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Abstract

In this paper we rederive some well known results for continuous time Markov
processes that live on a finite state space. Martingale techniques are used
throughout the paper. Special attention is paid to the construction of a con-
tinuous time Markov process, when we start from a discrete time Markov chain.
The Markov property here holds with respect to filtrations that need not be
minimal.

1 Introduction

In many classical treatments of the theory of Markov processes it is not always easy
to distinguish in lines of thought in a proof of a theorem hard analysis from heuristic
reasoning. The purpose of the present paper is to give rigorous proofs —of well known
results— based on martingale methods and by paying more attention to the essentials
in the structure of the various possible underlying filtrations. Thus we apply results
from the theory of multivariate point processes, which serves as a convenient vehicle,
and leads to an elegant formulation of issues about Markov chains, which ought to
be considered as an alternative to the classical approaches.

The rest of the paper is organised as follows. In section 2 we start with a continuous
time process, which is assumed to be Markov with respect to a certain filtration.
By application of stochastic calculus one can straightforwardly derive properties of
the embedded chain (sampled at the jump times). In section 3-that constitutes the
bulk of the paper-we start with discrete time filtrations and stochastic processes
and study the construction of a related continuous time process. We allow for a
generalization of similar work in Doob [6] in that we consider arbitrary filtrations
(that make all the processes involved adapted, but need not be generated by these
processes) and that the sampled continuous time process is not necessarily the same
as the discrete time process from which it was constructed. We also discuss in detail



the construction of (various) filtrations in continuous time. This is a relative novelty
in the present approach. Usually one encounters in the literature (see e.g. Brémaud
[3]) only properties, like a characterization of a pre-stopping time o- algebra, of the
filtration generated by a point process, whereas here we put the emphasis on on
discrete time objects as building blocks for a continuous time theory.

An application to marked point processes is also presented, which slightly differs from
certain well known results. Finally we prove the Markov property in continuous time
by means of a measure transformation.

The paper is essentially self-contained and readers are assumed to be familiar with
some basic notions from the general theory of stochastic processes only.

2 Markov chains in continuous time

Let (Q,F,F, P) be a filtered probability space. Assume that the filtration I satisfies
the usual conditions in the sense of Dellacherie & Meyer [5]. Let X be a cadlag IF-
Markov process with a finite state space. Without loss of generality we can assume
that the state space is the standard orthogonal basis of the Fuclidian space R™. Call
this set B” = {by,...,b,}. (Indeed, if £ is a stochastic process with values in a set
{#1,.-+,2zm}, where all the z; are different, then we can define the process X with
values in B™ by X; = b; iff ¢, = z;. Hence the probabilistic structure of ¢ determines
that of X and vice versa). By X is IF-Markov it is meant that for all £ > s and for
all b € B™ one has P(X; = b|F;s) = P(X; = blo(X;)). Denote by ®(¢,s) the m x m
matrix with elements ®,;(¢,s) = P(X; = b;|X; = b;) and let (the limit is assumed
to exist) A(t) = limyjo +[®(t 4 h,1) — I]. In this paper we assume that actually A(t)
is independent of ¢, so we write A instead. We call A the generating matrix of X.
Notice that the column sums of ®(t,s) are all equal to one and that all the column
sums of A equal zero.

The advantage of working with the state space B™ can be illustrated with the follow-
ing observation (and also the formulation of all the results below): X is IF-Markov if
and only if F[X;|F,] = ®(t, )X for all t > s.

Necessity of this equality can be shown as follows. First we note that P(X; = b;|F;) =
YL P(Xy = b Xy = bj)lx,=,) = bId(t,s)X,. Hence E[X,|F,] = X0, b;P(X; =
bi|Fs) = S0 ;6T ®(t,5) X, = ®(t,5)X,, since 3.7, bbl = 1.

In order to show sufficiency we use that X, = b; iff b;prt = 1. So we obtain
P(X; = b|F,) = E[l{x,=3|Fs] = b E[X;|F,] = b] ®(¢, 5) X,.

The main result of this section is theorem 2.3 below. Its content can be found in
many textbooks on Markov chains for the situation where the filtration ' is gener-
ated by X itself (see e.g. Cinlar [4], section 8.3. We provide alternative proofs based
on stochastic calculus.

The following result (which can be generalized to the time varying case without the
differentiability assumption, see the appendix, proposition A.3) is fundamental for
this section and can be found in e.g. [17]. It gives a convenient equivalent repre-
sentation of an IF-Markov process with values in B™ as the solution of a stochastic
differential equation.



Proposition 2.1 A stochastic process X : Q x [0,00) — B” is F-Markov with
generating matriz A iff X satisfies the stochastic differential equation

dXt — AXtdt —|— th, XO (21)
with M : Q x [0,00) = R" a n-dimensional F-martingale.

The rest of this section is mainly devoted to proving some basic results of the process
that is obtained by sampling X at its jump times. The main tool used in our proofs
is the stochastic calculus rule.

We need some notation. Define N as the counting process that counts the number
of transitions of X. So N; = 3", 1{x.2x._}- Let A be the row vector whose i-th
element \; = —A;;. Then we have the following

Proposition 2.2 The intensity process of N is AX.

PROOF: Notice first that X X; = 1. Since X is a process of bounded variation, the
optional quadratic variation process [X7T, X] is such that [XT, X], = 3, ., AXTAX,,
But AXTAX, = 2.1 x.2x. ) = AN, s0 [XT, X] = 2N. -

Apply now the product rule for differentials and equation (2.1) to get

dXIX) = XldX, +dxXI'Xx,_ +d X7, X],
= XTAXydt + XEdM, + XTAT X, dt + dM}P X, + 2dN;.

