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Abstract

One of the main issues in economics is the trade-off between marginalism and egalitarian-
ism. In the context of cooperative games this trade-off can be framed as one of choosing
to allocate according to the Shapley value or the equal division solution. In this paper we
provide tools that make it possible to study this trade-off in a consistent way by providing
three types of results on egalitarian Shapley values being convex combinations of the Shap-
ley value and the equal division solution. First, we show that all these solutions satisfy
the same reduced game consistency. Second, we characterize this class of solutions using
monotonicity properties. Finally, we provide a non-cooperative implementation for these
solutions which only differ in the probability of breakdown at a certain stage of the game.

Keywords: Shapley value, Equal division solution, Egalitarian Shapley value, Reduced
Game Consistency, Monotonicity, Implementation
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1 Introduction

One of the main issues in economics is the trade-off between marginalism and egalitar-
ianism. In this paper we consider this issue in the context of cooperative games with
transferable utility. For these games the trade-off between marginalism and egalitarianism
can be seen as the trade-off between allocating according to the Shapley value or the equal
division solution. Both solutions consider situations where eventually the ‘grand coaliton’
consisting of all players forms. The Shapley value (Shapley (1953)) assigns to every player
its expected marginal contribution to this coalition assuming that all possible orders of
entrance of the players occur with equal probability. Here, the marginal contribution of
a player to a coalition is the increase in transferable utility when this player joins the
coalition. The marginalist characteristic of the Shapley value is most clearly formulated by
Young (1985) who characterized it as the unique solution that is efficient, symmetric and
strongly monotonic. This strong monotonicity states that the payoffs of a player do not
decrease if its marginal contributions to coalitions do not decrease. Since symmetry (i.e.
equal treatment of equals) is usually considered a desirable property, and under complete
information also efficiency is widely accepted, this result says that the Shapley value is
the only solution in which the utility payoff of a player is fully determined by its marginal
contributions to the transferable utility of coalitions®.

On the other hand, the equal division solution which allocates the worth of the grand
coalition equally among all players, can be seen as the most egalitarian solution for such
games. The trade-off between marginalism and egalitarianism can be made by considering
convex combinations of the Shapley value and the equal division solution. This class of
solutions is introduced by Joosten (1996) and are called egalitarian Shapley values. In order
to consider these solutions as making a trade-off between marginalism and egalitarianism
we need to provide results that not only show the difference between these solutions, but
also their similarities. We do this by providing three types of results that are very common
in game theory: consistency, monotonicity and implementation.

First, we show that all these solutions satisfy the reduced game consistency that is
used by Sobolev (1973) to characterize the Shapley value. In these reduced games, after a
particular player leaves the game with its payoff, the remaining coalitions assume with a
probability that is proportional to their cardinality that the leaving player cooperates with
them or not. Reduced game consistency requires that players respect the recommendations
made by the solution in the sense that the solution assigns to the players in the reduced

game the same payoffs as it assigns to those players in the original game. However, the

1As already noticed by Young (1985) it is sufficient to weaken strong monotonicity to marginalism
stating that the payoff of a player in two games is equal if all its marginal contributions are equal in both

games.



egalitarian Shapley values differ with respect to the standardness for two-player games that
they satisfy. The usual standardness for two-player games which is satisfied by the Shapley
value states that in a two player game every player earns its own worth plus half of what
remains of the worth of the two-player (‘grand’) coalition (see, e.g. Hart and Mas-Colell
(1988, 1989)). Egalitarian standardness states that in two player games the worth of the
grand coalition is split equally among the two players. For general egalitarian Shapley
values the ‘sharing of the surplus’ depends on the weights put on the Shapley value and
equal division solution. Since all these solutions share the same reduced game consistency,
the difference thus boils down to the allocation that is applied in two-player games.

The second characterization is based on monotonicity properties. Above we already
refered to the characterization of the Shapley value by efficiency, symmetry and strong
monotonicity (or marginalism) in Young (1985). Since all egalitarian Shapley values sat-
isfy efficiency and symmetry, this implies that the Shapley value is the unique egalitarian
Shapley value that is strongly monotonic. However, it turns out that all egalitarian Shapley
values satisfy the weaker property which states that the payoff of a player does not de-
crease if its marginal contributions do not decrease and, moreover, the worth of the ‘grand
coalition’ does not decrease. This is a considerable weakening of the strong monotonicity
property. Since the worth of the ‘grand coalition’ is what is to be allocated by any efficient
solution, strong monotonicity requires that the payoff of a player does not decrease if its
marginal contributions do not decrease irrespective of what is to be allocated, which is a
very strong requirement. However, if the worth to be allocated is not decreasing then this
requirement on the payoffs seems reasonable for a marginalistic solution. We show that
the class of egalitarian Shapley values is characterized by this weak monotonicity together
with the well-known properties of efficiency, linearity and local monotonicity.

Whereas the above two characterizations of the egalitarian Shapley values give a
cooperative foundation (on a variable, respectively, fixed player set), our third result pro-
vides a non-cooperative foundation by implementing the egalitarian Shapley values as the
unique subgame perfect equilibrium outcome in an extensive form bidding mechanism.
This bidding mechanism generalizes the one for the Shapley value given in Pérez-Castrillo
and Wettstein (2001), differing only in an additional possibility of breakdown of the nego-
tiations. The bidding mechanism of Pérez-Castrillo and Wettstein (2001) starts with all
players and proceeds in various rounds that each have four stages. In the first stage all
players that are still ‘in the game’ make bids to all other bidders showing their willing-
ness to become the proposer. A player with the highest ‘net bid’ becomes the proposer.
In stage 2 the proposer makes (additional) payoff offers to the other players. In stage 3
these other players either accept or reject the proposal. Finally, in stage 4 payoffs or the

continuation of the game is determined. If all others accept the proposal then they all get



their offers and the proposer earns what remains. If at least one of them rejects then the
proposer leaves the game with its stand-alone payoff and the others continue the bidding
game without the proposer, starting again at stage 1 (of the next round). The bidding
game thus ends when either all remaining players accept the proposal or the last player
leaves the game. Our bidding mechanism only differs from that of Pérez-Castrillo and
Wettstein (2001) in the sense that at the end of the first round, after the offer is rejected
there is an additional possibility that the negotiations breakdown and all players earn zero
payoff. The probability of breakdown is determined by the weights put on the Shapley

value and equal division solution.

