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Abstract

This article develops a unified framework to study the (asymptotic) properties of
(periodic) spline based estimators, that is of regression, penalized and smoothing
splines. We obtain an explicit form of the Demmler-Reinsch basis of general degree
in terms of exponential splines and corresponding eigenvalues by applying Fourier
techniques to periodic smoothers. This allows to derive exact expressions for the
equivalent kernels of all spline estimators and get insights into the local and global
asymptotic behavior of these estimators.

Key words and phrases: B-splines; Equivalent kernels; Euler-Frobenius polynomials;

Exponential splines; Demmler-Reinsch basis.

1 Introduction

Spline based estimators have a long history in nonparametric regression. The idea of
smoothing splines traces back to Whittaker (1923) and has been developed further among
many others by Schoenberg (1964) and Reinsch (1967), as well as by Wahba (1975) who
popularized smoothing splines in statistics. Another spline based technique is regres-

sion (or least-squares) splines introduced in works of Hartley (1961) and Hudson (1966),
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among others. Over last two decades penalized (or low-rank) splines have become in-
creasingly popular, see Ruppert et al. (2003). Penalized splines combine projection onto
a low dimensional spline space (as by regression splines) with the roughness penalty (as by
smoothing splines) and circumvent herewith certain practical disadvantages of smoothing
and regression splines.

Investigation of the statistical properties of these three spline based estimators has been
based on very different approaches. Agarwal and Studden (1980) and Zhou et al. (1998)
studied both local and global asymptotics of the regression spline estimators making use
of the results of Barrow and Smith (1978), who found a sharp estimate of the error for
the best Ly approximation of a smooth function by a splines set. Another approach have
taken Huang and Studden (1993), who derived an equivalent kernel in the special case of
cubic regression splines.

For smoothing splines, Fourier techniques (Rice and Rosenblatt, 1981, 1983; Cogburn
and Davis, 1974), the reproducing kernel Hilbert spaces framework (Craven and Wahba,
1978) and the asymptotic correspondance of the smoothing spline minimization problem
to a certain boundary value problem (Utreras, 1983) have been employed to obtain Lo
error bounds for the smoothing spline estimators. To understand the local properties of
smoothing spline estimators, asymptotic equivalent kernels have been extensively studied.
First, Cogburn and Davis (1974) obtained an asymptotic equivalent kernel for smooth-
ing splines on the real line, using Fourier techniques. Messer and Goldstein (1993) and
Thomas-Agnan (1996) extended this kernel to the case of a bounded interval. Later,
Eggermont and LaRiccia (2006) refined these two results.

The asymptotic properties of penalized spline estimators have got attention only re-
cently. It has been discussed in Claeskens et al. (2009) that depending on the number of

knots taken, penalized splines have asymptotic behavior similar either to regression or to



smoothing splines. Kauermann et al. (2009) studied in more detail the “small” number
of knots scenario in the generalized regression context. Recently, Wang et al. (2011) have
shown that in the asymptotic scenario with the “large” number of knots, the equivalent
kernel for penalized splines is asymptotically equivalent to that of smoothing splines. All
these works used mixed approaches, combining techniques for regression and spline esti-
mators, depending on the asymptotic scenario.

In this article we study in a unified framework all spline based estimators: regression, pe-
nalized and smoothing splines. Obtained new explicit expression for the Demmler-Reinsch
basis for periodic splines allows not only to obtain the L, risk, but also to derive exact
equivalent kernels for all spline estimators on R, not available before even for smoothing
and regression splines. This delivers interesting insights into the local asymptotic behav-
ior of the spline estimators.

The paper is organized as follows. Section 2 introduces necessary concepts and notations.
Section 3 gives the Demmler-Reinsch basis, its eigenvalues and the Fourier coefficients of
spline estimators. In Section 4 the Lo risk for periodic spline estimators is given, while
in Section 5 equivalent kernels are derived. Local asymptotics of spline estimators is
discussed in Section 6 and Section 7 concludes the paper. All proofs are given in the

Appendix.

2 Preliminaries and notations

Consider a nonparametric regression model for the data pairs (y;, x;), i =1,..., N,

yi = f(z:) + e, (1)

with the standard assumptions on the random errors, that is E(e;) = 0 and E(ge;) = 024y

with 02 > 0 and ¢;; as the Kronecker delta. Let the data to be equally spaced on
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the [0,1] interval, i.e. z; = i/N, i = 1,...,N. The unknown regression function f
is assumed to be a periodic function with period 1. More precisely, f € Poy1 = {f :
f € CPYR), fDO0+1) = fO(1+1), 1 €Z, j=0,...,p}. To estimate f € P,y
with splines, define first the partition of [0,1] into K, K < N, equidistant intervals
Tk ={0=m7<mn < <7k <7Tg =1} with 7; = i/K, i =0,..., K. Without
loss of generality, assume K to be even and M = N/K (the number of observations in
each interval [7;,7;41)) to be an integer. Further, the periodic spline space Sper(p; Tf) of
degree p > 0 based on T consists of functions s, such that s € C?71[0, 1], s is a degree p
polynomial on each [7;,7511),7=0,..., K —1 and s9(0) = sU)(1), j =0,...,p— 1. The
periodic spline estimator J?of f is found as the solution to

min {% i{m — s(z)}2 + A /0 l{s(x)(Q)}2dx], 2)

$E€Sper (DT k)
A>0,0<q<p. For K =N and p = 2¢—1 the solution to (2) is the periodic smoothing
spline estimator (Wahba, 1975). If A = 0 and K’ < N, (2) results in the periodic regression
spline estimator (Zhou et al., 1998) and a general estimator with K < N, p+1>¢ >0
and A > 0 is the so-called low-rank or penalized spline estimator (Claeskens et al., 2009).
Let B.(z) be a cardinal B-spline of degree p (for the definition see Schumaker, 1981).
Here and subsequently, we suppress in the notation the degree of the spline p. Then the
periodic B-spline basis for Sper(p; 7)) can be defined as

Bi(z) = i BAK(x+1—i/K)},i=1,...,K, x¢€]0,1].

I=—oc0

The Fourier transform of B.(z) is known to be sinc(x)P™!, where sinc(x) denotes sin(z)/z,
implying that the Fourier series of a periodic B-spline is given by

Bi(x) = Y sinc(nl/K)""" exp{2mil(z — i/K)}, (3)

l=—00



1=1,..., K. In the following, we make use of the relationship

o0

3 sine{n(z + 1)} = Qpui(2), (4)

l=—oc0
where @,_1(z) = 1 for z € Z, while for z ¢ Z this is the polynomial of cos(rz) of degree

(p — 1) defined recursively via

1 — cos(m2)? dQ;-1(z)
j+1  dcos(rz)’

Q;(2) = cos(m2)Q;1(2) + (5)

j=1,...,p—1, with Qo(z) = 1 for p odd. If p is even, the recursive formula (5)
is applied with Qo(z) = cos(wz). The exact formulas for some first Q-polynomials for
odd and even p, as well as the proof of (4) are given in the appendix. In a somewhat
different context similar polynomials have been discussed in Gautschi (1971) who studied
attenuation factors in the approximation of the Fourier coefficients of f available on a
grid of N values f(i/N). In fact, Q-polynomials are closely connected to the well-known
Euler-Frobenius polynomials IL,(-), see Schoenberg (1973). For odd p this relationship is
simple:

Qp-1(2) = exp{izm(p — 1) I, {exp(—2irz)}/p!.

