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Abstract

Regulators often set value-at-risk (VaR) constraints to limit the portfolio risk
of institutional investors. For some investors, notably pension funds, the VaR con-
straint is enforced over a horizon which is significantly shorter than the investment
horizon of the investor. Our paper aims to investigate the economic costs and ben-
efits of this kind of regulation. Shorter regulatory constraint, on one hand, enables
an institutional investor, like a pension fund, to avoid large losses when the in-
vestment environment worsens but, on the other hand, also limits the institutional
investor’s ability to benefit from an increase in stock prices. We show that the
cost introduced by the short-term VaR constraints might over weight the benefits
brought by such constraints.
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1 Introduction

This paper investigates the economic consequences of a difference in the planning horizon
between an institutional investor pursuing long-term investment strategies and a regulator
enforcing prudential standards and practices on a short-term basis. Such a misalignment
of horizons between an institutional investor and a regulator are likely to exist in most
developed financial markets and affect, for example, banks, insurance companies, and,

notably, pension funds.

Consider the case of a bank operating under the Basel Accords. Under Basel 11 a bank
will be required to hold credit risk capital determined by 1-year default probabilities and
expected shortfalls. The regulatory horizon is likely to stand in sharp contrast with the
horizon of long-term investment projects involving payoffs in a more distant future a bank

has to evaluate with respect to his creditworthiness.

A second case is a pension fund, which faces long-term pension liabilities with typical
maturities of 15 years or more under a regulatory framework which imposes short-term
solvency constraints. In 2002, the Australian Prudential Regulation Authority (APRA)
launched the Probability and Impact Rating System (PAIRS). Using this system, APRA
first estimates each pension fund’s probability that the institution may be unable to honor
its financial promises to its members and then assigns supervisory stance accordingly. A
more recent example can be observed in the Netherlands where a pension regulatory
regime (Financieel Toetsings Kader, FTK) is effective as of January 2007. According to
the Dutch regulation, pension funds should always keep the probability of underfunding
one year ahead below 2.5%. Underfunding refers to the situation where the market value

of a pension fund’s assets falls below the market value of the pension fund’s liabilities.

The existence of such funding constraints can be understood in light of the recent
experience of a simultaneous decrease in pension assets due to a poor stock market per-
formance and an increase in pension liabilities due to low interest rates. For the UK,
KPMG estimated the aggregate funding deficit of the FTSE-100 companies reaches GBP
40 billion at the end of 2008. De Nederlandsche Bank reports that the average Dutch
pension funding ratio dropped from 144% in 2007 to 99% in the third quarter of 2010.
Of all Dutch pension funds, around 68% has a funding ratio below 105%. The situation
in the US is equally alarming. The funding deficit in America’s corporate pension funds
is estimated to be 350bn USD (Jgrgensen 2007).

The examples above demonstrate the particular importance of VaR constraints in

regulatory practice despite the theoretical shortcomings of this risk measure (see Artzner
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et al.1999). For this reason, we focus on VaR-type regulation. This paper provides
an analytical tool to assess the costs and benefits of a VaR-type regulation when the
regulatory horizon is as long as the investment horizon and when the regulatory horizon is
shorter than the investment horizon. In the latter case, within the investor’s investment
horizon, there are a number of subsequent and non-overlapping regulatory checks and
the investment horizon is divided into a few equal-length sub-periods. In general, the
investor has to insure his portfolio against the bad performance of the financial market
to guarantee that (1) the current period VaR constraint is met and (2) there is enough
wealth to fulfill the next periods VaR constraints. To do so, the investor has to hold more
risk-free assets and less risky assets, thus, his ability to profit from the favorable financial
market performance is limited. The economic benefits and costs are measured by the
reduction in the expected portfolio wealth shortfall and the equivalent amount of wealth
lost due to the VaR regulation respectively. We show that a short regulatory horizon can
prevent portfolio wealth loss very effectively but at the same time also introduces a large
opportunity cost by limiting the investor’s ability to invest in risky assets and profit from

the favorable stock market performance.

The strategic asset allocation problem has been studied extensively. For example, Kim
and Omberg (1996) and Wachter (2002) study the optimal portfolio allocation where
the price of risk is mean-reverting. Bajeux-Besnainou, Jordan and Portait (2003) and
Sorensen (1999) solve the optimal investment problem when interest rates are stochastic.
This paper is related to the literature studying the optimal portfolio trading strategy un-
der constraints. Grossman and Vila (1992) provide explicit solutions to optimal portfolio
problems containing leverage and minimum portfolio return constraints. Basak (1995)
and Grossman and Zhou (1995) focus on the impact of a specific VaR constraint, the port-
folio insurance!, on asset price dynamics in a general equilibrium model. Van Binsbergen
and Brandt (2006) assess the influence of ex ante (preventive) and ex post (punitive)
risk constraints on dynamic portfolio trading strategies. Ex ante risk constraints include,
among others, VaR and short sell constraints. Ex post risk constraints include the loss
of the investment manager’s personal compensation and reputation when the portfolio
wealth turns out to be low. They found that ex ante risk constraints tend to decrease

gain from dynamic investment while ex post risk constraints can be welfare improving.

Basak and Shapiro (2001) discuss the impact of the VaR type regulation on the
institutional investors’ portfolio wealth and trading strategies. Their results show that a

VaR constraint keeps the portfolio value above or at the threshold value, e.g. the value of a

IPortfolio insurance is a special case of VaR constraint, which requires the probability that the port-
folio wealth falls below a certain threshold value to be zero.
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pension fund’s liability, when the investment environment (states of the world) is favorable
but generate a loss in unfavorable states of the world. The favorable (unfavorable) states
are the ones in which it is cheap (expensive) for the investor to raise his portfolio wealth
to the level of the threshold value. Ironically, the loss under a VaR constraint is even
larger than the one without a VaR constraint in those unfavorable states. The unfavorable
states of world occur with probability a. This probability is set by the regulator. The
explanation is as follows. The VaR constrained investor is only concerned about the
probability but neither the magnitude of the loss, nor in which (cheap or expensive)
states this loss occurs. Therefore, it is optimal for him to incur losses in unfavorable

states where it is most expensive to raise his portfolio wealth.

In Basak and Shapiro (2001), the VaR horizon is as long as the investment horizon and
interest rates are deterministic. We extend the Basak and Shapiro (2001) paper by (1)
embedding a number of subsequent and non-overlapping short-term VaR type regulations
in the portfolio optimization problem and (2) allowing for a stochastic interest rate. We
show that more frequent regulation can prevent the investor from generating a loss in
unfavorable states due to the fact that there is a minimum amount of portfolio wealth

required to fulfill future VaR constraints.

We also analyzed the portfolio choices of three types of investors, namely, an investor
facing a number of short-term VaR constraints during his investment horizon (the multi-
VaR investor), an investor facing one long-term VaR constraint during his investment
horizon (the one-VaR investor), and an unconstrained investor (the benchmark investor).
We find that the portfolio choice of the multi-VaR investor differs considerably from the
one of the one-VaR investor and the benchmark investor. The deviation is most profound
in the "transitional" states where there is a highest uncertainty regarding whether the
future investment environment will turn out to be favorable or not. The one-VaR investor
will have a large demand for risky assets and a low demand for riskless assets to finance
a large portfolio wealth if the financial market turns out to be favorable, and generate
a large amount of loss otherwise. The multi-VaR investor has a much smaller demand
for risky assets and a much larger demand for riskless assets to compensate for the loss
the risky assets might generate if the financial market turns out to be unfavorable and
thus, guarantees that his portfolio wealth is sufficient to fulfill future VaR constraints in

all circumstances.

Finally, we find that both the size and the probability of having a high or a low
portfolio wealth level decrease as the regulatory frequency increases. More frequent VaR

constraints does seem to be effective in reducing the size and the likelihood of a portfolio
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wealth loss but at the cost of losing the ability to benefit from the booming financial

market.

