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Devwudfw

Dv|pswrwlf h{sdqvlrqv duh hpsor|hg lq d g|qdplf uhjuhvvlrq prgho zlwk d xqlw urrw lq
rughu wr �qg dssur{lpdwlrqv iru wkh eldv/ wkh yduldqfh dqg iru wkh phdq vtxduhg huuru ri
wkh ohdvw0vtxduhv hvwlpdwru ri doo frh!flhqwv1 Lw lv irxqg wkdw lq wklv sduwlfxodu frqwh{w vxfk
h{sdqvlrqv h{lvw rqo| zkhq wkh dxwruhjuhvvlyh prgho frqwdlqv dw ohdvw rqh qrq0uhgxqgdqw
h{rjhqrxv h{sodqdwru| yduldeoh1 Vxusulvlqjo| wkh odujh vdpsoh dqg vpdoo glvwxuedqfh dv|ps0
wrwlf whfkqltxhv jlyh forvho| uhodwhg uhvxowv/ zklfk lv qrw wkh fdvh lq vwdeoh g|qdplf uhjuhvvlrq
prghov1 Wkh h{suhvvlrqv iru prphqw dssur{lpdwlrqv duh vshfldol}hg wr wkh udqgrp zdon
zlwk +wuhqg lq, guliw prgho dqg wkhlu dffxudf| lv h{dplqhg lq Prqwh Fduor h{shulphqwv1

�� ������	
����

Lq g|qdplf uhjuhvvlrq prghov zlwk qrupdoo| glvwulexwhg zklwh qrlvh glvwxuedqfhv ohdvw vtxduhv
+pd{lpxp olnholkrrg, hvwlpdwruv pd| eh vhulrxvo| eldvhg lq vpdoo vdpsohv1 Vwurqj hylghqfh iru
wklv lv surylghg e| Vdzd +4<:;, zkr xvhg wkh prphqw jhqhudwlqj ixqfwlrq wr �qg h{dfw ydoxhv iru
wkh eldv +dqg yduldqfh, ri wkh ohdvw vtxduhv hvwlpdwru ri wkh odjjhg ghshqghqw yduldeoh frh!flhqw
lq wkh fdvh ri d frqvwdqw exw qr h{rjhqrxv yduldeohv/ l1h1 wkh vwdeoh DU+4, prgho1 Wklv zrun
zdv h{whqghg e| Krtxh dqg Shwhuv +4<;9, wr wkh fdvh ri lqfoxghg h{rjhqrxv yduldeohv xqghu
qrupdolw| dvvxpswlrqv/ zkloh Shwhuv +4<;:, dqdo|}hg wkh vdph DU[+4, prgho zlwk qrq0qrupdo
glvwxuedqfhv1 Wkhvh sdshuv surylghg qxphulfdo uhvxowv iru gl�huhqw glvwxuedqfh vwuxfwxuhv dqg
h{rjhqrxv gdwd vhulhv1

Dq dowhuqdwlyh dssurdfk wr lqyhvwljdwlqj wkh prphqwv ri hfrqrphwulf hvwlpdwruv lv wr �qg
dv|pswrwlf dssur{lpdwlrqv1 Wklv zdv wkh phwkrg iroorzhg e| Juxee dqg V|prqv +4<;:,/ zkr
xvhg odujh0W dv|pswrwlfv lq wkh wudglwlrq ri Nhqgdoo +4<87, zkhuh W lv wkh vdpsoh vl}h1 Wkh|
ghulyhg dq h{suhvvlrq iru wkh eldv wr wkh rughu ri W3� ri wkh odjjhg ghshqghqw yduldeoh frh!flhqw
lq wkh DU[+4, prgho/ zkloh wkh suhvhqw dxwkruv � khqfhiruwk uhihuuhg wr dv NS � dqdo|}hg wkh
eldv ri wkh ixoo frh!flhqw yhfwru/ vhh NS +4<<6,1 Odwhu/ NS +4<<7, h{whqghg wkh dqdo|vlv wr wkh
kljkhu0rughu g|qdplf uhjuhvvlrq prgho/ l1h1 DU[+s,> dqg Nlylhw hw do1 +4<<8, wr wkh g|qdplf



vhhplqjo| xquhodwhg uhjuhvvlrq prgho1 Pruh uhfhqwo|/ NS +4<<;, irxqg wkh eldv wr wkh rughu ri
W32 lq wkh vwdeoh DU[+4, prgho1

Lq hfrqrphwulfv wkhuh duh wzr pdlq dssurdfkhv wr �qglqj dv|pswrwlf dssur{lpdwlrqv wr wkh
prphqwv ri hvwlpdwruv lq prghov zlwk udqgrp uhjuhvvruv1 Wkh �uvw zdv lqwurgxfhg e| Qdjdu
+4<8<,/ zkr irxqg odujh vdpsoh dssur{lpdwlrqv wr wkh prphqwv ri frqvlvwhqw n0fodvv hvwlpdwruv
lq d vwdwlf vlpxowdqhrxv htxdwlrq prgho/ zkloh d vhfrqg dowhuqdwlyh surfhgxuh zdv hpsor|hg
lq wkh vdph prgho e| Ndgdqh +4<:4, edvhg xsrq vpdoo glvwxuedqfh dv|pswrwlfv1 Wklv |lhoghg
vpdoo0� dv|pswrwlf dssur{lpdwlrqv zklfk/ uhpdundeo|/ zhuh hvvhqwldoo| wkh vdph dv wkh odujh0W
rqhv1 Krzhyhu/ NS +4<<6/ 4<<7, frpsduhg eldv dssur{lpdwlrqv iurp wkhvh wzr dssurdfkhv dqg
irxqg wkdw wkh| fdq surgxfh txlwh gl�huhqw uhvxowv lq g|qdplf uhjuhvvlrq prghov> lq sduwlfxodu/
lq wkdw frqwh{w wkh odujh0W dssur{lpdwlrq +zklfk zdv dovr xvhg e| Juxee dqg V|prqv, zdv
irxqg wr eh vxshulru/ erwk wkhruhwlfdoo| dqg qxphulfdoo|1

Dv|pswrwlf phwkrgv duh dovr xvhg wr dssur{lpdwh wkh glvwulexwlrq ri hvwlpdwruv1 Lq wkh
frqwh{w ri vwdeoh dqg xqvwdeoh g|qdplf uhjuhvvlrq prghov Hydqv dqg Vdylq +4<;7, hpsor| erwk
odujh0W dqg vpdoo0� phwkrgv dqg/ ehfdxvh wkh| irfxv rq �uvw0rughu dv|pswrwlf glvwulexwlrqv/
wkh| hvwdeolvk htxlydohqfh1 Lqwhuhvwlqj uhvxowv rq dv|pswrwlf glvwulexwlrqv lq qhdu xqlw urrw
prghov kdyh dovr ehhq rewdlqhg e| Qdeh|d dqg Vûuhqvhq +4<<7,/ exw wkhlu uhvxowv gr qrw |lhog
dssur{lpdwlrqv wr wkh prphqwv ri hvwlpdwruv1

Wkh prphqw dssur{lpdwlrqv lq g|qdplf uhjuhvvlrq prghov uhihuuhg wr deryh zhuh doo re0
wdlqhg lq vwdeoh prghov zlwk vwdwlrqdu| ru qrq0vwdwlrqdu| h{rjhqrxv uhjuhvvruv1 Dowkrxjk wkh
odujh0W dssur{lpdwlrqv/ lq sduwlfxodu wkh vhfrqg0rughu dssur{lpdwlrqv/ duh riwhq uhpdundeo|
dffxudwh/ lw kdv dovr ehhq ghprqvwudwhg wkdw wkh| duh ri olplwhg xvh iru prghov zkhuh wkh DU
sdudphwhu lv forvh wr xqlw|1 Lq NS +4<<;, lw zdv hyhq hvwdeolvkhg wkdw/ iru qhdu xqlw urrw prghov/
dq dssur{lpdwlrq wr wkh eldv wr wkh rughu ri W32 lv jhqhudoo| pxfk pruh yxoqhudeoh wkdq wkh
vlpsohu dssur{lpdwlrq wr rughu W3�= Jlyhq wkh fxuuhqw lqwhuhvw lq qrq0vwdwlrqdu| prghov zlwk
xqlw urrwv/ d qdwxudo h{whqvlrq ri wkh NS zrun lv wr d prgho lq zklfk wkh vwdelolw| dvvxpswlrq lv
uhod{hg1 Wkh qhhg iru eldv uhgxfwlrq phwkrgv lq xqlw urrw prghov lv dovr h{srxqghg lq Dedglu
+4<<8,1 Lq wklv sdshu zh h{dplqh wkh ohdvw vtxduhv hvwlpdwru lq wkh qrupdo DU[+4, prgho
zkhq wkh wuxh frh!flhqw ri wkh odjjhg ghshqghqw yduldeoh lv xqlw|1 Wkh pdmru dfklhyhphqwv duh
wkh ghulydwlrq ri dq dssur{lpdwlrq dffxudwh wr rughu W3� iru wkh eldv ri wkh odjjhg ghshqghqw
yduldeoh frh!flhqw +wklv eldv lv ri rughu W32 zkhq wkh h{rjhqrxv uhjuhvvruv duh vwdwlrqdu|, dqg
dq dssur{lpdwlrq dffxudwh wr rughu W3e iru wkh phdq vtxduhg huuru +PVH, ri wklv frh!flhqw
+zkhq wkh eldv lv ri rughu W32> wkhq wkh yduldqfh dqg wkh PVH duh ri rughu W3�,= Lq dgglwlrq/
zh vkrz wkdw/ xqolnh lq wkh vwdeoh fdvh/ wkh odujh0W dqg vpdoo0� dssur{lpdwlrqv surgxfh uhvxowv
zklfk duh yhu| forvho| uhodwhg/ zlwk � txlwh uhpdundeo| � wkh vpdoo0� uhvxowv srwhqwldoo| vxshulru
khuh ehfdxvh zh �qg wkdw dq rughu W32 dssur{lpdwlrq grhv qrw frqwdlq doo whupv ri rughu �2>
zkhuhdv wkh rughu �2 dssur{lpdwlrq grhv lqfoxgh doo frqwulexwlrqv ri rughu W32 dqg dovr vrph
ri wkh rughu W3� whupv1 Dwwhqwlrq lv dovr sdlg wr wkh prphqwv ri wkh ixoo yhfwru ri frh!flhqwv/
hvshfldoo| zkhq wkh prgho frqwdlqv dq lqwhufhsw soxv d olqhdu wuhqg1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh glvwlqjxlvk odujh vdpsoh dqg vpdoo
glvwxuedqfh dv|pswrwlf phwkrgv/ irfxvlqj rq dv|pswrwlf h{sdqvlrqv iru wkh odjjhg ghshqghqw
yduldeoh frh!flhqw hvwlpdwru lq wkh DU[+4, prgho1 Lq Vhfwlrq 6 zh rewdlq dssur{lpdwlrqv
wr lwv �qlwh vdpsoh eldv/ yduldqfh dqg phdq vtxduhg huuru/ dqg vshfldol}h wkhvh uhvxowv iru wkh
fdvh ri dq DU+4, prgho zlwk d qrq0}hur lqwhufhsw1 Vhfwlrq 7 h{whqgv wkh uhvxowv iru wkh ixoo
frh!flhqw yhfwru ri d xqlw urrw prgho zlwk dq duelwudu| qxpehu ri srvvleo| qrq0vwdwlrqdu|
uhjuhvvruv1 Lq Vhfwlrq 8 zh lqyhvwljdwh wkh dffxudf| ri wkh wkhruhwlfdo uhvxowv yld vlpxodwlrq
phwkrgv dqg Vhfwlrq 9 frqfoxghv1 Surriv duh jlyhq lq d vhulhv ri Dsshqglfhv1

