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1 Introduction

If a risk neutral principal deals with a risk neutral and sufficiently wealiggnt
whose effort is unobservable, the optimal contract is a franchisinggain There,
the agent becomes full residual claimant in exchange for a take-it-oe-ieaash
payment! This is true even if the agent’s ability is unknown.

If the principal can recruit the agent from a pool of agents whose abildre
unknown, he can do better by replacing the take-it-or-leave-it offea biandard
auction that awards the contract to the highest bidder.

If output is contractible, the principal can do even better by using a cartinzay-
ment auction in which cash bids are replaced by bidding with securities. \owe
such auction formats may adversely affect effort incentives.

The present paper explores the profitability of cash versus securitgugitions
ranging from equity (share) to call option auctions for agency contiathe pres-
ence of hidden action and hidden information. These auction formatsiditteeir
ability to extract surplus and implement efficient effort. For example, cash a
tions give the agent the full profit, and thus exhibit the strongest possifde
incentives. However, they are weak in extracting surplus, becausgeitiegpal can
extract only the second highest expected profit. Whereas a call opibtiom, that
gives the principal the right to become residual claimant in exchange fizec
strike price, extracts the full surplus, yet completely lacks effort ingeati

Our main finding is that a hybrid equity or share auction that includes a casth tra
fer to the winner, a minimum share, and an option to call a fixed wage contract,
tends to be the most profitable auction format for the principal, because égean

to strike the best balance between effort incentives and surplus taradHow-

ever, it is not an optimal mechanism. We then add output targets and shawahat
thus generalized hybrid share auction can arbitrary closely implement tineabp
mechanism.

Share auctions have been introduced by Hansen (1985) who shoatelet can
extract more surplus than standard cash auctions, provided the wgimakeration is
verifiableex post One may interpret this finding as an implication of the “linkage
principle” according to which linking the price to a variable that is correlatéd w
bidders’ private information tends to lower bidders’ information rents (dée
grom, 1987). Later, Crémer (1987) pointed out that by adding smalltcaissfers

to all bidders, share auctions may, paradoxically, achieve full surgtusation®

1if the agent is risk averse, the optimal contract exhibits profit shatheyqlassical reference is
Holmstreem, 1979), and if the agent cannot make advance paymeritssaject to limited liability,
itis a bonus contract (Innes, 1990).

2Similar auction formats have been observed in takeover bidding, fonglesin the takeover of
“GE Insurance” in the year 2005 (see Boyle, 2005).

3Samuelson (1987) commented that adverse selection or moral maagiidterfere with surplus
extraction.



In the recent literature, contingent payment auctions have been deaiveé ex-
tended by de Marzo, Kremer, and Scrzypacz (2003hey consider a larger class
of security bid auctions and rank them according to their capacity to estigaius.
In particular, they introduce the concept of “steepness”, which partaters se-
curities, and show that surplus extraction increases in steepriessentially, the
equilibrium price of a security bid auction with a steeper security responds mo
strongly to the winner’s valuation. The standard cash auction has thetlsigep-
ness, because the equilibrium price reflects only the second higheatioaland
thus cannot extract the gap between the highest and the second igloasion.
In turn, the steepest security is the call option, which entitles the auction#es to
valuation of the winner in exchange for a fixed price.

Che and Kim (2010) commented on DeMarzo et al. (2005), pointing oustbap-
ness of securities is only indicative of profitability if the considered secbiiy
auctions make the same selection of the winner. In the presence of adetrse
tion, this is not assured, and the cash auction can make a better selectigaldnd
higher expected profits than the steeper equity (share) or call optitiorzaic

In the present paper we analyze security bid auctions in the preseboghdfid-
den informatiorand hidden action. We show that the performance of security bid
auctions hinges upon their power of surplus extraction and the implied @ffor
centives. As in DeMarzo et al. (2005), the steeper securities are katigus
extractors, yet this applies only contingent on a given choice of efféoivever,
the steeper securities dilute effort incentives, and when the choictodfisfmade
endogenous, the generalized share or equity auction, that includet aegeard

to the winner, tends to outperform the less “steep” cash/debt and theésteall
option auctions.

Even though the generalized share auction is highly profitable, it is nghtamad
mechanism. This is due to the fact that, unlike security bid auctions, the optimal
mechanism makes use of output targets. This suggests that the profitability of
security bid auctions can be increased by adding output targets. Wencahis
conjecture and construct a generalized hybrid share auction that impgethen
optimal mechanism.

Our model applies to a large range of agency problems with competition, gangin
from labor contracts, the sale of a product innovation to entreprenehrscam-
pete for the exclusive use of this innovation, venture capital financingrgment
licensing, franchising and other forms of subcontracting, to mergersaequisi-
tions.

4See also Board (2007) and Rhodes-Kropf and Viswanathan (26@3ha survey by Skrzypacz
(2013).

5This result assumes that valuations are affiliated (if they are stochastiepndent). Recently,
Abhishek et al. (2013) proposed a stronger notion of steepnessctbatls the relationship between
steepness and revenue to weaker stochastic order assumptions sachcatone likelihood or first-
order stochastic dominance and risk aversion.



Our analysis also sheds light on the full surplus extraction paradox!fpyserémer
(1987) because we show that a share auction can only implement loweaftbiull
surplus extraction, butannotimplement high effort and full surplus extraction,
even if one adds a cash payment to the winner, a minimum share, and antoption
call a wage contract if no bids are forthcoming.

In a related, independent paper Kogan and Morgan (2010) alsqmete moral
hazard into the security bids framework. Unlike in our analysis, in their model
effort and agents’ type enter in a multiplicative fashion. Whereas thaysfoa
evaluating the performance of equity auctions compared to the debt auotion b
theoretically and experimentally, the focus of our analysis is to generakzeitye

bid auctions with the intention to close the gap between the profitability of security
bid auctions and the optimal mechanism.

The plan of the paper is as follows: In Section 2 we state the model and basic
assumptions. In Section 3 we solve the bidding games for different sebidlity
auctions. In Section 4 we generalize the share or equity auction by addagha
reward or payment to the winner and show that this makes it possible to either in
crease or reduce share bids, which affects effort incentivesclaaccterize the
optimal generalized share auction. In Section 5 we analyze hybrid cdsthare
auctions which further fine-tune the cash and generalized share a,tjosdding

a minimum price or minimum share and an option to call a fixed wage contract in
the event when no bids are forthcoming. In Section 6 we rank the diffessu-

rity bid auctions according to their profitability for the principal. In Section 7 we
characterize the optimal mechanism, and in Section 8 show that by adding outpu
targets to hybrid share auctions one can implement the optimal mechanism- In Sec
tion 9 we explore some implications of adding uncertainty and limited liability and
close in Section 10 with a brief discussion.

2 Model

A principal wants to award an incentive contract to on&of 2 potential agents,
using a security bid auction.

Agents differ in their ability to generate revenue. Agents know their own apbility
measured by a productivity indexe [0, 1], but not that of others. They are subject
to a production function that maps their effort and productivity into their atutp

Output is observable and verifiable, but effort is not observableldén action”),
which gives rise to an agency problem.

