A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Houba, Harold; Luttens, Roland Iwan; Weikard, Hans-Peter

Working Paper
Saving Private Pareto

Tinbergen Institute Discussion Paper, No. 13-053/11

Provided in Cooperation with:

Tinbergen Institute, Amsterdam and Rotterdam

Suggested Citation: Houba, Harold; Luttens, Roland Iwan; Weikard, Hans-Peter (2013) : Saving Private
Pareto, Tinbergen Institute Discussion Paper, No. 13-053/IL, Tinbergen Institute, Amsterdam and

Rotterdam

This Version is available at:
https://hdl.handle.net/10419/87407

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/87407
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

T1 2013-053/2 ®
Tinbergen Institute Discussion Paper /

Saving Private Pareto

Harold Houba’
Roland Iwan Luttens?
Hans-Peter Weikard?

TFaculty of Economics and Business Administration, VU University Amsterdam, and
Tinbergen Institute,

2 Amsterdam University College;

3 Wageningen University and Wageningen School of Social Science.



Tinbergen Institute is the graduate school and research institute in economics of Erasmus University
Rotterdam, the University of Amsterdam and VU University Amsterdam.

More Tl discussion papers can be downloaded at http://www.tinbergen.nl

Tinbergen Institute has two locations:

Tinbergen Institute Amsterdam
Gustav Mahlerplein 117

1082 MS Amsterdam

The Netherlands

Tel.: +31(0)20 525 1600

Tinbergen Institute Rotterdam
Burg. Oudlaan 50

3062 PA Rotterdam

The Netherlands

Tel.: +31(0)10 408 8900

Fax: +31(0)10 408 9031

Duisenberg school of finance is a collaboration of the Dutch financial sector and universities, with the
ambition to support innovative research and offer top quality academic education in core areas of
finance.

DSF research papers can be downloaded at: http://www.dsf.nl/

Duisenberg school of finance
Gustav Mahlerplein 117
1082 MS Amsterdam

The Netherlands

Tel.: +31(0)20 525 8579



Saving Private Pareto

Harold HOUBA* Roland Iwan LUTTENS!
VU University Amsterdam and Tinbergen Institute Amsterdam University College

Hans-Peter WEIKARD?

Wageningen University and Wageningen School of Social Sciences

March 2013

Abstract

We include initial holdings in the jungle economy of Piccione and Rubinstein (Eco-
nomic Journal, 2007) and relax the assumptions on consumption sets and preferences.
We show that initial holdings are irrelevant for lexicographic welfare maximization.
Equilibria other than such maximizers can be jungle equilibria due to myopia. We show
that farsightedness restores the equivalence between jungle equilibria and lexicographic
welfare maximization. However, we also derive farsighted equilibria in which stronger
agents withhold goods from weaker agents. Then, gift giving by stronger agents is
needed to restore Pareto efficiency. Our results add to understanding coercion and the
crucial assumptions underlying jungle economies.

JEL Classification: D51, D61, P52

Keywords: power, coercion, jungle economy, withholding

*Department of Econometrics and Tinbergen Institute, VU University Amsterdam, De Boelelaan
1105, 1081 HV Amsterdam, Netherlands, Phone: +31 20 598 6014, Fax: +31 20 598 6010, Email:
harold.houba@vu.nl, URL: http://staff.feweb.vu.nl/hhouba.

f Amsterdam University College, VU University Amsterdam, SHERPPA (Ghent University) and CORE
(Université Catholique de Louvain), Phone: +31 20 525 7168, Email: r.i.luttens@auc.nl

fWageningen University and Wageningen School of Social Sciences, Postbox 8130, 6700 EW Wagenin-
gen, Netherlands, Phone: +31 317 48 24 94, Fax: +31 , Email: hans-peter.weikard@wur.nl, URL:
http://www.socialsciences.wur.nl/enr/



1 Introduction

Piccione and Rubinstein (2007), PRO7 hereafter, propose a stylized model to study jungle
economies. Coercion governs the bilateral exchange of resources in the jungle. Coercion
is driven by the agents’ preferences over bounded consumption sets and by an exogenous
ranking of agents according to their strength. Weaker agents concede to stronger agents
without engaging in costly conflict. The jungle economy mirrors the standard model of
an exchange economy. The distribution of power in the jungle is the counterpart of the
distribution of initial endowments in the market.

In a jungle equilibrium, a stronger agent no longer wants to take goods from a weaker
agent nor from a pile of common goods, that no other agent holds. PROT7 specify certain
conditions on consumption sets and preferences under which a unique and Pareto efficient
jungle equilibrium exists. This jungle equilibrium coincides with the unique lexicographic
welfare maximum in which all of the economy’s resources are initially common goods and
stronger agents take from the pile of common goods before weaker agents can.

It is tempting to conclude from PRO7’s intriguing analysis that exactly the particular
strength relation assumed in their paper constitutes the main driving force behind the fi-
nal distribution of resources obtained in the jungle. However, this conclusion is somewhat
premature. The goal of our paper is to provide a more nuanced view on the interaction of
strength, preferences and holdings behind the jungle equilibrium. Intentionally, we do not
deviate from PRO7’s strength relation throughout the paper.

In our analysis, we first replace the pile of common goods by initial holdings and we
modify lexicographic welfare maximization to include such holdings. Agents still take in the
lexicographic order induced by the strength relation, but now stronger agents take bilaterally
from a sequence of weaker agents, rather than once from the pile of common goods. Under

weak assumptions on consumption sets and preferences', we show that initial holdings are

I These assumptions are compact and comprehensive consumption sets and complete, transitive and con-
tinuous preferences.



irrelevant for lexicographic welfare maximization. Furthermore, each such maximum is a
jungle equilibrium and such maximizers exist. The economic intuition is that, since agents
take in the lexicographic order induced by power, stronger agents are always able to obtain a
lexicographic welfare-maximizing bundle through a sequence of bilateral takings. The initial
distribution of resources among agents in jungle economies is relevant only to determine how
much to take from whom.

Next, we investigate the role of preferences in conjunction with the possibility of jungle
equilibria that differ from lexicographic welfare maxima. We provide an example of a jungle
economy with two agents, three goods and Leontief preferences. In this example, initial
holdings exist in which each agent is unable to gain by single bilateral takings.? There are
at least three intriguing issues about this example.