5



�� ��������� ��� ��� ���� ���� ����
����

Lq wkh Qdjdu dssurdfk wr �qglqj prphqw dssur{lpdwlrqv zh frpphqfh e| h{suhvvlqj wkh
hvwlpdwlrq huuru lq whupv ri vwrfkdvwlf frpsrqhqwv zklfk duh ri ghfuhdvlqj rughu ri pdjqlwxgh
lq whupv ri wkh vdpsoh vl}h W 1 Lq sduwlfxodu/ zh ghwhuplqh d srvlwlyh frqvwdqw � vxfk wkdw iru
dq hvwlpdwru e� ri wkh xqnqrzq sdudphwhu � zh kdyh wkh h{sdqvlrq

W B+e�� �, @ df . W3�*2d� . W3�d2 . W3�*2d� . � � �. W3^*2d^ . W3E^n��*2U^n�> +514,

zkhuh wkh d� / m @ 3> ===> t dqg wkh uhpdlqghu U^n� duh doo RR+4, dv W $ 41 Qrwlfh wkdw wkh

�uvw0rughu dv|pswrwlf glvwulexwlrq lv ghwhuplqhg e| wkh ohdglqj whup/ l1h1 W B+e� � �,
u
$ df dv

W $4= Riwhq � @ �
2 exw lw pd| wdnh rwkhu ydoxhv lq qrq0vwdwlrqdu| prghov1

Wkh vpdoo glvwxuedqfh dssurdfk uhtxluhv wkdw d qrupdol}hg hvwlpdwlrq huuru eh uhsuhvhqwhg
lq whupv ri vwrfkdvwlf frpsrqhqwv zklfk duh ri ghfuhdvlqj rughu ri pdjqlwxgh zlwk uhvshfw wr
wkh vwdqgdug ghyldwlrq ri wkh glvwxuedqfh whup/ �1 W|slfdoo|/ wkh h{sdqvlrq wdnhv wkh irup

4

�
+e�� �, @ bdf . � bd� . �2 bd2 . �� bd� . � � �. �^ bd^ . �^n� bU^n�> +515,

zkhuh wkh bd� / l @ 3> ===> t dqg bU^n� duh doo erxqghg lq suredelolw| dv �$ 31
Zkhq odujh0W ru vpdoo0� h{sdqvlrqv kdyh ehhq irxqg prphqw dssur{lpdwlrqv fdq eh re0

wdlqhg e| glylglqj wkh fruuhvsrqglqj prphqwv ri wkh uhwdlqhg whupv lq wkh h{sdqvlrq e| wkh
qrupdol}lqj frqvwdqw +l1h1 W B ru �3�,1 Krzhyhu/ wkhuh lv qr vwdqgdug dssurdfk wr �qglqj wkhvh
h{sdqvlrqv> zh vkdoo uhwxuq wr wklv srlqw odwhu1

Wkh dxwruhjuhvvlyh prgho ri rxu lqwhuhvw zloo eh zulwwhq

| @ �|3� .[� . x> +516,

zkhuh wkh vfdodu � dqg wkh n � 4 yhfwru � duh frh!flhqwv zkrvh ydoxhv duh xqnqrzq/ | @
+|�> ===> |A ,

� lv d W �4 yhfwru ri revhuydwlrqv rq d ghshqghqw yduldeoh/ |3� lv wkh | yhfwru odjjhg
rqh wlph shulrg/ l1h1 |3� @ +|f> ===> |A3�,

�> [ lv d ixoo froxpq udqn W �n pdwul{ ri revhuydwlrqv
rq n vwurqjo| h{rjhqrxv uhjuhvvruv dqg x � Q^3> �2` lv wkh W � 4 glvwxuedqfh yhfwru= Zh vkdoo
h{dplqh wkh ohdvw0vtxduhv hvwlpdwruv ri � dqg � frqglwlrqdo rq [ dqg |f +wkh �uvw revhuyhg
ydoxh iru |,= Lq sduwlfxodu zh lqyhvwljdwh wkh eldv/ yduldqfh dqg PVH ri wkhvh hvwlpdwruv lq �qlwh
vdpsohv1 Iru wkh prphqw zh vkdoo dvvxph wkdw doo frpsrqhqwv ri [ duh erxqghg/ vr [ �[ @
R+W ,1 Dvvxplqj wkdw ] @ ^|3� = [` kdv udqn n . 4> wkh ohdvw0vtxduhv hvwlpdwru iru � lq +516,
lv jlyhq e|

e� @
|�
3�P|

|�
3�P|3�

@ �.
|�
3�Px

|�
3�P|3�

> +517,

zkhuh P @ LA �[+[ �[,3�[ �= Zh pd| zulwh

|3� @ |ff+�, .F+�,[� .F+�,x> +518,

zkhuh f+�, lv d W � 4 yhfwru dqg F+�, d W � W pdwul{ jlyhq e|

f+�, @

3EEEEEEEEC

4
�
�2

�
�
�

�A3�

4FFFFFFFFD
> F+�,@

5999999997

3 � � � � � 3
4 3 � � � � �
� 4 � � � � �
�2 � � � � � �
� � � � � � �
� � � � � � �

�A32 �A3� � � � 4 3

6::::::::8
= +519,
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Lq wkh xqlw urrw fdvh f+4, lv mxvw d yhfwru zlwk doo frpsrqhqwv xqlw|/ zkhuhdv F+4, kdv }hurhv
rq dqg deryh lwv pdlq gldjrqdo dqg frpsrqhqwv xqlw| ehorz1 Lqwurgxflqj vshfldo qrwdwlrq iru
wklv vlwxdwlrq zh gh�qh=

� =@ f+4, @

3EEEEC
4
4
�
�
4

4FFFFD > M =@ F+4, @

599997
3 � � � 3
4 3 � � �
� � � � �
� � � 3 �
4 � � 4 3

6::::8 = +51:,

Lq Dsshqgl{ D ydulrxv surshuwlhv ri h{suhvvlrqv lq � dqg M duh froohfwhg/ zklfk zloo eh xvhg lq
wkh ghulydwlrqv wr iroorz1

Zh vkdoo irfxv qrz rq wkh vlwxdwlrq zkhuh � lv xqnqrzq dqg lv hvwlpdwhg e| ohdvw0vtxduhv/
exw zkhuh dfwxdoo| � � 4> l1h1 prgho +516, kdv d xqlw urrw1 Khqfh/ +518, vshfldol}hv lqwr

|3� @ |f�. M[� . Mx> +51;,

dqg/ dvvxplqj wkh suhvhqfh ri d frqvwdqw lq wkh prgho vr wkdw P� @ 3> zh kdyh

P|3� @PM[� .PMx= +51<,

Khqfh/ P|3� lv iuhh ri |f vr wkdw e� lq +517, grhv qrw ghshqg rq |f1 Wklv lv lq vkdus frqwudvw
wr wkh vwdeoh prgho iru zklfk NS +4<<;, vkrzhg wr zkdw h{whqw �qlwh vdpsoh eldv lv d�hfwhg
e| wkh dfwxdo ydoxh dqg vwrfkdvwlf surshuwlhv ri wkh vwduw0xs ydoxh |f1

Iurp +517, dqg +51<, zh �qg iru wkh hvwlpdwlrq huuru ri wkh xqlw urrw prgho

e�� 4 @
��[ �M �Px. x�M �Px

��[ �M �PM[� . 5��[ �M �PMx. x�M �PMx
+5143,

iru zklfk dq h{sdqvlrq lv wr eh ghyhorshg1 Zh �uvw irfxv rq rewdlqlqj odujh0W uhvxowv1 Wr
surfhhg/ zh kdyh wr h{dplqh wkh rughuv ri pdjqlwxgh ri doo whupv lq wkh deryh udwlr1 Iru wkh
suhvhqw vhwwlqj zkhuh [ �[ @ R+W ,> zklfk zloo eh uhod{hg lq Vhfwlrq 7/ wklv lv grqh lq Dsshqgl{
E1 Dvvxplqj � 9@ 3 +l1h1 qrw doo uhjuhvvruv duh uhgxqgdqw,/ zh pd| uhzulwh wkh hvwlpdwlrq huuru
+5143, dv

e�� 4 @

�
��[ �M �Px. x�M �Px

��[ �M �PM[�

��
4 .

5��[ �M �PMx. x�M �PMx

��[ �M �PM[�

�
3�

> +5144,

dqg li � lv �{hg dqg �qlwh l1h1 � @ R+4,> lw iroorzv wkdw wkh �uvw idfwru ri +5144, kdv wzr
whupv zklfk duh RR+W

3�*2, dqg RR+W
32, uhvshfwlyho|/ dqg lq wkh rwkhu +lqyhuwhg, idfwru wkhuh

duh wzr udwlrv zklfk duh ri rughu RR+W
3�*2, dqg RR+W

3�, uhvshfwlyho|1 Lq jrlqj iurp +5143, wr
+5144, zh kdyh glylghg erwk wkh qxphudwru dqg ghqrplqdwru ri +5143, e| wkh +�odujhvw�, whup
��[ �M �PM[�/ zklfk zh fdoo wkh edvh1 Qrwlfh wkdw lw dsshduv lq wkh ghqrplqdwru ri wkh lqyhuvh
whup lq +5144, vr wkdw zkhq wklv lqyhuvh lv h{sdqghg dv d srzhu vhulhv vxffhvvlyh whupv duh ri
ghfuhdvlqj rughu lq suredelolw|1 Xvlqj wkh yhu| vlpsoh h{sdqvlrq�

4 .
5��[ �M �PMx. x�M �PMx

��[ �M �PM[�

�
3�

@ 4� 5
��[ �M �PMx

��[ �M �PM[�
.RR+W

3�,>

dqg xsrq rplwwlqj lq +5144, doo whupv ri vwrfkdvwlf pdjqlwxgh rR+W
32,> lw lv hdvlo| vkrzq wkdw

e�� 4 @
��[ �M �Px

��[ �M �PM[�
.

x�M �Px

��[ �M �PM[�
� 5

��[ �M �Pxx�M �PM[��
��[ �M �PM[�

�2 . rR+W
32,> +5145,

7



zkhuh wkh �uvw whup lv RR+W
3�*2, dqg wkh uhpdlqlqj wzr whupv duh RR+W

32,= Khqfh/ wkh �uvw
whup ri +5145, ghwhuplqhv wkh �uvw0rughu dv|pswrwlf glvwulexwlrq ri wkh hvwlpdwru1 Xqghu wkh
dvvxphg frqglwlrqv lw lv uhdglo| vkrzq wkdw wkh olplwlqj glvwulexwlrq lv vwloo qrupdo/ l1h1

W �*2+e�� 4,
u
$ Q

#
3> olp

A<"

�2

�
A ��

�[ �M �PM[�

$
> +5146,

exw wkdw wkh udwh ri frqyhujhqfh lv idvwhu +� @ 6@5, wkdq lq wkh vwdeoh prgho1 Wklv vxusulvlqj
uhvxow lv uhodwlyho| zhoo0nqrzq/ vhh iru h{dpsoh Zhvw +4<;;, dqg Edqhumhh hw do1 +4<<6/ Fkdswhu
9,/ zkr jlyh sduwlfxodu dwwhqwlrq wr wkh fdvh zkhuh wkhuh lv d frqvwdqw whup exw qr h{rjhqrxv
yduldeohv1

Lw lv ri lqwhuhvw wr qrwh wkdw lq +5143, wkh ghqrplqdwru qdwxudoo| frqwdlqv d ghfrpsrvlwlrq
ri wkh whup |�

