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Abstract

The Cross Entropy method is a well-known adaptive importance sampling
method for rare-event probability estimation, which requires estimating an optimal
importance sampling density within a parametric class. In this article we estimate
an optimal importance sampling density within a wider semiparametric class of
distributions. We show that this semiparametric version of the Cross Entropy
method frequently yields efficient estimators. We illustrate the excellent practical
performance of the method with numerical experiments and show that for the
problems we consider it typically outperforms alternative schemes by orders of
magnitude.

Keywords: Light-Tailed; Regularly-Varying; Subexponential; Rare-Event Probabil-
ity; Cross Entropy method, Markov Chain Monte Carlo.

JEL codes: C61, C63.



1 Introduction

In this article we consider the problem of estimating rare-event probabilities of the
form
(=PSX)>7), X=(Xi,...,Xq),

where S(x) = x1+---+xz4 and X1,..., X, are (possibly dependent) random variables.
We call these the jump variables. Such estimation problems arise in various contexts,
see, for example, [1, 3, 9]. We describe an adaptive importance sampling algorithm,
which can be viewed as the semiparametric version of the well-known Cross Entropy
(CE) method for estimation of rare-event probabilities [15]. The main ingredients of
the semiparametric CE method are as follows.

First, similar to [5, 6] we use a Markov Chain Monte Carlo (MCMC) algorithm to
obtain random variables distributed according to the minimum variance importance
sampling density. In our context the minimum variance importance sampling density
is simply the density of the vector X conditioned on the rare event S(X) > . Second,
with the MCMC sample at hand, we construct a conditional (or a Rao-Blackwell) esti-
mator of each of the marginal densities of the minimum variance importance sampling
density. Finally, we use the product of these (estimated) marginal densities as our
importance sampling density in order to estimate £. Under idealized conditions that
ignore the error arising from the MCMC sampling, we show that the resulting esti-
mator achieves either logarithmic or bounded relative error efficiencies. The strength
of the method is not only that it outperforms the currently recommended estimation
procedures for heavy-tailed probabilities, but that the exact same procedure is efficient
in problems with light-tailed probabilities. For example, we show that unlike any ex-
isting procedures, the method is efficient in the Weibull case for all values of the tail
index «, even in the light-tailed case with o > 1.

Numerical experiments show that, despite the heuristic nature of the MCMC step,
the estimator can in practice be frequently more reliable and efficient than tailor-made
importance sampling schemes. In other words, an advantage of the methodology advo-
cated here is that a single broadly-applicable heuristic algorithm provides satisfactory
practical performance on a range of different estimation problems (both in light- and
heavy-tailed cases) and frequently this performance is superior to estimation schemes
that are specifically designed to a particular rare-event estimation problem.

The rest of the paper is organized as follows. In Section 2 we quickly review the
parametric CE method and introduce its semiparametric version. This is followed by a
number of examples with details about the practical implementation of the estimator.
The examples aims to demonstrate the superior performance of the proposed algorithm
compared to existing estimation algorithms on a number of prototypical examples. In
Section 4 we provide theoretical analysis of the efficiency of a simple version of the
estimator for light- and heavy- tailed random variables. Finally, Section 5 gives some
concluding remarks.



2 Cross Entropy method

2.1 Parametric Cross Entropy method

In order to introduce the semiparametric version of the CE method, we briefly review
the CE method itself. Let f(x) be the joint density of the vector X = (Xi,...,Xq)
and suppose that it is part of the parametric family

fz{f(-;v):Rd—>R>0:/f(x;v)dle;ve”//}, (1)

where ¥ C RP is the feasible parameter set. The assumption is that f(x) = f(x;u) €
% for some u € ¥. Then, the objective is to find a parameter v € ¥ that yields a
good importance sampling estimator of the form:

7 1 ¢ f(Yi;u) iid

lep = — Y I{S(Y:) > v}, Yi,....Y,, ~ V) . 2
In the CE method the best parameter v* € 7 is the one which minimizes the cross
entropy distance between f(:;v) € % and the zero-variance importance sampling

densit
' S0 > 1)

) = THE) > )

In other words,

v = argmin/w(x) In < m(x) ) dx = argmax/w(x) In f(x;v)dx . (3)

vey f(X§ V) vey

In practice the integral [ 7(x)In ( f?fc?z)) dx is estimated from a preliminary simulation

so that we obtain the estimator of v*:

n
v* = argmax Z In f(X;, V), (4)
vevy 4
where X1, ..., X, is an approximate sample from 7 obtained via Markov chain Monte

Carlo (MCMC) sampling over the restricted set .7, see [7] and Remark 1 below. In
this way we use MCMC to learn about the optimal (in cross entropy sense) parameter
v*. In many applications the parametric density f(-;v) is of product form: f(x;v) =
H?Zl fi(xi;v;). For the special case where each f;(x;;v;) belongs to a one-parameter
exponential family parametrized by the mean [18, Pages 69-70], the solution of (4) is
given by the maximum-likelihood estimator of the mean vector:

1 n
;k_ Zij izl,...,d,
j=1

U

where X ; is the i-th coordinate of the j-th sample X;. We thus use the importance
sampling estimator (2) with v = v*.



Remark 1 (Generating Xq,...,X,, via Gibbs sampling) In our discussion we
assume that the conditional densities m(x; |X—_;) are available in closed form. We can

approx

thus use the following Gibbs sampling procedure to obtain Xq,..., X, ~
Algorithm 1 (Gibbs Sampler)

Require: An initial state Xy ~ f(x) and sample size n.
fort=0,...,n—1do
Set Y = X;.
fori=1,...,d do
Draw Y; ~ 7(y; | Y1,. .., Yic1, Xeiv1, - Xed)-
Set Xy41 =Y.