First, Leontief preferences are monotone and convex and hence weaken the strongly
monotone and strictly convex preferences underlying the jungle economy of PR07. We
provide novel conditions on preferences that exclude our example and guarantee that all
jungle equilibria coincide with lexicographic welfare maximizing allocations.

Second, the jungle equilibrium concept fails to recognize that the stronger agent can
gain by a sequence of bilateral takings and, therefore, the jungle equilibrium includes some
myopia that does not matter in the jungle economy of PRO7. We show that if we include
farsightedness into the equilibrium concept, then this restores the equivalence between jun-
gle equilibria and lexicographic welfare maximization under the previously mentioned weak
assumptions on consumption sets and preferences.

Third, the strongest agent can sustain his welfare level while holding excess goods. Pareto
improvements can be achieved in case the strongest agent would give away these excess
goods for consumption by weaker agents. Of course, the strongest agent has no incentives

to do so and may withhold these excess goods from weaker agents, who cannot take it. In

2In the simplest case, the stronger agent holds everything of the first good, the weaker agent holds
everything of the second good while everything of the third good is available as a common good. Then, the
stronger agent has no use of the weaker agent’s holding of the second good if he is unable to simultaneously
obtain the common (third) good.



order to study the phenomenon of withholding further, we distinguish between holdings and
consumption. We provide a condition under which withholding will not occur in farsighted
equilibria, which includes the jungle economy in PRO7.

In another example, we derive a continuum of farsighted equilibria in which the strongest
agent holds goods in excess of his satiation point. This withholding of goods is Pareto
inefficient and only gift giving, i.e. giving away nonnegative amounts of goods, by stronger
agents can remedy this inefficiency. In a last example, we show that even such gift giving
may sometimes be insufficient to restore efficiency. Here, trade is needed.

These latter results exactly exemplify why we believe that our analysis is important
and adds to a better understanding of the crucial assumptions underlying jungle economies.
Pareto efficiency in the jungle is not a result of coercion alone. On the contrary, depending
on the kind of preferences present in the jungle, gift giving and trade, acts almost diametric
to coercion, are needed to keep the jungle efficient.

We proceed as follows. Section 2 presents a formal account of a jungle economy with
initial holdings. Section 3 investigates lexicographic welfare maximization and provides
novel conditions under which all jungle equilibria are solutions to such maximization. The
farsighted jungle equilibrium is investigated in Section 4. The subtle role of withholding

goods and giving goods is discussed in Section 5. Section 6 concludes.

2 The Jungle Economy

We consider a finite set of agents N = {1,...,n} of size n > 2 and a finite number of
m > 1 goods that are present in positive quantities. Agent ¢ € N has a consumption set
that is denoted C* C R’". This set is nonempty, compact and strictly comprehensive, i.e.,
for all ' € C" and 2’ € R such that 2° < z* it holds that 2* € Int C", the interior of C*.?
The preference relation of agent i on C? is denoted =' and it is complete, transitive and

continuous.

3Vector inequalities: a £ b, a < b and a < b. Furthermore, C denotes a subset and C a strict subset.



An allocation z = (z1,..., 2" 2""!) assigns a bundle z* € C' to each agent i € N, which
we refer to as agent i’s holdings, and 2" € R”" indicates the bundle of common goods that
is held by none of them. For convenience, we treat the bundle of common goods as agent
n+ 1 and we define Ny = N U {n+ 1} and C"*! = R7". The economy’s total endowment

equals @ € R An allocation z is feasible when 3,y 2' = @ and 2* € C" for all i € N.*

1 n+1>

The initial holdings are defined as the feasible allocation w = (w',...,w" w . In some
results, we fix @ and refer to the feasible allocation w as the allocation w of @.

Coercion governs the bilateral exchange of goods and it is driven by the agents’ preferences
and by strength. As in the jungle economy of PRO7, the strength structure is extreme. The
strongest agent of any pair of agents has the power to take anything that the weaker agent
possesses, while the weaker agent cannot take anything from the stronger agent.” We may
renumber the agents such that agent 1 is stronger than agent 2, who is stronger than agent
3, etc. In what follows, we often think of agent ¢ as the strongest agent in the arbitrary pair
of agents i and j meaning j > ¢. Formally, such pair of agents i and j is denoted (i, j) and
belongs to the relative-strength relation S = {(4,j) € N4y x Ny|j > i}.

Thus far, we have defined an economy driven by coercion as a tuple ({C*, ="};cn, w, S).
This tuple extends the jungle economy of PRO7 by introducing the initial holdings w. Fur-
thermore, each C? is a convex set and preferences in the jungle economy are strictly convex
and strongly monotone.®

We express feasible consumption as a feasible set of bundles in the stronger agent’s
consumption set that this agent is able to reach from his own and the weaker agent’s current

holdings. This set depends upon the identity of the pair of agents and upon their current

holdings. Formally, we define the correspondence ® : S x C? x C9 — C* as the set of feasible

4We include z' € C? into the definition of feasible allocations because technically speaking agent i’s
preferences on R7'\C" are undefined.

>The interpretation is that the weaker agent concedes to the stronger agent and does not initiate a costly
conflict knowing it will be lost for sure.

6Tn fact, strictly convex and monotone preferences imply strongly monotone preferences (we omit a proof).
However, for the sake of consistency with PRO7, we keep refering to the preferences in the jungle as strictly
convex and strongly monotone.



consumption
@((i,j),zi,zj) :{ﬁiECi]2i§zi—l—zj}. (1)

Note that ® ((i,7), 2%, 27) is increasing in 27. Since the weaker agent j cannot take from the
stronger agent i, we have z* € ® ((i, ), 2%, 27). By definition, ® ((i,7), 2%, 27) is a nonempty,
compact and comprehensive subset of C".

As a benchmark and point of departure, we adopt the jungle equilibrium of PRO7 in

which stability against bilateral taking by stronger agents is the key idea.

Definition 1 A jungle equilibrium is a feasible allocation z such that there does not exist a

pair of agents (i,7) € S and holdings ' € ®((i, ), 2%, 27) for which 2* =" 2".

3 Lexicographic welfare maximization

In the jungle economy of PR07, the unique equilibrium is obtained by lexicographic wel-
fare maximization in which a stronger agent’s welfare is maximized over his consumption set
before a weaker agent’s welfare is maximized. Moreover, the lexicographic welfare maximiza-
tion is performed as if all goods are initially common goods. We show that, for lexicographic
welfare maximization, initial holdings in jungle economies are indeed irrelevant. However,
other equilibria may exist and we provide sufficient conditions under which all jungle equi-
libria coincide with the lexicographic welfare maximum. These issues are analyzed in two

separate subsections.