3�P|3� lqwr lwv vwrfkdvwlf dqg qrq0vwrfkdvwlf sduwv vxfk wkdw wkh qrq0vwrfkdvwlf
sduw ��[ �M �PM[� lv lqghshqghqw ri �2 zkhuhdv lw lv dovr wkh �odujhvw� whup dqg vxevhtxhqwo|
pd| wkhq irup d vxlwdeoh edvh iru wkh h{sdqvlrq ri wkh ghqrplqdwru1 Wklv gl�huv iurp wkh
vlwxdwlrq lq wkh vwdeoh g|qdplf prgho dqg wkh dssurdfk iroorzhg e| Nhqgdoo +4<87,/ Juxee
dqg V|prqv +4<;:, dqg NS +4<<6/ 4<<7/ 4<<;, zkhuh wkh edvh fkrvhq iru wkh h{sdqvlrq zdv

H+|�3�P|3�, zklfk lv olqhdu +exw qrw jhqhudoo| d!qh, lq �2= Dv d uhvxow wkh odujh0W dqg wkh
vpdoo0� h{sdqvlrqv |lhog txdolwdwlyho| gl�huhqw uhvxowv/ dv vkrzq lq NS +4<<6/ 4<<7,1 Lq idfw
wkh vpdoo0� uhvxowv zhuh vkrzq wr eh pdunhg lqihulru lq wkh vwdeoh fdvh ehfdxvh dq| �qlwh rughu
vpdoo0� dssur{lpdwlrq rplwv whupv ri rughu W3�1

Lq wkh suhvhqw qrqvwdeoh prgho/ zkhuh wkh edvh ��[ �M �PM[� lv lqghshqghqw ri �2> zh
�qg d vwurqj fruuhvsrqghqfh ehwzhhq wkh odujh0W dqg vpdoo0� dv|pswrwlf uhvxowv1 Wr vhh wklv/
frqvlghu wkh h{sdqvlrq lq +5145,1 Li x lv uhsodfhg e| �%> zkhuh % lv d yhfwru ri lqghshqghqw
vwdqgdug qrupdo yduldeohv/ wkhq wkh h{sdqvlrq lqyroyhv whupv ri lqfuhdvlqj rughu lq �> vr wkdw
wkh h{sdqvlrqv wr RR+�, dqg RR+�

2, frlqflgh zlwk wkh h{sdqvlrqv wr RR+W
3�*2, dqg RR+W

32,
uhvshfwlyho|1 Krzhyhu/ zkhq irfxvlqj rq eldv/ wkh h{sdqvlrqv djdlq vkrzv d gl�huhqfh ehwzhhq
vpdoo0� dqg odujh0W dssur{lpdwlrqv1 Ehorz/ zh zloo suryh wkdw wkh wklug whup lq wkh h{sdq0
vlrq +5145,/ zklfk lv RR+W

32,> kdv dq h{shfwdwlrq wkdw lv R+W3�,> zklfk lv wkxv rplwwhg iurp
wkh odujh0W dssur{lpdwlrq wr rughu W32= Wkhuhiruh wkh R+�2, frqwulexwlrq wr wkh eldv frq0
wdlqv/ dsduw iurp wkh frpsrqhqwv ri rughu ri pdjqlwxgh W32> vrph frqwulexwlrqv ri rughu W3�1
Vr/ vxusulvlqjo|/ lq wklv xqlw urrw prgho wkh �uvw0rughu vpdoo0� eldv dssur{lpdwlrq lqfoxghv d
frqwulexwlrq zklfk lv ri vhfrqg0rughu lq d odujh0W vhqvh1

Forvh fruuhvsrqghqfh ri odujh0W dqg vpdoo0� dv|pswrwlf uhvxowv kdv hduolhu ehhq hvwdeolvkhg
ehwzhhq wkh �qglqjv ri Qdjdu +4<8<, dqg Ndgdqh +4<:4, iru frqvlvwhqw n0fodvv hvwlpdwruv lq d
vwdwlf vlpxowdqhrxv htxdwlrq iudphzrun1 Dv vkrzq lq NS +4<<9, wklv htxlydohqfh euhdnv grzq/
krzhyhu/ iru wkh lqfrqvlvwhqw ohdvw0vtxduhv hvwlpdwru lq wkh vwdwlf vlpxowdqhrxv htxdwlrqv prgho/
zkhuh dq dssursuldwh edvh iru wkh h{sdqvlrq lv djdlq olqhdu lq �2/ zkhuhdv lw lv lqghshqghqw ri
�2 iru frqvlvwhqw hvwlpdwruv1

Rqh vshfl�f �qglqj lq NS +4<<6, lv wkdw lq wkh vwdeoh prgho wkh vpdoo0� h{sdqvlrq lv qrw
ihdvleoh zkhq |f @ 3 dqg � @ 3> ehfdxvh wkh hvwlpdwru e� lv lqyduldqw zlwk uhvshfw wr � lq wkdw
fdvh1 Zkhq � @ 3 lq wkh suhvhqw xqlw urrw prgho vpdoo0� lv djdlq qrw ihdvleoh ehfdxvh wkh
hvwlpdwlrq huuru +5143, uhgxfhv wkhq wr d vlpsoh udwlr ri txdgudwlf irupv lq vwdqgdug qrupdo
yduldwhv1 Khqfh/ lwv prphqwv fdq eh dffxudwho| ghwhuplqhg e| zhoo0nqrzq qxphulfdo phwkrgv1
Qhyhuwkhohvv lw lv lqvwuxfwlyh wr h{dplqh odujh0W h{sdqvlrqv iru wklv fdvh1 Xvlqj wkh h{shfwdwlrq
ri wkh ghqrplqdwru dv d edvh zh rewdlq

e�� 4 @
x�M �Px

x�M �PMx
@

x�M �Px

H+x�M �PMx,

�
4 .

x�M �PMx� H+x�M �PMx,

H +x�M �PMx,

�
3�

= +5147,

Vlqfh x�M �PMx� H+x�M �PMx, @ RR+W
2, dqg H+x�M �PMx, @ R+W 2, wkh udqgrp whup lq wkh

lqyhuvh idfwru lv RR+4, dqg qrw RR+W
3V, zlwk � A 3 dv zrxog eh uhtxluhg iru d frqyhujlqj
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h{sdqvlrq1 Dq dowhuqdwlyh irupxodwlrq lv krzhyhu

x�M �Px

x�M �PMx
@

x�M �Px

x�M �Mx

�
4�

x�M �[+[ �[,3�[Mx

x�M �Mx

�3�
+5148,

dqg qrz wkh udqgrp whup lq wkh lqyhuvh idfwru lv RR+W
3�*2, hqdeolqj d ydolg h{sdqvlrq1 Krz0

hyhu/ hydoxdwlrq ri prphqw dssur{lpdwlrqv iurp wklv h{sdqvlrq lv qrw vwudljkwiruzdug vlqfh lw
uhtxluhv wkh hydoxdwlrq ri surgxfwv ri udwlrv ri vwrfkdvwlf whupv1 Khqfh/ zkloh zh kdyh d ydolg
odujh0W h{sdqvlrq/ zh fdqqrw xvh lw iuxlwixoo|1

Wkh dffxudf| ri rxu h{sdqvlrq edvhg prphqw dssur{lpdwlrqv wr eh rewdlqhg lq wkh qh{w
vhfwlrq ghwhulrudwhv zkhq � jhwv forvh wr }hur +dv zh vkdoo vhh odwhu iurp wkh vlpxodwlrqv,1
Wkhuhiruh lw frxog eh zruwkzkloh wr ghyhors vshfldo uhvxowv iru wkh fdvh zkhuh � jhwv forvh wr
}hur dv|pswrwlfdoo|1 Wkxv/ dorqjvlgh wkh fdvhv � @ R+4, dqg � @ 3 zh h{dplqhg � @ R+W3B,
dqg � @ R+�B, iru � A 3= Wkh uhvxow lv wkdw iru 3 ? � ? �

2 wkh ruljlqdo h{sdqvlrq lv ydolg dqg
vr |lhogv vlplodu uhvxowv1 Iru � @ �

2 qr ydolg h{sdqvlrq fdq eh irxqg zkloh iru � A �
2 wkh odujhvw

whup lq wkh qxphudwru ri +5143, lv x�M �Px dqg lq wkh ghqrplqdwru x�M �PMx= Wklv lpsolhv
wkh vdph sureohp dv lq wkh � @ 3 fdvh1 Khqfh/ � orfdo wr }hur h{sdqvlrqv fdqqrw eh xvhixoo|
hpsor|hg khuh1

�� ��� ������� �� ��� ���� ���� ����
���� ��������

Zh qrz ghulyh dssur{lpdwlrqv wr wkh eldv/ wkh yduldqfh dqg wkh phdq vtxduhg huuru ri wkh
hvwlpdwru e� jlyhq lq +517,1 Dq dssur{lpdwlrq wr wkh eldv dffxudwh wr R+W32, lv rewdlqhg e|
vxpplqj wkh h{shfwhg ydoxhv ri wkh wkuhh whupv lq +5145,1 Vlqfh wkh h{shfwhg ydoxh ri wkh
�uvw whup lv }hur dqg wkdw ri wkh wklug whup lv ri rughu W3�> mxvw wkh vhfrqg whup ghwhuplqhv
wkh R+W32, eldv1 H{whqglqj wkh h{sdqvlrq dqg lqfoxglqj doo whupv ri RR+W

3�, ohdgv wr wkh
iroorzlqj uhvxow +suryhg lq Dsshqgl{ F,1

Wkhruhp 41 Lq wkh �uvw0rughu g|qdplf uhjuhvvlrq prgho +516, zkhuh wkh frh!flhqw ri wkh
odjjhg ghshqghqw yduldeoh � lv htxdo wr xqlw|/ � 9@ 3> � @ R+4, dqg [ �[ @ R+W ,/ wkh eldv ri
wkh ohdvw vtxduhv hvwlpdwru ri � wr wkh rughu ri W3� lv jlyhq e|=

H+e�� 4, @
�2 ^wu +PM, . 4`

��[ �M �PM[�
�
�e wu +PM, wu +M �PM,�

��[ �M �PM[�
�2

.
7�e wu +PM,��[ �M �PMM �PM[��

��[ �M �PM[�
�� . r+W3�,= +614,

Qrwh wkdw e� lv xqeldvhg wr rughu W3�*2 dqg dovr wr rughu �= Dovr qrwh wkdw wkh eldv ri e� lv
R+W32, dqg wkdw wkh eldv wr rughu W32 lv jlyhq e|

H+e�� 4, @ ��2
wui+[ �[,3�[ �M[j

��[ �M �PM[�
. r+W32,> +615,

zkhuhdv dq dssur{lpdwlrq wr rughu �2 lqfrusrudwhv dq h{wud R+W3�, frqwulexwlrq/ yl}1 wkh whup

�2
�
��[ �M �PM[�

�
3�

= Khqfh/ odujh0W dqg vpdoo0� dv|pswrwlf h{sdqvlrqv fruuhvsrqg khuh pruh
forvho| wkdq lq wkh vwdeoh g|qdplf prgho +zkhuh vpdoo0� lv lqihulru ehfdxvh dq| �qlwh rughu
vpdoo0� dssur{lpdwlrq rplwv whupv ri rughu W3�,/ exw wkh| duh qrw htxlydohqw dqg wkh ohdglqj
whup ri vpdoo0� lqfrusrudwhv frqwulexwlrqv khuh/ zklfk duh rplwwhg lq wkh ohdglqj whup ri wkh
odujh0W dssur{lpdwlrq1
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Wkh fdvh zkhuh wkhuh lv d frqvwdqw whup exw qr ixuwkhu h{rjhqrxv yduldeohv lv ri sduwlfxodu
lqwhuhvw1 Wkh fruuhvsrqglqj eldv fdq eh rewdlqhg e| vxevwlwxwlqj [ @ � lq Wkhruhp 4/ exw
wkh uhvxowlqj h{suhvvlrq zloo wkhq lqfoxgh dovr vrph hohphqwv zklfk duh r+W3�,= Wkhvh fdq eh
holplqdwhg> wkh uhvxowlqj �wulpphg� h{suhvvlrq lv hydoxdwhg lq Dsshqgl{ G/ ohdglqj wr wkh
iroorzlqj uhvxow1

Fruroodu| 41 Li lq wkh prgho ri Wkhruhp 4 zh kdyh [ @ � zlwk �qlwh lqwhufhsw � 9@ 3/ wkhq
wkh eldv vlpsol�hv wr=

H+e�� 4, @ �9

�
�

�

�2 4

W 2
. 4;

�
�

�

�2 4

W �
�

;7

8

�
�

�

�e 4

W �
. r+W3�,= +616,

Iurp wklv zh vhh wkdw wkh eldv lv dozd|v qhjdwlyh wr wkh rughu W32> dqg wkdw wkh pdjqlwxgh
ri wkh eldv fuxfldoo| ghshqgv rq wkh udwlr �@�= Iurp Fruroodu| 4 lw lv ixoo| hylghqw wkdw dq
dssur{lpdwlrq wr rughu R+�2, lqfrusrudwhv vrph ri wkh rughu W3� eldv/ yl}1 d srvlwlyh frqwul0
exwlrq/ zkhuhdv d qhjdwlyh rughu W3� frqwulexwlrq lv rplwwhg ehfdxvh lw lv R+�e,1 Qrwh wkdw
zkhq �@� @ +<3@;7,�*2 � 4=48 wkh wzr R+W3�, whupv fdqfho1

Wr rewdlq dq dssur{lpdwlrq wr wkh PVH ri e� zh xvh +5144, dqg zulwh

+e�� 4,2 @

�
��[ �M �Px. x�M �Px

��[ �M �PM[�

�2�
4 .