2.2 Semiparametric Importance sampling

Recall that the original CE method aims to find the best importance sampling density
f(;v*) € Z within the parametric family (1); namely by solving the parametric
optimization program (3). In contrast, in the semiparametric CE method the objective
is to find the optimal importance sampling density amongst a family of densities given
by some common property. Again, the optimality criterion is to minimize the cross-
entropy distance from the the zero-variance density. Denote by ¢ the set of all single-
variate probability density functions; that is, g(z) : R — R is absolute continuous
with [ g(z)dz = 1. Let ¢ be the family of product-form densities on R%:

d
g = {9(') R 5 Rog i g(x) = [ [ gi@i)i g0 € 4,0 = 1,---,d}-
i=1

In this paper we consider ¢ as the target set of importance sampling densities. Hence,

the objective is to solve the functional optimization program mingey [ 7(x) In (%) dx.

This is equivalent to

d
g(x) = argmin /W(X) In (W) dx = argmax /F(X) In (H gl(xz)> dx.
i=1

g1,--,9d€ES i=1 gz(xz) 915--,9d €S
(5)

Lemma 1 Let m;(z;) be the i-th marginal of the zero-variance density m(x). Then the
solution to the semiparametric CE program (5) is g; = m; for alli=1,...,d. In other
words, the optimal importance sampling density within the space of all product-form

densities is the one given by the product of the marginals of w(x).

The proof is given in the Appendix. In practice the marginal densities of 7 are not
available (just like the exact v* in (3) is not available) and need to be estimated from

simulation. Here we use the estimators

~ 1 .
mi(yi) = - m(yi | Xp,—i), i=1,...,d, (6)

k=1

n

where



e Xi,...,X, is an approximate sample from 7 obtained via Gibbs sampling as in
(4) (see also Remark 1);

e the vector X}, _; is the same as X}, except that the i-th component is removed;

o m(x;|X),—;) is the conditional density of x; given all the other components of
X,.

The estimator (6) is motivated by the simple identity:
1 n
Ex[mi(y)] = ;Ew[ﬂ(y | X, —i)] = Ex[m(y | X )]

Eﬁ[ﬂ(y’Xl, e 7Xz'—17Xi+17 . ,Xd)]

—/7T(y|.1‘1,...,1‘i_1,.1‘i+1,...,.’Ed)ﬂ(x)dX
:/ 77(1:17"'7$iflayaxi+1>"'7$d) 7T(X) dx
7T(:L‘1,...,$i,1,$¢+1,...,l‘d)

(L1500 ) Ti— 1,4 150, Td)

/7['( 1, y Li—1,Y, Ti+1, ) d) dX_Z' % /W(Il,...,xd)dwi
T(T1, oy Tim1, Tigds -+ 5 Td)

= /W(iﬁb---,$i—1,y,$z’+17---,3«“d) dx_; = m(y) .

We define the approximation to the optimal semiparametric CE solution by the product
of marginal density estimators (6), that is,

d
ay) E 7w (7)
=1

Then we estimate £ by the importance sampling estimator

m

~ 1 D) iid ~
(= — {S(Y;) >v}= , Yi,...,. Y, ~9ly), 8
- ;1 {S(Y3) }g(Yi) 1 (¥) (8)
Note that, conditional on X4,...,X,, each 7; is an equally weighted mixture of

n densities (with k-th component m(y; | Xy —;)) and hence sampling Y; ~ 7;(y;) can
be performed using the composition method [16][Page 53]. In other words, choose
a component of the mixture at random by generating K uniformly from the set of
integers {1,...,n}. Then, given K = k, sample Y; from the k-th mixture component
Y ~ 7(y; | Xg,—i). Finally, deliver Y; as a realization from 7(y;) and (Y7,...,Yy) as a
realization from g(y).

Remark 2 (Using exact conditional density) Note that once we have sampled
Yi,..., Yy 1 from T, ...,T4_1, respectively, we have the option of sampling the final
Yy from the exact conditional w(yq|Y1,...,Yq_1), instead of from the d-th marginal
Tq. This reduces the cross entropy distance to m even further and yields the alternative
and typically more efficient estimator (8) with g(y) redefined as

9(y) < m(y1) X - X Ta—1(Ya—1) X 7(Yaly1, .- Ya-1) -



3 Examples and Practical Implementation

In this section we consider the prototypical problem of estimating P(X1+---+Xg > 7),
where the jumps X1, Xo, ... may or may not be dependent. In the case of independent
jumps, the proposed importance sampling can yield practical performance surpassing
that of well established alternative estimation procedures such as the Asmussen-Kroese
(AK) estimator [2, 4]. This is in part due to the fact that our estimator incorporates
the ingenious exchangeability and conditioning proposed in [2]. First, recall that the

AK estimator in [2] based on one replication is given by
R d—1 ”
7 :dﬁ(( - X-)v X~), X, Xy M
AK Y ; J f?gf j 1 d—1

The motivation for the estimator is the identity ¢ = dIP’<X1+- Xy >y, Xg = Md> =

dEf((fy - Z?;ll Xj) V max;«q Xj) , where x Vy = max{z,y} and My def max;<q X;.
This conditional estimator enjoys excellent practical performance for the problems we
consider below. For further details we refer to [4, 13], where the authors prove that
the estimator is a vanishing relative error one.

