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Abstract

We present a strategic game of pricing and targeted-advertising. Firms can simultaneously
target price advertisements to different groups of customers, or to the entire market. Pure
strategy equilibria do not exist and thus market segmentation cannot occur surely. Equilibria
exhibit random advertising —to induce an unequal distribution of information in the market—
and random pricing —to obtain profits from badly informed buyers—. We characterize a positive
profits equilibrium where firms advertise low prices to a segment of consumers, high prices to
a distinct segment of consumers, and intermediate prices to the entire market. As a result the
market is segmented only from time to time and presents substantial price dispersion across
segments.
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1 Introduction

Advertising technologies have evolved a great deal in recent years. Sellers currently have at their
disposal a vast amount of distinct advertising media that enable them to target their ads to specific
sets of customers with accuracy.! By targeting price advertisements to consumers who are not in
the target set of the rivals, firms can safely appropriate a great deal of the consumers surplus. In
this paper we investigate how firms will use targeted advertising in a strategic context and to what

extent targeted advertising can lead to the segmentation of the product market.

We present a strategic game of pricing and targeted-advertising. The population of consumers is
segmented in regard to the advertising media through which they can be reached by the sellers.
Firms sell a homogeneous product and simultaneously decide which price to charge and to which
consumer segment to target their costly price-advertisements.”? We are interested in the Nash
equilibria of this game in which firms obtain strictly positive profits. We show that pure-strategy
equilibria do not exist and thus an equilibrium where firms surely send their ads to distinct groups
of buyers cannot be sustained. Interestingly, equilibria exhibit both random pricing and random
advertising. Firms employ random advertising to induce an unequal distribution of information in
the market, which gives firms potential market power. Random pricing enables a firm to realize

market power by overcoming detrimental undercutting behavior by rival firms.

In the simplest version of our model, two groups of consumers A and B of possibly different sizes
each reads a distinct newspaper. A firm can target its price ads to one of the groups, say A, by
placing ads in newspaper A; alternatively, it can target its ads to the other group of consumers
by placing ads in the other newspaper; finally, a firm may decide to announce its price to the
entire market by placing ads in both newspapers. The main results we obtain are summarized as
follows. First, we find a unique equilibrium in which firms obtain positive profits by using targeted
price advertising. We note that if firms were unable to target ads to different groups of buyers,
firms profits would be zero in the unique equilibrium. Thus, our result is important since it shows
that just the minimum amount of segmentation enables firms to make profits in highly competitive
environments. In equilibrium firms randomize between advertising low prices in one of the consumer

segments, advertising high prices in the other consumer segment, and advertising intermediate

!For example, in recent years sellers operating in countries with several official languages such as Belgium or Spain
—or in the US where the spanish speaking community is sizeable— can target their advertising campaigns to a group
of buyers who speak a particular language by inserting commercials in TV channels which only broadcast in that
language, or by inserting ads in newspapers and magazines written in that language.

?Since we deal with a homogeneous good market, this implies that buyers can be segmented according to some
attribute —e.g., mother language, gender, location, marital status, age, education level, etc. — which does not have
a bearing on their willingness to pay for the products. In other words, consumers are segmented in terms of their
exposure to the different media and not in the way they value distinct firms’ offerings.



prices in the entire market. As a result, genuine market segmentation —in the sense that one of the
consumer groups is always served by one firm and the other group is always served by the other
firm— never arises. Instead the market is segmented only from time to time. Remarkably, our model
does not generate ‘sponsored’ sales because low prices are not advertised heavily but intermediate
prices. It is finally worth noting that an unequal distribution of information arises in equilibrium
as a result of strategic considerations. This differs from previous models of price advertising where
informational segmentation derives from imperfections of the advertising technology in the sense
that it is prohibitively costly that a given consumer is reached by a firm with probability one (see

e.g. Butters, 1977; Grossman and Shapiro, 1984; and Stahl, 1994).

Second, we discuss the comparative statics results of parameter changes. One, we find that an
increase in advertising fees makes market segmentation more likely: firms increase the probability
with which they target ads to the distinct consumer segments and decrease the probability with
which they send ads to the entire market. Interestingly, this results in a profits increase when the
advertising cost is low to begin with, and in a profits fall otherwise. The intuition behind the fact
that profits are non-monotonic in advertising costs is as follows. An increase in advertising costs
makes competition for the entire market a relatively unattractive strategy compared to competition
for the segments. Since a firm must be indifferent between the three advertising strategies in
equilibrium, firms decrease the frequency with which they compete for the entire market. At the
same time, in an attempt to overcome rival’s undercutting behavior, firms increase the dispersion
of advertised prices in the segments. These effects result in a weakening of competitiveness and in
an increase in revenues. When fees are low to begin with, this revenue effect outweighs the cost
effect and firms’ profits rise. Finally, we also see that as advertising fees go to zero, the extent to
which segmentation arises converges to zero, the distribution of advertised prices converges to a

price distribution that is degenerate at the marginal cost and firms profits converge to zero.

Two, an increase in the difference between the two newspapers’ advertising fees may be beneficial
for the firms. When advertising fees difference rises, firms increase the probability with which they
advertise in the cheapest newspaper, and decrease the probability with which they advertise in the
entire market, while the probability of advertising in the other segment is unaltered. At the same
time, in an attempt to weaken competition, firms increase price dispersion in the segment that is
most competitive. Profits are found to be non-monotonic in the difference between advertising fees.
Essentially, what happens is that if cost asymmetries are quite large to start with, an increase in
fees difference makes it very unattractive to advertise in the most expensive newspaper and firms
end up competing very aggressively for just one of the consumer segments, which results in lower

profits. If fees asymmetries are small initially, firms benefit from an increase in fees differences



because competition for the entire market occurs less frequently.

Three, we discuss how a change in the customer distribution across newspapers affects our results.
We note that this parameter change does not impact the cost side of the problem. An increase in
the number of consumers reading one of the newspapers makes advertising in that newspaper more
attractive. Equilibrium requires firms to increase the probability with which they advertise in the
newspaper with the largest readership, which makes it less attractive in turn and firms increase
the dispersion of advertised prices in such newspaper. Again firms profits are non-monotonic in

customer distribution asymmetries across newspapers.

In a first extension of the basic model we examine the implications of allowing for a fraction of
consumers who read both newspapers. These consumers are always fully informed, in the sense
that given any firms’ advertising-strategy profile, they always observe the prices charged by the two
firms. We show that the equilibrium of the benchmark model discussed above survives this change
in the distribution of consumers across newspapers. Interestingly we find that an increase in the
number of consumers who read both newspapers may be beneficial for the firms. The reason is that
the frequency with which firms advertise their prices in the entire market declines as the fraction
of these new consumers rises. As a result market competitiveness weakens and firms’ profits may
increase. In a second extension of the basic model we allow for entry of firms. We show that
the random advertising and pricing equilibrium described above exists also in a N-firms oligopoly.
Moreover, we find that equilibrium profits decline as the number of firms the market hosts rises.
Finally, we show that if firms did operate in a setting where they could announce distinct prices to
the different consumer segments when they advertise in the entire market, then firms profits would
be zero in equilibrium. This suggests that firms benefit from restrictions on price discrimination

when they compete in segmented markets.

The economics literature about informative price advertising has in general ignored the possibility
that firms can target their advertisements to distinct consumer groups.® The only papers we know
where firms can use targeted advertising in a strategic context are Bester and Petrakis (1995), Iyer
et al. (2002), and Roy (2000).* The first two papers model price-advertising as a short-run variable,
while Roy (2000) models product-advertising as a long-run variable. Bester and Petrakis (1995)

study a model where two firms located in different neighborhoods compete to attract consumers

3See e.g. Bester (1995), Butters (1977), Caminal (1996), Grossman and Shapiro (1984), Robert and Stahl (1993),
Shapiro (1980), Stahl (1994), and Stegeman (1991).

*In monopolized markets, Esteban et al. (2001) show that a firm may have incentives to use specialized magazines
as a vehicle to target price advertisements to the consumers who value the good more. This results in higher advertised
prices and is thus potentially detrimental from a welfare viewpoint. Esteban et al. (2001), also in a non-strategic
context, study the influence between advertising-strategy and product quality. They find that customer directed
advertising has a bearing on the price and the design of new products.



from rival’s location. Consumers initially know the price charged by the neighboring store but ignore
the price charged at the distant location; moreover, for similar prices buyers prefer to buy locally.
In this situation advertising locally is wasteful and thus firms target their ads to the rival’s region.
If advertising costs are high, a pure-strategy equilibrium exists where firms charge monopoly prices.
If advertising costs are low, equilibrium entails randomization over two prices, a low price that is
advertised at the rival’s location and a high price that is not advertised. Iyer et al (2002) also
examine a product differentiated duopoly market but, in contrast to Bester and Petrakis (1995),
consumers have no information of their own. Some consumers are loyal to one firm, some other
consumers are loyal to the other firm and the rest of the consumers are price-sensitive.” Firms
can target ads to distinct consumer segments and the authors compare price-dispersed equilibria
with regular advertising and with targeted advertising. They find that regular advertising leads
to a zero-profit equilibrium while targeted advertising leads to an equilibrium with positive profits
which accrue from the loyal segment. Our paper differs from these two papers in that consumers
see all products as identical and thus they are all equally price-sensitive. In addition, in our model
consumers hold no price information at all exz-ante. These two aspects enable us to understand the
role of targeted advertising in generating positive firm profits in highly competitive environments.
Further, our paper offers an explanation for temporary market segmentation based on pure strategic
considerations, rather than on consumer loyalty. Furthermore, in our paper some prices are more
heavily advertised than others while in Bester and Petrakis (1995) and Iyer et al. (2002) all prices

are equally ‘sponsored.’

