuplqhg e| wkh �uvw0rughu

frqglwlrq zlwk uhvshfw wr h�ruw/

]
^x +v +{,, . � +{� v +{,,` ie +{ m h,g{

.�

]
x +v +{,, iee +{ m h,g{� j� +h,� �j�� +h, @ 3 +:,

wkh dgglqj0xs frqvwudlqw +6, dqg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +7,1

Dowkrxjk lw lv srvvleoh wr jlyh dq dqdo|wlf h{suhvvlrq iru v +{, lq whupv ri

wkh xqnqrzq yduldeohv/ lw lv qrw srvvleoh wr vroyh dqdo|wlfdoo| iru wkh dfwxdo

vroxwlrq wr wkhvh xqnqrzqv1

Vroxwlrq +9, fruuhvsrqgv wr wkh vroxwlrq lq Yduldq +4<;3,1 Wkh �uvw

srlqw wr qrwh lv wkdw li wkh lqfhqwlyh frpsdwlelolw| frqglwlrq zhuh qrw wr

elqg +l1h1 � @ 3, wkhq wkh vkdulqj uxoh lv frqvwdqw dqg wkhuh lv frpsohwh ulvn

vkdulqj1 Wkh lqfhqwlyh sureohp phdqv wkdw vrph ulvn0vkdulqj zloo eh orvw wr

lqgxfh juhdwhu h�ruw1 Zkhwkhu dq lqglylgxdo grhv ehwwhu ru zruvh wkdq xqghu

frpsohwh ulvn vkdulqj ghshqgv rq wkh vljq ri wkh whup k +{ m h,1 Wklv whup lv

wkh olnholkrrg udwlr +Kropvwurp/ 4<:<,= wkh ghulydwlyh ri wkh orj0olnholkrrg

ixqfwlrq ri rxwsxw zlwk uhvshfw wr +xqrevhuydeoh, h�ruw1 Jlyhq dq revhuyhg

{> lw surylghv lqirupdwlrq rq zkhwkhu wkh lqglylgxdo h{huwhg h�ruw h= Li wklv

ghulydwlyh lv forvh wr }hur/ wkh fkrlfh ri h�ruw e| wkh lqglylgxdo pdnhv olwwoh

gl�huhqfh wr wkh suredelolw| ri revhuylqj { dqg vr wkhuh lv olwwoh lqfhqwlyh

ehqh�w wr eh jdlqhg iurp ydu|lqj v +{, udslgo| dffruglqj wr {= Krzhyhu/

dv wkh ghulydwlyh ghyldwhv iurp }hur/ dgglwlrqdo h�ruw fdq eh pruh uholdeo|

lghqwl�hg dqg lw lv rswlpdo iru wkh vkdulqj uxoh wr surylgh ohvv ulvn0vkdulqj1

Iru dq| sduwlfxodu {> d odujh srvlwlyh ydoxh ri k +{ m h, phdqv lw lv pruh

olnho| wkdw wkh lqglylgxdo sxw lq kljkhu h�ruw> lq htxdwlrq +9,/ wklv phdqv

wkdw x� +v +{,, zloo eh vpdoo dqg vr wkh vkduh fruuhvsrqglqj wr wklv { zloo

;



eh odujh1 Vlploduo|/ d odujh qhjdwlyh ydoxh iru wkh ghulydwlyh phdqv wkdw wkh

suredelolw| ri revhuylqj { zlwk kljk h�ruw lv orz/ dqg vr wkh lqglylgxdo zloo

uhfhlyh d orzhu vkduh1

Wklv udlvhv wkh lvvxh/ glvfxvvhg e| Plojurp +4<;4,/ ri krz wkh olnholkrrg

udwlr fkdqjhv dv { lqfuhdvhv1 Li zh zdqw wkh vkdulqj uxoh wr eh lqfuhdvlqj

lq {> wkhq k +{ m h, pxvw eh lqfuhdvlqj lq { +wkh prqrwrqh olnholkrrg udwlr

surshuw|,15 Dgglwlrqdoo|/ zh zlvk wr uxoh rxw wkh srvvlelolw| wkdw lw lv srvvl0

eoh wr pdnh shuihfw/ ru dv|pswrwlfdoo| shuihfw/ lqihuhqfhv derxw h�ruw iurp

revhuylqj rxwsxw1 Zlwkrxw vxfk d uhvwulfwlrq/ wkh rswlpdo vroxwlrq pd| lq0

yroyh odujh �qhv rq djhqwv +Pluuohhv/ 4<:7,1 Wklv phdqv wkdw k +{ m h, pxvw

eh erxqghg rq wkh vxssruw ri rxwsxw1 Li wkh olnholkrrg udwlr lv xqerxqghg/

wkhq h�ruw fdq eh lghqwl�hg doprvw shuihfwo| lq fhuwdlq fdvhv1 Lw lv zhoo

nqrzq wkdw wklv uhtxluhphqw uxohv rxw d qxpehu ri reylrxv fdqglgdwhv iru

vshfli|lqj glvwulexwlrqv ri rxwsxw1 Iru h{dpsoh/ lw lv qrw srvvleoh wr xvh

dgglwlyh vkrfnv +{ @ � . h,/ pxowlsolfdwlyh vkrfnv +{ @ �h, ru wudqvirupv

ri hlwkhu +h1j1 { @ �+� . h, ru { @ �+�h,, zlwkrxw uxqqlqj lqwr vroxwlrqv

zlwk Pluuohhv0vw|oh shqdowlhv1 Hdfk ri wkhvh irupxodwlrqv ohdgv wr wkh zhoo

nqrzq uhvxow wkdw zh fdq frph duelwudulo| forvh wr wkh �uvw ehvw e| sxwwlqj

d yhu| odujh shqdow| rq wkh zruvw rxwfrph/ zkloh doorzlqj ixoo ulvn vkdulqj

iru dq| rwkhu uhdolvdwlrq ri {= Wklv vroxwlrq lqydolgdwhv wkh lqwhulru vroxwlrq

+9, ehfdxvh wkh vkdulqj uxoh lv glvfrqwlqxrxv1

514 Wkh ghirupdwlrq phwkrg

Wkh dssurdfk zh wdnh lq wklv sdshu lv wr vshfli| wkh idplo| ri glvwulexwlrqv

ri rxwsxw dv wkh vroxwlrq wr d sduwldo gl�huhqwldo htxdwlrq uhsuhvhqwlqj d

frqwlqxrxv ghirupdwlrq ri wkh rxwsxw glvwulexwlrq dv h�ruw fkdqjhv1 Lq

sduwlfxodu/ zh dvvxph wkdw rxwsxw lv glvwulexwhg ryhu d �qlwh grpdlq dqg

5Wkh POUS lv vx!flhqw iru wkh vkdulqj uxoh wr eh lqfuhdvlqj lq % rqo| li xwlolw| lv

dgglwlyho| vhsdudeoh ehwzhhq h�ruw dqg rxwsxw1
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wkdw wkh idplo| ri ghqvlw| ixqfwlrqv i +{ m h, vdwlv�hv wkh SGH

ie +{m h, @ �
C

C{
+� +{m h, i +{m h,, > +;,

zkhuh wkh glvwulexwlrq ri rxwsxw dw }hur h�ruw i +{ m 3, lv vshfl�hg dv d

erxqgdu| frqglwlrq1 Zh fdoo � wkh wudqvlwlrq ixqfwlrq dqg lqwhusuhw lw lq

wkh iroorzlqj zd|= � +{ m h, phdvxuhv wkh pdujlqdo h�hfwlyhqhvv ri h�ruw lq

vkliwlqj wkh glvwulexwlrq ri rxwsxw wr wkh uljkw1 Lq sduwlfxodu/ li dq djhqw

lqfuhdvhv klv ru khu h�ruw e| �h/ wkhq d sursruwlrq �+{ m h,i +{ m h, �h ri

wkh suredelolw| pdvv dw rxwsxw {  rzv wr wkh uljkw1 Wkh fkdqjh lq wkh

suredelolw| ri d sduwlfxodu rxwsxw ohyho li h�ruw lv lqfuhdvhg lv jlyhq e| wkh

frpelqdwlrq ri suredelolw| pdvv  rzlqj lq iurp orzhu rxwsxw ohyhov dqg wkh

suredelolw| pdvv  rzlqj rxw wr kljkhu rxwsxw ohyhov1 Wkhuhiruh/

+i +{m h. �h,� i +{m h,, �{ @ � +� +{. �{m h, i +{. �{m h,� � +{m h, i +{m h,, �h

zklfk lq wkh olplw jlyhv +;,1

Wklv irupxodwlrq kdv d qxpehu ri kljko| frqyhqlhqw surshuwlhv/ dv ghprq0

vwudwhg lq sursrvlwlrqv 4 dqg 5 +zklfk duh suryhg lq wkh dsshqgl{,1 Iluvw

zh lpsrvh vrph plqru uhvwulfwlrqv1 Zh dvvxph wkdw=

41 rxwsxw dw }hur h�ruw lv glvwulexwhg ryhu d frpsdfw vxssruw ^{> {`>

51 � wdnhv wkh pxowlsolfdwlyho| vhsdudeoh irup � +{ m h, @ d+{, e +h,/ zkhuh

d dqg e duh frqwlqxrxvo| gl�huhqwldeoh> dqg

61 d +{, $ 3 dv {$ {> {1

Wkh �uvw dvvxpswlrq lv pdgh wr dyrlg sureohpv zlwk doprvw shuihfw lqihu0

hqfhv derxw h�ruw wkdw fdq dulvh zlwk lq�qlwh ru vhpl0lq�qlwh grpdlqv1 Wkh

vhfrqg dvvxpswlrq lv pdgh iru frqyhqlhqfh dv lw shuplwv d vlpsoh vroxwlrq

ri wkh SGH> lw pd| zhoo eh wkdw wklv dvvxpswlrq frxog eh uhod{hg1 Wkh wklug

dvvxpswlrq lv wr hqvxuh wkdw zkhq wkh glvwulexwlrq ri rxwsxw lv ghiruphg dv
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h�ruw lqfuhdvhv/ qr suredelolw| pdvv cohdnv* rxwvlgh wkh grpdlq ^{> {` vr wkdw

wkh vroxwlrq ri +;, lv d zhoo0gh�qhg suredelolw| ghqvlw| iru doo h1

Sursrvlwlrq 4 Li d +{, s%E%�f�
sE%�f� lv erxqghg rq ^{> {`/ wkhq wkh olnholkrrg udwlr

k +{ m h, lv erxqghg rq ^{> {` iru dq| jlyhq h1

Sursrvlwlrq 5 Li d� +{,.d +{, s%E%�f�
sE%�f� lv prqrwrqh ghfuhdvlqj lq {/ wkhq wkh