5��[ �M �PMx. x�M �PMx

��[ �M �PM[�

�
32

= +617,

H{sdqglqj wkh uljkw kdqg vlgh whup dv d srzhu vhulhv lq zklfk vxffhvvlyh whupv duh ri lqfuhdvlqj
srzhuv ri RR+W

3�*2, |lhogv wkh iroorzlqj +surri lq Dsshqgl{ H,1

Wkhruhp 51 Lq wkh prgho ri Wkhruhp 4 wkh PVH ri wkh ohdvw vtxduhv hvwlpdwru ri � wr wkh
rughu ri W3e lv jlyhq e|=

H+e�� 4,2 @
�2

��[ �M �PM[�
. �e

i^wu +PM,`2 . wu +MPMP,� wu +M �PM,j�
��[ �M �PM[�

�2
.7�e

�
��[ �M �PMM �PM[� � ��[ �M �PMPMPM[�

��
��[ �M �PM[�

�� . r+W3e,= +618,

Ehfdxvh wkh vtxduhg eldv ri e� lv R+W3e, wkh �uvw whup lq wkh deryh h{suhvvlrq/ zklfk lv
wkh rqo| R+W3�, frqwulexwlrq wr wkh PVH/ hvwdeolvkhv dovr dq dssur{lpdwlrq wr ydu+e�, @
PVH+e�,�H+e��4,2= Iru wkh vshfldo fdvh ri d frqvwdqw dqg qr ixuwkhu h{rjhqrxv uhjuhvvruv wklv
|lhogv=

Fruroodu| 51 Li lq wkh prgho ri Wkhruhp 5 zh kdyh [ @ � zlwk �qlwh lqwhufhsw � 9@ 3/ wkhq
wkh PVH dqg yduldqfh vlpsoli| wr

H+e�� 4,2 @ 45

�
�

�

�2 4

W �
.

669

8

�
�

�

�e 4

W e
. r+W3e, +619,

dqg

ydu+e�, @ 45

�
�

�

�2 4

W �
.

489

8

�
�

�

�e 4

W e
. r+W3e,= +61:,

Iurp wkh uhvxowv ri wkh wzr fruroodulhv lw lv dssduhqw wkdw iru d jlyhq vdpsoh vl}h W wkh txdolw|
ri wkh dssur{lpdwlrqv zloo ghwhulrudwh dv m�@�m lqfuhdvhv deryh xqlw|1 Wkxv wkh vpdoohu m�@�m
lv/ wkh odujhu wkh vdpsoh vl}h zloo qhhg wr eh wr dfklhyh d ghvluhg dffxudf|1 Wklv srlqw zloo
eh dgguhvvhg lq Vhfwlrq 8 zkhuh wkh dffxudf| ri wkh dssur{lpdwlrqv zloo eh h{dplqhg dqg
frpsduhg zlwk wkhlu �xqwulpphg� frxqwhusduwv1

:



�� ��� ������� �� ��� �	�� ����
����  �
���

Zh qrz dssur{lpdwh wkh �uvw wzr prphqwv ri wkh ohdvw vtxduhv hvwlpdwru ri wkh ixoo yhfwru ri
frh!flhqwv +�> ��,/ dqg dw wkh vdph wlph zh vkdoo uhod{ wkh dvvxpswlrq rq wkh vwdwlrqdulw| ri
wkh h{rjhqrxv uhjuhvvruv1 Zh uhzulwh prgho +516, dv

| @ �|3� .[� . x @ ]�. x> +714,

zkhuh ] @ ^|3� = [`> � @ +�> ��,� dqg wkh ohdvw vtxduhv hvwlpdwru

e� @ +e�> e��,� @ +]�],3�]�| +715,

kdv hvwlpdwlrq huuru # e�� 4e� � �

$
@ e�� � @ +]�],3�]�x= +716,

Lq wkh fdvh zkhuh doo uhjuhvvruv [ duh vwdwlrqdu| wkh hvwlpdwlrq huuru ri e� lv RR+W
3�*2, zkloh

wkdw ri e� lv RR+W
3�*2,= Li vrph ri wkh uhjuhvvruv lq [ duh qrq0vwdwlrqdu| wklv d�hfwv wkh rughu ri

suredelolw| ri erwk wkh fruuhvsrqglqj frh!flhqwv* hvwlpdwlrq huuru dqg wkdw ri e�= Iru uhjuhvvruv
wkdw duh L+4,> l1h1 lqwhjudwhg ri rughu rqh/ wkh hvwlpdwlrq huuru zloo eh RR+W

3�*2,> dqg li vxfk
d uhjuhvvru kdv d qrq0}hur frh!flhqw wkh ghshqghqw yduldeoh zloo lq sulqflsoh eh L+5,/ gxh wr
wkh xqlw urrw/ zklfk uhgxfhv wkh hvwlpdwlrq huuru ri e� wr RR+W

3D*2,> wkh vdph kdsshqv zkhq d
qrq0uhgxqgdqw olqhdu ghwhuplqlvwlf wuhqg rffxuv lq wkh prgho1

Wr idflolwdwh wkh ghyhorsphqw ri dq dssursuldwh dv|pswrwlf h{sdqvlrq iru jhqhudo [ pdwulfhv
zh vkdoo uhvfdoh wkh uhjuhvvruv dqg frh!flhqwv vr wkdw doo frpsrqhqwv ri wkh uhvfdohg hvwlpdwlrq
huuru yhfwru duh ri wkh vdph vwrfkdvwlf pdjqlwxgh1 Wkxv/ zh frqvlghu wkh +n . 4, � +n . 4,
gldjrqdo pdwul{ G ghvljqhg vxfk wkdw=

G @ gldj +g�> � � �> g&n�,

g� @ W B� / +l @ 4> ===> n . 4,

G] �]G @ RR+W ,

<AAAA@AAAA> +717,

Lq wkh xqlw urrw prgho zlwk vwdwlrqdu| [ zh vkrxog kdyh �� @ �4 dqg �� @ 3 iru l A 4> lq
d prgho zlwk n @ 5> zkhuh wkh �uvw froxpq ri [ fruuhvsrqgv wr wkh frqvwdqw dqg wkh vhfrqg
lv d olqhdu wuhqg/ zh vkrxog vhohfw �� @ �5 +li wkh wuhqg frh!flhqw lv qrq}hur dqg �� @ �4
rwkhuzlvh,> �2 @ 3 dqg �� @ �4= Wkh prgho lv qrz

| @ ]G+G3��, . x> +718,

zlwk uhvfdohg frh!flhqwv G3�� dqg hvwlpdwlrq huuru

G3� +e�� �, @ +G]�]G,3�G] �x= +719,

Wr vlpsoli| vxevhtxhqw dqdo|vlv/ zh sxw

Z @ ]G @ ]G . h]G @Z .iZ> +71:,

zkhuh Z @ ]G @ H+],G lv qrqvwrfkdvwlf dqg iZ @ h]G @ ^] � ]`G lv vwrfkdvwlf zlwk
}hur phdq1 Vlqfh h] @ Mxh��> zlwk h� @ +4> 3> � � �> 3,� d +n . 4, � 4 xqlw0yhfwru/ zh pd| zulwhiZ @ Mxh��G= Qrz +719, fdq eh h{suhvvhg dv

G3� +e�� �, @ +Z
�

Z .Z
�iZ .iZ �Z .iZ �iZ ,3�+Z .iZ ,�x= +71;,

;



Qrwh wkdw G lv ghvljqhg vxfk wkdw Z
�

Z @ G]
�

]G @ R+W ,> Z
�iZ @ G]

� h]G @ RR+W
�*2,>iZ �iZ @ G h]� h]G @ RR+4,/ Z

�

x @ RR+W
�*2, dqg iZ �x @ RR+4,= Dvvxplqj wkdw Z

�

Z lv lqyhuw0
leoh/ dqg sxwwlqj

U @ +Z
�

Z ,3�> S @Z
�iZU.iZ �ZU> V @ iZ �iZU> +71<,

zkhuh U @ R+W3�,> S @ RR+W
3�*2, dqg V @ RR+W

3�,> zh pd| zulwh

G3� +e�� �, @ U^L . S . V`3�+Z .iZ ,�x> +7143,

dqg wkh lqyhuvh pdwul{ fdq eh h{sdqghg zlwk vxffhvvlyh whupv ehlqj ri ghvfhqglqj vwrfkdvwlf
rughu1 Lw lv rxu lqwhqwlrq khuh wr �qg d vwrfkdvwlf h{sdqvlrq ri +7143, lqfoxglqj whupv xs wr
RR+W

3�, rqo|1 Khqfh/ lw zloo vx!fh wr dssur{lpdwh wkh lqyhuvh pdwul{ e|

^L . S . V`3� @ L � S . rR+W
3�*2,=

Wkh uhtxluhg h{sdqvlrq lv wkhq

G3� +e�� �, @ U+L � S ,+Z .iZ ,�x. rR+W
3�,

@ UZ
�

x.UiZ �x�USZ
�

x. rR+W
3�,> +7144,

iurp zklfk wkh iroorzlqj eldv dssur{lpdwlrq uhdglo| iroorzv +vhh Dsshqgl{ J,1

Wkhruhp 61 Lq wkh �uvw0rughu g|qdplf uhjuhvvlrq prgho +714,/ zkhuh wkh frh!flhqw ri wkh
odjjhg ghshqghqw yduldeoh � lv htxdo wr xqlw|/ wkh uhjuhvvru pdwul{ ] @ ^|3� = [` dqg wkh
vfdolqj pdwul{ G @ gldj +g�> � � �> g&n�, > zlwk g� @ W B� +l @ 4> ===> n.4,> lv vxfk wkdw G]�]G @
RR+W ,/ wkh eldv ri wkh ohdvw vtxduhv hvwlpdwru ri wkh vhsdudwh hohphqwv ri wkh frh!flhqw yhfwru

� @
�
�> ��

�
�

fdq eh dssur{lpdwhg/ surylghg wkdw ] @ ^|f�. M[� = [` kdv ixoo froxpq udqn dqg
� lv �qlwh dqg qrq0}hur/ dv + l @ 4> ===> n,=

H+e�� � ��, @ ��2h��n�^+]
�

],3�]
�

M] .
4

5
+W � n � 4,L&n�`+]