Use now that d(X!X;) = 0, X AX, = XTATX, = —)\X, and write dm; for the
martingale terms in this equation to get dN; = A X, dt + dm;. O

Introduce the following notation. For k € {0,1,2,...} let T}, = inf{t > 0: N, = k},
the time of the k-th transition of X and Siy1 = T — Tk. Let furthermore A be the
diagonal matrix with elements A;; = A\; = —A;;. Assume that the A; > 0, then A is
invertible, and the T}, are finite a.s. We have the following well known result.

Theorem 2.3 (i) For all k > 0 we have that Sgy1 has, conditionally on Fr,, an

exponential distribution with mean ~=—.
NX1,

(ii) For all k >0 it holds that E[Xr,  |Fr,] = [ﬁA + I[N X1, = [AA! + 1) X7,
k

(iii) X1,,, and St,,, are conditionally independent given Fr, .

PROOF: (i) One possibility is to use formula (2.12) on page 63 in Brémaud [3], which
actually only refers to the case where I is generated by X. We give an alternative
proof. Let ¢, = exp(tulNV; + ivt). An application of the stochastic calculus rule gives

dgr = go— ((tuds + 10)dl + tudmy) + gi—(e™ — 1 — iu) AN,
So

exp(iulNg,,, + 1w Tiy1) — exp(iuNg, + wl}) =

/ gi—((tuds 4+ tv)dt 4+ tudmy) + gt_(ei“ — 1 —u)dN; =
(T, Tr41] (T, Tr41]
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/ exp(tuNg, + ivt)((curXp, + tv)dt 4+ tudmy)+
(T, Tr41]

exp(tulNy, + ika_H)(em — 1 —u)
Since N7, = k, this formula reduces to
exp(tu(k + 1) + ivTk1) — exp(ruk 4+ 0 Ty) =

/ exp(iuk + 10t)((tur X, + tv)dt + tudmy)+
(T, Tr41]

exp(iuk + ikaH)(em — 1 —u)
Take now conditional expectations given Fr, to get

Elexp(iu(k + 1) 4+ 10Thy1) — exp(iuk + 10Ty )| Fr, ] =
E[/ exp(tuk + 1vt)(tul X, + tv)dt|Fr, ]+
(T, Tr41]

Elexp(iuk + ivTpq)|Fr,)(e™ — 1 — iu)
Since Ty is Fr,-measurable, multiplication by exp(—iuk — (v T}) yields

Elexp(iu + Sy )| Fr,] =

L+ (turXp, + w)E[/ exp(iv(t — Ty))|Fr, ]+

(T, Tr41]
BElexp(ivSy1)|Fr,](e™ — 1 — iu)

wAXT, + v

[AY

=1+ Elexp(ivSis1) — 11Fr,] + Elexp(ivSpy1)|Fr](e™ — 1 — iu)

Write now h(v) = Elexp(ivSk41)|Fr,]. Then we obtain that h(v) satisfies for all u
the equation

uA X, +v

v

ei“h(v) =1+ [h(v) — 1]+ h(v)(ei“ — 1 —u).

Solving this equation, we obtain that A(v) = (1— #)_1. So h(v) is the characteristic
k

function of the exponential distribution with mean (AXz,)~'. This proves the first
assertion of the theorem.
(ii) From equation (2.1) we get

Xp,, — Xp, = / AX,dt + My, — Mg,
(Tr Tg1]

AX7, (Thgr — Tk) + My, — M,

P



Take now conditional expectations, use that Xy, is Fr,- measurable, that (see asser-
tion (i) of this theorem) E[Sgy1|Fr,] = (AX7,)™! and that on the events { X1, = b;}
it holds that ﬁAXTk = AA'X7,. Then the result follows.

k

(iii) We have to prove that for all u? = [uy,...,u,] € R"" and for all v € R the fol-

lowing factorization holds: E[ei“TXTkH"'”Sk“ \Fr,] = E[emTXTkH | Fr, | Bl | Fr,].
But since "%t = [e™1 | "] Xr,,, it is sufficient to prove that the following
holds:

E[Xg,,, "% |Fp,] = B[Xg,,, |Fp] E[e"+ | Fr,]. (2.2)

Use the product rule and equation (2.1) to get
d(Xe™) = (AX,dt 4+ dM,)e™ + Xive™dt.

From this equation we get by integrating over (7T}, Ty4+1] and by taking conditional
expectations

E[*XT/QHewTk-l-1 |ka] - XTk eika =

iUTk+1 _ eiUTk

, e

(A+ W])XTkE[TV:Tk]
Multiplication by e~ yields

- ) eivSk+1 _ 1
E[XTk+1ew h |FTk] - XTk = (A + ZUI)XTkE[T|FTk] =
(I—5x) =1 1
(A + ivl) Xq, — 20 = (A+ D) Xp———
2 AX7, —w
Here we used the expression for h(v) used in the proof of part (i). From this equation
we obtain E[XTk+1ei”Sk+1|.7:Tk] = AXTli_w(A + AX7, [)X7,. The factorization (2.2)
k

now follows from assertions (i) and (ii). O

REMARK: The assertions of theorem 2.3 can be modified to take into account the
situation where X has absorbing states, in which case some of the A;; = —\; are
zero. This leads to degenerate exponential distributions for the Si4i. Incorporation
of such a situation leads to some subtle changes in the proofs, since it may happen
that the T) become infinite. For instance assertion (ii) of theorem 2.3 should be
replaced by E[X7,, 1i1,, <o}l Fr] = (A + A)AY X7, 117, <oy, where AT stands for

the Moore-Penrose inverse of A. We omit a detailed treatment.

Corollary 2.4 The embedded process x : Q x {0,1,2,...} — B™, defined by xp =
Xr,, is a Markov chain w.r.t. the discrete time filtration {G.} >0, defined by G, =
Fr,, and has transition matriz A given by A = AN+ 1.