The nature of advertising is different in Roy (2000). He studies a two-stage model where two
firms first send product-advertisements to the consumers and then choose their prices. In his
model advertising has a long-run nature and a commitment to not invade the ‘natural’ market
of the rival enables firms to segment the market and appropriate consumer surplus. His model
applies to markets where advertising provides product information, perhaps intended to create
brand image and consumer awareness, and later buyers discover prices costlessly. Our paper, by
contrast, examines targeted advertising in environments where advertising has a short-run nature
and conveys price information. A great bulk of the advertising we observe in real world markets has

this type of nature, for instance, advertising that announces sales, price reductions and promotions.

Our model can also be seen as a strategic game of entry in multiple markets with advertising fees
playing the role of entry costs. In this connection, it is related to the work on entry and competition

by, e.g., Elberfeld and Wolfstetter (1999) and Sharkey and Sibley (1993). The former paper differs

See Rosenthal (1980) for a similar model with perfect price information.
See also Stahl (1994) for a price-advertising game where random prices are advertised with the same intensity.



from ours in that entry is a long-run strategic decision. In the latter paper decisions on entry
and pricing are simultaneously taken, like in our paper. The main difference between the work of
Sharkey and Sibley (1993) and ours is that they examine an entry game in a single market while
we investigate entry in multiple markets. Remarkably, while they find that firms profits are zero
in the unique equilibrium of the game, we characterize an equilibrium with positive profits. Thus,
the mere existence of some kind of market segmentation can be exploited by firms to make money

in situations of extreme competitiveness.

The remainder of the paper is organized as follows. Section 2 describes the basic model. Section 3.1
discusses some preliminary results. Section 3.2 presents equilibria with random pricing and random
advertising and comparative statics results. Section 4 is devoted to discuss some extensions of the
basic model. Section 5 closes the paper with a review of the main conclusions. Some proofs are

relegated to the Appendix.

2 The model

We study a market for a homogeneous good. On the demand side of the market, there is a unitary
mass of identical consumers. A priori, consumers ignore the existence and the price of the good.
Thus, a potential consumer cannot be an actual buyer unless sellers invest in advertising.” A
consumer buys at most a single unit of the product, and does so at the minimum price known to
her; the maximum price a consumer is willing to pay for the good is v > 0.8 On the supply side of
the market there are two firms indexed i = 1,2.? These firms produce the good at constant returns

to scale and their identical unit production cost is normalized to zero, without loss of generality.

To examine the scope of strategic targeted advertising, we shall assume that consumers are seg-
mented in regard to the advertising channel through which firms can reach them. The simplest
example is that in which there are two newspapers in the economy which are read by different con-
sumers.!’ Letting j = A, B be the newspaper index, we assume that a fraction p 4 of the consumers
reads newspaper A, while the rest of the consumers pp reads newspaper B, with py + pp = 1.
An individual firm must necessarily advertise its price in at least a newspaper to be able to sell.
Advertising is costly; assume that placing an advertisement in a newspaper j costs ¢; > 0 to the

firms, j = A, B. A firm can target its advertising campaign to the readers of newspaper A, or

" Advertising also conveys product and price information in Butters (1977), Grossman and Shapiro (1984) and
Stahl (1994). The natural interpretation is that firms sell newly introduced items.

8The results of this paper would not change if we considered instead that all consumers hold a downward sloping
demand function.

9In Section 4 we consider entry of firms an examine the robustness of our results in an N-firm game.

10T Section 4 we discuss how our results change when some of the consumers read both newspapers.



to the readers of newspaper B, or else can advertise its price in both newspapers A and B. We
assume that if a firm advertises a price in newspaper j, all consumers in segment j are reached

A firm’s advertising-strategy is thus a probability function over the set

with probability one.
{A, B, M}, where M indicates that a firm advertises its price in both newspapers thus bearing a
total advertising cost equal to ¢4 + ¢p. Let )\; denote the probability with which a firm ¢ = 1,2

advertises its price in newspaper j = A, B, M.1?

A firm’s pricing-strategy is denoted by a distribution of prices F;(p) accompanying advertising
decisions. Let (r;- denote the support of F;(p) and let ﬁ;- and Qj. denote the maximum and the

%

minimum price in o7, respectively. Since j can take on value M, this means that a firm cannot

advertise distinct prices in different newspapers.'® A firm’s strategy is thus denoted by a collection
or pairs {)\;'-,F;(p)}j:A’B’M, i=1,2.

Firms play a simultaneous move game. An individual firm decides which price to charge and in
which newspaper to advertise it taking as given the pricing and advertising strategies of the other
firm. Our interest lies on the existence and characterization of Nash equilibria in which firms obtain

positive profits.!4

3 Analysis

3.1 Preliminary results

An individual seller must choose a price and decide whether to advertise it in newspaper A, or
in newspaper B, or in both newspapers taking as given the advertising fees and the price and
advertising decision of the rival firm. These actions lead to a number of different strategy profiles,

pure as well as mixed. The pure advertising-strategy profiles are summarized in Table 1.

'1We note that this assumption captures an extreme case of competitiveness; this implies that, if the market were
not segmented, then the unique equilibrium would be such that firms make zero profits. We shall show that, even in
such case of extreme competition, segmentation may lead to a positive profits equilibrium. Alternatively, one could
assume that advertising technology is imperfect and that ads do not reach consumers surely. In that case, market
segmentation should also lead to an equilibrium with even higher profits.

12We note that a firm may also decide to get out of the market altogether. Since our focus is on whether seg-
mentation leads to positive profits equilibria, we shall ignore strategy profiles where firms put positive probability on
staying out of the market (see footnote 14).

'3We assume that price discrimination is unfeasible —e.g. because of legal restraints or due to consumer arbitrage
possibilities—. In Section 4 we discuss the role that price discrimination would have if it were feasible.

!4We have found that there may potentially be two types of equilibria with zero profits. In the first type of
equilibrium, firms randomize between staying out of the market, advertising a random price in newspaper A, and
advertising a random price in newspaper B. If there is an equilibrium of this type, we have seen that it is unique
and that it requires advertising cost to be large enough. In the second type of equilibrium, firms randomize between
staying out of the market, advertising a price in segment A, advertising a price in segment B and advertising a price
in the entire market, M. We have seen that there may be a continuum of equilibria of this second type.



Symmetric Asymmetric I Asymmetric 11
DAy =1,i=1,2 WAL =105 =1 (vi)) A\b=1,)2, =1
A A B B M
)X, =1,i=1,2 | () Ay =1,)3, =1 (viii) A}, =1,\4 =1
B A M M A
(i) Ny =1,i=1,2 | Vi) A =104 =1 | (ix) Ay, =1,0%, =1

Table 1: Pure advertising-strategy profiles

Our first remark is that an equilibrium where firms play a pure advertising-strategy does not exist.
Lemma 1 A pure advertising-strategy cannot be part of an equilibrium.

Proof: We first rule out symmetric advertising-strategy profiles. Suppose that both firms advertise
their price in newspaper j with probability one in equilibrium, j = A, B, M. Then, it is obvious
that both firms should accompany their advertising decisions with prices equal to marginal cost;
but if this is so, firms would not cover their advertising costs. Thus, this cannot be part of an
equilibrium. We now rule out asymmetric advertising-strategy profiles. Suppose firms advertise in
different newspapers in equilibrium, e.g., firm 1 advertises in newspaper A and firm 2 does so in B.
Then, it is obvious that they should accompany their advertising strategies with monopoly pricing,
which would yield profits of m1 = py v — ¢4 and M9 = v — ¢ to the firms. But if this were so
in equilibrium, a firm would gain by slightly undercutting the monopoly price and advertising it in

both newspapers, obtaining a profit of v — ¢4 — ¢p.

Consider finally that a firm, say firm 1, advertises in just a newspaper, say A, and the other firm
in both newspapers. Let s' = {\4 = 1, Fa(p)} be firm 1’s strategy and let s> = {\ys = 1, Fas(p)}

denote firm 2’s strategy. If an equilibrium exists firms’ profits would be given by:

Emi(da = 1,p1;8%) =pipa(l — Fr(p1)) — ¢4

Emy(A = 1,pa;s') = pa[pa(l — Fa(p2)) + ] — da — ¢p-

We note that it must be the case that p,4 < P, because otherwise firm 1 charging the upper bound
D4 in A would make negative profits. From this, it follows that p,; = v because a firm advertising
a different upper bound in the entire market would gain by increasing its price. Since firm 2 must
be indifferent between advertising any price in the support o), it follows that firm 2’s expected
profits must be Eme = pugv — ¢4 — ¢. Now it is obvious that firm 2 would gain by deviating and
advertising v only in B since the firm would save on advertising costs. The other pure strategy

profiles (see Table 1) are ruled out similarly. The proof is now complete. B

The interesting implication of Lemma 1 is that equilibria in this game of price and targeted-

advertising must involve random advertising strategies. This is important because this means that



targeted advertising cannot be a permanent phenomenon in homogeneous product markets. In what
follows we examine the different symmetric mixed advertising-strategy profiles. These profiles are

presented in the next Table.!”

() Ny + N =1,i=1,2
i) Ay + Xy, =1,1=1,2
A M ) )
i) Ny 4+ X6, =1,i=1,2
B M
(iv) Ny + X+ Ay =1,i=1,2

Table 2: Symmetric mixed advertising-strategy profiles

Our second observation is that firms must advertise in both newspapers from time to time.
Lemma 2 A symmetric equilibrium where Ay = 0 does not exist.