�

],3�h�

.r+W3�nB�n�,> +7145,

dqg

H+e�� 4, @ �
4

5
+W � n,�2h��+]

�

],3�h� . r+W3�nB�,= +7146,

Wklv eldv dssur{lpdwlrq ri rughu R+W3�nB�, iru e� lv htxlydohqw wr wkh R+W32, h{suhvvlrq jlyhq
lq +615,1 Iurp wklv/ dqg pruh jhqhudoo| iurp wkh olqhv iroorzhg lq wkh surri ri Wkhruhp 6/
lw lv hylghqw wkdw qrq0vwdwlrqdulw| ri wkh uhjuhvvruv grhv qrw fkdqjh wkh dojheudlf irup ri wkh
dssur{lpdwlrqv> wkh sulqflsdo gl�huhqfh lv mxvw wkdw wkh ydulrxv whupv lq wkh dssur{lpdwlrqv
pd| eh ri vpdoohu rughu ri pdjqlwxgh1 Khqfh/ wkh ixoo dssur{lpdwlrq jlyhq lq Wkhruhp 4 dovr
dssolhv wr d prgho zklfk lqfoxghv d qrquhgxqgdqw L+4, uhjuhvvru ru d olqhdu wuhqg/ exw wkhq lwv
dffxudf| lv dfwxdoo| ri rughu R+W3e, udwkhu wkdq R+W3�,=

Ilqdoo| zh vkdoo ghulyh dq dssur{lpdwlrq wr wkhPVH ri doo hohphqwv ri wkh frh!flhqw yhfwru1
Iurp +7143, zh rewdlq wkh h{sdqvlrq

G3� +e�� �, @ U+L � S � V . SS ,Z
�

x.U+L � S ,iZ �x. rR+W
3�*2,> +7147,

iurp zklfk dq h{sdqvlrq iru G3� +e�� �, +e�� �,�G3� wr rughu W32 hdvlo| iroorzv dqg wklv
|lhogv +surri lq Dsshqgl{ K,=

<



Wkhruhp 71 Lq wkh prgho ri Wkhruhp 6 wkh hohphqwv ri wkh PVH+e�, pdwul{ > l1h1 H+e�� �
��,+e�� � ��, iru l> m @ 4> ===> n . 4/ duh jlyhq e|

�2h��Th�

.�e^wu+T]
�

MM �],� 5 wu+T]
�

MM],� wu
�
M �M

�
.wu+T]

�

M]T]
�

M], . wu+T]
�

M], wu+T]
�

M],`+h��Th�,+h
�

�Th�,

.�e+h��Th�,+h
�

�T]
�

^MM � � MM � M �M � . M]T]
�

M . M �]T]
�

M �`]Th�,

.�e+h��Th�,+h
�

�T]
�

^MM � � M �M � M �M �`]Th�,

.�e+h��Th�,+h
�

�T]
�

^MM � � M �M � MM `]Th�,

.�e^+h��T]
�

M]Th�, . wu+T]
�

M],+h��Th�,`+h
�

�T]
�

^M . M �`]Th�,

.r+W32nB�nB� ,> +7148,

zkhuh T @ +]
�

],3�> ] @ H+], dqg h� lv wkh l|� xqlw yhfwru1

Iurp wkh uhvxowv lq Wkhruhpv 6 dqg 7 dssur{lpdwlrqv wr wkh hohphqwv ri ydu+e�, fdq eh rewdlqhg
vwudljkwiruzdugo|1

!� ��� "

	��
# �� ��� "�������������

Lq wklv vhfwlrq wkh dffxudf| ri wkh dssur{lpdwlrqv lv h{dplqhg lq wkh frqwh{w ri wzr w|shv
ri xqlw urrw dxwruhjuhvvlyh prghov/ yl}1 wkh DU+4, prgho zlwk d frqvwdqw rqo| dqg wkh vdph
prgho lqfoxglqj d olqhdu wuhqg1 Vrph ri wkh prphqwv ri wkhvh ohdvw vtxduhv hvwlpdwruv kdyh
ehhq rewdlqhg e| qxphulfdo lqwhjudwlrq/ vhh Hydqv dqg Vdylq +4<;7,> zh vkdoo hvwlpdwh wkhp
e| vlpxodwlrq1 Zlwk d vx!flhqwo| odujh qxpehu ri uhsolfdwlrqv/ wkh h{dfw prphqwv fdq eh
rewdlqhg wr d kljk ghjuhh ri dffxudf| vr wkdw wkh hvwlpdwhg prphqwv fdq eh wdnhq dv doprvw
h{dfw iru wkh sxusrvh dw kdqg1 Rxu hvwlpdwhv ri wuxh eldv/ yduldqfh dqg PVH suhvhqwhg ehorz
duh edvhg rq 433/333 uhsolfdwlrqv dqg zh dovr suhvhqw hvwlpdwhg vwdqgdug huuruv ri rxu Prqwh
Fduor hvwlpdwhv +lqglfdwhg e| PFVH,1

Iru wkh udqgrp zdon zlwk guliw fdvh/ wkh prgho dfwxdoo| vlpxodwhg zdv

|W| @ �|W|3� .
q
j . %|

|Wf @ 3> � @ 4> q
j 9@ 3

%| � llgQ+3> 4,

<AAAA@AAAA> w @ 4> ===> W= +814,

Qrwh wkdw zh kdyh douhdg| irxqg wkdw e� lv lqyduldqw zlwk uhvshfw wr |f> vr wdnlqj wklv wr eh
}hur kdv qr frqvhtxhqfhv iru rxu �qglqjv rq e�1 Iurp +5143, lw lv hdvlo| vhhq wkdw wkh surshuwlhv
ri e� duh qrw ghwhuplqhg e| � dqg � vhsdudwho|/ exw rqo| e| wkhlu udwlr/ dqg wkdw lv zk| zh
vfdohg wkh vlpxodwlrq prgho dqg jdyh lw xqlw yduldqfh1 Iru 3 � m�@�m ? 4 wkh vwrfkdvwlf wuhqg
ri wkh udqgrp zdon zlwk guliw prgho grplqdwhv wkh ghwhuplqlvwlf wuhqg lq d fhuwdlq vhqvh> iru
m�@�m A 4 wkh ghwhuplqlvwlf wuhqg grplqdwhv1 Ehlqj hvshfldoo| lqwhuhvwhg lq fdvhv zkhuh � lv
qrq0qhjdwlyh dqg jlyhq wkdw rxu dssur{lpdwlrqv duh qrw ydolg iru � @ 3 +iru Prqwh Fduor uhvxowv
rq hvwlpdwru eldv lq wklv prgho zkhq � @ 3 vhh PdfNlqqrq dqg Vplwk/ 4<<;,/ zh h{dplqhg
fdvhv zkhuh 43 @ �@� @ 3=4= Uhvxowv iru wkuhh gl�huhqw vdpsoh vl}hv duh jlyhq lq Wdeohv 4/ 5
dqg 6 uhvshfwlyho|1 Dv lv wr eh h{shfwhg/ wkh eldv ri e� ghshqgv vwurqjo| rq �@�= Iru � pxfk
odujhu wkdq � wkh eldv lv yhu| vpdoo/ hyhq lq yhu| vpdoo vdpsohv1 Iru uhodwlyho| vpdoo ydoxhv ri
� wkh eldv lv vxevwdqwldo lq vdpsohv ri d olplwhg vl}h dqg wkhuh lv d yhu| vhulrxv eldv sureohp lq
vpdoo vdpsohv zkhq � lv pxfk vpdoohu wkdq �=

43



Wkh fdvh � ? � vhhpv wr eh uhohydqw lq sudfwlfh1 Vrph hpslulfdo hylghqfh lv surylghg e|
Uxghexvfk +4<<5/ Wdeoh 6, zkhuh d gl�huhqfh vwdwlrqdu| prgho lv �wwhg e| ohdvw0vtxduhv wr 47
wlph0vhulhv1 Vrph fduh lv uhtxluhg lq lqwhusuhwlqj wkhvh uhvxowv/ ehfdxvh wkh| duh eldvhg dqg
hyhq lqfrqvlvwhqw lq fdvh ri prgho plvvshfl�fdwlrq/ exw dovr ehfdxvh wkh udqgrp zdon zlwk guliw
prgho zdv hvwlpdwhg gluhfwo| lq rqo| d ihz fdvhv1 Wkh pruh xvxdo fdvh lqyroyhg dxjphqwhg
htxdwlrqv zklfk lpsolflwo| xvh d wudqvirupdwlrq wr uhpryh vhuldo fruuhodwlrq dqg/ khqfh/ fkdqjh
wkh frqvwdqw whup1 Krzhyhu/ rqh fdq hdvlo| uhfryhu dq hvwlpdwh ri wkh ruljlqdo frqvwdqw1 Iru
wkh 45 fdvhv wkdw kdyh d srvlwlyh hvwlpdwh ri �@�> 7 udqjh iurp 3=4< wr 3=59> : hvwlpdwhv udqjh
iurp 3=78 wr 3=99 dqg rqh lv 4=4;= Hpslulfdo hylghqfh lv dovr irxqg lq K|oohehuj dqg Pl}rq
+4<;</ s155:, dqg Edqhumhh hw do1 +4<<6/ s14:4, zklfk uhsruw �@� ydoxhv ri 3158/ 31:5/ 31:: dqg
derxw 4 uhvshfwlyho|1

Wkh qxphulfdo uhvxowv iru wkh ydulrxv dssur{lpdwlrqv wr prphqwv ghulyhg lq wklv sdshu duh
odehoohg lq wkh wdeohv e| wkh rughu ri wkhlu vpdoohvw ixoo| lqfoxghg whup dqg dovr e| wkh irupxod
iurp zklfk wkh| ruljlqdwh +vrphwlphv e| gholehudwho| rplwwlqj whupv lq rughu wr eh deoh wr
h{dplqh wkh h�hfwv ri wkhvh kljkhu0rughu whupv,1 Qrwh wkdw qrq0wulpphg dssur{lpdwlrqv pd|
lqfoxgh sduwv ri whupv zklfk duh ri wkh vdph ru ri orzhu rughu dv wkh uhpdlqghu whup1