We obtain an estimator that outperforms Ak in terms of (estimated) relative time
variance by exploiting the decomposition proposed in [14] and the ex

C=P(Mg>~v)+P(S(X) >, Mg <)
=P(My>~)+dP(S(X) >v,Xqg= My <), by exchangeability of jumps
= 1—]P’(Md<")/)+d]P’(Xd:Md <'y) P(S(X) >")/’Xd:Md <’)/)
dominant term residual probablhty
/_/H
=1 [F()]* +P(My < ) ( >9)
where the new probability measure P(-) = P(- | Xq = My < ) with corresponding

density
d f(x)

[F(y))

Estimating the residual probability, we obtain the one replication estimator for ¢ as

; ()

F(x) = f(x| Xa = My < 7) =

I{Mq <~,Xq=Mg}.

n{sm > ’y}, Y ~G(y) 9)

where g(y) def T1(y1) - Ta—1(Wa—1) ®(ya | y1,s- -, yq—1) is the estimated importance
sampling pdf described in Remark 2.

In the following examples we used the relative time variance product (RTVP) and
the ratio of relative errors as a measure of efficiency:

7
Ratio % TAK/LAK.  pryp def oo o TAK

5/t T



where oax and ¢ are the sample standard deviations of ZAK and ¢ (all based on
m replications), respectively , and Tax and 7 are the CPU times taken to compute
the respective estimators. The quantity 7 includes the CPU time needed for the

preliminary MCMC simulations.

Example 1 (Weibull case) Here we wish to estimate P(Xy + --- + Xg > 7) and
assume that each of the jumps X; has density ax® e ™" forx > 0 and 0 < a < 1.
Hence, F(r) = e, In comprehensive simulations studies the proposed estimator
outperformed the Asmussen-Kroese (AK) estimator in terms of relative time variance
for all values of the parameters o and . The improvement, however, was not uniform,
see Table 1, where, for example for a = 0.1, we can see savings from as little as 71
times to as large as approximately 6000. The general trend is for large gains for smaller
v and a > 0.6 or a < 0.3. The AK estimator was strongest in the range o € [0.3,0.6]
with values for a ¢ [0.3,0.6] rendering it less efficient compared to (9).

Note that the AK estimator is much faster to evaluate than (9), but this speed
is insufficient to offset the substantial gains in squared relative error (given by Ratio

column).

Table 1: Comparison of importance sampling method with the AK estimator. Algo-
rithmic parameters were chosen to be n = 10%,m = 10%,d = 10. The AK estimator is

based on m = 10° replications.

a=0.1 a=0.2
vy l Rel. Err. | Ratio | RTVP y L Rel. Err. | Ratio | RTVP
100 | 4.54/10* | 1.7/10° 132 71 10* | 1.97/10% | 6.5/10° 32 3.7
10 | 3.40/10° | 4.1/107 222 197 10° | 4.64/10* | 1.8/10° 5.6 12
10" | 1.30/10° | 6.4/10° 722 2071 10% | 1.31/10° 3/10° 9.2? 33
10" | 2.16/108 8/10° 592 1429 107 | 1.23/10'° | 4.3/107 10? 42
10" | 1.84/10"% | 1.3/10'° | 125% | 5944 10% | 5.13/10'" | 6.5/10% 72 20
a=0.6 a=09
0% l Rel. Err. | Ratio | RTVP ~ l Rel. Err. | Ratio | RTVP
10% | 9.47/10° | 2.6/10 19° 130 30 | 1.33/10* 9/10% 132 50
150 | 7.83/10% | 1.5/10* 412 550 40 | 6.27/107 9/10* 78% | 1758.7
200 | 1.34/10° | 1.5/10* 632 1376 50 | 2.25/10° 1/10° 2542 | 17746
500 | 1.83/10'7 | 1.7/10* | 5.57 11 60 | 7.01/10'2 1/10® 556% | 87103
10% | 7.00/10%*" | 9.5/10° 62 13 100 | 4.34/10%* 1/10° 300% | 23768

+
Remark 3 (Efficient evaluation of g) If we define, ci, el (7 — Z#i Xk,j) , then
(6) simplifies to
1 n n

n
1 o 1
727’[’ yi | X i) = anza Loy Z]I{yl > cpt/e (:EZ)n z:]l{yZ > c(k)} X k) |
k=1

k=1 k=1

3

where the term Y 7' I{y; > cy} X € can be evaluated for an arbitrary y; quickly by
first computing and storing in memory the cumulative sums Y _, e®, i =1,....n

and then using table look-up methods with O(n) time complezity.



Example 2 (Pareto case) Assume that the jumps X; have Pareto density and dis-
tribution functions given by f(z) = o/t F(x) =1 —1/2%, x > 1. The following
table shows the results of a comparison with the AK estimator for different values of

a and . Again, the efficiency gains with the proposed method can be of the order of
10%.

Table 2: Comparison of importance sampling with the AK estimator for Pareto case.
Here n = 10%,m = 10°,d = 10.

a=05 a=1

vy—d 4 Rel. Err. | Ratio | RTVP y—d J4 Rel. Err. | Ratio | RTVP
10% | 1.00/10® | 5.6/107 332 209 10* | 1.00/10* | 5.1/10° 7? 11
101 | 1.00/10* | 5.8/10% | 107* | 3007 10 | 1.00/10° | 1.0/107 382 330
10' | 3.16/10° | 1.8/10® | 176% | 6270 10® | 1.00/107 | 1.4/10° 912 1711
1012 | 9.99/10° | 5.92/10° | 364> | 34271 10 | 1.00/10° | 2.61/10'" | 422 322
10%° | 3.16/107 | 1.9/10'° | 5842 | 82494 10" | 1.00/10'% | 3/10 242 123

a=5 a=10

vy —d l Rel. Err. | Ratio | RTVP vy—d l Rel. Err. | Ratio | RTVP
10" | 2.58/10* | 1.5/10* 10? 66 5 1.75/10° | 2.4/10* 302 609
10? 1.06/10° | 1.2/10° 42 11 10 1.09/10° | 9.93/10° 62 22
10* | 1.00/10'* | 1.13/10° 42 11 10* | 1.00/10'° | 8.8/10° 42 13
10* | 1.00/10*° 1/107 4.4? 11 500 | 1.02/10%¢ | 1.6/10° 52 11
10° | 1.00/10%* | 1.2/10% 42 11 1500 | 1.73/10%' | 5.5/107 | 4.4? 13