Proof: Suppose, on the contrary, that firms randomize between advertising in newspaper A and
advertising in newspaper B, i.e., Ag + Ap = 1, Aa,Ap > 0. Let us denote firms strategies as
st = {(Aa, Fa(p),(\s,Fi(p))}, i = 1,2. Given the strategy of firm 2, firm 1’s payoff from

advertising a price p in newspaper A is

Emy (A = 1,p;8%) = ppalAa(l — Fa(p)) + Ag] — é4-
Likewise, firm 1’s payoff from advertising a price p in B is

Em (Ag = 1,p;5°) = pup[ra + Ap(1 — Fp (p))] — ¢5.

We first note that the upper bound of the price distributions cannot be lower than v because a
firm charging the upper bound would gain by slightly raising its price, i.e., p; = v, j = A, B. We
secondly note that firm 1 must be indifferent between advertising a price p € 04 Nop in either
of the segments in a mixed strategy equilibrium, i.e., Vp € 04 N op it must be the case that

Em ()\A =1,p; 32) = Em ()\B =1,p; 82) . Since v € 0, j = A, B it follows that
Emy (A = 1,11;32) = Appav — ¢4 = Em1 (Ap = 1,0) = Agpugv — ¢ > 0.

Then, a firm, say firm 1, can profitably deviate by advertising the monopoly price in the entire

market. Indeed, profits to firm 1 from such deviation are

E7T(11 ()\M =1,v; 52) = ABHAV + MgV — P4 — Op

15We note that asymmetric mixed strategy profiles are very difficult to deal with in our setting; thus we focus on
symmetric ones.



which are clearly greater than Aqupv — ¢p. This contradicts Nash notion. B

We now note that firms introduce quite a bit of noise in the market to maximize profits.
Lemma 3 If a symmetric equilibrium exists, then it must be the case that \; >0, j = A, B, M.

Proof: On the basis of Lemma 2, we only need to show that Ay + Ay =1, A\; > 0,5 = A, M and
Ap+Au =1, A > 0,7 = B, M cannot be part of an equilibrium. Suppose first that Ay + Ay = 1.
Let’s denote firm i’s strategy as s° = {(Aa, Fa (p)), (Aar, Far ()}, i = 1,2. Taking as given s2, the

profit to firm 1 from advertising p in newspaper A is

Emy (A =1,p;5%) = ppada(l = Fa (p)) + Aas(1 — Far (p)] — ¢4

Likewise, the profit to firm 1 from advertising a price p in both newspapers is

Em (A = 1,p;8%) = Aappg + Aapeap(l — Fo (9)) + Aup(l — Far (p)) — ¢4 — ¢

As above we observe that F)4 (p) and Fi (p) cannot have atoms. We now note that p4 < pj,; indeed
if p4 > Py a firm advertising the upper bound p4 in newspaper A would always obtain negative
profits. Observe next that it must be the case that p,;; = v; this is because there is a strictly positive
probability that a firm advertising in both newspapers is the only one advertising in newspaper B;
then, a firm advertising a different upper bound would gain by raising its price. Firms must be
indifferent between the distinct price and advertising strategies; therefore equilibrium profits would
be:

Emy (v = 1,v58%) = Aavpg — ¢4 — ¢p

We now note that a firm, say firm 1, can gain by advertising the monopoly price only in newspaper

B. Indeed, profits to firm 1 from such a deviation are:
Eﬂ‘f ()\B =1,v; 52) = Mvug — dp

which are clearly greater than equilibrium profits for all ¢4 > 0. This contradicts Nash notion. The

proof that Ap + Aps = 1 cannot be part of an equilibrium is analogous. B

3.2 Equilibria

Lemmas 1-3 have shown that if an equilibrium with positive profits exists, firms must put positive
probability on all pure advertising strategies. In what follows, we shall examine the existence and

characterization of equilibria in this game of pricing and targeted advertising.

10



Let s = {(Aa, Fa (D)), A, F (p)), Aar, Far (p))}, @ = 1,2 denote firms’ strategies. The payoffs

to a firm from the different advertising strategies are:

Emy (A =1,p;5%) = puada(l —Fa(p)) +As + (1 — Far (p))] — 64 (1)
Em (Ap=1,p;5") = pugha+As(l = Fg(p) + (1 — Far (p)] — 65 (2)
Emi (Am =1,p; 32) = Em (Aa=1p; 32) + Emy (A = 1,p; 82) (3)

The next result shows that prices must be dispersed in equilibrium.

Lemma 4 If a symmetric equilibrium exists, the price distributions Fa (p), Fp (p) and Fy (p)

must be atomless.

Proof. The proof follows from the fact that atoms can be profitably undercut as discussed above

in the proof of Lemma 2. W
Our next result establishes an equilibrium property of the supports of the price distributions.

Lemma 5 If a symmetric equilibrium exists, P; <Py = Pj <p. <Py =Dp =0, J,k = A, B,
J# k-

The proof, which is in the Appendix, proceeds as follows. We first prove that there cannot be a price
common to the three equilibrium supports 0 4,05 and 0. This follows from inspection of payoff
functions (1)-(3). Then a series of claims proves that the support configuration must satisfy the
inequality above. These claims exploit two facts: first, that a firm advertising in a single segment
cannot increase its profits by deviating and advertising v in the entire market; second, that a firm
advertising in the entire market cannot increase its profits by deviating and advertising in a single

segment.
Lemma 5 implies that the only support configuration (up to a permutation of segment labels) that
can be part of an equilibrium is as represented in the following graph.

Om

oA

OB

|
]
A Pa=Py

|0

PB PB = PM
Figure 1: Equilibrium support configuration.
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In what follows we shall see that a positive profits equilibrium indeed exists for this support con-
figuration. Moreover, we shall show in Section 4 that this equilibrium is robust to the introduction
of a fraction of consumers who read both newspapers, as well as to an increase in the number of

firms.

To characterize this equilibrium, we exploit the fact that a firm must be indifferent between the
distinct pricing and advertising strategies. A firm must be indifferent between advertising v to
consumer segment B and in the entire market, that is, Emi(Ag = 1,v;s8%) = Emi(Ay = 1,v;8%).
Using equations (1)-(3), this implies that pgvAs—¢p = pgvAa— o+ vAp — @ 4. This expression

yields the frequency with which firms advertise prices in newspaper B :

_ %a
rp = (4)

A firm must be indifferent between advertising a price from op in newspaper B and advertising it
in the entire market. That is, Emi(A\yy = 1,p;s%) = Em1(Ap = 1,p;s?) for all p € og N oy This
implies that wu p[Ap + A (1 — Far(p))] — ¢4 = 0. Solving for Fi/(p) yields

1
F]V[(p)zl——<¢—A—>\B> forallpeognoy. (5)
A\ pap

A firm must gain the same by advertising 74 in newspaper A and by doing so in the entire market,

ie., Emi(Aa = 1,D4;8%) = Em1(A\yr = 1,D4;5%). This implies that py = ¢p/pp(= QM).
If a firm charges a price p € [Py, p,] in the entire market, this firm obtains a profit:
papAs + An(1 = Fu(p))] — da + upplAa + Ap + A (1 — Fu(p))] — é5. (6)

This benefit must be equal to the profit a firm gains by advertising v in both newspapers:

[AVAB — ¢ a + [1pUAA — dp (7)
Equating (6) and (7) yields an expression for Fys(p) in [ps, ppl:

Aapp(v—p) —App+ ¢4 for all p €

Fup)=1-—
(p) AMD

P>l (8)

Since Fi(p) must be atomless, we note that at p = p 1 the two equilibrium price distributions (5)

and (8) must be equal; using (4), we find p,, = Q42800

Consider now the profits from advertising a price p € op N o in newspaper B. This profit must
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equal the profit from advertising v in B. Therefore:

tppda + As(1 — Fp(p) + Ar(1 — Far(p))] — ¢ = vupia — ¢

Substituting (5) into this expression, we can solve for the distribution of advertised prices in news-

paper B:

Fy(p) =1 24=20 [U_p]

AB P
Equating the profits from advertising p, ~and v in the entire market yields an expression for the

frequency with which firms advertise prices in newspaper A:

Ny = P — PalB
A= 79
KV + dphia
It remains to find the distribution of advertised prices in newspaper A. A firm advertising in A must
be indifferent between advertising any price in the support of o4. Solving Emi(Ag = 1,p;s%) =

Eni(Aa = 1,Py; s?) yields

A+ Au (Pa—Dp)
Aa D

Fa(p)=1

The lower bound of o4 is obtained by setting Fa(p,) = 1; thus, p, = (1 — Aa)p4-

The next result summarizes these findings. Let p , = 1)(/\‘3\7:\3) and py =p,, = Z—g.

Proposition 1 There exists a non-empty set of parameters piy, ig, P4 and ¢g for which the fol-

lowing positive-profit symmetric equilibrium of the price and targeted-advertising game exists: With

Pp—PalB
BEV+ R4

(1= XA)Pa,Pa] according to the price distribution Fa(p) = 1 —

probability Ay = firms advertise in segment A a price p randomly chosen from the set

Apt+Ay Ba—p).
Aa p

AB = ¢4 /1qv firms advertise in segment B a price p randomly chosen from the set [QB,U] accord-

with probability

ing to the price distribution Fg(p) = 1 — % [”P%p} ; and with the remaining probability firms
advertise in the entire market a price p randomly chosen from the set @]V[’ v] according to the price

distribution

1— Aapp(v=p)=Appt+d4
Fu(p) = 1 (¢AMp )

forallp € [p,,,pyl
forallp € [p,,,v]

AM \ paP

This is the only symmetric equilibrium in which firms obtain strictly positive profits Em = Appigv —

¢p (up to a permutation of segment labels).
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The existence part of this result is proved in the Appendix. We show that firms cannot profitably
deviate from the strategy profile described in the Proposition and that the set of parameters for
which an equilibrium exists is non-empty. In equilibrium, firms obtain positive profits by employing
random pricing and random targeted-advertising strategies. This twofold randomization enables
firms to induce an unequal distribution of information in the market and to overcome detrimental
undercutting behavior by the rival firm. We note that market segmentation can only occur from

time to time.