Lq wkh pdmrulw| ri wkh fdvhv h{dplqhg wkh dssur{lpdwlrqv duh yhu| jrrg1 Krzhyhu/ lq vlw0
xdwlrqv zkhuh wkh eldv lv yhu| vxevwdqwldo +zh gholehudwho| lqfoxghg h{wuhph ydoxhv iru �@�
zklfk pd| eh hpslulfdoo| ohvv uhohydqw,/ wkh txdolw| ri wkh dssur{lpdwlrqv lv jhqhudoo| srru/
ru vrphwlphv h{wuhpho| edg/ dqg/ vxusulvlqjo|/ lq wkrvh vlwxdwlrqv wkh kljkhu0rughu dssur{l0
pdwlrq lv pxfk zruvh wkdq wkh dssur{lpdwlrq hvwdeolvkhg e| wkh ohdglqj whup rqo|> qrwh iru
wklv skhqrphqrq wkh gl�huhqfh iru wkh uhvxow ri Fruroodu| 4 zkhq wkh ixoo R+W3�, irupxod lv
xvhg ru rqo| lwv R+W32, whup1 Iru odujh �@� wkh kljkhu0rughu dssur{lpdwlrq lv ehwwhu/ exw
lw lv yxoqhudeoh zkhq �@� jhwv vpdoo1 Zh �qg qr v|vwhpdwlf txdolw| gl�huhqfh ehwzhhq wkh
wulpphg dqg wkh xqwulpphg dssur{lpdwlrqv/ dqg wkh R+�2, dssur{lpdwlrq lv qrw irxqg wr eh
v|vwhpdwlfdoo| ehwwhu wkdq wkh R+W32, dssur{lpdwlrq1 Wkh yduldqfh ri e�/ dqg hyhq pruh vr
lwv PVH/ lqfuhdvhv zkhq �@� ghfuhdvhv1 Zh �qg khuh djdlq wkdw wulpplqj kdv olwwoh h�hfw dqg
wkdw wkh dssur{lpdwlrqv duh yhu| edg iru yhu| vpdoo �@� ydoxhv/ hvshfldoo| iru vpdoo W= Qrwh
wkdw wkh xqwulpphg dssur{lpdwlrqv iru wkh PVH ri e� jlyhq lq Wkhruhpv 5 dqg 7 uhvshfwlyho|
jlyh voljkwo| gl�huhqw uhvxowv1 Wklv lv ehfdxvh wkh| duh rewdlqhg lq gl�huhqw zd|v dqg khqfh wkh
uhwdlqhg whupv pd| lqfoxgh gl�huhqw elwv dqg slhfhv wkdw duh ri wkh vdph rughu dv wkh uhpdlq0
ghu whup1 Wkh eldv lq wkh hvwlpdwru ri wkh lqwhufhsw lqfuhdvhv zkhq wkh lqwhufhsw ghfuhdvhv/
khqfh lwv uhodwlyh lpsdfw lv yhu| vxevwdqwldo iru vpdoo �@� dqg wkhq lw grhv qrw fkdqjh pxfk
zlwk W +iru 53 � W � ;3,= Zh vkrxog nhhs lq plqg/ krzhyhu/ wkdw wkh glvwulexwlrq ri e� lv qrw
lqghshqghqw ri |f> vr fkrrvlqj |f @ 3 lq wkh Prqwh Fduor grhv qrw surylgh jhqhudo uhvxowv lq
wklv uhvshfw +lw fdq eh vkrzq/ wkrxjk/ wkdw rqo| wkh kljkhu prphqwv ri e� duh d�hfwhg e| |f dqg
qrw lwv eldv,1 Wkh R+W3�, dssur{lpdwlrq wr wkh eldv jlyhq lq Wkhruhp 6 lv irxqg wr eh yhu|
dffxudwh dv orqj dv wkh uhodwlyh eldv lv ohvv wkdq/ vd|/ 83(1 Iru �@� A 3=8 wkh dssur{lpdwlrqv
wr wkh yduldqfh dqg PVH ri e� duh yhu| jrrg/ hyhq iru vdpsohv dv vpdoo dv W @ 53=

Qh{w zh h{dplqh wkh xqlw urrw prgho zlwk d wuhqglqj guliw/ l1h1

|W| @ �|W|3� .
q�
j . q2

j w. %|

|Wf @ 3> � @ 4> q�
j 9@ 3> q2j 9@ 3

%| � llgQ+3> 4,

<AAAAA@AAAAA>
w @ 4> ===> W= +815,

Qrwh wkdw rxu dssur{lpdwlrqv duh qrw ydolg iru wkh fdvh zkhuh �� @ �2 @ 3= Zh frxog kdyh
lqfoxghg wkh fdvh zkhuh wkh lqwhufhsw lv uhgxqgdqw +�� @ 3, dqg qrw wkh olqhdu wuhqg +�2 9@ 3,/
exw zh glgq*w/ ehfdxvh wklv grhv qrw vhhp wr eh d sduwlfxoduo| uhohydqw fdvh1 Zh kdyh wr h{foxgh
wkh fdvh zkhuh wkh olqhdu wuhqg lv wkh rqo| uhgxqgdqw uhjuhvvru +l1h1 �� 9@ 3> �2 @ 3, ehfdxvh
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wkhq zh kdyh [ @ ^� = � ` zlwk � | @ w vr wkdw M[ @ ^M� = M� ` @ ^� � � = M� ` dqg khqfh
] @ ^+� � �,��@� = � � � = M� ` grhv qrw kdyh ixoo froxpq udqn1 Vr wklv lv dqrwkhu fdvh iru zklfk
wkh h{sdqvlrq hpsor|hg lq wklv vwxg| grhv qrw dsso|1

Wkh vshfldo irup ri wkh [ pdwul{ lpsolhv wkdwP|3�> jlyhq lq +51<,/ lv lqyduldqw zlwk uhvshfw
wr ��> dqg vr lw iroorzv gluhfwo| iurp h{suhvvlrq +517, wkdw wkh glvwulexwlrq ri e� zloo qrw ghshqg
rq ��> dqg qhlwkhu zloo lwv eldv dqg PVH/ qru wkhlu dssur{lpdwlrqv1 Qrwh wkdw wkh hvwlpdwruve�� dqg e�2 duh qrw lqyduldqw zlwk uhvshfw wr hlwkhu �� ru �2 ru |f= Zh suhvhqw qxphulfdo uhvxowv
iru prgho +815, iru sdudphwul}dwlrqv zlwk �2@� @ 3=4 rqo|> vrph vxssruw iru d ydoxh lq wklv
udqjh +ru vpdoohu, pd| eh rewdlqhg djdlq iurp Uxghexvfk +4<<5/ Wdeoh <,1 Lq Wdeohv 7/ 8 dqg 9
zh suhvhqw vrph uhvxowv1 Iru yhu| vpdoo vdpsohv wkh eldv lq e� lv vxevwdqwldo1 Lwv dssur{lpdwlrq
e| wkh ohdglqj whup dssur{lpdwlrq jlyhq lq Wkhruhp 6 zrunv dghtxdwho|/ hyhq iru W @ 53=
Lqfoxglqj wkh R+W3e, whup/ zklfk fdq eh rewdlqhg uhdglo| iurp Wkhruhp 4/ lv irxqg wr eh
frxqwhusurgxfwlyh lq d yhu| vpdoo vdpsoh1 Qrwh wkdw wkh dssur{lpdwlrq iru wkh PVH ri e� jlyhq
lq Wkhruhp 7 zrunv zhoo1 Dv dozd|v wkh txdolw| ri wkh dssur{lpdwlrq ri wkh yduldqfh vx�huv
zkhq wkh eldv dssur{lpdwlrq lv srru1 Qrwh wkdw hvshfldoo| lq vpdoo vdpsohv wkh uhodwlyh eldvhv rie�� dqg e�2 duh yhu| vxevwdqwldo/ dqg wkdw wkhvh eldvhv duh rssrvlwh lq vljq1 Wkh dssur{lpdwlrqv/
hyhq iru kxjh eldvhv/ duh uhpdundeo| jrrg/ dqg dovr wkh vhfrqg prphqwv fdq eh dssur{lpdwhg
h{wuhpho| zhoo1

$� ���
�	�����

Wkh iruhjrlqj wkhruhwlfdo uhvxowv vkhg oljkw rq wkh idfwruv zklfk duh lpsruwdqw lq ghwhuplqlqj
wkh eldv/ wkh yduldqfh dqg PVH lq wkh xqlw urrw g|qdplf uhjuhvvlrq prgho1 Iurp wkh qxphulfdo
h{shulphqwv zh �qg wkdw iru wkh udqgrp zdon zlwk guliw prgho wkh eldv lv vxevwdqwldo zkhq wkh
vdpsoh vl}h lv udwkhu vpdoo dqg wkh guliw lv vpdoohu wkdq wkh vwdqgdug ghyldwlrq ri wkh udqgrp
vkrfn1 Wklv pd| riwhq eh d uhdolvwlf fdvh/ dqg wkhq eldv fruuhfwlrq pd| eh zruwk sxuvxlqj1
Rxu dssur{lpdwlrqv fdq eh xvhg iru wkdw sxusrvh/ exw rxu qxphulfdo h{shulphqwv vkrz wkdw
wkh| zloo rqo| zrun zhoo ryhu d olplwhg grpdlq ri wkh sdudphwhu vsdfh/ ghshqglqj rq wkh vl}h
ri wkh vdpsoh1 Iru yhu| vpdoo uhodwlyh ydoxhv ri wkh guliw whup wkh dssur{lpdwlrqv ghwhulrudwh1
Zkhq ixuwkhu h{rjhqrxv uhjuhvvruv duh dgghg wkh eldv vhhpv wr jhw zruvh +dv lv dovr wkh fdvh lq
wkh vwdeoh prgho,/ exw wkh txdolw| ri wkh dssur{lpdwlrqv lpsuryhv1 Zh jdyh vshfldo dwwhqwlrq
wr wkh prgho zlwk dq lqwhufhsw dqg d olqhdu ghwhuplqlvwlf wuhqg zklfk lv vr riwhq dssolhg lq
sudfwlfh/ yl}1 zkhq wkh Glfnh|0Ixoohu whvw lv dssolhg1 Hduolhu/ lq NS +4<<6/ 4<<;,/ zh ghyhorshg
eldv dssur{lpdwlrq irupxodh iru wkh vwdeoh prgho dqg irxqg wkdw wkhvh ghwhulrudwh forvh wr wkh
xqlw urrw fdvh/ hvshfldoo| zkhq kljkhu0rughu whupv duh wdnhq lqwr dffrxqw1 Lq wkh suhvhqw vwxg|
zh ghyhorshg vshfldo dssur{lpdwlrqv iru wkh xqlw urrw fdvh dqg hvwdeolvkhg wkdw wkhvh pd| zrun
yhu| zhoo/ dsduw iurp fdvhv zkhuh wkh uhjuhvvruv duh/ ru duh forvh wr ehlqj/ uhgxqgdqw1 Dovr
wkh vhfrqg prphqwv ri wkh ohdvw0vtxduhv hvwlpdwruv lq wkhvh prghov fdq eh dssur{lpdwhg txlwh
dffxudwho|/ dqg khqfh wkh wrrov ghyhorshg lq wklv sdshu fdq eh h{sorlwhg wr lpsuryh lqihuhqfh
phwkrgv iru wkh dqdo|vlv ri vpdoo vdpsohv ri g|qdplf uhjuhvvlrq prghov lq wkh suhvhqfh ri xqlw
urrwv1

��/�������������
Yhu| khosixo dqg frqvwuxfwlyh frpphqwv iurp wkuhh dqrq|prxv uhihuhhv duh judwhixoo| df0

nqrzohgjhg1

���	�����
Dedglu/ N1P1/4<<81 Xqeldvhg hvwlpdwlrq dv d vroxwlrq wr whvwlqj iru udqgrp zdonv1 Hfr0

qrplfv Ohwwhuv 7:/ 596059;1
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Edqhumhh/ D1/ M1 Grodgr/ M1Z1 Jdoeudlwk/1Khqgu|/ G1I/ 4<<61 Fr0lqwhjudwlrq/ huuru0fruuhfwlrq/
dqg wkh hfrqrphwulf dqdo|vlv ri qrq0vwdwlrqdu| gdwd1 Dgydqfhg wh{wv lq Hfrqrphwulfv1 R{irug
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�
. r+W3e,

zklfk ohdgv wr wkh uhvxow lq wkh fruroodu|1

)� '���� �� ������� �

Wkh uhtxluhg eldv lv rewdlqhg iurp wkh h{sdqvlrq +7144,1 Vlqfh whupv zlwk dq rgg qxpehu ri
vwrfkdvwlf idfwruv kdyh }hur h{shfwdwlrq/ zh kdyh wr hydoxdwh

H
�
G3� +e�� �,

�
@ H^UiZ �x`�UH^+Z

�iZ .iZ �Z ,UZ
�

x` . r+W3�,=

Zh �qg

H+UiZ �x, @ UH+Gh�x
�M �x, @ UGh� H+x

�M �x, @ 3>

H+Z
�iZUZ

�

x, @ H+Z
�

Mxh��GUZ
�

x, @ �2Z
�

MZUGh�>

H+iZ �ZUZ
�

x, @ H+Gh�x
�M �ZUZ

�

x, @ �2 wu+UZ
�

MZ ,Gh�>

khqfh/ xvlqj U @ G3�+]
�

],3�G3� dqg Z @ ]G> zh �qg

H
�
G3� +e�� �,

�
@ +J15,

��2G3�^+]
�

],3�]
�

M] . wui+]
�

],3�]
�

M]jL&n�`+]
�

],3�h� . r+W3�,=

4;



