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Devwudfw= Wklv sdshu dssolhv wkh glfkrwrprxv wkhru| ri fkrlfh e| ]rx +5333d, wr wkh dqdo|vlv

ri lqyhvwphqw vwudwhjlhv dqg vhfxulw| pdunhwv1 Lvvxhv frqfhuqlqj lqglylgxdo rswlpdolw|/ +dssur{l0

pdwh, duelwudjh/ fdslwdo pdunhw htxloleulxp/ dqg Sduhwr h�flhqf| duh vwxglhg xqghu ydulrxv pdunhw

frqglwlrqv1 Dprqj wkh pdlq uhvxowv duh +l, d xqltxh glfkrwrprxv sulflqj prgho/ xqli|lqj dqg jhq0

hudol}lqj wkh h{lvwlqj prghov/ wkdw fdq eh xvhg iru sulflqj dq| �qdqfldo vhfxulwlhv xqghu erwk

frpsohwh dqg lqfrpsohwh pdunhwv/ +ll, frqglwlrqv iru lqglylgxdo rswlpdolw| wkdw krog iru jhqhudo

xwlolwlhv +lqfoxglqj h{shfwhg xwlolw| dv d vshfldo fdvh,/ +lll, wkh h{lvwhqfh dqg xqltxhqhvv ri fdslwdo

pdunhw htxloleulxp/ dqg +ly, lpsolfdwlrqv ri fdslwdo pdunhw htxloleulxp/ lqfoxglqj d vhsdudwlrq wkh0

ruhp/ lqkhuhqw h�flhqf| ri wkh pdunhw sruwirolr/ Sduhwr h�flhqf|/ dqg vhyhudo whvwdeoh k|srwkhvhv

wkdw suhglfw vhfxulwlhv* htxloleulxp xs0pdunhw srwhqwldov dqg grzq0pdunhw srwhqwldov/ uhvshfwlyho|1

Nh| zrugv= Shufhswlrq ri uhzdug dqg ulvn/ Uhzdug0ulvn xwlolw|/ Lqkhuhqw h�flhqf|/ Txdvl0

frpsohwh pdunhw/ Glfkrwrprxv sulflqj prgho/ Dssur{lpdwh duelwudjh/ Xs0pdunhw dqg Grzq0

pdunhw srwhqwldov1

MHO Fodvvl�fdwlrq qxpehuv= G79/ G;4/J43/ J44/ J451

Fruuhvsrqghqfh Dgguhvv= Gu1 Oldqj ]RX/ Dvvrfldwh Surihvvru ri Ilqdqfh/ Ilqdqfh Jurxs/

Xqlyhuvlw| ri Dpvwhugdp/ Urhwhuvvwuddw 44/ 434; ZE Dpvwhugdp/ Wkh Qhwkhuodqgv1 Skrqh=

+64,05308587493> Id{= +64,053085885;81 Hpdlo= oldqjCihh1xyd1qo1
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Lq d suhfhglqj sdshu +]rx/ 5333d,/ d glfkrwrprxv wkhru| ri fkrlfh xqghu ulvn lv suhvhqwhg12 Wkh

wkhru| dvvxphv wkdw fkrlfh xqghu ulvn lqyroyhv d wzr0vwdjh ghflvlrq= �uvw dvvhvvlqj wkh uhzdug

dqg ulvn ri hdfk ihdvleoh lqyhvwphqw vwudwhj|/ dqg wkhq fkrrvlqj wkh ehvw vwudwhj| ~ wkh rqh wkdw

pd{lpl}hv wkh lqyhvwru*v uhzdug0ulvn xwlolw|1 Lqglylgxdov pd| gl�hu lq wkhlu suhihuhqfhv ryhu/ dv

zhoo dv lq wkhlu shufhswlrq ri/ uhzdug dqg ulvn iru wkh ihdvleoh vwudwhjlhv1 Dq lqyhvwphqw vwudwhj|

dovr kdv lwv rzq lqkhuhqw uhzdug dqg lqkhuhqw ulvn wkdw duh lqghshqghqw ri dq| sduwlfxodu lqyhvwru*v

suhihuhqfh ru ehkdylru1 D{lrpdwl}lqj wklv qrwlrq ohdgv wr d xqltxh phdvxuh ri lqkhuhqw uhzdug dqg

ulvn iru dq| lqyhvwphqw vwudwhj|/ dqg wr wkh gh�qlwlrq ri lqkhuhqw h�flhqf|/ d fulwhulrq ri qrq0

grplqdqfh lq whupv ri wkh lqkhuhqw uhzdug0wr0ulvn udwlrv ri wkh uhohydqw vwudwhjlhv1 Wkh suhvhqw

sdshu dssolhv wklv wkhru| wr wkh dqdo|vlv ri lqyhvwphqw vwudwhjlhv dqg wkh vhfxulwlhv pdunhw1 Dprqj

wkh pdlq uhvxowv wr eh vkrzq duh=

41 D jhqhudo dqdo|wlfdo iudphzrun lq zklfk +l, suhihuhqfh lv uhsuhvhqwhg e| wkh lqglylgxdo*v

shufhswlrq ri uhzdug dqg ulvn dqg d uhzdug0ulvn xwlolw| wkdw lqfoxghv h{shfwhg xwlolwlhv dv

d vshfldo fdvh/ +ll, frqwlqjhqflhv duh uhsuhvhqwhg e| dq q0glphqwlrqdo yhfwru ri vwdwhv ri

zklfk wkh suredelolw| glvwulexwlrq lv doorzhg wr eh glvfuhwh/ frqwlqxrxv/ ru erwk/ +lll, ohyhudjh

dqg vkruw0vhoolqj duh doorzhg/ exw olplwhg oldelolw| lv h{solflwo| wdnhq lqwr dffrxqw wr suhyhqw