POUS lv vdwlv�hg1

Wkh ydoxh ri wklv phwkrg ri vshfli|lqj d idplo| ri glvwulexwlrqv ri rxwsxw

dw gl�huhqw h�ruw ohyhov lv wkdw lw jlyhv d wudfwdeoh h{dpsoh wkdw fdq eh vroyhg

e| wkh xvh ri qxphulfdo whfkqltxhv1

515 D vlpsoh sdudphwhulvdwlrq

Wkh vroxwlrq +9, udlvhv d qxpehu ri nh| txhvwlrqv/ iru h{dpsoh= krz surjuhv0

vlyh lv wkh wd{ vfkhgxoh> krz grhv wklv surjuhvvlylw| fkdqjh dv xqfhuwdlqw|

lqfuhdvhv ru dv zh fkdqjh wkh ghjuhh ri ulvn dyhuvlrq ru wkh frvw ri h�ruwB

Zh fdqqrw dqvzhu wkhvh txhvwlrqv zlwkrxw vroylqj h{solflwo| iru wkh rswlpdo

ohyho ri h�ruw dqg wkh ydoxh ri wkh wzr Odjudqjh pxowlsolhuv1 Yduldq +4<;3,

grhv surylgh vrph dqvzhuv wr wkhvh frpsdudwlyh vwdwlf txhvwlrqv exw klv

dqvzhuv dvvxph wkdw wkh ydoxhv ri wkh hqgrjhqrxv yduldeohv uhpdlq �{hg dv

wkh prgho sdudphwhuv fkdqjh1 Dv kh uhfrjqlvhv/ wklv lv dw ehvw dq dssur{l0

pdwlrq1

Vlqfh wkh prgho lv dqdo|wlfdoo| lqwudfwdeoh lq lwv jhqhudo irup/ zh uhvwulfw

wkh dqdo|vlv wr d sduwlfxodu/ |hw  h{leoh sdudphwhulvdwlrq1 Wkh qxphulfdo vr0

oxwlrq uhtxluhv d xwlolw| ixqfwlrq dqg wkh uhodwlrqvkls ehwzhhq rxwsxw dqg

h�ruw wr eh vshfl�hg1 Zh dvvxph wkdw wkh xwlolw| ri frqvxpswlrq dqg glvx0

wlolw| ri h�ruw kdyh wkh irupv

x +f, @
f�3�

4� �
> � A 4 dqg j +h, @ h#> � A 4=
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Frpsdudwlyh vwdwlfv duh wkhq shuiruphg rq � dqg �= Lq rxu qxphulfdo uhvxowv/

h�ruw lv dozd|v ohvv wkdq 4 dqg vr lqfuhdvhv lq � phdq d uhgxfhg xwlolw| frvw

ri h�ruw1 Vlploduo| wkh h�hfw ri fkdqjlqj � rq wkh xwlolw| ri frqvxpswlrq

ghshqgv rq wkh ohyho ri frqvxpswlrq1 Frqvxpswlrq olhv ehwzhhq 3 dqg 4

lq rxu vlpxodwlrqv dqg vr dq lqfuhdvh lq � phdqv wkh pdujlqdo xwlolw| ri

frqvxpswlrq lqfuhdvhv1 Ixuwkhu/ suxghqfh dqg ulvn dyhuvlrq erwk lqfuhdvh

zlwk �= Wkh gl�huhqw surshuwlhv ri xwlolw| ixqfwlrqv duh wlhg wrjhwkhu lq wklv

irupxodwlrq/ dqg erwk duh ghwhuplqhg e| wkh ydoxh ri �= Lw lv qrw fohdu/ krz0

hyhu/ zkdw lqwxlwlrq frxog eh jlyhq iru lqfuhdvlqj suxghqfh zlwkrxw fkdqjlqj

ulvn dyhuvlrq1 Zh lqwhusuhw dq lqfuhdvh lq � dv lqglfdwlqj lqglylgxdov kdyh

d juhdwhu glvolnh ri xqfhuwdlqw| dqg vr zloo eh zloolqj wr jlyh xs h�ruw wr

lqfuhdvh frqvxpswlrq1 D kljkhu � dovr phdqv wkdw wkh vrfldo zhoiduh frvw ri

xqfhuwdlqw| ryhu xwlolw| lv juhdwhu1

Zh vshfli| wkh idplo| ri glvwulexwlrqv ri rxwsxw dqg wkh h�hfw ri h�ruw

rq wkh glvwulexwlrq xvlqj wkh ghirupdwlrq phwkrg ghvfulehg lq vhfwlrq 514

dqg frqvwuxfw d idplo| ri rxwsxw glvwulexwlrqv zlwk vxssruw rq ^3> 4`1 Zh

vxssrvh rxwsxw dw }hur h�ruw kdv d Ehwd0glvwulexwlrq=

I +{ m3, @ FGI
�
�^co +{,

�

zklfk lv fkdudfwhulvhg e| wzr sdudphwhuv t dqg u1

Wkh sdudphwhuv t dqg u duh fkrvhq vr wkdw wkh glvwulexwlrq lv v|pphwulf

dw }hur h�ruw/ exw dv h�ruw lqfuhdvhv/ suredelolw| pdvv pryhv wr wkh uljkw/

dqg wkh glvwulexwlrq ehfrphv uljkw vnhzhg1 Xqghuo|lqj wklv fkrlfh iru wkh

glvwulexwlrq lv wkh uhfrjqlwlrq wkdw zh duh ghdolqj zlwk djhqwv ri lghqwlfdo

delolwlhv/ dqg vr wkh uhohydqw glvwulexwlrq lv wkh glvwulexwlrq ri lqfrph iru

shrsoh ri wkh vdph delolw|1 Lw lv kdug wr glvhqwdqjoh wklv glvwulexwlrq iurp

revhuyhg lqfrph glvwulexwlrqv zklfk uh hfw gl�huhqfhv lq delolw| dv zhoo dv

gl�huhqfhv lq h�ruw1 Wkh fkdudfwhulvdwlrq xvhg khuh phdqv wkdw h�ruw fdq

khos pryh lqfrph xs wkh lqfrph glvwulexwlrq jlyhq wkh lqglylgxdov* delolw|1

Wklv pryhphqw lq wkh glvwulexwlrq dv h�ruw lqfuhdvhv phdqv wkdw h�ruw ohdgv
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wr lqfuhdvhv lq wkh dyhudjh ydoxh ri rxwsxw1 Ixuwkhu/ wkh lqfuhdvh lq h�ruw

ohdgv wr d uhgxfwlrq lq wkh yduldqfh ri rxwsxw1

Xvlqj wklv irupxodwlrq/ zh vroyh qxphulfdoo| iru hW> � dqg � xvlqj wkh

�uvw0rughu frqglwlrq +:,/ dqg wkh frqvwudlqwv +6, dqg +7,1 Zh vroyh iru d

vroxwlrq xvlqj wkh �uvw rughu frqglwlrq iru lqfhqwlyh frpsdwlelolw|/ exw wkhq

fkhfn qxphulfdoo| wkdw wkh �uvw rughu dssurdfk lv lq idfw ydolg1 Sdudphwhuv

xvhg duh jlyhq lq wdeoh 41

Wdeoh 4= Sdudphwhuv iru Qxphulfdo Vroxwlrq

Sdudphwhu Edvholqh Dowhuqdwlyhv

� 418 415/618/ 813

�2 3135; 3134:/ 31389

� 613 513/ 713

Ydoxhv ri wkh yduldqfh duh iru wkh glvwulexwlrq dw 3 h�ruw1 Fkdqjhv lq wkh
ydoxh ri wkh yduldqfh duh lqwurgxfhg wkurxjk fkdqjlqj wkh sdudphwhuv ri wkh
Ehwd Glvwulexwlrq +^ dqg o,/ nhhslqj wkh phdq frqvwdqw1