The principal awards incentive contracts — ranging from franchisonfijxed-wage
and standard principal-agent sharing contracts — and employs onefofitingng
Vickrey style auction rules in which bids are financial securities:



1. Standard (cash) auction: bidders offer cash payments in exclianbe-
coming the residual claimant; the highest bidder wins and pays the second
highest bid.

2. Call option auction: bidders offer call options on their output; the bidder
who offers the lowest strike price wins; if the principal exercises the ingn
option, he gets the winner’s output and pays the second-lowest stitlee pr

3. Equity (share) auction: bidders offer output shares; the bidder offers
the highest share wins and pays the second highest share of his @rtgut
possibly collects a cash reward for the winner which may be positive er neg
ative).

4. Hybrid cash and hybrid share auctions that add a minimum price or share
and an option to call a fixed wage contract if no bids have been submitted.

5. Generalized hybrid share auctions that prescribe output targets.

The timing of the game is as follows: 1) bidders (agents) draw their prodhyctiv
index, which is their private information, and then simultaneously make their bids
2) the auctioneer (principal) selects the winner; 3) the winning bidder elsdus
effort; 4) output is observed, and the auctioneer collects paymentsy.if Eme
equilibrium concept is that of a subgame perfect Nash equilibrium.

The following simplifying assumptions are made.

All parties are risk neutral. The production functiap(x,e) := x+ e, is additive

in the productivity indexx, and effort,e.® Effort is either high H) or low (L),

eq > e > 0, and the corresponding cost of effortdg > c. > 0, with Ae =

eq — e > Cq — ¢ =: Ac, assuring thagy is the efficient choice for atk.” Bid-
ders’ productivity index (to which we also refer as bidders’ type) is.ieth. ran-
dom variable, drawn from the continuously differentiable distribution fiomc

F :[0,1] — [0,1] with positive p.d.f. f everywhere (symmetric independent pri-
vate values model) that exhibits log-concavity of the reliability function,F(x)
(monotone increasing hazard rates).

We denote thé&-th largest order statistic of a samplel@fl. random variables with
sample siz& by Xy (@and byXy if the sample size is clear from the context), its
p.d.f. by f(k.n), the joint p.d.f. of the highest and the second highest order statistic
by f12)(x,y) (for x>y), and the c.d.f. 0K1,,_1) by G(X) :=F (x)"1. As ageneral
rule, random variables are denoted by capital and realizations by lasedetters.

61n Section 9 we explore some implications of adding uncertainty and limited ligkitity in the
Discussion we sketch briefly some changes that occur if one replacadditive by a multiplicative
production function.

7Our analysis easily generalizes to continuum of effort choices combiitech quadratic cost
function. This indicates that our assumption of binary effort is notitiste.



3 Equilibrium of standard security bid auctions

We now characterize the equilibrium strategies and payoffs of the altateds
security bid auction§.

Proposition 1 (Cash auction)In equilibrium the winner chooses high effortey,
and each bidder bids the net profit:

be(X) = X+ ey — ch. (1)

Hence, the highest type is selected as a winner. The principal’'s equilibem
pected revenue is
nC:E(X(Z:n))+Q4 —CH. (2)

Proof. Because the winner is residual claimant he has undiluted incentives and
chooses the efficient effort levady;. Given this effort strategy, the asserted bid
strategy is obviously a (weakly) dominant strategy. O

We mention that, in the present context, the same result applies to debt auctions
where bidders offer IOU’s in exchange for becoming the residual clatirand

the bidder with the highest offer wins and pays off the second high&st dée
difference between cash and debt auctions is that cash bids are paidaimca,
while debt is paid after output has been observed. This makes a diféeoaty

in the event of bankruptcy; however, bankruptcy cannot occuamexthe output
always exceeds the requested debt payrhémbrder to show this, lad’ denote the
second highedOU; then, the winner’s profitig +eq —d > X +eq —di =cy > 0,

as asserted.

Proposition 2 (Call option) In equilibrium the winner plays the effort strategy
e(k), as a function of the second lowest strike priceviith (k') = ey if k' >

X+ e +Ac and g(k') = e otherwise. Each bidder bids the strike price=kc.

On the equilibrium path the winner is chosen at random among all biddeds an
then chooses low effort. The principal’s expected revenue is equal to

NK=E(X)+e —c. (3)

Proof. The principal will exercise his call option if and only if the strike price he
has to payk/, is less than the observed output of the winrerg. Taking this into
account, in the effort subgame the winner choages and only if

min{x+en,k'} —cy > min{x+e k'} —c.

8|n the following we present the unique symmetric equilibria. As is well-knosetond-price
auctions have a multitude of asymmetric equilibria which are however mptweaningful and can
be eliminated by equilibrium refinements such as trembling-hand perfection

9See, however, the extension of our model to include uncertainty and litiatglity in Section
9.



By checking all possible cas@sone finds that this is true if and only K > x+
e +Ac.

Given the equilibrium effort strategy, it is, again, a weakly dominant gjyetie bid
a strike price equal to_. And on the equilibrium path, the winner chooses

Because in equilibrium all bids are the same, the principal selects the wihner a
random and exercises the option. Therefore, his expected paysfhssarted. [

We mention that the call option can be interpreted as a standard fixed-woatyaat,
where the winning bidder is paid a fixed wage equdl.tdhis is due to the fact that
in equilibrium the option is exercised with probability one, and bankruptcgmev
occurs. Not surprisingly, a fixed-wage contract lacks effort itigen, which is
why the winner exerts low effore =g .

Lemma 1 (Share auction)1) The winner’s equilibrium effort strategy is a function
of the second highest sharé, s

. / . Ne—Ac
e<g>:{a* TS <%=" (4)

e otherwise

2) Conditional on choosing effor{,ghe equilibrium share function is

Ci .
s =1- 0. ie{LH). ©)

Proof. 1) Givens, the winner chooses high effort if and onl¥ —s')(x+ey) —
CH>(1-9)(x+e)—cL.

2) The equilibrium bid must be such that the bidder never regrets losingpémnd
dent of the rivals’ bids, i.e(1—s(x))(x + &) = G;. O

Lemma 2 (Share auction)The functionss,s_are single-crossing:
$H(X) Zs(X) <= su(¥ =% (6)

At the crossing pointx
. ClAe—eAc
X0 = Ac

one has g(Xo) = s.(Xo) = So, provided ¥ € [0, 1].

()

The proof follows immediately from Lemma 1.

10Altogether, there are three casesk1) x+en, 2)K € (x+6e_,x+e4), 3)K < x+¢e. Ineach
case, the stated condition must hold.



Proposition 3 (Share auction)In equilibrium each bidder plays the bid strategy:
S(x) = max{s.(x),su(X)}, (8)

and the effort strategfs). As gx) is increasing in x, the highest type is selected as
a winner. The principal’s expected revenue is equal to

= [ sty elsiy) fam Oy ©

Proof. Consider a bidder witl > Xy. Suppose that bidder deviates from the can-
didate equilibrium strategy and bids a share s (x). If that makes a difference,
the bidder wins with the deviating bid, but would have lost if he had bis (x).