qhjdwlyh zhdowk/ dqg +ly, qhz frqfhswv duh lqwurgxfhg/ vxfk dv _fr0grpdlq ri lqyhvwphqw

vwudwhjlhv%/ _txdvl0frpsohwhqhvv ri fdslwdo pdunhwv%/ dqg _�dw rswlrqv%1

51 Qhfhvvdu| frqglwlrqv iru lqglylgxdo rswlpdolw| dqg rswlpdo lqyhvwphqw vwudwhjlhv/ lqfoxglqj

+l, pd{lpl}dwlrq ri wkh +shufhlyhg, uhzdug0wr0ulvn udwlr/ dqg +ll, vkdulqj shuihfw fr0grpdlq

zlwk dq lqkhuhqwo| h�flhqw vwudwhj|1 Wkhvh uhvxowv krog iru wkh jhqhudo uhzdug0ulvn xwlolwlhv
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dprqj zklfk wkh h{shfwhg xwlolw| lv d vshfldo fdvh1

61 D vlpsoh prgho iru sulflqj jhqhudo lqyhvwphqw vwudwhjlhv ~ eurdgo| gh�qhg wr eh dq| frp0

elqdwlrq ri sulplwlyh dqg ghulydwlyh vhfxulwlhv1 Wkh prgho lv frqvlvwhqw zlwk qr0duelwudjh/

pdunhw htxloleulxp frqglwlrqv/ dqg lqglylgxdo rswlpdolw|1 Lw krogv xqghu erwk frpsohwh dqg

lqfrpsohwh pdunhwv/ dqg lw xql�hv wkh h{lvwlqj +wzr0gdwh, prghov +ydulrxv sulflqj nhuqhov,

lqwr d frkhuhqw iudphzrun1

71 Wkh h{lvwhqfh dqg xqltxhqhvv ri fdslwdo pdunhw htxloleulxp rq wkh dvvxpswlrq wkdw lqgl0

ylgxdov duh lqkhuhqwo| udwlrqdo ~ l1h1/ wkhlu xwlolwlhv ghshqg rqo| rq wkh lqkhuhqw uhzdug dqg

lqkhuhqw ulvn ri lqyhvwphqwv1 Dqg wkh lpsolfdwlrq ri htxloleulxp iru Sduhwr h�flhqf|/ gh�qhg

lq whupv ri wkh jhqhudo suhihuhqfhv ri lqyhvwruv1

Lw kdv orqj ehhq uhfrjql}hg wkdw uhzdug dqg ulvn duh wzr edvlf sdudphwhuv ri lqyhvwphqw fkrlfh

sureohpv +h1j1/ Nqljkw/ 4<54> dqg Klfnv/ 4<6<,1 Lq frqwudvw wr h{shfwhg xwlolw| wkhru| +HXW,/ wkh

uhzdug0ulvn dssurdfk lv dsshdolqj iru lwv lqwxlwlyh vlpsolflw| dv zhoo dv iru wkh hdvh ri dssolfdelolw| ri

lwv uhvxowv1 Wkh phdq0yduldqfh wkhru| lv xqgrxewhgo| wkh prvw vxffhvvixo wkhru| lq wkh uhzdug0ulvn

jhquh1 Lw kdv jhqhudwhg lpsruwdqw lqvljkwv lq wkh jhqhudo lvvxhv ri lqyhvwphqwv dqg fdslwdo pdunhwv/

dprqj zklfk/ iru lqvwdqfh/ duh wkh vhsdudwlrq wkhruhp/ wkh uroh ri fr0uhodwlrqv dprqj dvvhwv lq

wkh vhohfwlrq ri rswlpdo sruwirolrv +Pdunrzlw}/ 4<85/ 4<8<> dqg Wrelq/ 4<8;/ 4<98,/ dqg wkh fdslwdo

dvvhw sulflqj prgho +FDSP, +Vkdush/ 4<96/ 4<97> dqg Olqwqhu/ 4<98d/ 4<98e,1�

Wkh olplwdwlrqv ri wkh phdq0yduldqfh wkhru|/ krzhyhu/ duh dovr zhoo nqrzq +h1j1/ Ilvkexuq/

4<:: dqg wkh uhihuhqfhv wkhuhlq,1 Lq dgglwlrq wr frqfhuqv ri xvlqj wkh uhwxuq yduldqfh ru vwdqgdug

ghyldwlrq dv d phdvxuh ri ulvn/ wkhuh duh dovr fkdoohqjhv wr wkh ydolglw| ri vrph ri lwv lpsolfdwlrqv1

Iru lqvwdqfh/ G|eylj dqg Lqjhuvroo +4<;5, vkrz wkdw FDSP qhfhvvdulo| lqyroyhv ulvn0iuhh duelwudjh
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li lw lv wr krog iru doo dvvhwv lq d frpsohwh fdslwdo pdunhw> pruhryhu/ wkh vhfxulw| pdunhw olqh ri

FDSP fdq dovr eh sureohpdwlf li xvhg wr phdvxuh lqyhvwphqw shuirupdqfh +G|eylj dqg Urvv/

4<;8d/ 4<;8e,1

Lqghhg/ li dvnhg zkdw wkh ulvn ri dq lqyhvwphqw uhdoo| lv/ dq| lqyhvwru zrxog vd| wkdw lw lv

wkh ulvn ri orvlqj rqh*v prqh|1 Wklv frpprq qrwlrq ri ulvn lv uh�hfwhg lq wkh phdq0grzqvlgh ulvn

olwhudwxuh/ zkhuh lqyhvwphqw ulvn lv gh�qhg dv wkh ulvn ri xqghu0shuiruplqj d �{hg dqg ghwhuplqlvwlf

ehqfkpdun uhwxuq1 Dprqj rwkhuv/ h1j1/ Grpdu dqg Pxvjudyh +4<77, phdvxuh ulvn dv suredelolw|0

zhljkwhg orvvhv dqg vwxg| wkh h�hfw ri surjuhvvlyh lqfrph wd{dwlrq rq ulvn wdnlqj> Sruwhu +4<:7,/