3.1 Initial holdings

In this subsection, we define lexicographic welfare maximization for arbitrary initial holdings,
and then establish that initial holdings are irrelevant in such maximizer.

The lexicographic welfare maximization in PR07 is performed under w = (0,...,0,®), i.e.,
initially all goods are common goods. Since we impose almost no assumptions on the agents’

consumption sets and their preferences, uniqueness of the lexicographic welfare maximization



is no longer guaranteed. Therefore, we denote a lexicographic welfare maximum without
initial holdings as the allocation z* = (2*1, ..., 2*"™!) and the set of all such maximizers as Z*.
For j € N and holdings z*!, ..., 2%, the j-th level of the lexicographic welfare maximization
is defined as the bundle z*/ that is a best element of net takings for agent j according to =’

on (7 among feasible bundles. Formally, for j € N and holdings z*!, ..., 2*~!, for any best

element z*/ € ((j, n+1),0,0 - >0} z*l> it holds that

¥ tj 2 forall 2/ € ® ((],n—k 1) ,O,(D — Z] z*l> . (2)

i=1
By definition, z*" =@ — Y7 | 2*.

When initial holdings are arbitrarily distributed across agents, stronger agents have to
encounter several or all weaker agents in order to collect their preferred bundle through bilat-
eral takings. This implies some sequence of such bilateral encounters for each agent. Instead
of a dynamic approach, we propose a static approach that captures the essence of a sequence
of such bilateral encounters and that foregoes specifying the order in which a stronger agent
visits agents that are weaker.” As before, agents take from strongest to weakest, which still
suggests some dynamics. The sequence of bilateral takings by a stronger agent from weaker
agents is expressed as bilateral net takings from the weaker agents’ remaining holdings af-
ter all stronger agents took before. The sequence of bilateral net takings of each agent is
modeled as a static optimization program.

Formally, we define y*/ € R™, (i, ) € S, as the bilateral net takings by agent ¢ from agent
j.2 All bilateral net takings by agent i are denoted by the tuple y* = (y>*1 ... 4" 1). For
agent j € N, after bilateral net takings 7', ...,7’ ! by agents that are stronger than agent

J, agent j and the weaker agent k > j still hold

j =1 : k gy
w—g A respectively, w —E A
1= 1=

The j-th level of the lexicographic welfare maximization is defined as the tuple ¢’ of bilateral

TOur static approach foregoes issues as whether the order should be exogenous or endogenous.
8These net takings may be negative for some goods to allow for substitution, which is necessary especially
along the frontier of C".



net takings by agent j that is a best element according to =; on C7 subject to’

. . Jj—1 Y n+1 . X
A = = E 7+ E Yk e
=1 k=j+1

. -1 .
yh < w’“—z7 gk forall ke {j+1,...,n}.

We denote a lexicographic welfare maximum with initial holdings as the tuple (7',...,7"*1)
and the set of such maximizers as Y. Typically, the set of best elements will be large because,
for each best element 77, all feasible y/* and /¥ such that y/* + y/¥ = g% + 7% can be
used to construct another best element. For that reason, we express best elements in terms
of the associated consumption bundles. So, for § € Y we denote the associated allocation

z=(z..., 2"

) and the set of such maximizers as Z.
The following result holds for all consumption sets and preference relations within our

domain of preferences. Its proof and all other proofs are deferred to the Appendix.

Theorem 1 FEach lexicographic welfare maximizing allocation Z € Z is a jungle equilibrium
and initial holdings are irrelevant for the lexicographic welfare maximization, i.e., for fized

@ and the allocation w of @ it holds that Z = Z*. Moreover, the set Z is nonempty.

Theorem 1 confirms the implicit presumption that initial holdings do not matter for
lexicographic welfare maximization because any arbitrary sequence of bilateral takings by
stronger agents from weaker agents must result in a jungle equilibrium. In PRO7, any
allocation z* € Z* is immune against taking by stronger agents. Because of the equivalence
between Z and Z*, each agent’s bundle of holdings in z € Z is also immune to taking
in the economy with initial holdings and, hence, it is an equilibrium. In calculating the

lexicographic welfare maximization, the initial holdings w of @ do not matter. The stronger

9Equation (3) implies that

j—1

, i-1 . ‘ . i-1 i-1 ,
w! — Zi:l 7 4yt e B((4, k), w — Zi:l 7wk — Zi:l 7"y for all (j,k) € S.



agent can sequentially take from weaker agents as if he simply takes from a pile of common

goods as in PRO7.

3.2 Preferences

In the previous subsection, we showed that initial holdings do not matter. However, attention
was restricted to lexicographic welfare maximizing allocations. In this subsection, we provide
weaker sufficient conditions on preferences under which all equilibria coincide with such
allocations.

First, consider the following example in which the strongly monotone and strictly convex

preferences in PR0O7 are relaxed to monotone and convex preferences.

Example 1 Consider an economy with two agents and three goods. The economy’s total
resources are 0 = (1,1,1). The agents’ consumption sets are identical and given by C' =
C? = {a: eRY|z < (I)} for simplicity. For i = 1,2, agent i’s best element of =* on C"
mazimizes the Leontief preferences min {2}, 2%, 24}. For all w of @, the unique lexicographic

welfare mazimum %z is given by z* = & and z? = 2> = 0. However, for a € [0,1],
wh=(1,a,a), w? =(0,1—-0a,0) and w* = (0,0,1 — a)

form an equilibrium according to Definition 1 because neither agent 1 or agent 2 can gain
from bilateral takings. For o < 1, it differs from the lexicographic welfare maximum and it
is Pareto inefficient because 2! = (a, o, ), 2> = (1 —a,1 —a,1 —a) and z* = (0,0,0) is

welfare improving. Besides permutations, no other equilibria exist.

This example assumes Leontief preferences and initial holdings in which each agent is
unable to improve himself by bilateral taking. In the simplest equilibrium, which we would
identify as w! = (1,0,0), w? = (0,1,0) and w® = (0,0, 1), agent 1 has no use of agent 2’s
holding of good 2 if he is unable to simultaneously get access to the common good 3. Other

initial holdings can be an equilibrium as well.



