
Hydoxdwlqj JDUFK prghov

Vwhidq Oxqgehujk dqg Wlpr Whuçvyluwd

Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv/

Vwrfnkrop Vfkrro ri Hfrqrplfv/

S1R1Er{ 9834/ VH0446 ;6 Vwrfnkrop/ Vzhghq

Iheuxdu| 8/ 4<<<

Devwudfw

Wklv sdshu vxjjhvwv d xql�hg iudphzrun iru whvwlqj wkh dghtxdf| ri dq hv0
wlpdwhg JDUFK prgho1 Qrwklqj pruh frpsolfdwhg wkdq vwdqgdug dv|pswrwlf
wkhru| lv uhtxluhg1 Sdudphwulf whvwv ri qr DUFK lq vwdqgdugl}hg huuruv/ v|pph0
wu|/ dqg sdudphwhu frqvwdqf| duh vxjjhvwhg1 Hvwlpdwlqj wkh dowhuqdwlyh zkhq
wkh qxoo k|srwkhvlv lv uhmhfwhg pd| jlyh xvhixo lghdv ri krz wr lpsuryh wkh vshfl0
�fdwlrq1 Lw lv dovr vkrzq wkdw wkh uhfhqw sruwpdqwhdx whvw ri Ol dqg Pdn +4<<7,
lv dv|pswrwlfdoo| htxlydohqw wr rxu whvw ri qr DUFK lq wkh vwdqgdugl}hg huuru
surfhvv1

Nh|zrugv= Frqglwlrqdo khwhurvnhgdvwlflw|/ prgho plvvshfl�fdwlrq whvw/ qrqolq0
hdu wlph vhulhv/ sdudphwhu frqvwdqf|/ vprrwk wudqvlwlrq JDUFK1

MHO Fodvvl�fdwlrq Frgh= F55/ F851

Dfnqrzohgjhphqwv= Wkh �uvw dxwkru dfnqrzohgjhv �qdqfldo vxssruw iurp wkh
Wruh Eurzdogk*v Irxqgdwlrq1 Wkh uhvhdufk ri wkh vhfrqg dxwkru kdv ehhq vxs0
sruwhg e| wkh Vzhglvk Frxqflo iru Uhvhdufk lq Kxpdqlwlhv dqg Vrfldo Vflhqfhv1
Kh zrxog dovr olnh wr wkdqn wkh Wlqehujhq Lqvwlwxwh iru krvslwdolw| gxulqj klv
ylvlw wkhuh1 Pdwhuldo iurp wkh sdshu kdv ehhq suhvhqwhg dw wkh HF2 Phhwlqj/
Vwrfnkrop/ Ghfhpehu 4<<;1 Zh zlvk wr wkdqn Fkdqjol Kh iru xvhixo frpphqwv
dqg Mdphv Fkx iru vhqglqj xv klv JDXVV frgh iru shuiruplqj klv sdudphwhu
frqvwdqf| whvw1 Dq| huuruv dqg vkruwfrplqjv lq wkh sdshu uhpdlq rxu rzq uh0
vsrqvlelolw|1

Qrwh= Wklv sdshu lv dovr dydlodeoh dv Zrunlqj Sdshu Qr1 5<5 lq wkh VVH2HIL
Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh1 Vwrfnkrop Vfkrro ri Hfr0
qrplfv1



41 Lqwurgxfwlrq

Zkhq prghoolqj wkh frqglwlrqdo phdq/ dw ohdvw zkhq lw lv d olqhdu ixqfwlrq ri sdudp0

hwhuv/ wkh hvwlpdwhg prgho lv uhjxoduo| vxemhfwhg wr d edwwhu| ri plvvshfl�fdwlrq whvwv

wr fkhfn lwv dghtxdf|1 Wkh k|srwkhvlv ri qr +frqglwlrqdo, khwhurvnhgdvwlflw|/ qr huuru

dxwrfruuhodwlrq/ olqhdulw|/ dqg sdudphwhu frqvwdqf|/ wr qdph d ihz/ duh whvwhg xvlqj

ydulrxv phwkrgv1 Lq prghov ri frqglwlrqdo yduldqfh/ vxfk dv wkh srsxodu JDUFK

prgho/ whvwlqj wkh dghtxdf| ri wkh hvwlpdwhg prgho kdv ehhq pxfk ohvv frpprq lq

sudfwlfh1 Exw wkhq/ plvvshfl�fdwlrq whvwv gr h{lvw lq wkh olwhudwxuh dovr iru JDUFK

prghov1 Iru h{dpsoh/ Eroohuvohy +4<;9, douhdg| vxjjhvwhg d vfruh ru Odjudqjh Pxo0

wlsolhu +OP, whvw iru whvwlqj d JDUFK prgho ri d jlyhq rughu djdlqvw d kljkhu0rughu

JDUFK prgho1 Ol dqg Pdn +4<<7, ghulyhg d sruwpdqwhdx w|sh whvw iru whvwlqj wkh

dghtxdf| ri d JDUFK prgho1 Hqjoh dqg Qj +4<<6, frqvlghuhg whvwlqj wkh JDUFK

vshfl�fdwlrq djdlqvw dv|pphwu| xvlqj wkh vr0fdoohg vljq0eldv whvw1 Fkx +4<<8, gh0

ulyhg d whvw ri sdudphwhu frqvwdqf| djdlqvw d vlqjoh vwuxfwxudo euhdn1 Wklv whvw kdv d

qrqvwdqgdug dv|pswrwlf qxoo glvwulexwlrq/ exw Fkx surylghg wdeohv iru fulwlfdo ydoxhv1

Lq wklv sdshu zh surylgh d xql�hg iudphzrun iru plvvshfl�fdwlrq whvwlqj lq JDUFK

prghov1 Wkh iudphzrun fryhuv wkh prvw frpprq dowhuqdwlyh k|srwkhvhv1 Wkh lghd lv

wr pdnh plvvshfl�fdwlrq whvwlqj hdv| zlwkrxw vdful�flqj srzhu1 Zh vxjjhvw whvwv iru

whvwlqj wkh qxoo ri qr DUFK lq wkh vwdqgdugl}hg huuruv/ d jhqhudo whvw iru plvvshfl�0

fdwlrq ri wkh ixqfwlrqdo irup/ whvwlqj v|pphwu| djdlqvw d vprrwk wudqvlwlrq JDUFK/

dqg d whvw ri sdudphwhu frqvwdqf| djdlqvw vprrwko| fkdqjlqj sdudphwhuv1 D vlqjoh

vwuxfwxudo euhdn lv qhvwhg lq wkh dowhuqdwlyh k|srwkhvlv ri wkh sdudphwhu frqvwdqf|

whvw1 D wzr0uhjlph dv|pphwulf JDUFK prgho vxfk dv wkh vr0fdoohg JMU prgho

+Jorvwhq/ Mdjdqqdwkdq dqg Uxqnoh/ 4<<6, lv qhvwhg lq wkh dowhuqdwlyh ri vprrwk wudq0

vlwlrq JDUFK1 Qrwh wkdw wkh whvw ri Eroohuvohy +4<;9, �wv zhoo lqwr rxu iudphzrun1

Ixuwkhupruh/ zh vkrz wkdw wkh sruwpdqwhdx whvw ri Ol dqg Pdn +4<<7, lv dv|pswrw0

lfdoo| htxlydohqw wr rxu whvw ri qr uhpdlqlqj DUFK1 Doo rxu whvwv duh OP0whvwv dqg

uhtxluh rqo| vwdqgdug dv|pswrwlf glvwulexwlrq wkhru|1 Wkh| pd| eh rewdlqhg iurp

wkh vdph �urrw� e| phuho| fkdqjlqj wkh gh�qlwlrqv ri wkh hohphqwv ri wkh vfruh yhfwru

fruuhvsrqglqj wr wkh dowhuqdwlyh k|srwkhvlv1 Wklv pdnhv whvwlqj hdv| dv wkh vdpsoh

frxqwhusduwv ri wkh dqdo|wlfdo �uvw dqg vhfrqg rughu ghulydwlyhv ri wkh orjdulwkplf

olnholkrrg ixqfwlrq pd| eh frpsxwhg zlwkrxw gl!fxow| xvlqj wkh uhvxowv lq Ilruhq0
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wlql/ Fdo}rodul dqg Sdqdwwrql +4<<9,1 Rxu Prqwh Fduor vlpxodwlrqv vkrz wkdw wkh

whvwv zh sursrvh kdyh uhdvrqdeoh srzhu/ wkdw lv/ wkh| frpsduh idyrxudeo| zlwk wkh

whvwv fxuuhqwo| dydlodeoh lq wkh olwhudwxuh1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh gh�qh wkh prgho1 Lq vhfwlrq 6

zh glvfxvv whvwlqj wkh qxoo ri qr DUFK lq wkh vwdqgdugl}hg huuruv dqg frpsduh rxu

OP0whvw zlwk wkh sruwpdqwhdx whvw ri Ol dqg Pdn +4<<7,1 Vhfwlrq 7 frqvlghuv whvwlqj

wkh ixqfwlrqdo irup/ v|pphwu| dqg sdudphwhu frqvwdqf|1 Vhfwlrq 8 frqwdlqv uhvxowv

ri d vlpxodwlrq h{shulphqw lq zklfk rxu whvwv duh frpsduhg zlwk rwkhu whvwv sursrvhg

lq wkh olwhudwxuh dqg Vhfwlrq 9 frqfoxghv1

51 Wkh prgho

Frqvlghu d frqglwlrqdoo| khwhurvnhgdvwlf prgho zkhuh wkh frqglwlrqdo phdq kdv wkh

iroorzlqj vwuxfwxuh=

|w @ i+zw>*, . xw +514,

zkhuh i dw ohdvw lv wzlfh frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr * 5 �/ iru doo

zw 5 ?n hyhu|zkhuh lq �= Wkh frqglwlrqdo yduldqfh lv sdudphwhul}hg dv=

xw @ �
w

s
k+}w>*>�, +515,

zkhuh i�
w
j lv d vhtxhqfh ri lqghshqghqw vwdqgdug qrupdo yduldeohv1 Wkh qrupdolw|

dvvxpswlrq lv pdgh mxvw iru wkh sxusrvh ri gh�qlqj wkh olnholkrrg ixqfwlrq exw lv

qrw qhhghg iru wkh dv|pswrwlf uhvxowv1 H{lvwhqfh ri d qxpehu ri prphqwv kdv wr eh

dvvxphg/ krzhyhu/ iru hdfk ri wkh fdvhv frqvlghuhg ehorz1 Zh dvvxph wkdw kw @ �3}w/

wkdw lv/ d olqhdu ixqfwlrq ri wkh sdudphwhuv �1 Wkh vwdqgdug JDUFK+s/t, prgho zkhuh