Cuoco et al. (2008) considers the optimal trading strategy of institutional investors
under short-horizon VaR constraints assuming that the portfolio allocation over the VaR
horizon is constant and the interest rate is deterministic. We extend Cuoco et al. (2008)
by allowing for optimal and time-varying portfolio allocations over the VaR horizon and
having a stochastic interest rate. This enables us to quantify the costs and benefits of
a VaR regulation given that the institutional investor behaves optimally and study the

hedge behavior of the investor under short-horizon VaR constraints.

This paper is also related to the literature about dynamic trading strategies of pension
funds. Sundaresan and Zapatero (1997) considers an optimal asset allocation with a power
utility function in final surplus. Boulier et al. (2005) assume a constant investment
opportunity set with a risky and a risk-free asset. In their paper, the pension plan
sponsor aims to minimize the expected discounted value of future contributions over a
given horizon. Inkmann and Blake (2008) proposes a new approach to the valuation of
pension obligations taking into account the asset allocation strategy and the underfunding
risk of a pension fund. This paper focuses on the optimal portfolio wealth of a pension
fund when the regulatory horizon is shorter than its investment horizon and evaluates the
economic costs and benefits of such a regulation. Advantages of having frequent short-

term VaR constraints include, among others, smaller expected portfolio wealth losses.

The outline of the paper is as follows. Section 2 describes the investment environ-
ment. Section 3 studies the optimal portfolio wealth and trading strategies under VaR
constraints and Section 4 discusses the economic costs and benefits of imposing short-term

value-at-risk type of regulation. Section 5 concludes.

2 The Investment Environment

We consider a continuous-time stochastic economy on a finite horizon [0,7] in a com-
plete financial market. There are four assets in the market, namely, a zero-coupon bond
maturing at time T, a cash account, a stock index and a constant maturity zero-coupon

bond fund. The stock index (with dividend reinvested) is assumed to follow,
dSt = (T't + @S) Stdt + USStdZS,t7 (1)

where r; is the short-term interest rate, ®g is the stock risk premium, og is the instan-

taneous stock price volatility and Zg; is a standard Brownian motion. The short-term
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interest rate r; follows a Vasicek process,
d?"t = K (F — T't) dt — Urer,t> (2)

where x determines the mean-reverting speed of the interest rate, 7 is the long-term in-
terest rate, and o, is the instantaneous volatility of the interest rate. Z,, is a standard
Brownian motion. The two Brownian motions, Z,; and Zg;, are correlated with correla-
tion coefficient p,,. Vasicek (1977) derived the price of a zero-coupon bond at time ¢ with

T — t years to maturity and a face value of $1, Pt(T_t)7
]Dt(T—t) = exp (—A (T — t) — B (T — t) Tt) , (3)

where

2

AT —t) = ROO((T—t)—B(T—t))+Z—’"B(T—t)2

KR
D, o?
Roo =T - - Ta
T Kk 2K2
1— efn(Tft)
pr_y = L)
K

®,. describes the interest rate risk premium, and R, describes the yield to maturity for
a very long time-to-maturity bond (i.e., T' — ¢t approaches to infinity). The duration of
this bond D, is defined as the elasticity of the bond price with respect to the short-term

interest rate, i.e.,
|

D, = .
K d?‘t PtT_t

For this zero coupon bond, the duration is described by B (7" — t) . Using the Ito-Doeblin

Lemma, the dynamics of the zero-coupon bond prices are given by

dPt(T—t)
Pt(T_t)

— (4 @B (T 1) dt +0,B(T —t)dZ,,, (@)
— (Tt + CI)pO'Pt(T_t)) dt + O'Pt(T—t)er’t, (5)

where the price of the bond risk, ®p, is ®,./0,, and the standard deviation of the bond
UP(T—t) is O'TB (T — t) .

Following (4), the price dynamics of a bond fund with M-year constant time to ma-



Economic Costs and Benefits of Imposing Short-Horizon Value-at-Risk Type Regulation

turity?, PM, are y
dp
PtM

= (r;+ ®.B(M))dt +0,B(M)dZ,;.
All our bonds are not defautable.

Since the market is dynamically complete, there exists one unique pricing kernel. Let

(, describe the diffusion process of the pricing kernel,

d . R
% = —rdt — $,dZs, + ,dZ,,, (6)
t
where
& O'T(I)S — pgrq)rUS
’ 0,05 (1= pZ)
~ Ur(I)s/)ST — @ras
S

oros(1=p3)

Merton (1992) shows that the pricing kernel can be constructed as the inverse of the

growth-optimum portfolio. Please See Appendix A for the derivation and the verification
of ¢,.

3 Optimal Portfolio Wealth and Trading Strategies

We consider the problem of an institutional investor who starts with an endowment W,
and must select a portfolio 7 € II so as to maximize the expected utility F[u(Wr)] of
the terminal value of the trading portfolio. Assume that the institutional investor has a

power utility function with constant relative risk aversion (CRRA) parameter .

The regulator imposes a VaR constraint on the institutional investor: the probability
that the portfolio wealth at time ¢ + 7 falls below W should not be larger than «, where
« is usually a small number in the interval [0,1]. The VaR constraint can be formulated

as
Prt (Wt+7- < w) S a, t e [O,T] s

where 7, 7 > 0, is the regulatory horizon, o« € [0,1] and the "floor" W is specified

exogenously. For a pension fund, the "floor" is the value of its liability at time t 4+ 7. In

2In a stochastic interest rate investment environment, if the zero-coupon bond matures at time T is
the only bond in the portfolio, this bond then has two tasks, which are (1) to achieve the optimal interest
rate risk exposure for speculative purpose and (2) to hedge the interest rate risk as it is a risk-free asset
over the investment horizon. To uncouple these two functions we introduce a bond fund with H-year
constant time to maturity, P!, as in Bajeux-besnainou et al. (2003).
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this paper, both 7 and W are set by the regulator.

In the single-constraint model, the regulatory horizon 7 is as long as the investment
horizon 7. At time 0, the regulator requires that the probability the portfolio wealth at
time T falls below W should be smaller than «a, say 2.5%,

Pl"() (WT < w) < .

In the two-constraint and the more general multi-constraint models, the investment hori-
zon stays the same but the regulatory horizons become shorter and shorter. In the two-
constraint model, the regulatory horizon equals half of the investment horizon, meaning
that there are two subsequent and non-overlapping VaR constraints within the investment

horizon, i.e.,

Pr, (W% < m)
Pr% (WT < w) < q.

VAN
L

In the multi-constraint model, say m-constraint model, each VaR horizon is T'/m and
there are m non-overlapping and subsequent VaR constraints within the investment hori-

zomn.

3.1 Without Regulatory Constraints

When no VaR constraints are imposed, the investor’s optimization problem is,

1—y
T "
s.t. EO (CTWT) S COWO- (8)

The solution to this problem is classical, but we provide a short recollection for exposi-
tory reasons. Following the so-called Martingale method by Cox and Huang (1989), the

optimal portfolio wealth at time T without a VaR constraint, W#, is

WE = (y0)7

0% TR R R P g‘%
= exp |— —— | —= ——)o
0€XP | —H¢y T ~ 9 ~ T | ST >

where the Lagrangian multiplier y equates the budget constraint (8), p., and Jét’T
represent the mean and the variance of the log normally distributed pricing kernel at

time t respectively. The values of p., - and aéﬂ are given in Appendix A.