Example 3 (Compound Sum) We are interested in estimating the tail probability
of a compound sum of the form P(Xy + ---+ Xg > 7), where the jumps X; are iid
with Weibull distribution with parameter 0 < o < 1, and (without loss of generality)
R ~ Geom(p) is a geometric random variable with pdf o(1 — o)™, r =1,2,.... We
have P(Sp >~) =P(X1 4+ - -+ Xr>17) =

—_—————
residual probability

QZ 0) " 'P(S, >’}/—QZ o) 'P(M, > ) +g§: o) T 'P(M, < 7,8, > )
r=1
~ F(y) o(1 — o)(F ())2
= T+ oFG) T Fiy+ okt EUR>7)
~—_————

dominant term

where under the new probability measure P we have (R — 1) ~ Geom(F () + oF (7))
with pdf @(R =r) = frlr), r=2,3,... and X1, Xo,... ud f(x) with pdf given by
the truncated Weibull density f(z) = ax® e ™" /(1 — "), 0 < x < 7. Hence, we
can again apply our importance sampling estimator to estimate the residual probability

@(SR > 7). The minimum variance pdf for the estimation of the residual is

(y,r) o fr(r nyj I{S, > 7},



which can be easily sampled from using the Gibbs sampler in Algorithm 1 by noting
that

7(r|Y) o fr(r) r = (Y)Y, (YY) @min{r: Y+ +Y, >4} .

Table 3 gives the results of a number of numerical experiments. The results of
our proposed method are significantly better in all cases, except a = 0.2 with 1/p €
{50,100}. In the latter case, the variance reduction achieved by the proposed method is
not sufficient to offset the computational cost of simulating compound sums of expected
length of 1/p. Note that for o > 0.5, the proposed method can be thousands of times
more efficient. Our proposed method is also more efficient than the recently proposed
improved Asmussen-Kroese estimator [12][Table 2]. For example, based on the reported
variances and computing time in [12], in terms of RTVP our estimator is from 8.5 to
45 times more efficient. We must note, however, that the results given in Table 2 of
[12] appear to be incorrect. For example, for o = 0.15,a = 0.75,7 = 63.361 Table 2
reports the estimate 5.23 x 10™% with relative error of 0.4%. In contrast, we obtained
the estimate 5.38 x 10™* with relative error 0.03%, which we verified with a Crude

Monte Carlo simulation using 10° repetitions.

Table 3: Compound Weibull sum with expected number of jumps 1/p. Here n =
104, m = 106.

a = 0.2 with v = 10° fixed a = 0.5 with v = 500 fixed
1/0 L Rel. Err. | Ratio | RTVP 1/0 L Rel. Err. | Ratio | RTVP
5 | 6.56/107 | 1.4/10° 3.62 9.6 3 | 7.34/10*° | 7.3/10* 42 16
10 | 1.31/10° | 3.1/10° 2.82 3.5 5 1.60/10° 1/10° 4.12 12
20 | 2.65/10° | 5.1/10° 2.22 1.2 10 | 117/10® | 1.7/103 47° 445
50 | 6.81/10° | 1.7/10* 1.42 0.03 20 | 1.24/10° | 7.2/10* | 2467 7300
100 | 1.42/10° | 1.7/10* 22 0.04 50 7.9/10% 2.1/10* 582 110
a = 0.8 with v = 30/ depending on o a = 0.95 with v = 30/ depending on o
1/0 l Rel. Err. | Ratio | RTVP 1/0 14 Rel. Err. | Ratio | RTVP
3 | 6.29/10" | 1.2/10® | 330% | 46000 5 | 2.61/10" | 4.8/10* 10° | >10°
5 | 1.65/10" | 6.4/10* | 930 | 200000 10 | 2.18/10* | 3/10* | >10° | >10°
10 | 6.94/10'% | 3.8/10* | 2561% | 780000 20 | 2.00/10*® | 2.2/10* | > 10° | 40000
20 | 4.64/10" | 2.7/10" | 3636 | 34000 50 | 1.91/10" | 1.9/10* | >10° | > 10°
50 | 3.68/10"% | 2.1/10* | 1485% | 27000 100 | 1.88/10™ | 1.7/10* | >10° | > 10°

4 Robustness Properties of Semiparametric Cross En-

tropy Estimator

In this section we study the robustness properties of the estimator (8) when v — oo
in some simplified prototypical settings. Clearly, then ¢ = ¢(y) = P(S(X) > v) — 0.
We are interested in the behavior of the standard error of the estimator in this regime,

specifically, relative to its mean £. Since we take a finite constant sample size, it suffices



to analyze the robustness of the single-run estimator of £:

fX)

Z=Z(y) =I{5(X) > V}Q(X)a (10)
where X ~ g(x) = [IL, gi(z:) = [I, mi(x;). For our analysis we assume that the
importance sampling density ¢ is available. In practice we estimate ¢ via g from
MCMC simulation as we discussed in Section 2.2. In this respect, our analysis is
similar in spirit to the one conducted for the parametric Cross Entropy method [8].
The estimator has bounded relative error if limsup.,_, \/Var(Z)/¢ < oo, which is
equivalent to having bounded relative second moment [17]:

Z2
lim sup 2 < 00.
Y—00
Assumption 1 In this section we assume that the jump variables X1, ..., X4 are pos-

itive continuous, and that they are independent and identically distributed random

variables with right-unbounded support.