Edzd +4<:8/ 4<:9/ 4<:;,/ dqg Ilvkexuq +4<::, vkrz wkdw wkh orzhu0sduwldo prphqwv dv d phdvxuh

ri ulvn duh frqvlvwhqw zlwk vwrfkdvwlf grplqdqfh uxohv> dqg Edzd dqg Olqghqehuj +4<::,/ dqg

Kduorz dqg Udr +4<;<, h{dplqh wkh fdslwdo dvvhw sulflqj uhodwlrqvkls lq wkh orzhu0sduwldo prphqw

iudphzrun1 Wklv phdq0grzqvlgh ulvn olwhudwxuh/ xqiruwxqdwho|/ kdv qrw jdlqhg pxfk srsxodulw| wr

gdwh1 Vx�hulqj wkh vdph odfn ri qrupdwlyh irxqgdwlrq dv wkh phdq0yduldqfh wkhru|/ wkh dvvhvvphqw

ri uhzdug dqg grzqvlgh ulvn uhpdlqv d pdwwhu ri rslqlrq1 Fulwlfv ri wkh grzqvlgh0ulvn prghov dovr

frxog srlqw wr wkhlu dgghg frpsoh{lw| lq erwk wkhruhwlfdo dqg hpslulfdo dqdo|vlv1e

HXW/ rq wkh rwkhu kdqg +h1j1/ yrq Qhxpdqq dqgPrujhqvwhuq/ 4<7:> Pduvfkdn/ 4<83> Vdpxho0

vrq/ 4<85> dqg Khuvwhlq dqg Ploqru/ 4<86> dqg Vdydjh/ 4<87,/ lv frqvlghuhg wr eh wkh prvw uljrurxv

dssurdfk wr ghflvlrq pdnlqj xqghu ulvn1D Dssduhqwo|/ h{shfwhg xwlolw| prghov duh pruh jhqhudo

wkdq uhzdug0ulvn prghov vlqfh wkh| xvh lqirupdwlrq rq zkroh glvwulexwlrqv zkhuhdv wkh odwwhu xvh

rqo| d ihz vwdwlvwlfdo sdudphwhuv ri wkh glvwulexwlrqv1 Pxfk dwwhqwlrq kdv ehhq wkxv ghyrwhg wr

mxvwl�fdwlrqv iru uhzdug0ulvn prghov lq wkh iudphzrun ri HXW1 Zkdwhyhu uhzdug0ulvn prgho rqh

vhohfwv/ krzhyhu/ lw fdq eh mxvwl�hg lq wkh h{shfwhg xwlolw| iudphzrun rqo| iru d vpdoo fodvv ri xwlolw|

ixqfwlrqv +h1j1/ txdgudwlf xwlolw| ixqfwlrq iru wkh phdq0yduldqfh,/ ru iru d vpdoo fodvv ri wkh uhwxuq
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glvwulexwlrqv +h1j1/ qrupdo glvwulexwlrq iru wkh phdq0yduldqfh,1 Vdful�flqj jhqhudolw| iru vlpsolflw|

lv xqdyrlgdeoh li rqh frq�qhv klpvhoi wr wkh sdudgljp ri h{shfwhg xwlolw|1 Rq wkh rwkhu kdqg/ HXW

kdv vrph fdxvh iru frqfhuq uhjduglqj lwv hpslulfdo ydolglw| +h1j1/ Wyhuvn|/ 4<9:d/ 4<9:e/ 4<9</ 4<:8>

Gh Erqgw dqg Wkdohu/ 4<<8,1 Wklv frqfhuq kdv surpswhg d odujh erg| ri olwhudwxuh rq qrq0h{shfwhg

xwlolw| dqdo|vlv +h1j1/ wkh vxuyh| e| Vwduphu/ 5333,1

Wkh qhz glfkrwrprxv wkhru| +]rx/ 5333d, lv d qrq0h{shfwhg xwlolw| wkhru|1 Frpsulvlqj erwk

h{shfwhg xwlolw| prghov dqg uhzdug0ulvn prghov/ krzhyhu/ lw ryhufrphv wkh deryh sureohpv wkhvh

prghov frqiurqw1 Wkh jhqhudo uhvxowv rewdlqhg lq wklv sdshu looxvwudwh krz wkh qhz wkhru| lqwhjudwhv

h{shfwhg xwlolw| dqg uhzdug0ulvn xwlolw| lqwr d vlqjoh frqvlvwhqw iudphzrun1

Vhfwlrq 5 frqvlghuv wkh pdunhw vwuxfwxuh/ lqglylgxdo suhihuhqfhv dqg eholhiv/ dqg wzr edvlf

wkhruhpv ri lqglylgxdo rswlpdolw|1 Vhfwlrq 6 gh�qhv lqkhuhqw h�flhqf| dqg ghulyhv vhyhudo ri lwv

lpsolfdwlrqv1 Vhfwlrq 7 lqwurgxfhv wkh txdvl0frpsohwh pdunhw dv d eulgjh ehwzhhq lqfrpsohwh dqg

frpsohwh pdunhwv1 Lw suhvhqwv jhqhudo sulflqj prghov iru lqyhvwphqw vwudwhjlhv wkdw duh ghulyhg xq0

ghu d zhdn dvvxpswlrq ri qr0duelwudjh ru qr0dssur{lpdwh duelwudjh/ zklfk lv htxlydohqw wr lqkhuhqw

h�flhqf| ri wkh fdslwdo pdunhw1 Vhfwlrq 8 vwxglhv wkh htxloleulxp ri wkh fdslwdo pdunhw/ zlwk dq

h{lvwhqfh wkhruhp vkrzlqj dovr xqltxhqhvv ri htxloleulxp iru lqkhuhqwo| udwlrqdo lqyhvwruv1 Sduhwr

h�flhqf| lv gh�qhg iru jhqhudo suhihuhqfhv/ dqg lv vkrzq wr eh lpsolhg e| pdunhw htxloleulxp1