The equilibrium described in Proposition 1 is illustrated in Figure 2 below for a situation where
the two newspapers have the same readership. In this graph we have represented the equilibrium
distribution of advertised prices in newspaper A, B and in the entire market.
Fip
1.
08
06+

04 ¢

027

0.2 04 0.6 0.8 1

Figure 2: Equilibrium price distributions. (¢4 = 1/20, ¢ = 3/20,v = 1).

Our next result establishes that the equilibrium distributions of advertised prices can be ranked

using the criterion of first-order stochastic dominance.

Proposition 2 The distribution of advertised prices Fg(p) dominates Fy;(p) in a first-order stochas-

tic sense; moreover, Fy(p) dominates Fa(p) under the same dominance criterion.

The proof is in the appendix. The implication of this result is that, in equilibrium, firms randomize
between announcing high prices in a single newspaper, announcing low prices in the other news-
paper, and advertising intermediate prices to the entire market. Thus, when market segmentation
arises, expected prices may be more or less dispersed. Another observation worth pointing out is
that our model does not generate ‘sponsored’ sales because low prices are not heavily advertised

but intermediate prices; this contrasts with previous research on price-advertising.

We now take a closer look at the existence conditions derived in the Appendix. Let us assume,

without loss of generality, that ¢, = yv, with v € (0,1) and ¢ = B4 = Byv, with 8 € (0,1/7). It

14



can be seen that, for the case in which both newspapers have the same readership, an equilibrium
exists if and only if 8 € (1,1/7) and v € (0, (8 —1)/23%. We have represented these two conditions

in Figure 3.

0.2 ¢
0.175 |
0.15 | Existence Fails
0.125 ¢
0.1}
0.075 |

0.05 f Equilibrium Exists

0.025 |

2 4 6 8 10'3

Figure 3: Existence when newspapers have the same readership.

We observe that an equilibrium exists only if newspapers’ advertising fees are neither too dissimilar,
nor too similar. To see this, fix v in Figure 3. If advertising fees are very similar (low (), the only
way firms can be indifferent between advertising low prices in A and high prices in B is when
competition for B’s readers is very vigorous, which implies that A4 must be very small and this
results in firms making negative profits. If advertising fees are very dissimilar instead (3 high), a

similar argument applies.

This discussion motivates a careful examination of how equilibrium changes when we alter the pa-
rameters of the model, in particular, when advertising fees increase, when advertising fees differences
fall and when the fraction of consumers in one of the segments increases. We note that parameter
changes affect both advertising probabilities and price distributions. The following result, proved

in the appendix, is useful for this purpose:
Proposition 3 In equilibrium the following relations hold.

(1) E'a’\—vf‘ > 0, E'a’\—f >0, and %;” < 0. Moreover, an increase in v widens o4 and op, and narrows
onm. Moreover, as v — 0, Ayy — 1 and Fy(p) converges to a price distribution that is

degenerate at the marginal cost.

(2) 85‘—,@4 > 0, 88/\—; =0, and aé\—él < 0. Moreover, an increase in 3 widens g4, and narrows both

op and o).
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[V oA O oo . . .
(3) s < 0, oy 0, and e 18 indeterminate. Moreover, an increase in pg narrows o4, and

widens both og and o).

Building on this Proposition, we now elaborate on the comparative statics results of parameter
changes. Consider first a decrease in advertising fees, which is captured in our model by a decrease
in 7. A fall in advertising fees leads to less likely market segmentation and to less extreme pricing;
that is, firms decrease the probability with which they advertise high prices in newspaper B, and
also decrease the probability with which they advertise low prices in newspaper A —by implication,
firms increase the probability with which they advertise intermediate prices in both newspapers.
In addition, firms narrow the set of prices advertised in A and in B and widen the set of prices
advertised to the entire market. Keeping everything else constant, what happens is that a decrease
in both fees makes advertising in both newspapers relatively inexpensive compared to advertising
in just a newspaper. For firms to remain indifferent between the different advertising strategies,
they must decrease competition for the distinct segments of consumers and increase competition for
the whole market. This results in lower advertising probabilities and lower price dispersion at the
segment level, and greater price dispersion at the market level. Interestingly, this has implications
for firms’ profits. We can show that profits are non-monotonic in advertising fees, first increasing
and then decreasing. We observe that making advertising in the two newspapers a less attractive
strategy, weakens competitiveness and boosts firms revenues. When + is low to begin with, gains
from weaker competitiveness offset the cost increase; by contrast, when advertising fees are high
enough, the increase in revenues is too small to outweigh the cost increase. The influence of v on
the equilibrium can be seen in Figure 4. The left graph shows the equilibrium price distributions
when advertising fees are low while the right graph represents a market with high advertising fees.
We finally notice that as « converges to zero, Ap; converges to 1 and the distribution of advertised

prices converges to a degenerate price distribution at the marginal cost.

Fi(p) Fi(p)

1 1
0.3 Falp) Fri(p) Fip 08 Fa® )

Fup)
06 06
04 04
0.2 02
02 04 06 08 1P 02 04 06 08 [
Figure 4a. Low v (y = 1/50; 8 = 2). Figure 4b. High v (y = 1/10; 5 = 2).
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We now discuss how changes in newspapers’ advertising cost differences influence our results. An
increase in  captures an increase in newspaper B’s advertising fee keeping constant newspaper
A’s advertising fee. Thus, § increasing raises newspapers’ cost asymmetries. This results in an
increase in the probability A4 with which firms advertise in newspaper A, while the probability
Ap with which firms advertise in newspaper B is unaltered; as a consequence firms advertise in
the entire market less frequently, i.e., Aj; decreases. The reason is that in equilibrium the three
advertising strategies must be equally attractive, so firms must increase competition for newspaper
A’s readers and decrease competition for newspaper B’s readers. Interestingly, competition for
consumer segment B is weakened due to a fall in the frequency with which firms advertise in
the entire market. The distributions of advertised prices also change accordingly (see Figure 5
below). When firms compete more frequently for a segment in the market, they increase price
dispersion to overcome rival’s undercutting behavior. These observations translate into profits
being non-monotonic in B. The reason why profits can increase is again related to the weakening
of competitiveness that originates from the fact that firms meet at competing for the entire market

less frequently.

Fip) Fi(p)
1 1
08 03 Fa@) Py
06 06
04 04 Fa(p
02 02
02 04 06 08 I 02 04 06 08 1P
Figure ba. Low 8 (y = 1/20; 3 = 1.2). Figure 5b. High g (y =1/20; 8 = 38).

Finally, we discuss the implications of a change in the distribution of consumers across segments. An
increase in 4 leads to an increase in the probability Ay with which firms advertise in newspaper
A and a to decrease in the probability with which they advertise in newspaper B. This results
in effects similar to those when (8 goes up. Profits again exhibit a non-monotonic pattern with
respect to the parameter of interest, the readership of newspaper A in this case. The reason is
as follows. Note that equilibrium profits are Agpugv — ¢p. An increase in 4 tends to decrease

profits due to a fall-in-demand effect. However, there is also a competition effect by which firms
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advertise more frequently in A, which tends to increase profits. We see that, for similar readerships,
the competition effect is dominant and profits increase as 14 rises; when the two newspapers are
already quite different, the demand effect is stronger and profits decrease. See Figure 6 for an

illustration of part 3 of Proposition 3.

Fi(p) Fi(p
! Y Ew)
AP
Fup)
0.8 08
0.6 06
04 04 Fe
0.2 02
‘ ‘ ‘ : P ‘ : : : P
0.2 04 0.6 0.8 1 02 0.4 06 08 1

Figure 6a. High py (14 =0.9;7 =1/100; 3 =2). Figure 6b. Low py (g = 0.4;y = 1/100; 3 = 2).
4 Extension

In the previous section we have characterized Nash equilibria for a situation in which every consumer
reads a single newspaper and there are just two firms operating in the industry. In this Section, we
investigate the implications of buyer multiple readership and entry of firms. In addition, we discuss

the implications of allowing firms to price discriminate across segments.

4.1 Multiple newspaper readership

In the market described above, consider that some consumers read both newspapers; we will refer
to the multi-readership consumers segment as p;, and therefore we assume consumer readerships
to satisfy pq + pp + ppy = 1, with g, > 0, i = A, B, M. We note that the fraction of consumers
Wy is always fully informed in the sense that, given any firms’ advertising-strategy profile, these

consumers always observe both firms’ advertised prices.

We start investigating the robustness of the equilibrium in Proposition 1. The next result provides a

natural extension of Proposition 1 to a market setting in which some buyers read both newspapers.

_ =  _ AAppvtdua—o¢p _ Aapp—AB(1—py)
Let py, =Pa = W80 U, 20dpp = (—wg )

Proposition 4 There exists a non-empty set of parameters ¢4, P, ha, g and iy, for which the

following positive-profit symmetric equilibrium of the price and targeted-advertising game exists:
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With probability Ay = M firms advertise in segment A a price p randomly chosen
l‘B'U'i'(f)B(l_uB)

rom the set [(1 — Aa)P4,Dal according to the price distribution Fy (p) = 1 — 524 Pa—p ; with
A>PA g Aa P

probability A\p = I%“U firms advertise in segment B a price p randomly chosen from the set [BB,U]

according to the price distribution Fp (p) = % — %gl—fﬁ: U;p 5 and with the remaining probability

firms advertise in the entire market a price p randomly chosen from the set [p, ,v] according to the

M’
price distribution

A v=p)=2A
FN[(p) _ 1— abp( )\pj\)/[p BP+P4 fO?" all pE [E]V[’EB]
1_//\\_5@ for allp € [p,,v].