We denote by F(x) the cdf of a jump X; with associated pdf fi(x). Let F(z) =
1 — F(z) be the tail cdf, F*? be the d-fold convolution of F, with F*d = 1 — F*d,
Note that the rare-event probability of interest is £ = P(X + - - -+ Xg > ) = F*d(y).
Furthermore, the i-th marginal m; of the zero-variance pdf can be rewritten as

mi(x;) = /Rd_l m(x)dxy -+ - dri_1daigeg - - - dxg

_/ H{S(x) >} f(x)
Rd 1

7 dl‘l . d{lfi_ldwi_;_l s d{lfd

dl‘l cee dwi_1d$i+1 cee dwd

_ / {S(x) >~} [Tj_; fi(x))
Rd 1

/
>0
Y d-1 {x1+"'+$d>7}Hf1(%) 1 dxi—1dTipq - - dXg
Ko j#i
:fl(x)P(X1+'-'+Xzf1+X¢+1+-~-+Xd>7_xz.):fl(x)7 (v m)‘
: Frd(y)

Note that for x; > 7 we clearly have F*(d=1(y — z;) = 1, and thus m;(z;) = f1(z;) /L.
Hence, the single-run estimator Z can be written as

Z:]I{S(X)>7}]gcgg I{S(X) > }H

d

Frd
=I{S(X) >~} 1—11 F*(dl)((j)— X;)

(11)

Finally, using EZ? = E,Z% = E,Z f(X)/9(X) = E;Z, we get for the second moment
of estimator Z:

f1

EZ? = B/I{S(X >7}H dFl*dy)X) (12)

10



Proposition 1 Suppose that the jumps Xi,...,Xq are i.i.d. with a light-tailed or a
subexponential Weibull or Pareto distribution. Then, the semiparametric importance
sampling estimator (10) is at least logarithmically efficient as v — oo.

In the subsequent sections we prove this result by considering the heavy- and light-

tailed cases separately.

4.1 Heavy-tailed case

In this section we assume that all jumps X; are drawn from a subexponential distri-
bution F' satisfying (for all integer d)

)
oo F(v)

—d. (13)

In the sequel we shall frequently use the trivial property

F*d(z) > F(x), x> 0. (14)

Furthermore, we shall need Kesten’s bound Lemma 1.3.5(c) in [9], which states that

for every € > 0 there exists a constant ¢y such that for all d > 2

Frd(z) < e1(1+¢)?F(x), = >0. (15)

Denoting the maximum My = max;<q X;, we can decompose the relative second

moment as follows:

EZ? EI{My>~}Z%* EI{My;<~}2?

= 7 + 72 . (16)
In Lemma 2 we shall prove that the first term is bounded as v — co. Concerning the
second term, we examine its behavior for various common probability models in the

next two sections.

Lemma 2 )
EI{ M, Z
lim sup {Mq ; 7} <
y—00 14

Q.

Proof: Since I{S(x) > v} < 1, we use (12) to find

d Toed
F*i(y)
E{My >~} Z? <E{My > 4} || =——= (17)
g Fd=D(y - X;)

Then observe that, if My > v, there exists at least one jump X; > v, and, hence, that
there is at least one j for which F*(@=1(y — X;) = 1. For all other jumps it holds

11



trivially F*(@=1)(y — X;) > F*(@=1) (), thus it follows that (17) is bounded from above
by

EgI{Ma > 2} I, F(y) _ [1%, 7*(y)
[, F@ (5 - X;) < BslMa >0} [T, F@ D ()
B (F Fd(y))”
=Py(Mg > ") (W(’y))d—l

— a1 _
(F) ™ (Fi()? ( F(y) )d—l

(Fr@1)(y)) " FAd-1(y)/
where the last inequality follows from Py(My > ) < Pp(S(X) > ) = F*4(y). Now
we use the bounds (14) and (15) for

Fri(y) Nd=1 _ (Frd(y)yd-1 101 4 ydd-1)

Collecting all bounds we obtain

EI{My >~} 2% 1
0?2 (F*d('y))
<1 4 6)4d < 0.

F*d()
LFan-x) )

5 EfI{Mq > v} H

a

Since we have bounded relative error for the first term in (16), then we can at most
have bounded relative error for estimator (10). For example, if the second term in (16)
vanishes or is bounded, then (10) has bounded relative error.

4.1.1 Weibull distribution

As in Example 1, here we assume that each of the jumps X; have density az® le=*"

for 0 < a < 1. The purpose is to analyze the second term in (16).

Lemma 3
lim sup E{My <} 2° =0.
o Z
Proof: Denote Sq = S(X). Using (12) and £ = F*d(v), we get
El{My <~} Z° [Ti=7 F(v)

=E/{Myg<~,5>7 .
02 f { }Hile* d— 1)(7—Xi)

From the bounds (14) and (15), we obtain that this expression can be bounded above
by

1= 101(1+5) F()
H’L 1F<7 X)
d

= B I{My < 7,80 > 7} exp (= (A= 27"+ > (7 - X)),
=1

EI{Mg <v,5; >~} IT:

12



We now consider the following integral over the region {x:0 < x; <v,> ., x; > v}:

d

EI{My < 7,84 > 7} exp ( —d-27"+ > (- XZ»)O‘>
i=1

—at [ f (Tt ) oo (- 0200 3 (6 -0

After the change of variable u; = z;/v for all ¢ we obtain that this integral is a Laplace-

a'y / / _V‘b)d,

Laplace type

u:0<ui<1,Zui>1}

%

type integral:

where:
7 {

dfﬁ
)= [ut™
d(u) L d — 2+Z — (1 —u)®)

We now note the following properties of the Laplace integral. First, if  denotes the
closure of the open set 2, the function ¢(u) attains its unique global minimum within
the bounded domain 2 C R? on the boundary at u* = (1/d,...,1/d). This can be
seen either by applying the Lagrange constraint optimization method or more simply
by noting that u® — (1 — u)® is monotonically increasing and ¢(u) is a invariant to

permutations of the components of u. The minimum
p(u*)=d—2+d 7 —d=%(d-1)°,

as a function of d is such that for d > 2 we have the strict inequality ¢(u) > ¢(u*) > 0

for all u € 2, see Figure 1. The point u* is not a critical point, because g—i(u) =

a (uq_l +(1- ui)afl) >0 foralliand ue€ 2.

