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Devwudfw

Zh h{whqg wkh vwdqgdug hyroxwlrqdu| prgho ri Ndqgrul/ Pdlodwk/ dqg Ure +4<<6, wr lq0
frusrudwh wlph0ydu|lqj djjuhjdwh dqg lglrv|qfudwlf vkrfnv vhsdudwho| lq frruglqdwlrq jdphv1
Zh vkrz wkdw erwk w|shv ri vkrfnv kdyh d gl�huhqw h�hfw rq wkh lqyduldqw glvwulexwlrq ryhu
wkh gl�huhqw htxloleuld ri wkh jdph1 Zkloh lglrv|qfudwlf vkrfnv duh vkrzq wr eh qhxwudo/
wkh djjuhjdwh vkrfnv lqwurgxfh d v|vwhpdwlf eldv djdlqvw wkh ulvn grplqdqw htxloleulxp1
Gl�huhqw iurp Ndqgrul/ Pdlodwk/ dqg Ure +4<<6, zh ghulyh d vx!flhqw frqglwlrq xqghu
zklfk wklv eldv suhyhqwv htxloleulxp vhohfwlrq zlwk suredelolw| rqh1

WWkh dxwkruv wkdqn Jhudug ydq ghu Oddq iru frpphqwv dqg vwlpxodwlqj glvfxvvlrqv1
_Iuhh Xqlyhuvlw| dqg Wlqehujhq Lqvwlwxwh1 H0pdlo= kkrxedChfrq1yx1qo1
hFruuhvsrqglqj dxwkru1 Iuhh Xqlyhuvlw| dqg Gh Qhghuodqgvfkh Edqn/ Hfrqrphwulf Uhvhdufk dqg Vshfldo

Vwxglhv Ghsduwphqw/ S1R1 Er{ <;/ 4333 DE Dpvwhugdp/ Wkh Qhwkhuodqgv1 H0pdlo= d1i1wlhpdqCgqe1qo/ Skrqh=

.6405308575<49/ Id{= .6405308575<491
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Frruglqdwlrq idloxuh rq wkh pdfur0hfrqrplf ohyho lq dq hfrqrp|/ vhh h1j1 Frrshu +4<<<,/ ru

frruglqdwlrq rq iru lqvwdqfh wkh vloyhu yhuvxv jroghq vwdqgdug lq d prqhwdu| hfrqrp|/ vhh h1j1

\rxqj +4<<;,/ fdq erwk eh prghoohg dv d frruglqdwlrq jdph1 Frruglqdwlrq jdphv w|slfdoo|

kdyh vhyhudo Qdvk htxloleuld dqg vwdqgdug jdph wkhru| fdqqrw glvfulplqdwh ehwzhhq wkhp1

Wkh hyroxwlrqdu| jdph wkhruhwlf prghov ri Ndqgrul/ Pdlodwk/ dqg Ure +4<<6, +khqfhiruwk

NPU, dqg \rxqj +4<<6, surylgh d iudphzrun wkdw grhv glvfulplqdwh lq frruglqdwlrq jdphv

dqg wkdw vlqjohv rxw wkh vr0fdoohg ulvn0grplqdqw Qdvk htxloleulxp1 Krzhyhu/ frqwudu| wr wkh

pdfur0hfrqrplf olwhudwxuh NPU gr qrw glvwlqjxlvk ehwzhhq djjuhjdwh dqg lglrv|qfudwlf vkrfnv1

Djjuhjdwh vkrfnv fdswxuh wkh lghd wkdw vrph vkrfnv gluhfwo| d�hfw srsxodwlrqv dv d zkroh/

h1j1 kdug wlphv vxfk dv d  rrglqj/ hduwktxdnh/ ru d uhfhvvlrq1 Lglrv|qfudwlf vkrfnv fdswxuh

lqglylgxdo gl�huhqfhv dprqj sod|huv wkdw duh wrr vpdoo wr prgho h{solflwo|1 Khuh zh lqwurgxfh

erwk w|shv ri vkrfnv lqwr wkh hyroxwlrqdu| iudphzrun ri NPU1 Wkh dlp ri wklv sdshu lv wr

vkrz wkh gl�huhqw frqvhtxhqfhv ri wkhvh vkrfnv lq frruglqdwlrq jdphv1

Lq wkh hyroxwlrqdu| prgho ri NPU hdfk lqglylgxdo rswlpl}hv lq d p|rslf zd| djdlqvw wkh

odvw urxqg djjuhjdwh glvwulexwlrq ri dfwlrqv lq wkh hfrqrp|/ zklfk lv revhuyhg e| hyhu|rqh/ dqg

hdfk lqglylgxdo kdv d suredelolw| ri pdnlqj d plvwdnh lq lpsohphqwlqj klv rswlpxp/ zklfk lv

fdoohg wkh pxwdwlrq udwh1 Lq NPU/ wklv udwh lv dvvxphg wr eh wkh vdph iru hyhu|rqh dqg lw lv

frqvwdqw ryhu wlph1 Wkh prgho uhgxfhv wr dq hujrglf Pdunry surfhvv dqg/ dv wkh pxwdwlrq udwh

ydqlvkhv/ wkh xqltxh glvwulexwlrq frqyhujhv wr wkh ghjhqhudwh glvwulexwlrq lq zklfk hyhu|rqh

ehkdyhv dffruglqj wr wkh ulvn0grplqdqw Qdvk htxloleulxp1

Ehorz zh dvvxph wlph0ydu|lqj lqglylgxdo pxwdwlrq udwhv lq 5 � 5 frruglqdwlrq jdphv1

Wr eh suhflvh/ lq hdfk wlph shulrg hdfk djhqw kdv d pxwdwlrq udwh frqvlvwlqj ri d frpprq

frpsrqhqw iru doo djhqwv/ l1h1 wkh djjuhjdwh vkrfn/ dqg dq lqglylgxdo frpsrqhqw uh hfwlqj wkh

lglrv|qfudwlf vkrfn1 Ehorz zh fkdudfwhul}h wkh lqyduldqw +suredelolw|, glvwulexwlrq ryhu wkh

edvlqv ri dwwudfwlrq dvvrfldwhg zlwk wkh wzr sxuh Qdvk htxloleuld1 Wklv lqyduldqw glvwulexwlrq

lv frpsduhg zlwk wkh lqyduldqw glvwulexwlrq lq wkh vwdqgdug NPU prgho/ zkhuh wkh �{hg
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pxwdwlrq udwh lv htxdo wr wkh phdq ri wkh yrodwloh surfhvv1 Wkhq erwk w|shv ri vkrfnv kdyh d

gl�huhqw h�hfw rq wkh lqyduldqw glvwulexwlrq lq wkh vwdqgdug NPU prgho1 Zkloh lglrv|qfudwlf

vkrfnv duh vkrzq wr eh qhxwudo/ wkh djjuhjdwh vkrfnv lqwurgxfh d v|vwhpdwlf eldv djdlqvw wkh

ulvn grplqdqw htxloleulxp/ l1h1 wkh htxloleulxp zlwk wkh odujhvw edvlq1 Dv d frqvhtxhqfh/

wkh h{shfwhg iudfwlrq ri wlph wkh v|vwhp vshqgv lq wkh ulvn grplqdwhg htxloleulxp lv orzhu

wkdq lq wkh vwdqgdug prgho ri NPU1 Ixuwkhupruh/ wkh lqwurgxfwlrq ri lqglylgxdo wlph0ydu|lqj

pxwdwlrq udwhv lqfuhdvhv wkh yrodwlolw| ehwzhhq wkh wzr edvlqv ri dwwudfwlrq lq wkh g|qdplfv

dqg khqfh wkh frruglqdwlrq idloxuh djjudydwhv1

Wkh olplw ri wkh lqyduldqw glvwulexwlrq lv dovr lqyhvwljdwhg iru ydqlvklqj pxwdwlrq udwhv1

Iluvw/ lw lv vkrzq wkdw wkh olplw suredelolw| ri wkh ulvn grplqdqw htxloleulxp lv erxqghg dzd|

iurp rqh li wkh vpdoohvw xsshu erxqg xsrq wkh vxssruw ri wkh suredelolw| glvwulexwlrq grhv

qrw jr wr }hur lq wdnlqj wklv olplw1 Wklv olplw uhvxow gl�huv iurp wkh olplw uhvxow lq NPU1