The paper is organized as follows. Section 2 discusses some preliminaries on cooperative
games with transferable utility and solutions. In Section 3 we provide the characterization
using standardness and reduced game consistency. In Section 4 we provide a characteriza-
tion of the class of egalitarian Shapley values using monotonicity properties. In Section 5
we provide an implementation of the egalitarian Shapley values. Finally, Section 6 contains

some concluding remarks.

2 Preliminaries

A situation in which a finite set of players can obtain certain payoffs by cooperation can
be described by a cooperative game with transferable utility, or simply a TU-game, being
a pair (N,v), where N C N is a finite set of players and v:2Y¥ — R is a characteristic
function on N such that v()) = 0. For any coalition S C N, v(S) is called the worth of
coalition S. This is the transferable utility that the members of coalition S can obtain by
agreeing to cooperate. We denote the class of all TU-games by G. A TU-game (N,v) is
monotone if v(S) < v(T) whenever S C T'C N. The unanimity game of coalition T'C N,
T # (), on N is the monotone game (N, ur) given by ur(S) = 1if T C S, and ur(S) =0
otherwise. In the sequel we denote n = |N| for the number of players in N. For generic
coalitions S C N we denote s = |S5].

A payoff vector of game (N,v) is an n-dimensional real vector € R"™ which rep-
resents a distribution of the payoffs that can be earned by cooperation over the individual
players. A (point-valued) solution for TU-games is a function ) which assigns a payoff
vector (N, v) € R™ to every TU-game (N,v) € G such that ¢;({i},v) = v({i}) for all
1 € IN. Two well-known solutions are the Shapley value and the equal division solution.

The Shapley value (Shapley (1953)) is the solution that assigns to every TU-game (N, v)



the payoff vector

—s)l(s —1)!
Shi(N,v) = (n = s = DY)~ (S\ {i})) for all i € N,
n!
SCN
i€S
The equal division solution is the solution that distributes the worth v(/N) of the ‘grand
coalition’ equally among all players and thus assigns to every TU-game (NN, v) the payoff

vector

N
ED;(N,v) = ”(n ) forall i € N.

Joosten (1996) introduced a new class of solutions that are obtained as convex combinations
of the Shapley value and the equal division solution. For every a € [0, 1], he defines the

a-egalitarian Shapley value  as the solution given by
©*(N,v) = aSh(N,v) + (1 — o) ED(N, v).

By ® = {¢* | a € [0, 1]} we denote the class of all a-egalitarian Shapley values and refer to
a generic solution in this class as an egalitarian Shapley value. Some well-known properties

of solutions for TU-games are the following. Solution
o is efficient® if Y,y ¥i(N,v) = v(N) for all (N,v) € G.

o is linear if Y(N,av + bw) = ap(N,v) + bip(N,w) for all (N,v),(N,w) € G, where
av + bw is given by (av + bw)(S) = av(S) + bw(S) for all S C N.

o is symmetric if ;(N,v) = ¢,;(N,v) for all (N,v) € G and 7,5 € N such that v(S U
{i}) =v(SU{j}) forall S C N\ {3, j}.

e satisfies local monotonicity if ;(N,v) > (N, v) for all (N,v) € G and i, j € N such
that v(SU{i}) > v(SU{j}) for all S C N\ {i,j}.

e satisfies strong monotonicity if 1;(N,v) > 1¢;(IN, w) for every pair of games (N, v), (N, w)
and ¢ € N such that v(SU{i}) —v(S) > w(SU{i}) —w(S) for all S C N\ {i}.

e satisfies a-standardness for two-player games, a € [0, 1], if for every (N, v) € G with
N = {i.j}. i # J. it holds that ¥4(N,v) = 3(u({i}) — v({j})) + Ju(V).

Specific choices of a € [0,1] give different versions of standardness for two-player games

as encountered in the literature. Taking o = 1 yields standardness for two-player games
as considered in, e.g. Hart and Mas-Colell (1988,1989): v;(N,v) = sv({i}) — sv({j}) +

2Efficient solutions are often called values.



so(N) = v({i}) + 3(v(N) — v({z}) — v({j})) with N = {i,5}. Taking o = 0, yields
egalitarian standardness for two-player games: ¥;(N,v) = %’U(N) for i € N.

It is known that the Shapley value satisfies standardness and the equal division
solution satisfies egalitarian standardness for two-player games. Joosten (1996) showed that
for a € [0, 1], the a-egalitarian Shapley value ¢ satisfies the corresponding a-standardness

for two-player games.

3 Consistency

In the literature various reduced game properties are discussed. Suppose that one player
leaves a game with some payoff. Reduced games describe what games are played between
the remaining players, i.e. what is earned by coalitions of the remaining players after one
player has left the game. The worths of coalitions in the reduced games usually depend
on (i) the worths that these coalitions could earn on their own in the original game, (ii)
what these coalitions could earn with the leaving player and (iii) the payoff with which
the leaving player left the game. One of the oldest reduced games is the following that
is introduced by Sobolev (1973). Consider a game (N, v), a payoff vector z € R", and
a player j € N. Suppose player j leaves the game with its payoff z;. In the reduced
game between the remaining players the coalition N \ {j}, being the ‘grand coalition’ in
the reduced game, earns the worth of N minus the payoff ;. Clearly, this is what is
left to be allocated among the players in N \ {j} after player j has left the game with
payoff z;. In Sobolev’s reduced game any coalition S C N \ {j} either has (or thinks it
has) the cooperation of the leaving player j but must pay for j’s payoff and thus earns
v(SU{j}) —x;, or is on its own and earns its own worth v(S). The probability with which

a coalition S has the cooperation of j depends on the cardinality of S. More precisely, with

s
n—1

probability coalition S C N\ {j} has j’s cooperation and thus earns v(S U {j}) — z;,

and with probability 1 — —£= = 2=1=5 coalition S C N \ {j} is on its own and earns v(S5).

Definition 3.1 Given game (N,v) € G, player j € N, and efficient payoff vector x € RY,
the reduced game with respect to j and x is the game (N \ {j},v") given by

S n—1-—s

v(8) = (S UL — o)+ g

v(S) for all S C N\ {j}.

Note that indeed v"(N\{j}) = v(N)—z;. Consistency with respect to a particular reduced
game means that given a game (V,v), if = is a solution payoff vector for (IV,v), then for
every player j € N, the payoff vector zn ;3 with payoffs for the players in N\ {j}, must
be a solution payoff vector of the reduced game (N \ {j},v"). It is a kind of internal

consistency requirement to guarantee that players respect the recommendations made by

5



the solution. In the following we refer to consistency with respect to the reduced game

defined in Definition 3.1 just as consistency?.