For p even it can be expressed as

Qpa(z) = exp{miz(p - 1)/2} cos (w2/2)" ' II, {exp(~12)} /p!

— (—1)p/21 exp{miz(p —1)/2}sin (7?2/2)”1 II, {—exp(—miz)} /pl.

In Figure 1, several first polynomials ¢),_1(z) for odd and even p are shown. Further, we
introduce the exponential splines, see Schoenberg (1973), which are defined in terms of
Euler-Frobenius polynomials as

cI)p(t’ Z) — ZUJ (1 _ Zfl)l’ <p> {t}p_] Hj (Z)’ (6)

= i) pl(z—1)
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Figure 1: (a) Qp,—1 polynomials for p odd, (b) @Q,-1 polynomials for p even, (c)
Q6(2)/Q3.0(z) for different M.

z# 0, z # 1, where {t} denotes the fractional part of t and |¢] is the largest integer not

greater than ¢. With the convention 0° = 1, one can also define ®,(¢,1) = 1. Note that

exp(2mizt)
exp{miz(p+ 1)}

X Z (=)' Vsine {7 (2 + 1)} exp(2rilt). (7)

l=—00

O, {t,exp(2miz)} =

This equation, as well as connection of ()-polynomials to Euler-Frobenius polynomials are

discussed in more detail in the appendix. Finally, we define

@t (2) = 5 D210, (/M + (4 1)/2,exp(~2m2)} ®)

For M =1 we find Q,1(2) = Q> ,(2), since ®{(p+1) /2,exp (27iz)} = Q-1 () from

(7). If M = N/K > 1, then @, r(z) varies between Qs,(2) and Q;_,(z), depending on

M. For example, for p = 1 and p = 3 one obtains

1 2

Quu(z) = @@)H?%,
2{3si 4_ 94 6 Ssi 6
Quile) = Qo)+ 2L 2SN BT



and in general Q,(2) = Qap + O(MP71) so that for growing M polynomial Q, xs(2)
converges exponentially to Q9,(2), as the right hand side plot of Figure 1 demonstrates

for Q¢(2)/Qs.0m(2).
3 Demmler-Reinsch basis for periodic splines

We start by stating the lemma, which gives the explicit expression for the complex-valued

Demmler and Reinsch (1975) basis for the periodic spline space Sper(p; T )-

Lemma 1 For x € R functions

O { Kz + (p+1)/2,exp(—2rii/K)}

i (z) = : (9)
Qp.u(i/K)
i=1,...,K form the complex-valued Demmler-Reinsch basis in Sper(p; Tx ), i-€. it holds
1 al _—

Nz@.(z/md)j(zm) = 0, (10)

=1

1 -

/ 67 ()0} ()de = pidiy, (11)

0

i,7=1,..., K, with §, ; as the Kronecker’s delta and the eigenvalues

Qap—24(i/K)

i = (27i)*sinc (i / K)* O i/K)

(12)

Remarks

L fo e )dw—de%( /K)/Qpu(i/K).

2. Basis functions ¢;(z) is the scaled discrete Fourier transform of periodic B-splines,

ie. ¢i(2)K\/Qpr(i/K) = S| Bi(z) exp(—2miil/K). A similar basis for N = K
has been considered in Lee et al. (1992), who studied Fourier coefficients ﬁ-, given

in Theorem 1 of Section 4.



3. Since ¢;(x) is the scaled discrete Fourier transform of a real-valued B-spline functions

and @, (2) is a symmetric, positive function by definition, it holds that ¢;(z) =

¢r—i(r) and p; = pg ;.

4. Even though the Demmler-Reinsch basis for periodic smoothing splines has been in
employed in Cogburn and Davis (1974) and Craven and Wahba (1978), no explicit
expressions for ¢; and p; have been derived there. For K = N and p = 2¢q — 1,
wi = (2mi)%sine(mi/ K)*Qay—2(i/K)™" and at the data points I/N, the Demmler-

Reinsh basis reduces to ¢;(I/N) = exp(—2niil).

Thus, any s(z) € Sper(p;Tx) can be represented as s(z) = Zf; Bi¢i(x) and the so-
lution to (2) results in f(x) = Bidi(x) with B; = (1 + Awg)™'%;, where §; =
NNy ¢:(I/N). Using (7) and the definition of the complex-valued Demmler-

Reinsch basis (9), we can write

1
S o 7
x Y sine{m(i/ K + )} exp{—2mix(i + IK)}, (13)
l=—c0
so that

N 1 ~ Ko

)= ———— ; sinc{ (7 DY exp{—27mix(i +1 .
f(z) \/ml;m;ﬁ {m(i/K +1)} p{—2riz(i + IK)}

Since 3; = Bivix and Qpr(i/K) = Qpum(i/K +1), the Fourier coefficients of the periodic
spline estimator are given by

sinc{m(i/K + 1)}~ sinc{r(i/K +1)}"*'y;

TR QTR+ )

where the ¢ satisfy f(z) = >0

l=—00

(14)

crexp(—2rilz). From (14), one can immediately

obtain the Fourier coefficients for both extreme cases: periodic smoothing and regression
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splines. In particular, for K = N and p = 2¢ — 1 (periodic smoothing spline)

B sinc{m(i/N + 1) }*95;
N Qa2 (i/N) + A(2mi)sine (i /N2

with g; = N~ exp(2miil/N)y; and for A = 0, K < N (periodic regression spline)

sinc{rw(i/K + 1)}y, _sine{m(i/K + )}y, .
Qp(i/K) V@2 (i/K) + O(M—771)

CitlK =

4 L, risk for periodic spline estimators

The Lo risk of a spline estimator can be decomposed as

R(F.f) = / B{f(x) — f(x))2ds = / Var{ f(x)}da
+ /0 [E{f(2)} — sp(z))*dx + /0 {sp(x) — f(x)}2dx,

where s, is the best Ly[0, 1] approximation of f € Ppi1 by Sper(p; Tx). Thus, the R(f, f)
consists of three summands: the integrated variance, the integrated squared shrinkage
bias and the integrated squared approximation bias. The shrinkage bias appears due
to the penalization involved in (2) and vanishes for regression splines (A = 0). The
approximation bias is the error due to approximation of a continuous function f by a
spline. The sharp asymptotic behavior of the integrated squared approximation bias has

been proved in Barrow and Smith (1978). In particular, they have shown that

lim K / spla) — f)yar = el
K—oo 0 P - (2p+2)!

1 (2p+3)
> (/ |fp+1($)‘1/(p+1.5)dx) : (15)
0

with by, 40 as the (2p+ 2)th Bernoulli number. The following theorem gives exact expres-

sions for the integrated variance and the integrated squared shrinkage bias.



Theorem 1 Let the model (1) hold, f € Pyy1 and f(:c) € Sper(D; Tx) be the solution to
(2) with x; = i/N,i=1,....N and 7 = {i/K}X,. Then, the integrated variance and

the integrated squared shrinkage bias of fA(:L’) are given by

/OVar{ (z)}dzr = NZQPM?/?}Z/KJZ e (16)
[ ) - s@par Zéﬁ”f} M IEE Ao
with f; = /Qpar i/ K) Q2 (i/K) fo x)dx and

fi = V@t (/K) [Qep i/ K)N"Y SO, f(1/N)i(1/N).

