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Abstract. In this paper we investigate whether markets with heterogeneous network
externdities can be locked-in by old technologies even if superior technologies are available.
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size of the market share of a good than others. Interestingly, the answer depends on the
quality dfference between the old and the new technology and on whether firms compete in
prices. Without price competition, a partia lock-in occurs if (and only if) the quality
difference is small. In the presence of price competition, lock-in in the traditiona sense
completely disappears, although the old technology may keep some market share in some
periods as the new technology is priced higher in equilibrium.
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1. Introduction

The vaue individuas attach to consuming many technologica products (like telephones,
software and hardware) or products that require maintenance depends on how many others
are using these goods. This phenomenon is known as network externality. In the literature it
is well-known that network externalities may create barriers to entry, preventing adoption of
new goods, possibly of a higher quality. This can lead to the society being "locked-in" with
an inefficient technology. A classical — athough according to some (e.g. Liebowitz and
Margolis, 1990), mistaken — example is the QWERTY standard commonly used in type -
writers and computer keyboards (see David, 1986). Another example are nuclear power
reactors in Europe — the dominant technology is light water, dthough many scientists
consider it to be inferior to heavy water of gas graphite technology (Cowan, 1990).

In many stuations, the relative importance of network externdities for the individual
adoption decision will differ between different consumers. An important reason for this
differentiation is that people use the same technology in a variety of ways, and some require
more coordination than others. In the QWERTY example, a large company with many typists
and a high rotation of personnel will care more about the network externality than a free—
lance journdist, who uses her keyboard herself and for whom typing speed is important. In
the existing literature, however, consumer heterogeneity with respect to network externdities
is usudly not moddled. Typicdly, in modes with horizontaly non-differentiated good,
consumers are either homogenous (as, e.g., in Katz and Shapiro, 1992), or they have identical
preferences with respect to network externdities (as, e.g., in Katz and Shapiro 1985).

In this paper, we want to study the classica question concerning the possibility of
"lock-in" in markets where the consumers vauation of network externdities is
heterogeneous across the population.’ Specific questions that we ask are: is it possible that
the new technology is not adopted by anyone, despite its higher quality? If it attracts some
users, under what conditions will the new technology take over the market? Does there exist
an equilibrium with both technologies present? We aso investigate the market structure of
the market when the technology is sponsored by two strategically acting sellers, who choose
prices to maximize long - run profits.

To this end, we study a model with two products, an old, inferior good and a new,
superior good. We assume that quality can be objectively measured and that consumers
differ in their relative valuation of quality vis-avis the network externality. This means that
if A isof ahigher quality than B, then everyone regards A to be better than B, but for some
people the quality difference is relatively more important than for others. Consumers decide



in every period which good to buy solely on the basis of the present (net) utility.? We study
the questions outlined above in two different environments. Firdt, in Section 2, we address
the pure demand side effect by considering technology adoption in a world where firms are
passve. Second, in Section 3, firms play a game with infinitly many periods and
smultaneoudy choose prices in every period to maximize long-run profits. In every period
market shares adjust to their equilibrium values given the prices that are chosen in that period
and the market share at the beginning of that period. Since prices influence future profits only
through their impact on market share, we can use the concept of Markov equilibrium.
Markov strategies specify optimal actions for each value of a state variable. In our case, they
specify optimal prices for each value of the market share at the beginning of a period.

Our basic results are as follows. When firms are passive (technologies are not
sponsored) two equilibrium market shares may emerge: if the difference in qualities is larger
than a certain threshold value, the new technology will be the unique technology in the
market. If the quality advantage is lower than this threshold value, the two technologies co-
exist in the market and the entrant will have the smallest market share. It is easy to see why
the new technology has to have the whole market if it is to be the dominant technology: if
both quality and market share of one technology ae higher, al consumers derive more utility
from this product than from the other and hence, will switch to this technology. The possible
emergence of two equilibrium market shares and the discontinuous jump of market shares at
the threshold value are the main results of this section.

Section 3 examines whether these results continue to hold when technologies are
provided by a price-setting incumbent and entrant. Like in the basic model the market share
of the entrant positively depends on his quality advantage. However, some quditatively new
phenomena may arise. When the quality difference is large, the entrant will initialy set alow
price and take over the market. In the following periods, he will set the highest price that will
ensure that the incumbent will stay out of the market forever.®> When the quality difference
takes intermediate values, the entrant will still take over the market in the first period, but
then he will not try to keep the whole market, since that would require setting an unprofitably
low price. Therefore, both technologies coexist, and the new technology dominates.

When the quality advantage is low, a pure strategy Markov equilibrium does not exist.
It may still be optimal for the entrant to take over the market, but then it will not be optima
to set a price that would dlow him to keep a large market share forever. Similarly, the

! de Pama and Leruth (1996) also model heterogeneous network externalities, but as quality
differences don't play arolein their analysis, they cannot address the issues we are interested in.

2 Hence, in our model the consumers are not "locked—in" by their past purchases directly, but instead
by the present choice of other consumers. Thisisin contrast to some of the existing literature (seefor
instance Katz and Shapiro 1986, 1992).



incumbent will not keep a large market share if he has one. Only mixed strategy equilibria
exig, in which sometimes the incumbent, and sometimes the entrant, will have alarge market
share.

Interestingly, with price competition the traditional lock-in result—namely that an
inefficient technology will continue to dominate the market despite the existence of a
superior one—disappears as an equilibrium phenomenon. The entrant will aways, no matter
what the quality difference—have a large market share at some point, but he may not find it
optimal to keep it, especially when the quality difference is low. This means that the old
technology may re-appear in the market and be bought by those consumers who consider the
quality difference to be too small to warrant the price difference.

We aso andyze welfare properties of the different equilibrium configurations. Social
welfare is maximized when the new technology has the whole market. For high vaues of
quality difference this is the outcome both with and without price competition. When quality
difference takes on intermediate values, some of the market is given away to the old
technology in the presence of price competition, which implies a lower welfare. For low
values of q the welfare implications are not clear.

The rest of the paper is organized as follows. Section 2 considers the pure demand
effects due to heterogeneous network externalities. Section 3 introduces price competition
and section 4 examines the welfare implications. Section 5 concludes. Most proofs are given
in the appendix.

2. A demand-driven model

In this section we describe the demand side in detail and show whether and if so to what
extent a new technology will be adopted in markets with heterogeneous network
externdities. We explicitly show how equilibrium market shares depend on the qudity of
both technologies.

As explained in the introduction, consumers care about quaity and about network
externalities, but the relative importance of these factors in the individual adoption decision

varies across consumers. Let u; (t) and u(f (t) denote the utilities that consumer  derives
from consuming the new and the old technology, respectively, in period t. These utilities are
given by

u; (1) =(1- g)q, +oK,,

3 For other models of strategic pricing in markets with network externalities, see, for example, Katz
and Shapiro (1992), Bental and Spiegel (1995) and, more recently, Cabral et al. (1999).



Uy (t) = @- a)g, +a(d- x),
where g, >q, are qudities of new and old technologies, respectively,x, T (01) is the
market share of the new technology in period t, 1- X, is the market share of the old

technology, and q is the relative weight that consumer  places on the popularity, compared
to quality. We assume that g is uniformly distributed on the interval [0, 1].

At the moment the new technology enters the market, the whole market belongs to
the old technology and consumers decide which technology to choose. We define an
equilibrium to be a situation in which every consumer makes her preferred choice given the
choice of the other consumers, i.e., no consumer would individualy like to switch to another
technology. For certain parameter vaues, multiple equilibrium market shares are possible.
We define a stable equilibrium given an initial markets share of X,_, asan equilibrium that
would result as the outcome of a (loosaly formulated) dynamic process according to which
consumers who are not satisfied with their choice given X;_q switch. The final outcome of
the adjustment process depends on the quality advantage of the new technology,
g=09,- g, 0, and on the initid market share X, ,. For smplicity, we assume that this

consumer adjustment process takes place instantaneoudly. Figure 2.1. below illustrates the
process for low values of g.