� @ +�
3
> �

4
> ===> �t> �4> ===> �s,

3 dqg wkh revhuydwlrq yhfwru }w @ +4> x5
w�4

> ===> x5
w�t

> kw�4> ===> kw�s,
3

frqvwlwxwhv dq h{dpsoh1 Ixuwkhupruh/ xw @ |w�i+zw>*, dqg * lv dvvxphg qrw wr gh0

shqg rq �1 Wklv jxdudqwhhv wkdw H^xw` @ 3 dqg H^xwxw�m` @ 3 / m 9@ 31 Zh dvvxph wkdw

wkh pd{lpxp olnholkrrg hvwlpdwruv ri wkh sdudphwhuv ri wkh JDUFK surfhvv duh frq0

vlvwhqw dqg dv|pswrwlfdoo| qrupdo1 Oxpvgdlqh +4<<9, jdyh wkh uhtxluhg dvvxpswlrqv

iru wkh JDUFK+4/4, surfhvv1 Iru pruh jhqhudo JDUFK surfhvvhv/ vhh Eroohuvohy dqg

Zrrogulgjh +4<<5,1 Vlqfh wkh vwdqgdug JDUFK+s/t, prgho lv v|pphwulf dqg vdwlv�hv
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wkh xvxdo uhjxodulw| frqglwlrqv/ vhh Hqjoh +4<;5,/ wkh lqirupdwlrq pdwul{ lv eorfn0

gldjrqdo lq * dqg �1 Wkh uhvwulfwlrqv �
3
A 3> �l A 3> l @ 4> ===> t � 4> �t A 3> �

l
A 3/

hqvxuh qrqqhjdwlyh frqglwlrqdo yduldqfh zlwk suredelolw| rqh exw wkh| fdq eh uhod{hg

dv lq Qhovrq dqg Fdr +4<<5,> vhh dovr Kh dqg Whuçvyluwd +4<<<f,1 Lq zkdw iroorzv zh

vkdoo pdlqo| irfxv rq wkh frqglwlrqdo yduldqfh dqg gr qrw frqvlghu wkh frqglwlrqdo

phdq1 Wklv zh gr iru vlpsolflw|/ dqg lq fdvhv zkhuh wkh lqirupdwlrq pdwul{ ri wkh

orj0olnholkrrg lv eorfn gldjrqdo wklv dssurdfk lv mxvwl�hg1 Mrlqw prghoolqj ri wkh frq0

glwlrqdo phdq dqg wkh frqglwlrqdo yduldqfh lv glvfxvvhg/ iru h{dpsoh/ lq Ohh dqg Ol

+4<<;, dqg Oxqgehujk dqg Whuçvyluwd +4<<;,1

61 Whvwlqj wkh qxoo ri qr DUFK lq vwdqgdugl}hg huuruv

6141 OP0Whvw

Zh frqvlghu wkh vlwxdwlrq zkhuh zh kdyh hvwlpdwhg d JDUFK+s/t, prgho xqghu wkh

dvvxpswlrq wkdw wkh vwdqgdugl}hg huuruv �
w
@ xwk

�4@5

w
ri wklv prgho duh lqghshqghqw

qrupdo1 Zh zdqw wr whvw wklv k|srwkhvlv djdlqvw wkh dowhuqdwlyh wkdw wkhvh huuruv

iroorz dq DUFK+p, surfhvv1 Frqvlghu +515, exw dvvxph wkdw

�
w
@ %w

s
j+}w>*>�>�, +614,

zkhuh i%wj lv d vhtxhqfh ri lqghshqghqw vwdqgdug qrupdo yduldeohv1 Wkh dowhuqdwlyh

ri kljkhu0rughu ghshqghqfh lq +614, lv sdudphwul}hg dv jw @ 4 . �3yw zkhuh � @

+�
4
> ===> �p,3 dqg yw @ +�5

w�4
> ===> �5

w�p
,3 vr wkdw H^�5

w
�5
w�m

` 9@ 3/ m 9@ 31 Wklv lpsolhv

wkdw i�
w
j iroorzv dq DUFK+p, prgho1 Wkh qxoo k|srwkhvlv ri qr DUFK lq i�

w
j lv

K
3
= � @ 3 zklfk lq wxuq lv htxlydohqw wr jw � 41 Xqghu wkh dowhuqdwlyh � 9@ 3 wkh

vwdqgdug JDUFK+s/t, prgho lv plvvshfl�hg ehfdxvh i�
w
j lv qr orqjhu d vhtxhqfh ri

lqghshqghqw yduldeohv1 Iru vlpsolflw|/ uhzulwh +515, dv

xw @ %w
s
k+}w>$>�, +615,

zkhuh k+}w>$>�, @ +�3}w,j+}w>*>�>�,1 Ohw $ @ +*>�3,3 ghqrwh wkh sdudphwhuv ri

wkh vwdqgdug JDUFK prgho zlwk wkh frqglwlrqdo phdq vshfl�hg dffruglqj wr +514,1

Lq wkdw fdvh/ k+}w>$>d, @ +�3}w,+4 . �3yw,= Wkh Odjudqjh pxowlsolhu +ru vfruh, whvw

6



vwdwlvwlf lv gh�qhg dv

OP� @ W

3EC 3

4

W

WS
w@4

Cow

C�
m�@3

4FD
3

L+e$>�m�@3,�4
3EC 3

4

W

WS
w@4

Cow

C�
m�@3

4FD +616,

zkhuh W lv wkh qxpehu ri revhuydwlrqv1 Wkh lqirupdwlrq pdwul{ L+e$>�m�@3, lv hv0
wlpdwhg e| wkh hvwlpdwhg qhjdwlyh h{shfwdwlrq ri wkh Khvvldq1 Hvwlpdwlrq ri wkh

JDUFK prgho xvlqj dqdo|wlfdo ghulydwlyhv/ Ilruhqwlql hw do1 +4<<9,/ |lhogv dv d e|0

surgxfw qxphulfdoo| uholdeoh hvwlpdwhv iru wkh hohphqwv ri wkh lqyhuvh ri wkh lqirupd0

wlrq pdwul{ dqg fdq wkhuhiruh eh uhfrpphqghg1

Wkh �uvw ghulydwlyh ri wkh orj0olnholkrrg ri revhuydwlrq w zlwk uhvshfw wr � hydox0

dwhg xqghu K
3
kdv wkh irup

Cow
C�3

m�@3 @
4

5

�
x5
w

kw
� 4

�
4

kw

Ckw
C�3

m�@3

@
4

5

�
x5
w

kw
� 4

�
yw

zkhuh yw @ +�5
w�4

> ===> �5
w�p

,3 @ +
x
5

w�4

kw�4

> ===>
x
5

w�p

kw�p

,3 @ 4

kw

Ckw

C� 3
m�@31 Xqghu wkh qxoo k|srwk0

hvlv/ wkh lqirupdwlrq pdwul{ lv eorfn0gldjrqdo lq * dqg �1 Wkh qhjdwlyh +frqglwlrqdo,

h{shfwdwlrqv ri wkh uhohydqw vhfrqg rughu ghulydwlyhv duh

�H C
5
ow

C�C� 3
m�@3 @ 4

5

{w{
3

w
�H C

5
ow

C�C� 3
m�@3 @ 4

5

yw{
3

w
�H C

5
ow

C�C� 3
m�@3 @ 4

5

ywy
3

w

zkhuh {w @ 4

kw

Ckw

C� 3
m�@31 Wkh whvw vwdwlvwlf +616, pd| wkhq eh zulwwhq dv

OP� @
4

7W

[�
+
ex5
wekw � 4,ey3

w

�
YOP+e�,�4[�eyw+ex5wekw � 4,

�
+617,

zkhuh YOP+e�, @ 4

5W

�Seywey3w �Seywe{3w+Se{we{3w,�4Se{wey3w�1 Ixuwkhupruh/ eyw dqg e{w
duh wkh vdpsoh frxqwhusduwv ri wkh fruuhvsrqglqj ghulydwlyhv xqghu wkh qxoo k|srwk0

hvlv dqg wkh| pd| eh frpsxwhg lwhudwlyho|> vhh Ilruhqwlql hw do1 +4<<9, iru ghwdlov1

Dvvxplqj wkdw wkh uhohydqw prphqwv/ lqfoxglqj wkh irxuwk prphqw ri �
w
/ h{lvw/ +617,

kdv dq dv|pswrwlf "5 glvwulexwlrq zlwk p ghjuhhv ri iuhhgrp zkhq K
3
krogv1

Wklv whvw vwdwlvwlf pd| dovr eh frpsxwhg e| xvlqj dq duwl�fldo uhjuhvvlrq1 Wkh

I 0yhuvlrq ri wkh whvw lv wkhq fduulhg rxw dv iroorzv1

7



41 Hvwlpdwh wkh sdudphwhuv ri wkh frqglwlrqdo yduldqfh prgho xqghu wkh qxoo/ frp0

sxwh ex
5

w

e

kw

� 4 dqg wkh vxp ri vtxduhg uhvlgxdov/ VVU
3
@

WS
w@4

+ ex
5

w

e

kw

� 4,5

51 Uhjuhvv + ex
5

w

e

kw

� 4, rq e{3
w
/ ey3

w
dqg frpsxwh wkh vxp ri vtxduhg uhvlgxdov/ VVU

4
@

WS
w@4

e%5
w
1

61 Frpsxwh wkh I 0yhuvlrq ri wkh whvw vwdwlvwlf dv I @ +VVU3�VVU4,@p

VVU4@+W�glp+$,�p,
1

Iru wkh vdpsoh vl}hv uhohydqw lq JDUFK prghoolqj/ wkhuh lv qr hvvhqwldo gl�huhqfh

ehwzhhq wkh surshuwlhv ri wkh I 0whvw dqg lwv dv|pswrwlfdoo| fruuhfw "5 frxqwhusduw