There are intriguing issues about this example. First, what conditions on preferences
exclude these additional equilibria? We deal with this question in this subsection. Second,
the jungle equilibrium fails to recognize that stronger agents might evaluate the aggregate of
sequences of bilateral takings instead of single bilateral takings. The latter can be interpreted
as myopia. Farsightedness is an issue that we postpone until Section 4. Finally, for initial
holdings w! = (1, a, @), the amount 1 — a of good 1 does not contribute additional welfare
to agent 1 and this agent is indifferent between keeping it or disposing it. This observation
also reveals a glimpse of the issue of withholding goods, which is treated in Section 5.

Single bilateral takings are not enough to upset the initial holdings in Example 1 because
weaker agents do not hold all goods and the Leontief preferences do not improve from taking
a single good. Loosely speaking, the larger-than set at any 2! is not a subset of the better-

! Formally, for i € N, we define the larger-than

than set of Leontief preferences at this z
set L' (2') = {2 € C|2" > 2'} and the better-than set B’ (2') = {2 € C?|2" =" 2'}. Strongly
monotone preferences are equivalent to L' (2') C B’ (z), as is the case in the jungle economy.
Example 1 shows that the strictly convex and strongly monotone preferences in the jungle
economy cannot be weakened to convex and monotone preferences because for Leontief
preferences all boundaries of the larger-than set L' (z%) belong to the indifference set. In
fact, a single boundary of the larger-than set L’ (z%) that belongs to the indifference set is
enough to exclude L*(z%) C B*(z%). To put it differently, for strongly monotone preferences
the property L' (z) C B*(z') implies that welfare improvements just outside the boundaries
of L' (2") must exist in case 2 € Int C", i.e., L' (2") # (). That is, for any 2* € Int C" such that
2 > 0 for some good k, agent i can always improve his welfare by substituting an arbitrarily
small amount of this good for some extra of any other good I. This insight is important,
because agent i with such holdings z* can always improve his welfare by a single encounter
with any agent j who holds a positive amount of good I. However, for 2z at the frontier of

C" it holds that L' (z") = () and then it depends on the curvature of the consumption set C"

at z' and the curvature of the better-than set B’ (z') whether a similar substitution of good



k for good [ exist, i.e., whether a single encounter suffices.
The following result derives sufficient conditions under which all jungle equilibria coincide

with the lexicographic welfare maximum.

Proposition 1 If C?, i € N, is a convex set and preferences =* on C* are conver and

strongly monotone, for all ' € C, then the set of jungle equilibria is Z.

The conditions on preferences are slightly weaker than the condition of strictly convex and
strongly monotone preferences in PR07. The discussion above suggests that these conditions
cannot be weakened further. Moreover, in the proof (as in PRO7) it is established that for
any other allocation z there exists an agent ¢ € N who can improve his welfare in a single
encounter by substituting some of his holdings of one particular good by taking a small
amount of some other good from a weaker agent j € N,. Proposition 1 illuminates how
absolute strength and conditions on preferences are closely intertwined behind the surface

of the jungle equilibrium concept.

4 Farsightedness

Recall that the jungle equilibrium exhibits myopia in that it requires stability against single
bilateral takings. The myopia underlying the jungle equilibrium concept is the major reason
why jungle equilibria other than lexicographic welfare maximizers can be equilibria. In this
section, we include farsightedness into the equilibrium concept and show that all farsighted
equilibria maximize lexicographic welfare.

Formally, under farsightedness in allocation z, agent ¢ should not only consider bilateral
takings from a single weaker agent 7, as in the jungle economy, but rather consider sequences
of bilateral takings from (some or) all weaker agents. We model this dynamic sequence in a
static manner, similar as before. As in Section 3.1, agent ¢’s bilateral net takings from all
iit1 i)

weaker agents is denoted by the tuple 3* = (y . Given allocation z, agent ¢’s

s Y

10



bilateral net takings 1 are feasible if
. n+1 .. . .. .
! e " dy™ < 27 for all j 4+ 1,... 1}. 4
z—l—zj:my € and 7 < 2 forall je{i+1,...,n+1} (4)

Note that (4) implies that z'+y* € ®((4, ), 2, 27) for all (i, j) € S. This additional notation

allows us to define the farsighted version of the jungle equilibrium.

Definition 2 A farsighted jungle equilibrium is a feasible allocation z such that there does

not exist an agent i € N and feasible bilateral net takings y* for which 2* + Z?:}H Yyl o=t 2t

We show the following equivalence.

Theorem 2 FEach lexicographic welfare maximizing zZ € Z is a farsighted equilibrium z and

vice versa. Moreover, Z is nonempty.

Recall that all consumption sets are non-empty, compact and strictly comprehensive and
all preferences are complete, transitive and continuous. Therefore, the conditions for this

result are rather weak.

5 Farsightedness, withholding and giving

In principle, an agent is not forced to consume all her holdings and may voluntarily dispose or
waste some of the resources available to her. This property is called free disposal. Agents in
the jungle economy of PRO7 may freely dispose goods and this is captured by the assumption
that the consumption set is comprehensive. Given strongly monotone preferences in the
jungle economy of PRO7, all agents consume their holdings in equilibrium. The Leontief
preferences in Example 1, however, illustrate that the distinction between holdings and
consumption is more subtle and can matter. Holdings that are not consumed are withheld
from other agents in the economy. In the next subsection, we investigate withholding of

goods in farsighted equilibria.

11



5.1 Farsightedness and withholding

First, we motivate our analysis with another example. It is similar in spirit to Example 1
but differs in that a continuum of farsighted jungle equilibria are Pareto inefficient due to

withholding, a phenomenon that is not present in Example 1.

Example 2 Consider an economy with two agents and two goods. The economy’s total
resources are 0 = (2,1). The agents’ consumption sets are identical and given by C' = C? =
{x eR%|z < JJ} for simplicity. Agent 1’s best element of =' on C' maximizes the Leontief
preferences min{z{, z3} and agent 2’s best element of =? on C? mazimizes \/2? + \/25. For

all allocations w of W, the set of lexicographic welfare maximizers is given by
Z: {(21722’23) = Cl X 02 X 03’21 = (1_'_671)722 = (1 _570)75 € [071]}

This set coincides with the set of jungle equilibria as well as the set of farsighted equilibria
because neither agent 1 or agent 2 can gain from a sequence of bilateral takings. For e > 0,
the lexicographic welfare maximum is Pareto inefficient because z' = (1,1), 2% = (1,0) and
23 = (0,0) is welfare improving. So, only the lexicographic welfare mazximum corresponding
to ¢ = 0 1s Pareto efficient. The economic issue is that agent 1 has no incentives to keep
or giwe away his excess holdings € > 0 of good 1 and, by keeping this € of good 1, this agent
withholds it from agent 2, for whom it increases his welfare. So, withholding can be said to

occur whenever € > 0.