In that event, he must pay a share that is at least as high(>gs Because by def-
inition of 5 his profit is non-positive if he pays (no matter which effort he then
chooses), this deviation is not profitable. The argument for the casesvhg_ ()

is similar. The same applies to the case xo. O

The equilibrium of the share auction is illustrated in Figure 1 for the cgse
(0,1).11 The equilibrium bid function is the upper envelog®) := max{s_(x),s4(X)},
and, depending upon the second highest stgréhe winner chooses(s') = ey
forall s < spande(s) =g forall § > 5.%?

Sh(X), sL(X)

0.65
0.60
0.55

0.50

0.0

Figure 1: Share auction: (upper envelope) equilibrium bid functioxdar (0, 1)

On the equilibrium path, the share auction yields a high output share (higttex
tion) combined with low effort if the two highest productivity parameters; X,

1 This plot assumes uniformly distributed abilities aegd , e, cq,cL) = (3.3,2,1.5,1).

2When the returns to additional efforte(ac) is high, sy is close to 1 so thaty is more likely to
be chosen by the winner. Thus share auction tends to yield more retierutine cash auction when
Ae/ac is high. A similar result is obtained in Kogan and Morgan (2010) who aeahgnture capital
financing through either debt or equity auctions.



are both higher tharg, and it yields low extraction combined with high effort if

X < Xo. This is in sharp contrast to the cash/debt and the call auction where we
have either full incentives combined with low extraction (cash/debt auaicioyv
incentives combined with full extraction (call auction).

Of course, ifnis very large, the share auction is dominated by the cash auction be-
cause then the second order statistic approaches the first order statigtie @ash
auction tends to extract the full surplus because it induces high effawetrr,

the following generalized share auction tends to be more profitable thanghe ca
auction for alln, as we show below.

4 Generalized share auction

In his comment to Hansen (1985), who had introduced share auctionslitzthe
ture, Crémer (1987) claimed that the auctioneer can extract almost tharfllls

by adding a positive cash reward to the winner. Following this suggestionow
add a lump-sum transfer, to be paid in cash to the winner of the share auction.
This reward may be either positive or negative. We will show that the padoce

of the share auction can thereby be improved, although full surpluscértracan-
not be achieved, unless one is satisfied with implementing low effort.

The cash reward can be regarded as reducing the cost of the wione fto
c—r. Therefore, by (5), equilibrium share functionssy are increasing while the
threshold levekg is decreasing im:

C—r . c —rnlAe—glAc
e (LY, xo(r) = (&=nAe—ahc

10
X+ g Ac (10)

s(xr)=1-
It follows that adding a positive reward increases the share of the agetiovhich
contributes to increase his revenue, yet may adversely affect @ficehtives;
whereas, adding a negative reward reduces his profit share, yestmeagthen
effort incentives. The optimal generalized share auction balances #lis-tff
between surplus extraction and effort incentives.

We denote the expected revenue of the principal in the generalized alnatien
by M3(r), and the maximizer dfl5(r) by r*.

Proposition 4 (Generalized Share Auction)The generalized share auction: 1)
can implement low effort and full surplus extraction, but 2) cannot impterhigh
effort and full surplus extraction. 3) The optimal generalized shar¢ianexhibits
an effort “distortion at the top”, i.e., it exhibitsg{r*) < 1.

Proof. Let x,x denote the highest and second highest productivity parameters.

1) To prove this, let — c_. This impliesxg < 0, by (10), hence(x) = s.(x) for
all x and the winner chooses, and the share paid by the winner approaches 1, by
(10). Therefore, one can implement low effort and full surplus extac

8



2) Assume the mechanism implemeats Then, the principal’'s expected revenue
is
1= s (X) (X +en) —
= s ( )(X+a+)—r—(SH(X)—m(%))(XJr%) (11)
=X+ —(C—1) =1 — (su(X) =sn (X)) (x+en).

According to the equilibrium bidding strategies of the highest and the sdtdghéd
est bidders,

(L—su(X)(X +e1) —Cn = (1-su(X))(x+en) —cu =0.  (12)
Rearranging (12) gives,
(SH(X) = s (X)) (x+en) = (L —su (X)) (x—X). (13)

Combining (11) and (13), we get
X+ey—cy—1=(1-s4(X))(x—X) > (1—s0)(x—X).
Hence,
M<X+eq—cy—(1—s)(Xx—X) <xX+ey —cq.

Therefore, the principal’s expected revenue is bounded away frenexpected
surplus.

3) Supposeper absurdumthat the profit maximizer of13(r), denoted byr*, is
such thatx(r*) > 1. Then, by slightly increasing the cash rewadd,> 0, in
such a way thagy remains optimal for alk (i.e., Xo(r* +dr) > 1), the principal’s
expected revenue can be increased for the following reason. Deedtectement

in the second highest share that is inducedibyy ds. In the equilibrium of the
Vickrey auction(X' +ey)(1—S) —cy +r = 0. Therefore(X +ey4)ds —dr =0,
which implies that by increasingthe principal’s revenue increases by the amount:

(X+eq)ds —dr > (X +ey)ds —dr=0.
Finally, denote the that induceso(r) = 1 byr. Evidently,

X+ ey
f X,y)dydx> 0.
// <y+eH ) (12 (%, y)dy

This is a contradiction. Therefore, the optimal cash rewaid greater tham, and
r* inducesxy(r*) < 1, as asserted. O

Note that the generalized share auction dominates the call-option in which the
agent is selected at random who then exerts low effort. This is the ecgéthe
ranking in DeMarzo et al. (2005) where the call option auction is the revemax-
imizing security bid auction.



5 *“Hybrid cash” and “hybrid share auctions”

Generally, one can improve the profitability of the cash auction by adding a mini-
mum price requiremert In the present framework, the optimal cash auction is a
modified Vickrey auction with a minimum pride= t* that is implicitly defined as

the unique solution of the equatitn

o 1F( (o)
F/(t*—(en—ch))

However, its profitability can be further increased by a “hybrid cashi@nitthat
includes an option to become residual claimant and pay a fixed wage.

(14)

A “hybrid cash” auction is a cash auction that is supplemented in two ways: 1)
the price rule is supplemented by a reserve pri@nd 2) the principal is given an
option to draw one agent at random, employ him, and pay him a fixed wagé equ
to ¢, in the event when no bidder met the reserve.

Obviously, the second modification of the cash auction increases the Ipititfita
of a cash auction that is subject to a reserve price because it replaces tinade”
that occurs if no bidder meets the reserve by a profitable wage contract.

Specifically, setting a positive reserve pricinduces a cutoff strategy according

to which bidders submit a bid if and only if their type is greater or equal 0

t — (eq —cq). In the event when all agents’ types are belwvhich occurs with
probability F ()", no agent bids. In that case, the option can and will be exercised,
and the principal earns a positive expected profit equBlXo| X < 1]+ e —c.