"5 @ W +VVU
3
� VVU

4
,@VVU

3
1

6151 Frpsdulvrq zlwk d sruwpdqwhdx whvw

Wkh whvw lq wkh suhylrxv vhfwlrq zdv h{solflwo| ghulyhg dv dq OP0whvw1 Ol dqg Pdn

+4<<7, uhfhqwo| lqwurgxfhg d sruwpdqwhdx vwdwlvwlf iru whvwlqj wkh dghtxdf| ri wkh

vwdqgdug JDUFK+s/t, prgho1 Wkh qxoo k|srwkhvlv lv wkdw wkh vtxduhg dqg vwdqgdug0

l}hg huuru surfhvv lv qrw dxwrfruuhodwhg1 Lq sudfwlfh/ rqh whvwv wklv k|srwkhvlv iru wkh

�uvw p dxwrfruuhodwlrqv1 Ohw u @ +u
4
> ===> up,3 eh wkh p� 4 yhfwru ri wkh �uvw p dxwr0

fruuhodwlrqv vr wkdw K3 = u @ 3= Ol dqg Pdn +4<<7, vkrzhg wkdw xqghu wklv k|srwkhvlv
s
Weu lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg zkhuh W lv wkh qxpehu ri revhuydwlrqv1

Wkh yhfwru ri dxwrfruuhodwlrqv lv hvwlpdwhg e|

ehu @ 4

W

W[
w@4

�
+
ex5
wekw � 4,ey�

w

�
@

#
4

W

W[
w@4

+
ex5
wekw � 4,5

$

zkhuh exw @ |w�i+zw> e*,/ ekw @ kw+zw> e$, dqg ey�w @ eyw�4p @ +
ex
5

w�4

e

kw�4

�4> ===>
ex
5

w�p

e

kw�p

�4,3

zlwk 4p@ +4> ===>4,3 dq p� 4 yhfwru1 Qrwh wkdw xqghu qrupdolw| 4

W

WS
w@4

+
ex
5

w

e

kw

� 4,5 $ 5

lq suredelolw| dv W $41 Wkxv

eu @ 4

5W

[
+
ex5
wekw � 4,ey�

w

lv dv|pswrwlfdoo| htxlydohqw wr ehu1 Xqghu wkh qxoo k|srwkhvlv/ wkh dv|pswrwlf frydul0
dqfh pdwul{ ri

s
Weu lv eorfn gldjrqdo lq * dqg � dqg wkhuhiruh hvwlpdwhg e|

Yu+e�, @ Lp �[u+e�,3J�4+e�,[u+e�,
8



vlqfh 4

W

Sey�
w
ey�3
w
$ 5Lp xqghu K3 dv W $4 dqg

[u +e�, @ � 4

5W

W[
w@4

#
4ekw C
ekw
Ce� ey�3w

$
@ � 4

5W

[e{wey�3w 1
Ixuwkhupruh/ J�4+e�, lv vrph frqvlvwhqw hvwlpdwru ri wkh uhohydqw eorfn ri wkh lqiru0

pdwlrq pdwul{/ hydoxdwhg dw � @e�1 Wkh sruwpdqwhdx vwdwlvwlf ehfrphv

T +p, @ Weu3Yu+e�,�4eu +618,

zklfk lv dv|pswrwlfdoo| "50 glvwulexwhg zlwk p ghjuhhv ri iuhhgrp xqghu wkh qxoo

k|srwkhvlv1 Zh pd| qrz dovr gh�qh

T +p,� @
4

7W

�[
+
ex5
wekw � 4,ey�3

w

�
Y�

u
+e�,�4�[ey�

w
+
ex5
wekw � 4,

�
+619,

zkhuh Y�

u
+e�, @ 4

5W

�Sey�
w
ey�3
w
�Sey�

w
e{3
w
+
Se{we{3w,�4Se{wey�3w �1 Wkh rqo| gl�huhqfh eh0

wzhhq +618, dqg +619, lv wkh fkrlfh ri wkh frqvlvwhqw hvwlpdwru ri wkh fryduldqfh pdwul{1

Y�

u
+e�, pdnhv xvh ri 4

W

Sey�
w
ey�3
w
zkhuhdv lwv h{shfwdwlrq 5Lp dsshduv lq Yu+e�,1 Wkh

wzr fryduldqfh pdwulfhv duh wkxv dv|pswrwlfdoo| htxdo1 Dv +619, lv lghqwlfdo wr +617,/

wkh dssduhqw gl�huhqfh lq wkh h{suhvvlrqv ehlqj gxh wr fhqwulqj/ lw iroorzv wkdw wkh

Ol dqg Pdn +4<<7, sruwpdqwhdx vwdwlvwlf dqg wkh OP0whvw +617, duh dv|pswrwlfdoo|

htxlydohqw1 Wklv phdqv wkdw wkh sruwpdqwhdx whvw ri prgho dghtxdf| lv lq idfw dq

OP0whvw ri qr DUFK lq wkh vwdqgdugl}hg huuruv djdlqvw DUFK+p,1 Wklv lv dqdorjrxv

wr wkh PfOhrg dqg Ol +4<;6, sruwpdqwhdx whvw ehlqj dv|pswrwlfdoo| htxlydohqw wr wkh

fodvvlf OP0whvw ri qr DUFK ri Hqjoh +4<;5,> vhh/ iru h{dpsoh/ Oxxnnrqhq/ Vdlnnrqhq

dqg Whuçvyluwd +4<;;e, iru d glvfxvvlrq1 Dv d pdwwhu ri idfw/ zkhq kw � �3/ rxu whvw

dqg wkdw ri Ol dqg Pdn +4<<7, uhgxfh wr wkh Hqjoh +4<;5, dqg PfOhrg dqg Ol +4<;6,

whvwv/ uhvshfwlyho|1

71 Plvvshfl�fdwlrq ri vwuxfwxuh

Lq wklv vhfwlrq zh suhvhqw wkuhh gl�huhqw plvvshfl�fdwlrq whvwv iru dq hvwlpdwhg frq0

glwlrqdo yduldqfh prgho1 Wkh �uvw rqh fdq eh lqwhusuhwhg dv d whvw ri wkh ixqfwlrqdo

irup1 Wkh vhfrqg rqh lv d whvw djdlqvw qrqolqhdulw| ru/ lq vrph fdvhv/ dv|pphwu|1 Lw

9



lv d prgl�fdwlrq ri d whvw lq Kdjhuxg +4<<:,1 Ilqdoo| zh sursrvh d whvw ri sdudphwhu

frqvwdqf| djdlqvw vprrwk frqwlqxrxv fkdqjh lq sdudphwhuv1 Doo wkuhh whvwv pd| eh

ylhzhg dv frqglwlrqdo yduldqfh frxqwhusduwv ri wkh whvwv iru wkh qrqolqhdu frqglwlrqdo

phdq lq Hlwukhlp dqg Whuçvyluwd +4<<9,1 Wr ghvfuleh wkh frpprq ihdwxuhv lq wkhvh

whvwv zh �uvw lqwurgxfh d jhqhudo vwuxfwxuh dqg wkhuhe| frqvlghu hdfk whvw vhsdudwho|1

7141 Jhqhudo vwuxfwxuh

Frqvlghu +515, dqg gh�qh

k+}w>*>�>�, @ �3}w .J+}w>*>�>�, +714,

Zh dvvxph wkdw k+}w>*>�>�, vdwlv�hv wkh uhjxodulw| frqglwlrqv phqwlrqhg lq Vhf0

wlrq 5/ dqg wkdw J+}w>*>�>�, lv dw ohdvw wzlfh gl�huhqwldeoh iru doo � hyhu|zkhuh lq lwv

vdpsoh vsdfh1 Ixuwkhupruh/ ohw J+}w>*>�>3, � 3 zklfk grhv qrw d�hfw wkh jhqhudolw|

ri wkh dujxphqw1 Zh dovr dvvxph wkdw wkh qhfhvvdu| prphqwv ri ixwj h{lvwv1 Ohw

$ @ +*3>�3,3 ghqrwh wkh sdudphwhuv ri wkh vwdqgdug JDUFK+s/t, prgho zlwk wkh

frqglwlrqdo phdq vshfl�hg dffruglqj wr +514,1 Lq wkdw fdvh/ k+}w>$>�, @ �3}w/ dqg

wkh qxoo k|srwkhvlv ri qr dgglwlrqdo vwuxfwxuh lq k+}w>$>�, ehfrphv K3 = � @ 31 Wkh