Example 2 shows that withholding of goods is an issue that hampers Pareto efficiency.
In this example, preferences are defined for holdings but one can raise the question whether
someone with Leontief preferences consumes all holdings or simply consumes only the corner
point while disposing the rest.!” From here on, we distinguish between an agent’s holdings
and his consumption. This distinction also requires that we redefine the agents’ preference

relations. Whenever an agent compares two bundles of holdings, say z* and 2%, she actually

10Gych ambiguity between consumptions and holdings cannot occur for satiated preferences.

12



compares best elements attainable from 2’ with best elements attainable from 2% and prefers
the holdings that allow the most favorable of such best elements.

Formally, given agent i’s holdings 2* € C, we denote agent i’s consumption under free
disposal as z' € R and define feasible consumption as ' < z* and 2' € C'. Then, by
comprehensiveness of the consumption set, ¢ € C* whenever z¢ < 2*. The presence of free
disposal implies that agent i’s preference relation over holdings, i.e., =%, must be distinguished
from agent i’s preference relation over consumption bundles, denoted =¢. Both preference
relations have to be logically consistent. We take preference relations =', i € N, as the
primitive and assume it is complete, transitive and continuous. These assumptions on =¢
and feasibility on the set {z' € C?|z* < 2} guarantee a nonempty and compact set of best
elements, denoted as (%), on the set of feasible consumptions. By definition, %, 2* € (%)
implies 2° ~* 2. The set 3°(2') defines =* as follows: Agent i prefers holdings 2* to 27, if
she prefers the best elements attainable from 2 to the best elements attainable to 2¢. That
is, 2 =" 2" if and only if for every 2’ € 5'(z') and &' € (") it holds that ' =! i'. The
redefined preference relation >=* on C? is complete, transitive and continuous as well.

The distinction between consumption and holdings requires to modify the lexicographic
welfare maximization based upon (3). As before, agents take from strongest to weakest.
The sequence of bilateral takings by a stronger agent from weaker agents is expressed as
bilateral net takings from the weaker agents’ remaining holdings after stronger agents took
before. What differs is maximization over the preferences over consumption bundles and an
additional constraint. For j € N and after bilateral net takings ',...,7’~! by agents that
are stronger than agent 7, the j-th level of the modified lexicographic welfare maximization
is defined as the consumption bundle 27, holdings 7 and the tuple 3’ of bilateral net takings

by agent j that are a best element according to =7 on C” subject to

P <
, , i1 ntl ,
@ = wl— Zi:1 g Zk:jJrl y** € C7 and (5)
ik < kN ik ,
yr's w Z,_ly forallk e {j+1,...,n+1}.

13



We denote a modified lexicographic welfare maximum by an upper bar. As before, the best
element 7/ will not be uniquely determined and we suppress it from our notation. Also, for
each best element 77, all feasible 2/ > 77 can be used to construct another best element, but in

order to study excess holdings we maintain z’/ in our notation. So, we write 7 = (z',...,z")

1 sn+1

for the allocation of consumption bundles, z = (z',...,z2"!) for the allocation of holdings

and the set of such maximizers as X x Z. The associated excess holdings are denoted as the

tuple € = (2! — ', ..., 2" — "), where each vector & is nonnegative. The set of all excess
M ) b

holdings is E.

The farsighted equilibrium of Definition 2 can be easily modified to include consumptions
and holdings. Given holdings z* and consumption z¢ < 2%, agent i should not prefer to
change his holdings by a sequence of feasible bilateral net takings 1° to obtain holdings
2+ Z?;lﬂ y“ € C* from which to consume ¢ < 2¢ + Z;;lﬂ y“. In short, in a farsighted
jungle equilibrium agent i weakly prefers x’ to any feasible #*. These considerations lead to

the following modified version of the farsighted equilibrium.

Definition 3 A modified farsighted equilibrium is a feasible pair (x,z) such that there does

not exist an agent i € N, a tuple of feasible bilateral net takings y° such that zl—{—iji;l Yy e

n+1
j=i+

C'" and a consumption bundle &' < 20 + > 7"y for which &' = .

The following result holds for all consumption sets and preference relations within our

domain of preferences. It is stated without proof.

Theorem 3 Each modified lezicographic welfare mazimizing pair (7,2) € X X7 is a modified

farsighted equilibrium (Z, Z) and vice versa. Moreover, X X Z is nonempty.

Obviously, each modified farsighted equilibrium induces nonnegative excess holdings and
there exists a modified farsighted equilibrium with no excess holdings, i.e., 0 € E.
One important issue is under what sufficient conditions none of the players will withhold

goods from other agents.

14



Proposition 2 If all preferences =¢ on C*, i € N, are strongly monotone, then z' = z* in

any modified farsighted equilibrium.

Strongly monotone preferences exclude withholding or excess holdings, i.e., £ = {0}.
This condition holds in the jungle economy of PRO7. Example 2 shows that it is impossible

to relax the conditions of this result to monotone preferences.

5.2 Farsightedness and giving

In general, withholding of goods is Pareto inefficient. It seems that only gift giving by
stronger agents can remedy this inefficiency. For the moment, we interpret gift giving in the
strict sense of giving away nonnegative amounts of goods. Of course, there are no incentives
for such givings in the jungle economy. Nevertheless, we study what might happen if stronger
agents allow weaker agents to consume their excess holdings.

Although gift giving can be Pareto improving, the following example shows that it may

be insufficient to remedy the inefficiency of modified farsighted equilibria.'*

Example 3 Consider an economy with two agents and two goods. The economy’s total
resources are @ = (1,1). Agent 1’s consumption set is given by C* = {x € R% |z + 2, < 1}
and, for simplicity, agent 2’s consumption set is given by C? = {aj € Rﬂm < @}. Agent 1’s
best element of =1 on C' maximizes the preferences x1 + x and agent 2’s best element of
ti on C? mazimizes \/x_% + \/3:—% Due to strongly monotone preferences, we obtain = on

C" by substituting z for x in ="' . For all allocations w of @, the set of lexicographic welfare

mazimizers 1s given by
Z={(227)eC' xC*xC®|z' = (e,1—¢),c €[0,1]}.