)

*

13



fi(u*)

Figure 1: The behavior of the function d — 2+ d'=% — d'=*(d — 1)* for different values
of the parameter «.
Second, the function h : R — R is continuous and the Hessian of the surface

plut,...,ug—1) = ¢(ur,ug, ..., ug—1,1 —up —ug — - —ug_1) is
Op = ala—1)x (1= Ypea )™ = (Cpequn)®™? i F ]
Ouidu; uf T (1= w)* 7+ (1= )2 = (Cpequ)® ™ 0=

which when evaluated at u* yields the nondegenerate Hessian matrix

21 1 -1
1 2 1 --- 1
ala—1) (- (1-1/d* ) x |1 1 2 - 1
11 1 - 2

As a result of all these conditions we have the Laplace-type asymptotic expansion [20,
Page 500] at a boundary point, which is not a critical point:

/ . / h(u) e~ Wy = O(y~@HD/2 5 =7 d(u)y
9

where the constant ¢(u*) > 0. It follows that

EI{ M, A o
{ d£2< v} < C2ad’7da/"'/ h(u) e (W) qu
2

— @(704(65—1)/2 > e—v%(ﬂ*)) — o(ea(d—l)/mnv—v%(u*)) =0 (y— o0).

Hence the second term in (16) vanishes as v — oo. O

14



4.1.2 Sum of Pareto random variables.

As in Example 2, we assume that X;’s are independent and Pareto distributed random
variables on [1, 00) with common parameter « > 0. The main result is the logarithmic
efficiency of the second term of (16).

Proposition 2 For alle >0

E[Z% My < 7]

52—5 =0.

lim sup
y—00

Proof: The proof will be the result of a number of lemmas. First, similarly as in
Lemma 3 we utilize expression (12) for rewriting the second moment as a product, and
then we apply (14) and (15) to bound the factors. The result is that it is enough to
prove that

F(v)

]Ef]I{Md < 7,84 >~} H ﬁ = (19)

limsup ——

s 7

Our approach is to consider a larger set containing {Md < 7,84 > ~v}. For that purpose
we define the we define the quantities

T _FO)
Hn('y).—Ef[gF(fy_Xw,Bn], n>2.

where
B, ={Sn-1 <7,S, >, M, <~}, n=23,....

Observe that { My <,S; >~} C UZ:Q B,,. Further to this, observing that F(v)/F(y—
x) <1 for all x > 1, we can set

F ~ F
HFWSHF@) n<d.

i FOy—ap) o Fly—a)

In this way we arrive at the following inequality

E/{Mg <v,5¢> 7} H

paiey (7 Xi)
I F()
SZEJC[.HFW—X»’B”} )

<ZE [H } ZH

Now, the quantities H,, in the sum above can be written in integral form as

Hn(y):/n <f[F(7_xk ) (Hf ) ) Az, day,_1 ... dag dzy

k=1
y—(n—2) y—z1—(n—3) y—z1——Tp_2 ¥ n N
— T o
= / / / / H <’7 . ) dend:pn,l...dxgdxy
1 1 1 (y—z1——zp-1)V1 k=1 k

15



Further, the change of variable y, = xy /v yields

1-(n=2)y"! 1-y1—(n=3)y"' 1-y1——yn—2 1 "
an
Jna / / / / T Zwk) dyn dyn-1 ... dyz dyn,
7! vt R R Y Ve R

where

L{y) =1 —y)*y D, ye(01]. (21)
In particular, it will be useful to write

Hp(y) = a7 I(7, 1), (22)

where the function I,,(vy, 1) is the multiple integral in the expression above. Moreover,
I,(7,¢) can be defined recursively for via

1
I L fg\/'yfl L(y)dy7 n = 1, 93
n(’y, C) T C_(n_Q),y—l ( )
S5 L(y) In-1(v,¢ —y)dy, n=2
Next we will prove that for n = 2,3,..., it holds that
L,(~v,1
lim sup 0D _ 0. (24)

00 ,ya(an) 111’}/ -

Since both numerator and denominator of (24) have limit +o0, we can apply L’Hopital.
Lemma 5 in the appendix provides a recursive expression for the derivative of the
functions I, (v, ¢):

gfm, Q)=nL(y ) L1 (v, —7)77% =23, (25)

Therefore, we obtain

i L(y,1) ln(,1)
imsup —=o—— = limsup —————
y—oo YD Iny 500 afyf"(” ) In~y
: nL(y™") Inmi(v,1 =972
= lim sup ORI
y—oo (14 a(n—2)Iny)y

e n = 2. The expression in (26) becomes

2L(v ) L1 -1y 2Ly ) (v 1-97")
v g '

Observe that

L(’)/il) = (1— ,yfl)a,.)/a+1 — O(,YC!+].)7 v = 00;
LA-7) =717 =047, oo



where the inequality follows because the function L(y) is decreasing on (0, 1].

Hence,
2L(y Y Li(y,1 -~ stant) x 4+l y~(et)
lim sup (7 ) 1(7 i ) = lim sup (a constant) x vy =0.
Y—00 Y y—00 Y

e n > 2. Assume (24) holds for n. Then reasoning as above and using Lemma 6
for equality (i), we get for n + 1
I 1
lim sup (1)
y—oo ¥ In~y
L (1)

=limsup —+————
'y—>oop %Va(n—l) ln7

e, DL Iy =) 7
'y—>oop (1 + OZ(TL - 1) hl’y) ’70‘(”71)71

(n+ 1)L('y_1) (In (’y, 1) + 0(1)) y2

() ..