Ixuwkhupruh/ lq Ehujlq dqg Olspdq +4<<9, d vx!flhqw frqglwlrq iru htxloleulxp vhohfwlrq ri

dq| duelwudu| vwulfw Qdvk htxloleulxp lv ghulyhg zkhq pxwdwlrq udwhv duh vwdwh ghshqghqw1 Rxu

uhvxowv gl�hu lq wklv uhvshfw/ ehfdxvh wkh olplw lqyduldqw glvwulexwlrq sxwv srvlwlyh suredelolw|

xsrq erwk sxuh Qdvk htxloleuld1 Pruhryhu/ wkh olplw suredelolw| ri wkh ulvn grplqdqw htxlole0

ulxp lv odujhu wkdq wkh olplw suredelolw| ri wkh ulvn grplqdwhg htxloleulxp1 Qh{w/ lw lv vkrzq

wkdw ohwwlqj wkh vpdoohvw xsshu erxqg ri wkh vxssruw jr wr }hur lv dq doprvw vx!flhqw frqgl0

wlrq iru htxloleulxp vhohfwlrq ri wkh ulvn grplqdqw htxloleulxp1 Vr/ wdnlqj wkh olplw lq fdvh ri

wlph ydu|lqj pxwdwlrq udwhv pdwwhuv1 Ilqdoo|/ rxu uhvxowv duh ydolg iru srsxodwlrqv ri doo vl}hv/

frqwudu| wr wkh odujh srsxodwlrq uhvxowv lq NPU1

Wklv sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq lqwurgxfhv wkh prgho1 Wkh eldv

ri djjuhjdwh vkrfnv lq wkh devhqfh ri lglrv|qfudwlf vkrfnv lv ghulyhg lq vhfwlrq 6/ zkhuhdv wkh

prgho zlwk erwk w|shv ri vkrfnv lv dqdo|}hg lq vhfwlrq 71 Wkh odvw vhfwlrq ghdov zlwk htxloleulxp

vhohfwlrq1 Wkh dsshqgl{ frqwdlqv wkh surriv ri vhyhudo ohppdv xvhg lq wkh pdlq wkhruhpv1
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Zh frqvlghu d srsxodwlrq odehoohg Q @ i4> 5> = = = > Qj riQ � 5 sod|huv/ zlwk Q hyhq/ zkr duh doo

udqgrpo| pdwfkhg lq hyhu| wlph shulrg lq �

2
Q sdluv wr sod| �

2
Q lghqwlfdo +�{hg, frruglqdwlrq

jdphv/ hdfk ri zklfk lv jlyhq e|

4q5 v� v2

v� d> d 3> 3

v2 3> 3 4> 4

zlwk d A 41 Wkh r�0gldjrqdo hohphqwv duh qrupdol}hg wr 31 Wkh sxuh Qdvk htxloleulxp +v�> v�,

lv wkh ulvn0grplqdqw htxloleulxp/ vhh h1j1 Kduvdq|l dqg Vhowhq +4<;;,1 Wlph lv glvfuhwh dqg

ghqrwhg e| w 5 LQ1 E| }| 5 ]/ ] @ i3> 4> = = = >Qj/ zh ghqrwh wkh qxpehu ri sod|huv dgrswlqj

dfwlrq v� dw wlph w1 Wkxv }| @ Q phdqv wkdw wkh ulvn grplqdqw htxloleulxp +v�> v�, lv sod|hg

lq hyhu| rqh ri wkh �

2
Q sdluv dw wlph w/ zkloh }| @ 3 |lhogv wkh ulvn grplqdwhg htxloleulxp

+v2> v2, lq hyhu| sdlu1 Zh ghqrwh wkh vwdwhv }| @ Q dqg }| @ 3 e| H� dqg H2 uhvshfwlyho|1 E|

}W @ �n@3�

@n�
? �

2
Q zh ghqrwh wkh fulwlfdo ohyho ri wkh srsxodwlrq iru zklfk dq duelwudu| sod|hu

lv lqgl�huhqw ehwzhhq v� dqg v2 +vhh dovr vhfwlrq 8 ri NPU,1 Jhqhulfdoo| }W zloo qrw eh lqwhjhu

dqg zh ghqrwh ^}W` dv wkh odujhvw lqwhjhu vpdoohu ru htxdo wr }W/ l1h1 wkh Hqwlhu ixqfwlrq ri }W1

Zh dvvxph wkdw/ dw wkh ehjlqqlqj ri shulrg w.4> doo sod|huv revhuyh }| dqg sod| d ehvw uhvsrqvh

wr }| zklfk lqgxfhv wkh ehvw0uhso| ghwhuplqlvwlf g|qdplfv jlyhq e|

}|n� @ EU +}|, @

�
3> li }| � ^}W` >
Q> li }| � ^}W` . 4=

Wkh edvlq ri dwwudfwlrq ri H� lv htxdo wr E� @ i^}W` . 4> = = = > Qj/ zkhuhdv E2 @ ]qE� @

i3> = = = > ^}W`j lv wkh edvlq ri dwwudfwlrq ri H21

Zh dgg d vwrfkdvwlf frpsrqhqw wr wkh g|qdplfv uhsuhvhqwlqj udqgrp pxwdwlrq e| wkh

sod|huv1 D sod|hu zkr pxwdwhv sod|v dq dfwlrq vhohfwhg dw udqgrp iurp iv�> v2j zlwk suredelolw|

�

2
rq hlwkhu dfwlrq1 Wkxv zlwk d suredelolw| kdoi dv odujh dv wkh pxwdwlrq suredelolw|/ d pxwdqw

sod|hu sod|v wkh dfwlrq v� zklfk lv qrw d ehvw uhvsrqvh wr }|= Vlplodu dv lq NPU zh dvvxph

wkdw li }| 5 E�/ l @ 4> 5/ wkhq lq shulrg w.4 wkh ehvw uhso| g|qdplfv �uvw wdnh wkh v|vwhp iurp

wkh vwdwh }| wr wkh vwdwh H� dqg/ vxevhtxhqwo|/ wkh vwrfkdvwlf surfhvv ghwhuplqhv wkh qxpehu ri
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pxwdqwv1 Wkxv/ li }| 5 E2/ wkhq wkh qxpehu ri pxwdqwv iurp H2 dw shulrg w. 4 lv uh hfwhg e|

}|n�1 Vlploduo|/ li }| 5 E�/ wkhq Q �}|n� vwdwhv wkh qxpehu ri pxwdqwv iurp vwdwh H� dw shulrg

w . 41 Lq fdvh wkh qxpehu ri pxwdqwv h{fhhgv d fhuwdlq wkuhvkrog wkh vwdwh pryhv iurp wkh

fxuuhqw edvlq ri dwwudfwlrq lqwr wkh rwkhu1 Vlqfh lq rughu wr vzlwfk htxloleulxp/ pxwdwlrqv kdyh

wr r�vhw hlwkhu H� ru H2> lw lv zlwkrxw orvv ri jhqhudolw| wr uhgxfh wkh Q0vwdwh Pdunry fkdlq

wr d wzr0vwdwh Pdunry fkdlq rq wkh ohyho ri wkh edvlqv ri dwwudfwlrq E� dqg E21 Wkh lqyduldqw

glvwulexwlrq rq ] fdq eh hdvlo| ghulyhg iurp wkh lqyduldqw glvwulexwlrq ri wkh uhgxfhg Pdunry

fkdlq1

Wkh lqqrydwlyh ihdwxuh ri rxu prgho olhv lq wkh lqwurgxfwlrq ri dq lqglylgxdo pxwdwlrq udwh

5��c| iru sod|hu l dw wlph w wkdw lv vwrfkdvwlf ru yrodwloh ryhu wlph1 Wkh pxwdwlrq udwh ��c| lv wkxv

wkh lqglylgxdo suredelolw| ri qrw sod|lqj d ehvw uhso| dw wlph w14 Dw hyhu| wlph w zh dvvxph

wkdw ��c| @ %|.%�c|/ zkhuh wkh frpprq whup %| uhsuhvhqwv dq djjuhjdwh vkrfn rq wkh srsxodwlrq

dv d zkroh dqg %�c| ghqrwhv dq lglrv|qfudwlf vkrfn gxh wr vpdoo lqglylgxdo gl�huhqfhv ehwzhhq

sod|huv wkdw duh qrw h{solflwo| prghoohg1 Gh�qh wkh +Q . 4,0glphqvlrqdo vwrfkdvwlf yduldeoh

�| dv +%�c|> = = = > %�c|> %|, 5 LU�n�1 Zh dvvxph wkdw l, �| lv l1l1g1 ryhu wlph/ ll, dw hdfk wlph w>

doo %�c| duh l1l1g1 dqg %| lv lqghshqghqw ri doo %�c|/ lll, ��c| 5 +3> �, iru vrph � 5 +3> 4, dqg ly,

LH%�c| @ 31 Qrwh wkdw wkh odwwhu fruuhvsrqgv wr %�c| ehlqj gudzq iurp d +srvvleo| dv|pphwulf,

idlu suredelolw| glvwulexwlrq wkdw lqfoxghv wkh vshfldo fdvh ri zklwh qrlvh +l1h1 d v|pphwulf

idlu glvwulexwlrq,1 Vr/ LH��c| @ LH%| 5 +3> �, dqg doo ��c| fdq eh uhjdughg dv +dv|pphwulf, qrlvh

durxqg d yrodwloh djjuhjdwh pxwdwlrq udwh %|1 Wzr lqwhuhvwlqj vshfldo fdvhv lqyroylqj ghjhqhudwh

suredelolw| glvwulexwlrqv duh l, %| @ % A 3 iru doo w/ l1h1 d frqvwdqw djjuhjdwh pxwdwlrq udwh zlwk

lglrv|qfudwlf yduldwlrq durxqg %/ dqg ll, %�c| @ 3 iru doo l dqg w/ l1h1 qr djhqw0vshfl�f vkrfnv1