Vhfwlrq 9 frqfoxghv zlwk vrph vxjjhvwlrqv iru ixwxuh uhvhdufk1 Pruh whfkqlfdo surriv duh uhohjdwhg

wr wkh Dsshqgl{1
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Wkh prgho frqvlghuhg lv ehvw vhhq dv d wuxqfdwlrq ri dq hfrqrp| vsdqqhg e| wzr gdwhv +w @ 3> 4,1S

Wkh irfxv lv wkh fdslwdo pdunhw lq wklv hfrqrp| zkhuh wkhuh lv d vhw M ri lqyhvwruv dqg d vhw

N ri vhfxulwlhv wudghg dw wlph 31 Lq jhqhudo/ N lqfoxghv erwk sulplwlyh vhfxulwlhv dqg ghulydwlyh

vhfxulwlhv1 Ohw L � N ghqrwh wkh �qlwh vhw ri sulplwlyh vhfxulwlhv lq wklv hfrqrp| gh�qhg dv wkrvh

kdylqj d srvlwlyh djjuhjdwh vxsso| +h1j1/ e| wkh �upv, dqg gluhfwo| uhsuhvhqwlqj rzqhuvkls ri vrph

uhdo dvvhwv/ vxfk dv vwrfnv/ erqgv/ uhdo hvwdwh/ hwf1 Wkh uhvw ri wkh vhfxulwlhv lq N duh ghulydwlyh

vhfxulwlhv wkdw duh fuhdwhg e| wkh wudghuv vxfk dv vwrfn rswlrqv/ lqgh{ rswlrqv/ iruzdug frqwudfwv/

hwf1/ zkrvh sd|r� ghshqg rq wkh uhdol}hg sd|r�v ri wkh xqghuo|lqj vhfxulwlhv1. Wkh qxpehu ri

ghulydwlyh vhfxulwlhv lq N fdq eh lq�qlwh/ exw vlqfh hyhu| orqj srvlwlrq ri d ghulydwlyh lv pdwfkhg

e| d vkruw srvlwlrq ri wkh vdph ghulydwlyh/ wkh djjuhjdwh vxsso| ri dq| ghulydwlyh vhfxulw| lv }hur1

_Fdvk% lv frqvlghuhg dv d vshfldo sulplwlyh vhfxulw| wkdw kdv dovr d }hur djjuhjdwh vxsso|1

Ohw p� � 3 ghqrwh wkh djjuhjdwh vxsso|/ l1h1/ wkh qxpehu ri vkduhv/ ri hdfk sulplwlyh vhfxulw|

l 5 L 1 Wkh sulfh ri hdfk vkduh ri wkh sulplwlyh vhfxulw| l 5 L lv qrupdol}hg wr eh 4 dw wlph 3/ vr wkdw

lwv jurvv uhwxuq +4 soxv wkh uhwxuq, ryhu wkh shulrg/ u� 5 ^3>P ` � Un> lv dovr wkh vhfxulw|*v vkduh

sulfh dw wlph 41 Uhvwulfwlqj sulfhv ri wkh sulplwlyhv wr eh qrqqhjdwlyh dqg xqlirupo| erxqghg iurp

deryh khosv dyrlg wkh sdudgr{lfdo frqfhsw ri _qhjdwlyh zhdowk%/ zkloh doorzlqj vwudwhjlhv wr lqyroyh

dghtxdwh ohyhudjh dqg vkruw0vhoolqj1H Lw lpsolhv wkdw lqyhvwruv hqmr| olplwhg oldelolw| lq wklv pdunhw1

Ohw p ghqrwh wkh pdunhw sruwirolr gh�qhg dv wkh wrwdo ydoxh ri vhfxulwlhv lq L> wkh wrwdo wlph03

pdunhw ydoxh lv wkxvp @
S

�MU p�1 Wkh jurvv uhwxuq dw wlph 4 ri wkh pdunhw lv u6 @
S

�MU+p�@p,u�/

zkhuh p�@p lv wkh ydoxh zhljkw ri sulplwlyh vhfxulw| l lq p1 Wkh fdslwdo pdunhw lv dvvxphg wr eh

frpshwlwlyh/ dqg wr eh shuihfw lq wkdw wkhuh lv qr wd{/ qr wudqvdfwlrq frvwv ru iulfwlrq +h1j1/ Vwroo/



;

5333,/ qr djhqf| sureohpv/ hwf1 Lqyhvwruv fdq eruurz dqg ohqg dw d jurvv ulvn0iuhh lqwhuhvw udwh

uf � 4 surylghg wkhuh lv qr ulvn ri ghidxow1

Iru frqvlvwhqf|/ lqghhg/ wkh ghidxow ulvn ri dq| ihdvleoh vwudwhj| vkrxog eh surshuo| wdnhq lqwr

dffrxqw1 Rwkhuzlvh/ wkh qhjoljhqw fuhglwru zkr ohqgv rxw prqh| ru vkduhv zloo fuhdwh dq lqfhqwlyh

iru vrphrqh wr _fkhdw% ru/ lq d pruh iulhqgo| h{suhvvlrq/ wr hqmr| _iuhh oxqfk% +iru d irupdo

gh�qlwlrq ri iuhh oxqfk vhh/ h1j1/ Nuhsv/ 4<;4,1 Wkh fxuuhqw prgho zloo h{solflwo| wdnh vxfk ghidxow

ulvnv lqwr dffrxqw1 Wklv lv grqh e| ylhzlqj dq| vwudwhj| wkdw lqyroyhv ghidxow ulvn dv d surshuo|

khgjhg sruwirolr vr wkdw wkh plqlpxp jurvv uhwxuq ri wkh vwudwhj| dw wlph 4 lv qrqqhjdwlyh1 Wkh

khgjlqj srvlwlrq lq vxfk d sruwirolr fdq eh hlwkhu yroxqwdulo| ru frpsxovrulo| wdnhq/ wkh frvwv ri

zklfk duh wkh vdph1 Sxw gl�huhqwo|/ lq dq h�flhqw pdunhw dq| srwhqwldo iuhh oxqfk zloo eh fruuhfwo|