Odjudqjh pxowlsolhu +ru vfruh, whvw vwdwlvwlf lv djdlq +616, zklfk lv dv|pswrwlfdoo| "50

glvwulexwhg zlwk glp +�, ghjuhhv ri iuhhgrp xqghu wkh qxoo k|srwkhvlv dqg wkh uhtxluhg

uhjxodulw| frqglwlrqv1 Gxh wr wkh idfw wkdw wkh lqirupdwlrq pdwul{ lv eorfn gldjrqdo

xqghu wkh qxoo k|srwkhvlv lw kdv wkh h{suhvvlrq/ +617, zkhuh yw @ Cow

C� 3
m�@3 @ 4

kw

Ckw

C� 3
m�@3

dqg {w @ Cow

C� 3
m�@3 @ 4

kw

Ckw

C� 3
m�@31 Ixuwkhupruh eyw dqg e{w duh wkh vdpsoh frxqwhusduwv

ri wkh fruuhvsrqglqj ghulydwlyhv xqghu K
3
1 Wkxv +617, pd| eh frpsxwhg e| xvlqj

dq duwl�fldo uhjuhvvlrq dv ghvfulehg lq wkh suhylrxv vhfwlrq1 Wkh sduwldo ghulydwlyhv

uhtxluhg wr frqvwuxfw wkh Khvvldq qhhghg iru wkh hvwlpdwlrq ri wkh lqirupdwlrq pdwul{

fdq eh irxqg lq Dsshqgl{ D1

7151 Whvwlqj wkh ixqfwlrqdo irup

Dqrwkhu zd| ri whvwlqj wkh qxoo k|srwkhvlv ri qr huuru dxwrfruuhodwlrq lq wkh vtxduhg

uhvlgxdov lv wr odj wkh olqhdu frpelqdwlrq �3}w dqg hqwhu lw lq wkh frqglwlrqdo yduldqfh

surfhvv/ kw/ xqghu wkh dowhuqdwlyh1 Wklv pd| eh ylhzhg dv d jhqhudo exw srvvleo| sduvl0

prqlrxv plvvshfl�fdwlrq whvw dorqj wkh olqhv lq Eroohuvohy +4<;9,1 Wkh whvw lv rewdlqhg

:



e| gh�qlqj J+}w>$>�, @ �3yw zkhuh � @ +�4> ===> �u,3 dqg yw @ +�3}w�4> ===>�3}w�u,3/

lq +714,1 Wkh qxoo k|srwkhvlv ri qr uhpdlqlqj vhuldo ghshqghqfh lq wkh vtxduhg uhvlgx0

dov ru qr prgho plvvshfl�fdwlrq lv K3 = � @ 31 Wkh prphqw frqglwlrq Hx7
w
?4 pxvw

krog iru wkh dv|pswrwlf wkhru| wr jr wkurxjk1 Xqghu wkh qxoo k|srwkhvlv/ wkh OP0

vwdwlvwlf +616, lv dv|pswrwlfdoo| "50 glvwulexwhg zlwk glp+�, ghjuhhv ri iuhhgrp1 Rq

wkh rwkhu kdqg/ Eroohuvohy +4<;9, vxjjhvwhg dqrwkhu whvw zklfk lv rewdlqhg e| gh�q0

lqj J+}w>$>�, @ �3}�
w
zkhuh }�

w
@ +x5

w�t�4
> ===> x5

w�t�p
,3 ru }�

w
@ +kw�s�4> ===> k4�s�q,

31

Wkh dowhuqdwlyh lv wkxv d kljkhu0rughu JDUFK prgho1 Qrwh wkdw lw lv qrw srvvleoh wr

whvw d JDUFK+s/t, djdlqvw d JDUFK+s.q/t.p, prgho xvlqj vwdqgdug surfhgxuhv

zkhq erwk p dqg q duh dvvxphg srvlwlyh1

7161 Whvwlqj olqhdulw| +v|pphwu|,

Wkh deryh whvw ri wkh ixqfwlrqdo irup r�huv ihz klqwv derxw zkdw pd| eh zurqj

zkhq wkh qxoo k|srwkhvlv lv uhmhfwhg1 Eroohuvohy*v +4<;9, whvw lv pruh h{solflw derxw

wkh dowhuqdwlyh zklfk lv d kljkhu0rughu JDUFK prgho1 Qhyhuwkhohvv/ lw pd| dovr eh

xvhixo wr frqvlghu rwkhu sdudphwulf dowhuqdwlyhv wr wkh v|pphwulf JDUFK+s/t, prgho1

Lq vrph fdvhv zh pd| h{shfw wkh uhvsrqvh wr eh d ixqfwlrq qrw rqo| ri wkh vl}h ri

wkh vkrfn exw dovr ri lwv gluhfwlrq1 Hqjoh dqg Qj +4<<6,/ vhh dovr uhihuhqfhv wkhuhlq/

frqvlghuhg wklv srvvlelolw|1 Zh fdoo vxfk d vkrfn uhvsrqvh dv|pphwulf dqg sdudphwhu0

l}h lw e| jhqhudol}lqj wkh JMU0JDUFK prgho ri Jorvwhq/ Mdjdqqdwkdq dqg Uxqnoh

+4<<6,1 Wklv lv grqh lq wkuhh zd|v1 Iluvw/ zh pdnh wkh wudqvlwlrq ehwzhhq wkh h{wuhph

uhjlphv vprrwk1 Vhfrqg/ zh lqfrusrudwh d qrqolqhdu yhuvlrq ri wkh txdgudwlf JDUFK

prgho ri Vhqwdqd +4<<8, lq rxu dowhuqdwlyh1 Ilqdoo|/ zkloh wkh JMU0JDUFK prgho

lv dv|pphwulf/ wkh suhvhqw jhqhudol}dwlrq pd| dovr uhwdlq wkh v|pphwu| dowkrxjk wkh

prgho ehfrphv qrqolqhdu1 Iru vprrwk wudqvlwlrq JDUFK/ vhh dovr Kdjhuxg +4<<:,

dqg Jrq}äoh}0Ulyhud +4<<;,1 Ohw

Kq+vw> �> f, @

#
4 . h{s+��

q\
o@4

+vw � fo,,

$
�4

> � A 3> f
4
� === � fq +715,

zkhuh vw lv wkh wudqvlwlrq yduldeoh dw wlph w/ � lv d vorsh sdudphwhu/ dqg f d orfdwlrq

yhfwru1 Zkhq � @ 3/ Kq+vw> �> f, � 4@5 dqg zkhq � $ 4/ Kq+vw> �> f, ehfrphv d

vwhs ixqfwlrq1 Wkh orjlvwlf ixqfwlrq +715, lv xvhg iru sdudphwhul}lqj wkh pdlqwdlqhg

;



prgho/ dqg zh dvvxph q � 51 Wkh dowhuqdwlyh pd| qrz eh zulwwhq dv

kw @ �3 .

t[
m@4

�3mKq+xw�m> �> f,

t

.
[
m@4

i�
4m . �

5mKq+xw�m> �> f,jx5w�m .
s[

m@4

�
m
kw�m +716,

zkhuh �3 .
tS

m@4

�3mKq A 3 dqg �4m . �5mKq � 3/ m @ 4> ===> t> iru 3 � Kq � 41 Wklv

lpsolhv

J +}w>�, @

t[
m@4

�3mKq+xw�m> �> f, .

t[
m@4

�5mKq+xw�m> �> f,x
5

w�m
+717,

zkhuh q @ 4 ru 51 Dvvxplqj wkdw wkh �uvw vxp rq wkh uljkw0kdqg vlgh ri +717, lv

lghqwlfdoo| wr }hur dqg ohwwlqj � $4 |lhogv wkh JMU0JDUFK prgho1 Wkh whvw ri wkh

vwdqgdug JDUFK prgho djdlqvw qrqolqhdu JDUFK lq Kdjhuxg +4<<:, pd| eh ylhzhg

dv d vshfldo fdvh ri wklv vshfl�fdwlrq zlwk J +}w>�, @
tS

m@4

�
5mKq+xw�m>�> f,x

5

w�m
1

Dqrwkhu zd| ri sdudphwhul}lqj wkh dowhuqdwlyh lv wr dvvxph wkdw wkh wudqvlwlrq

yduldeoh kdv d �{hg ghod|1 Wklv dvvxpswlrq uhvxowv lq wkh iroorzlqj frqglwlrqdo ydul0

dqfh prgho

kw @ �3 . �3gKq+xw�g> �> f,
t

.
[

m@4

+�4m . �5mKq+xw�g> �> f,,x
5

w�m
.

s[
m@4

�
m
kw�m +718,

zklfk jlyhv J+}w>�, @ �
4gKq+xw�g> �> f, .

tS
m@4

�
5mKq+xw�g> �> f,x

5

w�m
1 Wklv vshfl�fd0

wlrq lv yhu| pxfk lq wkh vslulw ri Whuçvyluwd +4<<7, iru wkh VWDU0w|sh frqglwlrqdo

phdq1 Suredeo| wkh prvw frpprq fdvh lq sudfwlfh lv g @ t @ s @ 4 vr wkdw +716, dqg

+718, duh htxdo1 Zh gr qrw lpsrvh dq| qrqolqhdu vwuxfwxuh rq wkh kw�m/ m @ 4> ===> s/

dv wkh dowhuqdwlyh vwuxfwxuh lv douhdg| yhu|  h{leoh hyhq zlwkrxw vxfk dq h{whqvlrq1

Wkhvh vprrwk wudqvlwlrq dowhuqdwlyhv srvh dq lghqwl�fdwlrq sureohp1 Wkh qxoo k|0

srwkhvlv fdq eh h{suhvvhg dv K3 = � @ 3 lq +715,1 Lw lv vhhq wkdw wkh sdudphwhuv lq

+716, ru +718, dvvxplqj d orjlvwlf wudqvlwlrq ixqfwlrq +715, duh rqo| lghqwl�hg xqghu

wkh dowhuqdwlyh1 Wkh fodvvlfdo whvw surfhgxuhv wkxv gr qrw zrun> vhh/ iru h{dpsoh/

Kdqvhq +4<<9, iru glvfxvvlrq1 Zh flufxpyhqw wkh lghqwl�fdwlrq sureohp e| iroorzlqj