8
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Let ¢ stand for any pre-horizon time. Let 7§, , 7%, and - stand for the percentages

t t
of portfolio wealth invested in the stock index, the bond fund and the zero-coupon bond
at time t respectively. 1 — 7y — 7r”“1‘3tM
in the cash account. The subscript u refers to the case when no VaR constraints are

— Moo percentage of portfolio wealth is invested
t

imposed. The optimal portfolio without a VaR constraint is then given by

u 17
T3, 75 0s ) 0
T = 1
Ptl\l 1 o B(OM) (br + (1 _ l) 0 . (9)
T J 0 T 1
P ~—
K term I ~~ - term 3
term 2 term 4

The optimal portfolio is a weighted average of two funds, a speculative fund (the
second term on the right-hand side of (9)) and a hedge fund (the fourth term on the
right-hand side of (9)). The portfolio strategy of the speculative fund depends on, among
others, the risk premia of underlying assets. The portfolio strategy of the hedge fund
is driven by the investor’s desire to hedge interest rate risk. Therefore, the hedge fund
consists only of the zero-coupon bond which matures at the end of the investment horizon.
The portfolio weights assigned to these to funds are the relative risk tolerance 1/ on
the speculative fund and the complement 1 — 1/ on the hedge fund. For an investor
with a log utility (v = 1), the hedge term vanishes. For an investor who is extremely risk
averse (77 = 00), this investor will invest his entire wealth in the hedge fund. Provided
that the risk premia, ®¢ and ®,., are constant, portfolio weights on these four assets are
constant over time as in Bajeux-Besnainou, et. al. (2003). Appendix B.1 provides a

short derivation of (9).

The indirect utility of current wealth at time t, is the maximum expected utility
conditional on the information available at time t. The maximum is obtained by the

optimal wealth process. Without a VaR constraint, the indirect utility at time t takes

the form,
w o (Wyexp [(A(T—t)%—B(T—t)r)])l_7 1/1
J (W) = \ ¢ T ¢ exp 5 ; -1 aét’T (10)
tcr‘g 1 te;rrn 2

Sorensen (2001) argues that the indirect utility of current wealth can be interpreted as
the expected utility of future wealth as if current wealth were invested in a zero-coupon
bond which matures at time T without default risk (the first term in (10)) and adjusted
with the term e2 (3 ~)78er. Agin (4), exp [(A(T —t) + B (T —t) r,)] is the inverse of the

price of a zero-coupon bond with 7" — ¢ years to maturity and a face value of $1. The

9
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adjustment term reflects the investor’s risk-return trade-off from holding risky securities.
The indirect utility at time t is increasing with both portfolio wealth at time t, W;, and
the interest rate at time t, r,. A high (low) interest rate will result in a high (low) yield
of the zero-coupon bond and, therefore, a high indirect utility. Appendix B.2 provides a
short derivation of (10).

3.2 The Single-Constraint Model

In our single-constraint model, the VaR horizon is as long as the investment horizon, the

investor’s optimization problem is

Wy
I%XEO . i > (11)
subject to Eo [CoWr] < (W, (12)
Prg (WT < w> <a. (13)
The problem (11) can be re-stated as
Wy
L (Wr, () = Eo 1i—7 — Y WrCr + 45 Twpow | +yGWo — 42 (1 - a) (14)

where "I’ is an indicator function which takes the value of 1 if Wy > W holds, the
Lagrangian multipliers y** and 5! solve (12) and (13) respectively. The subscript cl
stands for one VaR constraint. Since the last two terms of (14) are constants, the optimal
wealth in the single constraint model W¢! is the wealth which maximizes the function
value within Ej [-] in (14).

Following Basak and Shapiro (2001), the optimal portfolio wealth is built pointwise
on the realized value of the pricing kernel at time T ({;). The pricing kernel, (., takes
different values in different states of the world at time T. We use w to indicate the states
of the world, where w € €, and ) refers to the sample space. For each given value
of (7., w € €2, the optimal portfolio wealth is the one which maximizes the value of
L (WT, ¢ T,w) . Basak and Shapiro (2001)’s result can be directly applied here even though
in our case interest rates are stochastic. The optimal portfolio wealth at time T when

the VaR horizon is as long as the investment horizon is

_1 _1
Wit = (y'¢r) Lp<min(erie) ¥ Wi (o ) <coses + (v7¢r) "oz (15)

1

where QCTI is defined by (ydg‘;)_7 =W, ZCTI is defined by Pry (CT > Z?) = « which

10
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means that at time 0 the probability that (; will be larger than ZCTl is &«. When the
VaR constraint is binding, we have gch smaller than ZCTI When the VaR constraint is not

binding, we will have gch larger than or equal to Zch and W& = W

Figure 1 depicts the portfolio wealth at time T in the single constraint model, W4
In this figure, W& is compared with the portfolio wealth without a VaR constraint, W¥.
The portfolio wealth without a VaR constraint W} is a decreasing function of (. The
portfolio wealth with a VaR constraint W¢! falls into three distinct regions in which the
investor exhibits different investment behavior. For (1 < ¢ ;1 ("good" states), the investor
behaves similar to the case where there are no VaR constraints. For Zch > (p > QCTl
("intermediate" states), the investor keeps his wealth at W. For (, > Zch ("bad" states),
the fund manager behaves again as if the VaR constraint is not imposed and incurs
large losses. The probability that the investor will end up in the region where ¢, > Z:Cpl
is . Recall that the quantity (;, can be interpreted as the marginal cost at time 0
of obtaining one additional unit of wealth in state w at time T. Thus, the investment
environment worsens as the value of (, increases. Under a VaR constraint, the investor
is only concerned with the probability but not the magnitude of a loss, therefore, the
investor chooses to raise the portfolio wealth to W in states when it is relatively cheap to
do so. Thus, the wealth level in states where ZCTI > (p > QCTI is raised to W and there are
large losses in the "bad" states where (; > Z;l since the probability of ending up in these
states is o and it is most expensive to raise the wealth level to W in these states. As a
result, in the "bad" states, the institutional investor under a VaR constraint generates a

larger loss than the one without a VaR constraint.

Basak and Shapiro (2001) shows that We! is equivalent to the sum of unconstrained
1
portfolio wealth (y'¢,)” and a "corridor" option from which the investor will get W —

(yCICTf% when min (gCTl,ZCTl > <(rp < Z;l holds and nothing otherwise. That is,

cl __ cl —% o cl —%
Wi = (y"¢r) +<w (v"'¢r) )Hmin(cgl,c?)scTsc%l' (16)

11
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Portfolio Wealth at Time T (Single-Constraint Model)
24 T T T T T T

aar -

18
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“ 05 g 1 L5 g 2 25 3 35
o £

Figure 1: This figure depicts the portfolio wealth at time T in the single constraint
model. The blue dashed line represents the optimal portfolio wealth at time T in the
single-constraint model W¢l and the red solid line represnts the optimal portfolio wealth

Z1
at time T without a VaR constraint W. ¢ ch is defined as (ydgch) T=W. Cch is defined

as Prg <CT > ZCTl> = «. The parameter values are Wy, =1, k = 0.15, 7 = 0.05, ¢, = 0.015,

®p = 0.05, the maturity of the bond fund M = 10 years, o, = 0.25, the stock Sharpe
Ratio Ay = 0.25, p,,. = 0.2, W = 1.05, rg = 4%, v = 2, and o = 0.025.

12
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With one VaR constraint, the intermediate wealth at time t is

Wtd _ CTEtCT (17)

el el
= - —d L
(v°1¢))° +[ (r7'<.) iN( lmm<<“<T>)

+We(ugtT+2a<tT 2m1n C”,CT ) _we(ug,z,TJr%az,t,T)N( d2Ech>

/\

Iy

Yot jct “(- “T>]

where

log <C£t> - (M(,t,T + Ug,t,T)
d2,z = ’

o¢tT

1
dl,a: = d2,x+_UC,t,T7
Y

1 1 11
I, = H¢ 4.7 + = 5 gtT N (:uC,t,T + Ug,t,T) + 5?02%71.

The first term in (17) derives from the unconstrained portfolio wealth and the remaining

terms reflect the value of the "corridor" option at time t.