The “optimal hybrid cash auction” sets that reserve pritet maximizes the prin-
cipal’s expected profit. The optimal reserve price is higher than that aftisal

cash auctiont®, because if one replaces “no trade” by a profitable wage contract,
the reserve price extracts more surplus at lower marginal cost.

Similarly, one can improve the profitability of the generalized share auction-by in
cluding a minimum share requirement together with the provision that the principa
can draw one agent at random, employ him, and pay a minimum wage equal to

in the event when no agent submitted a bid. This begs the question whether the
considered auction formats can be ranked by their profitability for the sethéch

we answer in Section 6.

130f course, depending upon the parameters, the optimal minimum prigeevar be binding;
in that case, the cash auction without minimum price is already optimal. Fong@e, ifF is the
uniform distribution with supporf0, 1], the minimum price never binds if and onlyaff —cy > 1.

14proof: Define the random variabl := X + ey — cyy, compute the c.d.f. of, and then apply
the optimal reserve price rule for the symmetric optimal auction problemyiarsbn (1981) for the
case when the seller’s reservation value is equal to zero. iroénibits an increasing hazard rate
then rule (14) has a unique solution.

10



6 Performance ranking

To prepare the ranking of the above mechanisms, we introduce the folloamg
ditions:

eH Ac ..
— > — condition A
(en+1) ~ Ae ( )
Ae—Ac > E(X) —E(X2n))- (condition B)

Condition A is slightly stronger than our assumption concerning the technology
Whereas our assumption requife&e < 1, condition A requires that/aeis smaller
than the ratiov/(eq+1) which is itself smaller than one. Therefore, condition A is
satisfied if the technology is sufficiently productive.

Condition B is a weak requirement concerning the number of bidders aird the
productivity. It can only be violated & (X) > E(Xon)); if F is the uniform distri-
bution, this is possible if and only if = 2.

Proposition 5 (Ranking I) The generalized share auction is more profitable than
the cash/debt auction if condition A holds, and the cash auction is moregtiefi
than the call auction if condition B holds.

Proof. 1) We will show that by choosing a rewarK ¢, (either positive or nega-
tive) in such a way thaty(r) = 1, the principal can induce bidders to choose high
effort for all type profiles, and earn a higher expected revenueithtéie cash auc-
tion. Therefore, in the optimal generalized share auction the principglsoted
revenue must be higher than that of the cash auction.

From (10) it follows that one can indusg = 1 by offering the reward
Ac
=cy——(1 : 15
ri:=~cy Ae( +en) (15)

If this is done, high effort is chosen by all types. Ixex’ be the highest and second
highest productivity parameters. Then, the associated revenue afribgppl can
be assessed as follows:

SH(X)(X+ey)—r1= (1— ():(l’-i—i—eij) (X+eq)—r1

X+ ey
X+eq
> (X +ey—cq+r1) —r1 (becausé = ey —Cy +r1 > 0)
=X +eq—cyq (revenue in cash auctian)

:(X/+e|-|—CH+I‘1) r

There, the inequality follows from the fact tHate+)/(x+ey) > 1 andey —cy +r1 >
0, which are implied by the assumption of the proposition.

2) By (2) and (3) one finds th&t® > MK if and only if condition B holds. O
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We finally come to our main results:

Proposition 6 (Ranking Il). The optimal hybrid share auction is more profitable
than the optimal hybrid cash auction if condition A holds.

Proof. Suppose the optimal hybrid cash auction prescribes the reserve fnete
induces the cutoff valug. Consider the generalized share auction with the cash
rewardr, that inducesg = 1, and the minimum shae

CH—TI1

s=1 .
T+é€ey

Then, the expected payoff of a bidder with abiitywho makes a bid is

| ((@-maxis sy (x+6n)— o) fan 5 0)AYZ0 = xZ 1.

Therefore, that minimum share induces the same participation strategy gsithe o
mal hybrid cash auction.

By definition ofry, the assumed cash reward induegsand the share big(x) :=

SH(Xr) =1— 3(1;:1, by (10) for allx > 1. Therefore, ifX ;) > 1, the random profit

of the principal is equal to

S(X(2) (X +en) —r1=Xgo + 1 —cu +8X2) (X0 —Xz), fXzy=>1
§(X(1)+Q-|)—r1:T+a-|—CH +§(X(1)—T), if X(2)<T.

Because, using the definition of (see equation (15)):

Ch—r1_, Ac(l+ew) , Ac(lten)

condition A= s=1— =1—
- T+ey Ne(T+eq) — DNe ey

>0,

and the fact thad(-) is monotone increasing, it follows thsX ;) > s> 0. There-
fore, in both cases the random profit is greater than under the condisg opti-
mal hybrid cash auction, which is

X(2) +€4 —CH if X(z) >T

T+6€eq—CH if X(2)<T.
And if X1y < 7, the random profit of the principal is evidently the same as in the
optimal hybrid cash auction.

We have thus constructed a hybrid share auction that is more profitabléhtihan
optimal hybrid cash auction. Evidently, the optimal hybrid share auction &gt s
the optimal minimum share is even more profitable. O

Corollary 1. If condition A holds the optimal hybrid share auction is more prof-
itable than all other auction formats.

12



7 Comparison with the optimal mechanism

In order to compare the performance of the above security bid auctionghaith
of the optimal mechanism we now characterize the optimal mechdfism.

By the revelation principle, one can restrict attention to direct mecharisrgs @)

that are truthfully implementable in Bayesian Nash equilibrium and assure-volun
tary participation. Therel; : [0,1]" — R is the transfer to playeérandQ; : [0,1]" —

[0,1] his probability of winning, as functions of the reported type profile. Iniadd
tion, the mechanism prescribes the output that the winner is required terdaiv

a function of the winner’s reported typg,: [0,1] — R.16

The optimal mechanism, which is derived in detail in the Appendix, is summarized
as follows:

Proposition 7 (Optimal Mechanism)The optimal mechanistw, Q, T), prescribes
the following output targetyp, allocation rules @, and transfer rule i for all
agents i

x+e If x<X
- 1
ve {X+e14 otherwise (16)
ey oy LI X = max{x i}
QX xi) = {o it x < max(x.i), (17)
T, % i) = {Qi(Xi,X—i)CL if X <>2 a8)
Qi(xi,x_i)ey +u(x) otherwise
0 for x < X+ Ae
u(x) = ¢ S*IG(x— jae)Ac  forxe R+ (k—1)AeX+koe)  (19)
and ke {2,...,k}

wherek is defined as the smallest integer k for whighkAe > 1 ands:= inf{x | x €
Xu}, and X4 = {x| ¢(x) = x+ey}.

It exhibits “no distortion at the top” and generally a “distortion at the bottom?, i.e
it implements low effort only if the winner’s ability is sufficiently loW.

Corollary 2. None of the considered auction formats is optimal.

15n their model of optimal regulation of a monopoly, Laffont and Tirol6§Z) assume a similar
additive structure to characterizes an optimal mechanism. Their solutibovigver, not applicable
in the present framework. See also McAfee and McMillan (1987).