<



Oxxnnrqhq/ Vdlnnrqhq dqg Whuçvyluwd +4<;;d,1 Wklv lv grqh e| h{sdqglqj wkh wudqvl0

wlrq ixqfwlrq lqwr d Wd|oru vhulhv durxqg � @ 3/ uhsodflqj wkh wudqvlwlrq ixqfwlrq zlwk

wklv Wd|oru dssur{lpdwlrq lq +717, ru +718, dqg uhduudqjlqj whupv1 Wklv uhvxowv lq

kw @ �3}w . �3yw .U4 +}w>$>�,

zkhuh lw fdq eh vhhq wkdw � @ �h� zlwk h� 9@ 31 Wklv ehlqj wkh fdvh/ wkh qhz

qxoo k|srwkhvlv K3

3
= � @ 31 Wkxv J+}w>$>�, @ �3yw . U

4
+}w>$>�, lq +714,1

Qrwh wkdw xqghu K3 zh kdyh U4+}w>$>�, � 3 vr wkdw wkh uhpdlqghu grhv qrw di0

ihfw wkh glvwulexwlrq wkhru|1 Iru wkh vprrwk JMU0olnh dowhuqdwlyh +716, zh kdyh

� @ +�4> ===> �+4.q,t,
3 dqg yw @ +xw�4> x6w�4> ===> x

q.5

w�4
===> xw�t> x6w�t> ===> x

q.5

w�t
,31 Iru wkh

dowhuqdwlyh zlwk d �{hg ghod| +718, wkhuh duh wzr srvvlelolwlhv ghshqglqj rq wkh

ghod|1 Li wkh ghod| lv wr eh irxqg zlwklq t wkhq d @ +d4> ===> d4.qt,
3 dqg yw @

+xw�g> xw�gx5w�4> ===> x
q

w�g
x5
w�4

===> xw�gx5w�t> ===> x
q

w�g
x5
w�t

,3/ rwkhuzlvh � @ +�4> ===> �6.qt,3

dqg yw @ +xw�g> x
5

w�g
> x6

w�g
> xw�gx

5

w�4
> ===> xq

w�g
x5
w�t

,31 Iru erwk prghov wkh prphqw

frqglwlrq ri Hx5q.5
w

? 4 pxvw krog iru wkh dv|pswrwlf wkhru| wr jr wkurxjk1 Xq0

ghu wkh qxoo k|srwkhvlv wkh OP0vwdwlvwlf +616, lv dv|pswrwlfdoo| "50 glvwulexwhg zlwk

glp+�, ghjuhhv ri iuhhgrp1 Li g lq +718, lv dvvxphg xqnqrzq d sulrul/ wkh whvw pd|

eh jhqhudol}hg wr wkdw vlwxdwlrq dorqj wkh olqhv lq Oxxnnrqhq hw do1 +4<;;d,1 Qrwh

wkdw li q @ 5 dqg f4 @ �f5 wkh dowhuqdwlyh lv v|pphwulf lq wkdw d srvlwlyh vkrfn

dqg d qhjdwlyh rqh ri wkh vdph pdjqlwxgh vwloo kdyh wkh vdph +pluuru, h�hfw rq wkh

frqglwlrqdo yduldqfh1 Wkh uhvsrqvh wr wkh vkrfn/ krzhyhu/ lv d qrqolqhdu ixqfwlrq ri

odjv ri x5
w
1

7171 Whvwlqj sdudphwhu frqvwdqf|

Whvwlqj sdudphwhu frqvwdqf| lv lpsruwdqw lq lwv rzq uljkw exw dovr ehfdxvh qrqfrq0

vwdqf| pd| pdqlihvw lwvhoi dv dssduhqw odfn ri zhdn vwdwlrqdulw| +LJDUFK,> vhh/ iru

h{dpsoh/ Odprxuhx{ dqg Odvwudshv +4<<3,1 Lq wklv sdshu zh dvvxph wkdw wkh dowhu0

qdwlyh wr frqvwdqw sdudphwhuv lq wkh frqglwlrqdo yduldqfh lv wkdw wkh sdudphwhuv/ ru

d vxevhw ri wkhp/ fkdqjh vprrwko| ryhu wlph1 Olq dqg Whuçvyluwd +4<<7, dssolhg wklv
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lghd wr whvwlqj sdudphwhu frqvwdqf| lq wkh frqglwlrqdo phdq1 Zh srvwxodwh

kw @ �+w,3}w +719,

zkhuh wkh wlph0ydu|lqj sdudphwhu lv � +w, @ �� . �Kq+w> �> f,1 Li wkh qxoo k|srwkhvlv

rqo| frqfhuqv d vxevhw ri sdudphwhuv wkhq rqo| wkh fruuhvsrqglqj hohphqwv lq � duh

dvvxphg wr eh qrq}hur d sulrul1 Wkh wudqvlwlrq ixqfwlrq Kq+w> �> f, lv dvvxphg wr eh d

orjlvwlf ixqfwlrq ri rughu q gh�qhg lq +715, zlwk vw � w1 Li � $4/ K4+w> �> f, ehfrphv

d vwhs0ixqfwlrq dqg fkdudfwhul}hv d vlqjoh vwuxfwxudo euhdn lq wkh prgho1 Fkx +4<<8,

glvfxvvhg whvwlqj sdudphwhu frqvwdqf| djdlqvw wklv dowhuqdwlyh1 Wkh qxoo k|srwkhvlv ri

sdudphwhu frqvwdqf| ehfrphv K
3
= � @ 3 djdlqvw K

4
= � A 31 Zh fdq djdlq flufxpyhqw

wkh odfn ri lghqwl�fdwlrq xqghu wkh qxoo k|srwkhvlv e| d Wd|oru dssur{lpdwlrq ri wkh

wudqvlwlrq ixqfwlrq1 D �uvw0rughu Wd|oru0h{sdqvlrq ri Kq+w> �> f, durxqg � @ 3 |lhogv/

diwhu d uhsdudphwhul}dwlrq/

kw @ �3
3
}w . �3yw .U5+}w>$>�,

zkhuh � @ +�3
4
> ===>�3

q
,3 @ �h�+�> �> f, dqg yw @ ++}ww,

3> ===> +}ww
q,3,31 Wkxv/ J+}w>$>�, @

�3yw.U5+}w>$>�,1 Qrwh/ krzhyhu/ wkdw U5+}w>$>�, � 3 xqghu K3 vr wkdw lw grhv qrw

d�hfw wkh glvwulexwlrq wkhru|1 Rxu qxoo k|srwkhvlv lv K
3
= � @ 31 Zh qrwh wkdw frp0

srqhqwv ri zw duh wuhqglqj exw prgli|lqj d fruuhvsrqglqj surri lq Olq dqg Whuçvyluwd

+4<<7, wkh dv|pswrwlf qxoo glvwulexwlrq ri +617, fdq eh vkrzq wr eh d "5 glvwulexwlrq

li wkh irxuwk prphqw ri xw h{lvwv1

Dq dgydqwdjh ri d sdudphwulf dowhuqdwlyh vxfk dv +719, wr sdudphwhu frqvwdqf| lv

wkdw li wkh qxoo k|srwkhvlv lv uhmhfwhg zh fdq hvwlpdwh wkh sdudphwhuv ri wkh dowhuqdwlyh

prgho1 Wklv khosv xv �qg rxw zkhuh lq wkh vdpsoh wkh sdudphwhuv xqghu whvw vhhp wr

eh fkdqjlqj dqg krz udslg wkh fkdqjh lv1 Wklv lv xvhixo lqirupdwlrq li uhvshfl�fdwlrq

ri wkh prgho wr dfklhyh sdudphwhu frqvwdqf| lv dwwhpswhg1

81 Vlpxodwlrq h{shulphqwv

Dv wkh deryh wkhru| lv dv|pswrwlf zh kdyh wr �qg rxw krz rxu whvwv ehkdyh lq �qlwh

vdpsohv1 Wklv lv grqh e| vlpxodwlrq1 Iru doo vlpxodwlrqv zh xvhg wkh iroorzlqj gdwd
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jhqhudwlqj surfhvv +GJS,

|w @ xw +814,

xw @ %w
s
kw1

Wkh frqglwlrqdo yduldqfh kw ydulhv zlwk wkh dowhuqdwlyh k|srwkhvlv zh vkdoo eh whvwlqj

djdlqvw1 Xqghu wkh qxoo k|srwkhvlv kw lv wkh frqglwlrqdo yduldqfh ri wkh vwdqgdug

JDUFK+4/4, prgho1 Wkh udqgrp qxpehuv/ %w/ zhuh jhqhudwhg e| wkh udqgrp qxp0

ehu jhqhudwru lq JDXVV 6151641 Wkh udqgrp qxpehuv vdpsohg zhuh doo dvvxphg wr

eh qrupdoo| glvwulexwhg zlwk h{shfwdwlrq }hur dqg xqlw yduldqfh1 Wkh �uvw 533 revhu0

ydwlrqv ri hdfk jhqhudwhg vhulhv zhuh dozd|v glvfdughg wr dyrlg lqlwldol}dwlrq h�hfwv1

Iru wkh whvwv djdlqvw uhpdlqlqj vwuxfwxuh/ vhulhv ri 5333 revhuydwlrqv zhuh jhqhudwhg1

Vhulhv ri 4333 revhuydwlrqv zhuh xvhg erwk iru wkh olqhdulw| whvw dqg sdudphwhu frq0

vwdqf| whvw1 Iru hdfk ghvljq d wrwdo ri 4333 uhsolfdwlrqv zhuh shuiruphg1

8141 Whvw ri wkh ixqfwlrqdo irup

Iluvw zh frqvlghu wkh whvw ri qr DUFK lq wkh vwdqgdugl}hg huuruv dqg wkh ixqfwlrqdo

plvvshfl�fdwlrq whvw ri Vhfwlrq 7151 Zh gh�qh d GJS lv vxfk wkdw wkh frqglwlrqdo

yduldqfh hlwkhu +d, iroorzv d JDUFK+4> 5, surfhvv ru +e, iroorzv d JDUFK+5> 4,

surfhvv1 Wkxv/

kw @ 3=8 . 3=38x5
w�4

. �x5
w�5

. 3=<kw�4 +815d,

k
w @ 3=8 . 3=38x5

w�4
. 3=<kw�4 . �kw�5 +815e,

Lq wkh h{shulphqw wkh ydoxh ri � dqg � ydu| zlwklq olplwv vxfk wkdw wkh frqglwlrqdo

yduldqfh ri wkh surfhvv uhpdlqv srvlwlyh zlwk suredelolw| 4/ vhh Qhovrq dqg Fdr +4<<5,/

dqg wkh frqglwlrq iru fryduldqfh vwdwlrqdulw| krogv1 Iru +d, wklv lv wkh fdvh zkhq