Wkh prgho ri NPU fruuhvsrqgv wr ��c| @ % A 3 iru doo l dqg w/ l1h1 lq NPU erwk vshfldo fdvhv

krog vlpxowdqhrxvo|1

Iru h{sodqdwru| uhdvrqv ohw xv �uvw dvvxph wkdw ��c| ghqrwhv d uhdolvdwlrq1 Wkhq wkh sured0

4Qrwh wkdw iurp wklv srlqw rq zh xvh wkh whup pxwdwlrq suredelolw| ru udwh wr phdq wkh suredelolw| ru udwh

dw zklfk d sod|hu sod|v d qrq0ehvw uhsrqvh1 Dv h{sodlqhg deryh/ wkh dfwxdo pxwdwlrq suredelolw| ru udwh lv wzlfh

dv odujh1
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elolw| wkdw doo sod|huv lq d vxevhw P�Q pxwdwh dqg doo rwkhu sod|huv lq wkh srsxodwlrq grq*w

lv jlyhq e|

\
�M}

��c| �
\

�M�.}

+4� ��c|, =

Jlyhq }| 5 E� wkh v|vwhp �uvw pryhv iurp wkh vwdwh }| wr wkh vwdwh H� dqg/ vxevhtxhqwo|/ dw

ohdvw Q � ^}W` pxwdwlrqv duh qhhghg wr wdnh lw dzd| iurp E� lqwr E21 Wkhq wr rewdlq wkh

suredelolw| ri jrlqj iurp E� wr E2 frqglwlrqdo rq }| 5 E� zh kdyh wr vxp xs ryhu doo jurxsv

P zlwk dw ohdvw Q � ^}W` sod|huv1 Wklv suredelolw| lv jlyhq e|

s +�|, @
[

� G�� �D�3d5Wo

\
�M�

��c| �
\

�Mt�c��� c��.�

+4� ��c|, >

zkhuh mP m ghqrwhv wkh fduglqdolw| ri P 1 Vlplodu/ wkh suredelolw| ri jrlqj iurp E2 wr E�/ l1h1

}|n� A }W/ lv jlyhq e|

t +�|, @
[

� G�� �Dd5Won�

\
�M�

��c| �
\

�Mt�c��� c��.�

+4� ��c|, >

ehfdxvh wkh wudqvlwlrq iurp H2 wr H� wdnhv dw ohdvw ^}W` . 4 sod|huv wkdw pxwdwh1 Qrwh wkdw

wdnlqj �| @ +3> = = = > 3> %, |lhogv wkh wudqvlwlrq suredelolwlhv lq NPU/ l1h1

s +�|, @
�[

�'�3d5Wo

�
Q

m

�
%� +4� %,�3� dqg t +�|, @

�[
�'d5Won�

�
Q

m

�
%� +4� %,�3� = +514,

Wkh wudqvlwlrq pdwul{ S +�|, ri wkh wzr0vwdwh Pdunry fkdlq rq E� dqg E2 lv jlyhq e|

S +�|, @

�
4� s +�|, s +�|,
t +�|, 4� t +�|,

�
>

zkhuh wkh +l> m,0wk hqwu| ghqrwhv wkh suredelolw| ri wkh wudqvlwlrq E� $ E� 1 Wkh dvvrfldwhg

xqltxh lqyduldqw glvwulexwlrq/ ghqrwhg e| � +S +�|,, @ +�� +S +�|,, > �2 +S +�|,,,/ lv jlyhq e|

�� +S +�|,, @
t +�|,

s +�|, . t +�|,
dqg �2 +S +�|,, @ 4� �� +S +�|,, @

s +�|,

s +�|, . t +�|,
>

zkhuh ��/ l @ 4> 5/ lv wkh suredelolw| rq wkh vwdwh }| 5 E�1 Wkh h{shfwhg ohqjwk ri wlph

vshqw lq E� +E2, frqglwlrqdo rq }| 5 E� +E2, lv jlyhq e| �
REw|�

+ �
^Ew|�

,1 NPU vkrz wkdw

olp0<f �� +S +%,, @ 4 iru wkh fdvh �| @ +3> = = = > 3> %, =

8



Wkh fdvh ri yrodwloh lqglylgxdo pxwdwlrq udwhv fdq eh kdqgohg dv iroorzv/ vhh h1j1 Ehoopdq

+4<87,1 Lq hyhu| shulrg/ wkh g|qdplfv frqvlvw ri d frpsrxqg suredelolw| glvwulexwlrq1 Dw hdfk

shulrg w/ �uvw �| lv gudzq wr ghwhuplqh hdfk sod|hu*v lqglylgxdo pxwdwlrq udwh ��c| iru shulrg

w/ dqg qh{w/ wkhvh Q pxwdwlrq udwhv ��c| ghwhuplqh wkh wudqvlwlrq suredelolwlhv ri wkh Pdunry

fkdlq1 Grlqj vr |lhogv d krprjhqhrxv Pdunry fkdlq lq zklfk wkh frqglwlrqdo suredelolwlhv

Su +E� $ E� mE�,/ l> m @ 4> 5/ ri jrlqj iurp E� lqwr E� frqglwlrqdo rq }| 5 E� duh jlyhq e|

Su +E� $ E2mE�, @ LH s +�|, dqg Su +E2 $ E�mE2, @ LH t +�|, =

Wkxv/ wkh wzr vwrfkdvwlf hyhqwv fdq eh frpsrxqghg lqwr d vlqjoh wudqvlwlrq pdwul{ LHS +�|, > �| �

�/ zkhuh

LHS +�|, @

�
4� LHs +�|, LHs +�|,
LHt +�|, 4� LHt +�|,

�
>

dqg LH +=, lv wkh h{shfwdwlrq rshudwru1 Wkh dvvrfldwhg xqltxh lqyduldqw glvwulexwlrq lv ghqrwhg e|

� +LHS +�|,, @ +�� +LHS +�|,, > �2 +LHS +�|,,, = Ilqdoo|/ wkh dlp ri wkh dqdo|vlv ehorz lv wr frpsduh

wkh lqyduldqw glvwulexwlrq � +LHS +�|,, ri wkh yrodwloh surfhvv zlwk wkh lqyduldqw glvwulexwlrq

� +S +LH�|,,/ zkhuh zh lqwhusuhw wkh odwwhu dv wkh lqyduldqw glvwulexwlrq lq wkh vwdqgdug NPU

prgho xqghu wkh dvvxpswlrq �| @ +3> = = = > 3> LH%|,/ l1h1 wkh NPU prgho zlwk % @ LH%|1 Wr sxw

lw gl�huhqwo|/ zh lqyhvwljdwh wkh h�hfw rq wkh lqyduldqw glvwulexwlrq ri lqwurgxflqj d yrodwloh �|

durxqg +3> = = = > 3> %, lq wkh vwdqgdug NPU prgho1

�� ��������� ���
��

Lq wklv vhfwlrq zh uhvwulfw wkh dqdo|vlv wr wkh vshfldo fdvh ri yrodwloh djjuhjdwh vkrfnv dqg

devwudfw iurp lglrv|qfudwlf vkrfnv1 Irupdoo|/ zh wdnh �| @ +3> = = = > 3> %|,/ zkhuh %| lv l1l1g1 ryhu

wlph1 Iru qrwdwlrqdo frqyhqlhqfh zh wuhdw wkh yhfwru �| dv d uhdo qxpehu dqg gurs lwv wlph

lqgh{ w1

Wkh ghulydwlrq ri wkh v|vwhpdwlf eldv lq wkh lqyduldqw glvwulexwlrq lv ghulyhg lq wzr vwhsv1

Iluvw/ zh vkrz wkdw djjuhjdwh vkrfnv kdyh d v|vwhpdwlf eldv xsrq wkh lqyduldqw glvwulexwlrq li

zh frpsduh � +LHS +�,, zlwk � +S +LH�,,1 Wklv uhvxow krogv orfdoo|/ phdqlqj wkdw lw lv ghulyhg iru

9



doo suredelolw| glvwulexwlrqv zlwk wkh surshuw| wkdw wkh vxssruw ri � olhv zlwklq forvh glvwdqfh

ri lwv phdq1 Wkhq/ vhfrqg/ zh uhod{ wkh �uvw uhvxow e| vkrzlqj wkdw forvh glvwdqfh phdqv d

vxssruw uhvwulfwhg wr
�
3> �
�
iru vrph xsshuerxqg � A 3> iru zklfk zh ghulyh h{solflw h{suhvvlrqv1

Rxu �uvw uhvxow vwdwhv d vx!flhqw frqglwlrq xqghu zklfk �2+LHS +�,, lv erxqghg iurp ehorz

e| �2+S +LH�,,1

Wkhruhp 6141 Ohw � @ plq

�
�
2

�
�3� >

�3d5Wo
�

�
s

d5WoE�3d5Wo�E�3��

�E�3��

�
1 Li LH� ? �/ wkhq wkhuh

h{lvwv d � A 3 vxfk wkdw iru hyhu| suredelolw| glvwulexwlrq zlwk vxssruw lq wkh lqwhuydo

