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Krz wr ryhufrph wkh Mh�uh|v0Olqgoh|v Sdudgr{ iru
lqyduldqw Ed|hvldq Lqihuhqfh lq Uhjuhvvlrq Prghov

Iudqn Nohlehujhq�|

Dxjxvw ;/ 5334

Devwudfw

Zh rewdlq lqyduldqw h{suhvvlrqv iru sulru suredelolwlhv dqg sulruv rq wkh sdudphwhuv
ri qhvwhg uhjuhvvlrq prghov wkdw duh lqgxfhg e| d sulru rq wkh sdudphwhuv ri dq hqfrp0
sdvvlqj olqhdu uhjuhvvlrq prgho1 Wkh lqyduldqfh lv zlwk uhvshfw wr vshfl�fdwlrqv wkdw
vdwlvi| d qhfhvvdu| vhw ri dvvxpswlrqv1 Lqyduldqw h{suhvvlrqv iru srvwhulru suredelolwlhv
dqg srvwhulruv duh lqgxfhg lq dq lghqwlfdo zd| e| wkh uhvshfwlyh srvwhulru1 Wkhvh srv0
whulru suredelolwlhv lpso| d srvwhulru rggv udwlr wkdw lv urexvw wr wkh Mh�uh|v0Olqgoh|v
sdudgr{1 Wklv uhvxowv ehfdxvh wkh sulru rggv udwlr rewdlqhg iurp wkh lqgxfhg sulru sure0
delolwlhv fruuhfwv wkh Ed|hv idfwru iru wkh sodxvlelolw| ri wkh frpshwlqj prghov uh hfwhg
lq wkh sulru1 Zh looxvwudwh wkh dqdo|vlv/ zkhuh zh irfxv rq wkh frqvwuxfwlrq ri vshfl�0
fdwlrqv wkdw vdwlvi| wkh vhw ri dvvxpswlrqv/ zlwk h{dpsohv ri olqhdu uhvwulfwlrqv/ l=h= d
olqhdu uhjuhvvlrq prgho/ dqg qrq0olqhdu uhvwulfwlrqv/ l=h= d frlqwhjudwlrq dqg DUPD+4/4,
prgho/ rq wkh sdudphwhuv ri dq hqfrpsdvvlqj olqhdu uhjuhvvlrq prgho1

4 Lqwurgxfwlrq
Lq Ed|hvldq prgho frpsdulvrq/ wkdw xvhv Ed|hv idfwruv dqg sulru dqg srvwhulru rggv udwlrv/
sulru suredelolwlhv iru frpshwlqj prghov duh dvvljqhg lqghshqghqwo| iurp wkh sulru ghqvlwlhv
rq wkh sdudphwhuv ri wkhvh prghov1 Zkhq rqh ri wkhvh prghov hqfrpsdvvhv wkh rwkhuv/ wkh
sulru +ghqvlw|, ri lwv sdudphwhuv kdv d vshfl�f ydoxh dw wkh orfdwlrqv ri wkh sdudphwhuv wkdw
fruuhvsrqg zlwk wkh frpshwlqj qhvwhg prghov1 Khqfh/ lw fdq rffxu wkdw wklv sulru kdv d orz
ydoxh dw wkh orfdwlrq ri d frpshwlqj qhvwhg prgho zkloh wkdw prgho kdv d sulru suredelolw|
htxdo wr wkh sulru suredelolw| ri wkh hqfrpsdvvlqj prgho1 Wkhvh nlqg ri lqvwdqfhv ohdg wr
wkh Mh�uh|v0Olqgoh|v sdudgr{/ vhh e�}� Olqgoh| +4<8:,/ Ehuqdugr dqg Vplwk +4<<7,/ R*Kdjdq
+4<<7, dqg Srlulhu +4<<8,1

Wkh sulru suredelolwlhv dqg ghqvlwlhv duh vshfl�hg lqghshqghqwo| ehfdxvh wkh sulru +ghqvlw|,
rq wkh sdudphwhuv ri dq hqfrpsdvvlqj prgho grhv/ ehfdxvh ri wkh Eruho0Nroprjrury sdudgr{/
vhh e�}� Nroprjrury +4<83,/ Eloolqjvoh| +4<;9,/ Zroshuw +4<<8, dqg Guë}h dqg Ulfkdug +4<;6,/
qrw lpso| xqdpeljxrxv suredelolwlhv iru wkh orzhu glphqvlrqdo vxe0vhwv ri lwv sdudphwhu vsdfh
wkdw frqvwlwxwh wkh qhvwhg prghov1 E| uhvwulfwlqj rxuvhoyhv wr uhjuhvvlrq prghov/ zh duh/ krz0
hyhu/ deoh wr frqvwuxfw d qhfhvvdu| vhw ri dvvxpswlrqv wkdw doorz xv wr gh�qh wkh +Kdxvgru�,

�Ghsduwphqw ri Txdqwlwdwlyh Hfrqrplfv/ Xqlyhuvlw| ri Dpvwhugdp/ Urhwhuvvwuddw 44/ 434;ZE Dpvwhugdp/
Wkh Qhwkhuodqgv1 Hpdlo= nohlehujCihh1xyd1qo

|L wkdqn sduwlflsdqwv ri wkh frqihuhqfh rq �Uhfhqw dgydqfhv lq Ed|hvldq Hfrqrphwulfv� lq Mxqh 5334 dw
JUHTDP Pduvhlooh dqg hvshfldoo| Mdfhn Rvlhzdovnl iru khosixo frpphqwv dqg vxjjhvwlrqv1
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lqwhjudo ri wkh sulru ri wkh sdudphwhuv ri dq hqfrpsdvvlqj olqhdu uhjuhvvlrq +HOU, prgho ryhu
orzhu glphqvlrqdo vxe0vhwv ri lwv sdudphwhuv vsdfh wkdw frqvwlwxwh qhvwhg uhjuhvvlrq prghov1
Wkh +Kdxvgru�, lqwhjudo lv lqyduldqw zlwk uhvshfw wr vshfl�fdwlrqv ri wkh qhvwhg uhjuhvvlrq
prghov wkdw vdwlvi| wkh dvvxpswlrqv1 Zkhq zh pdnh dq dgglwlrqdo dvvxpswlrq derxw wkh
frpsohwhqhvv ri wkh vhw ri uhjuhvvlrq prghov ri lqwhuhvw/ wkh +Kdxvgru�, lqwhjudo lpsolhv sulru
suredelolwlhv iru qhvwhg uhjuhvvlrq prghov wkdw duh lqgxfhg e| wkh sulru rq wkh sdudphwhuv
ri wkh HOU prgho1 Dorqjvlgh wklv uhvxow/ lw dovr lpsolhv wkh sulruv rq wkh sdudphwhuv ri wkh
qhvwhg uhjuhvvlrq prghov wkdw duh lqgxfhg e| wkh sulru rq wkh sdudphwhuv ri wkh HOU prgho1
Erwk wkh sulru dqg sulru suredelolw| duh lqyduldqw zlwk uhvshfw wr vshfl�fdwlrqv wkdw vdwlvi|
wkh dvvxpswlrqv1

Lq dq lghqwlfdo pdqqhu dv iru wkh sulruv/ zh dovr rewdlq srvwhulruv ri wkh sdudphwhuv ri
qhvwhg uhjuhvvlrq prghov wkdw duh lqgxfhg e| wkh srvwhulru ri wkh sdudphwhuv ri wkh HOU
prgho1 Lq olqh zlwk wkh Ed|hvldq sdudgljp/ lghqwlfdo h{suhvvlrqv ri wkhvh srvwhulruv uhvxow
zkhq zh xsgdwh wkh sulru zlwk wkh olnholkrrg1 Wkh vdph uhdvrqlqj dssolhv wr wkh srvwhulru
suredelolwlhv wkdw duh lqgxfhg e| wkh +Kdxvgru�, lqwhjudo ri wkh srvwhulru ri wkh sdudphwhuv
ri wkh HOU prgho ryhu wkh orzhu glphqvlrqdo vxe0vhwv wkdw frqvwlwxwh wkh qhvwhg uhjuhvvlrq
prghov1 Wkhvh srvwhulru suredelolwlhv ohdg wr d srvwhulru rggv udwlr wkdw htxdov lwv vshfl�fdwlrq
ri sulru rggv udwlr wlphv Ed|hv idfwru1 Wklv vkrzv wkdw wkh sulru rggv udwlr/ zklfk lv lqgxfhg
e| wkh sulru ri wkh sdudphwhuv ri wkh HOU prgho/ fruuhfwv wkh Ed|hv idfwru iru wkh sodxvlelolw|
ri wkh frpshwlqj prghov uh hfwhg lq wkh sulru1 Wkh srvwhulru rggv udwlr wkdw uhvxowv lv wkhuh0
iruh urexvw djdlqvw wkh Mh�uh|v0Olqgoh|v sdudgr{ ehfdxvh sulru suredelolwlhv dqg ghqvlwlhv duh
vshfl�hg lq olqh zlwk rqh dqrwkhu1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh vhfrqg vhfwlrq/ zh pdnh wkh dvvxpswlrq wkdw
doorzv xv wr rewdlq wkh lqyduldqw h{suhvvlrq ri wkh Kdxvgru� lqwhjudo ryhu orzhu glphqvlrqdo
vxe0vhwv1 Ehfdxvh zh gr qrw uhvwulfw rxuvhoyhv wr olqhdu orzhu glphqvlrqdo vxe0vhwv/ zh xvh
Kdxvgru� lqwhjudwlrq lqvwhdg ri Ohehvtxh lqwhjudwlrq1 Zh wkhuhiruh gh�qh wkh Kdxvgru�
phdvxuh ri orzhu glphqvlrqdo vhwv dqg wkh Kdxvgru� lqwhjudo1 Lq wkh wklug vhfwlrq/ zh pdnh
dq dvvxpswlrq derxw wkh frpsohwhqhvv ri wkh dqdo|}hg vhw ri uhjuhvvlrq prghov1 Dorqjvlgh
zlwk wkh dvvxpswlrq wkdw frqfhuqv wkh lqyduldqfh ri wkh Kdxvgru� lqwhjudo/ wklv dvvxpswlrq
lpsolhv wkh sulru suredelolw| iru hdfk qhvwhg uhjuhvvlrq prgho wkdw lv lqgxfhg e| wkh sulru
rq wkh sdudphwhuv ri wkh HOU prgho1 Wkh dvvxpswlrqv dovr lpso| lqyduldqw sulruv rq wkh
sdudphwhuv ri wkh qhvwhg uhjuhvvlrq prghov1 Zh glvfxvv zk| wkh| dyrlg wkh Eruho0Nroprjrury
sdudgr{1 Vhfwlrq 7 vkrzv wkdw wkh dqdo|vlv frqwlqxhv wr wkh fdvh ri wkh srvwhulru dqg srvwhulru
suredelolwlhv1 Lq vhfwlrq 8/ zh glvfxvv wkh Mh�uh|v0Olqgoh|v sdudgr{ dqg vkrz wkdw wkh xvh ri
sulru suredelolwlhv wkdw duh lqgxfhg e| wkh sulru rq wkh sdudphwhuv ri wkh HOU prgho ohdgv wr
d srvwhulru rggv udwlr wkdw lv urexvw wr wkh Mh�uh|v0Olqgoh|v sdudgr{1 Vhfwlrq 9 h{whqgv wkh
dqdo|vlv wr uhjuhvvlrq prghov wkdw duh frqglwlrqdo rq qxlvdqfh sdudphwhuv1 Vhfwlrq : glvfxvvhv
h{dpsohv zkhuh zh irfxv rq wkh frqvwuxfwlrq ri vshfl�fdwlrqv wkdw vdwlvi| wkh dvvxpswlrq
wkdw frqfhuqv wkh lqyduldqfh ri wkh Kdxvgru� lqwhjudo1 Ehfdxvh wkhvh vshfl�fdwlrqv gr qrw
dxwrpdwlfdoo| uhvxow iurp wkh qhvwhg uhjuhvvlrq prgho ri lqwhuhvw/ wkh| fdq eh gl!fxow wr
frqvwuxfw hvshfldoo| lq fdvh ri qrq0olqhdu uhvwulfwlrqv1 Zh looxvwudwh wklv iru vrph prghov wkdw
uhvxow iurp olqhdu uhvwulfwlrqv/ ��e� olqhdu uhjuhvvlrq prghov/ dqg qrq0olqhdu uhvwulfwlrqv/ wkh
frlqwhjudwlrq dqg dxwruhjuhvvlyh prylqj dyhudjh prgho/ rq wkh sdudphwhuv ri dq HOU prgho1
Ilqdoo|/ wkh hljkw vhfwlrq frqfoxghv1