Xt

X1 X2 1 Xt-1

Figure 2.1.

There are three equilibria here, out of which X, = X, and x, =1 are stable. If g islow
and X,_, <X,, the process will result in an equilibrium market share X, = X,. Otherwise,
X, =1. When q islarge, X, and X, disappear and the only equilibriumis X, =1. Since the
new technology has initially no market share, in our case X, , = X, =0<X,.

Proposition 1 describes equilibrium market shares of the new technology.



Proposition 1 The stable equilibrium market shares given X,_,=0 are

x, =1 if q33- 242
- 2_
v =3+ “(Tl) 8 it g<3-202.

Proof. In order to have an equilibrium coexistence of technologies, it must be true that there
exist a 0 <g* <1 such that

gq*(1- 2x, +q)=q @
and al consumers with g <g* (and only those) choose the new technology. Since € is

uniformly distributed on [0,1], X, must be equal to the q of the indifferent consumer.
Subtituting for € in (1) we get a quadratic equation which we can solve for x;.

- 2x +(@+D)x - =0 )
Basicdly, two possibilities emerge:
a)If (q+1)*-89£0,0r q3 3- 242, (2) has no stable solution. In this case, the only
equilibriumisx, = 1.
b) If (q+1)?-89>0, or q<3- 2/2, (2) hastwo solutions:

o =9+l J(@+1)?- 8q and x _g+1+4/(q+1*- 8q

' 4 2 4

where X, = X, isan unstable equilibrium. If initialy, X,_, <X,, the equilibrium that emerges

IS X, = X,. i

Figure 2.2. shows the equilibrium market share of the new technology as a function of
its quality advantage.

Xt

I

3-24/2
Figure2.2

The equilibrium market share of the new technology will be either 1, or less then 0.29.
Which vaue of the equilibrium market share will emerge depends on the qudity difference.



A larger quality advantage leads to a larger market share, which is quite intuitive. However,
the market share does not increase continuoudy with the quality difference; there is a critical
vdue, J = 3- 2«/5, such that if g <@ the equilibrium market share is less than 0.29, and
if >0, the new technology gains the whole market. This is a consequence of network

externalities, which cause a critical mass effect: once the new technology has a sufficiently
large market, it will be preferred by all types of consumers, not only those with a taste for
quality, but also those with a preference for popularity.

Moreover, as > 0 we see that the better technology always has some market share.
When the quality advantage is smdl, the market will ill be dominated by the old
technology. If the quality advantage is large enough, however, there will be no technologica
lock-in: the new technology will drive out the old one.

3. Price competition

In this section we analyze the case where each technology is put on the market by one seller.
Initidly, there is only one sdler in the market, the incumbent, who provides the old
technology. Our andlysis begins in the period in which an entrant appears, offering for sde a

higher quality technology. This implies that X =0. A consumer e will choose the good that
will give him or her higher net utility, in period t, given by

Ug () - pr = (1- o)+, - Py,

Uy () - po = (1- Q) +al- x)- .
where prices of the entrant and the incumbent are denoted by p, respectively p;.

In every period sellers set a price in order to maximize their total discounted profits,
given the pricing strategy of the competitor. That is, a seller i maximizes
P, = 5 d'P;,
t=1
where d is adiscount factor and P | isprofitin period t. Assuming that there are no costs of
producing technology, per-period profits are

Pl =pX for the entrant,

Po=py@- %) for the incumbent.

Our notation equates demand to a market share, which implies that the market is covered.
This is obvioudy true if prices are zero, since in that case everyone derives at least
nonnegative utility from any technology. However, if prices are poditive, it may happen that



for some consumers prices exceed the gross utility from using a technology. It may aso
happen that sdllers will find it optimal to serve only a part of the market. Since our interest
lies in the structure of the market, that is its divison between consumers of different
technologies, and not in its size, we want to keep the total amount of consuming individuas
constant. Hence, to make sure that the market will be covered in every period, we put
restrictions on the qualities of both technologies. We assume that they are both contained in
the interval [0.5, 3]. We show in the proofs of subsequent propositions that when this
regriction is satisfied, the market is aways covered in equilibrium.

To understand why this restrictions is needed, consider a seller who does not face any
competition. Note that consumers who derive al utility from network externalities cannot
vaue any technology a more than one. On the other hand, consumers who put al weight on
qudity vaue any technology only by its qudity. If qudity is very low or very large, the
valuations of these two extreme types of consumers differ significantly. Then, it is optimal to
sdl only to consumers with highest valuation. Hence, the restriction on qualities makes sure
that valuations of different consumers are not too far apart, and that it is not optimal to leave
part of the market uncovered in exchange for a higher price.

We begin our anadysis with obtaining per-period demand functions in subsection 3.1.
We assume now that the market is covered, that is that seller can only loose some of the
market to the other seller. This implies that having derived the demand for the new
technology, we immediately know the demand for the old technology. In subsection 3.2 we
describe equilibrium pricing strategies of sdllers.

3.1. Entrant's demand function
Here, we show how the market share, or demand, of the entrant depends on prices and initia
market share. To caculate demand, we use the same definitions about stable equilibrium

market shares as in Section 2. Since 0.5£ q;,(, £3, and since by assumption the new

technology is of higher quality, we can redtrict attentionto O £ q £ 3.

The following lemma characterizes the demand function of the entrant.

Lemma 1 Suppose that O £ g £ 3. The demand function of the entrant is

()  1fp' £p,+q,then

. _a+1-4/(@+)*- 8- pi + p)
‘ 4
q+ @+’

. 1
if xt_1<T and p, > p, +Q- S , or



if q_-i-lf‘,xt_1 <qT+l and p; > py +2x%,- (Q+1)x_, +q

X, =1 otherwise.

(i) If p; 3 p,+q,then

L _a+3+y(@+3° -8+ pi - p)
. 4

2
it q<1, x_,3 qzs and p! £ pg+@- 1,00

if qT-Flﬁ X, 4 <qT+3 and p; £ py - 2x2, +(q+3)x,, -1

X, = 0 otherwise.

Proof. The proof is anaogous to the proof of Proposition 1 and can be found in the appendix.
I

Figure 3.1 illustrates lemma 1. It shows the market share of the entrant as a function of the
price of his technology.

Xt

Po+a-(a+1)78 po+q Po+(a+3)781

Figure3.1
When p, is relatively smal, the only equilibrium market share of the entrant is X, =1.
When p; is rdatively large, the only equilibrium is x, = 0. At intermediate values of p;
two demand vaues are possible depending on the initial market share. Note that there is
nop, such that both solutions are interior, that is both demand values are between 0 and 1. if
p; <P, *+d,then x, <(q+1)/4 or x, =1, adif p; >p,+q, X >(q+3)/4 or

X, = 0.



From figure 3.1 we can obtain the demand function for agiven X _,. It consists of the

upper curve up to apoint P, and the lower curve to the right of this point. Thevaueof p,

a which demand is discontinuous depends postively on the initiadl market share and is given

: Po+0- (q;1)2 if X“<qT+1
|

pl_;i; Py - 2x2, +(q+3x_, -1 if qT-l'l< t1<q;3
%pé-k%_l if %3<Xt_1

Figure 3.2. shows an example of the demand function for agiven X,_;:

Xt

N

P, Po+q Py

Figure 3.2.

Note that in comparison to Section 2, two additiona stable equilibrium market shares are
possible: no entry of the new superior good, X, = 0, and a large market share of the entrant
that is smaller than 1. Case () of lemma 1 is a generalization of Section 2: the entrant's
market share is either smal or equa to 1, depending on the initiad market share and prices
that are chosen. Both new types of equilibria occur in case (ii) of lemma 1 when the price of
the new good exceeds its quality advantage, which is obvioudy not possible when prices are
not included in the model and g > 0. It is no longer true that a higher quality good cannot
have a market share larger than 0.5 and lower than 1. Its price may be so much higher than
that of the other good that potential customers will not find it worthwhile to buy it.