Note that the ratio Q,(2)/Qp,n(2) is bounded and varies between 0 < Q4(2)/Q2_1(2) <
1 for M =1 and 1 for M — oo, see the discussion at the end of Section 2 and the right
hand side plot in Figure 1.

From the equations (16) and (17) it is clear that the asymptotic behavior of spline based
estimators depends on Mg s = AM(2K)?1Qap04(1/2)/Qpar(1/2), similar to the results in
Claeskens et al. (2009). From (15), (16) and (17), one can find the asymptotic orders of

the components of R(j/’\, f) in two asymptotic scenarios.

Corollary 1 Let the assumptions of Theorem 1 hold. Then for p > 2q — 1

R gy = [OUN 4000 + O, for Nugp = 00,
770 (,\*1/(211)]\[*1) + O (A\?) + O(K~272), for Mg s — 00,

so that for Auxs = O(1) and K = ¢cNY@+3) X\ = O(N), v € [(p+1)/(2p + 3),1]
imply R(]/“\, f) = O{N-GF2/PE% - For Mgy — 0o and A = O {N-2/Uat} wth
A/CON =5 0o, K = eN<, ¢ € [1/(4g + 1),1] it follows R(f, f) = O {N—19/Mar )} Here ¢

denotes a generic positive constant.

10



Corollary 1 states that depending on Apix /2, and thus on the number of knots K taken, the
asymptotic scenario of (periodic) spline based estimators is either similar to the (periodic)
regression spline asymptotics or to the (periodic) smoothing spline asymptotics. For small
K = NV with Augjs = O(1) the convergence rate of the estimator N~ (2r+2)/(2r+3)
is the same as that for the regression splines (see Zhou et al., 1998) and A is, in fact,
non-identifiable, i.e. can not be estimated consistently. Once more knots are taken so
that Apg/o — 00, the smoothing parameter A controls the fit and the convergence rate
is N~44/(4a+1) a5 was found for periodic smoothing spline estimators by Wahba (1975).
In this scenario K is non-identifiable, meaning that taking any K satisfying K = c¢N°*,
¢ € [1/(4qg + 1),1] has no influence on R(]/”\, f). Apparently, the choice of p and ¢ is
important for the convergence rate in each scenario. Taking p > 2q — 1 leads to a faster
convergence rate in the “small” number of knots scenario, while for p = 2¢ — 1 the

convergence rate in both scenarios is the same.

5 Equivalent kernels on R

Using (9), one can write the solution to (2) as ]/‘\(x) = N1 Zl]\il W(x,l/N)Y,, where

Zl+/\ )

which is obviously in Sper(p; Tx) for a fixed ¢ (or fixed z). The space of periodic splines

Sper(P; Tr¢) is a finite dimensional Hilbert space and thus has a reproducing kernel. With
respect to the inner product < f,g >= NSV £(i/N)g(i/N) + )\fo (2)g'D(z)dx
for any N > K the reproducing kernel for Sper (p; 7 ) is W (z,1).

In this section we consider W (x,t) for z,¢t € R and define additionally

Wiz, ) / gZﬁl—i—)\u ) s

11



where p(u) = (2mu)®sine(ru/K)*1Qap o0, (u/K)/Qpr(u/K) and ¢(u, ) = &, { Kz + (p+
1)/2,exp(—2miu/K)}//Qpm(u/K). In fact, W(z,t) can be obtained by “folding-back”
W(x,t), that is

- f: Wit +1). (18)

This can be proved by showing that the Fourier coefficients of both functions coincide.

The Fourier coefficients of W (z,t) as a function of ¢ at a fixed x can be found from

sine{m(i/K + l)}p+1¢z( )
Z_Z;OZ; vV Qi (i/K) (1 + My

simliar to the Fourier coefficients ¢; ;x of f(x), as given in Section 3. Since Qp n(i/K) =

Qpa(i/K +1), pti = piqix and ¢;(x) = ¢ipix (), we obtain

sinc{m(l/K)} ¢ (x)

exp{27rit(i + (K)},

a)(z) = : , (19)
Qpar (/) (1 + Apuy)
for Wz, t) =32 __ a/(x)exp(2milt). From the Poisson summation formula
/ Z W(z,t + j) exp(—27itl)dt = / W(z,t) exp(—2mitl)dt (20)

j=—00

follows the equality of ith Fourier coefficients of > 2 W(xz,t + j) and of the Fourier

j_—OO

transform of W(x,t). Applying the Poisson summation formula again we obtain

Wz, t) = / l_z: Sm(g:;if/([;—) ?ff:)\f( )}) exp{27mit(u + IK)}du

> sinc{r(u/K)}’ 1 o(u, x)

oo/ Qpar (u/ K){1 + Ap(u)}

From (20), (21) and the inverse Fourier transform follows the equality of the Fourier

exp{2ritu}du. (21)

coefficients of 372 W(z,t + j) and a(z) in (19), which proves (18). The next lemma

gives exact expressions for W (z,t) and W(z,1).

12



Lemma 2 Let

Py(u) = Ty p(u)

+ (D)IAK (L — u)* Ty g1 () /(2p — 29 + 1) (22)

be a polynomial of degree 2p where Iy, o,11(w) is the Euler-Frobenius polynomial and

ﬁp’M(u) s a linear combination of certain Euler-Frobenius polynomials with its exact

expression given in the proof. Let alsor;, rj’l, Jj=1,...,p bethe roots of Py,(u) with |r;| <

1. Then, denoting Pép(rj) = 0Pyy(u)/0ul,_ s dpt = LKx — {’%I}J — LKt — {I%I}J and

representing
2p
P (Ko + (p+1)/2, 230, {Kt + (p+ 1)/2,27"} = Y as({ K}, {K1})2!
=0

for some functions ay(t1,t2) and x,t € R, results in

Wnt) = Kizal {K:L‘} {Kt})

7j=1 1=0
§ ’I“gdz7t+l 1)modK+r§(+2p727(dz,t+171)modK
(1=rf)
p 2p
Oél ({KI}, {Kt}) |dac,1£“!‘l—1|-f—l{d337 S*l}(Qp—Q)
Wi t)=KY > AT ' : (23)
j=1 1=0 2p\' T

There is a closed form expression available for the roots of polynomial P, for degrees
p < 4. For these degrees both W (z,t) and W(z,t) can be obtained explicitly. For larger
degrees, approximate expression for the roots are given in Sobolev (2006). For p =¢ =1

both functions have simple representations, for larger p and ¢ they become much more

involved. In particular, for p = ¢ = 1 one finds 7, = 1 — (1/6/M2+ 3 + 36AK2 —

)/(6>\K2 1—|—1/M2) ( 1) \/(2/M2+1—|—12)\K2)/3, Ckg(tl,tg) :Oéo(tQ,tl) :tl—tltg

13



and aq(t,te) = 1 — ap(ty, ta) — as(ty, ta).