Definition 3.2 Let ¢ be a solution on G. Solution 1) satisfies consistency on G if
and only if for every (N,v) € G withn > 2, j € N, and x = (N,v) it holds that
V(N A\ {7}, v") = i(N,v) for all i € N\ {j}.

Sobolev (1973) showed that the Shapley value is the unique solution that satisfies this
consistency and is standard for two-player games. Surprisingly, also the equal division
solution satisfies this consistency. We can even state the following more general result for

all egalitarian Shapley values.
Proposition 3.3 FEvery egalitarian Shapley value o*, o € [0, 1], satisfies consistency.

PRrROOF

Take j € N, S C N\{j} and any efficient payoff vector z. Recall that n = |N| and s = |S|.
First, for a reduced game (N \ {j},v?), for any i € N\ {j} and S C N \ {3, j}, it follows
that

S ULN =7 (8) = SIS ULiLIh) - 2) + a8 U (i)
S n—s—1

— WU — %) = ——F—v(S)

s+1

= — SV, —u(SU D)+

——((SU LD - %)

L (S Ui — () - —e(SU (i)
= (S U {1 — oS UG + T (S U i) — (S))
1 . : 1
A (@S U] ~ w(S U{iD) - =2

Then, for all 7,j € N, i # j, the Shapley value for player i in the reduced game with

respect to j and z can be written as

N\ Ghe) = 3 2D i) - r(s)

_ |
SCN\{i,j} (n—=1)!

3We only consider the class G of all TU-games. If one considers subclasses C C G, then in the definition
of consistency one should aditionally require that the reduced games (N \ {j},v") also belong to C.

6



=y A DS U (i) - (S U G))

> S s U~ uls)

N Z n—3—2)‘_nil(U(SU{j})—v(SU{i}))

(n—1)!
SCNV(i.j)
slln—s—=2)1 1
_S Z (n—1)! n—17
CN\{i.5}
- — ( > =B s Ul - (s U D)
SCNVig) '

SCN\{i,j} (

+ Y —Q)(U(Su{mv(su{i}))zj)

SCN\{%,5}

1 s!(n—s—l)!v A —
= n_1<SCNZ,S9j—(n_1)! (v(SU{i}) —v(S))

sy s - v<s>>)

SCN,S?j
slin — s —2)! . ,
+ Z W(U(s U{i}) —v(Suii})) — Zj (3.1)
SCN\{i.j}
1

sl(n —s—2)! , ,

_ (swv,m ) W@(su{y})v(su{z}))@) -
SCN\{i.j} '

Take y = Sh(N,v). By Sobolev (1973) we have Sh;(N,v) = Sh;(N \ {j},v¥) for all i, €

N, i # j. Thus, with (3.1) it follows that

Yj 1
Shi(N, =
( U)+n—1 n—1

(swv,vw > %(ku{jn—v(su{z}») (32)

SCN\{i,j}
Let x = p*(N,v). By applying (3.1) and (3.2) to =, we have, for any i,j € N, i # j,
vV {5})

n—1

@ (N\{j}v") = aShi(N\{j},v") + (1 —-a)



- s+ ¥ SRR s un s uih) -
SCN\{i,s} ‘
+(1— a)—v(]r\zf)—_lxj
- a(%ANﬂQ+n%S _n?1)+%1_ayﬂglzﬁ
= Oé»Sh,‘(N,U) —l—angf 1 — nx_] N + (1 _ Q)Z(ivi
. —a v(N) v
= aShi(N,v) +an?f - ay; +7(11—1 )T (1- a)n(i\q

N
= a(V0) + (1 )"~ o,
where the first equality follows by definition of ¢, the second equality follows from (3.1)
and the third equality follows from (3.2). O

Sobolev (1973) characterized the Shapley value as the unique solution that satisfies con-
sistency and standardness for two-player games. Since in Proposition 3.3 we showed that
all egalitarian Shapley values satisfy the same consistency, the Shapley value is the unique
egalitarian Shapley value satisfying standardness for two-player games. However, the a-
egalitarian Shapley value satisfies the corresponding a-standardness for two-player games.
For any a € [0,1] these two axioms characterize the corresponding egalitarian Shapley

value.

Theorem 3.4 Take any o € [0,1]. A solution v satisfies consistency and a-standardness

for two-player games if and only if Y = p®.

PRrROOF

Since it is straightforward that ¢ satisfies a-standardness for two-player games, by Propo-
sition 3.3 we are left to show uniqueness. Suppose that solution v satisfies the two prop-
erties of the theorem. We will show that (N, v) = ¢*(N,v) for any game (N,v) € G. For
n = 1 by definition of a solution we have 1;({i},v) = v({i}) for all i € N. For n = 2,
a-standardness of ¢ and ¢® implies that they are equal. Proceeding by induction, suppose
that Y(N',v") = p*(N’,v’) whenever 2 < |N'| < n.



Let x = ¢(N,v) and y = p*(N,v). Take any 7,j € N, i # j, and consider the two reduced
games (N'\ {j},v"), (N \ {j},v¥). Then,

ri—yi = Yi(N,v) — @] (N,v)
= YN\ {7} 0") =@ (N {5}, ")
= PN T) = e (NG} 07)
= a(Shi(N\ {j},v%) = Sha(N\ {7}, "))
+(1 —a) (ED;(N \ {j},v") = ED;(N \ {j},v"))

- o () et - (),

where the second equality follows since both solutions v and ¢“ satisfy consistency, the

third equality follows by the induction hypothesis, the fourth equality follows by definition
of ¢* and the fifth equality follows from (3.1). Thus, for all 4, j € N, ¢ # j, we have
R B |

e

Since n > 3, it must hold that z; — y; = 0 for all ¢ € N, and thus ¢ (NV,v) = p*(N,v). O

As a corollary we obtain an axiomatization of the class of egalitarian Shapley values with
axioms that do not depend on a. We say that a solution 1 satisfies weak standardness for
two-player games if there exists an o € [0, 1] such that for every (N,v) € G with n =2, ¢

satisfies a-standardness for two-player games.

Corollary 3.5 A solution 1 satisfies consistency and weak standardness for two-player

games if and only if ¥ is an egalitarian Shapley value.