18Failure to deliver the prescribed output triggers a sufficiently high penalty

1"The distortion at the bottom does not occur if the technology is highly pta@ud distortion
at the bottom occurs, for example Fifis the uniform distributionfe/ac < 3/2, Ae < 1/2, andn = 2.
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Proof. The optimal mechanism exhibit “no distortion at the top” and generally a
distortion at the bottom. Whereas the optimal generalized share auction e&hibits
“effort distortion at the top” because it implies that the winner chooses ftate

if the second highest productivity parameter is beley*), wherexo(r*) < 1 by
Proposition 4. Therefore, the optimal generalized share auction is ruyitamal
mechanism. Among all considered auctions only the optimal hybrid cash auction
exhibits the same pattern of distortions as the optimal mechanism. However, it is
less profitable than the optimal hybrid share auction; therefore, it is rizhalp
either. O

To illustrate the performance ranking, we compute the expected profitadorad
the above auction formats and for the optimal mechanism.

Example 1. Suppose B 2,F (X) =X, (en, €L, CH,CL) = (4/5,2/5,1/2,3/10). Then, the
different mechanisms yield the expected profits of the principal thatianemrized
in Table 1. There, “plain” refers to auctions without reserve price, “optincash”
refers to the cash auction with optimal reserve, and “hybrid auctions”@wémal

hybrid auctionst®

Call Cash Auctions Share Auctions Optimal
Auction | Plain  Optimal Hybrid| Plain  Generalized Hybrid Mechanism
0.6000 \ 0.6333 0.6619 0.742¢ 0.6810 0.7058 0.788$ 0.8947

Table 1: Principal’'s Expected Profit

8 Ageneralized hybrid share auction that (arbitrary closely)
implements the optimal mechanism

One may wonder why there is a discrepancy between the most profitablésec

bid auction and the optimal mechanism. The reason is that the optimal mechanism
makes use of output requirements as a function of the reported ability, vghich

an ingredient of security bid auctions. This suggests that by addingtdatgets

to hybrid share auctions one may increase their profitability.

We design a generalized hybrid share auction that includes output targktar-
bitrary closely) implements the optimal mechanism.

We proceed as follows: first we design a truthfully implementable direct mecha
nism that arbitrary closely replicates the optimal mechanism, and then shaiv that
is implementable by a hybrid share auction.

18Note, the numerical example does not satisfy condition A, which indicaggsctindition A is
sufficient but not necessary for the asserted ranking.
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In the direct mechanism agents report their ability and the principal awheds
incentive contract to the agent who reported the highest type. The misgha
prescribes a transfer from the principal to the winner as a function ofriieer’s
reported abilityx and the second highest reported abikty

06X = (1-8())p(x,8) +F(x) (20)
o ) 1-gie X <R
S()()_{1—X,E: it X > X D

There 1)@(x,€) is the output based on the agent’s choice of efgrivhich must
be greater or equal to the output targek) (defined in (16)), 2 > 0, and 3)r{x)
is a cash reward as a function of the reported ability, defined as:

u(x)

F(x) = ) +ro(x) (22)

{CL—S for x < X

. (23)
cqH—¢€ forx>X

ro(x) : =

wherek is defined as the smallest integeffor which X+ kAe > 1 andu(x) is
defined in (19).

Proposition 8. The above direct mechanism 1) induces truthtelling, 2) induces
the same effort choice as the optimal mechanism, 3) by choasaritrarily
small yields (approximately) the same expected profit of the principtheasp-
timal mechanism; 4) can be implemented by a hybrid share auction thatiesk
prescription of output targets.

Proof. 1a) Suppose the agent’s true abilityis: X.

If he reports abilityz, he is obliged to deliver an output of at leagtz). If he
overstates his ability, i.ez> x, he cannot go beyor= min{x+ Ae, X}, because
if he reportsz > X he has to deliver at least- ey, which he cannot; similarly, if he
reportsz > x+ Ae he has to deliver at leagt+ e_, which exceeds + ey, which he
cannot either. Of course, if the agent understates his ability, he caysfuwifill
the output target.

Suppose the agent overstates his ability, {wint Ae,X} > z > x. This can only
make a difference if the second highest reported abiityis in betweernx andz
In this case the agent’s payoff can be assessed as follows (wherestlegtiation
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follows from (22), (23))

(1-8¢)) (x-+ &) + F() — i
=(1-8X))(X +e +0e+x—X)—e—Ac
= (1-§x))(X +6.) — &+ (1—§X))(Ae+x—x) —Ac
_ ﬁ(Ae—i—x—x’) —Ac by definition ofg(X) for X <

<0 because is arbitrarily close to 0

Therefore, overstating does not pay.

Suppose the agent understates his ability, x (in which case he can fulfill his
output target). Understating makes a difference only if the second higipested
ability, X, is in betweerx andz In this case the agent turns from a winner to a
loser and forgoes a profit.

1b) Suppose the agent’s true abilityxis X. Thenx € [X+ (k— 1)Ae, X+ kAe), for
some integek.

If he reports abilityz, he is obliged to deliver an output of at leagtz). If he
overstates his ability, i.ez,> X, he has to deliver an output that is greater or equal
to Y (z) which exceedg+ ey, and hence is not feasible.

Therefore we only need to consider that the agent understates his ability,in
which case he can always fulfill the output target. We distinguish two cases

1b-1) Suppose € [X, X+ Ae). If the agent reportg > X and wins, he cannot reduce
his effort (without violating the output target), and he can neither chaiggeash
reward nor his share. However, he lowers the chance of winningreldre, this
kind of understating is not profitable.

Whereas if the agents reportsc X and wins, he can reduce his effortga This
reduces his cost bc , yet, at the same time reduces his cash rewaridoyHow-
ever, this lowers the chance of winning. Therefore, this kind of unaléng is not
profitable either.

1b-2) Suppose € [X+ (k—1)Ae, X+ kAe) fork e {2,..., E}. If x>2z>x—Ae, the
agent cannot reduce his effort, and his expected payoffs frontetlitig, Uy, and
from reportingz, U,, are:

Ux = G(X) ((1§(x’))(x+eH)+(L;(();))+cH scH)
U, =G(2) <(1—§(x’))(x+eH)+é((Zz))+cH —S—CH>

= Ux—U,=(G(X)—G(2)) (1 &X))(x+en) — &) +u(x) — u(2).

The latter is positive becausés non-decreasings is increasing, anfL— §(x')) (x+
eq)—€>0.
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Whereas iz < x— Ae, the agent can reduce his effortéiq which yields

Ux = G(X) <(1—§(x’))(x+eH)+é(())(()>+cH —8—CH>
U, = G(2) <(1—§(>())(x+e|_)+(l;((zz))+cH —s—cL>

= Uy—U,> (G(X) —G(2) ((1-&X))(x+ey) — &) +u(x) — u(z) — G(2)Ac.
Note that, becauseandG are monotone increasing:
u(z) + G(z)Ac < u(x— Ae) + G(x— Ae)Ac

k—2
G(x—Ae— jAe)Ac+ G(x—Ae)Ac by (19)

Therefore,Uy, — U, > 0. We have thus shown that the mechanism induces truth-
telling.