Equivalent kernels obtained in Lemma 2 look very complicated, but they are exact and
hold for any p, q, M, K and A\. Known equivalent kernels for smoothing splines on R
correspond to W(z,t) with K = N — oo. Equivalent kernels for regession splines on R of
Huang and Studden (1993) are also exact, but were obtained in terms of a certain (rather
involved) linear combination of B-splines for p = 3 only. As Nychka (1995) notices, one
does not need to know the exact form of the kernel in order to study the pointwise bias
and variance of smoothing splines. Similarly, in the proof of our Theorem 3 for local
asymptotics of general spline estimators, it turns out that only the following Lemma 3 is

crucial.

Lemma 3 For z,t € R, it holds for m < min{p,2q — 1} that
e’} 1
/ (t—2)™ W (2, 1) dt = / (t—2)™ W (2, 8) dt = 0,
—00 0
while for m = min{p + 1, 2q},

/00 (t—x)mW(x,t)dt:/1(t—x)mW(x7t)dt

—00

2B, ({75 }) B ({Ka+ 27 }) A (29)!
I{pSqul} - - I{pZqul}W’

NP+l Kp+l
with Byy1(x) as a (p + 1)-th degree Bernoulli polynomial and Ij>24-1y as an indicator

function.

6 Local Asymptotics on R

Let us define the variable k, = A/®97 K which differs by a constant from (Au/2)"/ 9
and in the same way determines the type of the spline estimator. In particular, k, = 0

corresponds to the regression spline estimator, k, = AN/CDrN — 0o to the smoothing

14



spline estimator and all intermediate values characterize penalized spline estimators. Be-
fore we present the results on the local asymptotics for spline estimators, let us introduce

a bandwidth h(k,), which is universal for all spline estimator and is defined via

K dx Mo da
k)= [ — 2\ —1/ .
(ka) /0 14 A(ma)%a o) Ttam

Bandwidth h(k,) is a smooth function of k, with a (rather complicated) closed form

expression available for each ¢q. However, for our subsequent developments the following

representation will be more suitable.

h(k'q)_l — N\ V/(2a) 1 {kq e, kg <1 (24)

mey, kg > 1,

with constants ¢; = ¢1(kq) = 2F1[{1,1/(29)}; {1 + 1/(2¢)}, —k}7] and ¢y = co(ky) = & —
Tk, L F{1,1-1/(29)};{2-1/(29)}, —k,?/(2¢—1), where ¢, = 7 Ysinc{n/(2¢)} "
is independent of k, and 2F; denotes the hypergeometric series (see Abramowitz and
Stegun, 1972). Both ¢ (k,) and ca(k,) are convergent and vary slow with k,, namely
c1(ky) € (w/4,1] and cy(k,) € (1/4,1/2]. Note that for the regression spline estimators
(k, = 0) the inverse bandwidth h(0)™' = K¢;(0) = K and for the smoothing spline
estimators (k, — 00) the inverse bandwidth h(co)™! = A~/ (29,

With this, we can define the equivalent kernel K(z, t) for the spline estimator f(z), z,t €

R, to be such that

1 x t
Wt = (h(i@’ h(@)) |

It holds the following result.

Theorem 2 The equivalent kernel for spline estimators on R for p = 2q — 1 is given by

alk (ax,eit) = Kpg(x,t) — k29, (2, 1), ky <1
o (ca, eat) = Ko(t — @) + k72 UKo (2, 1), kg > 1,

where ICi(x,t) and Ky(z,t) are bounded functions given in the proof, KC,s(x,t) is the re-

15



gression spline equivalent kernel

p

2p
ay({x}, {t}) |desti=1+I(a, < 1y(2p-2)
ICTS(I, t) == —_— r. x,t ’
jzl 1=0 PZ (T’]) !
with oy, 15, dypy, Pop(u) = Ilo,(u) defined in Lemma 2 and Kys(x,t) is the asymptotic

smoothing spline equivalent kernel (i.e. for N — o0)

_ N dexp [ o — tlexp {mi (2 +1) /(29)}]
Klrst) = Kolr =0 =2 o Gl — 1) @5 + 1 /20))

Jj=0

From Theorem 2 follows that limy, o c2/KC(co, cot) = Gy 'K {(x — 1)/E} and

limy, 0 1 K(c1w, e1t) = Kys(w,t), that is, K(z,t) varies smoothly between KC,s(x,t) and
Kss(z,t), scaled with appropriate constants. This is visualized in Figures 2 and 3. Figure
2 shows K,s(x,t) for p = 1,3 at t = 0, t = 0.3 and t = 0.5, as well as K (z — t) for
q = 1,2. Obviously, K,s(x,t) is not translation invariant, in contrast to Ks(x,t). Figure
3 depicts the penalized spline kernel IC(z,t) for M =5 at t = 0 and ¢t = 0.3 for different
values of k, and for p = 1,3. As k, grows, (z,t) becomes more symmetric and for k, = 5
is already non-distinguishable from the smoothing spline kernel shown in grey.

Finally, we proof the following theorem for the pointwise bias and pointwise variance of

-~

the periodic spline estimator f(x) in terms of the universal bandwidth h(k,).

~

Theorem 3 Let the model (1) hold and f(x) € Sper(2q — 1;75) be the solution to (2)
with v; = i/N,i=1,...,N and 7, = {i/K}X,. Then for f € P,i1, such that f?9 ¢
C%([0,1]), i.e. £?9 is Holder continuous with | f®9 (z)— f9(¢)| < Llz—t|*, Va,t € [0,1]

and o € (0, 1], it holds at any x € [0, 1]

S (x)
(29)!

var{f(x)} - fo(kq) /_:1@ {a/h(ky), t} dt + 0 {N""h(ky) '},

B{7w)} ~ 1) = <tk L (k) + 0 ()

16



where for k, <1
Ckyy ) = 620 [Bay ({Kw}) + (—1)1(20) 1w k2 — By (0)M 2]
while for k, > 1
Ok, ) = &7 [(~1)%(20)! + Buy ({Kw}) w1k — 2By, (0) w2 (k, M) ]

and [7° K*{x/h(ky),t}dt < C?/log(y™"), for some C € (0,00) and v € (0,1), both

depending on k,, explicitly given in the proof of Lemma 4 in the Appendiz.
Remarks

1. From the proof of Theorem 3 follows that under the same assumptions it holds also

for non-periodic f(z), if x € (0, 1).

2. Integrating the squared bias and the variance results in an alternative expression

for the Lo risk for periodic spline estimators. Namely,

~ h(k)' | g ,
RIS = TG8a 01 + o {hik) )
2 1 0o
+ Nlj(kq)/o /_OO K?{z/h(ky),t} dtdx + o {N""h(k,) ™"},
where || - || denotes the Ls[0, 1] norm.

In this section we have obtained local asymptotic results for spline estimators of sufficiently
smooth fson R, assuming equidistant design for knots and observations. This assumption
is dominating in the literature on equivalent kernels. However, we can follow Huang and
Studden (1993) to generalize the result. In particular, if the design points z;,i =1,..., N
have a limiting density g(z) and the sequence of knots 7, satisfies fTTil p(t)dt = 1/K, for

a positive continuous density p(¢) on [0, 1], then the equivalent kernel for general spline

17



estimator satisfies

1 T t
Ohlk)/pH) <h<kq>/p<t>’ h<k:q>/p<t>> |

Another open question so far is the equivalent kernel IC(z,t) on a bounded interval [0, 1].