�3=378 ? � ? 3=38 dqg iru +e, zkhq �3=5358 ? � ? 3=41 Iru � @ 3 lq +d, dqg � @ 3

lq +e, wkh GJS uhgxfhv wr d vwdqgdug JDUFK+4> 4, prgho1 Wkh uhvxowv iru wkh whvw

ri ixqfwlrqdo plvvshfl�fdwlrq dqg iru wkh whvw ri qr DUFK lq wkh vwdqgdugl}hg huuruv

iru +d, dqg +e,/ duh uhsruwhg lq Iljxuhv E14 dqg E151 Wkh qrplqdo vljql�fdqfh ohyho

htxdov 314/ dqg zh xvh wkh whvw ri Eroohuvohy +4<;9, dv d ehqfkpdun1 Lq wkh vlpxodwlrqv
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wkhvh whvwv zhuh doo frpsxwhg zlwk d vlqjoh sdudphwhu lq wkh dowhuqdwlyh/ wkdw lv/ zlwk

hlwkhu eyw @ ex5
w�4

@kw�4 +qr DUFK, ru zlwk eyw @ e�}w�4 zkhuh }w�4 @ +4> ex5
w�4

>ekw�4,
+ixqfwlrqdo irup,1 Zh dovr xvhg Eroohuvohy*v whvw vxfk wkdw wkh dowhuqdwlyh zdv lq wkh

GJS1 Lq sudfwlfh rqh grhv qrw nqrz li wkh xqfrqglwlrqdo irxuwk prphqw ri ixwj h{lvwv/
dowkrxjk wkh hvwlpdwhg prgho grhv frqwdlq lqirupdwlrq derxw wklv1 Lw lv wkhuhiruh ri

lqwhuhvw wr lqyhvwljdwh krz wkh whvwv ehkdyh zkhq wkh xqfrqglwlrqdo irxuwk prphqw

grhv qrw h{lvw> wkh h{lvwhqfh frqglwlrq lv jlyhq lq Kh dqg Whuçvyluwd +4<<<d,1 Wklv

lv wkh fdvh iru sdudphwhu ydoxhv rq wkh uljkw kdqg vlgh ri wkh gdvkhg yhuwlfdo olqh lq

Iljxuhv E14 dqg E151

Lq wkh h{shulphqw zkhuh wkh frqglwlrqdo yduldqfh ri wkh GJS lv +815d, wkh srzhu

ri wkh ixqfwlrqdo irup whvw lv orzhu wkdq wkdw ri Eroohuvohy*v whvw1 Rq wkh rwkhu

kdqg/ iru srvlwlyh ydoxhv ri � zkhq wkh GJS lv +815e, wkh whvw ri wkh ixqfwlrqdo

irup shuirupv ehwwhu wkdq Eroohuvohy*v whvw1 Wkh odwwhu whvw kdv qr srzhu djdlqvw

wkh JDUFK+5/4, dowhuqdwlyh zkhq wkh xqfrqglwlrqdo irxuwk prphqw h{lvwv1 Zkhq

wkh h{lvwhqfh frqglwlrq iru wkh xqfrqglwlrqdo yduldqfh lv ylrodwhg wkh srzhu ri wkh

ixqfwlrqdo irup whvw �uvw vkduso| lqfuhdvhv dqg wkhq ghfuhdvhv dv d ixqfwlrq ri �1 Dv

wr Eroohuvohy*v whvw/ lwv srzhu lqfuhdvhv dv d ixqfwlrq ri � zlwkrxw gursslqj djdlq1 Wkh

srzhu ri rxu whvw djdlqvw uhpdlqlqj DUFK+4,/ zklfk lv dv|pswrwlfdoo| htxlydohqw wr

wkh whvw ri Ol dqg Pdn +4<<7,/ lv irxqg wr eh htxdo wr wkdw ri wkh Eroohuvohy*v whvw lq

erwk fdvhv +d, dqg +e,1

Lw pd| eh srlqwhg rxw douhdg| wkdw wkhvh whvwv kdyh qr srzhu zkhq wkh GJS

lv d qrqolqhdu JMU0JDUFK+4/4, prgho +816, ru frqwdlqv d vwuxfwxudo euhdn +817,1

Vlpxodwlrqv ri rwkhu whvwv djdlqvw vxfk dowhuqdwlyhv zloo eh glvfxvvhg lq wkh qh{w wzr

vhfwlrqv1

8151 Whvwlqj olqhdulw| +v|pphwu|,

Lq wklv vhfwlrq zh frqvlghu wkh vpdoo0vdpsoh shuirupdqfh ri wkh olqhdulw| whvw1 Wkh

whvw fdq eh h{shfwhg wr eh srzhuixo djdlqvw vprrwk wudqvlwlrq dowhuqdwlyhv iru zklfk

lw lv ghvljqhg1 Frqvlghulqj lwv shuirupdqfh djdlqvw/ vd|/ wkh JMU0JDUFK prgho

zrxog frqvwlwxwh d wrxjkhu wuldo iru rxu whvw dqg pdnh lw srvvleoh wr frpsduh wkh

shuirupdqfh ri wkh whvwv zlwk wkdw ri wkh vljq0eldv whvw ri Hqjoh dqg Qj +4<<6,1 Wkh

GJS lv +515, zlwk
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kw @ 3=338 . 3=5; ^mxw�4m. $xw�4`
5 . 3=:kw�4 +816,

zkhuh xw lv dvvxphg frqglwlrqdoo| qrupdo1 Iru +816,/ m$m ? 3=59: lv uhtxluhg iru fr0

yduldqfh vwdwlrqdulw|1 Lq wklv vshfldo fdvh wkh xqfrqglwlrqdo irxuwk prphqw dovr h{lvwv

xqghu wklv uhvwulfwlrq> wkh uhohydqw prphqw frqglwlrq dsshduhg lq Kh dqg Whuçvyluwd

+4<<<e,1 Wkh mrlqw vljq0eldv whvw ri Hqjoh dqg Qj +4<<6, phqwlrqhg deryh lv ghvljqhg

iru ghwhfwlqj dv|pphwu| lq wkh frqglwlrqdo yduldqfh1 Zh frpsxwh wkh ydoxhv ri wkh

vljq0eldv whvw vwdwlvwlf e| xvlqj +616,> wkh gl�huhqfh ehwzhhq wklv whvw dqg wkh WU5

yhuvlrq/ vxjjhvwhg e| Hqjoh dqg Qj +4<<6,/ lv qhjoljleoh dw rxu vdpsoh vl}h1 Hqjoh

dqg Qj +4<<6, xvhg +515, dqg +816, zlwk $ @ �3=56 dv wkh GJS lq wkhlu hydoxdwlrq ri

wkh vljq0eldv whvw1 Qrwh wkdw iru $ @ 3 wkh GJS uhgxfhv wr d vwdqgdug JDUFK+4/4,

prgho1 Wkh srzhu fxuyhv duh uhsruwhg lq Iljxuh E16 iru $ � 31 Iru srvlwlyh ydoxhv ri

$ wkh uhvxowv duh vlplodu dqg wkhuhiruh qrw uhsruwhg1 Rxu vprrwk wudqvlwlrq JDUFK

whvw zdv frpsxwhg e| dvvxplqj q @ 6 lq +715,1 Wkh srzhu ri wkh whvw frpsduhv yhu|

idyrxudeo| zlwk wkdw ri wkh vljq0eldv whvw1 Wklv dffrugv zlwk wkh uhvxowv lq Kdjhuxg

+4<<:,

8161 Whvwlqj sdudphwhu frqvwdqf|

Zh frqvlghu wzr fdvhv ri sdudphwhu qrqfrqvwdqf|= wkh GJS lv d JDUFK+4/4, prgho

zlwk hlwkhu +d, d vlqjoh ru +e, d grxeoh vwuxfwxudo euhdn1 Zh glg qrw vlpxodwh vprrwk

sdudphwhu fkdqjh ehfdxvh rxu whvw fdq eh h{shfwhg wr shuirup zhoo djdlqvw vxfk dq

dowhuqdwlyh1 Rxu fkrlfh ri dowhuqdwlyh dovr jlyhv xv dq rssruwxqlw| wr frpsduh rxu

whvw djdlqvw wkdw ri Fkx +4<<8, zklfk lv d whvw djdlqvw d vlqjoh vwuxfwxudo euhdn1 Li

W lv wkh wrwdo qxpehu ri revhuydwlrqv/ wkh vlqjoh vwuxfwxudo euhdn sdudphwul}dwlrq

fruuhvsrqglqj wr dowhuqdwlyh +d, lv dvvxphg wr kdyh d fkdqjh dw wlph �W zkhuh � olhv

ehwzhhq 3 wr 41 Wkh grxeoh vwuxfwxudo euhdn sdudphwul}dwlrq fruuhvsrqglqj wr +e,

�uvw srvwxodwhv d fkdqjh dw wlph �
4
W dqg d uhwxuq wr wkh ruljlqdo sdudphwhuv dw �

5
W /

3 � �
4
? �

5
� 4= Wkh whvw ri Fkx +4<<8, vkrxog rxwshuirup rxuv lq fdvh +d,1 Zh

xvh wkh yhuvlrq ri Fkx*v whvw wkdw dvvxphv qrupdo huuruv1 Rxu whvw lv frpsxwhg zlwk

q @ 4/ fdvh +d,/ dqg q @ 5/ fdvh +e,/ zkhuh q lv wkh rughu ri wkh orjlvwlf ixqfwlrq lq

+719,1
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Zh frqvlghu wkh iroorzlqj prgho iru d fkdqjh lq wkh frqvwdqw whup=

kw @ 3=8 . 3=4x5
w�4

. 3=;kw�4> +d, w ? �W / +e, w ? �
4
W> w A �

5
W

kw @ 3=8+4 .7, . 3=4x5
w�4

. 3=;kw�4> +d, w � �W / +e, �
4
W � w � �

5
W

+817,

zkhuh 7 @ 3=7> 3=;1 Fkx +4<<8, xvhg +d, lq +817, dv wkh GJS lq klv rzq vlpxodwlrq

h{shulphqwv1 Wkh srzhu fxuyhv iru wkh GJSv lq +817, zlwk d vlqjoh vwuxfwxudo euhdn dw