The percentages of wealth invested in the stock index, the bond fund and the bond

are
ﬂ—g,lt 1 f_;Xgp}ec t 1 0
cl c _
Tpm = ; o—TB(M)XSI%ect + (1 7) 0 , (18)
W?DltT*t 0 Xhedge t
where
dWcl C
X;:lec = = : : v (19)
pec;t dCt Wtcl
dwet 1
Xhedge t — : ) (20)

dri wep (T — 1) (1 . %)

X¢).., is the demand of the speculative fund relative to demand in the unconstrained

model. And Xjl,., is the demand to the hedge fund relative to demand in the uncon-

cl

strained model. Appendix C provides the derivations of 7rst, Tom, T
t

Xcl

hedge,t*

cl
PT ty Xepees and
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Figure 2: This figure shows the optimal portfolio allocation at time ¢ = 7'/2 in Panel A and
optimal portfolio wealth at time ¢ in Panel B with and without a VaR constraint. In this
figure, the interest rate at time t is fixed at 4%. In Panel A, the red solid line represents the
portfolio weight allocated to the speculative fund relative to the unconstrained portfolio
weight X, and the blue dashed line represents the portfolio weight allocated to the
hedge fund relative to the unconstrained weight Xﬁédge,t' In Panel B, the red solid line
represents the portfolio wealth at time t without a VaR constraint ;" and the blue
dashed line represents the portfolio wealth at time t in the single-constraint model W,
The parameter values are Wy = 1, Kk = 0.15, 7 = 0.05, 0, = 0.015, ®p = 0.05, M = 10
years, o, = 0.25, Ay = 0.25, p,,. = 0.2, W = 1.05, ry = 4%, and a = 0.025.
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Both the optimal portfolio allocation and portfolio wealth depend on the interest rate
and the pricing kernel value at time 7'/2. Figure 2 shows the optimal portfolio allocation
at time 7'/2 in the left panel (Panel A) and portfolio wealth at time 7'/2 in the right
panel (Panel B) with and without a VaR constraint when the interest rate at time t is

fixed at 4%. Figure 3 shows the portfolio choice at time t with different interest rates.

In Figure 2 Panel A, the red solid line represents the portfolio weight allocated to
the speculative fund relative to the unconstrained portfolio weight X¢..., and the blue
dashed line represents the portfolio weight allocated to the hedge fund relative to the
unconstrained portfolio weight Xjl, . In Panel B, the red solid line represents the port-
folio wealth at time t without a VaR constraint W and the blue dashed line represents
the portfolio wealth at time t in the single-constraint model W¢!. In the Panel A, as the
investment environment becomes worse, the VaR investor allocates less (more) to the
speculative (hedge) fund to fulfill the VaR constraint at time T. As the investment envi-
ronment deteriorates further but the chances of ending up in the "intermediate" states are
still very high, the VaR investor starts to increase (decrease) allocation to the speculative
(hedge) fund. At that time, the investor is gambling. If the financial market at time T
ends up in "intermediate" states, he can finance his portfolio wealth at W by holding
more risky assets. If the financial market at time T ends up in "bad" states, his portfolio
wealth will suffer a loss which is larger than the one without a VaR constraint. The VaR
constrained investor is only concerned about the probability but not the magnitude of
the loss. Therefore, the investor is willing to incur losses in compliance with the VaR
constraint. As the investment environment becomes even worse, the investor is sure that
he will end up in the "bad" states at time T where the VaR constraint is not binding.
Thus, he behaves as if the VaR constraint is not imposed. The investment behavior de-
picted in Panel A leads to a hump shaped portfolio wealth at time 7'/2 shown in Panel
B.

In figure 3 Panel A, the red (grey) solid line and the red dashed line represent the
relative portfolio weights in the speculative fund (Xg,..) and the hedge fund (Xji,,.)
respectively when r, = 10% (0%). In general, a higher interest rate is related to a higher
yield on the default-risk-free zero-coupon bond P! ~* which makes the VaR constraint
easier to be fulfilled. Thus, a higher interest rate shifts the portfolio allocation curve
rightward. For example, when the interest rate is 0 and the value of the pricing kernel
is 1, the investor considers to increase his allocation to the risky assets to finance his
portfolio wealth at time T to the level of W. However, when the interest rate is 10% and
the value of the pricing kernel is 1, the investor will not consider to increase his allocation

to the risky assets since the high yield from the riskless bond is sufficient to finance his
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Figure 3: This figure shows the relative portfolio weights (Panel A) and the portfolio
wealth at time t (¢ = T'/2) with different interest rate in the one-constraint model. In
panel A, the red (blue) solid line and the red dashed line represent the relative portfolio
weights in the speculative and the hedge fund respectively when 7, = 10% (0%). In panel
B, the red (blue) line and the red dashed line represent the portfolio wealth with one-VaR
constraint when 7, = 10% (0%). The parameter values are Wy = 1, k = 0.15, 7 = 0.05,
o, = 0.015, ®p = 0.05, M = 10 years, o5 = 0.25, Ay = 0.25, p,. = 0.2, W = 1.05,
ro = 0.04, and a = 0.025.
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portfolio wealth at time T to the level of W. Panel B shows the portfolio wealth with

one-VaR constraint W¢! is decreasing as the interest rate r; increases.

3.3 Two- and Multi-Constraint Models
The optimal portfolio wealth under two VaR constraints, W2, solves the problem

1—r

max Ey—L
L=~

s.t. EoWr(r = (o Wo,

Pr, (Wg < m) <a,
Prs (Wr <W) < a.

(21)

Our model directly embeds two VaR type constraints. We are going to use the backward
iterative solution procedure to solve (21). First, we solve the maximization problem in
the second period, that is, [7/2,T]. This second period problem is identical to the one-
constraint model. We assume that at time 77/2, the investor starts with wealth W%.
Following the same solution method as the one in the one-constraint model, we find the
optimal wealth at time T, W2 and the indirect utility function at time 7'/2 J T ( %2)
Second, we solve the maximization problem in the first period, that is, [0,7'/2]. The
difference between the maximization problem in the second and first period is that in

Wi o .
1; while in the first period the

the second period, the objective function is max E%

objective function is the indirect utility of the problem, namely, max EyJ$ ( f) .
2

2

We discuss these two steps in more details. The maximization problem for the second

period is

(22)
s.t. E% (CTWT) = CZW%

The optimal portfolio wealth at time T under two-VaR constraints is

1 1

2 vy ~y -
Wi = (y%CT) HCTSmin(QS?,Z?) +wﬂmin<§§?7z;2><CT§Z;2 + (ngT> H§T>CT2’
_1
where I denotes an indicator function, g;? is defined as (y% g;?) T =W, yr solves the
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budget constraint function and 2;2 is defined as Pr T (CT > Z?) = a.
The indirect utility at time T/2, J$ ( §2> , takes the form
2 2

(Wg2)' ™

L=~

1(1 1=
= LGt () A ra]

1—7

I (Werg) = By
2 2 2 2

J/

TV
term 1

x [N (D17min<@2,@2>> +N (—Dl,ﬁﬂ

N

TV
term 2

wi
S <N (-Dmin(#ﬁ)) N (—Dml))
\\,—/ _

~
term 3 term 4

where

log (c%) ~HezT
D23: =

1
Dl,x = D27$_0—C,TT(1__)‘

The first two terms of (23) derive from the utility over final wealth in the "good" ({, <
min <§§?,Z§? )) and "bad" states ((; > () and the probabilities of ending up in these
states. The third and fourth terms derive from the utility over portfolio wealth in the
"intermediate" states (min <§CTQ,E;2> < (p < E;Q) and the probabilities of ending up in

these states.

The indirect utility (23) depends on both the interest rate at time 7'/2 and the portfolio
wealth at time 7'/2. Figure 4 shows the indirect function at time T/2 for ry/, equals to
0%, 5% and 10% respectively. For small portfolio wealth, the indirect utility under a VaR
constraint is smaller than the one without a VaR constraint. As the wealth increases,
the two indirect utilities converge as the VaR constraint becomes less binding. For any
given portfolio wealth at time 7'/2, the indirect utility J% (W?, 7’%) increases with the
interest rate. This result is driven by two facts. First, a part of the indirect utility is
expected utility over portfolio wealth in the "good" and "bad" states at time T. In these
states, the investor under a VaR constraint behaves as if the VaR constraint has not been

imposed. As discussed earlier, the indirect utility at time 7'/2 without a VaR constraint
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Indirenct Utility at time I (Two-Constraint Model)
a7 T T T T T
=TT = 0%
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Figure 4: This figure shows that the indirect function at time M for r,; equals to 0%, 5%
and 10% respectively. The indirect utility is defined in (23). The parameter values are
Wy =1,k =0.15,7 = 0.05, 0, = 0.015, ®p = 0.05, M = 10 years, o5 = 0.25, \; = 0.25,
P = 0.2, W =1.05, 7o = 0.04, and o = 0.025.

is increasing with the interest rate at time 7'/2. Second, high interest rate is coupled with

higher zero coupon bond yield which makes the VaR constraint easier to be fulfilled.