W(x,t) = J

However, Theorem 2 emboldens to make some conjectures on this issue. Let K%Y and
IC[S%’H be regression and smoothing splines equivalent kernels on [0, 1]. For cubic splines
Huang and Studden (1993) have shown that KIYY = K,s(z, 1)+ K, (z,t), where K8, (z,1) is
some boundary term, not available explicitly. Moreover, Id%’” satisfies at the boundaries
all conditions for boundary kernels as given in Gasser and Miiller (1984), confirming that
regression spline estimators do not have boundary effects. Messer and Goldstein (1993)
obtained K% = Ky, (x, t)+KC,(z,t), where the boundary term K2 (z,t) has a complicated
closed form expression for each q. This additional term K2 (x,t) arises from matching
the natural boundary conditions at the end of the interval, illustrating the boundary
effects of smoothing spline estimators, unless the regression function satisfies the natural
boundary conditions. Since K(z,t) varies smoothly between IC,s(z,t) and Ky(z,t), one

can expect that additional boundary terms in K%' also vary smoothly between K? (x, )

and K (x,t), so that the boundary effects of spline estimators grow as k, — oo.

7 Conclusion

We have developed a unified framework that enables to study all (periodic) spline based
estimators. Exact expressions for the Demmler-Reinsch basis and corresponding eigen-
values allowed not only to obtain the Ly risk of periodic spline estimators, but also exact
equivalent kernels for all spline estimators on R. Extension of these results to a non-
periodic case in the spirit of Rice and Rosenblatt (1983), as well as finding the equivalent

kernels on a bounded interval are interesting directions for further research.
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(a) (b)

Kis(x, 0) Kis(x,0.3)
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Figure 2: (a) KC;s(z,0) for p = 1,3, (b) K,s(2,0.3) for p = 1,3, (¢) K,s(z,0.5) for p =1, 3,
(d) ICSS(|3j - t|) for q = 172

A  Proofs

Proof of equation (4)

It is known that Y ,° _ (2 + 1)~ = wcot(mz)~t and > )° _(—1)(z+ 1)~ = 7sin(nz) L.
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(b)

K(x,0.3)

1.5
|

1.0
|

0.5
|

0.0
I

. .
-4 -2

$ §
(c) (d)
K(x,0) K(x, 0.3)
0 — kq=0 T — kq=0
- - = k=1 - - - kg=1
kq=5 kq=5

1.0

0.5

0.0

-0.5

. . ; . . : ; .
-4 -2 2 4 -4 -2 2 4

X
Figure 3: For k, =0,1,5 (a) K(z,0) for M =5andp=¢g=1 (top) and p=2¢—1=3
(bottom), (b) K(z,0.3) for M =5 and p = ¢ = 1 (top) and p = 2¢ — 1 = 3 (bottom).
The grey line corresponds to the smoothing spline kernel.

Xo

If p is odd, then

= sin(mz)PT!

> sine{r(z+ D =y (z+ 1)

l=—o00 l=—00

sin(mwz)Ptt op 3 sin(7wz)Ptt op N
_ (4)?#@ S (40t = (—1)17;!—#2@(:%@2) 3

l=—00

o0
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If p is even, then

= sin(mz)PT! &

Z sinc{m(z + )P = —"L Z (=1)(z + 1)+

7'(P+1
[=—00 [=—00

_ psin(wz)p“ﬁ, .
(—1) i 0% sin(mwz) ™.

With this one can easily recover the recursive equation for ¢),_1(z) for p odd and even.

O

First ,—1 for odd p are given by

Q2(2) = 1/3+ 2cos(r2)?/3
Qu(2) = 2/15+ 11cos(nz)?/15 + 2cos(mz)* /15

Qe(z) = 17/315+ 4 cos(mz)?/7 + 38 cos(mz)* /105 + 4 cos(72)°® /315,

Qi(2) = 1/2+ cos(mz)?/2
Qs(2) = 5/24+ 3cos(m2)?/4 + cos(mz)* /24

Qs(z) = 61/720 4 479 cos(mz)? /720 + 179 cos(mz)* /720 + cos(7z)® /720.

Proof of (7) and connection of () and Euler-Frobenius polynomials
The proof largely follows from Theorem 5 in Lecture 3 of Schoenberg (1973). From

formulas (1.1) and (1.4) given in the lecture follows the equality

oo

exp (2riz) —1  exp ({t}x) _ Z {1 —exp (—27riz)}7l ®, {t,exp (27riz)}xl_p_1
exp (2riz) —exp (z)  aPt! exp (2miz [t]) ‘

=0
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The residue of this function at 0 is

exp (—2miz |t]) {1 —exp (—27iz)} P @, {t,exp (27iz)},
while the residues at poles 27i (2 +1), | € Z are

{exp (=27iz) — 1} exp {2ni{t} (z + D}/ {2ri (z + D}

With this, from the Cauchy residue theorem, it follows

o0

{1 —exp (—2miz)}exp {2ri{t} (z + 1)}
l;o {2ri (2 + 1)}
{1 —exp(—2miz)} ", {t,exp (27iz)}
exp (2miz [t])

Multiplication by sin (7z)”*" and simple simplifications prove (7).
To see the connection between () and Euler-Frobenius polynomials for odd p, note that
after plugging t = 0 in (6) and (7)

plexp{miz (p — 1)} I, {exp (—27iz)}

[e.9]

— Z (—1)" " sine {7 (z + 1)} (25)

l=—00
For even p use (25) and the fact that

o0 o0

Z sine {7 (z + ) ¥ =cos (72/2)" Z (—1)'sinc {x (z/2 4+ )}
—sin (m2/2)"" Y (=1)'sine {m ((z + 1)/2+ 1)}

Proof of Lemma 1

Plugging the Fourier series of a periodic B-spline (3) into the discrete Fourier transform
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(DFT) of B-splines, we find

ZBz(I) exp(—27ili/K) = Z exp(—2mima)sinc(rm/K)P*
X Zexp{?wiz’(m —1)/K}

= K Y exp{-2mi(l+ nK)z}sinc{r(I/K + n)}"*

= K\/Qpu(l/K)p(x),

where in the last equality the representation (13) has been used and n = (m —1)/K.
The properties of DFT ensure that the functions ¢;(z), i = 1,..., K are also the basis in
Sper(P; Ti). Property (10) follows immediately from the definition of @) (2). To show
the property (11) one can use again the representation in (13) to find

Qpat(i/K)¢\(z) = (—2mid)%sinc(mi/K)

[e.e]

X Z (—1)"%sinc{r(i/K + )} Cexp{—2miz(i + 1K)},
l=—00
which implies the assertion and proves the lemma. 0

Proof of Theorem 1

From the Parseval’s identity

K

Var{ A(I)} = Z Z Var(ciyix) Z Z Zz(jﬂ/l; Z{ﬁ)i:; Var(y;)

=1 l=—o00 i=1 =
9 K

o Qap(i/ K)
N = Quu(i/K)(1+ M)

Similar to developments in Section 3, the Fourier coefficients of s,(z) can be written as

sinc{r(l 4+ i/K)}* [/ /Qp.n (i) K) for the Fourier coefficients fi= 1/2 i/ K)Qy, 1/2 (1/K) fol f(z)o;

23



With this,

/0 (B} — s ()P

— Z Z ‘ (civiyxc) — sine{m(l + i/ K)}¥* 1 fi) v/ Qs (i) K)

2

K& smc{7r l—i—z/K)}2er2 fi ~
) Z; WOK) (T
L Quli/K)OwIFP | F/F-1
— Q. (i/K)(1+ Api)? At ’
with f; = 1/2 a1/ K)Qy, 1/2(1/K)N*1 le\il f(l/N)p;(I/N), proving the theorem. O

Proof of Corollary 1
Let Aix/2 = O(1). Then, since Qop(i/K)/Qpa(i/K) < 1 for all 4,
52 K2

_ QQP Z/K) —1
Var{ f(z 2—ZQPMZ/K TR = O(KN7Y).