Note that, although the egalitarian Shapley values satisfy Sobolev’s reduced game consis-
tency for any game with at least two players, from the proof above it follows that for the
axiomatization it is sufficient to require this consistency only for games with at least three
players since the specific standardness property sets the payoffs in two player games.
Note that the reduced game of Sobolev (1973) is not the only reduced game with

respect to which the Shapley value is consistent. For example, the Shapley value satisfies

9



consistency with respect to the reduced game of Hart and Mas-Colell (1988, 1989). How-
ever, the equal division solution is not Hart and Mas-Colell consistent. Joosten (1996)
characterized the a-egalitarian Shapley value using a-standardness for two-player games
and an adapted version of Hart and Mas-Colell’s reduced game consistency where the re-
duced game depends on the parameter ov. The main disadvantage of that characterization
therefore is that the parameter o appears both in the standardness and in the reduced
game property. Also the interpretation of the parameter « in the reduced game is prob-
lematic. However, we have shown here that all a-egalitarian Shapley values have the same
reduced game consistency property in common when considering Sobolev (1973)’s reduced
game.

Uniqueness of a solution satisfying a-standardness for two-player games and consis-
tency also follows from Yanovskaya and Driessen (2002) who show uniqueness of a solution
satisfying a-standardness for two-player games and a general reduced game consistency
where, similar to the above mentioned generalization of Hart and Mas-Colell’s reduced
game, parameters also enter the reduced game*. Thus, every solution in their class is char-
acterized by a different reduced game consistency. However, our main purpose here has

been to show that all egalitarian Shapley values satisfy the same reduced game consistency.

4 Monotonicity

Several mononoticity properties of solutions have been discussed in the literature. For
example, Young (1985) showed that the Shapley value is characterized by efficiency, sym-
metry and strong monotonicity®. Since all egalitarian Shapley values are efficient and sym-
metric, the Shapley value thus is the only egalitarian Shapley value that satisfies strong
monotonicity. However, it turns out that all egalitarian Shapley values satisfy the weaker
monotonicity property which requires that the payoff of a player does not decrease if the

worth of the ‘grand coalition’ as well as all his marginal contributions do not decrease.

Axiom 4.1 (Weak monotonicity) A solution 1 satisfies weak monotonicity if ;(N,v) >
(N, w) whenever v(N) > w(N) and v(S) —v(S\ {i}) > w(S) —w(S\ {i}) for all S C N
with i € S.

Note that this is a considerable weakening of the strong monotonicity property. Since the

worth of the ‘grand coalition’ is what is to be allocated by any efficient solution requiring

4We gave the explicit proof of uniqueness in Theorem 3.4 since this is much shorter with the explicit

reduced game that we consider here.
°In van den Brink (2006) it is shown that the equal division solution is characterized by efficiency,

symmetry and coalitional monotonicity, where this last property states that the payoff of a player does
not decrease if the worths of all coalitions it is a member of do not decrease.

10



that the payoff of a player does not decrease if its marginal contributions do not decrease
irrespective of what is to be allocated is a very strong requirement. However, if the worth
to be allocated is not decreasing then this requirement on the payoffs seem reasonable for
a marginalistic solution.

It turns out that the class of egalitarian Shapley values is characterized by efficiency,

linearity, local monotonicity and this weak monotonicity®.

Theorem 4.2 A solution 1 satisfies efficiency, linearity, local monotonicity and weak

monotonicity if and only if it is an egalitarian Shapley value.

Since the proof for games with at least three players is different from that for games with
at most two players, we prove this result in two lemmas. Let Gs and G, be the class of

games with at least three, respectively with two, players.

Lemma 4.3 A solution v on Gs satisfies efficiency, linearity, local monotonicity and weak

monotonicity if and only if it is an egalitarian Shapley value.

PRrROOF
It is straightforward to verify that all egalitarian Shapley values satisfy these four properties
on G3. Now, suppose that solution v satisfies these properties on Gs. If (N, v) is a null
game given by v(S) = 0 for all S C N, then efficiency and local monotonicity imply that
¥;(N,v) =0 for all i € N. (Note that local monotonicity implies symmetry.)
Next, we consider unamimity games (N,ur) € Gz, T C N, T # (). We prove uniqueness
for unanimity games (N,ur) by induction on |T'|. First, suppose that |T'| = 1. Local
monotonicity implies that there is a ¢ € R such that ¢;(N,ur) = ¢* for all j € N\ T.
For ¢« € T, local monotonicity further implies that ¢;(N,ur) > ¢*. So, for i € T we
can write ¥;(N,ur) = ¢* + « for some o« > 0. For ¢ € T, efficiency then implies that
Yi(N,ur) =1—(n—1)c*, and thus a = 1 — (n — 1)c* — ¢* = 1 — nc*. We obtain ¢* = =2,
and thus

c*+oz:1_TO‘—|—oz ifeeT

¢Z(N’ uT) = { * 11—«

4.3
¢t = 1== ifie N\T, (4:3)

with o > 0. Weak monotonicity and the fact that all players in a null game earn zero
payoff, implies that 1; (N, ur) > 0 for all j € N\ T, and thus o < 1. Since ED;(N, ur)

T n

6Note that this is different from weak monotonicity in Malawski (2005) which is some kind of non-
negativity property stating that in any monotone TU-game all players earn a non-negative payoff. He
characterizes a class of solutions that contains the egalitarian Shapley values by efficiency, linearity, local
monotonicity and this non-negativity. However, not all solutions in his class satisfy Sobolev’s reduced

game consistency.
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for all i € N, Shy(N,ur) =1 fori € T, and Sh;(N,ur) =0 for i € N\ T, with (4.3) we
have (N, ur) = (1 — a)ED(N,ur) + aSh(N, urp) = ¢*“(N,ur), a € [0,1].

Next we show that the weight put on the Shapley value is the same « for all singleton
unanimity games. Consider T C N, T # T and |T| = |T| = 1. Let T = {t}, T = {#}
and j € N\ {t,7}. (Note that such a j exists since n > 3.) Similar as above for (N, ur),
it follows that ¢ (N, uz) = ¢*(N,ur) for some @ € [0, 1]. Since weak monotonicity implies
that ¢; (N, ug) = (N, ur), we then have that ¢S (N, ur) = ¢§ (N, uz). Since Sh;(N,ur) =
Shj(N,uz) =0 and ED;(N,ur) = ED;(N,uz) = <, it must hold that o = @.

Now, consider (N,ur), 2 < |T| < n. Proceeding by induction assume that we determined
(N, ur) = ¢*(N,ug) for some «a € [0,1] whenever |T'| < |T|. If j € N \ T then weak
monotonicity implies that ¢;(N,ur) = 9;(N,up ;) for any i € T. With the induction
hypothesis it then follows that 1;(N,ur) = ¢5(N,upgy) = =2 = ¢¥(N,ur). With
efficiency it then follows that 3, ¢i(N,ur) =1 =3 g ¥5(Nour) =1 — (n— |T|)=2.
Since local monotonicity implies symmetry it then follows that ¢;( N, ur) = % =
=y i1 = (1= @)EDi(N,ur) + aShi(N, ur) = (N, ur) for i € T. Thus, ¢(N,ur) =

SOO(<N7 UT).