+LH� � �> LH� . �, lw krogv wkdw �2+S +LH�,, ? �2+LHS +�,,1 Pruhryhu/ � A 31

Surri

Zh kdyh wr vkrz wkdw �2 +LHS +�,,� �2 +S +LH�,, A 3/ zklfk lv htxlydohqw wr

LHs +�,

LHs +�, . LHt +�,
� s +LH�,

s +LH�, . t +LH�,
A 3/ LH ^s +�, t +LH�,� s +LH�, t +�,` A 3=

Gh�qh wkh dv|pphwulf Q �Q pdwul{ D +�, e| lwv +c>p,0wk hohphqw d�c6 +�,

d�c6 +�, @

�
Q

c

��
Q

p

�
+LH�,� +4� LH�,�3� +�,6 +4� �,�36 > o>p @ 4> = = =Q=

Wkhq zh kdyh wkdw s +�, t +LH�, lv htxdo wr5
7 �[
&'�3d5Wo

�
Q

n

�
+�,& +4� �,�3&

6
8
5
7 �[
�'d5Won�

�
Q

m

�
+LH�,� +4� LH�,�3�

6
8 @

�[
�'d5Won�

�[
&'�3d5Wo

d�c& +�,

dqg s +LH�, t +�, lv htxdo wr5
7 �[
&'�3d5Wo

�
Q

n

�
+LH�,& +4� LH�,�3&

6
8
5
7 �[
�'d5Won�

�
Q

m

�
+�,� +4� �,�3�

6
8 @

�[
�'d5Won�

�[
&'�3d5Wo

d&c� +�, =

Wklv phdqv wkdw s +�, t +LH�, vxpv ryhu doo wkh hohphqwv lq wkh +^}W` . 4,�+Q � ^}W`, vxepdwul{

lq wkh orzhu0uljkw fruqhu ri D +�, zkloh s +LH�, t +�, vxpv ryhu doo wkh hohphqwv lq wkh +Q � ^}W`,�

+^}W` . 4, vxepdwul{ lq wkh orzhu0uljkw fruqhu ri D +�,1 Vr/ s +�, t +LH�, dqg s +LH�, t +�, vkduh

wkh whupv lq wkh +^}W` . 4,�+^}W` . 4, vxepdwul{ lq wkh orzhu0uljkw fruqhu ri D +�,/ zklfk fdqfho1

Irupdoo|/

s +�, t +LH�,� s +LH�, t +�, @

�3d5Wo[
�'d5Won�

�[
&'�3d5Wo

^d�c& +�,� d&c� +�,` = +614,

:



Lq Iljxuh 614 zh surylgh d slfwxuh zklfk vkrzv wkh jhqhudo irup ri h{suhvvlrq +614,1 Qrwh wkdw

d�c& +�, � d&c� +�, @ 3 iru doo � 5 ^3> 4` li n @ m @ Q � ^}W` dqg wkdw iru doo rwkhu frpelqdwlrqv

ri m dqg n zh kdyh m ? n1 Lq rughu wr ghwhuplqh wkh vhfrqg ghulydwlyh ri h{suhvvlrq +614,/ zh

�uvw ghwhuplqh wkh vhfrqg ghulydwlyh ri wkh lqglylgxdo whupv ri wkh grxeoh vxp1 Zlwk uhvshfw

wr wklv ghulydwlyh/ qrwh wkdw

C2

C�2
+�,6 +4� �,�36 @

p +p� 4, . � +�Q � 5p, +Q � 4,

�2 +4� �,2
+�,6 +4� �,�36 / p @ 4> = = = >Q>

dqg/ wkhuhiruh/

C2

C�2
d�c6 +�, @

p +p� 4, . � +�Q � 5p, +Q � 4,

�2 +4� �,2
d�c6 +�, / p @ 4> = = = > Q=

Ghqrwh f6 +�, @ p +p� 4,.� +�Q � 5p, +Q � 4,1 Vxevwlwxwlrq ri wklv uhvxow |lhogv wkh vhfrqg

ghulydwlyh ri +614,

C2

C�2
^s +�, t +LH�,� s +LH�, t +�,` @

�3d5Wo[

�'d5Won�

�[

&'�3d5Wo

^f& +�, d�c& +�,� f� +�, d&c� +�,`

�2 +4� �,2
= +615,

Iurp Ohppd D15 lw iroorzv wkdw f& +�,d�c& +�, � f� +�,d&c� +�, A 3 lq � @ LH� iru m @ ^}W` .

4> = = = > Q � ^}W`/ n @ Q � ^}W` > = = = > Q dqg m ? n surylghg LH� ? �1 Vr/ iru doo m ? n wkh

ixqfwlrqv d�c& +�,� d&c� +�, duh vwulfwo| frqyh{ durxqg � @ LH� iru doo m @ ^}W` . 4> = = = >Q � ^}W`/

n @ Q � ^}W` > = = = >Q dqg m ? n1 Wkxv +615, lv srvlwlyh1 Frqwlqxlw| ri wkh vhfrqg ghulydwlyh

lpsolhv wkdw lw lv dovr srvlwlyh orfdoo| durxqg � @ LH�1 Ilqdoo|/ dsso|lqj Mhqvhq*v lqhtxdolw|

orfdoo| durxqg � @ LH� wr wkh frqyh{ ixqfwlrq i +�, @ s +�, t +LH�, � s +LH�, t +�, uhvxowv lq

LH ^i +�,` A i +LH�, @ 3/ zklfk frqfoxghv wkh surri ri Wkhruhp 6141 �

Wkhruhp 614 vwdwhv wkdw  xfwxdwlrqv ri � durxqg wkh phdq LH� lqwurgxfh d v|vwhpdwlf eldv

lq wkh lqyduldqw glvwulexwlrq lq idyru ri wkh ulvn grplqdwhg htxloleulxp H2 dqg djdlqvw wkh ulvn

grplqdqw htxloleulxp H�1 Wklv fdq eh h{sodlqhg dv iroorzv1 Iluvw ri doo/ wkh  xfwxdwlrqv lq wkh

;



-3e-08

-2e-08

-1e-08
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1e-08

2e-08

0.02 0.04 0.06 0.08 0.1 0.12

Iljxuh 614= H{suhvvlrq +614, iru � 5 ^3> 3=45` zlwk sdudphwhuv Q @ 43> }W @ 6 dqg LH� @ 3=4=

pxwdwlrq udwhv lqfuhdvh wkh suredelolw| ri d vzlwfk wr wkh rwkhu edvlq ri dwwudfwlrq/ ehfdxvh5

LHs+�, A s+LH�, dqg LHt+�, A t+LH�,=

Vr/ udqgrp djjuhjdwh vkrfnv lq wkh pxwdwlrq udwhv lqfuhdvh wkh yrodwlolw| lq wkh g|qdplfdo

v|vwhp dqg wkh frruglqdwlrq idloxuh djjudydwhv1 Vhfrqg/ wkh uhvxow ri Wkhruhp 614 lpsolhv wkdw

wkh suredelolw| LHs+�, ri d vzlwfk iurp H� wr H2 lqfuhdvhv uhodwlyho| idvwhu wkdq wkh suredelolw|

LHt+�, ri d vzlwfk iurp H2 wr H�1 Vr/ lw ehfrphv uhodwlyho| pruh hdvlhu wr ohdyh H� wkdq H2

dqg/ wkhuhiruh/ wkh iudfwlrq ri wlph wkh vwrfkdvwlf surfhvv vshqgv lq H� ghfuhdvhv gxh wr wkhvh

 xfwxdwlrqv1

Wkh vx!flhqw frqglwlrq ri Wkhruhp 614 doorzv hyhu| suredelolw| glvwulexwlrq zlwk lwv phdq

LH� vpdoohu wkdq wkh srvlwlyh wkuhvkrog �1 Vlqfh ^}W` � �n@3�

@n�
wklv wkuhvkrog lv d ixqfwlrq ri

wkh sdudphwhuv Q dqg d1 Wkhq lw lv hdv| wr yhuli| wkdw iru �

2

�

�3�
wr eh wkh plqlpxp lq wkh

5Wklv iroorzv lpphgldwho| iurp wkh h{suhvvlrq Y
5

Yw5
w6 E�3 w��36 lq wkh surri ri wkhruhp 614/ ehfdxvh

Y2

Yw2
w6 E�3 w��36 : fC w *M

%
6

�
3

s
6 E� 36� E� 3 ��

� E� 3 ��
c
6

�
n

s
6 E� 36� E� 3 ��

� E� 3 ��

&
c

dqg wkh orzhu erxqg lv srvlwlyh li 6 D 21 Vlqfh � 3 d5Wo : d5Wo n � D 2 wklv krogv iru doo wkh lqglylgxdo whupv

lq R Ew� dqg ^ Ew�/ surylghg w vx!flhqwo| forvh wr f1 Wkhq dssolfdwlrq ri Mhqvhq*v lqhtxdolw| |lhogv wkh vwdwhg

uhvxowv1

<



gh�qlwlrq ri � fruuhvsrqgv wr

d �
5Q2 � 7Q . 7 . 7

t
+Q � 4,

�
Q � �

2 .
�
2

s
8
� �
Q � �

2

s
8� �

2

�
5
�
Q � 6 .