The optimal trading strategy in the period from time 0 to time 7'/2 is a solution to

the problem

max EyJ$& ( %2) (24)
s.t. EOW%QC; = §02Wo,

Prg ( < w) < a, (25)

Pry < %2 < W%min) =0, (26)

is the minimal portfolio wealth required to fulfill the next period’s VaR

where W% min

constraint. The maximization problem in the first-period has one extra constraint (26).

The minimum wealth at time T which makes it possible to fulfill the VaR constraint in

(22) is
. —=c2
W )W i <(r
T min — . —=c2
0 it (p>Cp

i.e., keeping the portfolio wealth at time T at the level of W in the "good" and "inter-
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mediate" states and leaves the portfolio wealth at 0 in the "bad" states. Therefore, the

minimum wealth at time 7'/2, WT equals CLTE%EQT]I Cp If the wealth at time

m1n7
2

T/2 is smaller than W% min» 1t 18 not possible to fulfill the VaR constraint in the next

period. The minimum wealth at time 7'/2 is negatively related to the interest rate at

time 7'/2 since the higher the interest rate the easier it is to fulfill the VaR constraint at

time T.

The Lagrangian for the constrained optimization problem (24) is given by

L = E [JT ( > - yo CTWT +3/2 ]IW"2>W 3/3 ]IW“2<WT } (27)

+y8 CoWo — 3/52 (1-a),

where y§?, ys* and y5* are Lagrangian multipliers solving (,Wy — Ey ({ T §2> = 0,
EO]IW02>W =1— o« and EOI[W02<WT = 0 respectively, with y52 > 0, y52 > 0 and
ys? = oo. The Lagrangian multlpher ys? guarantees that the VaR constraint in (21) is
satisfied and the the Lagrangian multiplier y$? makes sure that the portfolio wealth at
time 7'/2 is sufficient to fulfill the VaR constraint next period. The last two terms of (27)
are constants. Thus, finding a W%? which maximizes the value of (27) is equivalent to

2
finding a portfolio wealth which maximizes the value of the function within Ej [-] in (27).

Again following the martingale method, the optimal portfolio wealth at time 7'/2 can
be found using a pointwise optimization. That is, for each pair of interest rate at time
T/2 and the pricing kernel value at time 7'/2, the optimal portfolio wealth is the one

which maximizes the function L (7“1 Cr, %2>.
2’732 5

The numerical procedures to find the optimal portfolio wealth W are as follows.
First, we simulate N scenarios of interest rates, T and pricing kernel ifalues at time %,
(r T s with ¢ = 1,2,...N. Second, we create a vector with H different portfolio wealth in a
very broad range, WT with j = 1,2,...H. Third, since the indirect utility (23) depends
on both the interest rate at time 7'/2 and the portfolio wealth at time 7'/2, for each
we evaluate the value of J% <T%,i, W%]> for all WI%JSS. Fourth, for

each scenario of interest rate and pricing kernel value, i.e., rr ;,,(r , withi =1,2,...N, we
27 27

evaluate the function value L (7“%,2'7 (%’i, W%J) for all W7 it with j = 1,2,...H. Finally,

interest rate rr ,,
2 k)

3To speed up the numerical process, we could first evaluate the indirect utility function value Jys (-)
for a small sample of interest rates. As we see in figure 4, for each given portfolio wealth the value
function value is almost linearly increasing with interest rates. This relationship enable us to use linear
interpolation to evaluate the function value Jas (ras:, War ;) for i € [1, N].
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for each pair of rr ; and (r ,, the optimal portfolio wealth is the one which maximizes
2 b 2 b
the value of L (-).

The optimal portfolio wealth Wg depends on both ¢ T and re. Panel A of Figure
5 compares the optimal portfolio wealth in the two-constraint (W§?), single-constraint
(W¢') and unconstrained models (W) at time 7/2 when the interest rate r1/2 is 4%.
Panzel B depicts the optimal portfolio2 wealth under two VaR constraints when interest

rates at time 7'/2 are 4% and 10% respectively.

Panel A shows that, in "good" states (low pricing kernel values) , the portfolio wealth
without any VaR constraints W¥% is the largest, followed by W§ and W$. When the
investment environment deteriorQates, the investor with two Vafi constraiilts keeps his
wealth level at W. When the investment environment deteriorates further, the investor
with two VaR constraints keeps his portfolio wealth at Wz i 80 that he has enough
wealth to fulfill the next period’s VaR constraint. Thus, at time %, the optimal portfolio
wealth under two VaR constraints in "bad" states are much larger than both the one
under one-VaR constraint and the one without any VaR, constraints. However, in "good"
states the portfolio wealth under two VaR constraints is much smaller than both the one

under one VaR constraint and the one without any VaR constraints.

From Panel B, we can conclude (1) in "good" states, the optimal portfolio wealth de-

decreases

creases as interest rates increase, (2) the minimum wealth at time 7'/2 (W%mm)

as the interest rate increases since a high interest rate leads to a high zero-coupon bond
yield and thus reduces the minimum amount of wealth necessary to fulfill the next pe-
riod’s VaR constraint, and (3) the states in which the investor keeps his portfolio wealth
at W no longer depend only on the pricing kernel values. For example, in Panel B, the
investor choose to keep his portfolio wealth at W in the state where ¢, = ¢; and r, = 0%
while leave the portfolio wealth at Wt i 10 the state where (, = ¢, and 7, = 10% even
though ¢, is larger than 5212 and (, is smaller than ch The investor decides in which
states he keeps his portfolio wealth at W not only on the value of the pricing kernel but
also on the interest rates. For each state at time ¢, ¢ € [0,7], the cost of raising the
portfolio wealth from the unconstrained portfolio wealth W to W equals ¢, (W — W}*).
At time T, as shown in Figure 1, the unconstrained portfolio wealth W} monotonically
decreases as (; increases. Therefore, at time T, it is always cheaper to raise the wealth
level to W in states where (; < Z;? While at time 7'/2, the unconstraint portfolio wealth
depends on both the pricing kernel value and the interest rate. For any given value of ( T,

the unconstrained portfolio wealth W§ decreases when the interest rate increases. Thus,
2
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Pariel &: Portfolio Wealh st tive TO wﬂrm = 4% [ Tro- Comstraivt Blode 1)
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Figure 5: Panel A compares the optimal portfolio wealth in the two-constraint model
I/VC2 (the black dotted line), single-constraint model T/VCl (the blue solid line) and uncon-

strained model W“ (the red solid line) at time 7'/2. The interest rate is 0.04. Panel B

shows the optimal portfoho wealth at time T/2 under two VaR constraints when interest
rates are 4% (the black dotted line) and 10% (the grey solid line) respectively. The pa-
rameter values are Wy = 1.05, k = 0.15, 7 = 5%, o, = 1.5%, ®p = 0.05, M = 10 years,
os =025 A\, =0.25, p,, = 0.2, W =1.05, 7o = 4%, and o = 0.025.
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Probability Density Distribution at Time T
T T T T T

Figure 6: This figure depicts the probability density functions of portfolio wealth at
time T under one-VaR constraint (W£!), two-VaR constraints (W:?) respectively. The
probability density functions of Wl and WE? are then compared with the probability
density function of portfolio wealth at time T without a VaR constraint (W}).

the cost of raising the portfolio wealth to W in states with large pricing kernel value,
ie, ( r > ZC%Q and low interest rates might be cheaper than the one in states with small
pricing kernel value, i.e., ¢ T < ch, and high interest rates.