10



Clearly, a large initid market share is an advantage: a given prices in the two —
equilibrium range, a larger initial merket share results in a larger eventual demand. Thisisa
consequence of network externalities. alarge market share increases the value of the good to

consumers, who are therefore willing to pay a higher price.

3.2. Markov Equilibrium prices and outcomes.

In this subsection we describe equilibrium pricing dtrategies for both sdllers. As firms set
¥
prices to maximize total profits, P, =& d"*P ', and as (from lemma 1) profits in period t

t=1

are equdl to Py = pix.(PL, P, %..) and P = py(L- X (P, Po.X,..)), the impact of
today's prices on future pay-offs is only through the impact on today's market share.
Combined with the fact that the number of periods is infinite, this allows us to use the notions
of Markov dtrategies and Markov equilibrium. In our context, a Markov strategy specifies,
for each sdler, a pricing strategy such that price in any period depends only on the market
share at the beginning of that period in away that is independent of time.

Propositions 2 to 5 describe Markov equilibrium strategies and outcomes for different
values of the qudity difference: g3 1, 0.5£q9<1, §<g<0.5and 0£qg<(, where
G » 0.3477. Together these propositions give a full characterization for the case where
0.5<q,,q, <3. Interestingly, the propositions show that lock-in, in the sense of the old
technology being able to keep a large market share forever, cannot be an equilibrium
phenomenon under price competition for any value of the quality difference. For high levels
of g the entrant will be able to take over the whole market forever. For smaller values of q,
the entrant will take over a large market share after some time, but gives the incumbent at
least for some periods at |east a small market share back.

Proposition 2 characterizes Markov equilibriafor g3 1. When q 3 1, Lemma 1 tells

us that two types of market share can arise in any period: X, <(q+1)/4 or x_, =1.

Hence, these components of the strategies are most relevant.

Proposition 2. Suppose 0.5£ q,,q, £3 and g 3 1. Then, the strategies

L. (a+D° -
- f <1
p! :}.q 3 ! X1
i1 if x_, =1
p, =0 for all X _,

11



form a Markov equilibrium. The equilibrium outcome is then x, =1 for all T3t.

Moreover, thisis the unique equilibrium outcome.

Proposition 3 describes Markov equilibriafor 0.5 £ g <1.When q <1, two types of market
share can arise in any period: X, ; <(q+1)/4 or X,_, % (q+3)/4. Thiswill be therefore

theinitial market share in most periods.

Proposition 3. Suppose 0.5£ ¢,,9, £3 and 0.5 £ q<1. Then, the strategies

.i.q (q+1? it x,<(@Q+3/4

t 14—

pl 1 8 |f Xt_13 (q+3)
19 4

p, =0 for each X,

form a Markov equilibrium. The equilibrium outcome is then X, =1 for all T3t.

Moreover, thisis the unique outcome in all Markov equilibria.

Propositions 2 and 3 show that when the qudity of the new technology is much higher, it is
optimal for the entrant to take over the market and then set the maximum price at which he
will keep it. The incumbent will be driven completely out of the market dready in the first
period, and he will not be able to come back. Surprisingly, this result does not depend on the
discount factor. With a large quality advantage, the entrant is able to set a relatively high
price and till take over the market immediately, hence taking over is optima even if only the
current profits matter. If the entrant cares also about future profits, there is an additiond gain
from taking the whole market early on and enjoying the benefits of an installed consumer
base.

The difference between the two propositions mainly lies in the price the entrant can ask in
order to keep the whole market and can be understood by looking at Figure 3.3.

u(e)

q>1

q’<1

Figure 3.3.



Here, u(q) isdefined as the difference in gross utilities that consumer q can derivein

period t from both technologiesif X, =1, thet is

u@ =(@1- 9)g, +q- (- a)g, = (1- 9)a+qg.

In other words, u(€) says how much more consumer € is willing to pay for the new
technology, in comparison to the old one, if everyone else buys the new technology. The bold
lines in the figure represent u(&) for two different valuesof g, q* >1 and q° <1.

In equilibrium, the entrant cannot ask, from any consumer, a price which exceeds the
price of the incumbent by more than the additional gross utility that the new technology
offers in comparison to the old one. That is, the difference in prices cannot be larger than the

lowest gross utility difference. Hence, p, - p, Eminu(@). If g3 1, u(é) reaches a
q

minimum for consumers with g =1 and it equals 1. Hence, the entrant's price cannot exceed
the incumbent's price by more than 1. If q <1, the gross utility difference reaches a
minimum for consumers with g =0 and equals q. Therefore, the price of the entrant cannot

exceed the price of the incumbent by morethan .

We will now turn to an analysis of the case where the quality advantage of the entrant is

smaller than 0.5 and we will show that in this case both sdllers will coexist in the market.

Propositions 4 and 5 deal with these cases. As in Propostion 3, X, <(q+1)/4 and

X, > (q+3)/4 arethe most relevant initial market shares. Let
2

(41+ 24/238)"" + (41+ 232_38)1,3 +§§ » 0.3477..

Y-
28

0,
II
Nl\l

A

Proposition 4. Supposethat 0.5£ q,,q, £3 and § £ q < 0.5. Then, the strategies

N 2
- (212 i x, <22
pt 1
' 397 +6q- 17+(11+ )\ [907 + 389+ 9 i 2 (A+3)
T pl = 100 ’ If Xt-l 4
and

13
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form a Markov equilibrium. The equilibrium outcomeisthen x; = X for all t >T , where

+ -
qu < X<1. Moreover, thisis the unique equilibrium outcome.

When the quality difference takes on intermediate values, as in Proposition 4, the entrant will
dill take over the market in the first period, but will not keep it. The two technologies will
coexist, with more than three quarters of consumers buying the new technology. The reason
is that when the quality difference is not so high, the entrant would have to set alow priceto
keep the whole market. It is optima to set a somewhat higher price at the expense of giving
away part of the market.

For gcloser to 0.5, the equilibrium prices are such that the incumbent is not able get

back a large market share from the entrant. When q iscloser to §, heis able to do it, but

does not find it optimal. He would have to set a price much below the equilibrium price, and
a large market share would not compensate for it. Moreover, in the following period the
entrant would get a large market share again. This makes it optimal for the incumbent to
accept alow market share in exchange for a higher price and the absence of a price war.
Note that in spite of the fact that the entrant has both a higher quality and a higher
market share, some consumers buy the old good. This is not possible without price
competition. More surprisingly, the few consumers who buy the old, low quality technology

are precisely those who care most about quality. To understand this, observe that when
g<1,and X>(gq+3)/4, the market share advantage of the entrant is higher than the
quality advantage, that is X- (1- X) > .* As a consequence, "popularity loving" consumers
are willing to accept a higher price difference (and ill buy the new good) than "quality-
loving" consumers. The consumers with a high vauation for quality play therefore the role of
catalyst. Initially, the entrant sets a low price, and all consumers buy the new technology: the
"qudity lovers' because its qudlity is higher, and "popularity lovers', because the "qudity
lovers' provide benefits in terms of network externalities. After getting a high market share,
the entrant sets a high price to exploit his established base. Then, for the "quality lovers' the
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quality difference does not justify the difference in prices. Therefore, they switch back to
consuming the old good. On the other hand, there are now enough "popularity lovers'
consuming the new technology, who can provide network benefits for each other. Thus, they

are willing to accept a higher price difference.

Finally, we consider the case when ¢issmdl.

Proposition 5. If 0.5£q,,q, £3 and O£ q<{, there does not exist a pure strategy

Markov equilibrium.

When the qudity difference is small, there exists a mixed strategy equilibrium, where
both technologies will coexist over time, but neither seller will be able to keep a large market
share in the long run. In a mixed strategy equilibrium sometimes the entrant, and sometimes

the incumbent will dominate the market.