_fkdujhg%1b Iru lqvwdqfh/ ghew zlwk ghidxow ulvn zloo eh vxemhfw wr d ghidxow ulvn suhplxp +ryhu

wkh ulvn0iuhh udwh,/ zklfk lv htxlydohqw wr wkh +wlph04, khgjlqj frvw ri wkh ghewru wr surwhfw klpvhoi

iurp orvlqj pruh wkdq klv zhdowk1 Wkh iroorzlqj h{dpsoh fodul�hv wklv wkrxjkw1

H{dpsoh 4 +Ohyhudjh dqg vkruw vhoolqj,1

Vxssrvh wkhuh duh wzr srvvleoh vwdwhv/ 4 dqg 51 Ohw D ghqrwh d ulvn| vhfxulw| wkdw frvwv 4

groodu dw wlph 3/ sd|v 5 grooduv lq vwdwh 4 dqg 3=8 grooduv lq vwdwh 5 dw wlph 41 Ohw E ghqrwh d

ulvn0iuhh dvvhw wkdw sd|v 4 groodu lq erwk vwdwhv1 Ohw dD . +4 � d,E ghqrwh d vwudwhj| +sruwirolr,

zlwk d sursruwlrq ri d lqyhvwhg lq D dqg +4� d, lq E1 Iru d A 4/ wkh vwudwhj| lqyroyhv ohyhudjh>

iru d ? 3/ wkh vwudwhj| lqyroyhv vkruw0vhoolqj +ri vhfxulw| D,1 Wkh olqhdu0frpelqdwlrq uxoh vd|v

wkdw wkh sruwirolr*v uhwxuq lv htxdo wr wkh ydoxh0zhljkwhg dyhudjh ri lwv frpsrqhqwv* uhwxuqv/ l1h1/

u@�nE�3@�� @ du�.+4�d,u�1 Krzhyhu/ wklv lv rqo| wuxh zkhq wkh sruwirolr grhv qrw lqyroyh ghidxow

ulvn1 Vhh wkh iroorzlqj wdeoh1



<

Vwuhwhj| 4 5 6 7 8 9 :

Sd|r� u� u� uf�D�nf�D� u2�3� u2�3� u
��32 h�

u
��32 h�

Vwdwh 4 5 4 4=8 6 3 9� 5u
h�
@ 6 3 +ghidxow,

Vwdwh 5 3=8 4 3=:8 3 4=8 3 +ghidxow, 6� 5u
h�
@ 4=8

Lw lv hdvlo| vhhq wkdw Vwudwhjlhv 408 gr qrw kdyh ghidxow ulvn vr wkdw u@�nE�3@�� @ du�.+4�d,u�

+�4 � d � 5,1 Vwudwhjlhv 9 dqg : gr lqyroyh ghidxow ulvn/ xqghu zklfk wkh lqyhvwru hqmr|v olplwhg

oldelolw| lq Vwdwh 5 dqg Vwdwh 4 uhvshfwlyho|1 Vlqfh Vwudwhj| 7 kdv dovr d }hur jurvv uhwxuq lq Vwdwh

5/ wr dyrlg iuhh oxqfk wkh sd|r� ri Vwudwhj| 9 pxvw eh wkh vdph dv Vwudwhj| 7 lq Vwdwh 4/ |lhoglqj

u
h�
@ 4=8 A u� @ 41 Wkdw lv/ wkh lqyhvwru pxvw eruurz dw d 83( fuhglw0ulvn suhplxp deryh

wkh ulvn0iuhh udwh1 Vlploduo|/ Vwudwhj| : pxvw jhqhudwh wkh vdph uhwxuq dv Vwudwhj| 8/ |lhoglqj

u
h�
@ 3=:8 A u� @ 3=8 lq vwdwh 51 Wkdw lv/ Vwudwhj| : lqyroyhv d frqwlqjhqw sd|phqw ri 3=58 shu

vkduh wr wkh frxqwhu sduw| lq wkh zlqqlqj vwdwh wr fryhu wkh ulvn ri ghidxow lq wkh orvlqj vwdwh1 �

Qrz L pryh rq wr wkh lqirupdwlrq vwuxfwxuh ri wkh prgho1 Wkh frpprq lqirupdwlrq dw wlph

4 lv d uhdol}hg yhfwru ri uhwxuqv rq wkh sulplwlyh vhfxulwlhv u @ +u�> u2> ===> u?, 5P @ ^3>P,? � U?n/

zkhuh P lv dvvxphg wr lqfoxgh doo wkh uhohydqw frqwlqjhqflhv dw wlph 41 Xqfhuwdlqw| derxw wkhvh

frqwlqjhqflhv duh dvvxphg wr eh uhsuhvhqwhg dw wlph 3 e| d suredelolw| vsdfh iP>E> Sj/ zkhuh E

ghqrwhv wkh �0�hog ri Eruho vhwv riP/ dqg S ghqrwhv wkh suredelolw| glvwulexwlrq ri u rq +P>E,1 Iru

prvw ri wkh dqdo|vlv lq wklv sdshu/ S fdq eh jhqhudoo| lqwhusuhwhg dv dq lqyhvwru*v vxemhfwlyh eholhi1