Figure 5 shows that two subsequent and non-overlapping VaR constraints can reduce
the portfolio wealth loss at time T'/2 very effectively but at the cost of lowering the
portfolio wealth when the financial market is booming. Since the institutional investor is
interested in the final portfolio wealth, Figure 6 depicts the probability density functions
of portfolio wealth at time T under one VaR constraint (We!), two VaR constraints (W52)?
respectively. The probability density functions are then compared with the one without
a VaR constraint (W}).

For both W& and W2, there is a probability mass build-up at the wealth level W.
The probability mass for W is much larger than the one for Wg'. Both probability
distribution exhibit a discontinuity. For the two-constraint model, no wealth falls between

W and Wr oy, at time T /2 as shown in Figure 6. For the one-constraint model, there is

4The final wealth under two VaR constraints are estimated as follows. First, we estimated the indirect
utility at time 7'/2. Second, we estimated the optimal portfolio wealth W$2. W2 is related to the interest

2 2
rate at time 7'/2 and the pricing kernel value at time 7'/2. We simulated 2500 scenarios of r7,3 and (r/s.
Third, we estimated the optimal portfolio wealth at time T for each simulated scenario at time T'/2.
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1
no wealth falls between W and (yglz;l) " at time T as shown in Figure 6.

The probability mass build-up for large wealth is smaller as the regulatory frequency
increases. However, the probability mass build-up for small wealth is also smaller as the
regulatory frequency increases, meaning both the size and the probability of portfolio
wealth loss decreases as the regulatory frequency increases. Overall, more frequent VaR
constraints does seem to be effective in reducing portfolio wealth loss but at the cost of

losing the ability to gain wealth when the financial market is booming.

At time t, 0 <t < %, the portfolio wealth is

Wy :aEt (camy?).,

and the optimal portfolio allocation is

W‘S;?t , f—;ch , 0
¢ c2
w03 o] )
7TPtT,t 0 Tt
where
XSt = dggf Ciﬂ, (29)
X2 hedget — thCQ ! ) (30)

dre wep(r-1(1-1)

Xg.. is the demand of the speculative fund relative to demand in the unconstrained
model, and X, is the demand to the hedge fund relative to demand in the uncon-

strained model. The first order derivatives are approximated as follows,

2
thc ~ Wt G A Wt G — A

ac, 2 x A(, ’
thC2 ~ Wt T+ Ary T Wtc,%thTt
d?"t 2 X Art ’

where Wt‘fgt FAC, (Wf’gﬁ Ac,) refers to the portfolio wealth at time t in the two-constraint
model when the pricing kernel takes the value of ¢, +AC(, (¢, —A(,) while other parameter
values keep unchanged and W2 et Ary (We2 ._ar,) refers to the portfolio wealth at time t

in the two-constraint model when the interest rate takes the value of ry + Ary (ry — Ary).
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Figure 7: This figure shows the relative portfolio weights in two-constraint, i.e.., X ,ﬁdge
and X ., and one-constraint model, i.e.., Xj}, . and X, where Xjl, . X . X2, .
and X7 . are defined in (19), (20), (29), and (30) respectively. X;pec s are the demand of
the speculative fund relative to demand in the unconstrained model, and Xj_, s are the
demand to the hedge fund relative to demand in the unconstrained model. The parameter
values are Wy = 1.05, k = 0.15, 7 = 0.05, 0, = 1.5%, ®p = 5%, M = 10 years, o, = 25%,

As = 0.25, p,. = 0.2, W = 1.05, ro = 4%, and o = 0.025.
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Figure 7 shows portfolio weights in two-constraint and single-constraint models rela-
tive to the one in the unconstrained model at time 7'/3 when the interest rate rr/3 is 4%.
When the financial market performs extremely well, both the investor under two VaR
constraints and the investor under one VaR constraint behaves as if no VaR constraints
have been imposed. As the market deteriorates, both investors increase their holdings
in the hedge fund and decrease their holdings in the speculative fund. As the financial
market deteriorates further, both investors increase their holding in the speculative fund.
At that time, even though the financial market does not perform well but it is still very
likely that the investors might end up in the "bad" states at time T and T/2. Therefore,
both investors are gambling. At the same time, however, unlike the investor under one
VaR constraint who decreases his holdings in the hedge fund, the investor under two VaR
constraints increases his holdings in the hedge fund to compensate for the possible loss
generated by the speculative fund. By doing so, the investor under two VaR constraints
guarantees that his portfolio wealth is large enough to fulfill next period’s VaR constraint
in all circumstances. As the financial market deteriorates still further, the investor under
two VaR constraints decreases his holdings in the speculative fund to keep his portfolio
wealth at W%

fund since it is no longer necessary to invest in the hedge fund to compensate for the pos-

i at time 77/2. At the same time, he decreases his holdings in the hedge
sible loss generated by the speculative fund. But his holdings in the hedge fund remains
at a very high level to keep the portfolio wealth at time 7'/2 large enough to fulfill next

period’s VaR constraint.

The analysis above can easily be extended to more than three constraints. For exam-
ple, if there are m subsequent and non-overlapping VaR constraints within the investment
horizon, we start by solving the optimal portfolio wealth in the last period and then pro-
ceed backwards by repeating the numerical procedures developed for finding the first

period’s optimal portfolio wealth in the two-constraint model.

4 Benefit and Cost Analysis

In this section, we consider a pension fund with 15-year investment horizon as an example
to analyze the cost and the benefit of VaR-type prudential regulation. The regulatory
horizon considered here is 1 year, meaning that in the 15-year investment horizion, there

are 15 non-overlapping VaR constraints.

The economic cost is measured by the certainty equivalent loss ce relative to the

unconstrained portfolio allocation problem. The certainty equivalent loss ce is defined as
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the equivalent amount of wealth lost due to the VaR regulation, i.e.,
Jo (Wo —ce) = Jg™ (W),

where J§ (-) stands for the indirect utility at time O without a VaR constraint, and
J§™ (W) is the indirect utility at time 0 with m VaR constraints. The economic benefit
is measured by a reduction in the expected shortfall at time 0. The expected shortfall,
SFg™, is defined as

SE™ = Eymax (W — Wy, 0).

We assume that x = 1.5%, ¥ = 5%, o, = 1.5%, ®p = 5%, M = 10 years, cg = 25%,
P = 20%, W = 1.05, g = 2%, and the stock Sharpe ratio A\, = 25%. These set of
parameters are close to those obtained by empirical studies, for example, Chan et al.
(1992). In particular, p,,. is chosen to be positive so that the correlation between interest
rate and stock price is negative which is suggested by Campbell (1987). For a pension
fund, the natural choice of the "floor" W is its liability. In this paper, we assumed that the
value of the pension fund’s liability is constant over time but it can be easily extended to
the case when the liability value is stochastic as long as the liability value is exogenously

determined.

Figure 8 shows the certainty equivalent loss and the expected portfolio wealth shortfall

of a pension fund with v = 2 and o = 2.5%.

We find that the fifteen VaR constraints can significantly reduce the portfolio wealth
shortfall. It is almost guaranteed that at the end of the investment horizon the pension
fund’s portfolio wealth will be above W. For example, when the initial portfolio wealth
is 1.1, which corresponds to a funding ratio of about 1.05, the expected shortfall is about
0.35% when no VaR constraints are imposed. The expected shortfall decreases to almost
0 as the regulatory frequency increases. However, the certainty equivalent loss is 4.3%
when there are 15 VaR constraints and 0.05% when there are two VaR constraints. In
this numerical example, the cost introduced by the 15 VaR constraints over weights the

benefit these VaR constraints bring.

5 Conclusions

The value-at-risk type constraint is often adopted by regulators to limit the portfolio risk
of institutional investors. However, the regulatory horizon is usually much shorter than

the institutional investors’ investment horizon. We find, e.g, that constrained investor, as
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Figure 8: This figure shows the certainty equivalent loss (Panel A) and the expected
shortfall (Panel B) of a pension fund with a 15-year investment horizion. The parameter
values are k = 0.15, 7 = 0.05, 0, = 0.015, ®p = 0.05, M = 10 years, o, = 0.25, Ay = 0.25,
P = 0.2, W =1.05, rg = 2%, and a = 0.025.
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expected, often invests more in the risk-free asset than unconstrained investors. However,
unintendedly, constraints may under certain market conditions also lead to gambling
behavior in order to be able to meet future regulatory constraints. Also shorter regulatory
horizon, on the one hand, enables an institutional investor like a pension fund to avoid
large losses when the investment environment worsens but, on the other hand, also limits

the institutional investor’s ability to benefit from an increase in stock prices.