s
8
� �
Q � 6�

s
8
� > +616,

surylghg Q � pd{
�
�
2

s
8 . �

2 > 6 .
s
8
� � 8=51 Iljxuh 615 uhsuhvhqwv wkh odwwhu duhd lq wkh

+Q> d,0sodqh iru Q � 9 dqg wkh fxuyh lv dv|pswrwlf wr d @ 4 dv Q jrhv wr lq�qlw|1 Vr/ iru hyhu|

d A 4 wkhuh h{lvwv d Q +d, ? 4 vxfk wkdw � @ �
2

�

�3� A �
2 iru hyhu| Q � Q +d,1 Lq wkdw fdvh

� A �
2 lv txlwh odujh1 Qhyhuwkhohvv/ Wkhruhp 614 dovr krogv iru vpdoo srsxodwlrq vl}h Q / zklfk

lv dw wkh h{shqvh ri �1

0

0.5

1

1.5

2

2.5

3

20 40 60 80 100N

Iljxuh 615= Wkh duhd ri lqhtxdolw| +615, uhsuhvhqwhg lq wkh +Q> d,0sodqh/ d A 41 Wkh duhd rq

dqg deryh wkh grzqzdug vorslqj fxuyh ihdwxuhv � @ �
2

�

�3� 1

Wkhruhp 614 vwdwhv wkdw dgglqj vpdoo yrodwlolw| ri wkh pxwdwlrq udwhv wr wkh NPU prgho

lv vx!flhqw wr rewdlq d v|vwhpdwlf eldv1 Wkh qh{w wkhruhp vwdwhv d vx!flhqw frqglwlrq xqghu

zklfk wkh hqwluh lqwhuydo
�
3> �

�
fdq eh uhjdughg dv dq xsshu erxqg xsrq wkh vxssruw ri wkh

yrodwloh pxwdwlrqv1 Wklv vx!flhqw frqglwlrq lv pruh uhvwulfwlyh wkdq wkh rqh lq Wkhruhp 6141

Wkhruhp 6151 Ohw h� @ plq

�
�
2

�

�3� >
d5Won�
�

�
s

Ed5Won��E�3d5Wo3��E�3��

�E�3��

�
1 Li LH� � h�/ wkhq iru

hdfk suredelolw| glvwulexwlrq zlwk vxssruw lq
�
3> �

�
lw krogv wkdw �2+S +LH�,, ? �2+LHS +�,,1

Pruhryhu/ 3 ? h� � �1

Surri

Ohppd D17 vwdwhv wkdw wkhuh h{lvwv d xqltxh lq hfwlrq srlqw e� 5 +3> LH�, li LH� � h�1 Wkhuhiruh/
43



hdfk ixqfwlrq d�c& +�, � d&c� +�, lq +615, lv vwulfwo| frqfdyh rq
�
3> e�� dqg vwulfwo| frqyh{ rq

� 5
�
LH�> �

�
+uhfdoo dovr Ohppd D15,1 Zh lqwurgxfh wkh iroorzlqj frqyh{ dssur{lpdwlrq iru

d�c& +�,� d&c� +�,1 Iluvw/ ghqrwh wkh ixqfwlrq u +�, dv wkh ud| +ru olqh, wkdw vwduwv lq wkh ruljlq

+3> 3, dqg wkdw lv wdqjhqw wr wkh ixqfwlrq d�c& +�, � d&c� +�, lq vrph srlqw �W 5
�e�> LH��1 Wkh

xqltxhqhvv ri wkh lq hfwlrq srlqw e� jxdudqwhhv wkdw �W lv xqltxho| ghwhuplqhg1 Pruhryhu/

u +�, � d�c& +�,� d&c� +�, iru doo � 5 ^3> �W`1 Qrz/ gh�qh wkh frqyh{ ixqfwlrq iW�c& =
k
3> h�l$ LU dv

iW�c& +�, @

+
u +�, > li � 5 ^3> �W, >

d�c& +�,� d&c� +�, > li � 5
k
�W> h�l =

Wkhq iW�c& lv d frqyh{ dssur{lpdwlrq ri d�c& +�,�d&c� +�, rq
k
3> h�l dqg iW�c& +�, � d�c& +�,�d&c� +�,

iru doo � 5
k
3> h�l1 Ixuwkhupruh/ iW�c& +LH�, @ d�c& +LH�,� d&c� +LH�, @ 31 Exw wkhq

LH

�3d5Wo[
�'d5Won�

�[
&'�3d5Wo

^d�c& +�,� d&c� +�,` �

�3d5Wo[
�'d5Won�

�[
&'�3d5Wo

LHiW�c& +�,

A

�3d5Wo[
�'d5Won�

�[
&'�3d5Wo

iW�c& +LH�, @ 3=

zkhuh wkh odvw lqhtxdolw| lv Mhqvhq*v lqhtxdolw|1 �

Vlplodu dv ehiruh/ wkh vx!flhqw frqglwlrq ri Wkhruhp 615 doorzv hyhu| suredelolw| glvwulex0

wlrq rq
�
3> �

�
surylghg LH� ? h�1 Wkh wkuhvkrog h� lv dovr d ixqfwlrq ri wkh sdudphwhuv Q dqg

d wkurxjk ^}W` � �n@3�
@n� 1 Vrphzkdw xqh{shfwhg zh rewdlq wkdw h� � �

2
�

�3� lq wkh +Q> d,0sodqh

frlqflghv zlwk wkh frqglwlrq vwdwhg lq +616,1 Wklv pd| vhhp vwudqjh/ exw uhfdoo wkdw h� @ �
2

�
�3�

lpsolhv � @ �
2

�
�3� 1 Dv ehiruh/ wkh plog uhvwulfwlrq h� @ � @ �

2
�

�3� A
�
2 fdq eh dfklhyhg iru hyhu|

d A 4 surylghg lwv srsxodwlrq vl}h Q h{fhhgv d fhuwdlq plqlpxp exw �qlwh wkuhvkrog1

Ilqdoo|/ Wkhruhp 614 dqg Wkhruhp 615/ uhvshfwlyho|/ duh ghulyhg e| uhtxlulqj wkdw hdfk

lqglylgxdo whup xqghu wkh grxeoh vxppdwlrq vljq ri +615, lv orfdoo| frqyh{ dqg kdv d xqltxh

lq hfwlrq srlqw rq +3> LH�,1 Wklv vxjjhvwv wkdw wkh xsshu erxqgv � dqg h� xsrq wkh phdq fdq

eh uhod{hg e| frqvlghulqj wkh grxeoh vxp ri +615, dv rqh ixqfwlrq1
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Lq wklv vhfwlrq erwk w|shv ri vkrfnv zloo eh dqdo|}hg/ l1h1 �| @ +%�c|> = = = > %�c|> %|,1 Wkh pdlq

uhvxow lq wkh qh{w wkhruhp vwdwhv wkdw wkh lqyduldqw glvwulexwlrq ri wkh jhqhudo prgho frlqflghv

zlwk wkh lqyduldqw glvwulexwlrq ri wkh prgho zlwk djjuhjdwh vkrfnv rqo|1

Wkhruhp 7141 Iru hdfk suredelolw| glvwulexwlrqv ri �| lw krogv wkdw � +LHS +�|,, @ � +LHS ++3> = = = > 3> %|,,,1

Surri

Zh zloo �uvw vkrz wkdw LHs +�|, @ LH
S�

�'�3d5Wo

�
�
�

�
%
�
| +4� %|,

�3�
1 Wkh dvvxpswlrqv rq ��c|

lpso| wkdw LH��c| @ LH%|= Ixuwkhupruh/
T&

�'� ��c| @
T&

�'� +%| . %�c|, lv d sro|qrpldo zlwk furvv

whupv frqwdlqlqj srzhuv ri %| dqg surgxfwv ri %�c|> l @ 4> = = = > n= Vlqfh doo %�c| duh l1l1g1 zlwk

LH%�c| @ 3/ dovr LH +%��c| � %�2c| � = = = � %�,c|, @ 3> l& 5 i4> = = = >Qj > n 5 i4> = = = > Qj1 Frpelqhg zlwk

wkh lqghshqghqfh ehwzhhq doo %�c| dqg %|> zh kdyh wkdw LH
�
%
�
| � %��c| � %�2c| � = = = � %�&3� c|

�
@ 3> zlwk

l, 5 i4> = = = >Qj > o @ 4> = = = > n � m1 Wkxv/ LH
�T&

�'� ��c|

�
@ %&| > n @ 4> = = = > Q= Wklv jlyhv xv

LH
qT

�M� ��c| �
T

�Mt�c��� c��.� +4� ��c|,
r
@ LH%

�� �
| +4� %|,

�3�� �
1 Xvlqj wklv |lhogv

LH
[

� G�� �D�3d5Wo

;?
=
\
�M�

��c| �
\

�Mt�c��� c��.�

+4� ��c|,
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[
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LH
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%
�� �
| +4� %|,