= lim sup

y—00 (1 +a(n—1)ln "y) ya(n—1)-1

, (a constant) x ™11, (v, 1)y + o(1)
= lim sup

=00 (a constant) x y(n—1)-1 ]~

In(v,1) + o1
= limsup (a constant) X M =
=00 yo(n=2) Iny
Putting together these arguments we can complete the proof of the Proposition:

EM <} 7
lim sup 5
. <

(19) F
< limsup —— €2 - Ef{Mq <~,Sq > ’Y}H i/

Y0 i=1 (PY XT)
(20) H,
< limsup Z” 22 )

T

Now notice that
t=F(y) > F(y)=~""
thus, for € < 1/a (that is, e < 1)
52_5 > 7—204 ,Yoae > ,)/—204 ln'y, ¥ — 00.

Combining this with above, we get

. In(v)
hmsupz omg2 - < z:a”hmsupa(nf)hqu =0

Y—00
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4.2 Light-tailed case

In this section we consider the case where F' belongs to a subfamily of light-tailed
distributions as defined by Embrechts and Goldie [10]. We say that a distribution
F belongs to the Embrechts-Goldie family of distributions indexed by the parameter
6 > 0 and denoted L(0), if

PO+ _ e, (27)
1o F(y)

If 6 is strictly larger than 0 then £(6) contains light-tailed distributions exclusively and
is often referred as the exponential class. This is a very rich class of distributions that
includes several well know light-tailed distributions such as the exponential, gamma
and phase-type. In contrast, if # = 0, then £(0) corresponds to the class of long-tailed
distributions which is a large subclass of heavy-tailed distributions. In this section
we concentrate on the light-tailed case § > 0, but in order to derive our efficiency
statements we draw some results for the class of the so called long-tailed functions (cf.

[11, Definition 2.14]). More precisely, h is long-tailed if it is ultimately positive and
lim 7}1(7 +2)

) =1, V. (28)

Obviously, if F' € £(0), then the tail probability F is long tailed. Important properties

for the exponential class (f > 0) are

e £(6) is closed under convolutions [10, Theorem 3]. That is, if F' € £(0), then the
d-fold convolution F*¢ € L£(6).

e Define for o > 0 the distribution G(z) = 1 — (F(z))®. One can easily check that
G € L(af) whenever F € L(0).

e The tail probability can be decomposed into the product of an exponential and
a long tailed function
F(v) = e "h(y). (29)

Decomposition (29) will be useful for proving efficiency of the proposed estimator, but
it is also interesting on its own. To verify it we define h(v) := F(v) e?7. Since F € L(#)
it follows that

. h(y+a) . h(y+a)e Ot F(y 4 )
lim ———= = lim = lim ———~ =
y—=oo  h(y) y=oo  h(y) e—0(v+z) =00 F(7) e 0z

The next property states that the asymptotic decay of a long-tailed function is slower
than the exponential rate [11, Lemma 2.17]. More precisely, if & is long tailed, then
h
G))

y—oo e &Y

= 00, Ve > 0. (30)

These properties will be employed to construct an asymptotic upper bound for the
semi-parametric estimator. In particular, the following Lemma shows that the ratio of
two tail convolutions of the same distribution in £(6) cannot increase/decrease faster

than at exponential rate.
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Lemma 4 Let F € £(6), 0 > 0, and dy, ds € N. Then F*di(v) / Frd2(y) = o(e7), Ve >
0.

Proof:  Since L(f) is closed by convolution, then F*¥ [*¥2 ¢ £(f) and their tail
distributions have decompositions as in (29) for some long tailed functions h; and hs.

Therefore
Fli(y)  hi(y)e®  hi(y)

Frda(~)  ha(y)e™®  ha(y)’
We first argue that both hj(-)/ha(-) and its reciprocal function are long-tailed. This is

so, because they are ultimately positive, and

iy +a)/ha(y +2) _ha(y+z) — ha(y)
ha(v)/ha(7) hi(v) ha(y + )

The reciprocal function goes similarly. Thus, ha(-)/h1(-) satisfies condition (30), which

— 1.

says

i P2/
y—00 e &7
Clearly, this is equivalent to
i )/P2()
Y=o e

We also have the following.
Assumption A: Let h be a long-tailed function such that h(z) > 0 for all x > 0.
Then G(v) :=sup{h(y)/h(z) : 0 <z < v} = 0(e*7) for all € > 0.

Proposition 3 (Logarithmic efficiency of E) If Assumption A holds, the estima-
tor Z =1{S(X) > ’y}% satisfies

EZ?
ytoo £275(7)

Proof: Recall

F*d
EZ? = E;I{S(X) > 7
ALS( }H dlv X)

We write

W,.Y F*(d—l),y
H dl() :H(V)H d—1 o ’
i:lF*(_)'Y_Xi) i:lF*(_)(W—Xz’)

where H(v) := [F*d )/ F*ld=

sition (29) to write F*(d=1)(y) = h(y)e™® for some h(-) long tailed function. Hence,
we obtain the following bound

e d d
Hh ) e 0 X S( <ot hm)) [Te "% = (G())"e ™)

D(y )} Since F*(@=1) ¢ £(#) we can use the decompo-

d F*(d 1)

iy et (’Y




where G(7) := supg< <, {h(7)/h(y — x)}. Using these we obtain

EZ> _ H(y)G'()
() = £7=0)
where 6 > 0. Hence,

E/I{S(X) > 7} e %),

EI{S(X) > v} e 99X < e P (S(X) > 7) = 072
Thus we get
EZ? _ H(y)G(y)e™
C=(y) T 0=
Applying the properties of the exponential class we can write