Appendix A: The Derivation of the Pricing Kernel and
the Bond Price

A.1 The Derivation of the Pricing Kernel

T—t
p

the stock index, the zero coupon bond with 7' —t¢ years to maturity and the cash account

Assume that the investor will invest 7, 7, ~* and 1 — 7, — ﬂg_t percent of his wealth in

respectively. Let W; be the portfolio wealth,

AWy

= (r, + I @) dt + 11" 2dZ,, (31)
W,
where
-
1 =
bl
o
d =
_(I)TB (T - t):|
Y [ os 0 ’
0 o,B(T—t)
-dZst
Az, = B
! _dZm]

Merton (1992) shows that the pricing kernel is the inverse of a growth-optimum port-
folio. Under the following three assumptions, (1) the stochastic structure and the infor-
mation flow is represented by a probability space (€2, F, P) where the filtration F' = (F}),
t € [0, T, satisfies the usual conditions (see, for instance, Duffie (1992)), (2) markets are
free of arbitrage, frictionless, and continuously open, and (3) the prices of the risky assets
and the zero-coupon bond follow semi-martingales with finite expectation and variance,

the growth-optimum portfolio is the optimal portfolio with the objective of maximizing
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Eylog (Wr) and the pricing kernel is the inverse of the growth-optimum portfolio (see

Bajeux-Besnainou and Portait 1998).

The growth-optimum portfolio is given by

m = (3ps) e,

(I)S _ ps'rq)’r
— J%(l_pgr) USGT(]-*pgT)
_(bsps'r + d, !
osorB(t,T)(1-p2,) = o?B(t,T)(1-p3,)

where
b pe
e 1]
and dZ,; x dZ,, = p,,dt. Insert (32) into (31), we get

AW,

W, = (re+1'®)dt + 11" SdZ

- <Tt + (Aéi - 2psr&5s$r + QAbi) dt + &SstS,t - &rdZT,h

where
&5 0, Ps — p, P05
© T Toos(—p2)
3 O"I‘¢Sp3r - ¢7‘O-S
¢, =

oros(L—p2)

Therefore, the growth-optimum portfolio wealth at time t is

t

1

W, = Woexp(/ rodu + =
0

9 (&i - 2psrés$r + &72") t+ (Abs (ZS,t o ZS,O)
_&571 (Zr,t - Zr,O)) :

The pricing kernel, which is the inverse of the growth optimum portfolio, is

¢ = Coexp {— /Ot Tydu — % <¢2 — 20,,0,0, + ¢2) t

_{bs (Zs’t - ZS,O) + {bT‘ (Zﬂt - ZT70)i| °
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Applying Tto-Doeblin lemma to (37), we have

d . .
% = —rdt — $,dZ s + b7y
t

If the pricing kernel derived in (37) is correct, we must have
1

SO - _EOCtSta (38)
0

where S; is a stock price. The diffusion process of the stock price is described in (1). It

can be verified that the stock price is

! 1
S; = Syexp (/ rudu — §a§t + Pt + 05 (Zst — Zs,O)) . (39)
0

Thus,

1 /-2 AlA ~2
EOCtSt = COSOEO |:6Xp (_/Tudu - 5 (QSS - 2psr¢s¢r + ¢’I‘) t

—CAbs (Zs,t - ZS,O) + CAbr (Zr,t - Zr,O))

X exp </ rydu — %O’it + Pt + 05 (Zss — ZS,0)>} (40)
1 /-2 ala A2 1
= gOSOEO exXp |:(_§ <¢s - 2psr¢s¢r + ¢r> + q)S - §O€) 13
X <_ (Q%s - US) (Zs,t - Zs,O) + (}r (Zr,t - Zr,O))]
= (pSoexp <<I>S + gAbSUS — qAbraSp) t (41)

Substituting (34) and (35) into (41), we get
D5+ ¢y05 — 0504 =0,

and therefore,
1
SO = _EOCtSt
0

holds. Thus, the pricing kernel derived in (37) is correct.

Mamon (2004) showed that — fot rydu is log-normally distributed with mean

t =
E [—/ rudu] S (1- e’”(t’O)) —7(t—0),
0

K
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and variance,

Var {—/Otrudu} :—;—3 (t— 01— (B(t—0)— (t—0)).

Therefore, log ((,/(,) is normally distributed with mean

1/~ A A ~
oo = (F=To) B(E=0) =T (t=0) = 3 (9. — 20,86, +8,) (t—=0),  (42)

and variance
2 @T 72~
0lo = —g—;B (t—0)* + (2? — %) (B(t—0)—(t—0)) (43)
. (t—0) + by (t—0) — 20,0, (t — 0).
A.2 The Derivation of the Bond Price

The price of a bond that pays $1 at time T without a default risk is

P = ClE (Cp x $1). (44)

Inserting (37) into (44), we get

T
B 1/ R
PO — Bexp (- / rudu = 5 (asi 2B+ ¢f) r
t

_&)s (ZS,T - Zs,t) + &r (Zr,T - Zr,t)) . (45)

Since log% is normally distributed with mean f, ;- and variance Uz‘,t,ﬂ we have

Pt(T_t) = €xp |:M§,t,T + §Ug,t7T} (46)

2 2 N “ PN
+% (_O—_;B (7-)2 + (2% — %) (B (T) — 7') + Qi'r + QbiT - 2psr¢s¢r7—>:|
— 6Xp<Roo(B(7—)_7_)_TtB(7—)_£ (7‘)2>7
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where

T = T —t,
®, o2
Ro = T4 -0
Tt K 2K2
1_€—H(T—t)
Br_p - L=

R

Applying Ito-Doeblin Lemma to (46), we have

dP, dP, 1dP?

dP, = = + ——Ldr, + ==L (dr,)? 4
t dt + th Tt+2d27”t( Tt) ) ( 7)
where
dP, dB (1) o? dB (1)
— = B — ——/B dt 4
dt : ( gt oo =) Feo = 9 B =5 (48)
dP, —
%dn = P (—B(7)(k(F—r))dt —odZ,;) (49)
t
dr? 2 2 2
d2_7‘t (th) = PtB (’7') o“dt (50)
dB (7) —k(T—t)
— — K ]_
7 e (51)
Substituting (48)7(51) into (47), we have
P, P
B e ) o di+ 0B (1) dZ,, (52)
t K

= [re+ Ppop|dt +opdZ,y,

where
o,
¢p = >
Or
op, = 0.B(T)
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Appendix B: Optimal Portfolio Wealth and Indirect
Utility without a VaR Constraint

B.1 The Optimal Portfolio Allocation
The pre-horizon portfolio wealth without a VaR constraint is

1
W = C—EtCTW%‘ (53)
t

- 1\ 1 1\? ,
= (th) CXP | e 1_; “"5 1_; Ocr1| -

Applying Ito-Doeblin lemma to (53), we have

2=

1. 1. 1
AWE = [ dt + W0, dZs, — —Widb,dZ, s + W, (1 - ;> B(T —t)o,dzy.  (54)
g g

M
p

in the stock index, the bond fund with M-year constant time to maturity and the cash

Assume that the investor will invest 7y, 72" and 1 — 7, — Wﬁ/[ percent of his wealth

account respectively. Let W, be the portfolio wealth,

dw,

Sk (re + ms®s + 7' @, B (M)) dt + m,05dZ, + 7' 0, B (M) dZ,. (55)
t

Equating the coefficients of dz; and dz, in (54) and (55), we get

s . Lo, ) 0
9 orB(T—t
17 1 7 orB(T—t)
Te 1 =220, + o B(M) o L 670

where 7, stands for the allocation to cash.