4. Social welfare

We now compare socid welfare, measured in terms of socia surplus, in situations with and
without price competition. The socid welfare consists of two components. consumer surplus
and sellers profits. In the case of unsponsored technology prices and profits are zero, so the
welfare equals consumer surplus. With price competition, net consumer surplus is equa to
gross consumer surplus minus the amount paid to sellers. Since the sellers' revenues are their
profits, total socia welfare is equa to the gross consumer surplus and depends only on the
equilibrium market shares.

In subsections 4.1 and 4.2 we analyze the social welfare in the cases without and
without price competition, respectively, and in subsection 4.3 we compare the two.

4.1. Social welfare without price competition
When everyone consumes the old technology, the total surplus is the area below the

line connecting g, and 1 (see figure 4.1). If everyone consumes the new technology, the total

surplus is the area below the line connecting g, and 1. If the market share of the new

technology is 0 < x <1, total surplus is given by the area below the bold lines. To see why,
note that the line connecting g, and X shows, for every consumer type, the utility derived

from consuming the new technology if its market share is X. Similarly, the line connecting

* Thisiseasy toseeas X- (1- X) = 2%X- 1> (q+1)/2>q.
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g, and 1- x shows utility derived from the old technology. We see now that consumers with

g < X prefer the new technology, and their total surplus is the area below the left segment of
the bold line, while the remaining consumers prefer the old technology, and achieve tota

surplus equal to the area below the right segment of the bold line.

u(a
1
a1 1-x
Go
X
X
0 q 1

Figure4.1

Clearly, the social welfare is maximized when everyone uses the new technology. Hence, if
in equilibrium the new technology is the only one, society benefits from its introduction.
However, when in the equilibrium the new technology has only a small market share, it is not
so obvious that welfare has increased. The consumers who use the new technology in the
equilibrium derive now more utility from its quality, but they lose a large part of the network
externality. The remaining consumers lose a part of network externality and do not gain
anything.

The net effect can be found by analyzing figure 4.1. The welfare gain due to higher
quality equals to the area of the triangle ,q,A, and the welfare loss from decreased network

externality isthe areabetween 1, A, Band 1- X. Hence, the welfare change is

SQl%A - SlAB(l— X) = SC'.’LCIOB - Slqg(l— X) = 05Xq - 05x = 05X(q - 1) .

Since the new technology can only have a smal market share if q<3- 242, the
welfare change is negative. Figure 4.2 shows how social welfare in equilibrium depends on

the quality difference, given that the quaity of the old technology, g, , is fixed.

Welfare

/\

3- 242 a
Figure 4.2.
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As ¢ increases, social welfare changes discontinuoudly. Initialy it decreases, because

the market share of the new technology increases, which leads to decrease of network
benefits. When qreaches its critica vaue, socia optimum is achieved in which the new

technology gets the whole market.

4.2 Social welfare with price competition.
In this case socia welfare equals gross consumer surplus, which depends on the equilibrium
market shares. We know from section 3 that in the presence of price competition two types of

pure strategy equilibrium outcomes can arises X =1 if Q305 or (q+3)/4<x<1if
0.34<g<0.5. For lower g no pure strategy equilibrium exists, which makes the welfare

analysisin that case very difficult.
Figure 4.3. illustrates social welfare in the two possible pure strategy equilibria:

u(a 1

a1

Jo

1-x

Figure 4.3.

Asin figure 4.1., aline connecting a quality value on the left side of the diagram and a
market share value on the right side shows, for each consumer type, the utility derived from
consuming the technology of that quality and market share. The area below the bold line
represents social welfare when X islarge. In this case, the new technology is being used by
consumers with high g, and since its market share is x, the indifferent consumer has
g =1- Xx. This consumer gets the same net utility from both technologies, but since the
prices are not equal, gross utilities differ, which causes the jump in the bold line.

Similarly to the previous subsection, tota sirplus is maximized when X =1. In an
equilibrium with (q+3)/4 < x <1 some consumers have a higher, and some a lower gross
surplus in comparison with the situation before the introduction of the new technology. Those
who in the equilibrium use the old technology lose a large part of the network benefits, equal
to the area of the triangle g,BA. The remaining consumers benefit from higher quality, but

lose a part of the network externality. The net change in their gross surplus equals the
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difference between the areas of triangles CBD and D1x. Hence, the total welfare change is
equal to

SCBD - SDXl - SqOAB =9 S

Ch o (1- X) x - 0o (1- x)1 -

S =

0,00,AC
_g+2x-1 x g+xg +(@1- Xx- xq, - 1- )

e Bl A 1- x)=- x> +0.5(g+5)x° - 1.5x.
> 5 > (1- x) (g+5)

Since the lowest X » 0.94 ., the welfare change is positive.
Figure 4.4. shows how welfare in the equilibrium depends on the quality difference, if

g, isfixed, for g > 0.34.

Welfare

034 05 q
Figure 4.4.

The market share of the new technology increases as the quality difference increases.
Since for high x socia welfare increases with X, it implies that welfare depends positively on
g. When q reaches 0.5, the new technology has the whole market in the equilibrium, which
maximizes socia welfare.

4.3. Welfare comparison

We can now compare the sociad welfare that is achieved in equilibrium with and
without price competition, given the quality difference.
i) If g2 0.5, the equilibrium outcome is the same in these two cases. Everyone buys the new

technology, and the socia welfare is maximized.
i If 3- 242 < g <0.5, the new technology is the only one if there is no price

competition, but it has less than the whole market with price competition. Since x =1 is

socidly optimal, price competition leads to alower welfare.
i) If q<3- 242, in the equilibrium without price competition the new technology has a
small market share. With price competition, there is no pure strategy equilibrium, and the

® Thiswill be the market share of the entrant if q=0.34
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new technology has sometimes a small, and sometimes a large market share. It is difficult to
say in which case the welfare will be higher.

5. Conclusions

We have examined the adoption of technology in a market with heterogeneous network
externalities where consumers have different relative vauations of both network size and
quality. In section 2 we considered the case of unsponsored technology, and in section 3 we
analyzed the implication of each of the two technologies being supplied by a Strategic seller.
We found that the market outcomes depend on the quality advantage of the new technology.
In general, the higher the quality difference, the higher the market share of the new
technology, both in the case of sponsored technology and in the case of unsponsored
technology. However, when firms are passive the results are more clear-cut. There is a
critical value such that if the quality difference is larger, the new superior technology will be
used by the whole market, and if the quality difference is lower, the old technology remains
dominant. Interestingly, with price competition it is not possible that the old technology stays
dominant in every period, not even when the qudity advantage is zero. That is, the
traditional lock-in results does not hold under price competition.

This is not to say that it is dways better for society to have price competition. There
are values of the quality difference such that without price competition, the whole market
will be served by the superior technology, whereas under price competition, the old and the
new technology co-exist as the price difference between the two technologies is so large that
some consumers prefer to buy the old technology. This means that under price competition
socia welfare may be lower.
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Appendix
Proof of Lemma 1. In order to have an equilibrium with coexistence of technologies, there
must exist a 0 <g* <1 such that

a*(2x - 1-a)=p;- Py - 0. (A1)
There are two cases to be distinguished. If p; < py +(, there may be an interior equilibrium
g* such that al consumers with g <q* (and only those) consume the new technology. If,

on the other hand, p, > p; +(q, there may be an interior equilibrium q* such that al

consumers with g <g* (and only those) consume the old technology. We consider the two
casesin turn.

Casel: p; £ py + (. Since & is uniformly distributed on [0,1], x, must be equal to the q of
the indifferent consumer. Substituting for € in (A.1) we get a quadratic equation which we

can solve for x;.