516 Fkdudfwhulvlqj wkh Wd{ Vfkhgxoh

Wkh nh| txhvwlrq zh qrz dgguhvv lv wkh h{whqw wr zklfk wkh wd{ vfkhgxoh

surylghv ulvn vkdulqj ehqh�wv1 Wklv lv uh hfwhg lq wkh zd| wkh dyhudjh wd{

udwh fkdqjhv zlwk lqfrph= li wkh dyhudjh wd{ udwh ulvhv zlwk lqfrph/ wklv

phdqv wkh wd{ vfkhgxoh lv surjuhvvlyh dqg uhgxfhv wkh yduldqfh ri qhw lqfrph/

wkxv surylglqj lqvxudqfh1 Wkhuh lv qr suhvxpswlrq wkdw wkh wd{ vfkhgxoh

vkrxog eh surjuhvvlyh dqg lw lv qrw hyhq qhfhvvdu| wkdw pdujlqdo wd{hv eh

srvlwlyh= lw pd|/ iru h{dpsoh/ eh rswlpdo wr lqwurgxfh juhdwhu xqfhuwdlqw|

ryhu sd|r�v wkdq wkh ghjuhh ri xqfhuwdlqw| xqghu dxwdun| dqg wklv fdq eh

grqh wkurxjk kdylqj qhjdwlyh pdujlqdo wd{ udwhv dw wkh wrs ri wkh lqfrph

vfdoh sdlg iru e| kljk pdujlqdo wd{ udwhv dw orz lqfrph1

46



Lq hdfk ri wkh vfhqdulrv ehorz/ zh suhvhqw uhvxowv rq wkh dyhudjh dqg

pdujlqdo wd{ udwhv dfurvv wkh lqfrph glvwulexwlrq dqg dovr wkh rswlpdo vkdu0

lqj uxoh1 Lq suhvhqwlqj wkh pdujlqdo wd{ udwhv/ lw lv qhfhvvdu| wr eh fohdu wkdw

wkhvh wd{ udwhv ghwhuplqh krz pxfk ri dq| dgglwlrqdo rxwsxw dffuxhv wr wkh

lqglylgxdo exw wkdw wklv lv gl�huhqw iurp wkh h{shfwhg pdujlqdo ehqh�w ri

h{wud h�ruw1 Wkh h{shfwhg pdujlqdo ehqh�w ri h�ruw lv uhgxfhg e| kljkhu

pdujlqdo wd{hv +fkdqjlqj wkh dyhudjh uhwxuq wr h{wud h�ruw,/ exw wkh h{0

shfwhg pdujlqdo ehqh�w lv dovr d�hfwhg e| wkh ghjuhh ri ulvn vkdulqj/ zklfk

fkdqjhv wkh yduldqfh ri wkh uhwxuq wr h{wud h�ruw1 Lq rwkhu zrugv/ wkh lq0

fhqwlyh frvwv ri wd{dwlrq frph iurp wzr vrxufhv= �uvw/ wkh h{shfwhg uhwxuq

iurp d pdujlqdo lqfuhdvh lq h�ruw pd| eh uhgxfhg e| wd{dwlrq dqg vhfrqg/

wkh yduldqfh ri wkh uhwxuq wr h�ruw pd| eh uhgxfhg1

Wd{ Surjuhvvlylw|= lqfuhdvlqj ulvn dyhuvlrq

Ehiruh ghvfulelqj wkh rswlpdo wd{ vfkhgxoh lq ghwdlo/ lw lv lqvwuxfwlyh wr

dqdo|vh wkh lqglylgxdo*v rswlpdo fkrlfh ri h�ruw dv zh lqfuhdvh wkh frh!flhqw

ri uhodwlyh ulvn dyhuvlrq/ �1 Lq wkh devhqfh ri wd{dwlrq/ lqglylgxdov fkrrvh

wkhlu h�ruw ohyhov nqrzlqj wkdw wkh| zloo kdyh wr frqvxph wkhlu rzq rxwsxw1

Wklv h�ruw lqfxuv wkh pdujlqdo xwlolw| frvw/ �h#3�/ dqg kdv vrph h{shfwhg

pdujlqdo xwlolw| ehqh�w zklfk lv ghwhuplqhg e| wkh glvwulexwlrq ri vkrfnv

dqg e| wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ �1 Li wkhuh zdv qr xqfhuwdlqw|/

wkh sdudphwhuv � dqg � ghwhuplqh wkh �whfkqrorj|� iru wudqvodwlqj glvxwlolw|

ri h�ruw lqwr wkh xwlolw| ri frqvxpswlrq1 Li dq lqfuhdvh lq � phdqv wkdw h�ruw

ehfrphv pruh surgxfwlyh lq wklv vhqvh/ wkhq wkhuh duh wzr lqlwldo h�hfwv= d

jlyhq dprxqw ri h�ruw zloo ohdg wr juhdwhu frqvxpswlrq xwlolw| +dq lqfrph

h�hfw, dqg wkh uhwxuq wr kljkhu h�ruw zloo lqfuhdvh +d vxevwlwxwlrq h�hfw,1

Wkh lqfrph h�hfw ohdgv wr uhgxfhg h�ruw/ wkh vxevwlwxwlrq h�hfw ohdgv wr

lqfuhdvhg h�ruw1 Ixuwkhu/ zkhq rxwsxw lv xqfhuwdlq/ h�ruw zloo fkdqjh qrw

rqo| wkh phdq ri wkh glvwulexwlrq/ exw lw pd| dovr fkdqjh wkh yduldqfh/
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vnhzqhvv dqg rwkhu prphqwv1 Li h�ruw uhgxfhv wkh yduldqfh/ wkhq dv zh

lqfuhdvh � +pdnlqj lqglylgxdov glvolnh xqfhuwdlqw| pruh, wklv h�hfw zloo ohdg

wr juhdwhu h�ruw +d ulvn0uhgxflqj h�hfw,1 Wkhvh h�hfwv vxjjhvw wkdw h�ruw lv

xqolnho| wr fkdqjh prqrwrqlfdoo| dv � lqfuhdvhv hyhq lq wkh devhqfh ri dq|

wd{dwlrq1

Doorzlqj iru wkh rswlpdo wd{ vfkhgxoh lqwurgxfhv wkh ixuwkhu frpsolfdwlrq

wkdw wkh rswlpdo vfkhgxoh zloo fkdqjh dv � lqfuhdvhv= dq lqfuhdvh lq � phdqv

lqglylgxdov duh pruh suxghqw dqg vr d jlyhq dprxqw ri xqfhuwdlqw| lqgxfhv

juhdwhu h�ruw1 Lq rwkhu zrugv/ d kljkhu ydoxh ri � lqfuhdvhv wkh lqfhqwlyh

h�hfwv ri xqfhuwdlqw|1 Krzhyhu/ lq whupv ri vrfldo zhoiduh/ d kljkhu ydoxh ri

� phdqv d jlyhq dprxqw ri xqfhuwdlqw| kdv d juhdwhu zhoiduh frvw ehfdxvh

lqglylgxdov duh pruh ulvn dyhuvh1 Wkh �uvw h�hfw vxjjhvwv wkh wd{ vfkhgxoh

vkrxog glvsod| ohvv ulvn vkdulqj/ zkhuhdv wkh vhfrqg h�hfw vxjjhvwv lw vkrxog

glvsod| juhdwhu ulvn vkdulqj1 Wkhvh dpeljxlwlhv duh uh hfwhg lq wkh qxphulfdo

vroxwlrqv jlyhq lq �jxuh 4 dqg wdeohv 5 dqg 61

Wdeoh 5= Pdujlqdo Wd{ Udwhv +4� YrE%�
Y%

, Ydu|lqj �

I +{m h,

Prgho H�ruw 3134 314 3158 318 31:8 31<3 31<<

� @ 4=5 3194 31;4 31:: 31:7 31:4 319: 3196 318;

� @ 4=8 3173 31:4 319< 319: 3198 3196 3194 318;

� @ 6=8 3178 3193 3199 319< 31:3 31:4 31:4 31:4

� @ 8=3 3193 3189 319; 31:5 31:7 31:7 31:8 31:8

Rwkhu sdudphwhuv= ^ ' ec o ' e/ dqg # ' ��f

H�ruw �uvw ghfuhdvhv dv � lqfuhdvhv dqg wkhq vwduwv wr lqfuhdvh dv �
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Iljxuh 4= Vkdulqj Uxoh Ydu|lqj �

0.2

0.4

0.6

0.8
( )xs

0.2 0.4 0.6 0.8
x

0.5=γ

5.1=γ 2.1=γ

Rwkhu sdudphwhuv= t @ 7> u @ 7/ dqg � @ 6=3

Wdeoh 6= Dyhudjh Wd{ Udwhv +4�
rE%�
%

, Ydu|lqj �

I +{m h,

Prgho H�ruw 3134 314 3158 318 31:8 31<3 31<<

� @ 4=5 3194 0414< 03165 0313< 3139 3148 314< 3156

� @ 4=8 3173 04159 03169 03145 3137 3146 314; 3156

� @ 6=8 3178 0414; 03169 03145 3137 3147 3153 3159

� @ 8=3 3193 0413: 03166 03144 3138 3147 3153 3159

Rwkhu sdudphwhuv= ^ ' ec o ' e/ dqg # ' ��f1
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ehfrphv vx!flhqwo| odujh1 Wklv ehkdylrxu ri h�ruw dv � fkdqjhv pluuruv