Rqo| dw d odwhu vwdjh/ dq dvvxpswlrq ri frpprq eholhi ri wkh frqglwlrqdo suredelolw| glvwulexwlrq +lq

d vhqvh wr eh fohdu odwhu, zloo eh pdgh iru wkh dqdo|vlv ri htxloleulxp1 Lq rughu wr vlpxowdqhrxvo|

glvfxvv glvfuhwh dqg frqwlqxrxv glvwulexwlrqv/ lw lv xqghuvwrrg wkdw iru dq| Eruho vhw E � P/

S +E, zloo ghqrwh wkh suredelolw| wkdw u 5 E1 Pruh vshfl�fdoo|/ iru dq| lqwhjudeoh ixqfwlrq { rq

U
?
n/
U
�
{+u,gI +u, lv wkh Ohehvjxh0Vwlhowmhv lqwhjudo zlwk I ehlqj wkh q0glphqvlrqdo glvwulexwlrq
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ixqfwlrq rq wkh vhw P wkdw fruuhvsrqgv wr S 1

Ohw 
 ghqrwh wkh vhw ri doo ihdvleoh lqyhvwphqw vwudwhjlhv +vrphwlphv vlpso| fdoohg wkh pdunhw,1

Dq lqyhvwphqw vwudwhj| { 5 
 lv eurdgo| gh�qhg dv d frpelqdwlrq ri dq| sulplwlyh dqg ghulydwlyh

vhfxulwlhv dydlodeoh lq wkh pdunhw sodfh wkdw wxuqv d 40groodu lqyhvwphqw dw wlph 3 lqwr { grooduv

+srvvleo| udqgrp, dw wlph 41�f Wkh edvlf vwudwhjlhv duh wkh ex|0dqg0krog vwudwhjlhv ri dq| dvvhw/

sruwirolr/ ghulydwlyh frqwudfw/ hwf1 Pruh vrsklvwlfdwhg vwudwhjlhv pd| lqyroyh sruwirolrv ri ghulydwlyhv

dqg frpsrxqg ghulydwlyhv zkrvh sd|r�v duh jhqhudo ixqfwlrqv ri u 5 P1�� Fdvk vhwwohphqw lv

doorzhg/ vr wkdw sur�wv ru orvvhv rq d ghulydwlyh frqwudfw gr qrw kdyh wr lqyroyh gholyhu| ri wkh

xqghuo|lqj dvvhwv1 D plog frqglwlrq wr eh lpsrvhg lv wkdw wkh jurvv uhwxuq sd|r� ri dq| vwudwhj|

fdq eh uhsuhvhqwhg e| vrph lqwhjudeoh ixqfwlrq { = u 5 P $ {+u, 5 ^3>P, � Un zkhuh P lv

dq| duelwudulo| odujh qxpehu vhuylqj dv wkh xqlirup xsshu erxqg ri wkh uhwxuqv ri doo ihdvleoh

vwudwhjlhv1�2 Vlqfh vwdqgdug ghulydwlyhv duh w|slfdoo| slhfhzlvh olqhdu ixqfwlrqv ri sulfhv ri wkh

xqghuo|lqj vhfxulwlhv/ wklv frqglwlrq lv hdvlo| phw lq sudfwlfh1 Wkh frqglwlrq wkdw {+u, � 3 iru doo

u 5P zloo eh fdoohg wkh qrqqhjdwlyh0zhdowk frqvwudlqw1 Lw lv dovr qdwxudo wr dvvxph wkdw 
 lv frqyh{

lq wkdw li {� 5 
 dqg {2 5 
 wkhq d{� . +4 � d,{2 5 
 dqg d{� � +4� d,{2 5 
 iru doo d 5 ^3> 4`1

Khuh d{� . +4 � d,{2 phdqv d sruwirolr zlwk d sursruwlrq d ri wkh fdslwdo lqyhvwhg lq {� dqg wkh

uhvw lq {2> zkhuhdv d{� � +4 � d,{2 phdqv d vwudwhj| wkdw dvvljqv d suredelolw| d wr sod|lqj {�

dqg 4� d wr sod|lqj {21 Sxw gl�huhqwo|/ wkh iruphu lv d sd|r� pl{wxuh dqg wkh odwwhu lv d vwudwhj|

pl{wxuh1 Wzr srodu fdvhv ri wkh ihdvleoh lqyhvwphqw vhw/ iru h{dpsoh/ duh


f @ i{ = u 5P$
[
�MU

��u� 5 ^3>P,>
[
�MU

�� @ 4j

dqg


" @ i{ = u 5P$ {+u, 5 ^3>P,> uf

]
P

{+u,#+u,gI +u, � 4>

]
P

#+u,gI +u, @
4

uf
j=

Wkh vhw 
f uhsuhvhqwv d fdqrqlfdo sruwirolr fkrlfh vhw zkhuh vwudwhjlhv duh uhvwulfwhg wr eh wkh
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olqhdu frpelqdwlrqv ri wkh sulplwlyhv1 Qrwh wkdw wkhuh lv qr uhvwulfwlrq rq wkh vljq ri �� dqg wkh

udqjh ri wkh uhwxuq rq d vwudwhj| pd| h{fhhg wkh xsshu erxqg ri wkh sulplwlyhv P / surylghg

wkh orzhu erxqg 3 lv uhvshfwhg1 Wkh vhw 
" uhsuhvhqwv wkh odujhvw vhw ri vwudwhjlhv wkdw fdq eh

frqvwuxfwhg frqwlqjhqw rq hyhu| uhdol}hg uhwxuq yhfwru ri wkh sulplwlyhv/ zkhuh I +�, dqg #+�,uf duh

wkh glvwulexwlrq ixqfwlrq dqg wkh vwdwh sulfhv lpsolhg e| wkh pdunhw sulfhv ri doo vhfxulwlhv +wkxv

qrw qhfhvvdulo| wkh vdph dv dq lqyhvwru*v vxemhfwlyh dvvhvvphqwv,1 D vwdwh sulfh lv iru d frqwlqjhqw

fodlp wkdw sd|v 4 groodu rq wkh uhdol}dwlrq ri u dqg }hur rwkhuzlvh +h1j1/ Duurz/ 4<97 dqg Gheuhx/