- 2% +(q+Dx, - (g- p}+p;) =0. (A2
Basicdly, two possihilities emerge:
a)lf p, £p,+q- ¢ -;1)2 , (A.2) has no stable solution. In this case, the only equilibrium
isx, = 1.
(a+1D)°

b) If p, > p, +Q- e (A.2) has two solutions:

L _a+1-4/(@+)°- 8- p; + p)
=
4

L . a*1+y(@+D’ - 8a- pi+py)
2_ .
4

If initidly X, , <X,, the equilibrium that emergesis X, = X; if X_, 3 X,, X, =1. Thevalue
of X, dependson p;. From the expression for X, it follows that X, , > X, , if and only if,
X, >+ /4 ad p; £ p, +2x>, - (Q+1)X_, +q (when x_, >(q+1)/2, the latter
condition followsfrom p; £ p, +q) . Otherwise, X, , <X,.

Casell: p; > p, +q. Since & is uniformly distributed on [0,1], x, must be equal to the 1-q

of the indifferent consumer. Subgtituting for € in (A.1) we get a quadratic equation which we

can solve for x;:

- 27 +(q+3)x, - @+p! - pb) =0. (A3)
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Following a smilar procedure asin Case | we have the following two possibilities:

+ 2
a)lf p; 3 p. +M- 1, (A.3) has no solution and the solution is unstable. In this case,
1 0 8

the only stable equilibriumisx; = 0.

2
b) When p, < pg+@- 1, two equilibria are possble depending on  x_,: if

_9+3-/(a+3)*- 81+ p! - p})
4

1 , Which is true when x_,<(q+3)/4 and

p, > pg - 2x2, +(g+3)x_, - 1,then x, = 0. Thisis alwaysthe casewhen q 3 1.

_9+3+4(a+3*- 81+ p - p) _ q+3

Inthereversecaseand if <1, X, = 2 2 i

Proof of Proposition 2. From Lemma 1 we know that the entrant’ s market share can never be
(q+1)/4<x, <1, so we do not consider these initial market shares. For the remaining

initid market shares we show that it is possible and optima for the entrant to take over the
whole market in the first period and to keep it subsequently, no matter what the price of the
incumbent. Hence, this will be the unique equilibrium outcome. From that it will follow that
the entrant's strategy described in the proposition is the optimal response to the incumbent's
equilibrium strategy. Demonstrating that the incumbent's strategy is an optimal response to
the entrant's equilibrium strategy will complete the proof.

Firgt, we prove that it is dways possible and optimal for the entrant to take over and
keep the whole market. That is, it is neither optimal to give some market share away to the
incumbent, nor to leave some part of the market uncovered. We first show that taking over
(or keeping) the market maximizes the entrant's current profits, or total profitsif d =0, for
any p,, and then we extend the argument to total discounted profitswhen d > 0.

We consider relevant initid market sharesin turn:

i) d=0 and x_, =1.If inequilibrium X, =1, then no consumer prefers the old good to the
new good, that is p, £ p, +1, and al consumers derive a positive utility from consumption,
that is (1- q)q, +ox - p; 3 O fordl g. Thisrequires p, =1, whichimplies P} =1. We

show now that p; =1 isoptimal.



G- P

1

- 2_ Aa. - pt
nonnegative utility. As x; cannot be larger than the market, x, £ % \/ql > G- P) ,

If p; £1,then X, =1 and P; <1.If p; >1, only consumerswith g £

G- 92 - 4g, - pl)

and profits cannot be larger than p; 5 .When p; >1, thisexpression

isaways smaller than 1, provided that ¢, £ 3.° Hence, p; =1 isoptimal.

i) d=0and Xx_,<(g+1)/4. To teke over the market, the entrant must set
p, £ py +g- (q+2)? /8, and in addition p; £1 so that everyone gets positive utility in
the equilibium.  The profit is then P} =min{ p{ +q- (Q+1)*/81. We show that
p; =min{ py +g- (q+1)?/81% maximizes current profits. If p; is lower than this
minimum, the market share is dso 1, and the profits are lower, hence this is not optimal.

Suppose P, is higher. We consider now two cases:

a) mn{ p;+q-(q+1)?/8,1}=p,+q- (q+1)>/8. Then, the profit is a most’

. . 9q+1- J(g+D)*-8(g- p, +p,) e, +1)2 Gy +16
P!=p W/ 5 1 0 <gp0+q_ (q8) %@] 9’8
® 4o

whichislower then P} = py +q- (q+2)?*/8.

_ 2_4 _ t
b) mn{ p. +q- (q+1)?/8 T =1. Now, the profit is P! < p! 0, - /9 > (G- Py) ,

whichislower than P; =1.
This shows that when X, , <(q+1)/4, itisoptima to take over the market.
We have shown that when current profits are being maximized, x, =1 for al relevant

X If X ,<(g+1)/4, the entrant's total discounted profits are

2 t
oy - 4 R) . .
lfoseq <2, p{% achieves amaximum, equal to (ql— q12/4)(q1/2)<1, at pl=q;- o2 /4. If

£q£3, themaximum isachieved at pf=1 and equals 1. For other values of ¢; other p, may be optimal,

and the market may be not covered.

" Thisisthe share of consumerswho prefer the new good to the old good. An additional restrictionis
that all consumers who buy the new good should get positive utility from it. Hence, the market share
may be even smaller.

8 The per-period profit function is decreasing when R>(a+n2/6-q (whichisawaystrueif
q>2-43»026,sinceinthat case (q+1)2/6-q<0), and pl>ph+q- (q+1)2/8. As pl approaches

p(t) +q- (q+1° /8, the market share convergesto (q+1)/ 4.

23



P, =min{ p',+q- (q+1)*/81 +d/(1- d), where p', denotes the equilibrium price of
the incumbent when X, , <(q+1)/4. No other strategy can give higher total profits. To see

this, note that under the proposed strategy current profits are maximized, and the future per-
period profits equa 1. Since per-period profits can never be higher than 1, any other strategy

will result in lower profits. This shows that taking over the market in the first period and
keeping X, =1 forever is the entrant's optimal strategy, independently of the strategy of the
incumbent and discount factor. Thus, this must be the outcome in any equilibrium.

As P, =0 for any p, it is easy to see that p, =0 is (one of the optimal)
incumbent's strategies. Hence, both players play an optimal response. I

Proof of Proposition 3. From Lemma1 we know that the entrant’s market share will never be

(q+1)/4<x, <(g+3)/4, hence we do not consider these cases. For remaining initial

market shares we first show that if d =0 it is always optima for the entrant to take over the
market and keep it, and we use this result to show that the proposed strategies form an

equilibrium if d = 0. Next, we show that they also form an equilibrium if d >0, and that
the outcome in this equilibrium is the only outcome that can arise.

Suppose d = 0. We consider relevant initial market sharesin turn:
) d=0and x,_, >(q+3)/4. Theentrant must set p; £ p; +( to have x, =1, to make

sure that all consumers prefer the new good to the old one, and to ensure that al consumers
must have postive utility, p{ £(1- q)a; +gx; for each . When g, 3 1 (which is the case
if >0.5and g, 0.5)and x, =1, thisrequires p, £ 1. Therefore, to keep the whole
market, the entrant must set p; = min{ p; +q,1} . The profitisthen P =min{ p; +q,1 .
Lower p; will not increase the market share beyond 1, thusiit is not optimal. We check now
if it may be optimal to set ahigher p, . We have to consider two cases.

a mn{p,+9L4=p,+q. Then, the curent profit is a most

+3+./(q+3)% - 81+ p; - P 2
(Ar3H@rT-BArpl- p) o, @9

pPt=
=P 4 8

Taking first and second order derivatives we see that if p, 3 1- 2q, which is dways the
caseif q3 0.5 and pg 2 0, this profit is maximized when p; = p; +q. Then, x, =1 and

Pi=p*a.

% seefootnote 7.
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b) min{ p; +9,5 =1 Then, if g, <3, the profit is less than 1. *° This shows that when
X, =1, p, =min{ p,; +q,1} and keeping the whole market is optimal.
i) d=0 and X,, <(q+1)/4. This proof is similar to the case x,_, <(q+1)/4 and
d =0 of Proposition 2.