In equilibrium firms obtain strictly positive profits Em = Agpgv — ¢pg.

The proof of this proposition is similar to the equilibrium characterization behind Proposition 1
above and is thus relegated to the Appendix. We note that setting p,, = 0 in Proposition 4
yields Proposition 1. Moreover, we observe that the introduction of a fraction of consumers who
read both newspapers does not undermine the comparative statics results provided above in the
context of Proposition 1. In particular, an increase in the advertising fee () or an increase in
the advertising cost asymmetry (3) raises the probability that firms advertise in newspaper A.
Taking into consideration the cost effect caused by either an increase in « or in 3, we can see
that equilibrium expected profit is non-monotonic with respect to v and 3. We now investigate the
implications of an increase in the fraction of consumers who read both newspapers on the market
equilibrium. We distinguish between the case in which an increase in p, is accompanied by a

decrease in (14, and the case in which an increase in p;; comes with a decrease in pp.
Proposition 5 In equilibrium the following relations hold:
OAB

> Oy
op, while o4, oy and equilibrium profit are not altered.

(1) Holding pg constant, % =0 >0, and gl/)—j‘; < 0; moreover, an increase in [y, widens

2
(2) Lety = ﬂ*—m;(gTB)' Then, holding ., constant, g—jﬁ- > 0, g—;}fd— =0, and %ﬂﬂj— < 0; moreover,
an increase in py; widens o4 and narrows oyy, while if v < (>)7 then it narrows (widens)

op and increases (decreases) equilibrium profit.
The proof is in the Appendix.

We now elaborate on the intuition behind this result. When g, increases in such a way that g4+,
is constant (part 1), it turns out that advertising in newspaper A remains equally attractive. This
can be seen by looking at the payoff function (13). As a result A4 does not change. However,

advertising in newspaper B becomes more attractive; the reason is that as p,; increases, the
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number of customers a firm advertising in B may sell to rises (see equation (14)). As a result
Ap increases and op widens. Finally, an increase in p;, makes advertising in the entire market a
less attractive strategy (see equation (15)). As a result, competition for the entire market must
occur less frequently so Apy must fall to restore equilibrium. Interestingly, profits are insensitive to
changes in p,, in this case.

When g1, increases in such a way that pg+ 1, is constant (part 2 of Proposition), we note that
advertising in newspaper A becomes a more attractive strategy. The reason is that the number of
customers a firm may sell to when advertising in newspaper A rises (see payoff function (13)). As a
result firms must increase competition for segment A and o4 correspondingly widens. By contrast,
an increase in p,, makes advertising in the entire market a less attractive strategy (see (15)) and
Ay falls to restore the equilibrium. It turns out that equilibrium profits may rise with increasing
fraction of fully informed consumers; the reason is that firms compete for the entire market less

frequently and this reduces overall market competitiveness.

4.2 N-firm oligopoly

Proposition 1 can be extended to consider an oligopolistic market with N firms. If all firms in
the market randomize between advertising prices from o4 in A, prices from op in B and prices
from o s in the entire market, where o 4,0p and o) satisfy Lemma 5, the payoff to a firm from

advertising a price from o4 in A is:

/N -1\ NI N1 -
Emi(Aa=1,peoa;s’) = < ‘ >AJ 1 — Fa(p))? < ) >x’ AN—1=g=i|
(A4 Ars") ;:0 j A(1—Fa(p)) ;:0 ; BAM N

If a firm advertises a price p from op in newspaper B, this firm obtains a profit:

Emi(Ap = l,peop;s)
N—-1 N—1—j .
N -1\ ; N-1- i \N—1—j—i —1—j—i
- Z(j %HPEMW[X:( if)mﬁ“<ymmmN”]—%
j=0 i=0

If a firm advertises a price in the entire market, it may be the case that this price satisfies p € op/Nop

or else p € op\op. The profits a firm obtains in those cases are:

Eﬂ'z’()\]u = 1,p€0']y[ﬁ(1'3;8_i):EW()\le,pEUB)—I—
N-—-1 N 1
_  N—1—i L
1%12<j %QM-M—W@Wlﬂ—m—%
=0
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N—-1
) N1\ Nt -
Emi(An = Lpeon\op;s™) =pua Z( j >)\39)\1]E Y1 = Py (p)N

=0
N—-1 N—1—j .
N—1\ . N=1—=3\ . Netisi L
w3 (V- )&[Z( LI N B~ 04—
j=0 =0

Using the binomial theorem, these profit expressions can be simplified:

Emi(Aq = 1,p€(r,4;5_i):p/LA[l—)\A—}—)\A(l—FA(p)}N—l_¢A

Emi(Ap = Lp€op;s™) =puga+Au(l = Fu(p) +Ap(l - Fp(p)]" ' — ¢p

EriAy = LpeoyNopis ') =En(Ap=1Lpecop)+puslrp+Iu(l—Fu@)N "' —ds—dp
Emi(d = Lpeon\opis™) =ppaAs +Au(l = Far(p))]¥ ™!

+pppAa + ApAn (1 = Far(p)V ! = 64 — b5

A similar procedure as that outlined before Proposition 1, enables us to find a characterization of
equilibrium in this N-firm market. Our interest is on how entry affects firms’ profits in equilibrium.
The profits from advertising p, - and v in the entire market must be equal. This yields an expression

for the equilibrium frequency with which firms advertise their prices in newspaper A :
_ Ha _
vppAY 1—M—¢B<1—AA>N =gt oa=0 9)
B

Unfortunately this expression cannot be solved for A4 explicitly. However we note that equilibrium

profits are given by
Br = oM — 65

so, using (9), we can examine how profits change with the number of firms:

N-1
dfﬁv = (N - 1)%‘[‘ + AaIn[Ag]
I B i Ut i U ) SRR
vpg(N = DA™ + £4¢p(N = 1)(1 — )N 2
I A VR U A VL
vipXy 4 op(l— AN 2 .
As a result:

Proposition 6 Let iy + pg = 1,u; > 0,5 = A, B. Let N firms randomize between advertising

prices from o4 in segment A, prices from op in segment B, and prices from oy in the entire
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market, where 0, j = A, B, M satisfy Lemma 5. Then, entry of firms causes equilibrium profits to
fall.

4.3 Price discrimination

We now discuss the implications of allowing firms to announce distinct prices to the different
consumer segments when they advertise in the entire market. Our next result shows that firms

benefit from restrictions on price discrimination when they compete in segmented markets.

Proposition 7 Let pg+pg = 1,u; >0,j = A, B. If firms can practise price discrimination when

they advertise in the entire market, then an equilibrium with positive profits does not exist.

The proof is in the Appendix. The intuition behind this result is that price discrimination enables
firms to see the different consumer segments as completely separate markets. This implies that a

firm’s profit from a segment is independent of the competitiveness of the other segment.

5 Concluding remarks

We have examined a strategic game of pricing and targeted-advertising. Firms sell a homogeneous
good and must place ads in different newspapers to attract distinct groups of consumers. In
the basic model each buyer reads only a single newspaper. We have shown that pure-strategy
equilibria do not exist, which implies that an equilibrium where firms surely send their ads to
distinct groups of buyers cannot be sustained. We have then focused on symmetric mixed strategy
equilibria with positive profits. We have found that equilibrium must exhibit both random pricing
and random advertising. In the unique equilibrium with positive profits, firms target ads with low
prices to one segment of consumers, ads with high prices to the other segment of consumers and
ads with intermediate prices to the entire market. This strategy enables firms to induce an unequal
distribution of information in the market and the role of random pricing is to weaken competition.

Interestingly, neither low prices nor high prices are heavily advertised, but intermediate ones.

The features of the equilibrium we have characterized prove to be robust to buyer multiple reader-
ship and entry of firms. We have shown that firms may obtain higher profits when the number of
buyers who read both newspapers becomes larger; by contrast, we have seen that firms’ profits fall

as the market hosts more firms.

The model we have examined also applies to advertising in geographically segmented markets. In
this connection, our model can naturally be seen as a model of strategic entry in multiple markets.
The most remarkable result we derive is that firms are able to obtain positive profits in equilibrium

by using targeted advertising.
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6 Appendix

6.1 Appendix A

Proof of Lemmma 5: The proof follows from a series of nine claims.

Claim 1: If an equilibrium exists, ip € o4 Nog No.

Proof. We show this by contradiction. Suppose a price common to the supports of the price
distributions existed. Then a firm would only be indifferent between advertising such a price in
A and in the entire market if the profits from advertising it in B were negative, which yields a

contradiction. W

Claim 2: If an equilibrium exists, the set of prices which is exclusively advertised in newspaper j
must be a continuum set, j = A, B, M.

Proof. We prove this by contradiction. Suppose there was an open interval of prices not chosen
with positive probability in the set of prices that a firm exclusively advertises in, say, newspaper
A. Consider a firm charging the infimum of this open interval; this firm would gain by increasing

this price. B

Claim 3: If an equilibrium exists, Py <Ppand p, <DPy.
Proof. Suppose on the contrary that Py > Pp- Then a firm advertising pg in B would gain by

increasing the price till p, . Proving that p, <Py is analogous. W

Claim 4: If an equilibrium exists, Dg # P 4.

Proof. To see this, suppose on the contrary that D5 = p4. The claims above imply that it must be
the case that p,; < pg = P4. From this, it follows that pg = p4 = v. Thus, a firm advertising v in
newspaper A would make a profit of vu s Ap—¢ 4. A firm advertising v in B would obtain a benefit of
vpugAa — ¢pg. Since these two profits must be equal and strictly positive in equilibrium, this implies

that a firm would gain by advertising v in both newspapers, which constitutes a contradiction. W

We shall assume without loss of generality that p4 < pp in what follows. Claims 1-4 imply that if

an equilibrium exists Py <Pa <DPp-

Claim 5: If an equilibrium exists Dy > p.