�3�� �
r

@ LH
�[

�'�3d5Wo

�
Q

m

�
%
�
| +4� %|,

�3� =

Vlplodu/ LHt +�|, @ LH
S�

�'d5Won�

�
�
�

�
%
�
| +4� %|,

�3�
1 Wkhq wkh vwdwhg uhvxow lpphgldwho| iroorzv1�

Wkhruhp 714 lpsolhv wkdw wkh lglrv|qfudwlf vkrfnv fdq eh qhjohfwhg zkhq vwxg|lqj wkh h�hfwv

ri ydu|lqj pxwdwlrq udwhv1 Vr/ wkh h�hfw ri lglrv|qfudwlf vkrfnv rq wkh lqyduldqw glvwulexwlrq lv

qhxwudo1 Wklv wkhruhp dovr doorzv iru d uhlqwhusuhwdwlrq ri wkh vwdqgdug prgho lq NPU/ qdpho|

lglrv|qfudwlf vkrfnv zlwk h{shfwdwlrq 3 durxqg %/ l1h1 irupdoo| ��c| @ %�c| zlwk H ^%�c|` @ % iru

doo l @ 4> = = = >Q 1
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�� ����� ���	���

Wkh pdlq uhvxow lq NPU wudqvodwhg wr wlph0ydu|lqj pxwdwlrq udwhv fdq eh irupxodwhg dv

�2 +S +LH�|,, $ 3 dv LH�| $ 31 Lq wklv vhfwlrq lw lv vkrzq wkdw wkh olplw ri �2 +LHS +�|,, dv

LH�| $ 3 ghshqgv xsrq krz zh wuhdw wkh vxssruw dqg wkh glvwulexwlrq ri suredelolwlhv ryhu lwv

vxssruw lq wkh olplw dv wkh phdq ydqlvkhv1 Wr vkrz wklv zh wuhdw �| @ +3> = = = > 3> %|, dv d vfdodu

dqg gurs wkh wlph lqgh{ w1

Ehiruh zh vwdwh wkh pdlq uhvxowv/ zh frqvlghu wkh iroorzlqj h{dpsoh/ zklfk qlfho| looxvwudwhv

wkh uhvxowv ghulyhg ehorz1

H{dpsoh 8141 Vxssrvh � 5 i3> �j iru vrph � A 3 dqg Su i� @ �j @ � A 31 Wkhq LH� @ ��

dqg

�2 +LHS +�,, @
s +�,

s +�, . t +�,
A 3

lv lqghshqghqw ri � A 31 Reylrxvo|/

olp
4<f

�2 +LHS +�,, A 3 +814,

dqg/ e| vwdqgdug dujxphqwv iurp NPU/

olp
�<f

�2 +LHS +�,, @ 3>

zkhuhdv erwk olp4<f LH� @ olp�<f LH� @ 31 Pruhryhu/ wkh olplw lq +814, ghshqgv xsrq �1

Ixuwkhupruh/ vxssrvh wkdw wkh sdudphwhuv � dqg � ri wkh suredelolw| glvwulexwlrq ri � fdq eh

uhsuhvhqwhg dv ixqfwlrqv ri vrph vlqjoh sdudphwhu � 5 ^3> 4`1 Irupdoo|/ ohw erwk � @ � +�, =

^3> 4`$ ^3> 4` dqg � @ �+�, = ^3> 4`$ ^3> 4` eh frqwlqxrxv ixqfwlrqv ri �1 Wkhq iru doo ixqfwlrqv

� +�, dqg � +�, zlwk � +3, @ 3 lw krogv wkdw olpb<f �2 +LHS +� +�,,, @ 3/ zkhuhdv iru doo ixqfwlrqv

� +�, dqg � +�, zlwk � +3, @ 3 dqg � +3, A 3 lw krogv wkdw olpb<f �2 +LHS +� +�,,, A 31 Qrwh

wkdw olpb<f �2 +LHS +� +�,,, ? �

2
/ ehfdxvh +514, lpsolhv wkdw t +� +�,, A s +� +�,,1
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Wklv h{dpsoh vkrzv wkdw wkh zd| lq zklfk wkh olplw lv wdnhq pdwwhuv iru wkh frqyhujhqfh

uhvxowv1 Qrwh wkdw LH� $ 3 fdq eh dffrpsolvkhg lq wzr gl�huhqw zd|v1 Hlwkhu wkh vxssruw lv

�{hg dqg wkh suredelolw| glvwulexwlrq frqyhujhv wr d ghjhqhudwh suredelolw| glvwulexwlrq ryhu

wkh vxssruw wkdw lv ghjhqhudwhg lq wkh srlqw 3/ l1h1 i3> � +�,j �{hg dqg � +�, $ 3 lq wkh

h{dpsoh/ ru wkh vxssruw froodsvhv lqwr d vlqjoh srlqw lq wkh olplw 3 zlwkrxw uhvwulfwlrqv xsrq

wkh glvwulexwlrqv ryhu wkh vxssruw/ l1h1 i3> � +�,j $ i3j dqg qr uhvwulfwlrqv xsrq � +�, lq wkh

h{dpsoh1 +Ru d frpelqdwlrq ri erwk1, Pruhryhu/ wkh olplw olpb<f �2 +LHS +� +�,,, ghshqgv

xsrq � +3, exw lv dozd|v erxqghg iurp deryh e| �

2
1

Lq rughu wr pdnh wklqjv suhflvh zh lqwurgxfh wkh iroorzlqj qrwdwlrq1 Ohw � 5 ^3> 4`1 Vlqfh

hyhu| suredelolw| glvwulexwlrq fdq eh dssur{lpdwhg duelwudulo| forvh e| vrph glvfuhwh sured0

elolw| glvwulexwlrq zh uhvwulfw dwwhqwlrq wr vxfk glvwulexwlrqv1 Ghqrwh � +�, dv wkh vwrfkdvwlf

yduldeoh iru � 5 ^3> 4`1 Iru vrph q � 4 wkh ixqfwlrqv �r = ^3> 4`$ ^3> 4`/ v @ 3> = = = > q/ ghwhuplqh

wkh �qlwh vxssruw i�f +�, > �� +�, > = = = > �? +�,j ri � +�, zlwk 3 @ �f +�, ? �� +�, ? = = = ? �? +�,1

Ixuwkhupruh/ wkh ixqfwlrqv �r = ^3> 4` $ ^3> 4`/ v @ 3> = = = > q/ ghwhuplqh wkh glvwulexwlrq ri wkh

suredelolw| pdvv ryhu wkh vxssruw ri � +�, zkhuh Su i� @ �r +�,j @ �r +�, A 3 iru vrph � A 3

dqg
S

?

r'f
�r +�, @ 41 Vr/ LH� +�, @

S
?

r'f
�r +�, �r +�, dqg olpb<f LH� +�, @ 3 li dqg rqo| li

olpb<f �r +�,�r +�, @ 3 iru doo v � 41

Wkh qh{w wkhruhp vwdwhv d vx!flhqw frqglwlrq vxfk wkdw jhqhulfdoo|6 �2 +LHS +� +�,,, grhv

qrw frqyhujh wr 3 li � jrhv wr 31

Wkhruhp 8151 Vxssrvh �r dqg �r duh frqwlqxrxvo| gl�huhqwldeoh iru doo v @ 3> = = = > q1 Li wkhuh

lv vrph vW/ 4 � vW � q vxfk wkdw olpb<f �r +�, @ �r A 3 dqg olpb<f �r +�, @ 3 iru v � vW/ wkhq

jhqhulfdoo|

olp
b<f

�2 +LHS +� +�,,, @

S
?

r'rW
��r +3, s +�r,S

?

r'rW
��r +3, ^s +�r, . t +�r,`

9@ 3=

6E| jhqhulf zh phdq wkdw wkh phdvxuh ri wkh duhd lq wkh sdudphwhu vsdfh iru zklfk rxu uhvxow krogv lv htxdo

wr rqh1 Zh fdqqrw gr ehwwhu wkdq jhqhulf/ ehfdxvh wkh surri ri wkhruhp 815 vkrzv wkdw d qrqjhqhulf frxqwhu

h{dpsoh fdq eh frqvwuxfwhg1
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Surri

Zh zloo ghulyh qhfhvvdu| dqg vx!flhqw frqglwlrq iru olpb<f �2 +LHS +� +�,,, @ 3/ zklfk zloo eh

qrqjhqhulf1 Vlqfh olpb<f LHs +� +�,, @ olpb<f LHt +� +�,, @ 3 erwk wkh ghqrplqdwru dqg qxphu0

dwru duh htxdo wr 3 lq wkh olplw1 Dssolfdwlrq ri Gh O*K÷slwdo*v uxoh |lhogv wkdw olpb<f �2 +LHS +� +�,,,

lv htxdo wr

olpb<f

S
?

r'rW
^��r +�, s +�r +�,, . �r +�, s

� +�r +�,,�
�

r +�,`

olpb<f

S
?