As can be seen in (56), the bond with constant maturity is held for both the speculative
and the hedge purposes. To uncouple these two tasks, we introduce a zero-coupon bond
that matures at time T.

If we invest in cash, stock index, bond fund and bond maturing at time T. There

is one redundant asset. Investment $1 in P/ " is equivalent to investment $% in

PM and $ (1 — UC:BEE(TA};)) in cash, since the cash flow from investing $% in PM and

34



Economic Costs and Benefits of Imposing Short-Horizon Value-at-Risk Type Regulation

$ (1 — %) in cash is

0, B (T —t) dPM (1 _ LT_;)) rudt

o.B(M) PM o.B(M
o.B(T —t)
= — ®.B(M))dt B(M)dZ,
4 8B 00t + 0,5 (M) 2,
0.B(T —t)
1————— ) rdt
(=" )
(1 _ e—m(T—t))
= | ®——— L+ |dt+0,B(T—1t)dZ,,,
K

which is the same as the diffusion process of the risk-free bond price with T — t years to

maturity.

If the investor will include the risk-free bond Pt(Tft) in his portfolio, the optimal

portfolio choice is

s Lo, 0
051 i
M 1 - 1 0
™ | =2 ; 7 Or R <1 — —) (57)
Te L I e e v 0
Tg_t 0 1

B.2 The Indirect Utility

The indirect utility of current wealth at time t, is the maximum expected utility condi-
tional on the information available at time t. The maximum is obtained by the optimal
wealth process. That is,

Wy

HVIV%ﬂXEt 1 (58)

sit., (Wi = E(rWr.

The optimal wealth solving (58) is

Wit = (k(r) 77, (59)
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1 2 -
where the Lagrangian multiplier k = {g; Wi exp (_Mg,t,T (1 — l) — % <1 — l) 2 )} .
Inserting (59) into (58), the indirect utility at time t J* (W) is

L 1 e 1 1 1\’
BV = ) e (—uw (1-2)a-n-3(1-3) az,t,m—v))

xEtCil (60)
G 7
Since L
7 1\ 1 1) 2
N A T Y O B
Ct y Y 2
we have
1 1 1 2
JE(WE) = —— (WH - 1-— “(1-2) o2
& (W) 1—~ (W) exp ( Mg,t,T( ¥) + 5 ( 7) U(,t,T’Y)
1 u) 1=y L,
- o1Z v (W)™ "exp || —Her — 90¢uT (1—=")
1 1
X exp {éag’tj (; — 1)] : (62)

Appendix C: The Intermediate portfolio wealth and

The Optimal portfolio allocation in The Single-Constraint
Model

C.1 The intermediate Portfolio Wealth

At time t, the portfolio wealth in the single-constraint model is
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1

L (63)
t
t —v
- G (8 b (@5)
—|—we(ﬂc,t,T+§;;jTl) [N (—d2 (min (£;17Z;1))> N (_d2 (Z?))}
term 2 g
Ft —=v
+§yzt)i N <:d1 (&)
term 3
where
L) = 2% (&) ‘U(icTtT +0tr) |
d(w) = da(o) + e

1,5 1 9 11
Iy = Mc,t,T"‘ch,t,T_; (:U’C,t,T + U(,t,T) +§¥Ug,t,T‘

1 1 1 1 9
= 1-— ; Mer T+ 5 — ;+2—f}/2 Tcrr

Y7 is defined as log ((7/(;) . Now, Yr_; is normally distributed with mean f, r and

variance o7, p. First Term of (63) comes from:

E, (it (yCr)~ i1{<T<<°T1})
_ R (eYT {(yCr) L t<10g(<i)}>

() L )
_ / t YT t(yCT) 2—26 20%,t,T( T—t C,t,T) dYT—t
—© A/ yiyea
¢t T

-1 1 1 11
— Y e ( Heam + 50C 0 — 5 (Beem +0Cur) + 5@“2&) N (di (9))-
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C.2 The Optimal Portfolio Allocation in the One-Constraint Model

The optimal portfolio with cash, stock and a bond fund with constant maturity

Applying Ito-Doeblin lemma to (63), the diffusion process of the pre-horizon wealth at
time t W' is

AWy
WC1¢ <t dCt

cl
AW, 1 ( aw, . dw, iz,  (64)

=[.]dt+ . 5., | dZ,
Wtcl [ ] Wtd dT’t dCt ¢ Ct) N

Assume that the investor will invest 7y, 7 and 1 — m, — 7r percent of his wealth

p
in the stock index, the bond fund with M-year constant time to maturity and the cash

account respectively. Let W; be the portfolio wealth,

aw,
W: = (Tt + 7,dg + WéWCI)TB (M)) dt + myogdzs + WI])WO'TB (M) dz,. (65)
Equating the coefficients of (64) and (65), the optimal portfolio wealth without in-

vesting in the risk-free bond P! is

Ts 1 ¢S Xg;ect
M o cl
7Tp — ; R UTB(M)Xspect
¢s cl cl
Te 1_USX5 ect+ ( )XSPBCt
X 0
_e—K(T—1t) c
+ (1 - —> 3(5\4) ITXh}zdget ’ (66)
ry 1 1 e—n(T t) cl
1-— B(M) TXhedget
where
X WG
spec,t dgt Wt
1 AW,
Xci e = = ’
hedge,t W, l_efl:(Tft) <1 . %> dry
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dw, & 1— e ®(T-1 1
T T @) T (-2)
oLt (1- efn(Tft))
—¢ (d
et

—WG“C’“TJ“%”f,t,TN (—dg (C)) 1 — e *(T-1)
N K

1— efR(Tft) )

K'O-C,t,T
. 1— e—n(T—t)

+w€ug,t,T+%U%»t’TN <_d2 (C) )

ettt (~d; )

K
ortlo?, — (1 — e*n(Tft))
+WetetTT39C,s, ¢ (_d2 (C)) KO¢ T
el —y L—e !
——— N (- ({)) ———— (1 - _)
(yCe)™ ) ; !
ert = (1 — e_K'(T_t))
(- ’
o) ¢ ( 1 (C)) KO¢4.T
and
AW, B < 1) el't N (d
= - 1 C
dCt v (th); Ct ( 1 (_>)
eFt _Ct_l)
1 d Grem
+(th)? 4 {9) <Uc,t,T
1
+weug,tfr+%0%,tm¢ (—dz (C)) Ct
= ot

(=) <y<€; )

o (- @) ().

(yC0) o¢nT
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The optimal portfolio with cash, stock, a bond fund with constant maturity
and a zero-coupon bond

_e—r(T—1t)

The cash flow of investing BLMI’%MXH in the bond fund P and 1 - z-1=*——X,,
in cash is
1 1—e®T=0 _gpM 1 1—e "I
X, —t 1-— X, | redt
By K BT T { By  k ai
1 1—e T
= X, [(re +®.B(M))dt —o,.B (M) dZ,,]
BM K ’
11— e—n(T—t)
1— X, | redt
+ |: BM P t:| Tt
1— —k(T—t) 1 — —k(T—t)
= [rt e—XTt(PT} dt — e—Xno,,dZTvt.
K K
The cash flow of investing 1 — X,, in cash and X, in the riskfree bond P! is
dp/
[1 — Xrt] Ttdt + Xn?
= [1-X,]rdt+ X, [(ri+ ®B(T—1t)dt —o,B(T —t)dZ,]
= [+ X, 9,B(T —t)]dt — X,,0,B(T —1t)dZ,,,
where 0
1— e "(T-
B(T—t)=-—%
K
Thus, investing BLLMXH in the bond fund PM and 1 — BLLMX” in
M K M K

cash generate the same cash flow as investing 1 — X, in cash and X, in the riskfree bond
Pt(T_t). Therefore, the optimal portfolio choice with a riskfree bond maturing at time T

is

Ts f_; scgec,t

ﬂz]?vj _ l R _ovj)—é)M ;?c,t

Te v I %ngec,t + g:zzM Xsc;ec,t
Wg_t 0

0
4 (1 - 1) 0 | (67)
v 1- Xiculadge,t
Xﬁédge,t
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