PROOF: We show that the conditional probability P(zr+1 = b;|Gx) only depends
on the conditioning o-algebra Gy through x: P(xryy = bi|Gr) = Elle,,,=,|0] =
EbTzr41|Gr] = b?E[XTkH |Fr,] = b;( AN+ 1) X7, = b;(AA~' + I)zy, where we used
(i) of theorem 2.3. From this relation it also follows that A is the transition matrix
of z. O

REMARK 1: It follows from theorem 2.3 (i) that the process Am, defined by
Amy =z — /NL%’k_l is a martingale difference sequence w.r.t. the filtration {G, }n>o.
The proof of corollary 2.4 shows that this property is sufficient for  with state space
B™ to be Markov. But this property is also sufficient. If x is Markov with tran-
sition matrix 121, then E[Am+1|gk] = Elag1|Ge] — Az = l?[:z;k+1|a(:1;k)] — %xk =
Z;(il E[bzl{wk:blﬂd(l'k)] — Al‘k = Z;ﬁ;l bZP(l'k = bz|0'($k)) — Al‘k = Z;ﬁ;l bzbZTAl'k —
Az, =0, because 7, bib! = 1.

In this remark we actually proved the discrete time analog of proposition 2.1. Again
we refer to the appendix (proposition A.3) for a more general result.

REMARK 2: Observe that for an embedded Markov chain z necessarily the A;; = 0,
and hence P(xp41 = x) = 0 for all k.

REMARK 3: Trivially we have
Vn,t:FTnﬂ{Tn§t<Tn+1}Cftﬂ{Tn§t<Tn+1} (23)

Consider the following problem. Find the smallest filtration, {F?} say, such that for
given {Fr,} the following inclusion holds

Vb Fr, 0T, <t < T,y CFN{T, <t <Thyy b (2.4)

Then for instance also the following question arises: Is X adapted to {F} : ¢ >
0}? This problem can be answered by the results of the next section from which it
also follows that for the resulting filtration actually equality holds and that X is an
adapted process w.r.t. this filtration.

In general the inclusion (2.3) is strict, which follows e.g. from a result in a recent
paper by Jacod and Skorohod [14] where it is shown that equality in (2.3) is equivalent
to the assertion that all (adapted) martingales are a.s. of finite variation. For the
filtration with which we started this section this does not necessarily hold.

3 From discrete to continuous time

3.1 Introduction

In the previous section we obtained in theorem 2.3 and in corollary 2.4 the distribution
of the embedded chain and the distribution of the jump times of the Markov chain.
The purpose of the present section is to follow the road in the opposite direction.
That is, starting from a Markov chain in discrete time (w.r.t. to some filtration) and
a sequence of conditionally exponentially distributed random variables, we construct



a Markov chain in continuous time. One of the questions we address is to what
filtration the Markov property here refers.

A similar construction based on another approach can be found in Doob [6], section
VI.1 and Gihman & Skorohod [7] sections I11.1 and II1.3, with the restrictions that the
filtrations are generated by the processes involved. Also an elementary treatment can
be found in chapter 8 of Cinlar [4]. Here we allow more general filtrations. In Jacod
[12], section II1.2b properties of filtrations like the one that is introduced below are
described, for the case where these are generated by a multivariate point process. We
also mention the paper [1] by Boel, Varaiya and Wong for results on jump processes,
[9], [10], [15] for some results on filtrations similar to the one that will be discussed
in the next subsection and Jacobsen [11] for some results on Markov chains. As a
consequence there is some duplication with the existing literature (although we treat
in some sense a more general situation), but we prefer to give full proofs to make this
paper self contained and also because the methods we use are different.

The basic assumptions are the following. Let (Q,F,(G, P) be a filtered probability
space. (z is a filtration in discrete time, G = {Gr }refo,1,2,..}. Furthermore we assume
that we have a stochastic process x : € x {0,1,2,...} — B™, which is assumed to be
(z-Markov with generating matrix A’, that does not necessarily have the property that
all its diagonal elements are zero. (see also at the end of this section). As observed
in remark 1 of the previous section, the Markov property in this case is equivalent
with saying that the process m, defined by Amy = xp — A'zj_q, is a G-martingale.
Let A be a m x m diagonal matrix with all its entries on the diagonal A;; = A;
positive. Define A = [A1,..., \,;]. Assume that we also have a sequence of random
variables S, that are Gy-measurable, Si11 has, given Gi, an exponential distribution
with mean (Azy)~'. This entails that the conditional density (on (0,00)) of Skiy
given Gy takes the form

17 Aexp(—As)zy (3.1)

(Here 17" is the vector [1,...,1] € R'™™).
Furthermore xjy1 and Siiq are assumed to be conditionally independent given Gj.
(Cf. the assertions of theorem 2.3). Write T}, = Zf:o 5.

The main purpose of this section is to show that the continuous time process X :

2 x [0,00) — B™, defined by

Xi =) vl <cicTyy) (3.2)

k=0

has the Markov property w.r.t. the filtration H, that will be defined in the next
subsection. The basic assumptions will be introduced step by step, at the stages
where they are needed, while all the assumptions made before remain valid.

3.2 The filtration

Consider the filtered probability space (2, F,(5, P), where (5 is a filtration in discrete
time, ¢ = {Gr}refo,1,2,..3- Denote by G, the o-algebra V, 50 G,. Let T, : Q — [0, o0]

for each n € {0,1,2,...} be a random variable. Assume moreover that for all n



T.11 > T, and that strict inequality holds it 7, < oo and that the T, are G,-
measurable. Then a filtration in continuous time is defined in

Definition 3.1 Let for each t € [0,00) the set H; be defined as follows: H, = {F €
F :Vk: 3Gy € Gg such that FO{Ti 1 >t} = Gy N {Tryq > t}}.