Proof. Suppose, on the contrary, that p,, < p I then we have two possibilities. First, Py > Dy;
in this case a firm advertising Py, in M, would strictly gain by increasing the price until p .
Second, Dy; < Py if this is the case then a firm advertising p4 in A would gain by raising it
until v, which contradicts Claim 4. It remains to prove that p,; = Py cannot be part of an

equilibrium. We start noting that it must be the case that py, = p p > Pa- To see this note that if
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Py =Py < Py then a firm advertising py in A would gain by raising this price. Further, pg = v
and therefore firms’ expected profit in equilibrium is Agppv — ¢p > 0. Furthermore, in equilibrium
By ()\M = 1,03 82) = Emy ()\B =1,D; 82) , which is satisfied if and only if AppsPyr — d4 = 0.
However we note that if firm 1 deviates and advertises p = v > p,, in the whole market will obtain

En{ ()\M =1,v; 52) = MUl — ¢g + ABlgv — P4 > Aappgv — ¢ . Hence, the proof follows. B

Claim 6: If an equilibrium exists then p, > py.

Proof. Suppose not, i.e., Py < Da- The case Py = Da is simply ruled out by Claim 1 above.
Consider now Py <Da the claims above imply that it must be the case that P <Py <py <
Da < Pp = v. If this were so, a firm advertising p4 in A would gain by raising its price till v, which

contradicts Claim 4. W

Claim 7: If an equilibrium exists then p,; =pg = v.

Proof. We prove this by contradiction. First, suppose that Dz < p,;. The support configuration
would then be: p, < Py < pp < Pp < Py = v, where Py, = v because otherwise a firm
advertising D), in the entire market would gain by increasing its price. A firm must be indifferent
between advertising any price p € [pg,v] in both newspapers. Then, it must be the case that

Emy ()\M =1,p; 52) = FEm ()\M =1,v; 52) , which, using (3), yields:

A A -

Fuy(p)=1- Abip ¥ ABlA (U p) , for all p € [pg,v]. (10)
AM P

Moreover, a firm must be indifferent between advertising any price p € op(C om) = [py,Ppl in

newspaper B or in both newspapers. Thus, it must hold that Emy ()\M =1,p; 52) = Em ()\B =1,p; 52) ,

which, using (2) and (3), yields:

1 [ ¢4 _
F =1 - — (== -\ f 11 11
v () Y <MAP B> orall p e []_QBapB} (11)

The price distributions (10) and (11) must be equal at p = . Imposing this condition we obtain:

(Aapig + Apiy)v — 24

Pp = £a
b (Aa — AB) g

A firm must be indifferent between advertising a price p € op in B and advertising vin both
newspapers, i.e., Fm ()\B =1,p; 52) = Fm ()\M =1,v; 52). Using (11), this yields an expression

for the distribution of advertised prices in B :

P A Aapp +Appig v

Fg(p)= —A
®) HARBABD  AB ABlp p

(12)
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We can now determine the lowerbound of o by solving Fg(p,;) = 0 in (12):

_%a
(Aapp + Appa) v — 4

s = AApp

Since p,, must be positive in equilibrium, it must be the case that (Aapp + Appg)v — Z’—i > 0.
Since pp must also be positive, this implies that Ay — Ap > 0. Now we can compare pg and v. For
Pp < v to hold, it must be the case that App v — @4 < 0; but this implies that a firm advertising v
in the entire market, which makes a profit of Aypugv —App v — ¢4 — ¢, would gain by advertising

it only in newspaper B. This contradicts Nash notion and proves that pg > Dy,-

It remains to prove that pg > P, cannot be part of an equilibrium. If this were so, then py = v,
and therefore the support configuration would be Py SPa <pg <DPm <DPp=Uv. Moreover, in
equilibrium Emy ()\ B =1,v; 82) = Aappv—¢p. We know that a firm which deviates and advertises v
in the entire market would obtain a profit E%my ()\M =1,v; 82) = FEm ()\B =1,v; 32) FABUAV— Dy
For this deviation not to be profitable, it must be the case that Appu v — ¢4 < 0. Further, in
equilibrium a firm should be indifferent between advertising any price p € [Py, v] in B. This

p

Emi (A =1,p;s?), which yields Fys (p) = 1 — /\J\fﬁAP + i—fl. The condition Fy () = 1 yields

ABUAPM — P4 = 0, which is in contradiction with the condition above that Agu v — ¢4 < 0.

implies that Fp(p) = 1 — :\\_2 (”—_2) . Furthermore, for any p € [p,, Pyl Em (A =1,p;8%) =

Therefore, if an equilibrium exists, then pg = P, and by the usual arguments pg = Dy, = v.

Hence, the claim follows. B

Claim 8: An equilibrium exists only if p, <p, .
Proof. Let us assume that Py Py i€y, <P, <Pa<pp<Pp=DPy=v.In equilibrium, for
any p € o4, Emy ()\M =1,p; 32) = FEm ()\A =1,p; 32) . This holds if and only if

pipAa+ A+ (1 — Fu(p))] — ¢ = 0.

PB Aa+Ap
AMEBP A

Further, in equilibrium Emy ()\A =1,p; 82) = Apugv — ¢p. Using Fyy (p), this equality leads to an
_ dp=Aanfv—9¢aup
B AABAKBP

it must be the case that ¢ — Aapdv — ¢aup > 0. But then Fy (p) would be strictly decreasing in

This yields an expression for the advertised prices in the entire market Fs (p) = 1—

expression for the advertised prices in A: Fy (p) . Since F4 (p) > 0 for all p € 04,

P, which cannot happen in equilibrium. H

Claim 9: An equilibrium exists only if p v = PA-

Proof. The proof of this result is analogous to the proof of Claim 8 and therefore omitted. B
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This completes the proof the Lemma 5. B

Proof of Proposition 1: To prove that the characterization summarized in Proposition 1 is
indeed an equilibrium we need to show that: (i) firms do not have an incentive to deviate and
(77) there exists a non-empty set of parameters piy, ptg, ¢4 and ¢z for which Aa, Ag, Ay € (0,1),
A4+ A + Ay = 1, the lower and upper bounds of the supports of the price distributions satisfy
inequality given in Lemma 5, price distributions are well-behaved and expected profits are strictly
positive. We start showing firms cannot profitably deviate. We note that there are various ways in
which a firm may deviate. A firm may do so by advertising a price p? ¢ o in newspaper j. We now
prove that this cannot constitute a profitable deviation. Take as given firm 2’ strategy and let firm
1 deviate by advertising a price p? ¢ 04 in A. We have two possibilities. One, let p? € (p A,QB],
then using (1), the expected profit to firm 1 is Emy (Ag = 1,pd;82) = Appiap? + Arpap?(1 —
Fy (pd)) — ¢4. Using (8), we note that Emy ()\A =1,p% 52) = Mpsllp (v —pd) — oA (1 —py),
which is strictly decreasing in p?. Therefore, this deviation is not profitable. Two, let p¢ € P B,v];
then using (1) and (5) leads to Em (Aa = 1,p% s?) = 0. Thus, firm 1 cannot increase its profits
by advertising a price p? ¢ o4 in segment A. Second, let firm 1 deviate by advertising a price
p? ¢ op in B; again, we have two possibilities. One, let p? € P P 4); then, using (2), we observe
that Emy ()\B =1,p% 82) = upp® — ¢p. Since this expression is strictly increasing in p¢, if firm
1 deviates in such a way it will set p? = p4 = Z)—g; however this yields zero profits. Thus, this
deviation is not profitable. Two, let p? € [Py, pp), then using (2) and (8), the expected profit
to firm 1 is Emy ()\B = 1,pd;32) = Mpghiap® + Mpgv + dapp — dp. Since this expression is
strictly increasing in p?, firm 1 does not find deviating profitable. Third, suppose firm 1 deviates
by advertising a price p? ¢ oy in the entire market. Then p? € [p 1:Pa)- Using (3), the profit to
firm 1is Emy (A = 1,p% s?) = (1- M) ¢+ Aappp® + Aapapt(l — Fy (pd)) — ¢4 — ¢p. Using
the expression for F4 (p) obtained above this profit can be rewritten as Em; ()\M =1,p% 32) =
ppp® + (1 = Xg) uaPs — b4 — ¢, which is strictly increasing in p?. Hence, firm 1 has no incentive
to deviate. We now remark that a firm may also deviate by advertising a price p € o; in newspaper
4" # j. This type of deviation is however ruled out by the cases above where a firm advertises a
price p ¢ o in j'. Finally, a firm may also deviate by announcing a price p ¢ o; in j # j, but

these deviations are also ruled out by the previous arguments. This completes the proof of (7).