4<8<,1 Zkhq u lv frqwlqxrxv/ #+u,uf lv lqwhusuhwhg dv d vwdwh0sulfh ghqvlw| ixqfwlrq zlwk hdfk u

uhjdughg dv d uhdol}hg sulplwlyh vwdwh +dq q0glphqvlrqdo yhfwru,1 Iru hdvh ri h{srvlwlrq #+u,uf zloo

eh vlpso| fdoohg wkh vwdwh0sulfh ghqvlw| wkdw uhihuv wr erwk fdvhv1

Lq jhqhudo/ wkh pdunhw pd| qrw eh frpsohwh lq wkdw qrw hyhu| sulplwlyh vwdwh u 5 P lv

vhsdudwho| frqwudfwleoh1 Lq vrph vhqvh hyhq wkh vhw 
" pd| eh frqvlghuhg lqfrpsohwh vlqfh lw

uhtxluhv wkh sd|r� ri dq| ghulydwlyh vhfxulw| wr ghshqg rqo| rq wkh sd|r�+v, ri rwkhu wudghg

vhfxulwlhv/ dqg qrw rq srvvleoh vwdwhv ri qdwxuh rwkhu wkdq wkh sulplwlyhv* sd|r� vwdwhv dw wlph 41

Iru lqvwdqfh/ frqwudfwlqj rq zhdwkhu frqglwlrqv pd| qrw eh srvvleoh xqohvv wkhuh h{lvw sulplwlyh

vhfxulwlhv zkrvh sd|r�v duh olqnhg zlwk zhdwkhu frqglwlrqv lq d suhglfwdeoh pdqqhu1 Krzhyhu/ vlqfh

lw kdv ehfrph frqyhqwlrqdo wr fdoo wkh fdslwdo pdunhw frpsohwh dv orqj dv lqyhvwruv fdq wudgh hyhu|

fodlp zkrvh sd|r� dw wlph 4 ghshqgv rq wkh sd|r�v ri dq| wudghg vhfxulwlhv +vhh/ h1j1/ G|eylj/

4<;; iru pruh glvfxvvlrq,/ 
" zloo eh fdoohg d frpsohwh pdunhw1

Wkhuh lv dqrwkhu w|sh ri pdunhw/ wkrxjk/ wkdw lv lqfrpsohwh exw wkhuh lv d _zrxog0eh% vwdwh0

sulfh ghqvlw| +lq wkh h|hv ri hdfk lqyhvwru, frqvlvwhqw zlwk wkh sulfhv ri qrq0wudgdeoh dv zhoo dv

wudgdeoh vhfxulwlhv1 Vxfk pdunhwv zloo eh fdoohg txdvl0frpsohwh dqg zloo eh lqwurgxfhg zkhq wkh

vwdwh0sulfh ghqvlw| lv vwxglhg1
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��� ��(�'�"� ���!����&�'

Iru dq| lqyhvwru m 5 M / ohw z� A 3 ghqrwh klv lqlwldo zhdowk1�� Zlwk dq| vwudwhj| { 5 
/ wkh

lqyhvwru*v wlph04 zhdowk zloo eh z�{+u, zkhq u 5 P lv uhdol}hg1 Wkh lqyhvwru*v fkrlfh sureohp lv

dvvxphg wr eh uhsuhvhqwhg e| d xwlolw| ixqfwlrq ri wkh lqyhvwphqw*v uhzdug dqg ulvn shufhlyhg e|

wkh lqyhvwru +]rx 5333d,1

Dvvxpswlrq 4 +shufhswlrq ri uhzdug dqg ulvn, Wkh lqyhvwru*v shufhswlrq ri lqyhvwphqw uh0

zdug dqg ulvn duh uhsuhvhqwhg/ uhvshfwlyho|/ e| d uhzdug ixqfwlrq X� = +{>z�, 5 
 � Unn $ Un /

zkhuh z� A 3 lv wkh lqyhvwru*v lqlwldo fdslwdo dqg { 5 
 lv d fkrvhq vwudwhj|/ vxfk wkdw

X�+{>z�, @

]
PKtoG%Eo�Dof�

^j�+z�{+u,,� j�+z�uf,`gI�+u,> +4,

dqg d ulvn ixqfwlrq G� = +{>z�, 5 
�Unn $ Un vxfk wkdw

G�+{>z�, @

]
PKtoG%Eo�$of�

^c�+z�uf,� c�+z�{+u,,`gI�+u,> +5,

zkhuh j� = Un $ Un +wkh shufhlyhg jdlq ixqfwlrq, dqg c� = Un $ Un +wkh shufhlyhg orvv ixqfwlrq,

duh srvlwlyh prqrwrqlf ixqfwlrqv vdwlvi|lqj j�+z�uf, @ c�+z�uf,/ j
�
�+z�uf, @ c

�
�+z�uf,/ dqg 3 ?

j
�
�+z

n, � c
�
�+z

3, ?4 iru doo zn 5 ^z�uf>4, dqg z3 5 ^3> z�uf`1

Wkh frqglwlrq lq wkh odvw olqh ri wklv dvvxpswlrq/ 3 ? j
�
�+z

n, � c
�
�+z

3, ? 4> zloo qrw

eh lqyrnhg xqwlo Wkhruhpv ; dqg <1 Lw lv zruwk uhpdunlqj/ wkrxjk/ wkdw dq| yrq Qhxppdq0