Then we have the following (like in Jacod [12], proposition (3.39))

Proposition 3.2 The collection H = {H,}iepo,00) 5 @ right continuous fillration on
Q.

PROOF: First we will show that each H, is a o-algebra. Clearly, both () and Q belong
to H;. Let Ay, Ay, ... belong to H;. Fix k, then there are sets A;; € Gy such that
A; N {Tk-|—1 > t} = A; N {Tk-|—1 > t}. But then U, A; N {Tk-|—1 > t} = UZ(AZ N {Tk-|—1 >
t}) = Ui(Aip 0 {Tha > t}) = U; Aie 0 {Thqq > t}, and U; Ay € G

The same way of reasoning gives that also countable intersections of elements of H;
again belong to H;.

Let now A € H; and Ay € Gy such that AN {1y >t} = Ax N {Txs1 > t}. Then
AT > 1} = {Thr > N (AN {Thr > 1)) = {Thgr > I\ (A N {Theqa > 1}) =
AS N {Tyr1 > t}. Hence A® € Hy, because A5 € Gi. So we have proved that H; is a
o-algebra.

The proof that H is an increasing family follows from the fact that for s < ¢ it holds
that {Tg41 >t} N {Tx41 > s} = {Tk41 > t}. Finally we have to show that H is right
continuous. This follows from lemma 1.29 on page 306 in Brémaud [3]. We give this
result in the appendix (lemma A.1).

Let H € Hyy. Then H € Hyy. for all £ > 0. Hence for all & we have H N {111 >
t+e} e {GN{Tk41 >t +e}: G € Gy} Apply now lemma A.l to obtain that
HN ATy >t} € {GN{Ty1 >t} : G € G}, which means that H € H,. 0

REMARK: Notice that in the proof of the previous proposition we have not used the
fact that the T, are G,,- measurable.

Another characterization of the filtration HH is given in the next

Proposition 3.3 Let a family {K;:t > 0} of subsets of Q be defined by K; = {F €
F :Vk: 3G, € G such that K N {Try1 >t > T} = G N Ty >t > Ti}}. Then
each Ky is a o-algebra. Moreover, K; = H;.

PROOF': The fact that the K; are o-algebras can be proved in the same way as in
the proot of proposition 3.2. So we only need to prove that K; = H; for each ¢, from
which it also follows that the K; are o-algebras, of course.

Let H € H;. Then it follows immediately from the definition of H; that H N {1k >
t > 1T} = Gp N {Tgy1 >t > Tr} by taking intersections with {7} < ¢}. This shows
that ‘H; C K;. In order to prove the converse, we use an induction argument. Let
KeKyand let k =0. Then KN{Ty >t} =Kn{lo <t <N} =G nN{lp <t <
Ti} = Gon{< Ty > t} by definition of ;. Suppose now that for a certain k > 1
we know that there is G, € Gy_y such that K N {t < T} = G} _, n{t <Ty}. By



definition of K; there also exists G}, € Gy such that KN{Ty <t < Ty} = G.N{T} <
t <Tpy1}. But then

KT 1 >t} =KN{Te >t} U{T, <t <Tpp1}) =
(KN{Te >tHU(KNA{Ty <t < Typqa}) =
(G N >tHU (G NA{T, <t < Tppa}) =
(G ATy >t} T > tH U (G N A{Ty <t <Tpp1}) =
{Ther > 1} N (Gl DT > 1)) U (G N {T < t}) =
{Tyy1 >t} NGy,
with Gy = (G_y N {Ty, > 1}) U (G, N {Ty < 1}) € Gy. Hence K € H,. 0

REMARK: One can also define filtrations by H, = H;NG., and K} = K;NG.,. Then it
follows that K} = H} and moreover K, = {K € Ky : KN{t > T} € GooN{t > T }}.
This corresponds to the filtration defined in Jacod [12] on page 84. Of course the H;
and H, coincide if F = G...

Proposition 3.4 The T, are H-stopping times.

PROOF: We have to show that for all n and for all ¢ the set {7, < t} € H,.
For £ < n — 1 we have {T,, < t} N {Tp11 > t} = 0N {Txyy > t}, whereas for
k > n the set {1, < t} € G, C Gir. Hence for all k there is A, € G such that
{Tn < t} N {Tk-|—1 > t} = A; N {Tk-|—1 > t}. O

Proposition 3.5 For all n one has Hy, = G, N Hy, where Hoo = VisoHi. and
HTn-l—l_ = HTn AV O'(Tn_|_1).

PROOF: Let G € G, NH.. In order to prove that G € Hy, , one has to show that for
all ¢ the set GNA{T, <t} belongs to H;. Consider thereto GN{T, <t} N{Tr1 > t}.
For k < n — 1 this set is empty. For k > n one has {T,, < t} € G, C G;. Hence
GNAT, <t} € Gy. It follows that G € Hy,.

We proceed to prove the converse. Let H € Hy,. First we notice that H N {7, =
oo} € Hr,—, by T11 in [3], page 299. It is immediately clear from the definition of
Hrp,— that this o-algebra is a subset of G,, since Hy,— = o{H N {T, >t} : H €
Hi,t > 0} C o{GNA{T, >t} : G € Gogy,t >0} = Gy Vo(Tl,) C G, by Gu-
measurability of T),.