07F = (F() 7 = e " hg(y)
for some long tailed function hg. In consequence,

ZQ H d —0~
limsup_5—— < limsup (7)1(; (7)e
y—oo £275(7) y—00 0=<(y)
d —0y d
— limsup 2 (VG (’I)e . _ limsup H(MG() oy
y—roo  ha(y)em(1=2)07 y—oo  ha(v)

Now, property (29) and Lemma 4 and Lemma 4.2 imply that none of the functions H,
G, h;! and their product cannot increase at exponential rate, namely H (v)G%(7)/ha(7)
0(e?7). Hence, the last limit is 0. O

5 Conclusions

In this paper we have described a procedure for implementing an optimal cross-entropy
importance sampling density for the purpose of estimating a rare-event probability,
indexed by the rarity parameter . The goal is to estimate the optimal importance
sampling density for a finite v within the class of all densities in product form. This
optimal importance sampling density is typically not available analytically and this is
why in practical simulations we estimate it via MCMC simulation from the minimum
variance pdf. The numerical examples suggest that the resulting estimator can yield
significantly better efficiency compared to many currently recommended estimators.
The same procedure is efficient in both light- and heavy-tailed cases. This is especially
relevant for probabilities involving the Weibull distribution with tail index o < 1, but
close to unity. This setting yields behavior intermediate between the typical heavy-
and light-tailed behavior expected of rare-events. As a result, while existing procedures
are inefficient or fail completely, our method estimates reliably Weibull probabilities
for any values of «, including o > 1.

The practical implementation of the proposed method depends on a preliminary

MCMC step, which is a powerful, but poorly understood heuristic that needs further
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investigation. In this article we have established the efficiency of the method in the
light- and heavy-tailed case, but have done so by ignoring any errors arising from
the preliminary MCMC step. Future work will need to address the impact of the
MCMC approximation on the quality of the estimator. A good starting point for
such an analysis might be to consider the probabilistic relative error efficiency concept
introduced in [19].

6 Appendix

6.1 Proofs. Section 2.2

Proof: [Proof of Lemma 1] First note that for any single-variate function h:

/Rdh(xl)ﬂ'(x) dx = /Rh<ml)(/Rd71ﬂ-(xl’x%“.’xd) dx2-~-dxd) dxq
:/h(xl)m(asl)dml.

Next, using the properties of the cross-entropy distance we have that

m = argmin/m(ml)ln (7T1(($1;> dz, = argmax/m(xl)lngl (1) day.
g1{T1

g1EG 91€%1
Applying these two observations for any ¢ = 1,...,d gives
d
argmax /w(x) In H gi(z;) | dx
gus-,9a €S i—1

d

= argmax Z/w(x) In g;(z;) dx
91,--,94€% ;1

d d
= argmax Z/m(zi)lngi(zi)dxi = Zargmax/m(a:i)lngi(xi)dzi,
91,--,94€% ;1 i—1 9i€%

from where we obtain the solution g; = m; foralli=1,...,d. O
6.2 Proofs. Section 4.1
Lemma 5 Assume ¢ > ny~'. Then

0 _ 1y —

%In(W,C):nL(’}/ 1)]’"—1(’7’(77 1)7 27 n=23,.... (31)

Proof: The proof is by induction. Recall the recursive introduction of the I,, functions:

1
L(7.0) = /< L(y) dy:

VAy—l
-2y

o= [ Lhate-nd, n=23.
g
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First consider
8 0

¢—7t .
sl00=g [ ronecnae g [ rmarnes

= [L(C v DLy ) =Ly ) L(v, =7 = L=y )Ly, = L(v. ¢ =y LYY

=2L(y ") h(v.¢—v )72
Next, assume that (31) holds for n. Then

0 I 0 [y 71L I d
0 0=5 [ (4) 1a(:C ~ ) dy

_ —(n—1)~"! n— 1)1 d n—1)"1) — -1 -1 -1
=L(¢—(n—1)y")IL(y,(n—1)y )dW(C (n=1)y"") =Ly D)L (v,¢—77") ot}

Q.‘Q_.

¢—(n—=1)y71 9
L(y) —1I. (v, —y)d
Jr/7 (y)(97 (v,¢ —y)dy

-1

¢—(n—=1)y7"1
=04+ Ly ) L(v. (=7 )y + / Ly)nL(y ") Ln—1(v.¢ =7 —y)7y 2 dy

,-yfl

¢—y ' =(n—2)y7"

=Ly ) IL(y,¢—~y )72 +nL(7*1)/ L) In—a (v, ¢ =y —y)dy~y 2
Y

=L(v")

( .
= Li(v,¢ =7 )y 2 +nL(v ) (v,¢ =7 )72
=+ 1)Ly )L (v, ¢ =7y y72

Lemma 6 Forn=1,2,...:

Li(v:¢ =71 = L, () +o(1),  v— o0 (32)
Proof: Apply induction and the the recursive definition of I,, functions.

o n=1.

1
L(v, (=771 = /C L(y)dy
7771

¢
=he0+ [ M

=L(7,¢)+v "'L(n),

for some n € (¢ —v71,¢) (mean value theorem). Clearly, the second term is o(1) for
v — 0.

e n > 1. Assume (32) holds. Then

¢—ny !
Livi(v, (=771 = / L) (v.¢ =7 —y)dy
Y

1

/C e (In 7,6 —y) +o(l )) dy/;(MWlL(y)In(%C’yly) dy
Y

— 77’7/}/71
¢—(n— 1)7*1

=I11(7,¢) +o(1 / L(y)dy — v 'L I (v.¢ =7~ =n)
Y

1

=Ini1(7,¢) +o(1), v — 00.
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