r'rW
^��r +�, ^s +�r +�,, . t +�r +�,,` . �r +�, ^s� +�r +�,, . t� +�r +�,,` ��r +�,`

= +815,

Vlqfh s +3, @ s� +3, @ 3/ t +3, @ t� +3, @ 3 dqg �r +3, @ 3 iru doo v � vW lw iroorzv wkdw

wkh qxphudwru lv htxdo wr
S

?

r'rW
��r +3, s +�r,1 Vr/ wkh odwwhu fdq rqo| eh 3 li dqg rqo| li

S
?

r'rW
��r +3, s +�r, @ 3/ zklfk lv d rqh0glphqvlrqdo uhvwulfwlrq xsrq wkh q � vW0glphqvlrqdo

vsdfh ri �uvw ghulydwlyhv lq � @ 3 ri wkh yhfwru ixqfwlrq +�rW +�, > = = = > �? +�,,1 Wklv uh0

vwulfwlrq lv qrqjhqhulf1 Wkhuhiruh/ wkh qxphudwru lv jhqhulfdoo| qrw htxdo wr 31 Vlploduo|/

wkh ghqrplqdwru
S

?

r'rW
��r +3, ^s +�r, . t +�r,` lv jhqhulfdoo| qrw htxdo wr 31 Vr/ jhqhulfdoo|

olpb<f �2 +LHS +� +�,,, 9@ 31 �

Wkh frqglwlrq ri Wkhruhp 815 wudqvodwhv dv iroorzv1 Li wkh vxssruw i�f +�, > �� +�, > = = = > �? +�,j

frqyhujhv wr wkh vhw i3> �rW > = = = > �?j/ wkhq lw lv jhqhulfdoo| lpsrvvleoh wkdw �2 +LHS +� +�,,, frq0

yhujhv wr 3 dv � jrhv wr 31 Wkh olplw ghshqgv xsrq wkh q � vW �uvw0ghulydwlyhv ri �r dqg wkh

q� vW srlqwv �r lq wkh olplw vxssruw1

Wkhruhp 815 lpsolflwo| lpsrvhv wkh qhfhvvdu| frqglwlrq olpb<f i�f +�, > �� +�, > = = = > �? +�,j @

i3j lq rughu wr kdyh frqyhujhqfh ri �2 +LHS +� +�,,, wr 31 Wklv phdqv wkdw wkh olplw ri wkh vxs0

sruw ri � +�, kdv wr ydqlvk ru froodsvh lqwr wkh vlqjohwrq i3j1 Wkh iroorzlqj wkhruhp vwdwhv wkdw

wklv qhfhvvdu| frqglwlrq lv jhqhulfdoo| dovr d vx!flhqw frqglwlrq iru wkh vxefodvv ri ixqfwlrqv

�r +�, dqg �r +�, wkdw duh doo ^}W` . 4 wlphv frqwlqxrxvo| gl�huhqwldeoh1 Wklv phdqv wkdw iru

wklv vxefodvv qr ixuwkhu uhvwulfwlrqv kdyh wr eh pdgh zlwk uhvshfw wr wkh ixqfwlrqv �r lq rughu

wr kdyh frqyhujhqfh ri �2 +LHS +� +�,,, wr 3 dv � jrhv wr 31

Wkhruhp 8161 Vxssrvh �r +�, dqg �r +�, duh ^}W` . 4 wlphv frqwlqxrxvo| gl�huhqwldeoh iru doo
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v @ 3> = = = > q1 Li olpb<f �r +�, @ 3 iru doo v/ wkhq jhqhulfdoo| olpb<� �2 +LHS +� +�,,, @ 31

Surri

Htxdwlrq +815, lq wkh surri ri Wkhruhp 815 lv dovr ydolg khuh1 Krzhyhu/ vlqfh �r +3, @ 3 iru

doo v/ s +3, @ s� +3, @ 3 dqg t +3, @ t� +3, @ 3 erwk wkh qxphudwru dqg ghqrplqdwru duh 31

Wkhuhiruh/ zh surfhhg lq dq lwhudwlyh pdqqhu lq dsso|lqj Gh O*K÷slwdo*v uxoh1 Zlwklq �qlwh

lwhudwlrqv wklv uxoh zloo |lhog d qxphudwru dqg d ghqrplqdwru wkdw duh qrw htxdo wr 3/ ehfdxvh

wkh +^}W` . 4,0wk ghulydwlyh ri �
d5Won�
r +4� �r,

�3d5Wo3� lq t +�r, lv srvlwlyh dqg doo rwkhu whupv

duh htxdo wr 31 Wklv srvlwlyh whup lv pxowlsolhg e| d zhljkwhg vxp ri wkh olplw suredelolwlhv

�r +3,/ v � 41 Jhqhulfdoo|/ wklv zhljkwhg vxp lv qrw htxdo wr }hur Vr/ wkh qxphudwru lv htxdo wr

3 zkloh wkh ghqrplqdwru lv qrw dw wkh ^}W` . 4 vwhs ri wkh lwhudwlyh surfhvv1 �

�������
��

Ehoopdq/ U1 +4<87,1 Olplw wkhruhpv iru qrq0frppxwdwlyh rshudwlrqv1 L1 Gxnh Pdwkhpdwlfdo

Mrxuqdo 54/ 7<4�8331

Ehujlq/ M1 dqg E1O1 Olspdq +4<<9,1 Hyroxwlrq zlwk vwdwh0ghshqghqw pxwdwlrqv1 Hfrqrphwulfd

97/ <76�<891

Frrshu/ U1Z1 +4<<<,1 Frruglqdwlrq Jdphv= Frpsohphqwdulwlhv dqg Pdfurhfrqrplfv1 Fdp0

eulgjh/ X1N1= Fdpeulgjh Xqlyhuvlw| Suhvv1

Kduvdq|l/ M1F1 dqg U1 Vhowhq +4<;;,1 D Jhqhudo Wkhru| ri Htxloleulxp Vhohfwlrq lq Jdphv1

Fdpeulgjh/ Pdvvdfkxvhwwv= Wkh PLW Suhvv1

Ndqgrul/ P1/ J1M1 Pdlodwk/ dqg U1 Ure +4<<6,1 Ohduqlqj/ pxwdwlrq dqg orqj uxq htxloleuld

lq jdphv1 Hfrqrphwulfd 94/ 5<�891

\rxqj/ K1S1 +4<<6,1 Wkh hyroxwlrq ri frqyhqwlrqv1 Hfrqrphwulfd 94/ 8:�;71

\rxqj/ K1S1 +4<<;,1 Lqglylgxdo Vwudwhj| dqg Vrfldo Vwuxfwxuh= Dq Hyroxwlrqdu| Wkhru| ri

Lqvwlwxwlrqv1 Sulqfhwrq/ Qhz Mhuvh|= Sulqfhwrq Xqlyhuvlw| Suhvv1



�� ������� 

Wklv dsshqgl{ surylghv irxu ohppd*v/ wzr ri zklfk +Ohppdwd D15 dqg D17, duh xvhg lq wkh

surriv ri Wkhruhp 614 dqg 6151 Wkh rwkhu wzr Ohppdwd/ qdpho| Ohppdwd D14 dqg D16/ duh

xvhg lq wkh surriv ri Ohppdwd D15 dqg D17 uhvshfwlyho|1

Ohppd D14 irfxvhv rq wkh lqhtxdolw| f� +�, @ c +c� 4, . � +�Q � 5c, +Q � 4, A 3 iru vxi0

�flhqwo| vpdoo � A 3/ zklfk dsshduv vhyhudo wlphv lq wkh dqdo|vlv1 Wkh ohppd vwdwhv vhyhudo

surshuwlhv ri wkh xsshu erxqg xsrq �1 Ehiruh zh surfhhg e| vwdwlqj wkh ohppd/ qrwh wkdw

3 � � ?
c

Q
�
s
c +Q � c, +Q � 4,

Q +Q � 4,
, c +c� 4, . � +�Q � 5c, +Q � 4, A 3=

Ohppd D141 Ohw i +c, @ �
�
�
s

�E�3��E�3��

�E�3�� 1 Wkhq

3 ? plq
�'d5Won�c��� c�3d5Wo

i +c, @ i +^}W` . 4, ? i +Q � ^}W`, @ plq
�'�3d5Woc��� c�

i +c, ? 4=

Surri

Qrwh wkdw i +3, @ i +4, @ 3/ i +Q, @ 4dqg 3 ? i +c, ? �
�

? 4 iru doo rwkhu c1 Qh{w/ zh vkrz

wkdw i +c, lv lqfuhdvlqj rq c 5 +4>Q � 4,1 Wkh �uvw ghulydwlyh ri i +c, zlwk uhvshfw wr c 5 +4>Q,

lv jlyhq e|

C

Cc
i +c, @

5
s
c +Q � c, +Q � 4,� +Q � 5c,

5Q
s
c +Q � c, +Q � 4,

=

Wklv ghulydwlyh lv odujhu wkdq 3 li dqg rqo| li

Q
��7c2 . +7 +Q � 4, . 7, c�Q

�
A 3=

Wklv lqhtxdolw| krogv dw c @ 4 dqg c @ Q � 4 +ehfdxvh Q � 5, dqg/ wkhuhiruh/ lw krogv iru doo

c @ 4> = = = > Q � 41 Vlqfh i +Q � 4, ? 4 @ i +Q, wkh ixqfwlrq i dovr lqfuhdvhv lq jrlqj iurp

c @ Q � 4 wr c @ Q 1 Wkhq/

plq
�'d5Won�c��� c�3d5Wo

i +c, @ i +^}W` . 4, / plq
�'�3d5Woc��� c�

i +c, @ i +Q � ^}W`,

dqg i +^}W` . 4, ? i +Q � ^}W`,1 �

Wkh vhfrqg ohppd lv xvhg lq wkh surri ri Wkhruhp 6141



Ohppd D151 Li LH� ? �/ wkhq f& +�, d�c& +�, � f� +�, d&c� +�, A 3 iru � 5
�
LH�> �

�
/ m @ ^}W` .