The above argument shows that for any X,_,, the strategy at which the entrant takes
over and keeps the market, is a best response to any incumbent’s strategy if d =0. Asthe
incumbent always earns 0 independently of his strategy, pg = O is an optimal response for

him. Hence, the proposed strategies form an equilibrium if d = 0. The argument showing
thisisaso an equilibrium if d > 0 issimilar asin proposition 2 and therefore omitted.
We now show that no other equilibrium outcome can arise. (So far, we have only

shown that there exists a least one equilibrium). In every period X, <(q+1)/4 or
X, > (q+3)/4, and moreover (q+3)/4< X, <1 is never optimal, because it gives lower
current and the same future profits as X, =1. Hence, possible outcomes are
i) X, <(q+1)/4 forevery X_,
i) X, =1 forevery X_,
i) X, <(q+1)/4if x_,>(gq+3)/4and x, =1if Xx,_, <(q+1)/4
iv) X, <(@+D/4if x_, <(g+D/4and x, =1if x_, >(q+3)/4
We have just shown that the outcome (ii) exists. We consider now other outcomes.

Denote by p', and p', priceswhen X _, <(q+1)/4,andby p",and p', prices when
X1 >(q+3)/4.

Ad. i) Here, the entrant has aways a small market share, and his profits are at most**

__ 1, a+1-4J(@+D)’-8@- pi+po)
tl-d 4 '
Assuming that the market share of the entrant must stay small, this profit is maximized at™
P = Pota- (q+D)°/8+e,or ply=p; +(q+D*/8- g- €,

where e isasmall positive number. Consider now the incumbent. His profits are

13 q+4@+1)2- 8- p,+p)

P =
° 1-d"° 4

10 See footnote 6.
11 See footnote 7
12 See footnote 8
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Taking the first order condition we see that this profit is decreasing at
P =P, +gq+1?/8- q- e.Hence, a optimum p; < p,+(q+1)*/8- q- e.
Therefore, the only equilibrium prices can be

po=0and p, =q- (q+1)*/8+e.
At these prices, the entrant’ s total profits will be

1 & (g+1° Gg+16
P, = - ; =
a8 24,

which is lower than what he can earn by taking over and keeping the market,
+1)>  dmn{ p";+q,
p, =q-{atD”  dmnl ph*al
8 1-d
In the same way we show that outcome (iv) is not possible.

Ad. iii). Here, the market share follows a cycle: x, =0,X,,, =1, X,,, =0,...etc.** Tota

discounted profits are equal to

P
'o1-d?
If, on the other hand, the entrant keeps X, =1, his discounted profits will be

min{ p',+q- (q+1)?/8,1}.

1 . N
Pl :mmn{ p o+q’1}-

We know that min{ p",+q,} 2 0.5, mn{ p',+q- (q+1)* /83 £1 and d/(1+d) £ 0.5.

Then, it follows that P =Lmin{ p',+q - (q+1)2/8,1} ELmin{ P 'o+a.1}.
1142 0 1-d

This shows that no other outcome than X, =1 for every X _, can arise in the

equilibrium. This completes the proof. 7

Proof of Proposition 4. From Lemma 1 we know that the entrant’ s market share will never be

(q+1)/4<x, <(g+3)/4, hence we do not consider these cases. For the remaing initial

market shares we first show that the proposed strategies form an equilibriumwhen d =0.
Next, we show that they also form an equilibrium when d > 0, and we use the restrictions
on ¢, and ¢, to show that in this equilibrium the market is covered. Subsequently, we show
that no other outcome with a covered market can arise in a Markov equilibrium, and since it
is aways optimal to cover the market, no equilibria with the market not covered exist.

Suppose d = 0. We consider different initia market sharesin turn.

B x_1>(a+3)/4, theonly possible x, < (q+1)/4iS x, =0
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i)d=0and Xx,_, <(q+1)/4. The proof issimilar to the case (i) of Propositions2 and 3.
i) d=0 and x_, >(q+3)/4. Weinitidly assume that the market is covered and look at

the entrant and the incumbent in turn.

a) The profit function of the entrant is

Lpy . if plEp)+q

:

i q+3+,@q+3)%-80+pl- pl) +3)2
PI=ip / n L O if p6+q<p{£p8+—(q8) - 1,

i

0 , otherwise

|

i

From this we derive the optima response of the entrant. First, note that both
p;>p,+(Qq+3)?/8-1 and p,<p,+Qq canot be optimd. When
Pe+g£ p; £ p, +(q+3)?/8- 1, the profit function is concave and decreasing at the

upper boundary of the domain. Hence, two optima are possible: **

if p; <1- 2q, thereisan interior solution, given by the first order condition,

Pl _q+3+/(a+3)- 8l+pi- py) p! s
b, 4 J(@+3)?- 8+ p} - p))
Solving for the optimal price, we get
. _12p, +(@+3*- 12+(q+3)(q+3)* - 6+6p]
1 =
18
if py 3 1- 2q, thereisacorner solution at the lower boundary: p; = p; +d.
b) The profit function of the incumbent is
2
ot it py<p- 97
i 8
1- g- 4/(g+3)* - 81+ p; - p; 2
fp L J@+3*-8a+p-p) o @
i 4 8
i0 , otherwise
i
f

Note that it is never optimad to st p;3 p -q, o p; lower than

14 We can see now the main difference between q3 0.5 and q<0.5. When q3 0.5, p(t.) 31- 2qfor
any p; 3 0, and itisaways optimal to set p{ = p(t) + g and keep the whole market. When ¢ < 0.5,

p(t) <1- 2q and an interior solution with less than the whole market for the entrant is possible.
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p{+1- (q+3)2/8-efor any e>0. The profit function is discontinuous at

P, =p +1- (q+3)?/8.° For p; +1- (q+3)°£ p; < p - g, the profit function is
concave if p; >%(pi +1- (g+93)°? /8), and convex otherwise. Moreover, it is decreasing

a the upper boundary of itsdomain, p, - q. Therefore, two optimal values can arise:

an interior solution, given by the first order condition

Py _1-d-4[(a+3°- 8L+ p- p}) P,
ob; 4 J(a+3)?- 8L+ p} - ph)
provided that the function isin its concave range. Solving for the optimal price, we get

_12p! - (1- g)?- 129+ (1- q)/(1- q)2 +6q- 6p!
Po = 18 ’

:O,

a corner solution a the lower boundary, p; = p; +1- (q+3)?/8- e, where e is
asmal positive number.

It is easy to check that if the optimal price of at least one of the sdlers is a corner
solution, there is no equilibrium. Therefore, if there exist equilibrium prices, they must be
both interior solutions to the optimization problem. It follows from the above anadyss, that
for the interior solutions to be optimal, the equilibrium prices must satisfy:

i) p; <1- 2q, so that the interior solution of the entrant is optimal;

i) At the equilibrium price of the entrant, the incumbent must earn more if he plays the

interior solution than in the corner solution. That is,

%(q2 +10g+1- 12p; - (1- q)J(l- q)* +6q- Gp;)x

. 2
- 3+,/50° +14q+5- 24p. - 4(q- DY(L- q)° +6q- 6p! % pj +1. (q+:) |

The left Sde of this inequdity has been obtained by substituting the interior optimal
price of the incumbent into his profit function. Solving this inequdity, we get the following

condition for an equilibrium:

g 5q- 18+ (7+20)./7+ 2q
4

Py

2 2 2
15 P | approaches (pi+1—%x%)<pi+l-% as p| approaches plt+1-@ from above.
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Subgtituting the incumbent's optima response function into the entrant's optimal
response function, solving for p; and p, and diminaing solutions with negative prices we
obtain the following equilibrium:

o =739 - 46q- 23+(9- 019’ +389+9

° 100 ’

. _30°+6q- 17 + (11+0)4/99° +38q+9
1 - .