ehkdylrxu lq wkh devhqfh ri d wd{ v|vwhp/ dowkrxjk wkh ohyho ri h�ruw gl�huv1

Li wkhuh zhuh qr xqfhuwdlqw|/ zh frxog lqwhusuhw wklv dv wkh lqfrph h�hfw ri

�pruh surgxfwlyh� h�ruw grplqdwlqj wkh vxevwlwxwlrq h�hfw dv � lqfuhdvhv

dw orz ydoxhv/ exw wkh vxevwlwxwlrq h�hfw grplqdwlqj dw kljkhu ydoxhv1 Zlwk

xqfhuwdlqw| ryhu lqfrph/ wkh lqfuhdvh lq h�ruw dv � lqfuhdvhv zloo dovr eh gxh

wr lqfuhdvhg suxghqfh1

Dv � ehfrphv kljk +h1j1 618 ru 813,/ wkh vkdulqj uxoh ehfrphv frqfdyh

+pdujlqdo wd{ udwhv lqfuhdvh zlwk {,/ lq frqwudvw wr wkh frqyh{ uxohv iru orzhu

ydoxhv ri � +pdujlqdo wd{ udwhv ghfuhdvh zlwk {,1 Zkhq � lv kljk lqglylg0

xdov duh lqfhqwlylvhg wkurxjk shqdowlhv dw orz rxwsxw/ zlwk vljql�fdqw ulvn

vkdulqj hovhzkhuh> krzhyhu/ zkhq lqglylgxdov duh ohvv ulvn dyhuvh/ wkh| duh

lqfhqwlylvhg wkurxjk uhzdugv iru kljk rxwsxw/ zlwk vljql�fdqw ulvn vkdulqj

hovhzkhuh1 Ixuwkhu/ wkh h�hfw ri lqfuhdvlqj � rq pdujlqdo wd{ udwhv lv ghshq0

ghqw rq wkh srlqw lq wkh lqfrph glvwulexwlrq= pdujlqdo wd{ udwhv duh orzhu

zlwk kljkhu ydoxhv ri � dw wkh erwwrp ri wkh glvwulexwlrq> exw kljkhu zlwk

kljkhu ydoxhv ri � dw wkh wrs ri wkh glvwulexwlrq1

Wd{ Surjuhvvlylw|= lqfuhdvlqj frvw ri h�ruw

Lqfuhdvlqj � lv vrphzkdw dqdorjrxv wr fkdqjlqj � ehfdxvh lw fkdqjhv wkh

udwh ri wudqvirupdwlrq ri glvxwlolw| ri h�ruw lqwr wkh xwlolw| ri frqvxpswlrq1

D orzhu ydoxh ri � phdqv wkh xwlolw| frvw ri h�ruw lv juhdwhu ehfdxvh h�ruw

lv ohvv wkdq 41 Wkxv/ dq lqfuhdvh lq � zloo ohdg wr lqfuhdvhg h�ruw iru d jlyhq

wd{ vfkhgxoh1 Wklv jhqhudwhv h{wud uhyhqxh zklfk uhvxowv lq fkdqjhv wr wkh

rswlpdo wd{ vfkhgxoh= wkh h{wud uhyhqxh lv sduwldoo| vshqw rq lqfuhdvhg ulvn0

vkdulqj/ r�vhwwlqj wkh lqfuhdvh lq h�ruw1 Ixuwkhu/ ulvn vkdulqj kdv ohvv ri dq

lqfhqwlyh frvw zlwk d kljkhu � ehfdxvh lqglylgxdov fdq hdvlo| eh lqgxfhg wr

vxsso| h�ruw1 Wkxv/ ulvn vkdulqj dqg h�ruw duh erwk juhdwhu zkhq � @ 7=3=

4:



Iljxuh 5 vkrzv wkh vkdulqj uxoh/ dqg wdeohv 7 dqg 8 vkrz wkh pdujlqdo dqg

dyhudjh wd{ udwhv iru gl�huhqw ydoxhv ri �1

Iljxuh 5= Vkdulqj Uxoh Ydu|lqj wkh Frvw ri H�ruw �

0.2

0.4

0.6

0.8( )xs

0.2 0.4 0.6 0.8x

0.3=η

0.4=η

0.2=η

Rwkhu sdudphwhuv= t @ 7> u @ 7/ dqg � @ 4=8

Wd{ Surjuhvvlylw|= lqfuhdvlqj wkh yduldqfh ri vkrfnv

Lqfuhdvlqj wkh yduldqfh ri wkh xqghuo|lqj vkrfnv lq wkh devhqfh ri wd{0

dwlrq kdv wkh xqdpeljxrxv h�hfw ri lqfuhdvlqj h�ruw li wkh pdujlqdo xwlolw|

ri frqvxpswlrq lv frqyh{1 Wklv dulvhv ehfdxvh wkh h{shfwhg pdujlqdo xwlolw|

ri frqvxpswlrq zloo lqfuhdvh zlwk wkh yduldqfh/ ohdglqj wr dq lqfuhdvh lq

h�ruw lq rughu wr vdwlvi| wkh Hxohu htxdwlrq1 Lq rwkhu zrugv/ suhfdxwlrqdu|

prwlyhv iru h�ruw lqfuhdvh1 Krzhyhu/ li zh doorz wkh rswlpdo wd{ vfkhgxoh wr

ydu|/ wkhq wkh vfkhgxoh zloo fkdqjh dffruglqj wr wkh ohyho ri xqfhuwdlqw|1 Iru
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Wdeoh 7= Pdujlqdo Wd{ Udwhv +4�
YrE%�
Y%

, Ydu|lqj �

I +{m h,

Prgho H�ruw 3134 314 3158 318 31:8 31<3 31<<

� @ 5=3 314; 3187 3188 3189 3189 3189 3189 3189

� @ 6=3 3173 31:4 319< 319: 3198 3196 3194 318;

� @ 7=3 3183 31;3 31:: 31:8 31:6 31:3 319; 3198

Rwkhu sdudphwhuv= ^ ' ec o ' e/ dqg � ' ��D

Wdeoh 8= Dyhudjh Wd{ Udwhv +4�
rE%�
%

, Ydu|lqj �

I +{m h,

Prgho H�ruw 3134 314 3158 318 31:8 31<3 31<<

� @ 5=3 314; 04155 0316; 03147 3134 3144 314: 3155

� @ 6=3 3173 04159 03169 03145 3137 3146 314; 3156

� @ 7=3 3183 04163 0316: 03144 3138 3148 3153 3158

Rwkhu sdudphwhuv= ^ ' ec o ' e/ dqg � ' ��D1
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h{dpsoh/ dq lqfuhdvh lq xqfhuwdlqw| lv olnho| wr ohdg wr juhdwhu ulvn vkdulqj

ehfdxvh d jlyhq uhdolvdwlrq ri { jlyhv ohvv lqirupdwlrq derxw wkh dprxqw ri

h�ruw lqfxuuhg1 Wklv juhdwhu ulvn vkdulqj uhgxfhv h�ruw/ r�vhwwlqj wkh gluhfw

h�hfw ri xqfhuwdlqw| lqfuhdvlqj h�ruw1 Lq wkh udqjh frqvlghuhg khuh/ wklv

lqgluhfw h�hfw wkurxjk wkh vkdulqj uxoh grplqdwhv dqg h�ruw idoov dqg ulvn

vkdulqj lqfuhdvhv dv xqfhuwdlqw| lqfuhdvhv1 Wklv phdqv wkdw wkh wrwdo rxwsxw

dydlodeoh wr uhglvwulexwh idoov dv xqfhuwdlqw| lqfuhdvhv1 Wkh ryhudoo h�hfwv rq

wkh vkdulqj uxoh dqg wkh wd{ udwhv duh vkrzq lq �jxuh 6 dqg wdeohv 9 dqg :1

Iljxuh 6= Vkdulqj Uxoh Lqfuhdvlqj wkh Yduldqfh ri Vkrfnv

0.2 0.4 0.6 0.8x
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0.8
( )xs

028.02 =σ

017.02 =σ

056.02 =σ

Wkh edvholqh fdvh zlwk t @ 7 dqg u @ 7 lv zkhuh �2 @ 3=35;1 Ydoxhv ri wkh
yduldqfh duh iru wkh glvwulexwlrq dw 3 h�ruw1 Sdudphwhuv t dqg u duh dowhuhg
wr jlyh wkh gl�huhqw ydoxhv ri wkh yduldqfh/ kroglqj wkh phdq frqvwdqw1
Rwkhu sdudphwhuv= � @ 6=3 dqg � @ 4=8
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Wdeoh 9= Pdujlqdo Wd{ Udwhv +4�
YrE%�
Y%

, Lqfuhdvlqj wkh Yduldqfh

I +{m h,

Prgho H�ruw 3134 314 3158 318 31:8 31<3 31<<

�2 @ 3=34: 317: 318: 3188 3186 3183 317; 3179 3175

�2 @ 3=35; 3173 31:4 319< 319: 3198 3196 3194 318;

�2 @ 3=389 3153 31;; 31;; 31;: 31;: 31;9 31;9 31;8

Wkh edvholqh fdvh zlwk ^ ' e dqg o ' e lv zkhuh j
2
' f�f2H1 Rwkhu

sdudphwhuv= # ' ��f dqg � ' ��D

Wdeoh := Dyhudjh Wd{ Udwhv +4� rE%�
%

, Lqfuhdvlqj wkh Yduldqfh

I +{m h,

Prgho H�ruw 3134 314 3158 318 31:8 31<3 31<<

�
2 @ 3=34: 317: 03185 0314; 03139 3135 313; 3144 3148

�
2 @ 3=35; 3173 04159 03169 03145 3137 3146 314; 3156

�
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Wkh edvholqh fdvh zlwk ^ ' e dqg o ' e lv zkhuh j
2
' f�f2H1 Rwkhu

sdudphwhuv= # ' ��f dqg � ' ��D
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6 Qrq0Rswlpdolw| ri Udqgrp Wd{hv