This set coincides with the set of jungle equilibria as well as the set of farsighted equilibria

because neither agent 1 or agent 2 can gain from a sequence of bilateral takings. Obuviously,

1Note that, in this example, the frontier of the stronger agent’s consumption set coincides with this agent’s
maximally attainable indifference curve in his consumption set. Therefore, this example is nongeneric, but
has to be taken into account.
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no withholding occurs. For € # %, however, the lexicographic welfare maximum is Pareto

inefficient because z' = (3,3), 2 = (3,3) and 2* = (0,0) is welfare improving. So, only

the lexicographic welfare mazimum corresponding to € = % 1s Pareto efficient. It can only
be reached from allocations with ¢ # % by voluntary trade in which one unit of good 1 1is
exchanged for one unit of good 2. Again, the economic issue is that agent 1 has no incentives

to trade.

From here on, for ease of discussion, we interpret gift giving more general to include
Pareto improving trade. The issue is that stronger agents have no incentives to give or trade.
Including givings into the economy requires to modify the lexicographic welfare maximization
based upon (5) one step further. As before, the order of bilateral net takings is from strongest
to weakest agents and agents take from the weaker agents’ remaining holdings after stronger
agents took before. In the presence of givings, for any £ > j > ¢ we assume that agent j can
take from agent ¢’s givings to agent k£ and this reflects a situation in which agent ¢ does not
protect his givings to weaker agents. Then, it is natural to assume that agents receive givings
in the same order from strongest to weakest agents, which avoids the notational burden of
accounting for taking from received givings.

Formally, we define g*/ € R™, (i,j) € S, as the bilateral givings from agent i to agent j.
All bilateral givings received by agent j are denoted by the tuple ¢/ = (¢, ..., ¢/~17), where
g' = 0. In the presence of givings, holdings z* already include bilateral givings received from
stronger agents. Before agent j receives bilateral givings from agent i, all agents between
iyi+1

i+ 1 and 7 — 1 received bilateral givings g ..,g"~1 from agent i. So, agent i holds

. . . -1 .
w’LEZ’l_Il_ E gZ,] 601

j'=i+1
before agent j receives bilateral givings ¢/ from agent i. Agent i will only allow bilateral
givings ¢/ that preserve his welfare and this imposes &' — ¢*/ > &', where &' — ¢/ € C* and

2J +g¢h € 07.12 This adds j — 1 feasibility constraints to agent j’s welfare maximization and

12This includes the subset of true bilateral givings g*/ € R from agent i to agent j given by 0 < g7 < &',
which is nonempty.
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this increases this agent’s holdings by the sum of all gifts received, i.e., Zf;ll gi. For j € N
and after bilateral net takings 7',...,7°~! and bilateral givings g',...,5’~! by agents that
are stronger than agent 7, the j-th level of the modified lexicographic welfare maximization
is defined as the consumption bundle 27, holdings 2/, the tuple 3’ of bilateral net takings

by agent j and the tuple ¢’ of bilateral givings received by agent j that are a best element

according to =7 on CY subject to

&b
IA

2,

. . -1 .. n+1 . j-1 . .

J Jj _ § 6,7 E J.k E (] J

S =1 Y + k=j+1 yr im1 Y €, (6)
i1

wk — E 7_1§Z’k forallke {j+1,...,n+ 1},

<
.
e

1A

Q' =g = W forall @' — ¢ e Ctandi € {1,...,5 —1}.

Similar as for best elements 3/ and 27, best elements g’ will not be uniquely determined either
and we also suppress it from our notation. So, we write (7, z) € X x Z with associated excess
holdings € € E.

The modified farsighted equilibrium of Definition 3 can be easily adapted to include
bilateral givings. Given holdings 2z’ and consumption x! < 2%, agent i should not prefer to
change his holdings to 2* and consumption #* < 2% by either a sequence of feasible bilateral
net takings 3 or (beg for and) obtain a sequence of bilateral givings from stronger agents
(or both) to obtain holdings 2* = 2% + Z?;lﬂ yl + 37" g% € C. In short, agent i weakly
prefers a2’ to such #°. These considerations lead to the following modified version of the

farsighted equilibrium.

Definition 4 A modified farsighted equilibrium with gift giving is a feasible pair (x, z) such
that there does not exist an agent i € N, a tuple of feasible bilateral net takings y' and a
tuple of feasible givings g* such that ' = z' + Z?Llﬂ Y+ Zf;ll g € C" and a consumption

bundle &' < 2 for which &' +! 2"

The following result holds for all consumption sets and preference relations within our

domain of preferences. It establishes the equivalence between lexicographic welfare maxi-
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mizing pairs associated with (6) and modified farsighted equilibria. More importantly, gift
givings (including trade) are a feasible way for economies with coercion to restore Pareto
efficiency. This means that any inefficient withholding of goods needs to be ruled out. The

result is stated without proof.

Theorem 4 FEach lezicographic welfare maximizing pair (Z,%) € X x Z associated with (6)
is a modified farsighted equilibrium (T, z) with gift giving and vice versa. Moreover, X x Z

is nonempty and every (T, Z) is Pareto efficient.

6 Conclusion

This paper provides an extensive analysis of lexicographic welfare maximization. Our work
can be interpreted as a sensitivity analysis on the crucial assumptions underlying jungle
economies, as first described by PRO7. Throughout the paper, we maintain the assumption
that stronger agents have coercive power over weaker agents. We discuss two extensions of
PRO7. First, we allow initial holdings of the agents, while PRO7 assumes that all goods are
taken from a common pool. We find that initial holdings are irrelevant for lexicographic
welfare maximization. Second, we allow agents in the jungle to be endowed with Leontief
preferences. In this case, as our Example 1 shows, stronger agents may not be able to gain by
any bilateral takings. Hence, jungle equilibria are no longer lexicographic welfare maximizers.
This result is due to myopia in the equilibrium concept, where only bilateral takings are
considered. We suggest the concept of a farsighted jungle equilibrium as an alternative. In
the latter, we require that no player can gain through a sequence of takings. Farsighted jungle
equilibrium restores lexicographic welfare maximization. However, Example 2 shows that a
farsighted jungle equilibrium need not be Pareto efficient. Stronger agents can withhold
from weaker agents goods that they do not wish to consume. Only voluntary giving can
restore Pareto efficiency in this case. In Example 3 we show that, in some nongeneric cases,
even trade is necessary to restore Pareto efficiency. Therefore, we introduce the notion of

farsighted equilibrium with giving (including trade) that allows a weaker agent to consume
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a stronger agent’s excess holdings. Note that the stronger agent does not have an incentive
to object. Hence, we interpret giving as the default option for the disposal of excess goods.
Initial holdings again do not matter in a farsighted jungle equilibrium with giving. Agents
can take in the order of strength and pass on any excess goods to the weaker agents.