In case Ak /o — oo the integrated variance can be bounded by

K/2 ~
R B 0_2 QQP(Z/K)
Var{f(z)} = 2N Qi (i) (1 + Ay

2 K/2 )

< Z {1+ AM40)20Qap—24(1/2)/Qpaa(1/2)}*

Approximating the latter sum by an integral as in Wahba (1975) will result in the rate
OV N1 if AVCON — o0,
The integrated shrinkage bias in both asymptotic scenarios can be bounded by

K/2

[ B} = syopde < 202 30 2R = 00%)
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Optimizing R(]/”\, f) with respect to the parameters K and A gives the optimal rates for

K and X\ in both asymptotic scenarios. 0

Proof of Lemma 2
First we aim to represent W (z,t) and W(x, 1) as a ratio of two polynomials of exponential
functions. Basis functions ¢;(z) and ¢(u, x), as well as @ polynomials, can be expressed
in terms of the Euler-Frobenius polynomials of exponential functions, as shown in Section
2. Moreover, from (6) and (8) we find that @, v (u) = exp(2mipu) pM{eXp( 2miu)},
where ﬁp,M(l) =1 and for u # 1, p even and M odd

1)2p-1-d

l(u_
ZZ - z m —Dp -1

7=0 [=0

. 2”26] 2 — 1= j\ yo Bass (M) = By (0)
s (s + 1) (M) 11’

s=0

with B,41 denoting the (p + 1)th degree Bernoulli polynomial. In all other cases

Z Z DU (u = 1) By iy (M) — Bap-j-i41 (0)
=0 1=0 ) l 'l' = p =0t ML (2p—j =1+ 1)

For M > 1 one can also use Qp(2) = Qap(2) + O(M~P71) and replace Q1 (z) by a

much simpler (9,,(z). With this

5 exp (—27mid, i/ K) S o({ Kz}, {Kt}) exp (—271il /K)
Wiet) = ; Py, {exp (—271i/K)}

/K exp (—2mid, u/K) 2 ai({Ka}, {Kt}) exp (—27riul/K)d

W(x,t) = Py, {exp (—2miu/K)}

Uu.

The coefficients of the partial fractional decomposition of 1/ P, are 1/ PQ/p (rj)and 1/ lep (rj_l)
correspondent to the roots r; and rj_l for y = 1,...,p. From the representation of

Py, as a function of cos? (mi/K) = {exp (—27ii/K) + exp (27ii/K) + 2} /4 follows that
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P (7’;1) = —ri272pP2'p(r;1). Then

:Zzal {Kx} {Kt}) RyGLI)

j=1 1=0 2p (TJ)
Ry {Ka:} K pei
j=1 1=0 2p (TJ) e
for
, g {—27i(d, s +1)i/K} 7“j2-p72 exp{—27mi(d,: +1)i/K}
(5 0) ; [ exp(—27ii/K) —r; B exp(—2mii/K) — 7”]71 ]
_ "l exp{—27i(dy; + ) u/K} r?p_QeXp{—27ri (dpr +1)u/K}
R = /0 [ exp(—2miu/K) —r; B exp(—2miu/K) — 7“]-_1 ] du

To find R,(j,1) we use the inverse discrete Fourier transform of the sequence 7%, i =

1,... K, which can be obtained from the geometric progression formula, so that

+ rf+2p_2_(dz’t+l_l) mod K

_ K
17’j

(de,t+1—1) mod K
7
R,(j,) =K -

R(j,1) follows from the Cauchy integral formula, where the contour integral is taken

counter-clockwise

2p—2 _dg 4+1—1
K PR N _ det+1-1
) (27i) -ﬁz\:l Z—r; Z_r;:l du = KT‘]- ) (da:,t + l) >0
R(j, l) = K p2p=1 = (dg 1 +1) o1, —da =1 o t2p1
J _ — —dg,t— p—
Gn) a1t — | du= K (dos +1) < 0.

Proof of Lemma 3

From (21) and symmetry of the kernel W(x,t) = W(t, z) follows that

W(z,t) = /_OO a(u, x) exp (—2mitu) du,

o0
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with a(u, z) defined as

sine {7 (u/K) ¥ ¢ (u, x)
V@pa (u/K) {1+ Ay (u)}

1
= / W (x,t) exp (—2mitu) dt, u € R,
0

a(u,x) =

(26)

where the last equality is obtained using (18) and the Poisson summation formula. Note

that for u € Z, function a (u,x) coincides with the u-th Fourier coefficient of W (x,t)

given in (19). Properties of the Fourier transform and (26) ensure that

[e. 9]

/OO (2wit)"W(x,t) exp(2mitu)dt = /1(27rit)mW(x,t) exp(2mitu)dt

- )

Evaluating derivative of a (u,z) at u = 0 and grouping the terms we represent

/ (27T1t)mW(ZL’, t)dt = Il —|— _[2 —|— ]3,

o0

where
g [ . sinc (7Tu/K)2pJr2 — Qpu (u/K)
L =S _eXp (2mizu) {1 + Qp.y (u/K) H u=0
. o | fsin (ru/K) sinc (7ru/K)}p+1 exp {2miz (u + (K)}
ou™ Qpm (u/K) 140 {(—1)Z7T(U/K+ l)}pH 0
b0 [ dwwsine (/B 6 I>] |
oum VQpnr (u/K) {1+ A (u)} -0

The idea is to represent each of these components as a product of sin (ru/K)", n € Z and

some function that is differentiable at 0. Here we use that @, (0) = 1(0) = ¢(0,z) = 1,

aau—msin (ru/K)"

nl(m/K)", m=n

u=0

_{0, m=0,...n—1
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and the Fourier series of the periodic Bernoulli polynomials B,.;({z}) = (—=1)"(p +
DY o exp(—2misx)/ (27is)”™. Moreover, to handle I;, the following expression for
Qp,nr is needed
Q. (2 Z Z sinc {m (z + 1)} sinc {m (z + 1 + j M)},
l=—00 j=—00
what can be obtained using the series of the exponential splines (7). After regrouping,

the last expression becomes

Qv (u/K) = sinc (ru/K)™*? + 2 {sin (ru/K) sinc (ru/K)}**

" Z (—1)M @+ sin (mu/K)*+?
2 Tn (/K +DPT T e
M—1 o0 (j+IM) (p+1) 2 IM(p+1) 2
1) 1)
X +
A wremr) G e
Putting it all together,
I — (2miz)™, m=20,...p
P @ria)P T 4 2201 NP B ({EE)), m=p L

The expression for I5 follows immediately from its representation

j 0, m=0,...p
T —@ri/KP By ({Ke+ 21 m=p+ 1,

To find I3, we use p (u) = (2K)* sin(mu/K)*Qap—2,(u/K)/Qp i (u/K)

j 0, m=20,...2g—1

P -A@m)(29)), m=2q.
To get the result for [7° (t — )" W (z,t)dt = fo (t —x)" W (x,t)dt one needs to ex-
pand (t — )™ and use (27). O

Proof of Theorem 2
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o(u ) B V29K ¢(Ku,x)p(Ku,t)
Wiz, 1) / 1+)\u _%/0 1+ Au(Ku) du.