For the unanimity game (N, uy), local monotonicity and efficiency imply that ¢;(N,v) = %
for all i € N.

For arbitrary (IV,v) € Gs, uniqueness follows from linearity of ¢ and the fact that v =

S ren Ap(T)ur for every (N,v) € G, with A(T) = Y e (=1)/T=Hly(H) the Harsanyi
T C

dividend of coalition T'C N, T # () (see Harsanyi (1959)). O

In proving that the payoff of player ¢ € N in the unanimity game (N,ug) is equal to
the payoff of player # € N in the unanimity game (N, u;), in the proof of Lemma 4.3
we needed to compare these payoffs with those of another player ¢ € N \ {¢,¢}. Therefore
we need at least three players to apply this proof. Although we cannot apply this proof
for two player games, also on that class the four axioms of Lemma 4.3 characterize the

egalitarian Shapley values.

Lemma 4.4 A solution v on Gy satisfies efficiency, linearity, local monotonicity and weak

monotonicity if and only if it is an egalitarian Shapley value.

PRrROOF
It is straightforward to verify that all egalitarian Shapley values satisfy efficiency, linearity,
local monotonicity and weak monotonicity on Gy. To prove uniqueness, let (N,v) € G.

If v is a null game then efficiency and local monotonicity again imply that ;({i,j},v) =

12



¥;({i,j},v) = 0. For two-player unanimity games ({i,j},ur), i # j, we distinguish the
following two cases. (i) If T = {i,j} then efficiency and local monotonicity imply that
Ui({i, i}, uy) = vi({i, 5}, upy) = 3. (i) Consider the case that [T| = 1. Let o =
20;({i,7}, ugy) — 1, ie. « is defined such that ¢;({i,j}, ugy) = 5% = ({4, 5}, ugjy)-
Then by efficiency we have ({7, j},ugy) =1 —i({i, j}ugy) =1— (5%) =a+ 52 =
©5({i, 7}, ugjy). Similar as in the proof of Lemma 4.3, local monotonicity implies that o > 0
and weak monotonicity and the nulll game case imply that o < 1. In van den Brink and
Funaki (2004) it is shown that on Gy any solution that satisfies efficiency, linearity, local
monotonicity and weak monotonicity also satisfies anonymity’. But then ¢;({¢,j}, ugy) =
V{7, 5}, ugy) and ({7, j},ugy) = ¥;({i, 5} ugy). Thus, ¥({3, j},ur) = ¢*({4, 5}, ur)
for |T'| = 1. The proof of uniqueness for any two player unanimity game then follows from

linearity. O

Since for one-player games ({i},v) the payoff ;({i},v) = v({i}) follows by definition of a
solution, Lemmas 4.3 and 4.4 yield the main result of this section as stated in Theorem
4.2. Note that, similar to Corollary 3.5, Theorem 4.2 characterizes the class of egalitarian
Shapley values using axioms that do not depend on the parameter a. Logical independence

of the axioms of Theorem 4.2 is shown by the following alternative solutions:

1. The solution ¢ given by ¢;(N,v) = 0 for all i € N and (N, v) € G satisfies the axioms

of Theorem 4.2 except efficiency.

2. The normalized Banzhaf value 3 given by /3,(N,v) = %U(N) with 3;(N,v) =
i€ ,
Ssen gir (v(S) — v(S\ {i})), @ € N, satisfies the axioms of Theorem 4.2 except
i€S

linearity®.

3. For N C N, let n(N) be the lowest labeled player in N, ie. i > n(N) for all
i € N. Then the solution ¢ given by ¢zn)(N,v) = v(NN), and ¢;(N,v) = 0 for all

i€ N\ {n(N)} satisfies the axioms of Theorem 4.2 except local monotonicity.

4. The CIS-value given by CIS;(N,v) = v({i}) + AN 2ien D) g a1 o€ N (see

Driessen and Funaki (1991)) satisfies the axioms of Theorem 4.2 except weak monotonic-
ity.
We end this section by remarking that in the proof of Theorem 4.2 weak monotonicity is

used for two purposes. First, it is used to show that a player who is a null player in two

A solution 1) satisfies anonymity on C C G if for every permutation 7 : N — N it holds that v;(N,v) =
Yy (N, mv) for every (N,v) € C such that (N,7v) € C , where the permuted game (N, 7v) is defined by
mu(S) = v(Ujes{n(i)}) for all S C N.

8 An axiomatization of this solution is given in van den Brink and van der Laan (1998).
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distinct unanimity games gets the same payoff in both games. This is also established by
the null player constant property which states that the payoff of null players is always the
same for games that have the same worth of the ‘grand coalition’, i.e. a solution ? on
G" satisfies the null player constant property if ¥;(N,v) = 1;(N,w) whenever i € N is a
null player in (N, v) and (N, w) with v(N) = w(N). Second, weak monotonicity is used to
show that null players in a unanimity game earn a nonnegative payoff. This also follows
from nonegativity which states that players in monotone games earn a nonnegative payoff.
Therefore, in Theorem 4.2 weak monotonicity can be replaced by the null player constant

property and nonnegativity®.

5 Implementation

In the previous two sections we characterized the egalitarian Shapley values from a cooper-
ative viewpoint. Next we study these solutions from a non-cooperative perspective. In the
literature various implementations of the Shapley value can be found, see e.g. Gul (1989),
Hart and Mas-Colell (1996) and Pérez-Castrillo and Wettstein (2001). In this section we
adapt the last mechanism and obtain a two-level bidding mechanism implementing any
egalitarian Shapley value as the unique subgame perfect equilibrium outcome!®.

This bidding mechanism is defined recursively as follows. When there is only one
player, say i, in the game, this player simply gets its stand-alone payoff, v({i}). Given the
rules of the mechanism for games with at most k£ — 1 < n players, the bidding game for a
set of k players proceeds in rounds. Dependent upon the strategies of the corresponding
players, the bidding game may have up to n rounds, each consisting of four stages. Let V;
be the player set of the game with which the bidding game of each round ¢ € {1,...,n} will

start.

Round 1 : N; = N. Goto Stage 1.