Lq wklv vhfwlrq zh vkrz wkdw lw lv qhyhu rswlpdo wr lqwurgxfh dgglwlrqdo udq0

grplvdwlrq wr wkh wd{ vfkhgxoh jlyhq wkdw wkh wd{ vfkhgxoh lv xqfrqvwudlqhg

rswlpdo1 Lq wkh qh{w vhfwlrq/ zh glvfxvv zk| frqvwudlqwv rq wkh fkrlfh ri

wd{ vfkhgxoh phdq udqgrplvdwlrq zloo vrphwlphv eh Sduhwr lpsurylqj1

Wklv uhvxow rq wkh qrq0rswlpdolw| ri udqgrplvdwlrq lv vlplodu wr wkh vxi0

�flhqw vwdwlvwlf uhvxow ri Kropvwurp +4<:<,1 Wkh vx!flhqw vwdwlvwlf uhvxow

vwdwhv wkdw li d udqgrp yduldeoh grhv qrw uhyhdo lqirupdwlrq derxw wkh djhqw*v

h�ruw/ wkhq wkh vkdulqj uxoh vkrxog eh lqghshqghqw ri wkdw udqgrp yduldeoh1

Lq rwkhu zrugv/ lqwurgxflqj udqgrplvdwlrq wr wkh vkdulqj uxoh lv qhyhu rswl0

pdo1 Krzhyhu/ wkdw uhvxow grhv qrw krog lq prghov zkhuh wkh sulqflsdo idfhv

dq dgglqj xs frqglwlrq dqg vr wkh surri jlyhq e| Kropvwurp +4<:<, grhv qrw

dsso| lq wkh fxuuhqw sdshu ehfdxvh wkh jryhuqphqw idfhv dq dgglqj0xs frq0

vwudlqw lq rxu prgho1 Lq wklv fdvh/ wkh txhvwlrq dulvhv ri zkhwkhu wkh lqfhqwlyh

h�hfwv ri ulvn frxog pdnh udqgrplvdwlrq ghvludeoh1 Li udqgrplvdwlrq ohdgv wr

lqfuhdvhg h�ruw/ lw lqfuhdvhv wkh dprxqw ri rxwsxw dydlodeoh iru glvwulexwlrq

ehwzhhq djhqwv/ wkxv uhod{lqj wkh dgglqj xs frqvwudlqw1 Udqgrplvdwlrq kdv

qr ydoxh zkhq wkh sulqflsdo grhv qrw idfh wkh dgglqj xs frqvwudlqw ehfdxvh

wkh sulqflsdo lv frqfhuqhg rqo| zlwk prqlwrulqj krz pxfk h�ruw d sduwlfxodu

djhqw kdv pdgh dqg qrw zlwk djjuhjdwh rxwsxw1

Vwljolw} +4<;5d/ 4<;5e, dqg ixuwkhu sdshuv e| Eulwr hw do1 +4<<4/ 4<<8,

suhvhqw wzr dowhuqdwlyh dujxphqwv lq idyrxu ri udqgrplvdwlrq= wkh �uvw lv

wkdw udqgrplvdwlrq khosv zlwk vhoi0vhohfwlrq zkhq wkhuh lv dq dgyhuvh vh0

ohfwlrq sureohp1 Wkh vhfrqg uhvxow lv pruh uhohydqw wr wkh fxuuhqw sdshu1

Vwljolw} +4<;5e, dujxhv wkdw li lqglylgxdov kdyh wr fkrrvh wkhlu oderxu vxsso|

sulru wr nqrzlqj wkhlu +olqhdu, lqfrph wd{ udwh/ wkh| zloo fkrrvh d kljkhu

oderxu vxsso| wkdq li wkh| nqhz wkh| zrxog idfh wkh dyhudjh h{shfwhg wd{

udwh iru fhuwdlq1 Wklv phdqv wkdw d orzhu dyhudjh wd{ udwh fdq eh xvhg wr

phhw d jlyhq uhyhqxh uhtxluhphqw1 D kljkhu oderxu vxsso| dulvhv li ulvn lq0
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fuhdvhv oderxu vxsso| +zklfk uhtxluhv pdujlqdo xwlolw| wr eh frqyh{ lq wkh

zdjh,= lq rwkhu zrugv/ li lqglylgxdov kdyh suhfdxwlrqdu| prwlyhv1 Lqglylg0

xdov duh zruvh r� ehfdxvh wkh| idfh wkh ulvn dulvlqj iurp wkh udqgrp wd{/

exw wkh| duh ehwwhu r� ehfdxvh wkh| idfh d orzhu dyhudjh wd{1 Wklv uh0

vxow lv dqdorjrxv wr wkh uhvxow rq rswlpdo uhglvwulexwlrq glvfxvvhg lq Yduldq

+4<;3, dqg h{whqghg deryh= xqfhuwdlqw| lqfuhdvhv oderxu vxsso| ehfdxvh ri

suxghqfh dqg vr lqfuhdvhv wrwdo rxwsxw/ exw wkhuh lv d ulvn vkdulqj frvw dv0

vrfldwhg zlwk wklv1 Wklv wudgh0r� lv h{sorlwhg lq wkh Yduldq +4<;3, prgho

xvlqj wkh xqfhuwdlqw| gxh wr vkrfnv wr lqfrph/ zkhuhdv lq Vwljolw} +4<;5e,

wkh wudgh0r� lv h{sorlwhg e| lqwurgxflqj udqgrplvdwlrq lqwr d prgho zlwk

qr xqfhuwdlqw| dqg d olqhdu lqfrph wd{1 Ixuwkhu/ wklv wudgh0r� fdq khos

h{sodlq wkh odfn ri frpsohwh ulvn0vkdulqj lq yloodjhv lq wkh ghyhorslqj zruog

grfxphqwhg e| Wrzqvhqg +4<<7,1

Wklv glvfxvvlrq udlvhv wkh txhvwlrq ri zkhwkhu lqwurgxflqj udqgrpl0

vdwlrq lv zhoiduh lqfuhdvlqj lq wkh prgho suhvhqwhg lq wkh fxuuhqw sdshu

zklfk douhdg| kdv h{rjhqrxv xqfhuwdlqw|1 Udqgrplvdwlrq lqfhqwlylvhv shr0

soh wkurxjk h{wud ulvn/ exw wkh xqfhuwdlqw| ryhu jurvv lqfrph phdqv lqgl0

ylgxdov douhdg| idfh ulvn1 Li wkh jryhuqphqw kdv wkh delolw| wr vhw dq hqwluh

lqfrph wd{ vfkhgxoh/ wkhuh lv qr ehqh�w iurp udqgrplvlqj wd{hv1 Dq| lqfhq0

wlyh ehqh�wv ri ulvn pd| eh ixoo| h{sorlwhg wkurxjk wkh dssursuldwh ghvljq ri

wkh wd{ vfkhgxoh/ vlqfh wkh vkdsh ri wklv vfkhgxoh pd| eh dgmxvwhg wr dowhu

wkh ghjuhh wr zklfk dq djhqw lv lqvxuhg djdlqvw rxwsxw ulvn dqg wkh h{whqw

wr zklfk wkh djhqw lv lqfhqwlylvhg e| xqfhuwdlqw|1 Wklv uhvxow lv vkrzq lq

sursrvlwlrq 6 ehorz1

Sursrvlwlrq 6 Li wkh fkrlfh ri wd{ vfkhgxoh lv xqfrqvwudlqhg/ lqwurgxflqj

udqgrplvdwlrq ri wkh wd{ vfkhgxoh lv zhoiduh uhgxflqj1

Surri= Vxssrvh wkdw zh kdyh d �udqgrp� vkdulqj uxoh1 Zh uhsuhvhqw wklv

lq d jhqhudo pdqqhu dv d vwrfkdvwlf surfhvv V +{, jlylqj wkh qhw lqfrph ri

dq lqglylgxdo zlwk jurvv lqfrph {1 Lw lv qrw qhfhvvdu| wkdw V +{
�
, dqg V +{

2
,
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duh lqghshqghqw iru {
�
9@ {

2
/ exw iru wkh dgglqj xs uxoh wr eh vdwlv�hg/ lw

pxvw eh wkh fdvh wkdw

H +V +{,, @ H +{, 1

Zh vkrz wkdw vxfk d uxoh fdqqrw eh rswlpdo1 Gh�qh d qhz vkdulqj uxoh v +{,

e|

x +v +{,, @ H +x +V +{,,, >

zkhuh wkh h{shfwdwlrq lv wdnhq ryhu srvvleoh ydoxhv ri V +{, iru d jlyhq

jurvv lqfrph {1 Jlyhq dq| sduwlfxodu h�ruw ohyho/ dq djhqw zloo uhfhlyh

wkh vdph h{shfwhg xwlolw| xqghu wkh ghwhuplqlvwlf vkdulqj uxoh v dv xqghu

wkh vwrfkdvwlf vkdulqj uxoh V1 Wkhuhiruh lw iroorzv wkdw li V zdv lqfhqwlyh

frpsdwleoh/ vr zdv v1 Pruhryhu/ h{shfwhg xwlolw| lv wkh vdph xqghu v dv

xqghu V1

Qrz vlqfh x lv vwulfwo| frqfdyh/ lw iroorzv wkdw

v +{, ? H +V+{,,

iru dq| {1 Wkhuhiruh/ li V +{, vdwlv�hg wkh dgglqj0xs frqglwlrq

]
H +V+{,, i +{ m h, @

]
{i +{ m h,

wkhq

3 ? G @

]
{i +{ m h,�

]
v +{, i +{ m h, =

Wkhuhiruh wkhuh h{lvwv dq dowhuqdwlyh vkdulqj uxoh �v +{, wkdw lv lqfhqwlyh frp0

sdwleoh/ doorfdwhv wkh vxusoxv rxwsxw/ G> dqg jlyhv vwulfwo| kljkhu h{shfwhg

xwlolw| wkdq v dqg khqfh V1 Iru h{dpsoh/ gh�qh �v htxdo wr v iru doo { h{fhsw

wkh kljkhvw srvvleoh jurvv lqfrph {/ zkhuh �v +{, @ v +{, . G1 Vlqfh wkh

pdujlqdo uhwxuq iurp h�ruw dw dq| h�ruw ohyho lv dw ohdvw dv kljk xqghu �v/

rswlpdo h�ruw lv dw ohdvw dv juhdw xqghu �v dv xqghu v1 Wkhuhiruh/ �v grplqdwhv

wkh vwrfkdvwlf vkdulqj uxoh V1�
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Wkh surshuw| qhfhvvdu| iru wkh frqfoxvlrq wkdw udqgrplvdwlrq lv zhoiduh