We now show (7). Let us assume without loss of generality, that ¢, = yv, with v € (0,1) and
¢ = Bps = Byv, with 3 € (0, %) . Then the above conditions are satisfied if and only if the

following inequalities hold:

A € (0,1) < B> max{pupg;1} and v < %;
A € (0,1) & v < uy;
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A > 06 M+ A <1 puyy(B—pp) — (15 + Bypa) (g —) <0
Eni >0 y<k ’225_“ andﬁ>ﬁf;
A
BaAB—Ip .
pp>0ey< ﬂuAB’

QJV[ <£B Sy < l‘B(/;gﬁ;“B);

Therefore an equilibrium exists if and only if:
Condition 1.1: 8 > max {MB, 1, Zi}
Condition 1.2: v < MA

Condition 1.3: v < ﬁ B

Condition 1.4: v < %

Condition 1.5: 7 (8 — pg) < (1h + By1ea) (114 =) -

iti . paB— EB
Condition 1.6: v < B

First, we note that if 1.1 and 1.4 hold, then 1.3 holds. Also, note that if 1.4 and 1.1 hold then
1.6 is satisfied. Thus, conditions 1.1,1.2,1.4 and 1.5 suffice for an equilibrium. To prove that the
set of parameters satisfying these conditions is not empty, we consider the case in which the two

newspapers have the same consumer base, i.e., iy = ug = l Given this, conditions 1.1,1.2,1.4

and 1.5 can be rewritten as follows: 8 > 1, v < min {%, %}and 4 — _57 v23 > 0. Given 3 > 1,
min {%, %} = Qﬂg . Further, given 8 > 1, then 1 1- ﬁfy — 23>0, for any v € (O, 'gﬂgl) This is
because = —= B’y 723 is decreasing in v and because at y = g1 ﬂg , the expression 2 —= 67 V6 =

—Af‘% > 0. Hence, given py = ppg, an equilibrium exists if 3 > 1 and v < ‘g,@;; This condition is

represented above in Figure 2. W

Proof of Proposition 2. Given that the 04,0p and o), must satisfy Lemma 5, we only need to
show that Fy/(p) > Fg(p) for all p € op. Using the expressions above, it follows that this amounts
to show that A4(1—MX4) > Ap. For convenience we assume again that ¢, = yv, with v € (0,1) and
o = By = Byv, with 8 € ( ) Using the expressions for A4 and Ap given in Proposition 1,
one gets that Ag(1 — A4) > Ap if and only if

WB—mp) o B-pp)y v
iy +Bua pp B’ T pa

or

) 131+ B) + BPyps — Bug

> 0,
(12 + By — Brup)? 1

—y (YA + g
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or

Bup — p(1+8) _ pp(B—ps(+8) _ pps(Bua+ pp)
B B B

7 <

which is always satisfied in equilibrium (condition 1.4). B

2 (3
Proof of Proposition 3. (1) First, 224 67 = (_uBi@—p;B))Q which is strictly positive given the condition
HAPY

1.1. Second, 88/\3 FWZ > (); as a consequence 8/\44 < 0. Third, we claim that an increase in v widens

op. To see this note that pp =0 (1 — )\A) and —fj = %. Since an increase in 7y raises %ﬁ,

it follows that f < 05 thus the claim follows. Fourth, an increase in v widens o4 if and only

{2) _ st
if 62 ;‘ = (15 ;A) > (; since a—é\f > 0 this is always satisfied. Fifth, an increase in v narrows
Bv

op
oy because 5};1 = > (. Finally, we note that as v — 0, Ay and Ap converge to zero which

implies that Ay; — 1. In addition p, = goes to zero and Fy(p) — 1. We now prove (2). First,

aé\—lé“ = M, which is always strictly positive. Second, 85\; = 0. These two points imply
(4L +paB7)
that aé\él < 0. Third, since Py =0 ( — i—i) , aé\—lé“ > 0 and a/\—; = 0, it follows that an increase

. . 8
in 8 narrows op, i.e. & > 0. Fourth, similar to (1), since a—lé“ > 0, it follows that an increase

op
in 8 widens 04. Finally, an increase in 3 narrows s because 5—% ﬁ— > 0. We conclude with

(3). First, we claim that 3%2 < 0. We note that gu% = WD kpGBipl () if and only if

(W% +1aBy)”
By (B—1)—pg (28 — ug) < 0; this condition is satisfied if and only if v < %, which holds
given the parameter restrictions above; hence, the claim follows. Second, g//)B FWZ > 0. Third,
since p, = v (1 — %ﬁ) , ay <0 and > 0, it follows that an increase in pup widens op, i.e.

6u < 0. Fourth, since 6/\‘4 < 0, an increase in pp narrows 0 4. Finally, since p, = ﬁf an increase

in pup widens opr. The proof is now complete. l

Proof of Proposition 4: Firms’ payoffs from the different advertising strategies are given by:

Emi(da = 1,p€0aa;s®) =p(ua+ par) Ma(l = Fa(p) + A + Au) — 64 (13)

Emi(As = 1,p€0p;s?) = plupra + Ap(up + ) (1 = Fp(p)) (14)
A (pp + par) (L= Fu(p))] — ép

Emi(Au = Lp€onNop;s?) =plupia+ Aplua + (np + par) (1 — Fp(p))] (15)

A (1= Fur(p))] — ¢4 — ¢5

Since p = v € o N oy it must be the case that Emy ()\B = 1,v;52) = Em ()\M = 1,1};52).

This implies that Agp v — ¢4 = 0 and therefore A\p = /%v' Moreover, for all p € [QB,U} it
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must be the case that Emq ()\B =1,p; 52) = Em ()\M =1,p; 52) , which is satisfied if and only if
ABpiap + Arpap(1 — Far (p)) — ¢4 = 0. Solving this condition we obtain:

A (v —p)
Fy =1-——-
M (p) s P

Using this last expression and solving the equilibrium condition Em; (Ag = 1,p) = Em1 (Ap = 1,0),

yields to:

v A pg (v—p)
F ——_22A_ FB v )
5 (P) p Apl—py p

For an equilibrium it must be the case that Fg(p B) = 0, which yields p ="V (M>

AAkp

Next, for any p € ( ) we impose that Emy ()\M =1,p; 32) =FEm ()\B =1,v; 32) . This condi-

PrpPp
tion is satisfied if and only if:

L= dapg(v—=p) Py
Fy, = — _
b (p) AM Am D AMD

Using this last expression we can derive p, - by solving Fp/(p,,) = 0, which yields p, - = M;/\f(’f i ;:‘)B(’f f;l) i

Finally, for any p € | |, Em ()\A,p; 52) and Emq ()\B,v; 82) must be equal, which holds if and

PPy
only if:

KB E+(1—)\A) ¢4 — 98

Falp)=1- -
®) 1—pugp A4 Aa(1—pg)p

We can now determine p , and P, by solving F(p ) = 0 and Fa (p4) = 1, respectively. This yields

_ pplavtos—dp

:Mmdm—m

Py ¢(1*¢u3)
_ B—PAMB
AA<_-N%U+¢BO_ﬂBy

. Finally, since p4 and p,, must be equal, we obtain

We now turn to the existence of this equilibrium. We start analyzing possible deviations; we assume,
without loss of generality, that firm 2 follows the strategy prescribed by Proposition 3. Let firm 1
advertise a price p? ¢ 04 in A. Then we have two possibilities. One, assume p? € (p A’EB}’ then
Em (Aa=1,p%%) = Ap (1= pg)p® + A (1 — pg) p?(1 — Far (p%)) — ¢4 Using the expression
for Fj; (p) in Proposition 3 yields Emy (Ag = 1,p%: 52) = (1—pg) Aapp (v —pd) + d4) — Pas
which is strictly decreasing in p?. Thus, firm 1 will not deviate. Two, suppose p? € [QB,U],
then Emy (Aa = 1,p%5%) = Appap® + Appgp®(1 — Fp (p?)) + Ay (1 — pp) p?(1 = Far (p%)) — 4.
Using the expressions for Fp (p) and Fj (p) derived above we obtain: Em ()\A = 1,pd;82) =
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%)\ AlbB (v — pd) . This profit is decreasing in p? and therefore the firm will set p¢ = Py =
v (M%l_—”é‘l) , which yields Em; ()\A =1,p% 32) = vApp,,. For this deviation not to be prof-
itable, it must be the case that Em; ()\A = 1,pd;32) = vApuy < vAapug — ¢p. Second, let firm
1 advertise a price p¢ ¢ op in B. Again, we have two possibilities. One, assume p? € P P 4),
then Em (A = 1,p% s?) = Aapgp? + Aapnp?(1— Fa (p%)) + (1 = Aa) (1 — pg) p* — ¢ . Using the
expression for F (p) derived above we obtain Emy (A = 1,p% s?) = pups (1 — Aa) Pa + pipp® — ¢
Since this expression is strictly increasing in p¢ the most profitable deviation consists of setting
p? = P, and therefore: Em (A = 1,pd;32) = ppr (1= Xa)DPa + ppby — ¢p- Since in equi-
librium E (A4 =1,54;5%) = (1= Xa) (1 — pp)Pa — d4, firm 1 will not deviate if and only if
1P — ¢ < (1 —Aa) paPs — ¢4, which holds if and only if: Py (kg — pa + Aapa) < ¢ — P4
Two, let p? € [pa,pp), then Em (Ap = 1,p%s) = Aappp® + Mg (1 — pua) p + Aar (1 — pug) p*(1 -
Fur (p?)) — ¢ . Using the expression for Fis (p) we obtain E7y (Ap = 1,p%;5%) = Aapg (1 — puy) v+
P Aapgpg + d4 (1 — py) — ¢, which is strictly increasing in p?. Thus, firm 1 will not deviate.
Third, let firm 1 advertise a price p? ¢ ojr in the entire market, then firm 1 will set a price
pt e [PA;P4)- The expected profit will then be E'my ()\M =1,p% 52) = Mpgp?+Ada (1 — pg) pt(1—
Fa (p?))+(1 = Xa) p?— ¢4, — ¢ Using the expression for Fy (p) we obtain By (Ay = 1,p% s%) =
(1 —pg) (1 —=Xa)Pa + pPupg — ¢4 — b, which is strictly increasing in p?. Thus firm 1 will not
deviate. Summarizing, for a firm not to have incentives to deviate, the following two conditions
must hold: (2) vApuy <vAappg — ¢p and (i) (p — pa + Aapa) < dp — P4