So it is sufficient to prove that H N {7, < oo} € G,. First we observe that
this set also belongs to Hyp,. Hence for all ¢ there is a set Gy in G, such that
HOAT, <oo}nNA{T, <t <T,y1} = G,N{T,41 > t}. Denote by Z the optional
process defined by Z; = l¢1,<y. Then Zil(1,<ic1, 1y = Y"1 {T,<t<Ty1), Where the
process Y is G,- measurable and rightcontinuous (Take Y,” = lim inf, o 1G?+h)‘ Simi-
larly, we can consider the optional process Z# given by ZH = Lirr<sy (Recall that for
an H-stopping time 7' and a set H € Hy the random variable 77 := 7.1y 4+ co.1 g is
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an IH- stopping time too). And then there is a G,-measurable process Y™ such that
ZH N <oery = Ytn’Hl{TnngnH}- But Z! = 157Z;. So, on {T, <t < T,11} we
have Y, p = 1pY™. Next Litpcoor = LTncocy 21, = 1iTcoo Zkzo qufnl{Tkng<Tk+1} =
L1, <00} Y7 . Hence 1glir, <o) = 1{Tn<oo}Zﬂ = 1{Tn<oo}Y£:H, which is G,- measur-
able. So we proved that H N {T,, < oo} € G,,, which is what we needed.

Consider now Hy,,,—. It is generated by the sets of the form H, N {7541 > t}, with
H, € H;. By definition of H; such a set belongs to G, N{T,+1 > t} NH.,. Hence it fol-
lows that Hr,,,- C Hr, \/U(T(n_|_1)). Since T, 41 is Hr,,,—-measurable and G, N"H., =
‘Hrz, we conclude from the first part of the proof that actually equality holds here:

n

HTn-l—l_ C gn N Hoo vV O'(Tn_|_1) - HTn vV O'(Tn_H) C HTn-l—l_ vV O'(Tn_|_1) = HTn-l—l_' a

REMARK: It is in general not true that Hy, = G,. Consider for instance the (some-
what degenerate) case where Ty = 0,7, = oo for n > 1. Then it is easy to check that
H; = Go for all t and hence H., = Gy. It also follows that Hy, = H. = Go.
However, if all the T,, are finite, then G, C Ho (and consequently Hy, = G,). In-
deed, let G € G,,. Then G = U;soHy, with Hy = GN{T, <t}. It follows from the first
part of the proof of proposition 3.5 that H; € H;, hence G € H., and consequently
Gn C Hoo and Gy C Heo.

The opposite inclusion He, C G is (even in the case of finite T),) in general not true.
Consider as an example the deterministic T, = —=. (So Ts, = 1 < 00). Then it is

n+1°
not difficult to check that H; = g[ﬁ] fort <1, and H; = F for t > 1. Consequently

Hoo = F, which is in general bigger than G.,. However, under the assumption that
T = oo it follows that H., C G, because H; N {T, >t} C G.. N {T, > t}.

REMARK: We have seen above that in general Hry, is a genuine subset of G,. So
one can also construct a filtration IH by letting the Hy, take the place of the G,.
It trivially follows that H; C Hy, but also the opposite inclusion is true, because if
H € H;, then by definition of H; it holds that H N {141 >t} € G, NH., = Hr, and
so HNA{Ty1 >t} € Hy, N {Tpy1 >1t}. So H = .

Assume furthermore that there is a sequence of random variables z,, n € IN which
take their values in some other measurable space, and that z, is G,-measurable for
each n € IN, x., is F-measurable. Define

X, = Z xn]‘{TnSt<Tn+1} + wool{tZToo} (3.3)

n=0
Proposition 3.6 The process X defined by equation (3.3) is H-adapted.

PROOF: Let B € B™. We have to show that for all ¢ the set {X; € B} belongs to
‘H;. Introduce the sets A, = Ui;é({xn € BIn{T, <t <Ty}) and By = {ay €
B} n{Ty <t}. Notice that both these sets belong to Gy.

Consider now

{Xt € B} N {Tk_|_1 > t} —

U{X: € By {T, <t < Topa} 0 {Tha > 1})U

n=0
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({X, € BYN{To <t} N {Thsr > 1))

G({xn € BYNA{T, <t < Tppy} N {Thyy > 1}) =

(Ak N {Tk-|—1 > t}) U (Bk N {Tk-|—1 > t}) =
(Ak U Bk) N {Tk-|—1 > t}.

Since Ay U By, € Gi, the proof is complete. O

REMARK: Now we return to the question posed in the last remark of the previous
section. The answer is given by taking G,, = Fr, and the minimal filtration one looks
for is nothing else but the resulting H, for which equality in (2.4) holds and to which
X is adapted.

3.3 Multivariate point processes

In this subsection we discuss an application of the obtained results to multivari-
ate point processes. Consider next to the T, sequence a sequence of random vari-
ables Z*, taking values in some auxiliary measurable space (E,E). Define 7, =
Z 17, <00y, assuming that the product makes sense in IJ. Define then the G, as
o(Zo, Z1, 11, ..., Zy, 1), Let now af = (T, 27), v, = (T,, Z,) and X; is defined for

t€[0,00) by Xy =300 wnlyr<tcTiy = 2omeo ToliT,<t<Tniiy- Then X can be con-
sidered as a multivariate point process with the 7, -sequence as marks. Following the

usual convention all the events of X take place before T.,. We claim the following:

Proposition 3.7 The filtration H, as defined in the previous subsection with the G,
as above, is identical with X, the filtration generated by X .

PROOF: Since X is H-adapted, one trivially has FX C H;. The T, are the jump
times of X and hence stopping times for FX. Consequently .7:1{ C Hr,. But
Tolircoy = (Llirpcsey, Zn) = X1 lir<oey € .7:1{. Hence we obtain the follow-
ing chain of inclusions: G, C .7:1){1 CHp, =Ho NG, CG,. It follows that .7:)2 =G,.
Using this identity, one easily verifies that the traces of H; and F;X coincide on the
sets {1, <t < Tpy1}. Let now H € H;. Then there exist sets F},; € F7 such that
HO{t < T} = Ug(H O {T, <t < Topr)) = Ung(Fu AT, < £ < Tor}) € F,
by the fact that the T}, are IF*-stopping times.