Our notion of farsighted jungle equilibrium with giving implements private property rights
according to the strength relation between agents. However, acquisition is limited, such that
no resources are wasted. This microeconomic idea of an efficient jungle has its philosophical
counterpart in John Locke’s (1690, section 31) spoilage proviso. In his famous "Second
Treatise of Government" Locke argues that legitimate property rights are incompatible with
wasting resources. Locke’s second proviso that one can only privately acquire goods from the
common pool as long as "there is enough, and as good left in common for others" (section

27) is, however, violated in the jungle.

7 Appendix: Mathematical Proofs

Proof of Theorem 1
We first show that Z = Z* independent of the allocation w of @, which we do by proving

+l *+1) from 2* that

three claims. In the first claim, we will construct net takings (y*',...,y
are feasible according to (3). In the second claim, we show the reverse direction. The third
claim establishes the equivalence between Z and Z*.
Claim A: Fix w and the allocation w of w. For any z* € Z*, there exist net takings
(y*', ...,y 1) consistent with 2* such that if allocation z is feasible to (2) then z is also
feasible to (3) for z substituted by z*.

For any z* € Z*, (2) holds. We provide an algorithm to construct net takings (y*!, ..., y** 1)
from z*. Instep j € N of this algorithm, the auxiliary variable 27 (k;), k; € {k € N|k > j},

indicates how much of good ¢ = 1, ..., m is left unallocated at the start of iteration k;. Since

we let k; descend,'® we initialize 7 (n 4+ 1) = 2%/. For ascending j € N, descending k; €

3Descending k; fits a motivating story in which agent j first takes from the common goods and then from
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{k € N_|k > j} and ascending ¢ = 1,. . ., m, we take g2 = max {O,wC S et g (k])}

and 2 (k; — 1) = o (k;) — ye?%  Without going into further details, this algorithm con-
structs net takings (y*!,...,y*"™!) that are feasible to (3) for z substituted by 2*.

Claim B: Fix @ and the allocation w of @. For any lexicographic welfare maximizing
(7', ...,5"") (ie., z € Z), if allocation z is feasible to (3) then z is also feasible to (2) for

z* substituted by Zz.

From substitution in (3) we obtain

. n+1 n+1 72 k
VS DD I

_ ZnJrl wk B ZnJrl g]—l,k B Zj*2 Zn+1 gi,k
k=j k=j i=1 k=j
n+1 e - =2 .. J=2 =+l

= > wk—<z31—w]1+§ g™ 1)—2 > gt
k=j i=1 i=1 k=j
n+1 . n+1

— E : wk_zjfl_i /‘ E —zk
k=j—1 k=j— 1

Jj=1 _

By repeating the arguments of the last three lines, we eventually obtain 2/ < @ — 21:1 Zt.
Combined with 27 € 7, we obtain that 27 satisfies (2) for z* substituted by z.
Claim C: Fix @ and the allocation w of @. Then, Z = Z*.

We apply an induction argument to show equivalence of Z and Z*. For j € N,, let
z' = 2* i < j. Then, Claim A and B imply that the constraints underlying (2) and (3) are
equivalent to 2/ < @ — Y771 2% = o — 7" 7 and 2/ € C9. For j € N, the sets of best
elements according to =; on C? coincide. This allows us to select one of these best elements
and assign it to both z*/ and z’ to arrive at 2/ = 2*/. We then proceed to j + 1 for which
the induction hypothesis holds. For j =n 4 1, 2! =@ — Y7124 = g — Y15 = zntl
and the algorithm stops.

Claims A-C establish the equivalence between Z and Z* for fixed @ and arbitrary alloca-
tion w of w. It is therefore without loss of generality to consider only the simpler Z* in the
remaining steps.

Next, we show existence of a z* € Z*. For any j € N and arbitrary consumption bundles

weaker to stronger agents.
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24, .., 207 € R such that 2! + ...+ 297! <@, our assumptions on {CY, 77} ey guarantee
that agent j has a best element in the set ®((j,n +1),0,0 — 2! —... — 2/71). By definition,
such best element belongs to C7 and is bounded from above by & — 2! — ... — 2771, So, by
induction, there exists a best element 2*! € ®((1,n + 1),0,©) for agent 1 such that 2*! < @,
there exists a best element 2*? € ®((2,n + 1),0,& — 2*!) for agent 2 such that 2*? < @ — 2*!
etc.

Finally, we show that z* € Z* is an equilibrium. For any pair (j, k) € S, we have that

j—1

@((j,n—kl),O,@—Z z“) :<I><(j,n+1),z*j,u_)—z*j—Z;:if”)) D

O((j,n+1) 2% z*k) =®((j, k), 2 z*k).

i=1

Furthermore, z*/ is an element of all these sets and 2*/ is a best element of ®((j,n +1),0,0—
S™71 2*")). By the axiom of independence of irrelevant alternatives, 2*/ is also a best element
of ®((j, k), 2%, 2*k). Therefore, for any pair (j, k) € S, there does not exist a bundle 2/ =7 z*J

such that 29 € ®((j, k), 2", 2**). Hence, allocation z* is an equilibrium. QED

Proof of Proposition 1

By Theorem 1, the set Z = Z* is nonempty and independent of allocation w of @. Suppose
some feasible initial holdings w ¢ Z also form a farsighted equilibrium. For this w, we apply
(3) in order to compute a lexicographic welfare maximum z € Z with bilateral net takings
7', ..., 7" under the following tie-breaking rule: Although w ¢ Z implies that z # w, it
might be the case that for some j € N all bundles w!,...,w’~! are already best elements in
the lexicographic welfare maximization. For the largest of such j € N, we take z* = W’ for
i<jand y' =0, ..., 7! = 0 in the computations of the best element z/. So, for j € N
we encounter the first bundle z7 # w’ and tuple of net takings ¢/ = (g77*1,... 72" with
7% #£ 0 for at least one pair (j, k) € S such that 27 =7 wJ.