We now show that there exists a non-empty set of p4, 1, ¢4 and ¢ g such that the characterization
provided in Proposition 3 is well defined and the no-deviation conditions are satisfied. In particular,
for this equilibrium to exist we need to verify that A, g, Apr € (0,1), that Ag+Ag+ Ay = 1, that
lower and upper bounds of the supports of the price distributions satisfy the above inequality, and
that expected profits are strictly positive. Let us assume, without loss of generality, that ¢4 = yv,
with v € (0,1) and ¢ = B4 = Byv, with 3 € (0, %) . Assume also that p1y > pg. Then the above
conditions are satisfied if and only if the following inequalities hold:

A €(0,1) & B >max{ug;1} and v < %;

Ap € (0,1) & v < py;

Aa+Adp <1 & pyy(B—pg)— (uh + 6y (1= pg)) (ka—7) <0;

Emi(Ap=10)>0&9< ﬂ(lliBuB) ('g(l_ug)_“B) and 3 > 1_723;

LpBra—rp) Bp.
b5 > 07 < 5 o, 24 A >

pv <pp & Aapp —Ap +7) (1 —Aa — pp) + Aapg (V8 — Ap) > 0;

Therefore an equilibrium exists if and only if:
it KB _HEB

Condition 3.1. 3 > max {MB, 1, T }

Condition 3.2 3 < %
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Condition 3.3 v < iy
Condition 3.4 v < ﬁB—

Condition 3.5 v < (

- (ﬁ(l—ug)—us )

Condition 3.6 v < (1 MB) (ﬁ’{ﬁ;’:B)
Condition 3.7 (u% + By (1 — pp)) (ka —7) > ypa (6 — pp)
Condition 3.8 (Aapug —Ap+7) (1 = A4 — pug) + Aapg (78 —Ag) >0

Moreover rewriting the no-deviation conditions derived above, we obtain the following additional

two inequalities:

iti (bp=p4B8)(1=pp)p
Condition 3.9 v > gt 5 Tl

Condition 3.10 Dy (up — a4 +Aapy) — 70 (B—1) <0

We start noting that if conditions 3.1,3.2,3.3 and 3.6 hold then 3.4 holds. To see this note that
ﬁ“_l ﬁ(lyBuB)'g’{fipA’”i’ if and only if (8 — pug) (1 — Buy) > 0. Given condition 3.1 § — pup > 0 and
therefore the claim follows if and only if (1 — Bu,4) > 0, which is always satisfied given conditions
3.2 and 3.3. Further, given the condition 3.1 and the fact that v > 0 then condition 3.9 holds. Thus,
the relevant conditions for the existence of an equilibrium are 3.1, 3.2, 3.3, 3.5, 3.6, 3.7, 3.8, 3.10.

Novv,letuA:uB:l It follows that: 5>max{i,1,1,%}:1,5<%,7<min{1 36-1 L},l—%—

4 12[@27 943
107 =367 >0, (A4 = A +9) (§ — M) + 124 (78— Ap) > 0 and 3Buha — 7 (6 —-1) <0.
We now assume that § = 2. It follows that for an equilibrium we need that v < min { 1) 48, is } 18,
1—16 — 5fy—6fy > 0, ( AA — AB +fy) (— —)\A) ;11)\/;(27—)\3) > 0 and ZPA)‘A —yv < 0. We note
that given v < 1—18, then - ST 57—67 > 0 holds. To see this, note that this function is decreasing in
v and at v = 1—18 is positive. Further the condition ( A4 — A+ ’y) (— — )\A) l)\A (2y—Ap) >0
is equivalent to 1 — 36y + 1287? > 0. This condition is satisfied for all y € [0, 312] Moreover the
condition i]‘? 424 — v < 0 is equivalent to fy%% < 0, which is always satisfied for any v < %
This completes the proof. B

Pp—Pakp
B'U+¢B(1 MB)

Let, as above, ¢4 = yv and ¢ = B¢ 4. First, keeping pg constant, Ay does not depend on

Proof of Proposition 5: We start proving part (1). Recall that Ay = and A\p =

,u v
wyy and therefore % = 0. Second, an increase in p,; lowers p, and therefore gﬂ% > (. From
these observations, it follows that ?/\—M < 0. Third, we note that Pa — 1_1)\ ; since gﬁ =0it
(34 Py A Ko
(pA/p )

follows that A = 0. Thus, an increase in pu,,; leaves 04 unaltered. Fourth, we note that
Py = (AA” = _)’\\fIE’; By )> v; since % =0 and % > 0, it follows that an increase in p,,; lowers
_ dapputda—

pp and therefore widens op. Fifth, since p, = m does not depend on p,,, it follows

that an increase in p,,; leaves op; unaltered. Finally, we note that equilibrium expected profit is

Emy ()\B =1,v; 82) = Aappgv — ¢, which does not depend on p; and pp is constant. We now turn

2
to part (2) . First, we note that g)‘A ﬂv( wfﬁ 'flv +2)’)LBW
B Y NB

Inspection of this equation reveals that
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a)‘“‘ >0if vy < LB26-1p) We now show that this last inequality holds in equilibrium. Condition

B(B-1)
2 26—
3.4 1mphes that v < ; B, soif ” 35 < % then the proof follows. Note that % < %
whenever 287£5) - 1 which is always satisfied by condition 3.1. Thus, 92a ~ (). Second, since 7
8 O s A

is constant, Ap does not depend on p M and therefore g’\B = 0. As a consequence gz—ﬁ < 0. Third,

since p , = (1 — XA) Py, it follows that 24 b, = 1—' thus since % > 0 it follows that an increase

in p, increases A4, which also implies that it increases z A

£A

and therefore widens o 4. Fourth, since

_ 2a(=pa—pp)vtda—
PM = = TN (katrar)

% , we can calculate:

oy, % (1= pg) (ppv+ ¢4 —¢p) — (1= Aa) (Aav + d4 — ¢p)

Oppr [(1=Xa) (1 — pp))?

Inspection of this derivative reveals that dp, /Opys > 0 if and only if the numerator is positive.
Using the expressions for %;‘I and A4 we obtain that the condition above is satisfied if and only
if [ug —7 (3 —1))% (1 — pug) > 0, which is always satisfied. Thus, an increase in ju;; narrows ;.

Fifth, using the expression for pp we can derive:

Opp A (1 —py) { oA ) ]
= 2 2 B — A
Otpg AAHE Opng

Using the expressions for % and A4 we obtain that

op B Ag (1 —py) 2 2
Pp _ 0. 3 n
D oV [v (205 — B — 1) + 1]

We now prove that 2ug — 3 — uQB < 0. Suppose, on the contrary, that 2ug — 3 — ,uQB >0or 3 <
tp (2 — pug); since condition 3.1 requires that 3 > 1, then it must be the case that ,uB (2—pg) >

. . 0,
1, which is never satisfied. As a consequence BLZ > 0 if and only if v < m =7,

o
otherwise % < 0. Finally, we observe that firm equilibrium profits change with pu,, as follows:

8E7r1(/\B:1,v;82) - A\ . . . 8E7r1()\B:1,v;82)

—on, = U|lBag, J‘:I A4 | - Using the previous arguments, it follows that o >
OEm (Ap=1,v;s .

0 if and only if ~ otherwise W < 0. The proof is now complete. B

Proof of Proposition 7: The proof borrows from some of the results above. In particular, it is
readily seen that Lemmas 1 and 2 above also hold if firms can practise price discrimination. We
now prove that Ag + Ayr = 1 cannot be part of an equilibrium. Let us denote firm ¢’s strategy as
st = {(\a, Fa(p)), ()\M,ﬁA(p),ﬁB(p))}, 04,04 and o be the supports of the price distributions,
and P4, P4 and Py the upper bounds of the supports. We note that F4(p), ﬁA(p) and Fp (p) must
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be atomless. The profits to a firm advertising only in segment A would be:

Em (A =1p € 0a;s?) = puada(l — Fa(p)) + Ar(1 = Fa ()] — ¢

Likewise, the profit to a firm from advertising in the two segments would be:

Emi (A =1,pa €64,p5 €05;5>) = Aappip + Aapapa(l — Fa(pa)) +
Apapa(l = Fa(pa)) + Auppps(l — Fi (pp)) — 64 — 6.

We note that py < i 4 otherwise a firm advertising p4 in A would make negative profits. This
implies that Z_N)A = v. It must also be the case that 1_53 =v. Since v € 0 4N g, the proof now follows

that of Lemma 3.

It remains to prove that firms cannot make positive profits when \; > 0,5 = A, B, M. Let s' =
{(Aa,Fa(p)),(AB, Fe(p)), ()\M,JEA(p),ﬁB(p))} denote firm i’s strategy, c4,05,04 and op be the
supports of the price distributions, and p4,D B,% 4 and %B the upper bounds of the supports. We

can write down the payoff to a firm from the different advertising strategies:

Emy(Aa=1p€oa;s®) = puadal—Fa(p))+ g+ Au(l—Fa(p)] — a4
Emi(Ap=1,p€ap;s®) = puglha+As(1 = Fp(®) + Aup(l — Fp (p))] — b5

Emy (Av =1,pa €Ga,pp €0p;s°) = Em (Aa=1,pa€da;s°) +Em (Ap=1,pp € 0p;5°)

We note first that Fu(p), Fa(p), Fa(p) and Fp(p) must be atomless. We now note that o4 N4
cannot be empty. Otherwise, e.g. if py <p @ firm advertising p4 in A would gain by increasing its
price; if, instead P A <Py, a firm advertising P 4 and any pp € op in the entire market would gain
by increasing the price advertised in A. The same arguments imply that oz N & g cannot be empty.
Now let p1 € 64 N0o 4 and p2 € g Nap. Since the firms must be indifferent between advertising p;
in A, py in B and (p1,p2) in the entire market, this implies that firms profits must be zero. This
completes the proof. B
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