uhgxflqj lv wkdw wkh vrfldo sodqqhu pxvw kdyh vx!flhqw  h{lelolw| lq ghwhu0

plqlqj krz srvw0wd{ lqfrph ghshqgv rq rxwsxw +suh0wd{ lqfrph,1 Lq wkh

fdvh wkdw wkh vrfldo sodqqhu lv deoh wr fkrrvh dq| ixqfwlrq pdsslqj suh0wd{

lqwr srvw0wd{ lqfrph/ zh �qg wkdw udqgrplvdwlrq lv qhyhu rswlpdo1

Lq wkh qh{w vhfwlrq zh frqvlghu wkh srvvlelolw| ri olplwv rq wkh frpsoh{lw|

ri wkh vkdulqj uxoh1 Lq sduwlfxodu/ li wkh vkdulqj uxoh lv olqhdu/ wkhq lw pd|

lq vrph fdvhv eh rswlpdo wr udqgrplvh wd{hv1 Zh ghulyh d frqglwlrq iru

udqgrplvdwlrq wr eh rswlpdo dqg vkrz wklv lv uhodwhg wr wkh suxghqfh ri wkh

lqglylgxdo1 Lw lv lqwhuhvwlqj wr frqvlghu lqwhuphgldwh fdvhv/ zkhuh wkhuh pd|

eh vrph olplwv rq wkh frpsoh{lw| ri wkh wd{ v|vwhp/ exw wkhvh olplwv duh idluo|

zhdn1 Iru h{dpsoh/ vxssrvh wkdw srvw0wd{ lqfrph pd| eh d slhfh0zlvh olqhdu

ixqfwlrq ri suh0wd{ lqfrph/ zlwk q slhfhv1 Wkhq dv q ehfrphv odujh/ wklv

slhfhzlvh olqhdu vfkhgxoh lqfuhdvlqjo| dssur{lpdwhv wkh xquhvwulfwhg rswlpdo

wd{ v|vwhp/ dqg e| frqwlqxlw| lw iroorzv wkdw udqgrplvdwlrq lv qrw ghvludeoh1

Wkxv zh pd| frqfoxgh wkdw/ lq wklv prgho/ wkh ghvludelolw| ri udqgrp wd{hv

uhtxluhv wzr frqglwlrqv wr eh vdwlv�hg= wkdw djhqwv duh vx!flhqwo| suxghqw>

dqg wkdw wkhuh lv vrph olplw rq wkh frpsoh{lw| ri wkh wd{ v|vwhp +iru h{dpsoh

d olplw/ ru d frvw/ wr wkh qxpehu ri wd{ edqgv wkdw pd| eh xvhg,1

Lw lv dovr lqwhuhvwlqj wr frqvlghu/ lq wklv frqwh{w/ rswlpdo whdp vl}h1 E|

wkh vl}h ri wkh �whdp� zh phdq wkh vl}h ri wkh jurxs ri shrsoh zkr duh

ulvn vkdulqj1 Kropvwurp +4<;5, frqvlghuv wkh fdvh ri mrlqw surgxfwlrq zkhuh

sureohpv ri iuhh0ulglqj rffxu dqg fdvhv zkhq uhodwlyh shuirupdqfh hydoxdwlrq

lv srvvleoh1 Li zh devwudfw iurp wkhvh lvvxhv/ krzhyhu/ uhvwulfwlqj whdp vl}h

lv d phdqv ri lqwurgxflqj h{wud udqgrplvdwlrq lqwr sd|r�v wkurxjk pdnlqj

wkh wrwdo rxwsxw dydlodeoh vwrfkdvwlf1 Wkhuhiruh/ dffruglqj wr sursrvlwlrq 6/

uhvwulfwlqj whdp vl}h fdqqrw lqfuhdvh zhoiduh1 Uhwxuqlqj wr wkh lvvxh ri zk|

ulvn vkdulqj lq wkh ghyhorslqj zruog +Wrzqvhqg/ 4<<7,/ wkh dqdo|vlv deryh

vxjjhvwv wkh nh| srlqw lv qrw zk| zh revhuyh rqo| sduwldo ulvn vkdulqj zlwklq
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yloodjhv/ exw zk| zh revhuyh olplwhg dwwhpswv wr lqvxuh djdlqvw yloodjh0zlgh

ulvn1 Fohduo| prqlwrulqj ri wkh rxwsxw ri rwkhu yloodjhv lv pruh frvwo| wkdq

prqlwrulqj zlwklq wkh yloodjh1

7 Olqhdu Wd{ Vfkhgxohv

Wkh dlp ri wklv vhfwlrq lv wr suhvhqw uhvxowv rq wkh fkrlfh ri wd{ vfkhgxoh

zkhq wkh vrfldo sodqqhu lv frqvwudlqhg wr xvh d olqhdu wd{1 Zh �uvw vkrz wkdw

udqgrplvdwlrq pd| eh ghvludeoh= udqgrplvdwlrq zlwk d olqhdu wd{ vfkhgxoh

fdq plplf vrph ri wkh ehqh�wv ri kdylqj d qrqolqhdu wd{ vfkhgxoh1 Zh

wkhq suhvhqw d qxphulfdo h{dpsoh vkrzlqj krz wkh wd{ udwh dqg ehqh�w ri

udqgrplvdwlrq fkdqjh zlwk suxghqfh1

Frqvlghu d olqhdu vkdulqj uxoh ri wkh irup v� +{, @
S

� d��{� . e� zkhuh

wkh d*v dqg wkh e*v duh frqvwdqwv1 Wkh dgglqj0xs frqvwudlqw uhtxluhv wkdwS
�

S
� d��{�.

S
� e� @

S
� {� iru doo srvvleoh rxwsxw yhfwruv { @ +{

�
> {

2
> = = = > {?, =

Lw lv hdv| wr vkrz wkdw wklv frqglwlrq lv vdwlv�hg li dqg rqo| li

[
�

e� @ 3 dqg ;m
[
�

d�� @ 4=

Li zh dgglwlrqdoo| lpsrvh wkh frqglwlrq wkdw �qhv duh qrw srvvleoh/ l1h1

v�+{, � 3/ wkhq wklv lv vdwlv�hg li dqg rqo| li d�� � 3 iru doo l> m dqg e� @ 3

iru doo l1 Li zh dovr lpsrvh v|pphwu| lq wkdw wkh shupxwdwlrqv ri wkh lghqwl0

wlhv ri djhqwv vkrxog ohdyh wkh frqwudfw xqfkdqjhg/ wkhq zh pxvw kdyh wkdw

d�� @ d�& iru dq| m> n 9@ l1 Wkxv wkhuh lv mxvw rqh irup ri v|pphwulf olqhdu

vkdulqj uxoh/ qdpho| rqh ri wkh irup

v� +{, @ �{� .
4� �

q� 4

[
� �'�

{�= +<,

Iru wkh cqr0�qhv* frqglwlrq wr eh vdwlv�hg/ zh pxvw kdyh wkdw � 5 ^3> 4`=

Lq wklv vhfwlrq/ zh vshfli| rxwsxw wr eh dgglwlyh lq vkrfnv/ l1h1 { @ h.�=

Wkh uhvwulfwlrq wr olqhdu vkdulqj uxohv phdqv wkdw wkh dgglwlyh qdwxuh ri
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vkrfnv zloo qrw ohdg wr d ylrodwlrq ri wkh �uvw0rughu dssurdfk1 Zh dovr

dvvxph/ iru vlpsolflw|/ wkdw q @4=

Wkh rswlplvdwlrq sureohp idfhg e| wkh vrfldo sodqqhu lv wkhuhiruh/

pd{
ecq

]
x +h. ��, i +�, g� � j +h,

vxemhfw wr6

�

]
x� +h. ��, i +�,g� � j� +h, � 3 +43,

Wkh dgglqj0xs frqvwudlqw lv lqfoxghg wkurxjk wkh gh�qlwlrq +<,1

Wkh Odjudqjldq iru wklv sureohp lv

O @

]
x +h. ��, i +�,g��j +h,.�

�
�

]
x� +h. ��, i +�,g� � j� +h,

�
+44,

jlylqj �uvw0rughu frqglwlrqv/

CO

C�
@

] �
�
�
x� +h. ��, . ��x�� +h. ��,

�
. �x� +h. ��,

�
i +�, g� @ 3 +45,

CO

Ch
@

]
x� +h. ��, i +�, g� . ��

]
x�� +h. ��, i +�, g� @ j� +h, . �j�� +h,

+46,

Ehiruh vshfli|lqj ixqfwlrqdo irupv wr |lhog dq h{solflw vroxwlrq iru � dqg

h/ zh gh�qh wkh frqglwlrq qhfhvvdu| iru udqgrplvdwlrq wr eh rswlpdo1 Vlqfh

� lv hqgrjhqrxv/ zh qhhg wr vroyh wkh prgho h{solflwo| wr vhh li wklv qrlvh

fulwhulrq lv vdwlv�hg dqg ixuwkhu/ wr hvwdeolvk frpsdudwlyh vwdwlf surshuwlhv

vxfk dv zkhwkhu wkh fulwhulrq lv pruh olnho| wr eh vdwlv�hg zlwk d kljkhu

ghjuhh ri ulvn dyhuvlrq1

Gh�qlwlrq 4 Li wkh �qrlvh fulwhulrq� lv srvlwlyh/ wkhq udqgrplvdwlrq lv zho0

iduh lpsurylqj1 Li wkh wd{ vfkhgxoh lv frqvwudlqhg wr eh olqhdu/ wkh qrlvh

6Wkh vhfrqg rughu frqglwlrq uhtxluhv uhvwulfwlrqv rq wkh xwlolw| dqg glvwulexwlrq ixqf0

wlrqv vxfk wkdw

q
2

]
�

�� Een qw� s Ew�_w 3 }
�� Ee� 	 f

zklfk lv vdwlv�hg li xwlolw| lv frqfdyh lq frqvxpswlrq dqg frqyh{ lq h�ruw1
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fulwhulrq lv gh�qhg dv=