100

P

We have to check whether the conditions which make sure that these are interior
solutions are satisfied. It is easy to check that in the equilibrium the incumbent’s price

satisfies p, <1- 2g. The entrant's price must satisfy
ol = 30° +6q- 17 + (11+ g)4/9g® + 380+ 9 .- 59- 18+ (7 +2q)4/7 + 29

' 100 4
Solving for g, we obtain the following condition for the existence of an equilibrium:

2

é u
q>Qg=- Z+£§1(41+2«/238)1/3+ 3 — +gu » 0.3477
2 2g3 41+ 24238 3§

If q satisfies this condition, there exist equilibrium prices such that for both sdllers the
interior solution to the profit maximization problem is optimal. Hence, if 9> §and d =0,

the proposed strategies form an equilibrium.
We show now that the strategies described in the proposition form an equilibrium if
d > 0. Suppose that the entrant plays the equilibrium strategy and consider the incumbent. If

he plays the equilibrium strategy, and if X, , <(q+1)/4, heearns
d -
P = P ’
0 1_ d 0

where Isodmotes the profit in period t if X,_, >(q+3)/4and both sdlers play the
equilibrium drategy. Note that no other strategy can give him higher profits. when
X, <(q+1) /4 and the entrant plays the equilibrium strategy, the incumbent’'s maximum

profits are 0. When X, , > (q+3)/4and the entrant plays his equilibrium strategy, the

incumbent’s maximum profits are I30. Hence, no dtrategy can give higher profits than

equilibrium dtrategy.
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Suppose now that the incumbent plays the equilibrium strategy and consider the
entrant. When he plays his equilibrium strategy, his profits are:

_(@+D? P,
8 1-d’

P,=q

where If’ldenot$ the profit in period tif x_, >(gq+3)/4 and both sdllers play the
equilibrium strategy. Note that if the incumbent plays the equilibrium strategy, the entrant

can never earn higher per period profits than I51. It is obvioudy true if x,_, >(q+3)/4.
When X, <(q+1)/4, the maximum profit is - (q+1)*/8. Observe that if
X, > (q+3)/4, the entrant can always earn q by setting p, = g, which is not the optimal

price. Hence, P, >q>q- (q+1)?/8. Hence, a strategy different than the equilibrium

strategy will give either lower current profits, or lower future profits, or both. This shows that
under the assumption of the market being covered, the proposed strategies form an

equilibrium forany d .
The next step shows that in the described equilibrium the market is covered. Note that

when p; + p; £1, the market in period t is covered. Everyone consumes one of the goods, if
fordl q
(1- a)q, +ax - p; ® Oor (1- q)dg +d(L- %) - py° 0.
Thisis surely true, if (but not only if) the sum of these two expressions is nonnegetive,
(1- a)(@, +) +a- pi- P 2 0,
which, since g, >q, > 0.5, is certainly the case if p, + p; £1. It is easy to check that in

the proposed equilibium p; + p, £1 if x, <05. If x >(q+3)/4, the sum of

_4/99°+38q+9- -1

equilibrium pricesis p, + p; = 100 , Which is obvioudly smaller than 1.

Next, we show that no other outcome with a covered market can arise in an

equilibrium. In any period two types of market shares can arise: X, <(q+1)/4 or
X, > (q+3)/ 4. Hence, severa equilibrium outcomes are possible:

i) X, <(q+1)/4 forevery X_,;

i) X, > (q+3)/ 4 forevery X_,;

i) x, > (q+3)/4if x_, <(q+1)/4and x, <(Q+1)/4if x_, >(q+3)/4;

iv) X, <(@+D/4if x_, <(g+D/4and x, >(q+3)/4if x_,>(q+3)/4.



We have just shown that an equilibrium outcome described in (ii) exists. We consider
now the other cases.

Ad. i) The proof is similar to the analogous case in the proof of Proposition 3, where we

showed that in this case the optima p, =p,+q-(q+1)*/8+e, while optima
Po <P, +(q+1D)?/8-q-e. Hence the only equilibium  prices are

p, =q- (Q+1)?*/8+e and p; = 0. At these prices, the entrant’s profits are

1 e +1)? G +16
P, = g- @+ é?‘ +.
1-d 8 F4 g

which is lower than the profits that he can earn if he takes over the market and keeps a large
market share,

d
P,=0- (q+1)?/8+—P!,
1 =0-(q 1 d

where P; >q.*°
The same reasoning rules out an equilibrium outcome of type (iv).
Ad.(iii) In this case, the maket share follows a cycle of the type

X, =0,X,, =1 X,, =0,..etc.” Denote by p',ad p', equlibium prices if
X, <(q+1/4, and by p", and p", equilibium prices if x_,>(q+1)/4. The

discounted profits and prices of both sellers are:

' . ' +12
P1= p12 and p',=p,ytq- @*d ;
1- d 8
" 2
Po=P0 a p,=pyr- LT

1-d?
This could be an equilibrium outcome if none of the sdllers could increase his profits
by playing a strategy leading to a different outcome. Consider the entrant. His profits in this
equilibrium must be larger than what he can earn, given the price of the incumbent, if

X, > (q+3)/ 4 forever, i.e,

' +3+ +3)2-81+p - p"
P18 e, 473497 B Py o)
1- d? 1-d p 4

Similarly, the incumbent must earn higher profitsthan when x, <(q+1)/4,i.e,

181§ x >(q+3)/4, the entrant can always set the price q and keep the whole market, which is not optimal.
17 see footnote 13

31



3- q++/(q+1)2 - 81+ p1- po) |

P'o _ .
= >py+
L g2 PotigprPo 4
Since
+3+ +3)°- 81+p, - p"
e p, J(@+3) - 81+ p, Py 5 g e
PL 4
2 1
3-q++/(@+)“- 8(q- p,+
nap, & OI@HD2 - B@- pep) |
Po 4
thisrequires
dpll " dp”O LI
m>po+q and 1+d>p1 q,

which leads to a contradiction for every d . Hence, market share cycles of this type cannot be
an equilibrium outcome.
Therefore, we have shown that the only possible equilibrium outcome with a covered

market isonewith x, > (q+3)/ 4 forevery X _,.

Finaly, we show that it is dways optima for a least one of the sdllers to cover the
market, and hence no equilibrium with a non-covered market exists. We consider severd

initial market shares:

) X, <(q+1)/4."° We show that if 0.5£ q, £3 it is dways optimal for the entrant to
cover the market. We consider several cases:
a) py+q- (q+1)?/83 1. Suppose 0.5£ g, £3. Then, if p; =1, the entrant will have
the whole market and earn P} =1, whileif p; >1, P; <1 and the market share will be
lessthan 1. Hence, p, =1 is better both for present and future profits.
b) (q+1)?/6- q<p.<1l- q+(q+1)?/8.

Then, P} =p; = p',+q- (q+1)?/8 is higher than the maximum profit that can be
achieved whenp; > p',+q- (q+1)?/8, andit aso resultsin larger market share®. Hence,
p, = p'y+q- (q+1)?/8, a which price the market is covered, is optimal for current and

future profits.

i) X, >(q+3)/4. We show that if 0.5£ q, £3, itisawaysoptima for theincumbent to

cover the market. We consider several cases.

18 q+3+,’(q+3)2-8(1+pl. P"o)

P, 2 = pota ifp, = po+qand p,

3-a+y/(a+1)2- 8a- P+ py)

4

=py-a if p=py-q

1% The proof for (q+1)/4<x_ <05 is ana ogous.



a) p, +1- (q+3)?/83 1. Then, if 0.5£ q, £3, for the same reasons as for the
incumbent above it is optimal for the incumbent to st p; =1 and cover the market.

b) (q+3)*/8<p, <(q*+4q+1)/6. Here, p; = p; +1- (q+3)*/8 gives the
highest current profits and the highest market share, ** hence it is optimal.

c) p; <(g*+4q+1)/6.Since p; < p; - g (elsetheincumbent has zero profits now
and O market share in at the beginning of the next period), pg +p",<@- q)°/6<1.