Stage 1: Each player ¢ € N makes bids b; € R for every j # i. For each i € N, let
B =% it (b; — bZ ) be the net bid of player ¢ measuring its ‘relative’ willingness
to be the proposer. Let 7] be the player with the highest net bid in this round.
(In case of a non-unique maximizer we choose any of these maximal bidders to
be the ‘winner’ with equal probability.) Once the winner if has been determined,
player i} pays every other player j € N\{i}} its offered bid b?. The ‘winner’ ¢}

becomes the proposer in the next stage. Goto Stage 2.

9Note that the null player constant property is weaker than weak monotonicity but nonegativity is not.
10A general approach to bidding mechanisms implementing solutions for cooperative games is discussed

in Ju and Wettstein (2006).
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Stage 2: Player i} proposes an offer y;l € R to every player j # i}. (This offer is
additional to the bids paid at stage 1.) Goto Stage 3.

Stage 3: The players other than 7], sequentially, either accept or reject the offer. If
at least one player rejects it, then the offer is rejected. Otherwise, the offer is

accepted. Goto Stage 4.

Stage 4: If the offer is accepted, then each player j € N\{i}} receives y;'-{ and player

i} obtains v(N) — Z#q y;1 Hence, in this case the final payoff to player j # i}
is y;; + bf, while player i} receives v(N) — Z#q (y;I + b?). Stop.
If the offer is rejected then with probability « € [0, 1] player i} leaves the game
and obtains her stand-alone payoff v({i}}), while the players in N\{i{} proceed
to round 2 to bargain over v(N\{i}}). With probability (1 — «) € [0, 1] the
game breaks down and all players, including the proposer i}, get zero payoffs at
this stage (and thus only the bids of stage 1 are transferred, i.e. the payoff to
player j # i} is b? and the payoff to the proposer i} is — Z#q b;l) Stop.

In the following rounds, the stages 1, 2 and 3 are the same as in round 1 but with the
reduced player set where the proposer in the previous round has left. However, at stage 4
of the following rounds there is no possibility of breakdown. To be complete we describe

the following rounds.
Round ¢, t € {2,...,n — 1} : Ny = N;1\{ij_,}. Goto Stage 1.

Stage 1: Each player ¢ € NV, makes bids b;- € R for every j # i. For each i € Ny, let
Bl = D ieNi ) (b: — bZ), be the net bid of player i. Let i} be the player with the
highest net bid of round ¢. (In case of a non-unique maximizer we choose any
of these maximal bidders to be the ‘winner’ with equal probability.) Once the
winner i has been determined, player i} pays every other player j € N;/\{i;},
its offered bid b;-’?. The ‘winner’ i; becomes the proposer in the next stage. Goto
Stage 2.

Stage 2: Player i} proposes an offer yj-: € R to every player j € N; \ {i;}. (This
offer is additional to the bids paid at stage 1.) Goto Stage 3.

Stage 3: The players other than iy, sequentially, either accept or reject the offer. If
at least one player rejects it, then the offer is rejected. Otherwise, the offer is

accepted. Goto Stage 4.

Stage 4: If the offer is accepted, then each player j € N;\{if} receives y;t and
player if obtains v(Ny) = >~ ey iy y;: at this stage. Hence, in this case the
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final payoff to player j € N;\ {i;} is y;t + b;-: +3 b;-’t, while player i} receives
i i t—1 ;i

O(Ne) = 2 jennginy () +07) + 222 bit. Stop.

If the offer is rejected then player i} leaves the game and obtains its stand-alone

payoff v({i;}), while the players in N;\{i;} proceed to round ¢ + 1 to bargain
over v(N\{i;}).

Round n : N, = N,_1\{i%_;}. Apparently, N, is a singleton coalition so that it is a
one-player game in this round. The game immediately stops such that player : € N,
gets its stand-alone payoff v(N,). So, its final payoff is v(N,,) + Zz;ll bk

Note that this bidding mechanism is the same as that of Pérez-Castrillo and Wettstein
(2001), except for the possibility of breakdown after the offer is rejected in the first round,
and thus for the specific value o = 1 it is exactly the same as their mechanism. If the
game continues after this first rejection then this possibility of breakdown does not occur
anymore, and the whole game can only be stopped by acceptance of all relevant players in
a certain round or rejection in a two-player bidding subgame.

Given the characteristic function v, we can calculate the final payoffs of the players
who are assumed to be risk neutral in the mechanism. In case of rejection in the first round,
the expected final gain of proposer i} is av({i*}) — Zj £ir b;*, whereas every other player
J # 4 finally obtains b; plus the expected payoff due to the contingent (with probability
«) outcome of the mechanism continuing with player set N'\{ij}. In case of acceptance of
the proposal in the first round, the final gain of i} is v(N) — > j;,,éi,{(b;I + y;;), whereas the
final gain of every player j # i} is b;-T + y?.

Next we generalize the result of Pérez-Castrillo and Wettstein (2001) who showed
that for a = 1 this bidding mechanism implements the Shapley value for zero-monotonic
games. A TU-game (N, v) is zero-monotonic if v(S) > v(S\{i})+v({i}) for all S C N and
all 7 € S. It turns out that for any zero-monotonic game such that the ‘grand coalition’
earns a nonnegative worth, the given bidding mechanism implements the a-egalitarian
Shapley values as subgame perfect equilibrium (SPE) outcomes. For T' C N the restricted
game (T,vr) € G is given by vp(S) = v(S) for all S C T.

Theorem 5.1 Let o € [0,1] be the probability that the bidding continues after rejection
in the first round, and let v € G be a zero monotonic game with v(N) > 0. Then the
outcome in any subgame perfect equilibrium of the bidding mechanism coincides with the

payoff vector ¢*(N,v).

PRrROOF

Let (N, v) be a zero-monotonic with v(N) > 0, and let o € [0,1]. We first show that the
a-egalitarian Shapley value payoff ¢*(V, v) is indeed an SPE outcome. We do this in three
steps.
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1. We first explicitly construct an SPE that yields the a-egalitarian Shapley value ¢® (N, v)
as an SPE outcome. Consider the following strategy adopted by a player ¢ € N.

Round 1:
At stage 1, player i € N announces b’ = a(Sh;(N,v) — Sh;(N\{i}, vnfy)) + (1 — o) 2

n

for every j # i.

At stage 2, if 7 is chosen as the proposer, ¢ offers y; = aShj(N\{i},vn () to every j #i.
At stage 3, if j # ¢ is the proposer, ¢ accepts any offer that is greater than or equal to
aShi(N\{j}, van\g;1) and rejects any offer strictly smaller than a.Sh;(N\{j}, vm)-"!