4

4� �
�

�

U
����Eenqw�sEw�_wU
���Eenqw�sEw�_w

}��Ee�

}�Ee�
�

U
���Eenqw�sEw�_wU
��Eenqw�sEw�_w

A 3 +47,

Wklv fulwhulrq lv ghulyhg e| lqwurgxflqj udqgrplvdwlrq wr wkh wd{ vfkhg0

xoh e| dgglqj vpdoo dprxqwv ri lqglylgxdo vshfl�f qrlvh/ } glvwulexwhg dv

�+} m �, zlwk phdq }hur iru hdfk �1 Zh frqvlghu wkh lqwurgxfwlrq ri qrlvh

dw wkh pdujlq e| xvlqj wkh sdudphwhu �1 Zh wkhq zlvk wr nqrz krz wkh

rswlplvhg ydoxh ri wkh iroorzlqj sureohp fkdqjhv dv � lv lqfuhdvhg iurp 31

pd{
qce

]]
x +h. �� . �},g�+} m �,gI +�,� j +h,

v1w1 �

]]
x

� +h. �� . �}, g�+} m �, gI +�, @ j
� +h, +48,

Wkh Odjudqjldq ri wklv sureohp lv

O +�, @

]]
x +h. �� . �},!+} m �, i +�, g}g� � j +h,

.�

�
�

]]
x

� +h. �� . �},! +} m �, i +�, g}g� � j
� +h,

�

Zh surfhhg e| wdnlqj d vhfrqg0rughu Wd|oru h{sdqvlrq ri wkh Odjudqjldq

durxqg � @ 3= Vlqfh qrlvh kdv phdq }hur/
YuEk�
Yk

���
k'f

@ 3 dqg vr wkh vljq ri

O +�,� O +3, lv ghwhuplqhg e| wkh vhfrqg0rughu whup/

C
2
O +�,

C�

����
k'f

@

]]
}
2
x

�� +h. ��,!+} m �, i +�,g}g�

.��

]]
}
2
x

��� +h. ��,! +} m �, i +�, g}g�

Khqfh/ wkh �qrlvh fulwhulrq� lv gh�qhg e| wklv whup ehlqj srvlwlyh1 Uhdu0

udqjlqj jlyhv/

]]
}
2
! +} m �, g}

�
x

�� +h. ��, . ��x
��� +h. ��,

�
i +�, g�
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Li wkh glvwulexwlrq ! +} m �, lv lqghshqghqw ri �> wkhq wkh qrlvh fulwhulrq

ehfrphv ]
x

�� +h. ��, i +�, g� . ��

]
x

��� +h. ��, i +�, g� +49,

Wkh Odjudqjh pxowlsolhu/ �> fdq eh vxevwlwxwhg rxw ri wklv fulwhulrq e| glylg0

lqj wkh �uvw0rughu frqglwlrqv zlwk uhvshfw wr h htxdwlrq +46, e| wkh lqfhqwlyh

frpsdwlelolw| frqvwudlqw +43, wr jlyh

� @
+4� �,

�

�
j

�� +h,

j� +h,
�

U
x

�� +h. ��, i +�,g�U
x� +h. ��, i +�, g�

�
3�

zklfk/ rq vxevwlwxwlrq lqwr htxdwlrq +49, dqg uhduudqjlqj/ jlyhv wkh qrlvh

fulwhulrq +47, lq wkh gh�qlwlrq1

714 D qxphulfdo h{dpsoh

Wr jlyh vrph lqglfdwlrq ri zkhq wkh qrlvh fulwhulrq lv olnho| wr eh vdwlv�hg

dqg wr shuirup frpsdudwlyh vwdwlfv/ zh vshfli| d qxphulfdo h{dpsoh1 Vkrfn

duh dvvxphg wr eh orj0qrupdoo| glvwulexwhg/ oq � � Q

�
�j2

2
> �

2
�
dqg xwlolw|

lv dv lq vhfwlrq 516/

x +f, @
f
�3�

4� �
> � A 3 dqg j +h, @ h

#
> � A 4

Zh �uvw vkrz vrph frpsdudwlyh vwdwlfv rq wkh fkrlfhv ri � dqg h dv zh

fkdqjh �/� dqg �= D orzhu ydoxh ri � phdqv juhdwhu ulvn vkdulqj ehfdxvh qhw

lqfrph lv ohvv vhqvlwlyh wr wkh sduwlfxodu lqglylgxdo*v rxwsxw1 Iljxuhv 7 dqg

8 vkrz wkh rswlpdo fkrlfh ri � dv � lqfuhdvhv iru gl�huhqw ydoxhv ri � dqg

�= Wkhvh frpsdudwlyh vwdwlfv duh idluo| lqwxlwlyh zkhq � @ 4= lqfuhdvhv lq �

ru lq � phdq wkhuh lv juhdwhu ulvn vkdulqj1 Zkhq � @ 5> wkh ghjuhh ri ulvn

vkdulqj lqfuhdvhv zlwk � li � lv vx!flhqwo| odujh/ exw ghfuhdvhv zlwk � li �

lv yhu| vpdoo1

Zh qrz dgguhvv wkh txhvwlrq ri zkhq wkh qrlvh fulwhulrq zloo eh vdwlv�hg

dqg khqfh/ h{wud udqgrplvdwlrq zloo eh zhoiduh lpsurylqj1 Li wkhuh lv douhdg|

5<



Iljxuh 7= Ydoxhv ri � dv � Lqfuhdvhv/ Ydu|lqj �
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Iljxuh 8= Ydoxhv ri � dv � Lqfuhdvhv/ Ydu|lqj �

0 0.5 1 1.5 2 2.5
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d odujh dprxqw ri xqfhuwdlqw| lq wkh prgho/ wkhq lqwurgxflqj udqgrplvdwlrq

lv ohvv olnho| wr eh rswlpdo1 Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 7 Wkh ydoxh ri wkh qrlvh fulwhulrq ghfuhdvhv dv wkh yduldqfh

ri wkh vkrfnv/ �> lqfuhdvhv1 Wklv phdqv wkdw iru dq| ydoxhv ri � dqg �/ wkhuh

lv d ydoxh �� vxfk wkdw udqgrplvdwlrq lv zhoiduh lqfuhdvlqj li � ? ��/ exw

udqgrplvdwlrq lv zhoiduh uhgxflqj li � A ��=

Lw lv gl!fxow wr vkrz wklv dqdo|wlfdoo| ehfdxvh � lv d ixqfwlrq ri �1

Lqvwhdg/ wkh ydoxh ri wkh qrlvh fulwhulrq zdv fdofxodwhg iru � ehwzhhq 3=3

dqg 6=3> iru wkh ydoxhv ri � dqg � jlyhq deryh/ dqg wkhuh zdv d xqltxh ydoxh

�� +glylglqj wkh � grpdlq lqwr 4333 ydoxhv,1 Wdeoh ; vkrzv wkh ydoxhv ri ��

iru d udqjh ri ydoxhv ri � dqg �=

Wdeoh ;= Ydoxhv ri �� Ydu|lqj � dqg �

� @ 4 � @ 5

� @ 3=8 31<4 31:5

� @ 3=:8 31<5 31:6

� @ 4=8 4166 4158

� @ 5=3 4197 41:<

� @ 6=3 5168 6133

Zkhq j lv ohvv wkdq wkh ydoxh ri 7j jlyhq lq wkh wdeoh/ orfdo udqgrplvdwlrq zloo

eh zhoiduh lqfuhdvlqj1

Dv � lqfuhdvhv/ wkh udwlr ri suxghqfh wr ulvn dyhuvlrq idoov zklfk phdqv

wkdw dgglqj qrlvh wr wkh wd{ vfkhgxoh lv ehqh�fldo hyhq zlwk d kljk yduldqfh

ri h�ruw vkrfnv1 Wkh prvw qrwhzruwk| srlqw vkrzq e| wklv wdeoh lv wkdw wkh

qrlvh fulwhulrq lv vdwlv�hg lq d zlgh udqjh ri vfhqdulrv1 Odujh rxwsxw vkrfnv

duh uhtxluhg ehiruh dgglqj h{wud qrlvh idlov wr lqfuhdvh zhoiduh1
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8 Frqfoxvlrqv