Let first consider 0 < k, < 1. Scaling W(z,t) with ¢; ' K1, leads to
1/2
alk(az,at) = R / 20(Ku,z/K)p(Ku,t/K)du
0

du

B /1/2 M Ku)p(Ku, x/K)p(Ku, t/K)
0 14+ Apu(Ku)

= Ks(z,t) — kgqlCl(x, t),

where IC,s(x,t) is the equivalent regression spline kernel on R and

B 12 9 sin(7u)21Qaq—o(u)d(Ku, 2/ K)p(Ku, t/K)
et = PQuu L+ Ky

22qQ2q_2(1/2) Kol 1),

m1Q4q-2(1/2)
Using Qi—2(1/2) = 274(2'7—1)((lg) for the Riemann zeta function ((lg) = Y o, i7", one

can get explicit bounds for each g. For k; > 1 we first introduce the following notation.

Lo 14+ Mu(Ku) = {1+ X2rKu)? {1+ ri(u)}
2. o(Ku,z)p(Ku,t) = exp{2riKu(zx — ) {1+ ro(x, t,u)}

3. re(m,t,u) = {ra(z, t,u) — ri(u) {1+ ri(u)}

Scaling W(x, t) with c;*A1/(9 and using approximations defined above results in

oK (e, cot) =

/°° exp{2miu(t — x)}du
—00 1 + (27Tu)2f1

kq/2 2 exp{2iu(t — )}
" 9%/ {1+ (2u)%} re(z,t, u/ky)du
* 2exp{2iu(t ;c)}d
ky2 ML+ (2u)?}

- R

= Ko, 1) + k2 o, 1),
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where Ky(x,t) is the smoothing spline kernel on R and

kq —
) = et [ 2000 )

/ cos{kou(t —z)} du

—2
kg ™+ u2a

ro(x,t,u/k,)du

The second component of m/lo(x,t) is obviously bounded by 1. Now, let us consider
re(x,t,u/ky). Since Quq—2(u) < Qpar(u) < Q3,_(u) for odd p, the term 7 (u) is bounded
by

(2uk,)* sinc(mu) B . (2uk,)* sine(mu)*Qay—a(u) B
RE o b it LR e 7o et

so that [ri(u)| <1 — sinc(mu)*?/Qaq-—2(u). Observing
Qaqa(u/ky)sine(mu/kg) " = 14 2¢(2q) (u/ky)* + Ok, "),

we obtain |11 (u/kq)| < ((2¢)(2k,)~*4+O(k;*9). Using the same techniques gives |ry(z, ¢, u/k,)| <
8¢(2q)(2kq) 2?4+ O(k;*9). In principle, one can also find a lower bound for 14 ry(u/kq)
depending on ¢ and k,, but it is enough to note that 1 + ri(u/k,) > 1/2. Finally,
rq(,t,u/kg)| < 18((2q)(2ky) 7 + O(k;*?) and hence, the first term in 7/Cy(z, 1) is also
bounded for any k, > 1.

It remains to set Kys(z,t) and K,s(x,t). Thomas-Agnan (1996) already treated asymp-
totic equivalent kernels for smoothing splines on R and obtained the formula for Ky(x,t)
given in this theorem. IC,5(x,t) is obtained from (23), scaling W(x,t) with K and setting

Pop(u) = Tap(u). O

The following lemma will be used in the proof of Theorem 3.

Lemma 4 Kernel K(z,t), z,t € R decays exponentially, i.e. there are constants 0 <
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C <ooand (0 < vy <1 such that

(2, )| < Oyl

Proof of Lemma 4
Since K(xz,t) is defined as a scaled with h(k,) function W(z,t), from (23) and (24) one

finds for k;, < 1 that
2p
£1) s e+ e G
alK(eix, eit) = ZZM L] = L]+ = T a) 1) <1y (2P 2)’

while for k, > 1,

2p
ko, {tk, zkq|— - B L (2p—
reaC(meat, meat) = ZZ {ZUD/ ?(rr{) })TL'L kq]—lthq] H—14+1I{ | 2ky) — | thq)<—1} (2P 2)'
j=1 1=0 2p\"J

Here polynomial P, given in (22), r; = r;(k,) is a root of P, with |r;| < 1. If k, is a

bounded constant then r; = r;(k,) - exp(—2riu), u € (0, 1) since

Py, {exp(—2miu)} = exp(—2mipu) {Qpar(u) + (2k, /) sin(mu) Qopag(u)} # 0.

where the relationship between Euler-Frobenius and Q)-polynomials has been used. Sim-

ilarly, r; = r;(k,) - 0 and 0 < 7 < 1 can be defined as

fsupy k)l k<1
SUD; k, ‘rj(kq)kq . 1<k, < oo,

while
G o PP s au{a} )
= sup - i
kad | Pop{ri(kg) }| I (y)]

For k; — oo it is known from Theorem 2 that limy, . K(z,t) = Ky {(x — t)/C2} /¢2. To

obtain the bound on the smoothing spline kernel KC4s(z), the expression given in Theorem
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2 can be rewritten as

exp (— |z — 1)
2q

— |e — i sin{m(2j +1)/(29)}]

|’Css(x_t)’ = ‘_I{qisodd}
L(¢— 1)/2J [

T(2¢—1)(25+1) |z — t] cos {W@j - H ‘

IN

so that one can set v = exp [—sin{n/(2¢)}/¢c2] € (0,1) and C = (¢ + 1)/(2g¢2) < oo for

kq — o0. O

Proof of Theorem 3

E{f(:c)} = { ZWSEZ/N } /Wxtf()dt—i—O( Y

z/Wa:t (t)dt +O (N').

Expanding f(¢) in a Taylor series around x and using Lemma 3 results in

(fa} t)
(29)!

= / W (z,t) (x — t)*%dt + Re(z) + O(N ™)

E{f(x)}—f(x) = / W (z,t) m—t2qf dt + O(N™1)

= / IC xh, th Ty — th>2q dth

+ Re(z)+O(NTY),
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where &, is a point between z and ¢, [°°_K (2, t) (z), — t)*? dt = —C/(k,, x) given in the

Theorem 3, z;, = x/h(k,), t,, = t/h(k,) and

- (29) — 20 (g
Re(z) = h(kq)2q/_ K (n, th) (xn _th)qu (ffz}::j)(%];)! Ha

It remains to show that R¢(x) = o{h(k,)*}. Using techniques similar to Huang and

Studden (1993),

. J: h ek o ||Ih _th|2q+a
= b OLZZOO/ e
QC_L

< k) YR = o {h(k,1}

(29)! =

where the exponential bound on the kernel from Lemma 4 together with the Holder

continuity of f9 have been used. Next, the variance of f(a:) is given by

Var { (@)} = NQZw? 2,i/N) = / W2(z, £)dt + O(NY).