Furthermore we know that 7% = Voo FE = ViZlgGn = Goo D He D Hi So
H € F7_, from which it follows that H N {t > T} € FX. So we proved that
H; C FX, and hence H; = F/~. O

REMARK: Notice that there is a little difference with for instance T30 in Brémaud
3], page 307, where (in our notation) F3x = o{Z;, 11, Z5,...,Tn, Z5}. We can-
not have this result here, since if for instance T} = oo, then for all n > 1 one has
Fro=Gn=0c{Z3} # o{Z3, Th, Z5, ..., T,, Z:}. Of course the difference disappears
if all the T,, are finite.
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Finally we observe that the constructions in this section allow for a generalization of
the notion of a multivariate or marked point process as a sequence of pairs of random
times and o-algebras {(7,,,G,)}, where the T,, and the G, satisfy the assumptions of
the previous subsection.

3.4 The Markov property

In addition to the assumptions made in the previous two subsections we impose
the following conditions on the random variables z, and T,. FEach x, assumes
its values in the set B™ (see the introduction) and the sequence {x,} is Markov
w.r.t. the filtration (3. Denote by A’ the matrix of transition probabilities of x, so
P(xny1 = bi|x, = b;) = Al,. Unlike Jacobsen [11] we do not assume that the Aj; are
zero, which is a necessary property of an embedded Markov chain (see the previous
section).

Define 5,41 = T,41 — T, and assume that 5,11 has, conditionally on G,, an expo-
nential distribution with density on (0, o0)

17 A exp(—As)z,

where A is a diagonal matrix with entries A;; = A; and all A; > 0. Furthermore 5,11
and x,y1 are assumed to be conditionally independent given G,,.

The main result of this subsection is that the process X is a continuous time Markov
process w.r.t. the filtration H. In order to show that we use the following two lemmas.
The first of these tells us how to compute certain conditional expectations given H;
in terms of conditional expectations given G,.

Lemma 3.8 Let Z be an integrable random wvariable. Then, with the convention
0
0 =,

0

E[ZLir coernir|Gn
E[Zl{Tn§t<Tn+1}|Ht]:1{Tn§t<Tn+1}E[ (Tn<t<To1}|Gn)

: 3.4
Litcret, o |G0] (3:4)

with
PROOF': Introduce another measure (), which is absolutely continuous with respect
to P by its Radon-Nikodym derivative

aQ La(1)
ﬁ_ﬂ_ P({Tn§t<Tn-I-1})7

where 1,(1) = li7,<¢<7,,,}- Denote (conditional) expectations under () by FEq.
Then we have by the Kallianpur-Striebel formula (see equation (3.5%) on page 171 of
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Brémaud [3] or lemma A.5 in the appendix) for the conditional expectation P and @)
a.s.on {1, <t <T,1}

EZ1,(0)plgn] _ E[Z1.(1)|Gn]
ElulGn] ElLa(1)|Gn]

Let H € H;. Then there is a G € G,, such that H N {T, <t < T, 1} =Gn{T, <
t < Top1}. Abbreviate 1y7,<icr,,,1 by 1.(t) and consider the following string of

Eq[Z1,(1)|G,] =

(3.6)

equalities:

/HE[Zln(t)|Ht]dP —

/H Z1,(1)dP =

/ 74P =
Hﬂ{TnSt<Tn+1}

/ 7dp =
Gﬁ{TnSt<Tn+1}

PUT, <t < Tn+1})/ 7d0Q) =

Gﬁ{Tn§t<Tn+1}

PUT, St < Tun)) [ 14(0)24Q =
P{Ty <t < o)) [ Eol1u(1)216,1dQ =

PUT <1< Thu)) | Bol1.(1)Z16.)dQ =

Gﬁ{Tn§t<Tn+1}

Foll, (1) Z|G,|dP =
/Gn{Tngt<Tn+1} Q[ ( ) |g ]

Foll, (1) Z|G,|dP =
/Hn{Tngt<Tn+1} Q[ ( ) |g ]

/H 1.(1) Eo[1,(1) Z|G)dP.

By construction of ‘H; the last integrand is H;-measurable. Equation (3.4) now follows
from equation (3.6). Finally equation (3.5) results from the assumption that S,

has an exponential distribution given G,,. 0
Lemma 3.9 The following equation holds for n,k > 0,t> s> 0:
Elzngrlogr(1)1n()[Hs] = pr(t = s)zaln(s), (3.7)
where the matriz valued functions pyp are recursively defined by
polt) = e (3.8)
i) = | pt (1) ATACN ) g, (3.9)
for k>1.
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PROOVF: Consider first the case where &£ = (. Use lemma 3.8 to write
Ele,1,,(0)1,(8)|[Hs] = ln(s)E[xnln(t)ln(s)|gn]:1;geA(5_T")1 =

Lo ()1 <5y B[ {70150y |Gr) nal =TT =

1n(5)E[1{Tn+1>t}|gn]€A(5_T"):1;n =

1n(3)lTe_A(t_T")xneA(s_T")xn —

A(s=Tn) ), T ~A(t=Tn)q —

e TpT, €

1n(5)6A(t_5)xn = 1.(s)po(t — 8)xp,.

We repeatedly used the fact that x,z7, e**=Tn) etc. are diagonal matrices and that
hence their products commute.