Hence, the market is covered. This shows that it is aways optima for at least one of the

sdllersto cover the market, which compl etes the proof. I

Proof of Proposition 5. We show that no pure strategy Markov equilibrium with a covered
market exists. Moreover, it is dways optimal for a least one of the sdlers to cover the
market. Hence, no pure-strategy equilibrium with a non-covered market exists.

We consider al potential equilibrium outcomes with the market covered and show that

none of them can arise in an equilibrium. We begin with the case d = 0, and then extend the
argument to higher d .

Assumethat d =0 and consider two types of initial market shares: X, > (q+3)/4
and X, <(q+1)/4.%
i) d=0 and Xx,_,>(q+3)/4. We have shown in the proof of Proposition 4 that a

necessary condition for the existence of equilibrium is q > §. Otherwise, there does not
equilibrium prices a which the incumbent would prefer having a small market share to taking

over the market. Hence, if q < §, thereis no pure strategy equilibrium.

i) d =0 and x_, <(q+1)/4. We have shown earlier®® that when q>3- 24/2, theentrant
aways finds it optimal to take over the market. Therefore, this must be the equilibrium
outcome. Then, X, > (q+ 3)/4, and in the next period there is no pure strategy equilibrium.
Hence, when >3- 2./2, there does not exist a pure strategy Markov equilibrium.
Therefore, an equilibrium could only exist if q<3- 24/2, and the outcome would have to be

X, <(q+1)/4 inevery period. We show now that such an equilibrium does not exist.

%9 see footnote 8.
L When p,>(q2+4q+1)/ 6, the profit function is decreasing if pf>p* +1- (a+3)2/8 .

2.Since (q +1)/4 £ x,_4 £ (q + 3)/4 can never occur, we do not consider it. .

23 see footnote 8.



In an equilibrium, both sellers must optimize given the other's strategy. The profit

functions are
. q+1-/(q+D)?- 8(q- pi+p)
Pl_pl ’
4
. .3-a+,(q+)?- 8- p;+p})
Po =P 2 -

We obtain now optimal response functions of the sellers.
a) incumbent. The profit function is concave and increasing a the lower boundary of its
domain. Hence, two optima are possible;

an interior solution, given by the first order condition

Py _3-9+y(@+D)*-8(a- pi+p;) P} %
by 4 J@+D)?- 8(a- pi+ph)
Solving for p;, we obtain
. _9%- 69- 3+12p} +(3- q)y/(3- q)° - 6+6p;
Po = '
18
acorner solution, p; = p; - .
4 +1)% 0
b) entrant. The profit function of the entrant is concave when p, >§§epg +qQ- @ 5 ) 2
]

and convex otherwise. Besides, it is decreasing a the upper boundary of its domain, p; +q .

Hence, two optimum vaues could arise:

an interior solution, given by the first order condition

P! _a+1-4(q+1)’-8(a- pi+p) P, o
b} 4 J(@+1)?- 8(a- p! + p})
Solving for p; , we get
o o 20" +10a- 1+12p) +(a+14/(+D)° - 64- 6Py
' 18
(9+1)°

A corner solution at the lower boundary of the domain, p; = p;, +Q- 5

Since in an equilibrium X, <(q+1)/4, the optimal responses of both sellers must be

interior. Denote the interior optimal pricesby p, (p,) and p,(p,) .**

24 Note that for the entrant aglobal optimum may be different (corner solution).



Figure A. 1 shows the interior optimal prices as functions of the competitor's price.
The figure is meant to help understanding how the proof works.

P1

Po

FigureA.1

The bold curve represents the incumbent's reaction function, p,(p,). The single line
represents solutions to the entrant's optimization problem: the Ieft, curved one is the interior

solution, p; (p,), while the right, straight line is the corner solution, p; = pg +q. Note

that for some p, both solutions exist. In that interval only the solution thet gives higher

profitsis relevant.
We have shown that an equilibrium with a corner solution does not exist. Hence, to

prove that there is no equilibrium, it is enough to show that p,(p,) and p, (p,) do not

cross. The proof consists of severa steps. We show that
a) Point A lies above point B;
b) Point D liesto theright of point C;
c) p,(p,) isconcavein p,, and therefore all values of p, (p,) lie above the straight line
connecting A and C;
d) p,(p,) isconcavein p,.Hence, itsinverse, p, *(p,), isconvexin p,. Therefore, al
values of the inverse reaction function lie below the straight line connecting B and D.
e) (a) to (d) imply that the curve representing the interior optimum of the entrant lies above
the reaction curve of the incumbent, and hence the two curves do not cross. This shows that a
pure strategy equilibrium does not exist.
ad. a) We show that the p, coordinate of A isaways larger than p, coordinate of B. That
is, p, (0)>p,"(0)

The incumbent's optimal responseis equd to O, if

o - 07 64- 3+12pl + (- Q)y/(3- Q)" - 6+6pi _

0 18 ’



which is true if p,=q-(q+1)*/8 (and for dl lower p,). Hence,

P (0=q-(q+D*/8.%
The entrant's optimal responseto O is

- g° +10q- 1+(q +1)/(q +1)? - 6q
18 '

P, (0) =
Comparing these two values of p, we seethat p, (0) > p,™ (0) for every relevant q.

b) Here we show that the highest p, for which the entrant's interior optimum exists, p,, is

(q+2)°
6

lower than  p,(p, (P,)). We know that when p, > - q, the entrant's profit

function is aways decreasing, and hence there is no interior solution. On the other hand,

(q+1)°
6

when p, < - (, the profit function is increasing at the lower boundary so that an

interior solution exists. Therefore, P, =

2
@ o
6

&g +1)20_5q° - 14 - 1+ (3- q)4/12q7 - 48q+30
& 18 5 54 '

Po (P (Do) = Py
Comparing these two vaues, we see that p, (p; (B,)) islarger than P, for al relevant g.

c) p,(p,)isconcave.

dzpo:_l 3'q
&b 2.[q>- 6q+3+6p,

<O for dl relevant q

d) p,(p,)Iisconcave

2
d b _ 1 a+l <O for dl rlevant q.

o,  2.[¢?- 4q+1- 6p,

This shows that when d = 0, there does not exist a pure strategy Markov equilibrium.

We now extend the argument to the case when d > 0. Since any period two types of market

sharescan arise, X, <(q+1)/4 or x, > (q+ 3)/ 4, several market outcomes are possible:
i) X, <(q+1)/4 forevery X _,;

i) X, > (q+3)/ 4 forevery X_,;

i) x, >(q+3)/4 if x_,<(q+1)/4and x, <(q+D/4if x_, >(q+3)/4;

2 \f o-(a+)2/8<0, my(py)>0 for any p;. Hence, the beginning of the incumbent’s reaction curve lies
obviously below the entrant’ reaction curve.



iv) X, <(@+D/4 if x_,<(q+1)/4 and X, >(q+3)/4if x_, >(q+3)/4.
Ad.i) Inthis case, the total profits of sellersare: P :ﬁPi and P, :ﬁpg,where

P, and P{ are per-peiod profits if x_, <(q+1)/4 and X, <(q+1)/4. Ther
maximization leads to the same optimal responses as maximization of P} and P ;. Sincein

that case no pure strategy equilibrium exists, it dso does not exist when d > 0. Ad. ii) The
argument is smilar to that in i). Ad iii). Follows from i) and ii). Ad. iv) The same argument
as in the proof of proposition 4 shows that a pure strategy Markov equilibrium with market
share cycle does not exist.

We have shown that none of the possible outcomes can arise in the equilibrium. Hence,
if O£ gq< @ there does not exist a pure strategy Markov equilibrium with a covered market. A
similar argument as in the Proposition 4 shows that it is aways optimal to cover the market.
Hence, there does not exist an equilibrium with not covered market. This completes the

proof. i
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