Vrph ixuwkhu vlpsol�fdwlrq lv srvvleoh1 Qrwh wkdw

wui+]
�

],3�]
�

M]j @
4

5
wui+]

�

],3�]
�
�
M . M �

�
]j @

4

5
wui]+]

�

],3�]
�
�
��� � LA

�
j=

Vlqfh wkh uhjuhvvlrq frqwdlqv d frqvwdqw/ zh kdyh ]+]
�

],3�]
�

� @ �> dqg khqfh

wui+]
�

],3�]
�

M]j @
4

5
^wu
�
���
�
� wu +L&n�,` @

4

5
+W � n � 4, = +J16,

Ilqdoo| frqvlghu

h��+]
�

],3�]
�

M]+]
�

],3�h� @
4

5
h��+]

�

],3�]
�

^��� � L`]+]
�

],3�h�=

Ehfdxvh � lv wkh vhfrqg froxpq ri ] zh kdyh +]
�

],3�]
�

� @ h2> dqg khqfh/ xvlqj h��h2 @ 3>

h��+]
�

],3�]
�

M]+]
�

],3�h� @ �
4

5
h��+]

�

],3�h�= +J17,

Suhpxowlso|lqj erwk vlghv ri +J15, zlwk h��G dqg pdnlqj xvh ri +J16, dqg +J17, |lhogv wkh eldv

ri e� dv vwdwhg lq wkh wkhruhp/ zklfk fdq eh vkrzq wr eh htxlydohqw wr +615, iru wkh fdvh �� @ �4=
Suhpxowlso|lqj +J15, e| h��n�G |lhogv wkh eldv ri wkh lqglylgxdo hohphqwv e��> l @ 4> ===> n=

*� '���� �� ������� �

Xsrq uhprylqj wkh whupv zklfk duh d surgxfw ri dq rgg qxpehu ri qrupdo udqgrp yduldeohv
zlwk }hur phdq/ zh pd| zulwh

H^G
3� +e�� �, +e�� �,�G3�` @

UH^Z
�

xx�Z .iZ �xx�iZ . SZ
�

xx�ZS �

�SZ
�

xx�iZ �Z
�

xx�iZS � � SiZ �xx�Z �iZ �xx�ZS �

.SSZ
�

xx�Z .Z
�

xx�ZS �S � � VZ
�

xx�Z �Z
�

xx�ZV�`U. r+W32,= +K14,

Wkh uhtxluhg dssur{lpdwlrq wr wkh PVH ri e� lv rewdlqhg e| hydoxdwlqj wklv h{shfwdwlrq dqg
suh0 dqg srvw0pxowlso|lqj wkh uhvxow e| G= Zh pdnh xvh ri wkh vxevwlwxwlrqv Z

�

Z @ U3�>iZ @ Mxh��G> S @ Z
�

Mxh��GU .Gh�x
�M �ZU dqg V @ Gh�x

�M �Mxh��GU dqg/ riwhq xvlqj wkh
uhvxow H^xx�Exx�` @ �e^wu+E,L.E.E�` iru jhqhudo E pdwulfhv/ zh �qg iru wkh vxffhvvlyh whupv=

H^Z
�

xx�Z ` @ �2Z
�

Z @ �2U3�

H^iZ �xx�iZ ` @ H^Gh�x
�M �xx�Mxh��G` @ �e wu

�
M �M

�
Gh�h

�

�G

H^SZ
�

xx�ZS �`

@ H^Z
�

Mxh��GUZ
�

xx�ZUGh�x
�M �Z .Gh�x

�M �ZUZ
�

xx�ZUGh�x
�M �Z

.Z
�

Mxh��GUZ
�

xx�ZUZ
�

Mxh��G .Gh�x
�M �ZUZ

�

xx�ZUZ
�

Mxh��G`

@ H^Z
�

Mxx�ZUGh�h
�

�GUZ
�

xx�M �Z .Gh�h
�

�GUZ
�

xx�M �ZUZ
�

xx�M �Z

.Z
�

Mxx�ZUZ
�

Mxx�ZUGh�h
�

�G . x�M �ZUZ
�

xx�ZUZ
�

MxGh�h
�

�G`

@ �e+h��GUGh�,Z
�

MM �Z . 5�eZ
�

MZUGh�h
�

�GUZ
�

M �Z

.�e wu+UZ
�

MZ ,Gh�h
�

�GUZ
�

M �Z . �eGh�h
�

�GUZ
�

M �ZUZ
�

M �Z

.�eGh�h
�

�GUZ
�

MM �Z . �e wu+UZ
�

MZ ,Z
�

MZUGh�h
�

�G

.�eZ
�

MZUZ
�

MZUGh�h
�

�G . �eZ
�

MM �ZUGh�h
�

�G

.�e wu+UZ
�

MZ , wu+UZ
�

MZ ,Gh�h
�

�G

.�e wu+UZ
�

MM �Z ,Gh�h
�

�G . �e wu+UZ
�

MZUZ
�

MZ ,Gh�h
�

�G
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H^SZ
�

xx�iZ ` @ H^Z
�

Mxh��GUZ
�

xx�Mxh��G .Gh�x
�M �ZUZ

�

xx�Mxh��G`

@ H^Z
�

Mxx�Mxx�ZUGh�h
�

�G . x�M �ZUZ
�

xx�MxGh�h
�

�G`

@ �eZ
�

MMZUGh�h
�

�G . �eZ
�

MM �ZUGh�h
�

�G

.�e wu+UZ
�

MM �Z ,Gh�h
�

�G . �e wu+UZ
�

MMZ ,Gh�h
�

�G

H^Z
�

xx�iZS �` @ iH^SZ
�

xx�iZ `j�

H^SiZ �xx�Z ` @ H^Z
�

Mxh��GUGh�x
�M �xx�Z .Gh�x

�M �ZUGh�x
�M �xx�Z `

@ H^+h
�

�GUGh�,Z
�

Mxx�M �xx�Z .Gh�h
�

�GUZ
�

Mxx�M �xx�Z `

@ �e+h��GUGh�,Z
�

MM �Z . �e+h��GUGh�,Z
�

MMZ

.�eGh�h
�

�GUZ
�

MM �Z . �eGh�h
�

�GUZ
�

MMZ

H^iZ �xx�ZS �` @ iH^SZ
�

xx�iZ `j�

H^SSZ
�

xx�Z `

@ H^Z
�

Mxh��GUZ
�

Mxh��GUZ
�

xx�Z .Gh�x
�M �ZUZ

�

Mxh��GUZ
�

xx�Z

.Z
�

Mxh��GUGh�x
�M �ZUZ

�

xx�Z .Gh�x
�M �ZUGh�x

�M �ZUZ
�

xx�Z `

@ H^Z
�

Mxx�M �ZUGh�h
�

�GUZ
�

xx�Z .Gh�h
�

�GUZ
�

xx�M �ZUZ
�

Mxx�Z

.+h��GUGh�,Z
�

Mxx�M �ZUZ
�

xx�Z .Gh�h
�

�GUZ
�

Mxx�M �ZUZ
�

xx�Z `

@ �e+h��GUZ
�

MZUGh�,Z
�

MZ . �eZ
�

MM �ZUGh�h
�

�G

.�eZ
�

MZUGh�h
�

�GUZ
�

MZ . �e wu+UZ
�

MM �Z ,Gh�h
�

�G

.5�eGh�h
�

�GUZ
�

M �ZUZ
�

MZ . �e wu+UZ
�

MZ ,+h��GUGh�,Z
�

MZ

.�e+h��GUGh�,Z
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MM �Z . �e+h��GUGh�,Z
�

MZUZ
�

MZ

.�e wu+UZ
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MZ ,Gh�h
�

�GUZ
�

MZ . �eGh�h
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�GUZ
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MM �Z

.�eGh�h
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�GUZ
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MZUZ
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MZ

H^Z
�

xx�ZS �S �` @ iH^SSZ
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xx�Z `j�

H^VZ
�

xx�Z ` @ H^Gh�x
�M �Mxh��GUZ
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�
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�
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xx�Z `j�

53



Qrz zh fdq hydoxdwh wkh h{shfwdwlrq ri wkh whup lq vtxduh eudfnhwv lq +K14,1 Wklv dprxqwv wr=

�2U3� . �e wu
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�
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.�e wu+UZ
�

MZ ,Gh�h
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�

MM �Z
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M �ZUZ
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MZUGh�h
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M �ZUZ
�
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.�eZ
�

MM �ZUGh�h
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�G . �eZ
�

M �ZUZ
�

M �ZUGh�h
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�5�e wu+M �M,Gh�h
�

�G � 5�eGh�h
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�GUZ
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M �MZ � 5�eZ
�

M �MZUGh�h
�

�G

H{sorlwlqj M . M � @ ��� � L |lhogv

ZUZ
�

^M . M �`Z @ ZUZ
�

^��� � L`Z @ ^��� � L`Z>

Z
�

^M . M �`ZU @ Z
�

^��� � L`ZU @Z
�

���ZU� L @ ^Z
�

�h�2 � L`>

Z
�

^M . M �`ZUGh� @ ^Z
�

�h�2 � L`Gh� @ �Gh�=

Wkxv zh fdq vlpsoli| wkh whup lq vtxduh eudfnhwv dqg rewdlq=
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.�e^5� wu
�
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MZ ,� 5 wu+UZ
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MMZ , . wu+UZ
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�
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.�e^+h��GUZ
�
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Wr rewdlq wkh uhtxluhg uhvxow iru +K14, zh vkrxog suh0 dqg srvwpxowlso| wkh deryh e| U> exw �uvw
zh pd| uhpryh whupv iurp lw wkdw duh r+4,= Ilqdoo| suh0 dqg srvwpxowlso|lqj wklv h{suhvvlrq e|
G |lhogv wkh uhvxow ri wkh wkhruhp1
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Wdeoh 4=
Eldv/ yduldqfh dqg �5, ri frh!flhqw hvwlpdwruv lq prgho +814, iru ydulrxv ydoxhv ri q*j

A ' 2f uhi1 43 8 5 4 318 315 314

eldv eb 0313334 0313338 0313366 0313484 0313::7 0314<49 031555<
+PFVH, +313333, +313333, +313334, +313334, +313337, +313339, +313339,
�EA32� +616, 0313335 0313339 031336: 0313483 0313933 0316:83 0418333
�EA32� +615, 0313334 0313339 0313369 0313476 03138:4 03168:4 04175;9
�Ej2� +616, 0313334 0313338 0313365 031345: 0313843 03164;: 0415:83
�Ej2� +614, 0313334 0313338 0313365 031345; 0313844 03164<8 0415:;5
�EA3�� +616, 0313334 0313338 0313366 031347; 0313;79 0419646 05515:8
�EA3�� +614, 0313334 0313338 0313366 031347; 0313;67 0418;36 0541783

�@h eb 313333 313334 313337 31334; 31346; 313644 313664
�EA3�� +61:, 313333 313334 313337 313348 313393 3136:8 314833
�EA3�� +618, 313333 313334 313337 313348 313393 3136:9 314837
�EA3e� +61:, 313333 313334 313337 31334: 3133<4 3148<7 514333

�5, eb 313333 313334 313337 313353 3134<; 3139:; 313;5;
�EA3e� +619, 313333 313334 313337 31334< 31345: 316333 716833
�EA3e� +618, 313333 313334 313337 31334< 31345: 316335 71684<
�EA3e� +7148, 313333 313334 313337 31334< 313454 315:7: 61<77;

eldv eq*j 31348< 313664 313;86 314:8: 3163:8 3156;4 314656
+PFVH, +313347, +313347, +313347, +313346, +313348, +313353, +313355,
�EA3�� +7145, 3134:4 313676 313;8: 314:47 31675< 31;8:4 41:476