Before proceeding to the case k& > 1 we introduce some auxiliary functions. Define
recursively the functions Fj : R — R™*™ for k > 0 by ([ is the identity matrix)

Fo(t) = lgzoyd
t

Fi(t) = 1{t>0}/ M EL (1 — u) AT Ae™ N du,
=7 Jo

for k& > 1. Notice that all the F}, are zero for negative arguments. Then the following
statement is true for all n, k,7 > 0:

E[e—A(t—Tn+k)Fj(t _ Tn-|—k)$n+k|gn] — e_A(t—Tn)Fj_l_k(t — Tn)xn (310)

Equation (3.10) can be proved as follows. Assume that k > 1, otherwise there is
almost nothing to prove. Recall that Siyq1 given G has an exponential distribution
with density 17 Ae™**z;, that x4, and Si4, are conditionally independent given Gy
and that diagonal matrices (as above) commute.

Ele 20Tt ot — T ) gk | Ggr] =

Ele 2 Tntr1=Suti) Pt — Ty — S ) Tngk [Grgr—1] =

t—Thyr—1
e_A(t_T"Jfk—l)/ eAslTAe_Asxn+k_1Fj(t — Tk — 8)dsA'z,qpq =
0

—A(t=Tpqn_1) hngn-a o _ _ I\ —As _
€ + e Fi(t — Thyr—1 — 8)dsA'Ne ™ x4p1ds =
0

e—A(t—Tn+k—1)Fj+1 (t — Tn+k—1)xn+k—1'

[terate this procedure (and use repeated conditioning) another k& — 1 times to obtain
equation (3.10).
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Consider now E[x,15lak(1)1,(8)|Hs] for £ > 1. In view of lemma 3.8 we can write
this as the product

Bl L (1)1a()[Go] Lo ()T AT, (3.11)

Consider the last conditional expectation. It equals

B2kl (8) B[l r(8)]Gnir]|Gn] =
Eltniila(s) 1z, o<ty tnppe " TIH11G,] =

E[Lu(8) Lz, oz T e, 140G, =

ELa(s)e M) Byt = T )]G =

E[ln(s)E[e_A(t_T"Jfk)Fo(t — Tt k) itk |Gns1|Gn] = (by equation (3.10))
Bl (s)e M) [ (= Togr )wng11Gn) =

Bl (s)e ™ MTn=Se) [} (4 — T, — Spiy)nga|Gn] =

E[L(s)e M=) By (8 =T, = S041) |G Bl 6] =

t— Tn
1{Tn<s}/ M-I g (0 =T, —u)1TAe™ e dud's, =
(Tp<s) w1 (t — T, — u)A'Ae ™z, du =

t—s
1{Tn<s}/ M=) g (= s — ) A'Ae™ M doe Mg, =

Lip,csye 2O F(t — s)e 2Ty,

Use this result together with equation (3.5) to obtain that equation (3.11) becomes
ln(S)e_A(t_s)Fk(t _ S)e—A(s—Tn)xnxgeA(s—Tn)l _
O N )

Define then for k& > 0 the functions pj, by pi(t) = e F)(¢). Then one obtains from
the definition of the Fj that py(t) =

¢
pe(t) = e_At/ eA“Fk_l(t — u)A’Ae_A“du =
0
¢
/ e_A(t_“)Fk_l(t — u)A’Ae‘A“du =
0
¢
/ pr—1(t — u)A’Ae_A“du =
0
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t
/pk—l(S)AlAe_A(t_s)d&
0
which proves the lemma for £ > 1.

REMARK: Actually we proved by other methods in a slightly more general setting
equation (1.14) in section VIL.1 of [6]. The difference in approach is that we started
from discrete time processes, whereas in [6] use is made of the fact that X is Markov
process in continuous time, which we still have to prove. This is the content of the
next

Theorem 3.10 Fort > s > 0 it holds that
E[X,|H,] = A2 X, (3.12)

with A = (A" = I)A. So X is a Markov process with respect to the filtration H with
transition intensities given by A.

PROOF: Define P(t) = 57 pr(t). Then P(0) = I, and from lemma 3.9 it follows
that P satisfies the linear differential equation P = PA. So P(t) = exp(At). (This
equation is actually equivalent to equation (4) on page 203 in [7]).

Consider now

o0

E1X:H,] Z ZZEJ}] W(8)|Hs] =

ZZE% n(8)Hsl,

n=0 j=n

because 1;(¢)1,(s) =0 for j < n if s <{. Use lemma 3.9 to write the last expression
as

i ipk(t —s)aala(s) =

n=0 k=0
P(t—s)X, = A9 X
from the first part of the proof. This establishes the theorem. a

Notice that the Markov process X constructed here has jump times that in general
differ from the T}, since it is not explicitly assumed that the diagonal elements of A’
are zero. Denote by Ty the jump times of X. Then of course for almost all w the
sequence {Ty(w)} is a subsequence of {Ti(w)} and Ti(w) = inf{t > Th_y : z; # T )
In order to avoid uninteresting complications, we assume that x has no absorbing
states, so all the A!, # 1. If we denote in this case the embedded Markov chain by
z, then it follows from the results of the previous section, that @ has the transition
matrix A and the interarrival times Sk-|—1 = Tk+1 T, are exponentially distributed
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given Hy, with mean 1T/~\_1:Z'Tk, where the matrix A has as its entries zeros on the
diagonal and outside it
. Al
Ajj = Y
1 — A%

and the diagonal matrix A has entries Ay; = Ai(1 — AL). (Notice that A = A and
A = A" if all the Al are zero).

By letting the Hy play the role of the G,, one can together with the T, sequence
instead of the T},, construct a filtration H. The following statement is true: V¢ > 0 :
H, CH,.