At stage 1 of any round ¢, t € {2,...,n — 1}, player i € N, (i.e. ¢ was not proposer in
any of the previous rounds) announces 0% = Sh;(N;, vy,) — Shi(N\{i}, vn,\gi}) for every
Jj € Ny \ {i}. (Clearly, players in N \ N; do not have to choose an action in round ¢ and
henceforth.)

At stage 2, if i is chosen as the proposer, i offers 3! = Sh;(N\{i},vn,\(i}) to every j €
N\ {i}.

At stage 3, if j € N, \ {i} is the proposer, then i accepts any offer that is greater than or
equal to Sh;(N:\{j}, vn,\(j}) and rejects any offer strictly smaller than Sh;(N\{j}, vn,\g1)-

Round n: If i € N, is in this round, ¢ will be the only player and gets its stand-alone payoft

v({i})-

2. This profile of strategies of all players in N yields acceptance in round 1. Since b;; +y§T =
(S (N, 0) = SN\ {35} o i) + (1= )22 4 iy (N\ (it} vwn isy) = (N, ) +
(1— a)@ = @F(N,v) for all j € N\{i7}, any player who is not the proposer obtains
its a-egalitarian Shapley value payoff. Moreover, given that following the strategies the

grand coalition is formed, the proposer also obtains her a-egalitarian Shapley value payoff
‘P% (N,v) =v(N) — ZjeN\{q @5 (N, v).

3. To check that the above strategies constitute an SPE, first recall Theorem 1 in Pérez-
Castrillo and Wettstein (2001), which implies that the subgame perfect equilibrium out-
come of each subgame starting from round 2 (irrespective of the proposer, its bids and
proposals in round 1) is the Shapley value payoff vector of the corresponding game. Then
we further apply backward induction to verify that the given strategy profile yields sub-

game perfectness at the stages of round 1. Note that at stage 4 no actions by players are

HNote that at stages 2 and 3 the non-proposers, respectively, the proposer do not have an action. The
same holds for the following rounds. At stage 4 no player (besides ‘nature’ in round 1) has an action but
only payoffs are transferred.
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chosen, but only payoffs are paid and (possibly) nature chooses whether the game contin-
ues or breaks down. Given the SPE outcome from round 2, if non-proposer j # 4} chooses
according to the given strategy profile in stage 3 then (after all preceding non-proposers
accept the offer of the proposer) j accepts any offer from proposer i} if and only if the offer
is greater or equal to asSh;(N\{i]},vn\(z}) which is its expected payoff after rejection,
showing that the given strategy profile yields an SPE in the subgame that starts when
non-proposer j # i} has to choose to accept or reject the offer at stage 3. By v(N) > 0
and zero-monotonicity of v, v(N) — av(N\ {i{}) > a(v(N)—v(N\{i{})) > av({i}}), and
thus the proposer prefers acceptance paying the minimal offers for the non-proposers to
accept at stage 3, so y;; will be as just determined for stage 3.

To verify that the bids at stage 1 complete an SPE, note that all net bids are equal
to zero because for all 7,7 € N the balanced contributions property of the Shapley value
(see Myerson (1980))'2 implies that
v(N)

n

= b5

b} = a(Shi(N,v) — Shi(N\{j}, vmn)) + (1 - a)

v(N)

= a(Sh;(N,v) = Sh(N\{i}, o)) + (1 — @)

Therefore, according to this strategy profile at stage 1 all players are chosen as the proposer
with equal probability. Consider player j € N. Decreasing (at least one of) its bids, j
will be chosen as proposer with probability zero. Which other player will be the proposer
depends on the way j decreases its bids. But given that all other players do not change
strategies, i.e. making bids and offers according to the above strategies, player j would
still obtain its a-egalitarian Shapley value payoff. Hence, j cannot increase its payoff
by decreasing its bids. In order to further elaborate this, one can readily check that a
decreasing bid of j will not be part of an equilibrium because it will induce some (the players
whom j makes decreased bids to) of the others to decrease the bids without changing the
level of their net bids. If j increases (at least one of) its bids, then j will be the proposer
with probability one. But since the continuation of the game from round 2 (with this
proposer) does not change, the earnings of j in the subgame that is ‘entered’ does not
change. But j’s bid increased and therefore j’s total payoff decreases. So, no player can
increase its payoff by changing its bid, showing that the given strategy profile is an SPE.

Thus, we have shown that the a-egalitarian Shapley value payoff vector is indeed

an SPE outcome.

To prove that any SPE yields the a-egalitarian Shapley value as outcome, note that it
follows along the same lines as in Pérez-Castrillo and Wettstein (2001) that for any player,

2This balanced contributions property states that Sh;(N,v) — Shy(N\{j},onm}3)) = Sh;(N,v) —
Shj(N\{i},vn\(5y)) for all (N,v) € G and 4,j € N.
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his or her final payoffs are the same regardless of the identity of the proposer. Next we
only have to show that in any SPE the final payoff received by each player coincides with
his or her a-egalitarian Shapley value payoff. Note that if 7 is the proposer in round 1, her
final payoff will be v(N) — av(N\{i}) — >, ; b} whereas if j # i is the proposer, i will
obtain final payoff aSh;(N\{j},vn ;) + b/. Hence, since all net bids are zero and thus
all players are proposer with equal probability (which follows similar as in Pérez-Castrillo
and Wettstein (2001)), using a recursive formula of the Shapley value given in Maschler

and Owen (1989)'3, the expected payoff of player i equals

(U(N) —au(N\{i}) = > b5+ > (aShi(N\{j}, omgy) + b?)) (5.4)

i J#i

S|

(U(N) —av(N\{i}) + ) ash(N\{j}, vzv\{j}))

JF#i

S|

v(V)

= aSh;(N,v)+ (1 —«)
= QO?(N,U).

It can be seen from the proof of Theorem 5.1 that the condition of a nonnegative worth
for the ‘grand coalition’ and zero-monotonicity of the game (N, v) can be weakened to
a-zero-monotonic, « € [0,1], meaning that v(N) > «a (v(N\{i}) +v({i})) for all i € N,
and v(S) > v(S\{i}) + v({i}) for all S C N, S # N, and all i € S.

Further, note that (5.4) at the end of the proof above yields a recursive formula for

all egalitarian Shapley values that is constructed as follows:

(07 1 (07 -
e (N,v) = - > et (N\{i} omgy)
J#i
1

. v(N\{J
+ 5(U(N)—av(N\{i})—(l—oz)Z#Z (NM\7))

n—1

), for all 7 € N.
Taking o = 1 yields the recursive formula of the Shapley value given in Maschler and Owen

(1989).