Zh xvh wkh iroorzlqj qrwdwlrq wkurxjkrxw wkh sdshu= yhf+�� vwdqgv iru wkh froxpq yhf0
wrul}dwlrq ri wkh A � & pdwul{ � vxfk wkdw yhf+�� ' E@�� � � � @

�

&�
� zkhq � ' E@� � � � @&�c

�� ' UA � �E����3���c zlwk UA wkh A � A glphqvlrqdo lghqwlw| pdwul{> aE@c EKc S�� lv wkh
mdfreldq ri wkh wudqvirupdwlrq iurp @ wr EKc S� dqg m@ vwdqgv iru hydoxdwhg lq @�
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5 Kdxvgru� lqwhjudov iru orzhu glphqvlrqdo vxe0vhwv
Zh frqvlghu wkh olqhdu uhjuhvvlrq prgho/

J G + ' fq n 0c +4,

zlwk + d A �� yhfwru ri ghshqghqw yduldeohv/ f d A �& pdwul{ wkdw frqwdlqv wkh lqghshqghqw
h{sodqdwru| yduldeohv/ q d & � � yhfwru ri sdudphwhuv dqg 0 d A � � yhfwru ri glvwxuedqfhv1
Wkh vxssruw ri q lv wkh U&� Iru h{srvlwru| sxusrvhv/ zh dvvxph wkdw 0 � �Efc UA � exw dqrwkhu
glvwulexwlrqdo dvvxpswlrq fdq eh pdgh dv zhoo1 Zh vshfli| d sulru rq q lq prgho Jc RJEq�c
wkdw lv frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh1 Wklv sulru RJEq� lqgxfhv sulru suredelolwlhv
iru frqyh{ &0glphqvlrqdo vhwv 7 � U

&c

SuJ d7o '

]
7

RJEq�_qc +5,

zkhuh _q lv vkruwkdqg qrwdwlrq iru u&E_q� ehfdxvh +5, lv d Ohehvtxh lqwhjudo1
Zh xvh wkh sulru ghqvlw| RJ dqg sulru suredelolw| SuJ lq prgho J wr lqgxfh sulru sured0

elolwlhv dqg ghqvlwlhv iru wkh sdudphwhuv ri qhvwhg uhjuhvvlrq prghov

J� G + ' fs�E)�� n 0c � ' �c � � � c ?c +6,

zlwk )� 5 XJ�c XJ� lv dq rshq frqyh{ vhw lq wkh U
6� dqg s� lv d &0glphqvlrqdo frqwlqxrxv

gl�huhqwldeoh yhfwru ixqfwlrq ri )� G 6� � �c 6� � &� Wkh qhvwhg uhjuhvvlrq prghov +6, duh
uhsuhvhqwhg e| orzhu0glphqvlrqdo vxe0vhwv lq wkh sdudphwhu vsdfh ri qc wkh U&c

7J� ' i)� 5 XJ� � U
6� mq ' s�E)��j c � ' �c � � � c ?� +7,

Wkh vxe0vhwv 7J� +7, duh 6�0glphqvlrqdo pdqlirogv lq wkh U&1
Wkh sulru suredelolw| dqg ghqvlw| ri wkh uhjuhvvlrq prghov +6, kdyh wr eh lqyduldqw zlwk

uhvshfw wr wkh vshfl�fdwlrq ri q dqg s�� Lq rughu wr dfklhyh wklv/ zh pdnh dq dvvxpswlrq zlwk
uhvshfw wr wkh vshfl�fdwlrq ri q dqg s��

Dvvxpswlrq 4= Wkh & � � glphqvlrqdo yhfwru q lv dq lqyhuwleoh ixqfwlrq ri wkh 6� � �
glphqvlrqdo yhfwru )� dqg wkh E& �6��� � glphqvlrqdo yhfwru b� G

q ' s�E)�� n }�E)�c b��c +8,

zkhuh }�E)�c b�� lv d frqwlqxrxv gl�huhqwldeoh & � � yhfwru ixqfwlrq ri E)�c b�� zklfk lv vxfk
wkdw=

d1 }�E)�c b�� ' f / b� ' f�

e1 Wkh vhw ri ydoxhv ri )� wkdw ohdg wr d xqltxh ydoxh ri s�E)�� lv lghqwlfdo wr wkh vhw ri
ydoxhv ri )� wkdw ohdg wr d xqltxh ydoxh ri s�E)��n }�E)�c b��/ dqg wkh odwwhu vhw grhv qrw
ghshqg rq b�c vxfk wkdw }�E)�c b�� lv d vwulfwo| prqrwrqlf ixqfwlrq ri b� iru doo ydoxhv ri
)�1

4

4Zh qrwh wkdw wklv frqglwlrq uhihuv wr wkh ixqfwlrqdo uhodwlrqvkls il+*l, . jl+*l> �l,= Wkh vsdfhv zkhuh *l>
�l uhvxow iurp duh wkhuhiruh frqvlghuhg xquhvwulfwhg/ *l 5 U

pl > �l 5 U
n�pl > vxfk wkdw �Kl

lv qrw lqyroyhg dqg/
iru h{dpsoh/ wkh vhw ri ydoxhv ri *

l
wkdw gr qrw lpso| d xqltxh ydoxh iru il+*l, fdq hyhq eh rxwvlgh �Kl

=
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f1
�
Y}�E)�cb��

Yb�
�

mb�'f

�
�
�
Y}�E)�cb��

Yb�
�

mb�'f
�
� �� iru doo ydoxhv ri )�c zlwk �� d �{hg srvlwlyh gh�qlwh

v|pphwulf E& �6��� E& �6�� pdwul{ wkdw grhv qrw ghshqg rq )��

Wr frqvwuxfw wkh sulru suredelolw| ri J� lqgxfhg e| RJEq�c zh hydoxdwh wkh lqwhjudo ri
RJEq� ryhu 7J�� Ehfdxvh 7J� grhv qrw kdyh wr eh d olqhdu vhw/ Ohehvtxh lqwhjudwlrq fdq qrw
eh xvhg wr hydoxdwh wklv lqwhjudo1 Zh wkhuhiruh xvh Kdxvgru� lqwhjudwlrq/ vhh e�}� Eloolqjvoh|
+4<;9,1 Olnh Ohehvtxh lqwhjudov/ Kdxvgru� lqwhjudov uhvxow diwhu zh kdyh gh�qhg wkh Kdxvgru�
phdvxuh ri vxe0vhwv ri 7J� � Zh frqvwuxfw wkh Kdxvgru� phdvxuh e| xvlqj d olplw vhtxhqfh
ri vhwv wkdw frqyhujh prqrwrqlfdoo| wr wkh vxe0vhwv zlwklq 7J�� Wkh Kdxvgru� phdvxuh wkhq
uhvxowv dv wkh olplw ri wkh udwlr ri wkh phdvxuh ri d &0glphqvlrqdo vhw dqg wkh phdvxuh ri wkh
E& � 6��0glphqvlrqdo vhw wkdw lv hyhqwxdoo| uhvwulfwhg1 Dvvxpswlrqv 4d0e duh qhfhvvdu| iru
wkh frqvwuxfwlrq ri wkh prqrwrqlfdoo| frqyhujlqj olplw vhtxhqfh zkloh dvvxpswlrq 4f lpsolhv
wkdw wkh olplw ri wkh phdvxuh ri wkh uhvwulfwhg vhw grhv qrw ghshqg rq )�� Wklv vkrzv wkh
qhfhvvlw| ri doo wkuhh dvvxpswlrqv wr rewdlq wkh lqyduldqw Kdxvgru� phdvxuh1 Wkh gh�qlwlrq
ri wkh Kdxvgru� phdvxuh dovr vkrzv krz Kdxvgru� lqwhjudov ri qrq0qhjdwlyh ixqfwlrqv duh
frqvwuxfwhg/ vhh e�}� Eloolqjvoh| +4<;9,1

Gh�qlwlrq 4= Zkhq 6� 	 & dqg dvvxpswlrq 4 krogv/ wkh Kdxvgru�0phdvxuh ri `J� � 7J�c

`J� ' i)� 5 lJ� � XJ�mq ' s�E)��j c � ' �c � � � c ?c +9,

zlwk lJ� d frqyh{ rshq 6�0glphqvlrqdo vxe0vhw ri XJ�c uhdgv

M6�E`J�� ' *�44<f

k
u&+`J �

E4��

M&36�E}E)�c�&36� Efc4���

l
+:,

zkhuh u&+`J�E4�� lv wkh Ohehvtxh phdvxuh ri wkh &0glphqvlrqdo vhw `J�E4�c

`J�E4� '
�
)� 5 lJ� c b� 5 �&36�Efc 4� � U

&36� mq ' s�E)�� n }�E)�c b��
�
c +;,

M&36�E}E)�c �&36�Efc 4��� lv wkh Kdxvgru� phdvxuh ri wkh E&�6��0glphqvlrqdo vhw }E)�c �&36�Efc 4��
dqg �&36�Efc 4� lv d E& �6�,0glphqvlrqdo vskhuh fhqwhuhg dw }hur zlwk udglxv 4�

Gh�qlwlrq 5= Zkhq 6� 	 & dqg dvvxpswlrq 4 krogv/ wkh Kdxvgru� lqwhjudo ri d qrq0qhjdwlyh
ixqfwlrq ^Eq� ryhu wkh 6�0glphqvlrqdo vhw `J� uhdgv

U
`J �

^Eq�M6�E_q� ' *�44<f

� U
`J �

E4� ^Eq�u&E_q�

M&36�
E}E)�c�&36�

Efc4���

�

' *�44<f

� U
`J �

E4� ^Eq�_q

M&36�
E}E)�c�&36�

Efc4���

�
�

+<,

Wkhruhp 4 Zkhq 6� 	 & dqg dvvxpswlrq 4 krogv/ wkh Kdxvgru� phdvxuh M6�
E`J�

� +:, lv
htxdo wr

M6�
E`J�

� '
U
lJ�

�����
�
Ys�
Y)��

��
��

Y}�
Yb�

�
�b�'f

� � Ys�
Y)��

������
�
2

_)�c +43,

dqg lv lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri q dqg E)�c b�� wkdw vdwlvi| dvvxpswlrq 41
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Surri1 vhh wkh dsshqgl{1

Wkhruhp 5 Zkhq 6� 	 & dqg dvvxpswlrq 4 krogv/ wkh Kdxvgru� lqwhjudo ri wkh qrq0qhjdwlyh
ixqfwlrq t+q� ryhu `J�

+<, lv htxdo wrU
`J�

^Eq�M6�
E_q� ' �

����
�
2

U
lJ�

^EqE)�c b��mb�'f� maEqc E)�c b���mb�'fm _)�� +44,

Wkh Kdxvgru� lqwhjudo +44, lv lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri q dqg E)�c b�� wkdw
vdwlvi| dvvxpswlrq 41