�@h eq*j 314;97 314;95 314;7: 314;49 315464 317363 317;54
�EA32� +7148, 314;8: 314;89 314;7; 314;53 314:3< 313<5< 0314;8:

�5, eq*j 314;99 314;:6 314<53 315458 3163:: 3178<9 317<<9
�EA32� +7148, 314;93 314;9: 314<54 315447 315;;7 31;5:9 51:864

Wdeoh 5=
Eldv/ yduldqfh dqg �5, ri frh!flhqw hvwlpdwruv lq prgho +814, iru ydulrxv ydoxhv ri q*j

A ' ef uhi1 43 8 5 4 318 315 314

eldv eb 0313333 0313334 031333< 031336: 03134<6 0313;78 0314464
+PFVH, +313333, +313333, +313333, +313334, +313334, +313336, +313336,
�EA32� +616, 0313333 0313335 031333< 031336: 0313483 0313<6; 0316:83
�EA32� +615, 0313333 0313334 031333< 031336: 0313479 0313<48 031698<
�Ej2� +616, 0313333 0313334 031333< 0313368 031346< 0313;9: 031679<
�Ej2� +614, 0313333 0313334 031333< 0313368 031346< 0313;9; 03167:4
�EA3�� +616, 0313333 0313334 031333< 031336: 03134;4 031583; 051<:4<
�EA3�� +614, 0313333 0313334 031333< 031336: 03134;3 03157:5 051<469

�@h eb 313333 313333 313333 313335 313347 3133;4 3133<;
�EA3�� +61:, 313333 313333 313333 313335 31333; 31337: 3134;:
�EA3�� +618, 313333 313333 313333 313335 31333; 31337: 3134;;
�EA3e� +61:, 313333 313333 313333 313335 31333< 313456 314739

�5, eb 313333 313333 313333 313335 31334; 313486 313559
�EA3e� +619, 313333 313333 313333 313335 313345 313544 315;46
�EA3e� +618, 313333 313333 313333 313335 313345 313544 315;46
�EA3e� +7148, 313333 313333 313333 313335 313344 313536 3159:<

eldv eq*j 3133:; 3134:4 313785 313<63 314;<8 31559< 31473:
+PFVH, +313343, +313343, +313343, +313343, +313343, +313347, +313349,
�EA3�� +7145, 3133<6 3134;8 313796 313<5: 314;87 317967 31<59;

�@h eq*j 313<95 313<95 313<8; 313<84 313<<6 314;;9 315937
�EA32� +7148, 313<96 313<96 313<94 313<88 313<63 313:8; 313473

�5, eq*j 313<96 313<98 313<:< 31436: 314685 315734 315;35
�EA32� +7148, 313<97 313<9: 313<;6 314374 3145:7 315<38 31;:63
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Wdeoh 6=
Eldv/ yduldqfh dqg �5, ri frh!flhqw hvwlpdwruv lq prgho +814, iru ydulrxv ydoxhv ri q*j

A ' Hf uhi1 43 8 5 4 318 315 314

eldv eb 0313333 0313333 0313335 031333< 0313375 031363: 0313864
+PFVH, +313333, +313333, +313333, +313333, +313333, +313334, +313335,
�EA32� +616, 0313333 0313333 0313335 031333< 031336: 0313567 0313<6;
�EA32� +615, 0313333 0313333 0313335 031333< 031336: 0313564 0313<59
�Ej2� +616, 0313333 0313333 0313335 031333< 0313369 0313559 0313<35
�Ej2� +614, 0313333 0313333 0313335 031333< 0313369 0313559 0313<35
�EA3�� +616, 0313333 0313333 0313335 031333< 0313374 0313764 03174;7
�EA3�� +614, 0313333 0313333 0313335 031333< 0313374 031375; 0317478

�@h eb 313333 313333 313333 313333 313334 313349 313359
�EA3�� +61:, 313333 313333 313333 313333 313334 313339 313356
�EA3�� +618, 313333 313333 313333 313333 313334 313339 313356
�EA3e� +61:, 313333 313333 313333 313333 313334 313344 313433

�5, eb 313333 313333 313333 313333 313334 313358 313387
�EA3e� +619, 313333 313333 313333 313333 313334 313349 3134;:
�EA3e� +618, 313333 313333 313333 313333 313334 313349 3134;;
�EA3e� +7148, 313333 313333 313333 313333 313334 313349 3134;6

eldv eq*j 31336: 3133;8 313563 3137:7 313<;6 314;4: 31469;
+PFVH, +31333:, +31333:, +31333:, +31333:, +31333:, +31333<, +313344,
�EA3�� +7145, 31337; 3133<9 313574 3137;4 313<96 31573: 317;48

�@h eq*j 3137<4 3137<4 3137<4 3137;< 3137;< 313:96 314568
�EA32� +7148, 3137<4 3137<4 3137<3 3137;< 3137;6 313775 3135<8

�5, eq*j 3137<5 3137<5 3137<9 313844 3138;9 3143<6 314755
�EA32� +7148, 3137<4 3137<5 3137<9 313845 3138:9 314354 315946

Wdeoh 7=
Prphqwv ri ebc eq� dqg eq2 lq prgho +815, iru ydulrxv ydoxhv ri q�*j dqg q2*j ' f��

A ' 2f uhi1 43 8 5 4 318 315 314

eldv eb 0314::9 0314::9 0314::9 0314::9 0314::9 0314::9 0314::9
+PFVH, +313338, +313338, +313338, +313338, +313338, +313338, +313338,
�EA3�� +7146, 0315384 0315384 0315384 0315384 0315384 0315384 0315384
�EA3e� +614, 03156<4 03156<4 03156<4 03156<4 03156<4 03156<4 03156<4

�@h eb 3135;: 3135;: 3135;: 3135;: 3135;: 3135;: 3135;:
�EA3S� 313533 313533 313533 313533 313533 313533 313533

�5, eb 313935 313935 313935 313935 313935 313935 313935
�EA3S� +618, 313:3; 313:3; 313:3; 313:3; 313:3; 313:3; 313:3;
�EA3S� +7148, 313953 313953 313953 313953 313953 313953 313953

eldv eq� 0517747 0418867 041353: 031;764 031:876 031:343 0319;66
+PFVH, +313398, +313373, +31335;, +313357, +313356, +313355, +313355,
�EA3�� +7145, 0519;57 041::43 0415575 041374< 031<83; 031;<94 031;::<

�@h eq� 714<3; 41947: 31:8:: 318;9< 318563 317<48 317;55
�EA32� 716:;: 419975 31:594 3185;9 317846 31744< 316<<<

�5, eq� 431484 7135:; 41:<<8 415<:: 413<4< 31<;5< 31<7<3
�EA32� +7148, 4418:7 71;33: 51557; 419475 416886 41547< 414:39

eldv eq2 41<96; 413:8< 318765 316989 315:9; 315568 31538;
+PFVH, +31338<, +313365, +313349, +313344, +31333;, +313339, +313339,
�EA32� +7145, 513534 4143;: 31894< 316:<9 315;;7 31566; 315488

�@h eq2 61765< 41346; 315843 314448 313966 313746 313684
�EA3e� +7148, 617498 413346 31575< 314384 3138:< 313697 313637

�5, eq2 :15;<8 514:47 318794 315785 3146<< 313<45 313::7
�EA3e� +7148, :17<:4 515638 3188;8 3157<5 314744 313<44 313:9<
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Wdeoh 8=
Prphqwv ri ebc eq� dqg eq2 lq prgho +815, iru ydulrxv ydoxhv ri q�*j dqg q2*j ' f��

A ' ef uhi1 43 8 5 4 318 315 314

eldv eb 0313464 0313464 0313464 0313464 0313464 0313464 0313464
+PFVH, +313334, +313334, +313334, +313334, +313334, +313334, +313334,
�EA3�� +7146, 0313467 0313467 0313467 0313467 0313467 0313467 0313467
�EA3e� +614, 0313464 0313464 0313464 0313464 0313464 0313464 0313464

�@h eb 31333: 31333: 31333: 31333: 31333: 31333: 31333:
�EA3S� 31333: 31333: 31333: 31333: 31333: 31333: 31333:

�5, eb 31333< 31333< 31333< 31333< 31333< 31333< 31333<
�EA3S� +618, 31333< 31333< 31333< 31333< 31333< 31333< 31333<
�EA3S� +7148, 31333< 31333< 31333< 31333< 31333< 31333< 31333<

eldv eq� 0316843 0315;89 0315797 0315666 031559; 031555< 0315549
+PFVH, +313355, +31334<, +31334:, +313349, +313349, +313349, +313349,
�EA3�� +7145, 03167:9 0315;74 0315793 0315666 03155:3 0315565 031554<

�@h eq� 317<<< 316859 315;46 315938 315839 31577; 31575<
�EA32� 318354 316866 315;47 315936 315836 315778 315759

�5, eq� 319564 317674 316753 31647< 316353 315<78 315<53
�EA32� +7148, 31955< 317674 31674< 31647; 31634; 315<76 315<4;

eldv eq2 3148;; 313<67 313875 313744 313678 313639 3135<6
+PFVH, +313343, +313339, +313336, +313336, +313335, +313335, +313335,
�EA32� +7145, 314875 313<3: 31385: 313733 313669 3135<; 3135;8

�@h eq2 31435: 313683 313448 313398 313379 313369 313366
�EA3e� +7148, 314366 313684 313448 313398 313379 313369 313366

�5, eq2 3145:< 31376: 313477 3133;5 31338; 313378 313374
�EA3e� +7148, 3145:4 313767 313476 3133;4 31338: 313378 313374

Wdeoh 9=
Prphqwv ri ebc eq� dqg eq2 lq prgho +815, iru ydulrxv ydoxhv ri q�*j dqg q2*j ' f��

A ' Hf uhi1 43 8 5 4 318 315 314

eldv eb 031333; 031333; 031333; 031333; 031333; 031333; 031333;
+PFVH, +313333, +313333, +313333, +313333, +313333, +313333, +313333,
�EA3�� +7146, 031333< 031333< 031333< 031333< 031333< 031333< 031333<
�EA3e� +614, 031333; 031333; 031333; 031333; 031333; 031333; 031333;

�@h eb 313333 313333 313333 313333 313333 313333 313333
�EA3S� 313333 313333 313333 313333 313333 313333 313333

�5, eb 313333 313333 313333 313333 313333 313333 313333
�EA3S� +618, 313333 313333 313333 313333 313333 313333 313333
�EA3S� +7148, 313333 313333 313333 313333 313333 313333 313333

eldv eq� 0313986 0313944 03138;9 03138:: 03138:6 03138:4 03138:3
+PFVH, +313345, +313344, +313344, +313344, +313344, +313344, +313344,
�EA3�� +7145, 0313974 03138<< 03138:7 0313899 0313895 031388< 031388;

�@h eq� 314773 314636 314559 314534 3144;< 3144;5 3144:<
�EA32� 314775 314638 31455; 314536 3144<4 3144;6 3144;4

�5, eq� 3147;5 314673 314593 314568 314555 314547 314545
�EA32� +7148, 3147;6 314674 314594 314568 314555 314548 314545

eldv eq2 313453 3133:; 313386 313378 313373 31336; 31336:
+PFVH, +313335, +313334, +313334, +313334, +313334, +313334, +313334,
�EA32� +7145, 31344< 3133:; 313385 313377 313373 31336: 31336:

�@h eq2 313376 31334; 31333; 313339 313338 313337 313337
�EA3e� +7148, 313376 31334; 31333; 313339 313338 313337 313337

�5, eq2 313378 31334< 31333; 313339 313338 313337 313337
�EA3e� +7148, 313378 31334< 31333; 313339 313338 313337 313337
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