Wklv sdshu surylghv d zd| ri vshfli|lqj sulqflsdo0djhqw sureohpv wkdw shu0

plwv wudfwdeoh qxphulfdo vroxwlrqv1 Wklv whfkqltxh lv xvhg lq fkdudfwhulvlqj

wkh rswlpdo wd{ vfkhgxoh xqghu xqfhuwdlqw|= ulvn0vkdulqj fohduo| lqfuhdvhv

vrfldo zhoiduh/ exw ulvn0vkdulqj uhgxfhv zrunhu h�ruw e| �uvwo| uhgxflqj wkh

dyhudjh pdujlqdo surgxfw ri h�ruw dqg vhfrqgo| zhdnhqlqj suhfdxwlrqdu|

prwlyhv iru h�ruw1 Wkhuhiruh/ wkhuh lv dq rswlpdo dprxqw ri ulvn0vkdulqj1

Zh fkdudfwhulvh wkh qdwxuh ri wklv wudgh0r� qxphulfdoo|/ dqg vkrz frp0

sdudwlyh vwdwlf uhvxowv1 Wkh dgydqwdjh ri xvlqj qxphulfdo phwkrgv khuh lv

wkdw zh duh deoh wr fkdudfwhulvh frpsohwh fkdqjhv udwkhu wkdq rqo| wdnlqj

dssur{lpdwlrqv kroglqj hqgrjhqrxv yduldeohv �{hg1

Wkhuh duh wzr/ lqwhuuhodwhg h{whqvlrqv wkdw duh ri lqwhuhvw1 Iluvw/ zh kdyh

rqo| frqvlghuhg lglrv|qfudwlf vkrfnv khuh1 Doorzlqj iru djjuhjdwh vkrfnv lv

vrphzkdw dqdorjrxv wr lqwurgxflqj udqgrplvdwlrq ri wkh wd{ vfkhgxoh dqg

wklv zloo fkdqjh wkh rswlpdo vkdulqj uxoh1 Wklv ohdgv wr wkh txhvwlrq ri krz

wkh vkdulqj uxoh vkrxog fkdqjh dfurvv wlph dqg dfurvv wkh exvlqhvv f|foh1

Wklv uhodwhv wr wkh vhfrqg h{whqvlrq zklfk lv wr doorz gl�huhqfhv lq delolw|=

li zh doorz wkh wd{ vfkhgxoh wr ydu| dfurvv wlph/ wkhq lw pd| eh rswlpdo wr

frqglwlrq rq sdvw rxwsxw dqg xvh sdvw rxwsxw wr uhyhdo lqirupdwlrq derxw

delolw|1 Wklv fohduo| udlvhv d qxpehu ri dgglwlrqdo sureohpv/ vxfk dv wlph

lqfrqvlvwhqf|1

9 Dsshqgl{= Wkh Ghirupdwlrq Phwkrg

Wklv dsshqgl{ ghvfulehv d jhqhudo zd| ri frqvwuxfwlqj d idplo| ri glvwulex0

wlrqv zklfk hqvxuhv wkdw wkh olnholkrrg udwlrq lv erxqghg dqg lqfuhdvlqj1 Zh

dvvxph wkdw rxwsxw lv glvwulexwhg ryhu d �qlwh vxssruw ^{> �{` = Zh vxssrvh

wkdw dv h�ruw lqfuhdvhv zh fdq wklqn ri wkh suredelolw| glvwulexwlrq ri { vkliw0

lqj wrzdug kljkhu ydoxhv1 Frqvlghu wkh suredelolw| pdvv rq d vpdoo udqjh ri
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rxwfrphv +{> {. �{,/ zklfk lv dssur{lpdwho| i +{m h, �{> dqg wkhq vxssrvh

wkdw h�ruw lqfuhdvhv e| �h= Suredelolw| pdvv pryhv wr wkh uljkw/ zlwk wkh

sursruwlrqdwh udwh ri pryhphqw ehlqj jlyhq e| � +{m h, �h= Wkxv/ wkh udqjh

+{> {. �{, uhfhlyhv dq lq rz ri suredelolw| iurp wkh ohiw ri � +{m h, i +{m h, �h

dqg surgxfhv dq rxw rz wr wkh uljkw ri � +{. �{m h, i +{. �{m h, �h= Wkhuh0

iruh/

+i +{m h. �h,� i +{m h,, �{ @ � +� +{. �{m h, i +{. �{m h,� � +{m h, i +{m h,, �h

zklfk gh�qhv wkh fkdqjh lq suredelolw| pdvv lq wkh uhjlrq +{> {. �{, iro0

orzlqj dq lqfuhdvh lq h= Wdnlqj wkh olplwv ri �{ dqg �h>

ie +{m h, @ �
C

C{
+� +{m h, i +{m h,, +4:,

Lq rughu iru i +{m h, wr eh d surshuo| gh�qhg idplo| ri ghqvlw| ixqfwlrqv/

zh qhhg wr hqvxuh wkdw wkh wrwdo ghqvlw| vxpv wr 41 Vlqfh zh duh vlpso|

uhdoorfdwlqj suredelolw| pdvv zlwklq wkh grpdlq ri i / wklv zloo eh wuxh sur0

ylglqj wkdw zh hqvxuh wkdw qr pdvv  rzv rxw ri wkh hgjhv ri wkh vxssruw1

Zh uhtxluh � +{> h, @ � +�{> h, @ 31 Wkhq

C
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] 7%

%

i +{ m h,g{ @

] 7%

%

ie +{ m h, g{

@ � +{ m h, i +{ m h,� � +�{ m h, i +�{ m h,

@ 3=

Wkxv/ vxssrvh h @ 3 lv wkh orzhvw srvvleoh h�ruw ohyho/ li

] 7%

%

i +{ m 3, g{ @ 4

wkhq zh kdyh wkdw ] 7%

%

i +{ m h,g{ @ 4 iru doo h=

Wkh sduwldo gl�huhqwldo htxdwlrq +4:, iru wkh idplo| ri suredelolw| glvwul0

exwlrqv i fdq eh h{solflwo| vroyhg lq fhuwdlq vlpsoh fdvhv1 Iluvw/ lqwhjudwlqj
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+4:, zlwk uhvshfw wr { jlyhv wkdw] %

%

ie +v m h, gv @ �i +{ m h, � +{ m h,

dqg vr lqwurgxflqj wkh fxpxodwlyh glvwulexwlrq I zh rewdlq wkdw

Ie @ �I% � +4;,

Wklv SGH fdq eh vroyhg h{solflwo| li zh dvvxph wkdw � wdnhv wkh vhsdudeoh

irup

� +{ m h, @ d +{, e +h,

zkhuh d +{, @ d +�{, @ 3= Lq wklv fdvh zh fdq vhsdudwh +4;, wr rewdlq

�
Ie +{ m h,

e +h,
@ I% +{ m h, d +{, =

Wklv kdv dq cdoprvw dgglwlyh* jhqhudo vroxwlrq ri wkh irup

I +{ m h, @ ! +D +{, .E +h,,

zkhuh ! lv dq| ixqfwlrq dqg

D� +{, @
4

d +{,
E� +h, @ �e +h, =

Wkxv wkh jhqhudo vroxwlrq ri +4;, lv

I +{ m h, @ !

�] %

%W

4

d +v,
gv�

] e

f

e +v, gv

�
= +4<,

zkhuh {W lv vrph �{hg srlqw lq wkh grpdlq +{> �{,1 Wkh ixqfwlrq ! lv gh0

whuplqhg e| surylglqj d erxqgdu| frqglwlrq/ iru h{dpsoh vshfli|lqj wkh

glvwulexwlrq ri rxwsxw dw }hur h�ruw/ l1h1

I +{ m 3, @ !

�] %

%W

4

d +v,
gv

�
=

Qrwlfh wkdw ! kdv wkh zkroh uhdo olqh dv lwv grpdlq1 Vlqfh d jrhv wr }hur dw

{ dqg �{ zh kdyh wkdw

D +�{, @

] 7%

%W

4

d +v,
gv @ .4 dqg D +{, @
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%W

4

d +v,
gv @ �4=
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Zh fdq qrz ghulyh vx!flhqw frqglwlrqv iru
seE%�e�

sE%�e�
wr eh erxqghg/ wkxv

surylqj sursrvlwlrq 41 Gl�huhqwldwlqj +4<, jlyhv wkdw

i +{ m h, @ !�
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] e
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dqg vr
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l e +h, +53,

Wkxv/ k +{ m h, lv erxqghg li !�� +|, @!� +|, lv erxqghg1

Zh qrz qhhg vx!flhqw frqglwlrqv iru wklv1 Vlqfh ! lv gh�qhg lq whupv

ri d dqg wkh erxqgdu| frqglwlrq I +{ m 3,/ zh qhhg wr lpsrvh frqglwlrqv rq

wkhvh ixqfwlrqv1 Qrz

i% +{ m 3, @ !��
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%W

4

d +v,
gv

�
4

d +{,2
� !�
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4

d +v,
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i% +{ m 3,
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@

!��
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4

d +{,
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d +{,
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Wkxv zh rewdlq
!��

!�
@ d� +{, . d +{,

i% +{ m 3,

i +{ m 3,
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Qrz zh kdyh erwk d dqg d� whqglqj wr }hur dw wkh erxqgdulhv ri wkh grpdlq/

vr d� dqg d duh erxqghg deryh dqg ehorz rq +{> �{, = Wkxv surylghg wkdw

d +{,
i% +{ m 3,

i +{ m 3,

lv erxqghg iru doo { lq wkh grpdlq/ wkhq k +{ m h, lv erxqghg/ surylqj sursr0

vlwlrq 41 Wklv lv d pdwwhu ri hqvxulqj wkdw d +{, s%E%�f�

sE%�f�
whqgv wr d frqvwdqw

dv {$ {> �{=

Lq dgglwlrq/ lw iroorzv gluhfwo| iurp htxdwlrq +53, wkdw k +{ m h, zloo eh

prqrwrqh lqfuhdvlqj lq { dqg wkhPOUS vdwlv�hg surylglqj wkdw !�� +{, @!� +{,
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lv prqrwrqh ghfuhdvlqj lq {1 Iurp htxdwlrq +54, lw iroorzv wkdw d qhfhvvdu|

dqg vx!flhqw frqglwlrq iru wkh POUS lv wkdw d� +{,.d +{, s%E%�f�

sE%�f�
lv ghfuhdv0

lqj lq {1 Wklv h{suhvvhv wkh POUS lq whupv ri wkh wudqvlwlrq ixqfwlrq d dqg

wkh erxqgdu| frqglwlrq/ surylqj sursrvlwlrq 51

Wkh hdvlhvw zd| wr vshfli| dq h{dpsoh zklfk vdwlv�hv wkhvh frqglwlrqv

lv wr gh�qh wkh pdsslqj D +{, = +{
�
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�
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�
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^3> 4` =
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zklfk lv erxqghg rq ^3> 4`/ lpso|lqj wkdw wkh olnholkrrg udwlr k lv erxqghg1

Dovr

d� +{, . d +{,
i% +{ m 3,

i +{ m 3,
@ 4 . t � +5 . t . u,{
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