Surri1 vhh wkh dsshqgl{1

Zkhq 6� ' &c wkh Kdxvgru� phdvxuh dqg lqwhjudo duh lghqwlfdo wr wkh Ohehvtxh phdvxuh
dqg lqwhjudo/ vhh Eloolqjvoh| +4<;9,1 Lq wkh qh{w vhfwlrqv/ zh xvh wkh Kdxvgru� lqwhjudov wr
frqvwuxfw sulru dqg srvwhulru suredelolwlhv dqg ghqvlwlhv1

6 Sulru ghqvlw| dqg Sulru suredelolw|
Zh frqvwuxfw wkh sulru suredelolw| ri J�c � ' �c � � � c ?c wkdw lv lqgxfhg e| RJEq�� Lq rughu wr
rewdlq wkhvh suredelolhv zh pdnh dq dvvxpswlrq derxw wkh frpsohwhqhvv ri wkh vhw ri prghov
J�c � ' �c � � � c ?�

Dvvxpswlrq 5= Wkh wuxh prgho lv dq hohphqw ri iC�c � ' �c � � � c ?j vxfk wkdw wkh mrlqw
sulru suredelolw| ri wkh uhjuhvvlrq prghov C�c � ' �c � � � c ?c lv htxdo wr rqh1

Dvvxpswlrq 5 vkrzv wkdw zh frqvlghu wkh prghov J�c � ' �c � � � c �c dv vhsdudwh hyhqwv/
xqohvv wkh| uhvxow iurp ixqfwlrqv s�E)�� wkdw duh lqyhuwleoh wudqvirupdwlrqv ri rqh dqrwkhu/
hyhq zkhq rqh ri wkhp htxdov J dqg hqfrpsdvvhv doo wkh rwkhu prghov1 Khqfh/ doo vhwv 7J�

frqvwlwxwh d glvfuhwh vhsdudwh hyhqw/ wkh prgho J�c dowkrxjk wkh| duh orzhu glphqvlrqdo vhwv
lq wkh U

&� Wkh suredelolwlhv iru wkhvh hyhqwv wkhq uhvxow iurp wkh Kdxvgru� lqwhjudo ryhu 7J�

zlwk uhvshfw wr wkh sulru RJEq� diwhu dq dssursuldwh qrupdol}dwlrq iru wkh frpsohwhqhvv ri wkh
vhw ri prghov J�c � ' �c � � � c ?� Wkh Kdxvgru� lqwhjudo uhvxowv iurp wkhruhp 51

Wkhruhp 6 Zkhq dvvxpswlrqv 4 dqg 5 krog/ wkh lqyduldqw sulru suredelolw| iru prgho J�c
� ' �c � � � c ?c wkdw lv lqgxfhg e| RJEq� uhdgv

SuJ dJ�o '
'J�
'

� ' �c � � � c ?c +45,

zlwk

'J�
'

U
7J�

RJEq�M6�
E_q�c +46,

dqg

' '
S�

�'�

U
�
?�
�'�7��

RJEq�M6�
E_q�c +47,

zlwk � wkh qxpehu ri vhwv 7J� wkdw kdyh d gl�huhqw ixqfwlrq s�c � � ?c ?� lv wkh qxpehu ri
vhwv wkdw kdyh wkh lghqwlfdo ixqfwlrq s� +ru dq lqyhuwleoh wudqvirupdwlrq wkhuhri,/ 6� lv wkh
glphqvlrq ri 7J� dqg 7�� c �� ' �c � � � c ?� duh wkh vhwv zlwk wkh vdph ixqfwlrq s� lqyroyhg1
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Surri1 iroorzv gluhfwo| iurp wkhruhp 51 Wkh vshfl�fdwlrq ri ' hqvxuhv wkh frpsohwhqhvv
wkdw uhvxowv iurp dvvxpswlrq 51

Zkhq 6� ' &c Kdxvgru� lqwhjudov duh lghqwlfdo wr Ohehvtxh lqwhjudov dqg

'J�
'

U
7J �

RJEq�_q 6� ' &� +48,

Zkhq 6� 	 &c zh rewdlq iurp wkhruhp 5 wkdw

'J�
'

%
YSuJ dqEtXJ � cE3"cb����o

Yb�
�b�'f

&
��� YqE)�cb��Yb�

�b�'f

��� 6� 	 &

'
RJ Eb���b�'f

����
�
2

kU
XJ �

RJE)�mb��mb�'f_)�
l

6� 	 &c

+49,

zkhuh zh kdyhg xvhg wkdw

RJE)�c b�� ' RJEqE)�c b���maEqc E)�c b���m
' RJE)�mb��RJEb��� +4:,

Wkh uhvxowlqj vshfl�fdwlrq ri ' wkhq fruuhvsrqgv zlwk

' '
S�3�

�'�

RJ Eb���b�'f

��� �
�
2

�U
�
?�
��'�

XJ ��

RJE)�mb��mb�'f_)�
�
n
U
�
?&
�'�7J ��

RJEq�_qc

zkhuh ?& duh wkh qxpehu ri vhwv ri glphqvlrq &� Ehfdxvh ri wkhruhp 5/ wkh sulru suredelolw|
+45, lv lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri qc E)�c b�� wkdw vdwlvi| dvvxpswlrq 41

Iru h{srvlwru| sxusrvhv/ zh frqvlghu dq h{dpsoh zlwk ? ' 21 Zh xvh wkhruhp 6 wr rewdlq
wkh sulru suredelolwlhv ri d qhvwhg +qrq0olqhdu, uhjuhvvlrq prgho/

J� G + ' fs�E)�� n 0c +4;,

zlwk )� 5 XJ� � U
6�c vxfk wkdw

7J� ' i)� 5 XJ� � U
6�mq ' s�E)��j c +4<,

zlwk 6� 	 & dqg s�E)�� frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh/ dqg dq hqfrpsdvvlqj olqhdu
uhjuhvvlrq prgho/

J2 G + ' fq n 0c +53,

zlwk q 5 U
& vxfk wkdw 7J2 '

�
q 5 U

&
�
� Wkh ylwdo hohphqw ri wkh dssolfdelolw| ri wkhruhp 6 lv

wkh h{lvwhqfh ri d ixqfwlrq }�E)�c b�� zklfk lv vxfk wkdw qc E)�c b�� vdwlvi| wkh frqglwlrqv iurp
dvvxpswlrq 41 Ghshqglqj rq wkh uhjuhvvlrq prgho ri lqwhuhvw/ wkh ixqfwlrq }�E)�c b�� fdq eh
gl!fxow wr frqvwuxfw dqg zh wkhuhiruh lq vhfwlrq : jlyh vrph h{dpsohv ri lwv vshfl�fdwlrq iru
vrph frpprqo| xvhg uhjuhvvlrq prghov1 Dorqjvlgh dvvxpswlrq 4/ zh dovr pdnh dvvxpswlrq
51 Ehfdxvh

U
7J2

RJEq�_q ' �c zh rewdlq wkh suredelolwlhv lqgxfhg e| RJEq� iru 7J� dqg 7J2

iurp wkhruhp 6/

SuJ d7J�o '
'J�

�n'J�
c SuJ d7J2o ' �� SuJ d7J�o c +54,

9



zlwk

'J� '
RJ Eb���b�'f

����
�
2

kU
XJ�

RJE)�mb��mb�'f_)�

l
� +55,

Wkhvh sulru suredelolwlhv lpso| wkh sulru rggv udwlr +SURU,=

SURU dJ�cJ2o '
SuJ dJ�o
SuJ dJ2o

' 'J��
+56,

Wkh sulru suredelolw| iurp wkhruhp 6 dovr lpsolhv d sulru ghqvlw| ri )� rq XJ�
�

Wkhruhp 7 Zkhq dvvxpswlrq 4 krogv/ wkh sulru suredelolwlhv +45, lqgxfh wkh sulru ghqvlwlhv

RJ�
E)�� ' *�44<f

SuJ dJ�E)�c4�o

u6� d�6�
E)�c4�o

� ' �c � � � c ?c

'
RJ E)��b���b�'fU

XJ�
RJ E��b���b�'f_�

c
+57,

rq XJ�
c zkhuh �6�

E)�c 4� lv d 6�0glphqvlrqdo vskhuh zlwk udglxv 4 fhqwhuhg dw )� 5 XJ�
dqg

J�E��c 4� lv wkh prgho J� zkhuh )� uhvxowv iurp �6�
E��c 4�� Wkh sulru ghqvlw| +57, lv lqyduldqw

zlwk uhvshfw wr wkh vshfl�fdwlrq ri qc E)�c b�� wkdw vdwlvi| wkh frqglwlrqv iurp dvvxpswlrq 41

Surri1 vhh wkh dsshqgl{1

Iru wkh h{dpsoh wkdw zh frqvlghuhg suhylrxvo|/ wkhruhp 7 lpsolhv wkh sulru rq )� lq J� G

RJ�E)�� '
RJ E)��b���b�'fU

XJ�
RJ E��b���b�'f_�

c +58,

dqg rq q lq J2 G

RJ2Eq� ' RJEq�� +59,

Wkhruhp 7 vwdwhv wkdw wkhvh sulruv duh lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri E)�c b��
dqg q wkdw vdwlvi| dvvxpswlrq 41

Dvvxpswlrq 4 hqvxuhv wkdw b� uhsuhvhqwv wkh gl�huhqfh ehwzhhq J dqg J� iru doo ydoxhv
ri )�� Wklv doorzv xv wr xvh b� wr surmhfw q rqwr s�E)��1 Zh fdq wkhuhiruh dovr lqwhusuhw
frqglwlrqlqj rq b� ' f wr uhvxow iurp lqwhjudwlqj ryhu b� zlwk uhvshfw wr wkh surmhfwlrq
ixqfwlrq R�� G U

& $ 7J�
c R��Eq� ' R��Es�E)�� n }�E)�c b��� ' s�E)��c vhh PfFxoorfk dqg Urvvl

+4<<5,1

Eruho0Nroprjrury Sdudgr{
Wkh Eruho0Nroprjrury sdudgr{/ vhh e�}� Nroprjrury +4<83,/ Eloolqjvoh| +4<;9,/ Zroshuw

+4<<8, dqg Guë}h dqg Ulfkdug +4<;6,/ lpsolhv wkdw wkh suredelolw| ri d orzhu glphqvlrqdo vhw
lv qrw xqdpeljxrxvo| gh�qhg1 Gh�qlwlrqv 405 vwdwh wkh Kdxvgru� phdvxuh dqg lqwhjudo iru
orzhu glphqvlrqdo vhwv1 Wkh| ohdg wr suredelolwlhv iru wkhvh vhwv wkdw duh lqyduldqw zlwk uhvshfw
wr wkhlu vshfl�fdwlrq zkhq wklv vshfl�fdwlrq dffrugv zlwk dvvxpswlrq 41 Khqfh/ dvvxpswlrq
4 jlyhv d pdqqhu ri xqdpeljxrxvo| vshfli|lqj suredelolwlhv rq orzhu glphqvlrqdo vhwv dqg
wkhuhiruh dyrlgv wkh Eruho0Nroprjrury sdudgr{1 Wkhuh duh wzr uhdvrqv zk| dvvxpswlrq 4
dyrlgv wkh Eruho0Nroprjrury sdudgr{1 Iluvw/ dvvxpswlrqv 4d0e lpso| d vshfl�fdwlrq lq zklfk
rqh sdudphwhu/ b�c frpsohwho| dqg rqo| uh hfwv wkh lpsrvhg uhvwulfwlrq1 Iru doo ydoxhv ri qc
frqglwlrqlqj rq d }hur ydoxh ri b� ohdgv wr wkh ghvluhg uhvwulfwlrq/ q ' s�E)��� Dvvxpswlrqv

:



4d0e wkhuhiruh lghqwli| wkh uhvwulfwlrq dqg dyrlg wkh lvvxh ri qrq0frqjorphudelolw| wkdw lv rqh
hohphqw ri wkh Eruho0Nroprjrury sdudgr{/ vhh e�}� Gh Ilqhwwl +4<:5,1 Vhfrqg/ dvvxpswlrq 4f
lpsolhv wkdw wkh Kdxvgru� phdvxuh ri wkh uhvwulfwhg vsdfh grhv qrw ghshqg rq )�� Wklv doorzv
xv wr vhsdudwh wkh phdvxuhv ri wkh uhvwulfwhg dqg xquhvwulfwhg vsdfh lq d mrlqw vhw ri E)�c b���

Dvvxpswlrq 4 h{foxghv wkh wudglwlrqdo h{dpsoh ri wkh Eruho0Nroprjrury sdudgr{ wkdw
wkh uhvwulfwlrqv b� ' f dqg b�

)�c�
' f ohdg wr gl�huhqw ghqvlwlhv dqg suredelolwlhv/ vhh e�}�

Zroshuw +4<<8, dqg Guë}h dqg Ulfkdug +4<;6,1 Wklv wudglwlrqdo h{dpsoh lv frqfhuqhg zlwk
qrq0frqjorphudelolw| dqg vkrzv wkdw wkh uhvwulfwlrq fdq eh uhsuhvhqwhg lq d qrq0ghqxphudeoh
lq�qlwh qxpehu ri zd|v/ vhh e�}� Gh Ilqhwwl +4<:5,1 Dvvxpswlrqv 4d0e lpsrvh d vwuxfwxuh rq
wkh uhsuhvhqwdwlrq ri wkh uhvwulfwlrq/ }�E)�c b��c vxfk wkdw lw uhsuhvhqwv wkh uhvwulfwlrq iru doo
ydoxhv ri )�� Wklv surshuw| grhv/ iru h{dpsoh/ qrw krog iru wkh vshfl�fdwlrq b�

)�c�
' f� Wkdw

vshfl�fdwlrq lv qrw xqltxho| ghwhuplqhg zkhq )�c� ' f� Lw grhv wkhuhiruh qrw uhsuhvhqw wkh
uhvwulfwlrq b� ' f zkhq )�c� ' f dqg h{sodlqv zk| dvvxpswlrq 4e lv qhfhvvdu|1 Wkh vwuxfwxuh
lpsrvhg e| dvvxpswlrqv 4d0e rq }�E)�c b�� ryhufrphv wkh lvvxh ri qrq0frqjorphudelolw| dqg
uhgxfhv wkh qxpehu ri zd|v krz wkh uhvwulfwlrq fdq eh uhsuhvhqwhg wr d ghqxpehudeoh lq�qlwh
dprxqw1 Dvvxpswlrq 4f dggv ixuwkhu vwuxfwxuh dqg lv frqfhuqhg zlwk wkh phdvxuh ri wkh
uhvwulfwhg vsdfh1 Lw hqvxuhv wkdw wklv phdvxuh grhv qrw ghshqg rq )� dqg grhv wkhuhiruh dovr
h{foxgh wkh vshfl�fdwlrq b�

)�c�
' f�

Wkhruhpv 607 vkrz krz zh frqgxfw Ed|hvldq lqihuhqfh lq uhjuhvvlrq prghov wkdw duh qrq0
olqhdu lq wkh sdudphwhuv lq d pdqqhu wkdw fruuhvsrqgv zlwk Ed|hvldq lqihuhqfh lq olqhdu uhjuhv0
vlrq prghov1 Wkh odwwhu dqdo|vlv lv zhoo0ghyhorshg dqg wkhruhpv 607 vkrz krz zh h{whqg wklv
dqdo|vlv wr uhjuhvvlrq prghov wkdw duh qrq0olqhdu lq wkh sdudphwhuv1 Iru h{dpsoh/ vx!flhqw
vwdwlvwlfv h{lvw iru wkh sdudphwhu q lq J dqg zh nqrz krz wkh sulru lq xhqfhv wkh srvwhulru1
E| vshfli|lqj wkh sulru rq )� lq J� dffruglqj wr wkhruhp 7/ wklv surshuw| dovr krogv iru wkh
sulru dqg srvwhulru ri )� lq J�� Zh glvfxvv wklv surshuw| iru wkh srvwhulru lq wkh qh{w vhfwlrq1

7 Srvwhulru ghqvlw| dqg Srvwhulru suredelolw|
Wkh srvwhulru lq prgho J +4, lv rewdlqhg e| xsgdwlqj wkh sulru zlwk wkh olnholkrrg=

RJEqm(� ' RJ Eq�nE(�q�U
U&

RJ E��nE(���_�
c +5:,

zkhuh OE(mq� lv wkh olnholkrrg ixqfwlrq/ zklfk lq rxu fdvh ri qrupdo glvwxuedqfhv fruuhvsrqgv
zlwk

OE(mq� ' E2Z�3
�
2
A i T

���
2
E+ �fq�� E+ �fq�

�
c +5;,

exw dq| rwkhu olnholkrrg wkdw lv d frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh ixqfwlrq ri q fdq
eh xvhg dv zhoo1 Ehfdxvh wkh srvwhulru +5:, lv d surshu ghqvlw| ixqfwlrq/ dqg wkhuhiruh qrq0
qhjdwlyh/ zh fdq/ dqdorjrxv wr wkhruhp 6/ frqvwuxfw srvwhulru suredelolwlhv e| xvdjh ri wkhruhp
51

Wkhruhp 8 Zkhq dvvxpswlrqv 4 dqg 5 krog/ wkh lqyduldqw srvwhulru suredelolw| iru prgho
J�c � ' �c � � � c ?c wkdw lv lqgxfhg e| RJEqm(� +5:, uhdgv

SuJ dJ�m(o '
'J��(

'(
� ' �c � � � c ?c +5<,

;



zlwk

'J��( '
U
7J�

RJEqm(�M6�
E_q�c +63,

dqg

'( '
S�

�'�

U
�
?�
�'�7��

RJEqm(�M6�
E_q�� +64,

Surri1 uhvxowv gluhfwo| iurp wkh surriv ri wkhruhp 51

Zkhq 6� ' &c wkh Kdxvgru� lqwhjudo lv lghqwlfdo wr wkh Ohehvtxh lqwhjudo dqg

'J��( '
U
7J �

RJEqm(�_q 6� ' &� +65,

Zkhq 6� 	 &c zh xvh wkhruhp 5 wr rewdlq wkdw

'J��( '
RJ Eb��(��b�'f

����
�
2

kU
XJ �

RJE)�mb�c (�mb�'f_)�
l

6� 	 &c +66,

zkhuh

RJE)�c b�m(� ' RJEqE)�c b��m(�maEqc E)�c b���m
' RJE)�mb�c (�RJEb�m(��

+67,

Wkh dffrpsdq|lqj vshfl�fdwlrq ri ' fruuhvsrqgv zlwk

' '
S�3�

�'�

RJ Eb� �(��b�'f

5
7U

�
?�
��'�

XJ ��

RJ E)� �b� c(��b�'f_)�

6
8

��� �
�
2

n
U
�
?&
�'�7J ��

RJEqm(�_q�
+68,

Zh uhihu wr wkhruhp 6 iru ixuwkhu fodul�fdwlrq ri wkh gl�huhqw v|perov� Wkhruhp 5 vkrzv
wkdw wkh srvwhulru suredelolwlhv duh lqyduldqw wr wkh vshfl�fdwlrq ri qc E)�c b�� wkdw vdwlvi|
dvvxpswlrq 41

Vlplodu wr wkhruhp 7 dovr wkh srvwhulru suredelolwlhv +5<, lpso| d srvwhulru ghqvlw| iru )�
rq XJ�

�

Wkhruhp 9 Zkhq dvvxpswlrq 4 krogv/ wkh srvwhulru suredelolwlhv +5<, lqgxfh wkh srvwhulru
ghqvlwlhv

RJ�E)�m(� '
RJ E)��b�c(��b�'fU

XJ�
RJ E��b�c(��b�'f_�

� ' �c � � � c ?c +69,

rq XJ�
c dqg wkhvh srvwhulru ghqvlwlhv duh lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri qc E)�c b��

wkdw vdwlvi| wkh frqglwlrqv iurp dvvxpswlrq 41

Surri1 uhvxowv gluhfwo| iurp wkh surri ri wkhruhp 71

Qdwxudoo|/ wkh srvwhulru ghqvlwlhv +69, dovr uhvxow zkhq zh xsgdwh wkh sulru RJ�
E)�m(� zlwk

wkh olnholkrrg=

RJ�
E)�m(� '

RJ �E)��nE(�q��q's�E)��U
XJ �

RJ �E���nE(�����'s�E���_��
� ' �c � � � c ?� +6:,

Vlploduo|/ wkh srvwhulru suredelolwlhv +5<, uhvxow iurp wkh htxdolw| ehwzhhq wkh srvwhulru rggv
udwlr +SRU, dqg wkh sulru rggv udwlr +SURU, wlphv wkh Ed|hv idfwru +EI,=

SRU+J�cJ�� ' SURU+J�cJ��� EI+J�cJ�� +6;,

<



zkhuh

SRU+J�cJ�� '
SuJ dJ��(o
SuJ dJ� �(o

c SURU+J�cJ�� '
SuJ dJ�o
SuJ dJ� o

c EI+J�cJ�� '
RJ � E(�

RJ � E(�
c

+6<,

dqg RJ�
E(� lv wkh pdujlqdo gdwd ghqvlw|/

RJ�
E(� '

U
XJ �

RJ�
E)��OE(mq�mq's�E)��_)�

' Sq � RJ Eb��(��b�'f
RJ Eb���b�'f

�
U
XJ �

RJ E)��b�c(��b�'f_)�U
XJ �

RJ E)��b���b�'f_)�
c

+73,

zlwk Sq '
U
U&

RJEq�OE(mq�_qc iru d surri ri +73, zh uhihu wr wkh dsshqgl{/ vhh dovr Yhuglqhool
dqg Zdvvhupdq +4<<8,1

Wkh vshfl�fdwlrq ri wkh sulru RJ�
E)�� vdwlv�hv wkh frqglwlrqv iru wkh Ed|hv idfwru wr htxdo

wkh Vdydjh0Glfnh| ghqvlw| udwlr/ vhh e�}� Glfnh| +4<:4, dqg Yhuglqhool dqg Zdvvhupdq +4<<8,1
Wkh Ed|hv idfwru lv wkhuhiruh htxdo wr wkh udwlr ri wkh srvwhulru khljkwv glylghg e| wkh sulru
khljkwv=

EI+J�cJ�� '

�
RJ Eb��(��b�'f
RJ Eb���b�'f

�% U
XJ �

RJ E)��b�c(��b�'f
_)�U

XJ �
RJ E)��b���b�'f

_)�

&
�
RJ Eb� �(��b�'f

RJ Eb���b�'f

�% U
XJ �

RJ E)� �b�c(��b�'f
_)�U

XJ �
RJ E)� �b���b�'f

_)�

& � +74,

Vxevwlwxwlqj wklv h{suhvvlrq iru wkh Ed|hv idfwru lq +6;, uhvxowv lq wkh srvwhulru rggv udwlr wkdw
dffrugv zlwk wkh rqh wkdw uhvxowv gluhfwo| iurp wkh srvwhulru suredelolwlhv +5<,/ ��e�

SRU+J�cJ�� '
'J��(

'J� �(

� +75,

Iru rxu h{dpsoh zlwk ? ' 2c wkh Ed|hv idfwru iru frpsdulqj J� zlwk J2 ehfrphv

EI+J�cJ2� '
k
RJ Eb��(��b�'f
RJ Eb���b�'f

l � U
XJ�

RJ E)��b�c(��b�'f_)�U
XJ�

RJ E)��b���b�'f_)�

�
+76,

dqg wkh srvwhulru rggv udwlr iru frpsdulqj J� dqg J2 uhdgv

SRU+J�cJ2� ' 'J��(

'
RJ Eb��(��b�'f

����
�
2

kU
XJ�

RJE)�mb�c(�mb�'f_)�

l
�

+77,

Wkh �uvw sduw lq wkh Ed|hv idfwru +76, lv wkh Vdydjh0Glfnh| ghqvlw| udwlr/ vhh Glfnh| +4<:4,
dqg Yhuglqhool dqg Zdvvhupdq +4<<8,1 Wkh vhfrqg sduw dulvhv ehfdxvh wkh lqwhjudo ri wkh
frqglwlrqdo ghqvlwlhv RJE)�mb�c (�mb�'f dqg RJE)�mb��mb�'f ryhu XJ� grhv qrw kdyh wr eh htxdo
wr rqh1 Zkhq XJ� ' U

6�c wkh lqwhjudov ri erwk frqglwlrqdo ghqvlwlhv duh htxdo wr rqh dqg wkh
Ed|hv idfwru vlpsol�hv wr wkh Vdydjh0Glfnh| ghqvlw| udwlr1

8 Mh�uh|v0Olqgoh|v Sdudgr{
Zh frqvlghu wkh Ed|hv idfwru lq rxu h{dpsoh ri frpsdulqj J� dqg J2 +76,1 Ixuwkhupruh/ zh
xvh XJ� ' U

6� vxfk wkdw wkh Ed|hv idfwru lv htxdo wr wkh Vdydjh0Glfnh| ghqvlw| udwlr/

EI+J�cJ2� '
RJ Eb��(��b�'f
RJ Eb���b�'f

� +78,
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Wkh Ed|hv idfwru +78, idyruv J� deryh J2 zkhq b� ' f lv pruh olnho| lq wkh srvwhulru wkdq
lq wkh sulru1 Khqfh/ lw vkrzv zkhwkhu wkh lqirupdwlrq lq wkh gdwd lv pruh idyrudeoh iru J�

frpsduhg wr J2 uhodwlyh wr wkh sulru1 Zkhq wkh olnholkrrg grplqdwhv wkh sulru lq wkh srvwhulru/
iru h{dpsoh/ ehfdxvh ri d odujh qxpehu ri revhuydwlrqv/ wkh Ed|hv idfwru uhpdlqv vhqvlwlyh wr
wkh vshfl�fdwlrq ri wkh sulru zkloh wkh srvwhulru lv kdugo| vhqvlwlyh wr wkh sulru dq|pruh1
Wklv lv nqrzq dv wkh Mh�uh|v0Olqgoh|v sdudgr{/ vhh h1j1 Olqgoh| +4<8:,/ Ehuqdugr dqg Vplwk
+4<<7,/ R*Kdjdq +4<<7, dqg Srlulhu +4<<8,1 Lw lqglfdwhv wkdw zkhq wkh ydoxh ri wkh sulru rq
b� lq b� ' fc RJEb��mb�'fc ghfuhdvhv wkdw wkh Ed|hv idfwru lqfuhdvhv/ hvshfldoo| zkhq wkh ydoxh
ri wkh sulru ehfrphv vr vpdoo wkdw lw kdugo| d�hfwv wkh srvwhulru dq|pruh1 Zh fdq dfklhyh
wklv e| ghfuhdvlqj wkh sulru suhflvlrq rq b� +ru q� ru lqfuhdvlqj lwv sulru yduldqfh1

Wkh Ed|hv idfwru lv srsxodu iru prgho frpsdulvrq ehfdxvh lw lv htxdo wr wkh srvwhulru rggv
udwlr zkhq wkh sulru rggv udwlr lv htxdo wr rqh/ zklfk lpsolhv htxdo sulru suredelolwlhv iru J�

dqg J2 ri rqh0kdoi/ vhh e�}� Ndvv dqg Udiwhu| +4<<8,1 Wklv vshfl�fdwlrq ri wkh srvwhulru rggv
udwlr lv wkhq dovr d�hfwhg e| wkh Mh�uh|v0Olqgoh|v sdudgr{1 Wkh vhqvlwlylw| wr wkh Mh�uh|v0
Olqgoh|v sdudgr{ uhvxowv ehfdxvh d sulru rggv udwlr htxdo wr rqh grhv qrw fruuhfw wkh Ed|hv
idfwru iru wkh sodxvlelolw| ri J� frpsduhg wr J2 uh hfwhg lq wkh sulru1 Zkhq zh lqvwhdg xvh
sulru suredelolwlhv iru wkh sulru rggv udwlr wkdw fruuhfw wkh Ed|hv idfwru iru wkh sodxvlelolw| ri
J� frpsduhg wr J2 uh hfwhg lq wkh sulru/ zklfk duh wkh sulru suredelolwlhv lqgxfhg e| RJEq�
vwdwhg lq wkhruhp 6/ zh rewdlq wkh srvwhulru rggv udwlr +77,/

SRU+J�cJ2� '
RJ Eb��(��b�'f

����
�
2

� +79,

Wkh srvwhulru rggv udwlr +79, vkrzv wkh @ RJr|eo�Jo� vxssruw iru J� frpsduhg wr J2 zkhq zh
xvh wkh sulru RJEq�1 Wkh srvwhulru rggv udwlr +79, lv qrw d�hfwhg e| Mh�uh|v0Olqgoh|v sdudgr{1
Wklv uhvxowv ehfdxvh d ghfuhdvh ri wkh sulru suhflvlrq +ru dq lqfuhdvh ri wkh sulru yduldqfh,
rq b� grhv qrw gluhfwo| lq xhqfh wkh srvwhulru rggv udwlr +79,1 Khqfh/ wklv srvwhulru rggv
udwlr fdq dovr eh xvhg lq fdvh ri dq lpsurshu sulru ehfdxvh rqo| wkh srvwhulru RJE)�c b�m(�c
ru sxw gl�huhqwo| wkh srvwhulru RJEqm(�c qhhgv wr eh surshu1 Wkh srvwhulru rggv udwlr +79, lv
uhodwhg wr wkh srvwhulru lqirupdwlrq fulwhulxp ri Skloolsv dqg Sorehujhu/ vhh h1j1 Skloolsv dqg
Sorehujhu +4<<7/4<<9, dqg Skloolsv +4<<9,1

9 Qxlvdqfh Sdudphwhuv
Iru h{srvlwru| sxusrvhv/ vridu/ zh rqo| glvfxvvhg uhjuhvvlrq prghov wkdw frqwdlq qr qxlvdqfh
sdudphwhuv1 Zkhq prgho J +4, lv d olqhdu uhjuhvvlrq prgho frqglwlrqdo rq d uhdol}dwlrq ri d
, � � yhfwru ri qxlvdqfh sdudphwhuv #c zh vshfli| lw dv

J G �+E#�+ ' �fE#�fq n 0c +7:,

dqg prgho J� dv

J� G �+E#�+ ' �fE#�fs�E)�� n 0c � ' �c � � � c ?c +7;,

zkhuh wkh A � A pdwulfhv �+E#� dqg �fE#� duh revhuydeoh jlyhq d uhdol}dwlrq ri wkh qxlvdqfh
sdudphwhu yhfwru #� Wkh pdwulfhv �+E#� dqg �fE#� vfdoh rxw wkh qxlvdqfh sdudphwhuv vxfk wkdw
wkh glvwxuedqfhv 0 G A � � kdyh d suh0gh�qhg glvwulexwlrq wkdw grhv qrw ghshqg rq qxlvdqfh
sdudphwhuv1 Zh vshfli| d mrlqw sulru rq Eqc #�/

RJEqc #� ' RJEqm#�RJE#�� +7<,
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Zkhq dvvxpswlrq 4 lv vdwlv�hg/ zkhuh zh qrwh wkdw �� vkrxog eh �{hg dqg wkhuhiruh lqgh0
shqghqw ri #c wkhruhpv 4 dqg 5 krog dqg wkh Kdxvgru� lqwhjudov ri wkh frqglwlrqdo sulru
dqg srvwhulru ri q jlyhq #/ RJEqm#� dqg RJEqm#c(�c ryhu 7J�

duh lqyduldqw zlwk uhvshfw wr
vshfl�fdwlrqv wkdw vdwlvi| dvvxpswlrq 41 Wklv lpsolhv wkdw wkhruhpv 609 dsso| vxfk wkdw wkh
frqglwlrqdo sulru dqg srvwhulru ri q jlyhq # lpso| lqyduldqw suredelolwlhv dqg ghqvlwlhv1

Wkhruhp : Zkhq dvvxpswlrqv 4 dqg 5 krog dqg prgho J +7:, lv d olqhdu uhjuhvvlrq prgho
jlyhq d uhdol}dwlrq ri wkh qxlvdqfh sdudphwhu yhfwru #/ wkh h{suhvvlrqv ri wkh sulru dqg srvwhulru
suredelolwlhv lq wkhruhp 6 dqg 8 lqgxfhg e| RJEqc #� dqg RJEqc #m(� uhpdlq xqdowhuhg zkhq zh
uhsodfh 'J�

dqg 'J��( e|

'J�
'

U
X#

kU
XJ�

RJEqm#�M6�
E_q�

l
RJE#�_#c � ' �c � � � c ?c

'J��( '
U
X#

kU
XJ�

RJEqm#c(�M6�
E_q�

l
RJE#m(�_#c � ' �c � � � c ?c

+83,

zkhuh X# lv wkh sdudphwhu uhjlrq ri #1 Vlploduo|/ wkh mrlqw sulru dqg srvwhulru ghqvlwlhv ri
E)�c #� gh�qhg rq XJ�

�X# wkdw uhvxow iurp wkhruhpv 7 dqg 8 uhdg

RJ�E)�c #� '
RJ E)�cb��#��b�'fRJ E#�U

X#

�U
XJ�

RJ E)�cb��#��b�'f_)�

�
RJ E#�_#

c � ' �c � � � c ?c

RJ�E)�c #m(� '
RJ E)�cb��#c(��b�'fRJ E#�(�U

X#

�U
XJ�

RJ E)�cb��#c(��b�'f_)�

�
RJ E#�(�_#

c � ' �c � � � c ?�

+84,

Wkh suredelolwlhv wkdw uhvxow iurp +83, dqg wkh ghqvlwlhv +84, duh lqyduldqw zlwk uhvshfw wr
vshfl�fdwlrqv wkdw vdwlvi| dvvxpswlrq 41

Surri1 uhvxowv gluhfwo| iurp wkhruhp 51

Wkhruhp : vkrzv wkdw zh fdq h{whqg wkh lqyduldqw suredelolwlhv dqg ghqvlwlhv wr uhvwulfwlrqv
rq olqhdu uhjuhvvlrq prghov wkdw frqglwlrq rq qxlvdqfh sdudphwhuv1 Wkhvh uhvwulfwlrqv vkrxog/
krzhyhu/ eh vxfk wkdw wkh| gr qrw lqyroyh wkh qxlvdqfh sdudphwhuv1 Wklv h{sodlqv zk| zh
uhihu wr wkhvh sdudphwhuv dv qxlvdqfh sdudphwhuv1 Dvvxpswlrq 4 vkrxog dovr qrw lqyroyh wkh
qxlvdqfh sdudphwhuv lq dq| ri lwv hohphqwv1