� iru 7 @ 3=7 dqg 3=; dsshdu lq Iljxuhv E17 dqg E181 Wkh ydoxhv � @ 3> 4 fruuhvsrqg

wr wkh qxoo k|srwkhvlv1

Iru 3=7 ? � ? 3=; rxu whvw kdv wkh vdph dv ru kljkhu srzhu wkdq wkh whvw ri Fkx

+4<<8,/ exw rwkhuzlvh wkh uhodwlrqvkls lv wkh rssrvlwh1 Wklv rffxuv iru erwk 7 @ 3=7

dqg 7 @ 3=; zklfk lqfoxghv wkhvh GJSv1 Wkxv wkh Fkx whvw grhv qrw grplqdwh rxuv

dv rqh pljkw h{shfw1 Zh fdq vhh wkdw d vpdoo fkdqjh/ 7 @ 3=7/ lv gl!fxow wr ghwhfw1

Dv 7 grxeohv wr 3=;/ wkh fkdqjh lv ghwhfwhg pruh hdvlo|1 Iru frpsdulvrq/ zh dovr

vlpxodwhg dqrwkhu yhuvlrq ri wkh whvw lq zklfk zh dvvxphg wkdw rqo| wkh frqvwdqw

whup lv wlph0ydu|lqj xqghu wkh dowhuqdwlyh1 Lq wkdw fdvh rxu whvw rxwshuirupv wkdw ri

Fkx +4<<8, iru doprvw doo �1 Lq |hw dqrwkhu h{shulphqw zh doorzhg wkh frh!flhqw ri

x5
w�4

wr fkdqjh rqfh zlwklq wkh vdpsoh shulrg1 Wkh ehkdylrxu ri wkh whvwv zdv vlplodu

wr wkh suhylrxv fdvh dqg wkh ghwdlov duh qrw uhsruwhg khuh1

Zh wxuq wr wkh fdvh ri d grxeoh vwuxfwxudo euhdn1 Wkh GJS iru wkh h{shulphqw lv

vxfk wkdw �
5
@ �

4
.3=6 zkhuh �

4
lv ydulhg iurp 3 wr 3=:1 Iru �

4
@ 3 dqg �

4
@ 3=: wkh

GJS wkxv kdv rqo| d vlqjoh vwuxfwxudo euhdn1 Wkh srzhu fxuyhv ri wklv h{shulphqw

iru 7 @ 3=7 dqg 3=; fdq eh irxqg lq Iljxuhv E19 dqg E1:1 Lq wklv fdvh wkh whvw ri Fkx

+4<<8, fdqqrw eh h{shfwhg wr eh yhu| srzhuixo ehfdxvh wkh ghvljq ri wkh h{shulphqw

grhv qrw idyrxu lw/ dqg rxu whvw grhv kdyh vxshulru srzhu iru doo grxeoh euhdn srlqwv

frqvlghuhg1 Wkh srzhu ri wkh Fkx whvw lv kljk iru �
4
forvh wr }hur dqg 3=: ehfdxvh wkh

whvw lv ghvljqhg iru ghwhfwlqj d vlqjoh vwuxfwxudo euhdn1

91 Frqfoxvlrqv

Lq wklv sdshu zh kdyh ghulyhg d xql�hg iudphzrun iru whvwlqj wkh dghtxdf| ri dq

hvwlpdwhg JDUFK prgho1 Rxu vhohfwlrq frqwdlqv d qxpehu ri qhz whvwv zkloh vrph

h{lvwlqj rqhv �w lqwr wklv iudphzrun dv zhoo1 Qrwklqj pruh frpsolfdwhg wkdq vwdqgdug

dv|pswrwlf glvwulexwlrq wkhru| lv uhtxluhg1 Dv d uhvxow/ plvvshfl�fdwlrq ri d JDUFK
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prgho pd| eh ghwhfwhg txlwh hdvlo| dw orz frpsxwdwlrqdo frvw1 Ehfdxvh wkh whvw ri

v|pphwu| dqg sdudphwhu frqvwdqf| duh sdudphwulf/ wkh dowhuqdwlyh pd| eh hvwlpdwhg

li wkh qxoo k|srwkhvlv lv uhmhfwhg1 Wklv khosv wkh prgho exloghu �qg rxw zkdw wkh

zhdnqhvvhv ri klv2khu hvwlpdwhg vshfl�fdwlrq duh dqg pd| jlyh xvhixo lghdv ri krz

wkh fxuuhqw vshfl�fdwlrq frxog eh lpsuryhg1

Zh dovr vkrz wkdw rxu whvw ri qr DUFK lq wkh vwdqgdugl}hg huuru surfhvv lv

dv|pswrwlfdoo| htxlydohqw wr d sruwpdqwhdx whvw ri Ol dqg Pdn +4<<7,1 Wklv olqnv

wkh zrun ri wkhvh dxwkruv wr rxu iudphzrun dqg lqglfdwhv wkdw wkh qxoo k|srwkhvlv

ri qr uhpdlqlqj DUFK fdq eh whvwhg lq gl�huhqw zd|v zkloh wkh dv|pswrwlf wkhru|

uhpdlqv wkh vdph1 Wklv duwlfoh grhv qrw frqwdlq dq| dssolfdwlrqv ri wkhvh qhz whvwv1

Hpslulfdo h{dpsohv fdq eh irxqg lqvwhdg lq wkh frpsdqlrq sdshu Oxqgehujk dqg

Whuçvyluwd +4<<;,1
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Uhihuhqfhv

Eroohuvohy/ W1 +4<;9,1 Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/ Mrxu0

qdo ri Hfrqrphwulfv 64= 63:�65:1

Eroohuvohy/ W1 dqg Zrrogulgjh/ M1 P1 +4<<5,1 Txdvl0pd{lpxp olnholkrrg hvwlpdwlrq

dqg lqihuhqfh lq g|qdplf prghov zlwk wlph0ydu|lqj fryduldqfhv1/ Hfrqrphwulf

Uhylhzv 44= 476�4:51

Fkx/ F10V1 M1 +4<<8,1 Ghwhfwlqj sdudphwhu vkliw lq JDUFK prghov/ Hfrqrphwulf

Uhylhzv 47= 574�5991

Hlwukhlp/ Û1 dqg Whuçvyluwd/ W1 +4<<9,1 Whvwlqj wkh dghtxdf| ri vprrwk wudqvlwlrq

dxwruhjuhvvlyh prghov/ Mrxuqdo ri Hfrqrphwulfv :7= 8<�:81

Hqjoh/ U1 I1 +4<;5,1 Dxwruhjuhvvlyh frqglwlrqdo khwhurvfhgdvwlflw| zlwk hvwlpdwhv ri

wkh yduldqfh ri Xqlwhg Nlqjgrp lq dwlrq/ Hfrqrphwulfd 83= <;:�433:1

Hqjoh/ U1 I1 dqg Qj/ Y1 N1 +4<<6,1 Phdvxulqj dqg whvwlqj wkh lpsdfw ri qhzv rq

yrodwlolw|/ Mrxuqdo ri Ilqdqfh 7;= 4:7<�4:::1

Ilruhqwlql/ J1/ Fdo}rodul/ J1 dqg Sdqdwwrql/ O1 +4<<9,1 Dqdo|wlf ghulydwlyhv dqg wkh

frpsxwdwlrq ri JDUFK hvwlpdwhv/ Mrxuqdo ri Dssolhg Hfrqrphwulfv 44= 6<<�

74:1

Jorvwhq/ O1/ Mdjdqqdwkdq/ U1 dqg Uxqnoh/ G1 +4<<6,1 Rq wkh uhodwlrq ehwzhhq h{0

shfwhg ydoxh dqg wkh yrodwlolw| ri wkh qrplqdo h{fhvv uhwxuq rq vwrfnv/ Mrxuqdo

ri Ilqdqfh 7;= 4::<�4;341

Jrq}äoh}0Ulyhud/ J1 +4<<;,1 Vprrwk wudqvlwlrq JDUFK prghov/ Vwxglhv lq Qrqolqhdu

G|qdplfv dqg Hfrqrphwulfv +iruwkfrplqj, 1

Kdjhuxg/ J1 H1 +4<<:,1 D Qhz Qrq0Olqhdu JDUFK Prgho/ HIL/ Vwrfnkrop Vfkrro

ri Hfrqrplfv1

Kdqvhq/ E1 H1 +4<<9,1 Lqihuhqfh zkhq d qxlvdqfh sdudphwhu lv qrw lghqwl�hg xqghu

wkh qxoo k|srwkhvlv/ Hfrqrphwulfd 97= 746�7631

Kh/ F1 dqg Whuçvyluwd/ W1 +4<<<d,1 Irxuwk prphqw vwuxfwxuh ri wkh JDUFK+s/t,

surfhvv/ Hfrqrphwulf Wkhru| +iruwkfrplqj, 1

4:



Kh/ F1 dqg Whuçvyluwd/ W1 +4<<<e,1 Surshuwlhv ri prphqwv ri d idplo| ri JDUFK

surfhvvhv/ Mrxuqdo ri Hfrqrphwulfv +iruwkfrplqj, 1

Kh/ F1 dqg Whuçvyluwd/ W1 +4<<<f,1 Surshuwlhv ri wkh dxwrfruuhodwlrq ixqfwlrq ri

vtxduhg revhuydwlrqv iru vhfrqg rughu JDUFK surfhvvhv xqghu wzr vhwv ri sd0

udphwhu frqvwudlqwv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv +iruwkfrplqj, 1

Odprxuhx{/ F1 J1 dqg Odvwudshv/ Z1 J1 +4<<3,1 Shuvlvwhqfh lq yduldqfh/ vwuxfwxudo

fkdqjh dqg wkh JDUFK prgho/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv

;= 558�5671

Ohh/ \1 Q1 dqg Ol/ Z1 N1 +4<<;,1 Rq vprrwk wudqvlwlrq grxeoh wkuhvkrog prghov1

Ghsduwphqw ri Vwdwlvwlfv/ Xqlyhuvlw| ri Krqj Nrqj/ Uhvhdufk Uhsruw Qr1 4<;1

Ol/ Z1 N1 dqg Pdn/ W1 N1 +4<<7,1 Rq wkh vtxduhg uhvlgxdo dxwrfruuhodwlrqv lq qrq0

olqhdu wlph vhulhv zlwk frqglwlrqdo khwhurvnhgdvwlflw|/ Mrxuqdo ri Wlph Vhulhv

Dqdo|vlv 48= 95:�9691

Olq/ F10I1 dqg Whuçvyluwd/ W1 +4<<7,1 Whvwlqj wkh frqvwdqf| ri uhjuhvvlrq sdudphwhuv

djdlqvw frqwlqxrxv vwuxfwxudo fkdqjh/ Mrxuqdo ri Hfrqrphwulfv 95= 544�55;1

Oxpvgdlqh/ U1 O1 +4<<9,1 Frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh txdvl0

pd{lpxp olnholkrrg hvwlpdwru lq LJDUFK+4/4, dqg fryduldqfh vwdwlrqdu|

JDUFK+4/4, prghov/ Hfrqrphwulfd 97= 8:8�8<91

Oxqgehujk/ V1 dqg Whuçvyluwd/ W1 +4<<;,1 Prghoolqj hfrqrplf kljk0iuhtxhqf| wlph

vhulhv zlwk VWDU0VWJDUFK prghov1 Vwrfnkrop Vfkrro ri Hfrqrplfv/ Zrunlqj

Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 5<41

Oxxnnrqhq/ U1/ Vdlnnrqhq/ S1 dqg Whuçvyluwd/ W1 +4<;;d,1 Whvwlqj olqhdulw| djdlqvw

vprrwk wudqvlwlrq dxwruhjuhvvlyh prghov/ Elrphwulnd :8= 7<4�7<<1

Oxxnnrqhq/ U1/ Vdlnnrqhq/ S1 dqg Whuçvyluwd/ W1 +4<;;e,1 Whvwlqj olqhdulw| lq xql0

yduldwh wlph vhulhv prghov/ Vfdqglqdyldq Mrxuqdo ri Vwdwlvwlfv 48= 494�4:81

PfOhrg/ D1 L1 dqg Ol/ Z1 N1 +4<;6,1 Gldjqrvwlf fkhfnlqj DUPD wlph vhulhv prghov

xvlqj vtxduhg uhvlgxdo dxwrfruuhodwlrqv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 7= 59<�

5:61
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Qhovrq/ G1 E1 dqg Fdr/ F1 T1 +4<<5,1 Lqhtxdolw| frqvwudlqwv lq wkh xqlyduldwh JDUFK

prgho/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 43= 55<�5681

Vhqwdqd/ H1 +4<<8,1 Txdgudwlf DUFK prghov/ Uhylhz ri Hfrqrplf Vwxglhv 95= 96<�

9941

Whuçvyluwd/ W1 +4<<7,1 Vshfl�fdwlrq/ hvwlpdwlrq/ dqg hydoxdwlrq ri vprrwk wudqvlwlrq

dxwruhjuhvvlyh prghov/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;<= 53;�

54;1

4<



D1 Lqirupdwlrq pdwul{

Frqvlghu wkh prgho gh�qhg e| +514, dqg +515,=

|w @ *3zw . xw

xw @ %w
s
k+}w>�>�,

zkhuh kw @ k+}w>*>�>�, lv wkh sdudphwul}dwlrq ri wkh frqglwlrqdo yduldqfh lqfoxglqj

wkh dowhuqdwlyh1 Wkh dvvxphg qxoo k|srwkhvlv lv K3 = � @ 3= Li zh dvvxph wkdw i%wj lv
d vhtxhqfh ri lqghshqghqw vwdqgdug qrupdo huuruv/ wkh orj0olnholkrrg ixqfwlrq dw wlph

w lv jlyhq e|=

ow @ frqvw� 4

5
oqkw � 4

5

x5
w

kw

zkhuh xw @ |w �*3zw dv * lv qrw dvvxphg wr ghshqg rq � ru �1

D141 Sduwldo ghulydwlyh ri ow

Wkh �uvw0rughu sduwldo ghulydwlyh +wkh judglhqw, ri wkh orj olnholkrrg ixqfwlrq dw wlph
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D151 Sduwldo ghulydwlyh ri wkh pxowlsolfdwlyh frqglwlrqdo yduldqfh kw1

Dvvxph wkdw wkh frqglwlrqdo yduldqfh xqghu wkh dowhuqdwlyh k|srwkhvlv lv sdudphwhu0
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D161 Sduwldo ghulydwlyh ri wkh dgglwlyh frqglwlrqdo yduldqfh kw1
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l}hg dv lq +714, Wkh frqglwlrqdo yduldqfh lv wkhq

kw @ �3}w . �3yw @ �
3
.

t[
l@4

�lx
5

w�l
.

s[
m@4

�
m
kw�m . �3yw

54



zklfk uhgxfhv wr wkh vwdqgdug JDUFK prgho xqghu K31 Wkh lwhudwlyh frpsxwdwlrq

ri kw xqghu qxoo k|srwkhvlv lv lqlwldol}hg lq wkh vdph zd| dv iru wkh pxowlsolfdwlyh

frqglwlrqdo yduldqfh prgho1 Wkh �uvw0rughu ghulydwlyhv ri wkh frqglwlrqdo yduldqfh

kw xqghu wkh qxoo k|srwkhvlv duh uhtxluhg wr frpsxwh wkh whvw vwdwlvwlf +616,1 Wkhvh
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E1 Iljxuhv

Iljxuh E14= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru wkh qr DUFK whvw +furvv,/ wkh
ixqfwlrqdo irup whvw +flufoh, dqg Eroohuvohy*v whvw +soxv,1 Wkh GJS lv d JDUFK+4/5,1
Wkh ydoxh ri � lq +815d, lv jlyhq rq wkh {0d{lv1 Wkh qxoo k|srwkhvlv lv wkh JDUFK+4/4,
prgho1
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Iljxuh E15= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru wkh qr DUFK whvw +furvv,/ wkh
ixqfwlrqdo irup whvw +flufoh, dqg Eroohuvohy*v whvw +soxv,1 Wkh GJS lv d JDUFK+5/4,1
Wkh ydoxh ri � lq +815e, lv jlyhq rq wkh {0d{lv1 Wkh qxoo k|srwkhvlv lv wkh JDUFK+4/4,
prgho1

Iljxuh E16= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru wkh olqhdulw| +v|pphwu|, whvw
+furvv, dqg wkh vljq0eldv whvw +flufoh,1 Wkh GJS lv d JMU0JDUFK1 Wkh ydoxh ri $
lq +816, lv jlyhq rq wkh {0d{lv1 Wkh qxoo k|srwkhvlv lv wkh JDUFK+4/4, prgho1
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Iljxuh E17= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru wkh sdudphwhu frqvwdqf| whvw
+furvv, dqg wkh whvw ri Fkx +flufoh,1 Wkh GJS lv d JDUFK+4/4, zlwk d vlqjoh vwuxf0
wxudo vkliw ri vl}h � @ 3=7 dw �1 Lq wkh �jxuh � lv jlyhq rq wkh {0d{lv1 Wkh qxoo
k|srwkhvlv lv d frqvwdqw sdudphwhu JDUFK+4/4, prgho1

Iljxuh E18= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru wkh sdudphwhu frqvwdqf| whvw
+furvv, dqg wkh whvw ri Fkx +flufoh,1 Wkh GJS lv d JDUFK+4/4, zlwk d vlqjoh vwuxf0
wxudo vkliw ri vl}h � @ 3=; dw �1 Lq wkh �jxuh � lv jlyhq rq wkh {0d{lv1 Wkh qxoo
k|srwkhvlv lv d frqvwdqw sdudphwhu JDUFK+4/4, prgho1
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Iljxuh E19= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru rxu sdudphwhu frqvwdqf| whvw
+furvv, dqg wkh whvw ri Fkx +flufoh,1 Wkh GJS lv d JDUFK+4/4, surfhvv zlwk d grxeoh
vwuxfwxudo vkliw lq wkh frqvwdqw ri vl}h � @ 3=7= Wkh �uvw vkliw dsshdulqj ehjlq dw �

4

dqg wkh uhwxuq wr ruljlqdo sdudphwhu ydoxhv rffxulqj dw �
5
1 Lq wkh �jxuh wkh ydoxh ri

�
4
lv jlyhq rq wkh {0d{lv dqg gh�qhg vxfk wkdw �

5
@ �

4
. 3=6= Wkh qxoo k|srwkhvlv lv

d frqvwdqw sdudphwhu JDUFK+4/4, prgho1

Iljxuh E1:= Srzhu fxuyhv dw vljql�fdqfh ohyho 314 iru rxu sdudphwhu frqvwdqf| whvw
+furvv, dqg wkh whvw ri Fkx +flufoh,1 Wkh GJS lv d JDUFK+4/4, surfhvv zlwk d grxeoh
vwuxfwxudo vkliw lq wkh frqvwdqw ri vl}h � @ 3=;= Wkh �uvw vkliw dsshdulqj ehjlq dw �

4

dqg wkh uhwxuq wr ruljlqdo sdudphwhu ydoxhv rffxulqj dw �
5
1 Lq wkh �jxuh wkh ydoxh ri

�
4
lv jlyhq rq wkh {0d{lv dqg gh�qhg vxfk wkdw �

5
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4
. 3=6= Wkh qxoo k|srwkhvlv lv

d frqvwdqw sdudphwhu JDUFK+4/4, prgho1
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