6 Concluding remarks

In this paper we formulated the trade-off between marginalism and egalitarianism in co-

operative games by considering convex combinations of the Shapley value and the equal

13This recursive formula is Sh;(N,v) = < (v(N) —o(N\{z}) + 32,4 Shi(N\{j},vN\{j})> for all i € N.

n
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division solution. We provided three main characterizations of these egalitarian Shapley
values. We first showed that all these solutions satisfy the same reduced game consistency
that is introduced by Sobolev (1973). Second we showed that all egalitarian Shapley val-
ues satisfy weak monotonicity (which is a weaker version of strong monotonicity), and that
together with efficiency, linearity and local monotonicity this weak monotonicity character-
izes the class of egalitarian Shapley values. Finally, we showed that all egalitarian Shapley
values have a similar strategic implementation as the unique subgame perfect equilibrium
outcome in an extensive form bidding mechanism which is an adaptation of the one for
the Shapley value given in Pérez-Castrillo and Wettstein (2001), and only differs in the
probability of breakdown at a certain stage of the negotiations. Since these solutions have
these important types of properties in common we consider the egalitarian Shapley values
as an important concept to make the trade-off between marginalism and egalitarianism.

Malawski (2005) obtains the egalitarian Shapley values by a procedure where for
every order of entrance to the ‘grand coalition’ player : € N gets a share « in its marginal
contribution and the predecessors of i equally share the remainder of i’s marginal contribu-
tion. Taking the average over all orders of entrance yields the corresponding a-egalitarian
Shapley value as expected payoffs. In a similar spirit, Ju, Borm and Ruys (2007) allocate
for every order of entrance the surplus v(S) —v(S\ {i}) — v({i}) instead of the marginal
contribution among the entrant i and its predecessor, and assign the worth v({i}) fully to
player i. This yields the convex combinations of the Shapley value and the CIS-value (see
the fourth example at the end of Section 4), the so-called generalized consensus values,
as expected payoffs. All generalized consensus values satisfy standardness for two-player
games but, except fot the Shapley value, do not satisfy Sobolev (1973)’s reduced game
consistency. Finding a reduced game consistency for the generalized consensus values is a
plan for future research.

In van den Brink and Funaki (2004) a class of equal surplus sharing solutions is
studied that includes the equal division solution, the CIS-value, the ENSC-value (i.e. the
dual of the CIS-value) and all their convex combinations. Further generalizations of the
egalitarian Shapley values and generalized consensus values consider convex combinations
of any of these equal surplus sharing solutions with the Shapley value (or even the more

general semi-values, see Dubey, Neyman and Weber (1981)).

References

Brink, R. van den (2006), “Null or nullifying players: the difference between the Shapley
value and equal division solutions”, Journal of Economic Theory,

DOI: 10.1016/j.jet.2006.09.008.

20



Brink, R. van den and Y. Funaki (2004) “Axiomatizations of a Class of Equal Surplus
Sharing Solutions for Cooperative Games with Transferable Utility”, Tinbergen Dis-

cussion Paper 04/136-1, Tinbergen Institute and Free University, Amsterdam.

Brink, R. van den, and G. van der Laan (1998), “Axiomatizations of the Normalized Banzhaf
Value and the Shapley Value”, Social Choice and Welfare, 15, 567-582.

Driessen, T.S.H. (1991) “A Survey of Consistency Properties in Cooperative Game The-
ory”, SIAM Review, 33, 43-59.

Driessen, T.S.H., and Y. Funaki (1991) “Coincidence of and Collinearity between Game
Theoretic Solutions”, OR Spektrum, 13, 15-30.

Dubey, P., A. Neyman,, and, R.J. Weber (1981) “Value Theory without Efficiency”, Math-
ematics of Operations Research, 6, 122128.

Gul, F. (1989) “Bargaining Foundations of Shapely Value”, Econometrica, 57, 81-95.

Harsanyi, J.C. (1959), “A bargaining model for cooperative n-person games”, in Contri-
butions to the Theory of Games IV (A.W. Tucker and R.D. Luce, Eds.), pp. 325-355.

Princeton: Princeton UP.

Hart, S., and A. Mas-Colell (1988), “The Potential of the Shapley Value”, in: The Shapley
Value. Essays in Honor of L.S. Shapley (ed. A.E. Roth), Cambridge University Press,
pp. 127-137.

Hart, S., and A. Mas-Colell , (1989), “Potential, Value and Consistency”, Econometrica,
57, 589-614.

Hart, S., and A. Mas-Colell , (1996), “Bargaining and Value”, Econometrica, 64, 357-380.
Joosten, R. (1996), Dynamics, Equilibria and Values, Dissertation, Maastricht University.

Ju, Y., P.EM. Borm, and P.H.M. Ruys (2004) “The consensus value : a new solution con-
cept for cooperative games”, Social Choice and Welfare, 28, 685-703.

Ju, Y., and D. Wettstein (2006) “Implementing Cooperative Solution Concepts: a Gener-
alized Bidding Approach”, Keele Economics Research Paper 2006-06, Keele Univer-
sity, UK.

Malawski, M. (2005) “Procedural Values for Cooperative Games”, Mimeo, Instytut Pod-
staw Informatyki PAN, Warsaw.

21



Maschler M, and G.Owen (1989) “The Consistent Shapley Value for Hyperplane Games”,
International Journal of Game Theory, 18, 389407.

Myerson, R.B. (1980) “Conference structures and fair allocation rules”, International Jour-
nal of Game Theory, 9, 169-182.

Pérez-Castrillo, D. and D. Wettstein (2001) “Bidding for the surplus: a non-cooperative
approach to the Shapley value”, Journal of Economic Theory 100, 274-294.

Sobolev, A.I (1973) “The Functional Equations that Give the Payoffs of the Players in an
N-Person Game”, in: Advaces in Game Theory (ed. E. Vilkas), Izdat. “Mintis”,
Vilnius, pp.151-153 (in Russion).

Shapley, L.S. (1953) “A Value for n-Person Games”, in: Annals of Mathematics Studies 28
(Contributions to the Theory of Games Vol.2) (eds. H-W. Kuhn and A.W. Tucker),
Princeton University Press, pp.307-317.

Yanovskaya, E., and T.S.H. Driessen (2002) “Note On linear consistency of anonymous

values for TU-games”, International Journal of Game Theory, 30, 601-609. .

Young, H.P. (1985), “Monotonic solutions of cooperative games”, International Journal of
Game Theory, 14, 65-72.

22