Iru pdq| uhjuhvvlrq prghov d ixqfwlrq }�E)�c b�� fdq eh frqvwuxfwhg vxfk wkdw wkh frqglwlrqv
iru wkhruhp : duh vdwlv�hg1 Dprqjvw wkhvh prghov duh qrw rqo| olqhdu uhjuhvvlrq prghov exw dovr
prghov wkdw duh qrq0olqhdu lq wkh sdudphwhuv/ olnh/ iru h{dpsoh/ frlqwhjudwlrq/ lqvwuxphqwdo
yduldeohv dqg dxwr0uhjuhvvlyh prylqj0dyhudjh +DUPD, prghov1 Khqfh/ iru doo wkhvh prghov
sulru2srvwhulru suredelolwlhv dqg ghqvlwlhv uhvxow wkurxjk wkhruhp : iurp d sulru vshfl�hg rq
wkh sdudphwhuv ri dq hqfrpsdvvlqj olqhdu uhjuhvvlrq prgho1 Lq wkh qh{w vhfwlrq/ zh eulh |
glvfxvv d ihz h{dpsohv ri wkhvh prghov dqg irfxv rq wkh vshfl�fdwlrq ri }�E)�c b��1

Wkh sulru2srvwhulru suredelolwlhv dqg ghqvlwlhv vwdwhg lq wkhruhp : duh lqyduldqw zlwk uh0
vshfw wr wudqvirupdwlrqv wkdw vdwlvi| wkh frqglwlrqv iurp dvvxpswlrq 41 Wkh| duh qrw lqyduldqw
wr wudqvirupdwlrqv wkdw lqyroyh wkh qxlvdqfh sdudphwhu #� Lqyduldqfh wr wkhvh nlqg ri wudqv0
irupdwlrqv fdq eh dfklhyhg e| dq dssursuldwh vshfl�fdwlrq ri wkh sulru RJEqc #� +7<,1

: H{dpsohv
Zh glvfxvv d ihz h{dpsohv ri uhjuhvvlrq prghov wkdw uhvxow iurp d uhvwulfwlrq rq wkh sdudphwhuv
ri dq hqfrpsdvvlqj olqhdu uhjuhvvlrq prgho1 Wkh �uvw h{dpsoh frqfhuqv olqhdu uhvwulfwlrqv wkdw
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ohdg wr d qhvwhg olqhdu uhjuhvvlrq prgho1 Wkh vhfrqg dqg wklug h{dpsoh duh frqfhuqhg zlwk
qrq0olqhdu uhvwulfwlrqv wkdw ohdg wr d frlqwhjudwlrq prgho dqg dq dxwruhjuhvvlyh prylqj dyhudjh
prgho ri rughu +4/4, +DUPD+4/4,,1 Wkh ylwdo hohphqw ri wkh dssolfdelolw| ri wkhruhpv 40: lv
wkh frqvwuxfwlrq ri d ixqfwlrq }�E)�c b�� wkdw pdnhv dvvxpswlrq 4 krog1 Wklv ixqfwlrq lv qrw
jlyhq e| wkh vshfl�fdwlrq ri wkh uhjuhvvlrq prgho ri lqwhuhvw dqg fdq eh gl!fxow wr rewdlq1
Zh wkhuhiruh irfxv rq wkh frqvwuxfwlrq ri }�E)�c b��1 Rqfh }�E)�c b�� lv rewdlqhg/ wkhruhpv 40:
fdq eh xvhg1 Iru uhjuhvvlrq prghov wkdw duh qrq0olqhdu lq wkh sdudphwhuv/ wkhvh wkhruhpv wkhq
lpso| sulruv wkdw gl�hu iurp wkh sulruv wkdw duh wudglwlrqdoo| xvhg iru wkh sdudphwhuv lq wkhvh
prghov1 Khqfh/ wkhvh wudglwlrqdo Ed|hvldq dqdo|}hv duh qrw lq olqh zlwk wkh Ed|hvldq dqdo|vlv
ri d olqhdu uhjuhvvlrq prgho1 Ehvlghv wkh frlqwhjudwlrq dqg DUPD prgho/ rwkhu prghov zklfk
kdyh wklv surshuw| duh/ iru h{dpsoh/ lqvwuxphqwdo yduldeohv uhjuhvvlrq prghov/ vhh Nohlehujhq
dqg ]lyrw +4<<;,/ dqg vlpxowdqhrxv htxdwlrq prghov/ vhh Nohlehujhq +4<<:, dqg Nohlehujhq
dqg ydq Glmn +4<<;,1

:14 Olqhdu uhjuhvvlrq prgho

Rxu �uvw h{dpsoh frqvlghuv olqhdu uhvwulfwlrqv rq wkh sdudphwhuv ri d olqhdu uhjuhvvlrq prgho/
vhh dovr Wldr/ Wdq dqg Fkdqj +4<::,/

J G + ' Ef ~�q n �c +85,

zkhuh + G A � �c f G A �6c ~ G A � E& �6�c 6 	 &c q G & � �c q 5 U
& dqg � � �Efc j2UA ��

Rxu olqhdu uhjuhvvlrq prgho ri lqwhuhvw J�/

J� G + ' f)n �c +86,

zkhuh ) G 6� �c ) 5 U
6c lv qhvwhg lq wkh hqfrpsdvvlqj prgho J +85,1 Zh wkhuhiruh vshfli|

7J� dv

7J� '

�
) 5 U

6mq '

�
)
f

��
� +87,

Wkh prgho zlwk zklfk zh frpsduh J�c J2c lv lghqwlfdo wr J/ vxfk wkdw 7J2 uhdgv

7J2 '
�
q 5 U

&
�
� +88,

Ehfdxvh j2 5 U
n lv d qxlvdqfh sdudphwhu/ zh uhvshfli| J� dqg J2 wrzdugv wkh qrwdwlrq xvhg

lq wkhruhp :/

J� G � Ej�+ ' � Ej�f)n 0c
J2 G � Ej�+ ' � Ej�Ef ~�q n 0c

+89,

zkhuh � Ej� ' j3�UA dqg 0 � �Efc UA ��
D vshfl�fdwlrq ri }�E)�c b�� wkdw pdnhv dvvxpswlrq 4 krog lv lq wklv fdvh vwudljkwiruzdug

wr frqvwuxfw

q '

�
U6
f

�
)n

�
f

U&36

�
bc +8:,

zlwk b G E& �6�� � dqg }E)c b� ' Ef U&36�
�b� Vshfl�fdwlrq +8:, vdwlv�hv dvvxpswlrq 4 vlqfh

lw lv dq lqyhuwleoh uhodwlrqvkls dqg +d1, q ' EU6 3�� ) / b ' fc +e1, doo ydoxhv ri ) ohdg wr
d xqltxh ydoxh ri q erwk zkhq b ' f dqg zkhq b 9' fc +f1, Y}E)cb�

Yb�
' Ef U&36�

� dqg grhv
qrw ghshqg rq )� D sulru vshfl�hg rq Eqc j2� lq prgho J +85, wkhuhiruh lpsolhv lqyduldqw
sulru2srvwhulru suredelolwlhv iru J� dqg J2 dqg ghqvlwlhv iru ) zkhq zh dsso| wkhruhp :1
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:15 Frlqwhjudwlrq prgho

Wkh vhfrqg h{dpsoh wkdw zh frqvlghu lv d frlqwhjudwlrq prgho1 Frlqwhjudwlrq lpsolhv d qrq0
olqhdu uhvwulfwlrq rq wkh sdudphwhuv ri d olqhdu uhjuhvvlrq prgho1 Wkh uhvwulfwlrq wkdw frlqwh0
judwlrq lpsolhv lv wkdw wkh orqj uxq pxowlsolhu ri d yhfwru dxwruhjuhvvlyh prgho kdv d uhgxfhg
udqn ydoxh/ vhh e�}� Hqjoh dqg Judqjhu +4<;:, dqg Mrkdqvhq +4<<4,1 Iru d yhfwru dxwruhjuhv0
vlyh prgho ri rughu 4/ frlqwhjudwlrq zlwk o frlqwhjudwlqj yhfwruv lpsolhv wkhuhiruh wkdw zh fdq
vshfli| lw dv

Jo G {+| ' k�oq
�
o+|3� n �|c o ' �c � � � c & � �c +8;,

zkhuh +|c �| G & � �( {+| ' +| � +|3�c k
�
oc qo G & � oc qo ' EUo �q �2co�

�c q2co G E& � o� � o dqg
�|c | ' �c � � � c Ac duh lqghshqghqwo| dqg lghqwlfdoo| qrupdo glvwulexwhg zlwk phdq }hur dqg
fryduldqfh pdwul{ l� Zh uh hfw wkh frlqwhjudwlrq prghov Jo +8;, lq pdwul{ qrwdwlrq

Jo G t ' fqoko n Lc o ' �c � � � c & � �c +8<,

zkhuh t ' E{+� � � �{+A �
�c f ' E+f � � � +A3��

�c L ' E�� � � � �A �
�� Wkh frlqwhjudwlrq prghov Jo

+8<, duh qhvwhg lq wkh pxowl0yduldwh olqhdu uhjuhvvlrq prgho

J G t ' f�n Lc +93,

zkhuh � G & � &� Zh vshfli| wkh frlqwhjudwlrq prghov Jo +8<, dqg wkh hqfrpsdvvlqj olqhdu
uhjuhvvlrq prgho J +93, lq olqh zlwk wkhruhp : dv

Jo G � El�yhf+t � ' � El�EU& f�yhf+qoko� n yhf+0�c o ' �c � � � c & � �c
J G � El�yhf+t � ' � El�EU& f�yhf+�� n yhf+0�c

+94,

zkhuh � El� ' El3�
2  UA �c 0 ' Ll3 �

2 c yhf+0� � �Efc U&A �� Htxdwlrq +94, vkrzv wkdw Joc
o ' �c � � � c & � �c lv uhsuhvhqwhg xvlqj wkh orzhu glphqvlrqdo vhwv

7Jo '

�
ko 5 U

&coc q2co 5 U
E&3o�com� '

�
Uo

�q2co

�
ko

�
c o ' �c � � � c & � �� +95,

Wkh xquhvwulfwhg ixoo udqn prgho J& lv lghqwlfdo wr J +93, vxfk wkdw 7J&
uhdgv

7J&
'

�
� 5 U

&c&
�
� +96,

Ehfdxvh frlqwhjudwlrq lpsrvhv d qrq0olqhdu uhvwulfwlrq rq wkh sdudphwhuv ri d olqhdu uhjuhv0
vlrq prgho/ wkh vshfl�fdwlrq ri d ixqfwlrq }�E)�c b�� wkdw pdnhv dvvxpswlrq 4 krog lv udwkhu
gl!fxow wr rewdlq1 Lq Nohlehujhq dqg Sdds +5333, d vshfl�fdwlrq ri � wkdw/ uhvxowv iurp d
vlqjxodu ydoxh ghfrpsrvlwlrq dqg/ pdnhv dvvxpswlrq 4 krog lv jlyhq=

� ' qoko n qoczbokoczc o ' �c � � � c & � �c
/

yhf+�� ' yhf+qoko� n Ek�ocz  qocz�yhf+bo�c o ' �c � � � c & � �c
+97,

zkhuh bo G E&�o��E&�o�( qoczc k
�
ocz G &�E&�o� dqg q �oczqo � fc q �oczqocz � U&3oc kok

�
ocz � fc

koczk
�
ocz � U&3oc vxfk wkdw

}oE)oc bo� ' Ek�ocz  qocz�yhf+bo�c o ' �c � � � c & � �c +98,
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zlwk )o ' Ekoc q2co�� Wkh vshfl�fdwlrq ri � +97, vdwlv�hv dvvxpswlrq 4 ehfdxvh/ wkhuh lv
dq lqyhuwleoh uhodwlrqvkls ehwzhhq � dqg Ekoc q2coc bo�c vhh Nohlehujhq dqg Sdds +5333,/ +d1,
� ' qoko / bo ' fc +e1, Ekoc q2co� lpso| d xqltxh ydoxh ri qoko zkhq ko kdv ixoo udqn dqg
lghqwlfdoo| Ekoc q2coc bo� lpso| d xqltxh ydoxh ri qoko n qoczbokocz zkhq ko kdv ixoo udqn/ +f1,
Y}oE)ocbo�
Yyhf+bo��

' Ek�ocz  qocz� vxfk wkdw
�
Y}oE)o cbo�
Yyhf+bo��

�� �
Y}oE)o cbo�
Yyhf+bo��

�
' UE&3o�2 dqg grhv qrw ghshqg rq

)o� Khqfh/ doo frqglwlrqv ri dvvxpswlrq 4 duh vdwlv�hg1 Wkhruhp : wkhuhiruh dssolhv dqg d
sulru vshfl�hg rq E�cl� lq J lpsolhv d sulru suredelolw| iru Joc o ' �c � � � c &c dqg d sulru iru
Ekoc q2cocl� lq Jo wkdw duh lqyduldqw zlwk uhvshfw wr wkh vshfl�fdwlrq ri � dqg Ekoc q2coc bo�
wkdw vdwlvi| dvvxpswlrq 41 Iru pruh ghwdlov derxw wkh uhvxowlqj Ed|hvldq dqdo|vlv ri wkh
frlqwhjudwlrq prgho/ zh uhihu wr Nohlehujhq dqg Sdds +5333,1

:16 DUPD+4/4,

Dv dqrwkhu h{dpsoh ri d qrq0olqhdu uhvwulfwlrq rq wkh sdudphwhuv ri d olqhdu uhjuhvvlrq prgho/
zh frqvlghu wkh dxwruhjuhvvlyh prylqj dyhudjh +DUPD, prgho ri rughu +4/4,/ vhh e�}� Er{/
Mhqnlqv dqg Uhlqvho +4<<7,/

J� G +| ' 4+|3� � k�|3� n �|c | ' �c � � � c Ac +99,

zkhuh wkh glvwxuedqfhv �| duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg/ �| � �Efc j2�� Zkhq
zh uhfxuuhqwo| vxevwlwxwh �|3� lq +99,/ zh rewdlq

J� G +| ' E4� k�
A[
�'�

k�3�+|3� n �|c | ' �c � � � c A� +9:,

Zh vshfli| +9:, dv d uhjuhvvlrq prgho wkdw lv qrq0olqhdu lq wkh sdudphwhuv/

J� G + ' fsEkc 4� n �c +9;,

zkhuh + ' E+� � � � +A �
�c f ' E%� � � � %A �

�c %� ' E+�3� � � � +f f � � � f �� G A � �c � ' �c � � � c A (
� ' E�� � � � �A �

�c dqg

sEkc 4� ' E4� k�

3
EEEC

�
k
111

kA3�

4
FFFD G A � �� +9<,

Prgho J� +9;, lv qhvwhg lq wkh olqhdu uhjuhvvlrq prgho

J G + ' fq n �c +:3,

zlwk q G A � �� Zh vshfli| erwk J� +9;, dqg J +:3, lq wkh qrwdwlrq ri wkhruhp :/

J� G � Ej�+ ' � Ej�fsEkc 4� n 0c
J G � Ej�+ ' � Ej�fq n 0c

+:4,

zlwk � Ej� ' j3�UA dqg 0 � �Efc UA ��
Wkh DUPD+4/4, prgho lpsrvhv d qrq0olqhdu uhvwulfwlrq rq wkh sdudphwhuv ri +:3,/ q '

sEkc 4�� Wklv lpsolhv wkdw lw lv qrw vwudljkwiruzdug wr rewdlq d vshfl�fdwlrq ri }�E)�c b�� wkdw
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pdnhv dvvxpswlrq 4 krog1 D +xquhvwulfwhg, vshfl�fdwlrq ri q wkdw jlyhv vxfk d ixqfwlrq
}�E)�c b�� lv

q ' E4� k�

3
EEEC

�
k
111

kA3�

4
FFFDn

�
f

UA32

�
bc +:5,

zlwk b G EA � 2� � � dqg }E)c b� ' Ef UA32�
�b zlwk ) ' Ekc 4�� Htxdwlrq +:5, vdwlv�hv

wkh frqglwlrqv iurp dvvxpswlrq 4 vlqfh= q kdv dq lqyhuwleoh uhodwlrqvkls zlwk Ekc 4c b�c +d1,
q ' sEkc 4� / b ' fc +e1, E4c k� lpsolhv d xqltxh ydoxh ri sEkc 4� zkhq 4� k 9' fc lghqwlfdoo|
E4c kc b� lpsolhv d xqltxh ydoxh ri sEkc 4� n Ef UA32�

�b zkhq 4 � k 9' fc +f1, Y}E)cb�
Yb�

' Ef
UA32�

� dqg lqghshqghqw ri Ekc 4�� Wkhruhp : wkhuhiruh dssolhv dqg d sulru wkdw lv vshfl�hg rq
Eqc j2� lq J lqgxfhv d sulru suredelolw| iru J� dqg d sulru rq Ekc 4c j2� wkdw duh lqyduldqw zlwk
uhvshfw wr wkh vshfl�fdwlrq ri q dqg Ekc 4c b� wkdw vdwlvi| dvvxpswlrq 41 Iru pruh ghwdlov rq
wkh uhvxowlqj Ed|hvldq dqdo|vlv ri wkh DUPD+4/4, prgho/ zh uhihu wr Nohlehujhq dqg Krhn
+4<<<,1

; Frqfoxvlrqv
Wkh sdshu rewdlqv h{suhvvlrqv iru sulru2srvwhulru suredelolwlhv dqg ghqvlwlhv ri wkh sdudphwhuv
ri qhvwhg uhjuhvvlrq prghov wkdw duh lqgxfhg e| wkh sulru2srvwhulru rq wkh sdudphwhuv ri dq
hqfrpsdvvlqj olqhdu uhjuhvvlrq prgho1 Wkh uhvxowlqj suredelolwlhv dqg ghqvlwlhv duh lqyduldqw
zlwk uhvshfw wr vshfl�fdwlrqv wkdw vdwlvi| d qhfhvvdu| vhw ri dvvxpswlrqv1 Khqfh/ e| vshfli|lqj d
sulru dqg d olnholkrrg iru wkh sdudphwhuv ri dq hqfrpsdvvlqj olqhdu uhjuhvvlrq prgho/ zh rewdlq
d frpsohwh Ed|hvldq dqdo|vlv/ wkdw lqfoxghv erwk sulru2srvwhulru suredelolwlhv dqg ghqvlwlhv/
iru doo ri lwv qhvwhg uhjuhvvlrq prghov wkdw doorz iru d vshfl�fdwlrq wkdw vdwlv�hv wkh vhw ri
dvvxpswlrqv1 Wkh uhvxowlqj Ed|hvldq dqdo|}hv ri wkhvh qhvwhg uhjuhvvlrq prghov duh lq olqh
zlwk rqh dqrwkhu1

Wkh Ed|hv idfwru lq wkh uhvxowlqj dqdo|vlv fruuhvsrqgv zlwk wkh Vdydjh0Glfnh| ghqvlw|
udwlr dqg htxdov wkh udwlr ri wkh srvwhulru dqg sulru khljkw lq wkh k|srwkhvl}hg sdudphwhu
srlqw1 Zkhq zh pxowlso| wkh Ed|hv idfwru zlwk wkh sulru rggv udwlr/ zh rewdlq wkh srvwhulru
rggv udwlr1 Ehfdxvh erwk wkh sulru suredelolw| dqg ghqvlw| uhvxow iurp wkh vdph sulru rq wkh
sdudphwhuv ri wkh hqfrpsdvvlqj olqhdu uhjuhvvlrq prgho/ wkh sulru rggv udwlr fruuhfwv wkh Ed|hv
idfwru/ iru wkh sodxvlelolw| ri wkh frpshwlqj prghov uh hfwhg lq wkh sulru/ lq wkh h{suhvvlrq ri
wkh srvwhulru rggv udwlr1 Wkh srvwhulru rggv udwlr lv wkhuhiruh urexvw wr wkh Mh�uh|v0Olqgoh|v
sdudgr{1

Dssolfdwlrqv ri wkh deryh uhvxowv duh hvshfldoo| lpsruwdqw iru uhjuhvvlrq prghov wkdw uhvxow
iurp qrq0olqhdu uhvwulfwlrqv rq wkh sdudphwhuv ri hqfrpsdvvlqj olqhdu uhjuhvvlrq prghov1 Lq
wkhvh prghov/ wkh uhvxowlqj dqdo|vlv ohdgv wr sulruv dqg srvwhulruv wkdw duh gl�huhqw iurp wkh
rqhv wkdw duh xvhg wudglwlrqdoo|1 Wkh wudglwlrqdo Ed|hvldq dqdo|vlv ohdgv wr dqrpdolhv lq wkhvh
prghov/ olnh/ iru h{dpsoh/ lq vlpxowdqhrxv htxdwlrq/ vhh Nohlehujhq +4<<:, dqg Nohlehujhq
dqg ydq Glmn +4<<;,/ dqg frlqwhjudwlrq prghov/ vhh Nohlehujhq dqg ydq Glmn +4<<7,1 Zkhq zh
ghgxfh wkh sulruv dqg srvwhulruv ri wkh sdudphwhuv lq wkhvh prghov iurp sulruv dqg srvwhulruv
rq wkh sdudphwhuv ri hqfrpsdvvlqj olqhdu uhjuhvvlrq prghov/ wkhvh dqrpdolhv glvdsshdu/ vhh
e�}� Nohlehujhq +4<<:,/ Nohlehujhq dqg ydq Glmn +4<<;,/ Nohlehujhq dqg ydq Sdds +4<<;,1 Wklv
ixuwkhu looxvwudwhv wkh lpsruwdqfh ri wkh dqdo|vlv1
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Dsshqgl{

Surri ri Wkhruhp 41
Ehiruh zh rewdlq wkh vshfl�fdwlrq ri wkh Kdxvgru� phdvxuh/ zh qrwh wkh vwuxfwxuh wkdw

dvvxpswlrq 4 lpsrvhv rq wkh mdfreldq ri wkh wudqvirupdwlrq iurp q wr E)�c b�� G
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Ys�
Y)��

n Y}�
Y)��

Y}�
Yb��

�
�

Ehfdxvh }�E)�c b�� lv d vwulfwo| prqrwrqlf ixqfwlrq ri b� dqg }�E)�c b�� ' f / b� ' fc Y}�
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Wkh Kdxvgru� phdvxuh K6�
E`J�

� lv rewdlqhg e| frqvlghulqj wkdw }�E)�c b�� lv d vwulfwo|
prqrwrqlf ixqfwlrq ri b�� Zh wkhuhiruh frqvlghu d vhtxhqfh ri vhwv fhqwhuhg dw b� ' fc
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Wr frqvwuxfw wkh Kdxvgru� phdvxuh/ zh glylgh u&+`J�
E4�� e| wkh phdvxuh ri wkh vhw ri zklfk

zh frqvwuxfw wkh olplwlqj vhtxhqfh �J�
Efc 4� wudqviruphg xvlqj wkh vwulfwo| prqrwrqlf ixqfwlrq

ri b�c }�E)�c b��� Lq b� ' fc wkh ghulydwlyh Y}�E)�cb��
Y)��

mb�'f lv htxdo wr }hur1 Wklv lpsolhv wkdw/ iru
wkh frqvwuxfwlrq ri wkh phdvxuh ri wkh olplwlqj vhtxhqfh/ }�E)�c b�� fdq eh frqvlghuhg dv d
ixqfwlrq ri b� rqo|1 Iru ydoxhv ri 4 forvh wr }hur/ wkh phdvxuh M&36�

E}E)�c ��Efc 4��� grhv
wkhuhiruh qrw ghshqg rq )� dqg fdq eh vshfl�hg dv/ vhh Eloolqjvoh| +4<;9,=
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Wkh vshfl�fdwlrq ri wkh Kdxvgru� phdvxuh wkhq ehfrphv=

M6�
+`J�

� ' *�44<f

k
u&+`J �

E4��

M&36�
E}E)�c��Efc4���

l

' *�44<f

5
999997

;AA?
AA=
U
lJ �

�������
�
Ys�
Y)�

�

��
�#

Y}�
Yb�

�

�b�'f

$� Ys�
Y)�

�

��������
�
2

_)�

<AA@
AA>����

�
2

�U
�&36�

Efc4� _b�

�

����
�
2

�U
�&36�

Efc4�
_b�

�

6
:::::8

'
U
lJ �

�����
�
Ys�
Y)��

��
��

Y}�
Yb�

�
�b�'f

� � Ys�
Y)��

������
�
2

_)��

Wr vkrz wkh lqyduldqfh ri wkh Kdxvgru� phdvxuh/ zh frqvlghu dq lqyhuwleoh ixqfwlrq � G
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& $ U

&c > ' �Eq�� Ehfdxvh ri dvvxpswlrq 4/ zh fdq vshfli| q dv

q ' s�E)�� n }�E)�c b��

dqg > fdq wkhuhiruh eh vshfl�hg dv

> ' ,�E��� n o�E��c w��c

zlwk ,�E��� ' �Es�E)��� dqg oE��c w�� ' �Es�E)��n}�E)�c b�����Es�E)���� Ehfdxvh ri dvvxpswlrq
4e/ wkdw }�E)�c b�� lv d vwulfwo| prqrwrqlf ixqfwlrq ri b�c � kdv wr eh vwulfw prqrwrqlf1 Wklv
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zlwk�� lqghshqghqw ri ��� Vlqfh w� lv dq lqyhuwleoh ixqfwlrq ri b� rqo| dqg
�
Y}�
Yb��

mb�'f
�� �

Y}�
Yb��

mb�'f
�
'
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vkrxog eh htxdo wr vrph �{hg srvlwlyh gh�qlwh

v|pphwulf pdwul{ wkdw lv lqghshqghqw ri q� Xqolnh }�c � lv dq lqyhuwleoh ixqfwlrq vxfk wkdw
wkh rqo| vshfl�fdwlrq ri � wkdw vdwlv�hv doo frqglwlrqv lv dq lqyhuwleoh olqhdu ixqfwlrq1 Khqfh
hyhu| vshfl�fdwlrq > ' ,�E��� n o�E��c w�� wkdw vdwlv�hv dvvxpswlrq 4 lv vxfk wkdw E��� > lv dq
lqyhuwleoh olqhdu ixqfwlrq ri q dqg E2�� w� lv dq lqyhuwleoh ixqfwlrq ri b� rqo| dqg �� lv dq
lqyhuwleoh ixqfwlrq ri )� rqo|1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkhvh wudqvirupdwlrqv ohdg wr
dq lghqwlfdo Kdxvgru� phdvxuh1

Surri ri Wkhruhp 51
Iru ydoxhv ri 4 forvh wr }hur/
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Wkh surri ri wkh lqyduldqfh ri wkh Kdxvgru� lqwhjudo wr vshfl�fdwlrqv ri qc E)�c b�� wkdw
vdwlvi| dvvxpswlrq 4 lv dqdorjrxv wr wkh surri iru wkhruhp 41

Surri ri Wkhruhp 71
Htxdwlrq +57, jlyhv wkh gh�qlwlrq ri d ghqvlw| ixqfwlrq1 Wkh lqyduldqfh ri lw iroorzv iurp

wkh surri ri wkhruhp 41 Zh kdyh vkrzq lq wklv surri wkdw zkhq

q ' s�E)�� n }�E)�c b��

dqg

> ' ,�E��� n o�E��c w��c

duh wzr vshfl�fdwlrqv wkdw vdwlvi| dvvxpswlrq 4 wkdw �� lv dq lqyhuwleoh ixqfwlrq ri )� rqo| dqg
w� lv dq lqyhuwleoh ixqfwlrq ri b� rqo|1 Khqfh/ zh fdq lqghshqghqwo| wudqvirup )� wr �� dqg b�
wr w�� Wklv grhv qrw d�hfw wkh vshfl�fdwlrq ri wkh sulru iurp wkhruhp 71
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Uhihuhqfhv
^4` Ehuqdugr/ M1P1 dqg D1I1P1 Vplwk1 Ed|hvldq Wkhru|1 Zloh|/ Qhz \run/ 4<<71

^5` Eloolqjvoh|/ S1 Suredelolw| dqg Phdvxuh1 Zloh| +Qhz \run,/ +4<;9,1

^6` Er{ J1H1S1/ J1P1 Mhqnlqv dqg J1F1 Uhlqvho1 Wlph Vhulhv Dqdo|vlv= Iruhfdvwlqj dqg
Frqwuro1 Suhqwlfh Kdoo/ 4<<71

^7` Gh Ilqhwwl/ E1 Suredelolw|/ Lqgxfwlrq dqg Vwdwlvwlfv1 Zloh| +Qhz \run,/ 4<:51

^8` Glfnh|/ M1P1 Wkh Zhljkwhg Olnholkrrg Udwlr/ Olqhdu K|srwkhvhv rq Qrupdo Orfdwlrq
Sdudphwhuv1 Wkh Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 75=537�556/ 4<:41

^9` Guë}h/ M1K1 dqg U1I1 Ulfkdug1 Ed|hvldq Dqdo|vlv ri Vlpxowdqhrxv Htxdwlrqv v|vwhpv1 Lq
]1 Julolfkhv dqg P1G1 Lqwulooljdwru/ hglwru/ Kdqgerrn ri Hfrqrphwulfv/ yroxph 41 Hovhylhu
Vflhqfh +Dpvwhugdp,/ +4<;6,1

^:` Hqjoh/ U1I1 dqg F1Z1M1 Judqjhu1 Fr0lqwhjudwlrq dqg huuru fruuhfwlrq = Uhsuhvhqwdwlrq/
hvwlpdwlrq dqg whvwlqj1 Hfrqrphwulfd/ 88=584�5:9/ +4<;:,1

^;` Mrkdqvhq/ V1 Hvwlpdwlrq dqg k|srwkhvlv whvwlqj ri frlqwhjudwlrq yhfwruv lq Jdxvvldq
yhfwru dxwruhjuhvvlyh prghov1 Hfrqrphwulfd/ 8<=4884�48;3/ +4<<4,1

^<` Ndvv/ U1H1 dqg D1H1 Udiwhu|1 Ed|hv Idfwruv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfl0
dwlrq/ <3=::6�:<8/ 4<<81

^43` Nohlehujhq/ I1 Ed|hvldq Vlpxowdqhrxv Htxdwlrqv Dqdo|vlv xvlqj Htxdolw| Uhvwulfwhg Udq0
grp Yduldeohv1 Lq 4<<: Surfhhglqjv ri wkh Vhfwlrq rq Ed|hvldq Vwdwlvwlfdo Vflhqfh/ sdjhv
474�4791 Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 4<<:1

^44` Nohlehujhq/ I1 dqg K1 Krhn1 Ed|hvldq Dqdo|vlv ri DUPD prghov1 Wlqehujhq Lqvwlwxwh
Glvfxvvlrq Sdshu WL 5333035:27/ 4<<<1

^45` Nohlehujhq/ I1 dqg U1 Sdds1 Sulruv/ Srvwhulruv dqg Ed|hv Idfwruv iru d Ed|hvldq Dqdo|vlv
ri Frlqwhjudwlrq1 Mrxuqdo ri Hfrqrphwulfv/ 4<<;1 Iruwkfrplqj/ Hfrqrphwulf Lqvwlwxwh
Uhsruw <;542D1

^46` Nohlehujhq/ I1 dqg K1N1 ydq Glmn1 Rq wkh Vkdsh ri wkh Olnholkrrg2Srvwhulru lq Frlqwh0
judwlrq Prghov1 Hfrqrphwulf Wkhru|/ 43=847�884/ +4<<7,1

^47` Nohlehujhq/ I1 dqg K1N1 ydq Glmn1 Ed|hvldq Vlpxowdqhrxv Htxdwlrq Dqdo|vlv xvlqj Uh0
gxfhg Udqn Vwuxfwxuhv1 Hfrqrphwulf Wkhru|/ 47=:34�:76/ 4<<;1

^48` Nohlehujhq I1 dqg H1 ]lyrw1 Ed|hvldq dqg Fodvvlfdo Dssurdfkhv wr Lqvwuxphqwdo Yduldeoh
Uhjuhvvlrq1 Mrxuqdo ri Hfrqrphwulfv/ 4<<;1 Iruwkfrplqj/ Hfrqrphwulf Lqvwlwxwh Uhsruw
<;682D1

^49` Nroprjrury/ D1Q1 Irxqgdwlrqv ri wkh Wkhru| ri Suredelolw|1 Fkhovhd +Qhz \run,/ +4<83,1

^4:` Olqgoh|/ G1Y1 D Vwdwlvwlfdo Sdudgr{1 Elrphwulnd/ 77=4;:�4<5/ +4<8:,1

^4;` PfFxoorfk/ U1H1/ dqg S1H1 Urvvl1 Ed|hv idfwruv iru qrqolqhdu k|srwkhvhv dqg olnholkrrg
glvwulexwlrqv1 Elrphwulnd/ :<=996�9:9/ 4<<51
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^4<` R*Kdjdq/ D1 Ed|hvldq Wkhru|/ yroxph 5E ri Nhqgdoo*v Dgydqfhg Wkhru| ri Vwdwlvwlfv1
Duqrog/ 4<<71

^53` Skloolsv/ S1F1E1 Hfrqrphwulf Prgho Ghwhuplqdwlrq1 Hfrqrphwulfd/ 97=:96�;45/ +4<<9,1

^54` Skloolsv/ S1F1E1 dqg Z1 Sorehujhu1 Srvwhulru Rggv Whvwlqj iru d Xqlw Urrw zlwk Gdwd0
edvhg Prgho Vhohfwlrq1 Hfrqrphwulf Wkhru|/ 43=::7�;3;/ +4<<7,1

^55` Skloolsv/ S1F1E1 dqgZ1 Sorehujhu1 Dq Dv|pswrwlf Wkhru| ri Ed|hvldq Lqihuhqfh iru Wlph
Vhulhv1 Hfrqrphwulfd/ 97=6;4�745/ +4<<9,1

^56` Srlulhu/ G1M1 Lqwhuphgldwh Vwdwlvwlfv dqg Hfrqrphwulfv= D Frpsdudwlyh Dssurdfk1 PLW
Suhvv/ +Fdpeulgjh/ PD,/ +4<<8,1

^57` Wldr/ J1F1/ Z10\1 Wdq dqg \10F1 Fkdqj1 Vrph Dvshfwv ri Elyduldwh Uhjuhvvlrq Vxemhfw
wr Olqhdu Frqvwudlqwv1 Mrxuqdo ri Hfrqrphwulfv/ 8=46�68/ 4<::1

^58` Yhuglqhool/ L1 dqg O1 Zdvvhupdq1 Frpsxwlqj Ed|hv Idfwruv Xvlqj d Jhqhudol}dwlrq ri wkh
Vdydjh0Glfnh| Ghqvlw| Udwlr1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <3=947�
94;/ 4<<81

^59` Zroshuw/ U1M1 Frpphqw rq= Lqihuhqfh iru d Ghwhuplqlvwlf Srsxodwlrq G|qdplfv Prgho iru
Erzkhdg Zkdohv/ e|/ D1H1 Udiwhu|/ J1K1 Ulyhqv dqg M1H1 ]hk1 Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ <3=759�75:/ +4<<8,1
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