2) Suppose& < X. Then, low effort is optimal for the winner because the difference
between the payoffs from choosing high and low effort is

(1-§(X))Ae—Ac= Ae—Ac <0 because is arbitrarily close to 0

X+
Supposex > X. Then the winner has to deliver the output ey which requires

him to choose.

3) Because truthtelling and the choice of the optimal effort level are edsthie
principal’s expected profits in the above mechaniBimand in the optimal mecha-
nism,M*, are

fi— n/o1 (G(x)w(x) _ /Oxf(x,%)dG(x’)) dF(x)
N — n/ol(G(x)L,U(x)—t(x))dF(x).
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Using the definitions of andt in (20), (A.4), and the fact that the output is in all
cases equal to the output target, one fititls:

~

n*—fi= n/o1 (/Oxf(x,%)dG(%) —t(X)> dF(x)

_ sn/j (z,u(x) /OX X,ia_dG(x’) _ G(x)> dF(x)

+sn/; <1,U(x) /OX X,ia dG(X) —G(x)) dF(x).

As ¢ is made arbitrarily small, that difference becomes arbitrarily small.

4) This mechanism can be implemented by a second-price share auctioa, thike
principal announces an output target and a cash reward as a fuottf@nhighest
bid, while agents compete in share (equity) bids. The fundisrtie equilibrium

bid function. The cash reward scheme is fine tuned to make the equilibriuna sha
arbitrarily close to 1. O

9 Extension: Adding uncertainty and limited liability

One limitation of the above analysis is that it ignores uncertainty and limited liabil-
ity. We now report some changes that occur if output is stochastic amdsdgek
independent financial resources and are subject to limited liability.

Without loss of generality we assume that outputas a function of ability and
effort, is a binary random variable:

X+e with probabilit
o(x.€) = L prona YR (24)
a(x+e) with probability 1— p
wherea, p € (0,1). We also assume:
pAe > Ac, aey >cy (25)
where o :=p+(1-p)a. (26)

This assures that in cash and debt auctions agents have an incentieese tigh
effort and that participation constraints are satisfied for all agentspamatient of
their ability.

By definition, in cash auctions bankruptcy is not an issue because uasbrns
presume that bidders can pay in advance. Therefore, the equilibriusirbtdgy
in the cash auction under uncertairty, follows immediately from the usual break-
even condition:

be(X) = o (x+ey) —ch. (27)

191n the following expressions, the term depends ox. However, we do not need to specify this
dependency because these vanish as wedetto zero, in any case.
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The agent chooses high effort because, after he paid the secdmbhimd, he is
a residual claimant and his expected gain of switching from low to hightaffor
equal toaAe— Ac, which is positive by assumption (25).

Similarly, in share auctions bankruptcy is not an issue, and the equilibriane sh
follows from the corresponding break-even condition, which yields:
Ci

S(X):l_iv iG{L,H},

_ clAe—eAc Ac
a(x+e) - ’

=1—-—— (2
Ac 0 ale (28)

9.1 Debt dominate cash auctions if bankruptcy is an issue

Proposition 9. In the case of uncertainty and limited liability, the equilibrium bid
strategy of the debt auction is:

) be(x) if x <Xxq
ba(x) = {x+e|-| - %‘ if X > Xg (29)
R
= o) (30)

Bankruptcy occurs in the low output state only if the agent’s ability is higher tha
Xg. At all levels of ability, the winner chooses high effort.

Proof. As usual, the equilibrium bid strategy must satisfy a break-even condition.
Two possibilities must be distinguished: Either 1) the bidder can pay his bidfin bo
low and high output states, or 2) he can pay his bid only in the high output state

In case 1) the break-even condition is:
pbu(X) + (1— p)ba(x) = a(x+en) —cu; (31)
in case 2) itis:
phy(X) + (1— p)a(X+eq) = a(X+eq) —Cu. (32)

Case 1) is possible if and onlylifi(x) < a(x+ey), i.e., if and only ifx < x4; case
2) is possible if and only ik > xq.

Like in cash auction the agent chooses high effort because his edpattgain of
switching from low to high effort is greater or equalpde — Ac which is positive
by assumption (25). O
Note thatxy € (0,1) if and only if

CH p> CH
p(l+en)’ (1+en)

Obviously, ifxg > 1, the debt auction is equivalent to the cash auction.

1—C—H<or<1— (33)
P&
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We now show that the debt auction is more profitable for the seller than the cas
auction. This may be surprising (for readers who are not familiar withriggdid
auctions) because the debt auction is subject to limited liability, whereas the cas
auction assumes that bidder have the financial resources to pay ircagdwarch
means that bankruptcy is not an isde.

Proposition 10. Suppose < 1, then the debt auction is more profitable for the
principal than the cash auction.

Proof. Let (x,X') be the profile of the two highest ability levels, whare x'. Then,
the principal’s profits in debt and cash auctior, 7%, are ranked as follows:

4 = phy(X) + (1— p)min{by(x), a(x+en) }
> phy(X) + (1— p)min{by(xX),a (X +en)}
=a(X+eq)—cq by (31),(32)
=be(x) by (27)
= Tt.

The inequality is strict if and only ¥y < X' < x. Therefore, the principal’s expected
revenue in the debt auction is higher than in the cash auction. O

9.2 Hybrid debt/share auctions dominate debt auctions

However, the debt auction can always be improved by adding an equitpao
nent. In order to show this we design a hybrid debt/share mechanism thatas mo
profitable for the principal than the debt auction. Again, we first desigivext
mechanism that has the desired property, and then show that it can be imfgdme
by a debt/share auction.

In the proposed direct mechanism agents report their abilities and thépatinc
selects the agent who reported the highest typeas winner. The mechanism
prescribes a transfer from the winner to the principal that is the same asjtiie
librium transfer in the above debt auction if the second highest abfljtis greater

or equal to a threshold level that is stated below, and the same as the equilibriu
transfer in the above share auctio'ifs less than that threshold level.

While a debt auction has strong effort incentives, the share auctios temistort

the choice of effort. In our generalized share auction this problem grasdied

by making agents pay some cash in advance. However, if agents aretgdobje
uncertainty and limited liability and have no financial resources other than their
revenue, this remedy is not available. Therefore, if one wants to desigpeaior

200ne may also consider the case when payments in the cash auction ta@npdsuntil output
has been observed and must be paid out of the output. In that casastheuction is of course
equivalent to the debt auction.
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hybrid debt/share mechanism under uncertainty and limited liability one must also
make sure that efficient effort is induced.