There are several cases.
Case 1: There exists a (j, k) € S for which 77* > 0. Then, w’ + §/* € & ((j, k) ,w’,w") and,

by strong monotone preferences, w’ + /¥ =7 w’, which contradicts w ¢ Z is an equilibrium.
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This case is impossible.
Case 2: There does not exist a (j, k) € S for which ¢** > 0. This can only occur when
+1

w’ belongs to the frontier of C7. So, L7 (w/) = @ and w’ + Z: - 7% € BJ (w’) with
=j

Z::H 7% £ 0. The nontrivial case features more than one §** # 0. Because w’ is
suboptimal, there does not exist a hyperplane separating the convex sets C* and B7 (w/).
Instead, there do exist sets of hyperplanes separating w’ from B’ (w’) and, similarly, w’
from C7. Formally, denote as the set A7 € R"™ of vectors a’ such that a/ (27 —w’/) > 0
for all 27 € B/ (w/) and the set D’ € R" of vectors &’ such that &’/ (27 —w’) < 0 for all
27 € C9. Then, A N DI = (). By =’ strongly monotone and C? strictly comprehensive,
a’ >0 forall @/ € A7 and d&/ > 0 for all &’ € D?. Furthermore, the sets A’ and D’ are each
nonempty and compact. Note that these are singletons under the smoothness conditions
in PRO7. For the general case, choose a/ € A7 and d’ € D’ such that they produce the
smallest cone containing B’ (w’). Such ¢/ and & exist. Then, from here on, the arguments
in PRO7 apply. We summarize their main argument. Because w’ on the frontier of C? and
n+1

. n+1 . . . . . iy .
w’ +Zj,: - 77" € BJ (w?), there exist goods k and [ such that wi—l-z y? > wy) and

Jj'=j+1

wi + Zk - ﬂf’k < wj for some other good I. Then it also holds that, for any € > 0, there
=J

exist an ¢; € (0,¢) and an ¢, € (0,¢) for which 27 € C7 given by 2] = 2] + &, 5/ = 2] — ¢

and 2%, = zi, for k' # I, k improves agent j’s welfare, i.e., 27 € B’ (27). That is, agent j is

also able to improve his welfare in a single encounter with some weaker agent j* € N, no

matter how little the weaker agent possesses of good I.

This completes the proof. QED

Proof of Theorem 2

By Theorem 1, the set Z is nonempty and independent of allocation w of @. Suppose some
feasible initial holdings w ¢ Z also form a farsighted equilibrium. For this w, we apply the
algorithm described in the proof of Proposition 1. As in the latter proof, for some j € N we
encounter a bundle 7 # w’ and tuple of net takings i/ = (g7, ... ") with g7k #£ 0

for at least one pair (j, k) € S such that z/ =7 w’/, which contradicts Definition 2. Hence,
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initial holdings w ¢ Z cannot form a farsighted equilibrium, i.e., Z C Z*F. Finally, it can be
verified that all initial holdings w € Z satisfy Definition 2 and, therefore, the set of farsighted

equilibria is 7, i.e., Z = Z*F. QED

Proof of Proposition 2
Suppose not, then there exists an ¢ € N such that 2 < 2%, which excludes equality. Consider
the feasible #' = 2*. Then >’ is strongly monotone implies #° =’ 2%, which contradicts the

optimality of (z¢,z%) in the i-th level of the modified lexicographic welfare maximization.

QED
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9 Proofs available upon request

Some details of the proof of Theorem 1

The following arguments prove Claim B. Condition (3) states

n+1 j—1
, k ik k ik
Zy“rZyj <t = g
k=j+1 =1

Substitution of the weak inequality into the equality yields

s EIEL R R
n+1 n+1 . n+1 n+1
SDIUTED DD DI AED DERTED DD Do
n+1 n+1 e n+1 i
= Zk:j L. Zk:j T Zi'_l Zk:j ik
_ Z:Jr]l W (Zj—l e Zj_f gz’,j—l) B Z Z"H ik
n+1 . n+1 71
- Zk]—1wk_2]1_z ijl *
_ ZnJrl S qu R qu 5
k=1 i=1 i=1
Combined with 2/ € CV we obtain 2/ € ® ((], n+1),0,0— Zj;ll ?). QED

Derivations of Example 2
Consider an economy with two agents and three goods. The economy’s total resources
are @ = (1,1,1). The agents’ consumption sets are identical and given by C! = C? =
{x eRl|z < w} for explanatory reasons. For i = 1,2, agent i’s best element of =% on C"
maximizes the Leontief preferences min {2}, 2%, z4}. For all w of @, the unique lexicographic
welfare maximum Z is given by z! = @ and 22 = 23 = 0.

In this example, we characterize which initial holdings w of @ can also be supported as
an equilibrium. After renumbering the goods, wj < wj < w! cannot be supported as an
equilibrium. To see this, whatever w of @ is, agent 1 is better off by taking ¢ € (0,w] of

good 1 from either agent 2 or the common goods. Such ¢ > 0 is unavailable if agent 1

holds everything of good 1 and then the inequalities of this case contradict w. So, consider
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wi = wd < wi. If this can be supported as an equilibrium, then it is necessary that a single
bilateral taking by agent 1 from either agent 2 or the common goods cannot improve agent
1’s well being. This requires either [w3 = 0 and w? = 0], i.e., agent 2 does not own good 2
and good 1 is unavailable as a common good, or the other way around [w? = 0 and w3 = 0],
or both. In what follows, it is without loss of generality to assume w? = 0 and w3 = 0.
Then, the initial holdings w of @ must also satisfy w} =1 —wj > 0, w3 =1 —w) > 0 and
w2 4+ w3 =1—w! > 0. In order to simplify notation, for 0 < a <A <land 0<vy<1-p,

we have characterized the following necessary structure on w of @ :
w' = (o, a, B), wr=(0,1—-a,v), wWw=(1-0a,01-8-7)

in which agent 1 has utility @ > 0 and agent 2 utility 0. It is also necessary that agent 2 has
no incentive to take from the common goods w?. By such taking, the best agent 2 can achieve
is min{1 — «o,1 —a,1 — }, and given S > «, a utility level of 0 requires 5 = 1. Then also,
v = 0. To summarize, for a € [0, 1], if w of @ satisfies w! = (o, a, 1), w?* = (0,1 — «,0) and
w3 = (1 —«,0,0), then w is an equilibrium according to Definition 1. For « < 1, it differs

from the lexicographic welfare maximum and it is Pareto inefficient because w! = (a, a, a),

w=(1-a,1—a,1—a)andw?=(0,0,0) is welfare improving. QED
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