4> = = = > Q � ^}W`/ n @ Q � ^}W` > = = = >Q dqg m ? n1 Pruhryhu/ � A 31

Surri

Iluvw/ d�c& +�, � d&c� +�, A 3 li dqg rqo| li � � LH�1 Vhfrqg/ li 3 ? � ? &
�
�
s

&E�3��E�3&�

�E�3�� /

wkhq f& +�, A 3 dqg/ wkxv/ f& +�, d�c& +�, A 31 Iurp Ohppd D14 lw iroorzv wkdw f& +�, A 3 iru doo

n @ Q � ^}W` > = = = >Q li � lv vpdoohu wkdq

plq
&'�3d5Woc��� c�

n

Q
�
s
n +Q � 4, +Q � n,

Q +Q � 4,
@

Q � ^}W`

Q
�
s
^}W` +Q � ^}W`, +Q � 4,

Q +Q � 4,
A 3=

Wklug/

f& +�,� f� +�, @ +n � m, ^+n . m � 4,� 5 +Q � 4, �` A 3/ � ?
4

5

m . n � 4

Q � 4
=

Wkh odwwhu erxqg xsrq � lv odujhu wkdq �
2

�
�3� A �

2 / ehfdxvh m � ^}W` . 4 dqg n � Q � ^}W`1 Wr

frqfoxgh/ iru � 5 �LH�> �� +uhfdoo � lv wkh plqlpxp ri wkh wzr erxqgv xsrq � mxvw ghulyhg, lw

krogv wkdw f& +�, d�c& +�, A f� +�,d&c� +�, iru doo n A m1 �

Wkh qh{w ohppd lv xvhg lq wkh surri ri Ohppd D171

Ohppd D161 Ohw j +m> n, @ &n�3�
2E�3�� �

s
�2E&n�3��23e�E�3��&�

2�E�3�� 1 Wkhq

3 ? plq
&'�3d5Woc��� c�

�'d5Won�c��� c�3d5Wo

j +m> n, @ j +^}W` . 4>Q, @
Q � ^}W`

Q � 4
=

Surri

Iluvw/ j +m> n, A 3 iru doo m> n1 Wkh ghulydwlyh zlwk uhvshfw wr n lv jlyhq e|

C

Cn
j +m> n, @

Q

t
Q2 +n . m � 4,2 � 7Q +Q � 4, nm �Q2 +n . m � 4, . 5Q +Q � 4, m

5 +Q � 4,Q
t
Q2 +n . m � 4,2 � 7Q +Q � 4, nm

=

Wkhq Y
Y&
j +m> n, ? 3 lv htxlydohqw wr

�
Q

t
Q2 +n . m � 4,2 � 7Q +Q � 4,nm

�2

�
�
Q2 +n . m � 4, . 5Q +Q � 4, m

�2

@ �7Q2 +Q � 4, m +5Q +n . m � 4, . +Q � m,, ? 3=

4;



Qrwh wkdw Y
Y&
j +m> n, ? 3 iru doo m1 E| v|pphwu| Y

Y�
j +m> n, ? 3 iru doo n1 Vr/

plq
&'�3d5Woc��� c�

�'d5Won�c��� c�3d5Wo

j +m> n, @ j +Q � ^}W` >Q, @
Q � ^}W`

Q � 4
=

�

Wkh odvw ohppd lv dssolhg lq wkh surri ri Wkhruhp 6151

Ohppd D171 Li LH� ? h�/ wkhq iru doo m @ ^}W`.4> = = = > Q� ^}W`/ n @ Q� ^}W` > = = = >Q dqg m ? n

wkh ixqfwlrq d�c& +�, � d&c� +�, dgplwv d xqltxh lq hfwlrq srlqw e� 5 +3> LH�, dqg lw lv vwulfwo|

frqyh{ rq � 5
�e�> ��1 Pruhryhu/ 3 ? h� ? �1

Surri

Dvvxph LH� ? �1 Ohppd D15 vwdwhv wkdw hdfk ixqfwlrq d�c& +�,�d&c� +�, lv frqyh{ iru � 5
�
LH�> �

�
1

Ixuwkhupruh/ iurp +614, dqg +615, lw iroorzv wkdw hdfk d�c& +�, � d&c� +�, lv orfdoo| frqfdyh iru

vx!flhqwo| vpdoo � A 31 Vr/ wkhuh h{lvwv dq lq hfwlrq srlqw e� 5 +3> LH�,1 Wkh uhpdlqghu ri

wklv surri frqvlvw ri vkrzlqj wkdw wkh wklug ghulydwlyh ri d�c& +�,�d&c� +�, lv lqfuhdvlqj lq hyhu|

e� 5 +3> LH�,1 Zh surfhhg dv iroorzv1 Vlqfh

C

C�
+�,�32 +4� �,�3�32 @

c� 5� � +Q � 7,

� +4� �,
+�,�32 +4� �,�323�

zh rewdlq

C

C�

d6c� +�,

�2 +4� �,2
@

c� 5� � +Q � 7,

�� +4� �,�
d6c� +�, =

Gl�huhqwldwlrq ri wkh vhfrqg ghulydwlyh f& +�,d�c& +�,� f� +�,d&c� +�, zlwk uhvshfw wr � |lhogv

f�& +�,d�c& +�,� f�� +�,d&c� +�,

�2 +4� �,2

.
+n � 5� � +Q � 7,, f& +�, d�c& +�,� +m � 5� � +Q � 7,, f� +�, d&c� +�,

�� +4� �,�
>

zkhuh f�� +�, ghqrwhv
Y
Yw
f� +�,/ c @ m> n1 E| gh�qlwlrq ri e� lw pxvw krog wkdw f&

�e��d�c& �e�� @

f�

�e��d&c�
�e��/ zklfk |lhogv

3
C+n � m, . e� �4� e��

3
Cf�&

�e��

f&

�e�� �
f��

�e��

f�

�e��
4
D
4
D f&

�e��d�c& �e��
e�� �4� e��� =

4<



Iurp Ohppd D14 lw iroorzv wkdw erwk f& +�, dqg f� +�, duh srvlwlyh iru � ? i +^}W` . 4, @ d5Won�
�

�
s

Ed5Won��E�3d5Wo3��E�3��

�E�3�� ? i +Q � ^}W`,1 Vr/ i +^}W` . 4, � �1 Vlqfh n � m � 3/ e� �4� e�� A 3

dqg wkh whup rxwvlgh wkh odujh urxqg eudfnhwv duh doo srvlwlyh iru e� ? � lw vx!fhv wr suryh wkdw

f�&

�e�� @f&
�e��� f��

�e�� @f�
�e�� lv srvlwlyh lq e� ? i +^}W` . 4,1 Vr/

f�&

�e��

f&

�e�� �
f��

�e��

f�

�e�� @
5 +Q � 4, +n � m,

�
Q +Q � 4, e�2 �Q +n . m � 4, e� . nm

�

f&

�e�� f�
�e�� =

Wkh qxphudwru lv srvlwlyh iru vx!flhqwo| vpdoo e� A 3 +zklfk fdq eh hvwdeolvkhg e| fkrrvlqj

LH� vpdoo hqrxjk,1 Wkhq/ qhfhvvdulo|/ wkh qxphudwru lv srvlwlyh iru

e� ? n . m � 4

5 +Q � 4,
�

t
Q2 +n . m � 4,2 � 7Q +Q � 4, nm

5Q +Q � 4,
=

Ohppd D16 lpsolhv wkdw wkh odwwhu erxqg xsrq e� lv plqlpdo dw �3d5Wo
�3� A �

2
�

�3� � �/ ehfdxvh

^}W` ? �
2Q 1 Vr/ li LH� � h� @ plq

q
�> i +^}W` . 4, > �3d5Wo

�3�

r
/ wkhq wkh wklug ghulydwlyh lq e� 5

+3> LH�, lv srvlwlyh dqg d�c& +�,� d&c� +�, dgplwv d xqltxh lq hfwlrq srlqw rq +3> LH�,1 Wkh uhvw

wulyldoo| iroorzv1 �
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