In detail, the hybrid debt/share mechanism prescribes the following trartgfex’),
from the winner to the principa&f contingent on the observed output and the mes-
sages< > X

txX) = {SH(X’)qo(x,eH) if X < min{xg,%q} (34)

min{ba(X),@(x.e)} if X' = min{xo,xa},

wheresy, %o, by are as defined in (28) and (29). The transfer that is prescribed if
X' < min{xo,Xg} is simply the equilibrium bid in the share auction, and the transfer
for X > min{xp, x4} is the same as in the above debt auction.

Proposition 11(Hybrid debt/share mechanismjhe hybrid debt/share mechanism
1) assures truth-telling, 2) induces the choice of high effort, 3) invohassters
that never exceed the output, 4) yields a higher expected profit for theigal
than the debt auction, and 5) can be implemented by a hybrid debt/shetierau
in which agents submit either a debt or a share bid, subject to some aoristr

Proof. 1) Suppose = ey (which will be confirmed later). If the agent with ability

x overstates his ability and repo#s- x, this can only make a differencexf< x' <

z Suppose&’ < min{xg,X4}. Then the agent is awarded a share contract with share
sq(X). At this share, the agent with ability would just break even if he were
selected as winner. However, becamse X, the agent who overstated will suffer
aloss. Similarly, ifX > min{xo,Xq}, the agent is awarded the debt contract with
debtby(X'). At this debt, the agent with ability would just break even if he were
selected as winner. However, becamse X, the agent who overstated will suffer

a loss. By similar reasoning agents cannot benefit from understatingathikty
either. Therefore, truthtelling is assured.

2) Suppose’ < min{xg,X4}. Then, the winner’s expected payoff is maximized by
choosingey, because

(1-su(X))a(x+eq) —cy— ((1—su(X))a(x+e)—cL)
=(1-s4(X))ale—Ac
> (1—s4(Xo))ale—Ac
—0 by (28)

If X > min{xo, Xy}, the winner’s payoff is the same as in the debt auction in which
high effort is optimal.

3) Becausesy (X') < 1, the winner’s transfer is less than his output in both states
for all X' < min{xo, x4 }. Of course, in the debt contract, the winner’s transfer never
exceeds his output.

2INote, here we state the transfer as a payment from the agent to the g@iingifich is more
natural there because in the debt contract the agent is the residuamaim
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4) Suppose’ < min{xp,Xq}. Then, the principal’'s expected profit is greater than
in the debt auction (where bankruptcy cannot occur for those levelbilitiy) be-
cause:

sH(X)a(x+en) > su(X)a (X +en)
=a(X+eq)—cq by (28)
= bg(X).

If X > min{xo,%q}, the principal’s payoff is the same as in the debt auction.

5) This stated direct mechanism can be implemented by a hybrid debt/shao@auc
There, bidders either submit a debt or a share bid, subject to two dotstry) the
debt bid cannot be lower thamy(min{xo,Xq}), and 2) the share bid cannot be
higher thansy (min{Xo,%4}). The principal selects the agent who submitted the
highest debt bid as winner if at least one agent submitted a debt bidwigeehe
selects the agent who submitted the highest share bid. The winner pagsdinel s
highest debt if at least two debt bids have been submitted; otherwisg/beitizer
the highest share bid if exactly one debt bid was submitted or the secorekhigh
share if no one submitted a debt bid. O

10 Discussion

Two limitation of the present analysis are that we assume binary effortehoid
a particular additive production function.

Extending the model to include a larger set of effort choices does ot $e
pose any particular problems. In particular, in our analysis of the diffesecurity
bid auction we were careful not to use the binary effort assumption to atliew
principal to infer the agent’s effort choice.

If one employs a multiplicative production function, as in Kogan and Morgan
(2010), the share auction exhibits different effort incentives. Ini@dar, if the

two share functionss_, sy, intersect at all, their order is reversed, and low ability
agents choose low and high ability agents high effort. However, as in odelmo
positive/negative cash rewards affect the region in which the agentel high ef-
fort in the same way. Therefore, the fine tuning of share auctions folosusilar
pattern.

A Appendix

In this Appendix we fully explain and prove Proposition 7 in a sequencesai-L
mas.
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Because the game is symmetric (players’ productivity parametersi.dreran-
dom variables), we restrict attention to symmetric mechanisms with respect to the
permutation of type profiles.

For convenience we define (and omit the subscripf,i@;):
t(x) =B (T(6,x-i)), a(%) = Ex (Q(X,x-i))- (A.1)

Define y(x,z) as the winner’s cost of fulfilling his output requirement when the
agent reports typg while his true type i, i.e.,

c if Yz)<x+te
y(x,z) =< cy if x+e <@(z)<x+eq (A.2)
o  otherwise

We say that it ieasiblefor type x; to reportz if y(xi,z) < . For convenience
define

U(x,z) :=t(z)—a(z)y(x,z). (A.3)
A mechanism igruthfully implementabléf it satisfies the output restriction (OR),
is incentive compatible (IC), and satisfies individual rationality (IR):

P(x) <X +en for all x; € [0,1] (OR)
U(x,%) >U(%,2) for all x;,z € [0,1] (IC)
U(x,x)>0 for all x; € [0, 1] (IR)

Given two truthfully implementable mechanisitig Q, /) and (T,Q, §), we say
that(T,Q, ) improves uporiT, Q, ) if q(x)P(x) —E(x) > q(x)w(x) —t(x) for all

x € [0,1] andg(x) P (x) —E(x) > g(x)@(x) —t(x) for somex € [0, 1]. The binary re-
lation “improves upon” defined on the set of truthfully implementable mechanisms
defines a partial ordering. Because we are looking for the optimal mischan
we will focus on themaximaltruthfully implementable mechanisms. In particu-
lar, maximal truthfully implementable mechanisms have the propertyjifrgtis
equal to eithex+ g or x+ey. The following two lemmas show that there is no
loss of generality when we restrict our search for the optimal mechanisneto th
ones wherey(x) is equal to either+ e or x+ ey.

Lemma A.1. Suppose thafT, Q, ) is a truthfully implementable mechanism and
Y(X') <X +e_for some k Define() by (x) = (x) for xA X and(X') =X + .
Then(T,Q, ) is truthfully implementable.

Proof. We only need to check (IC).

U(X,X) =t(X) —q(x)eL = U (X,X) > U(X,x) = t(x) = q(x)y(x,x) = U (X, %),

0 (Xv X) = t(X) - Q(X) Y(Xa X) =U (Xa X) >U (Xaxl) = t(Xl) - q(xl)y(xaxl) > 0 (X7X,)

The last inequality holds becaugéx, X') > y(x,X'), wherey(x, z) is the cost func-
tion A.2 with g replaced byJ. O
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Lemma A.2. Suppose thafT, Q, ) is a truthfully implementable mechanism and
X +e < P(X) <X +ey for some k Defined by (x) = (x) for x # X and
P(X) =X +ey. Then(T,Q, P) is truthfully implementable.

The proof is the same as that of the previous lemma. Hence we will focus on
truthfully implementable mechanisms wheyéx) is equal to eithex+e_ or x+ey.
DefineXy := {x| Y(x) =x+eq} andX_ :={x| Y(X) =x+e_}.