This can be proved as follows. Let H € H,;. Then H N {Too < t} € H;, because
Too > T,. Furthermore, for all n there is H, € Hj; such that H N {Tn <t <

Tn-l—l} =H,N {Tn <t< Tn-l—l} which belongs to H;, because of the fact that the T,
are H-stopping times and the definition of Hy . By taking the union over all n we

obtain that H N {Too >t} € H;. So we conclude that H € H,.
Since we can alternatively write Xy = 3772 #1573, it follows that X is also

H-Markov. This filtration H enjoys some minimality properties, but is in general
still bigger than the filtration generated by X itself.
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A Appendix

It F is a o-algebra on a set ) and A an arbitrary subset of (), then we denote by
F N A the induced trace o-algebra on A. So F N A is the collection {FNA: F € F}.

Lemma A.1 Let F and G be two o-algebras on a set Q). Let A; C Q) for each v € IN
such that A; C Aiyq and U2y A; = Q. If for all v € IN the inclusion FNA; CGNA;
holds, then also F C G.

For a proof see Brémaud [3], lemma 1.29. Notice that no measurability properties
of the A; are required. Essential in this lemma is however the fact that the A;
are nested. Without this property the assertion of the lemma is in general false
as is shown by the next example. Take Q = {1,2,3,4,5,6}, F; = {1,2,4}, F, =
{3,5,6},G1 = {1,4,5},G2 = {2,3,6}, F = {0, I}, F>,Q} and G = {0,G1, G2, Q}.
Define A; = {1,4}, Ay = {2,5} and A3 = {3,6}. Then for i = 1,2,3 the equality
F N A = Gn A holds, which is easy to check. But clearly there is no inclusion
relation between F and G.

The next proposition below generalizes proposition 2.1 . So let (,F,F, P) be a
filtered probability space and X : x[0,00) — B™ be an F-adapted cadlag stochastic
process. Denote by ®(f,s) the matrix with entries ®;;(¢,s) = P(X; = b;| X, = b;).
The following holds true.

Lemma A.2 If X is F-Markov, then there is a function of bounded variation () with
values in R™*™ such that ®(t,s) = E(Q(s + .))i—s for all t > s, where £ means the
Doléans exponent.
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PROOF: This follows from Gill & Johansen [8]. Using their theorem 15, we have
Qt) = o4 d(® — 1), and ®©(t,s) = [, 4(1 + dQ), where the [] here stands for the
product-integral defined as a limit of matrix products, in which the ordering of the
product is the opposite of the one in [8]. As a consequence their formula (40) now
takes the form

O(l,s) = I + /W] dQ(u)®(u—, s) (A1)

from which the assertion follows. O

REMARK: The form of the function ) follows from results on product-integration.
However, in two extreme cases it is easy to define () without the theory of product-
integration. Consider first the case in which ®(.,0) is differentiable. Then ®(¢,0) is
invertible and Q(t) is simply fj d)(u,())q)(u,())_ldu.

In the other case we assume that X is a Markov chain in discrete time on the integers

with ®(¢ +1,¢) = A(t). Then Q(t) = it (A(k) — I).

Proposition A.3 If X is IF-Markov, then there is a bounded variation function Q
such that M defined by

Mt:Xt—Xo—/

(0t

AQ(s) X, (A.2)

is an IF-martingale.

Conversely, if there is a martingale M and a bounded variation function @) such that
X is a solution of equation (A.2), then X is F-Markov with transition probabilities
as in lemma A.2.

PROOF: Using the fact that F[X;|F;] = ®(¢,s) X, the definition of M and lemma

A.2 we compute the conditional expectation
EMIE] = EDXIF]=Xo— [ dQ@)Xoe — B[ dQ(u)X.-|F]
— ()X, + M, — X, — /(M] dQ(u)P(u—, 5) X,
= M, +[0(t,s)— T — /W] dQ(u)P(u—, )] X,

and the result follows from equation (A.1).
For the proof of the converse statement we compute

BXIF) = Xo+ [ dQuXeo + B[

(0,s s,

) dQ(u) X_|Fs] + M,
— X5+/(57t] dQ(u) B[ X | F]

So, E[X;|F] satisfies a Volterra in equation ¢ which has a unique solution given by

E[X|F] = ®(t,5)X; in view of the fact that ®(¢, s) satisfies equation (A.1). 0

A closer inspection of the second part of this proof yields that if the process X is
IF-Markov, it also satisfies the Strong Markov property:
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Proposition A.4 Let X be F-Markov and T an a.s. finite ' -stopping time. Then
E[ X1t Fr]=®(T +t,T)Xr for all t > 0.

PROOF: Since we know that X satisfies equation (A.2) we find by application of
Fubini’s theorem for conditional expectations that E[X7y|Fr] =

Xr + Elfipir dQ(0) X | Fr] = Xy + B[ dQ(u)ltreser s Xo|Fr] =

Xr + [dQ(u) E[YrcucrrXu—|Fr] = X1 + [i7719 E[Xu=|Fr]. So we obtain again

a Volterra equation, the solution of which is the desired expression. a

For convenience we here state what is also known under the name Kallianpur-Striebel
formula.

Lemma A.5 Let (2, F, P) be a probability space. Let Q) be another probability mea-
sure which is assumed to be absolutely continuous w.r.t. P. Let £ be a version of the
Radon-Nikodym derivative %. Let Z be a random variable that is integrable w.r.t. ()
and let G be a sub o-algebra of F. Then ()-a.s.

Ep[Z¢]9]

Eol2191 = = reia

PROOF: Let G € G and use the definition of conditional expectation and Radon-
Nikodym derivative to verify the following string of equalities.

Ja Ep[ZE|GldP = [ ZEdP = [ ZdQ = [, Eq[Z|G]dQ = [ EqlZ|G]¢dP =

o Bpl B ZIGIE|GIAP = f; Fgl7|G)Eple|GAP.

Since this holds for all G € G, we obtain Fp[Z£|G] = Eq[Z|G]EP[£|G], P-a.s. The
assertion follows by noting that Q(Ep[¢|G] = 0) = 0. O
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