Let us define K(z,t) via

o0

hky) " "K(zn, t) = W (z, 1) = i Wt +1) = k)" S Klan, tn+ ),

l=—00 l=—00

for l;, = I/h(k,). Then, using periodicity of W (z,1)

/01W2(a;,t)dt —/ WQ:ctdt h(k>/;K2(a:h,th)dt
= h(kq> {/_OOICQ(a:h, t)dt + Ry (x )}
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for
h(k)Ra(x) = / K2 (1)t — / K2 (2, 1) dt
:1:+%
:/ (K2 (2p, ) — K2 (2 1) } dt

— / i K2($h,th)dt - / ’CQ(mhyth)dt'

—00 +

N |=

Now, we can make use of K(z,t) = > ° _ K(z,t + 1) and of the exponential decay of

K(z,t) found in Lemma 4 to bound terms in h(k,)Ry(z). That is,

1

/i+2 {K2<£L‘h,th) — ICQ(xh,th)} dt

a:—&-%
= / 1 ZIC(Qfmth"’lh) {ZK([L’h,th—Flh) —I—QIC(ZBh,th)}dt

2 1#£0 1#0

z+1
02/ ? Zv‘xh_th_lﬂ (Z ,Y\Ih—th—lhl + 27|xh—th) dt
_1

2 140 1#0
C2y VR {4 4+ 2R (k,) " log(v~1)}

{y1/hka) — 1} 1og(y~1)

where the sum under the integral

IN

Y

< h(k,)

Z/y|zh_th—lh| — (,Yth_$h + /ymh_th) yl/h(kq)/ {1 _ Vl/h(kq)} ’
140

for t € [ — 1/2, 2 + 1/2] has been used. Also,

N[

/ ICQ(lL‘h,th)dt + / ’C2($h7th)dt

1
—00 +§

z—2 0o
C? {/ ? 72($h—th)dt + / ,72(th—rh)dt}
—00 a:—i—%

241 /1(ke)
= h(kq)l—,1~
og(v™)

IN
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In a similar fashion one finds [*°_ K?(xy, t)dt < C?/log(y™!). Putting it all together gives

02 1/h(kq) 4 o2h(k —11 —1
log(~y~1) {y1/hka) — 1}
= O {h(ky)'y"/"F)} = o(1),
proving the theorem. U
References

Abramowitz, M. and Stegun, 1. (1972). Handbook of Mathematical Functions with For-
mulas, Graphs, and Mathematical Tables. Dover, New York.

Agarwal, G. and Studden, W. (1980). Asymptotic integrated mean square error using
least squares and bias minimizing splines. Ann. Statist., 8:1307-1325.

Barrow, D. L. and Smith, P. W. (1978). Asymptotic properties of best Ls[0, 1] approxi-
mation by splines with variable knots. Quart. Appl. Math., 36(3):293-304.

Claeskens, G., Krivobokova, T., and Opsomer, J. (2009). Asymptotic properties of pe-
nalized spline estimators. Biometrika, 96(6):529-544.

Cogburn, R. and Davis, H. (1974). Periodic splines and spectral estimation. Ann. Statist.,
6(2):1108-1126.

Craven, P. and Wahba, G. (1978). Smoothing noisy data with spline functions. Estimating
the correct degree of smoothing by the method of generalized cross-validation. Numer.
Math., 31(4):377-403.

Demmler, A. and Reinsch, C. (1975). Oscillation matrices with spline smoothing. Numer.
Math., 24(5):375-382.

Eggermont, P. and LaRiccia, V. (2006). Equivalent kernels for smoothing splines.
18(2):197-225.

35



Gasser, T. and Miiller, H. (1984). Estimating regression functions and their derivatives
by the kernel method. Scand. J. Statist., 11:171-185.

Gautschi, W. (1971). Attenuation factors in practical Fourier analysis. Numerische
Mathematik, 18(5):373-400.

Hartley, H. (1961). The modified Gauss-Newton method for the fitting of nonlinear
regression functions by least squares. Technometrics, 3:269-280.

Huang, S. and Studden, W. (1993). An equivalent kernel method for least squares spline
regression. Stat. Decis., 3:179-201.

Hudson, D. (1966). Fitting segmented curves whose join points have to be estimated. J.
Amer. Statist. Assoc., 61:1097-1129.

Kauermann, G., Krivobokova, T., and Fahrmeir, L. (2009). Some asymptotic results
on generalized penalized spline smoothing. J. R. Stat. Soc. Ser. B Stat. Methodol.,
71(2):487-503.

Lee, S., Tan, R., and Tang, W. (1992). Ly-approximation by the translates of a function
and related attenuation factors. Numer. Math., 60:549-568.

Messer, K. and Goldstein, L. (1993). A new class of kernels for nonparametric curve
estimation. Ann. Stat., 21(1):179-195.

Nychka, D. (1995). Splines as local smoothers. Ann. Statist., 23(4):1175-1197.

Reinsch, C. (1967). Smoothing by spline functions. Numer. Math., 10:177-183.

Rice, J. and Rosenblatt, M. (1981). Integrated mean squared error of a smoothing spline.
J. Approz. Theory, 33(4):353-369.

Rice, J. and Rosenblatt, M. (1983). Smoothing splines: regression, derivatives and decon-
volution. Ann. Statist., 11(1):141-156.

Ruppert, D., Wand, M., and Carroll, R. (2003). Semiparametric Regression. Cambridge

University Press, Cambridge, UK.

36



Schoenberg, 1. (1964). Spline functions and the problem of graduation. Proc. Nat. Acad.
Sci., 52:947-950.

Schoenberg, 1. (1973). Cardinal spline interpolation. STAM, Philadelphia.

Schumaker, L. L. (1981). Spline Functions: Basic Theory. Wiley, New York.

Sobolev, S. L. (2006). Selected works of S. L. Sobolev. Springer, New York.

Thomas-Agnan, C. (1996). Computing a family of reproducing kernels for statistical
applications. Numer. Algorithms, 13:21-32.

Utreras, F. (1983). Natural spline functions, their associated eigenvalue problem. Numer.
Math., 42(1):107-117.

Wahba, G. (1975). Smoothing noisy data with spline functions. Numer. Math., 24(5):383~
393.

Wang, X., Shen, J., and Ruppert, D. (2011). On the asymptotics of penalized spline
smoothing. FElectronic Journal of Statistics, 5:1-17.

Whittaker, E. (1923). On a new method of graduation. Proceedings of the Edinburgh
Mathematica Society, 41:63-74.

Zhou, S., Shen, X., and Wolfe, D. A. (1998). Local asymptotics for regression splines and

confidence regions. Ann. Statist., 26(5):1760-1782.

37



	Deckblatt_CRCPEG_DP130
	EquivalentKernels