Lemma A.3. A maximal truthfully implementable mechani$mQ, ) satisfies
Y(x) =x+ey forall x € (1—Ae,1].

Proof. Suppose to the contrary thitx') = X' +e_for somex' € (1—Ae, 1]. Define

P by P(x) = Y(x) for x # X andtl'( ') =X +eq andT by Ti(x,x-i) = Ti(%,X-i)

for x; # X andTi(X,x_i) = Ti(X,x_i) +q(X)Ac. Thenf(x') =t(X) +q(x)Ac and
(T,Q, P) is truthfully implementable as shown below. This contradicts the fact that
(T,Q, ) is a maximal truthfully implementable mechanism, because

q(x) @ (x) = t(x) = a0 (Y(x) +Ae) — (t(x) +a(x)Ac) > d(X)P(x) —t(x).

We now show thatT,Q, {) is truthfully implementable. It is obvious that (IR)
holds for (T,Q, ). In checking the condition (IC), it is sufficient to check the
condition for the types abowé, because the types beloiwcannot fulfill the output
requirement.

U (x,X) =t(X)+q(X)Ac—q(X)cy =t(X) —q(X)cL =U (x,X) <U(x,x) =U(x,x).
O

Lemma A.4. A mechanisniT, Q, ) satisfies (IC) if and only if the following con-

ditions hold:

i) U(x,X) is non-decreasing in x

i) x eXH and X >x+Ae=U(X,xX) >U(x
X)

X) +q(x)Ac
i) x"eX,. and X € (x,x+Ae] = U (X X)

(%
<U(x,x) +a(x)Ac

Proof. (1) Necessity: i) Due to the transitivity of the inequality, it is sufficient to
showU (X, X') > U (x,x) for x,x" with X' € (x,x+ A€]. If x € Xy, thenU (X, x) >
U(X,x) =t(x) —a(x)ecq = U (x,x). If x € X, thenU(X,X) > U(X,x) =t(x) —
g(x)cL = U (x,X).

ii) Supposex € Xy andx’ > x+ Ae. Then (IC) implies
U(X,X) >U(X,x) =t(x) — q(X)c. = U (x,X) +q(x)Ac
i) Supposex’ € X andx € (x,x+Ae). Then (IC) implies
U(x,x) >U(x,X) =t(X) —q(X)cqy =U(X,X) —q(X)Ac.
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(2) Sufficiency: Ifze€ Xy andz < x— Ae, then
U(x,2) =t(z) —q(z)c. =U(z,2) + q(2)Ac < U (x,x) by ii).
If ze Xy andz € (x— Ae x), then
U(x,2) =t(z) —a(z)cy =U(z,2) <U(x,X) byi).
If ze X andz < x, then
U(x,2) =t(z) —q(z)c. =U(z,2) <U(x,x) byi).
If ze X_ andz e (x,x+Ae], then
U(x,2) =t(z2) —q(z)ch =U (2, 2) —q(2)Ac < U(x,x) by iii).
If eitherze X_andz> x+Aeorze Xy andz > x, thenU (x,2) = —co <U(x,x). O
As long as the principal can extract the entire surplus, he prefers igndsgh
output,x+ ey, becausey —cy > e —c. Lemma A.3 shows thatl —Ae, 1] C Xy.

The following lemma shows that the principal can fully extract the surpluswhe
Xu = (1—Ae1].

Lemma A.5. The principal can extract the entire surplusyif(x) = x+ ey for
x€ (1—Ae 1] and(x) = x+e_forx € [0,1—A€].

Proof. Consider the mechanism (16)-(18) for the particular choice -6f1™— Ae.
Under this mechanisngy(x) = G(x) andt(x) = q(X) y(x,X). HenceU (x,x) =t(x) —
q(x)y(x,x) = 0 for all x, and thus (IR) is satisfied. Furthermore, (IC) is satisfied by
Lemma A.4. Because it always selects the highest type, it maximizes the eevenu
among all truthful mechanisms wiy = (1—Ae 1. O

Note that the principal can extract the entire surplus Wth= [0,1] if Ae > 1.
Given Xy = (1— Ae 1], the optimal selection rule iQ, because the outpuyi(x)

is increasing in winner’s typer, whereas the payment is already determined when
agents report their types.

For an arbitraryXy definex:= inf{x | x € Xy }. Define a functioru: [0,1] — R as
follows:??

u(x) = 0 if x<X+Ae
| sup{u(y) +a(y)Acly, | y<x—Ae ye X4} otherwise

Also define
t(x) = u(x) + G(x) y(x,X). (A.4)

22The value ofu for largerx is defined by that for smallex
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Then,U (x,x) = u(x) and the conditions in Lemma A.4 are satisfied. Furthermore,
the payment is minimized for the givefy,.

SupposeXy = (Xo,1] and consider increasing the size of the high effort region
Xy by a small interval so that the probability of high effort is increased by

0. In other words consider choosimgand d(x') so thatnf)z,”‘s(’() G(t)f(t)dt =
F(X+0(X))"—F(X)" = € and that the new high effort region becon¥s =

X, X' 4+ 3(X)]UXu. We now show that it is most profitable to increagefrom the

top so thatX/, = [X, 1].

G(x —Ae) Ac+ G(x —2Ae) Ac

|

|
[
[
| |
[
[
| |
[
| L

1 ! | 1
X' f X X'+ Ae T X+ Ae x'+2AeTx0+2Ae
'+9

0
X'+6(x") X'+0(x') +Ae X'+0(x') +2Ae
Figure 2: Increase in payment due to increas¥,n

Because the principal’'s expected revenuélis- nfo1 G(X)Y(x) —t(x)) f(x)dx,
the change in the principal’s expected revenue due to change ist

4

X +3(X) 1
AN =n / G(x)(Ae—Ac) f (x)dx—n /O Au(x) f (x)dx
= &g(Ae—Ac) — n/olAu(x)f(x)dx

Hence,x' and 3(x') should be chosen to minimizf§ Au(x) f (x)dx. A particular
choice ofx' (andd(x)) is drawn in Figure 2. In this grapkl is chosen slightly
away from the top. Becaus® + 3(X),%o] C X, the graph ofi(x) on the interval

(X' 4+ 0(X) + Ae %o + A€ is flat. On this interval Au(x) is smaller compared to
the case wher# is chosen at the top. On the other haAd(x) is larger on the
interval starting fromx' compared to the case whetas chosen at the top. In fact,
Au(x) = G(x) on this interval, and the interval on which the difference between
the twoAu(x)’s is G(x) is larger wherx’ 4+ d(X) is farther away fromkg. Hence,
folAu(x) f (x)dxis minimized wherx is chosen at the tof?

23Cases not explained by the picture is the cases wkieieclose to 0. In these casafx) >
G(X + d(X))Ac > g/e¥n for x > X' + 8(X'), which is larger relative t@ whene is small. Thus these
cases are also dominated¥ychosen at the top.
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Therefore, the seXy is the intervallX, 1|, and the functioru(x) can be stated ex-
plicitly as in equation (19).

This completes the proof.
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