Prujhqvwhuq xwlolw| ixqfwlrq Y�� +�, fdq eh jhqhudoo| zulwwhq dv=

Y�� +z{+u,, @ pd{^j+z{+u,> j+zuf,`�pd{^c+zuf,> c+z{+u,`

dqg li Y�� lv zhdno| frqfdyh wkdq wklv frqglwlrq krogv1

Iru euhylw|/ wkh vxevfulsw m zloo eh gursshg lq prvw ri vxevhtxhqw wh{w +xqwlo Vhfwlrq 8,1
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Dvvxpswlrq 5 +uhzdug0ulvn xwlolw|, Wkh lqyhvwru*v suhihuhqfh ryhu dq| shufhlyhg uhzdug dqg

ulvn ri lqyhvwphqw vwudwhjlhv +X>G, 5 U
2
n lv uhsuhvhqwhg e| d uhzdug0ulvn xwlolw| Y = +X>G, 5 U

2
n $

Y +X>G, 5 U/ zkhuh Y lv vwulfwo| frqfdyh rq U
2
n dqg vdwlv�hv YT

YL
A 3 dqg YT

YL
. YT

Y(
? 3 iru doo

+X>G, 5 U
2
nn1

Lq wklv zd|/ hyhu| lqyhvwru*v suhihuhqfh ryhu wkh lqyhvwphqw vwudwhjlhv { 5 
/ jlyhq klv fxuuhqw

lqyhvwphqw fdslwdo +zhdowk, z A 3/ lv lqgluhfwo| uhsuhvhqwhg e| d xwlolw| ixqfwlrq Y +X+{>z,>G+{>z,,

zlwk X dqg G gh�qhg lq +4,~+5,1 Wklv uhsuhvhqwdwlrq ri lqyhvwru*v fkrlfh sureohp lv ghulyhg iurp d

vhw ri zhdnhu d{lrpv/ lq sduwlfxodu d zhdnhu lqghshqghqfh d{lrp/ wkdq wkrvh dgrswhg lq wkh ghyho0

rsphqw ri h{shfwhg xwlolw| wkhru| +]rx/ 5333d,1 Dv d uhvxow/ d eurdghu fodvv ri lqyhvwru suhihuhqfhv

duh uhsuhvhqwhg ri zklfk wkh h{shfwhg xwlolw| uhsuhvhqwdwlrq lv d vshfldo olqhdu fdvh= Y +X>G, @

X � G1 Wkh jhqhudo fodvv ri suhihuhqfhv srvwxodwhg lq Dvvxpswlrqv 4 dqg 5 zloo eh ghqrwhg e|

� @ iY = +X>G,$ U> +X>G, vdwlvi|lqj +4,~+5,j1

D phdvxuh ri lqyhvwruv* ghjuhh ri ulvn dyhuvlrq fdq eh gh�qhg dv/ jlyhq dq| ohyho ri +X>G,/

�+X>G, @ �+
CY +X>G,

CG
,@+

CY +X>G,

CX
, +6,

Wklv phdvxuh lv srvlwlyh e| Dvvxpswlrq 5 dqg wkh vwulfw frqfdylw| ri Y hqvxuhv wkdw lwv lqgl�huhqfh

fxuyhv rq wkh +X>G, sodqh duh vwulfwo| frqyh{1 E| frqyhqwlrqdo whuplqrorj|/ dq lqyhvwru lv vdlg wr

eh orfdoo| ulvn qhxwudo/ ulvn dyhuvh/ ru ulvn orylqj li dqg rqo| li klv ghjuhh ri ulvn dyhuvlrq � @ 4/

� A 4/ ru � ? 4 dw d jlyhq srlqw +X>G,> dqg lv vdlg wr eh joredoo| ulvn qhxwudo/ ulvn dyhuvh/ ru ulvn

orylqj li dqg rqo| li klv � @ 4/ � A 4/ ru � ? 4 iru doo +X>G, rq U2
n1 Dq lqyhvwru lv frqvlghuhg orfdoo|

pruh ulvn dyhuvh wkdq dqrwkhu lqyhvwru li wkh iruphu kdv d kljkhu � wkdq wkh odwwhu dw +X>G,1 Li

wklv krogv iru doo +X>G, rq U2
n wkhq wkh iruphu lqyhvwru lv joredoo| pruh ulvn dyhuvh wkdq wkh odwwhu1

Dvvxpswlrq 5 lpsolhv wkdw wkh lqyhvwruv duh joredoo| ulvn dyhuvh +� A 4,1 Lw lv lpsruwdqw wr qrwh/

krzhyhu/ wkdw wklv phdvxuh ri ulvn dyhuvlrq lv gl�huhqw iurp wkh Duurz0Sudww phdvxuhv +Duurz/
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4<:4/ Sudww/ 4<97,/ ri zklfk dq dqdorj| fdq eh pdgh iru wkh lqyhvwru*v shufhswlrq ri uhzdug dqg

ulvn +]rx/ 5333d,1

Lq jhqhudo/ wkh lqyhvwru*v lqyhvwphqw sureohp lv jlyhq e| wkh iroorzlqj surjudp S=

pd{
%Ml

Y +X+{>z,>G+{>z,,

zlwk X dqg G gh�qhg dv lq +4, dqg +5,1

��) �� $($ %�* �+�$#�*$�,

L �uvw ghulyh vrph qhfhvvdu| frqglwlrqv iru d vroxwlrq wr S1 Wr vwduw zlwk/ ohw xv fdoo ]+{>z, @

X+{>z,@G+{>z, wkh uhzdug0wr0ulvn udwlr iru G+{>z, 9@ 3 +dv dvvhvvhg e| dq| uhohydqw lqyhvwru,1 E|

gh�qlwlrq/ iru wkh ulvn0iuhh dvvhw G+uf> z, @ X+uf> z, @ 3 dqg e| Dvvxpswlrq 4 lw fdq eh gh�qhg

wkdw ]+uf> z, @ 41

Wkhruhp 4 Ohw dq| Y 5 � eh jlyhq1 Li lqyhvwphqw vwudwhj| {W 5 
 lv d vroxwlrq wr S/ wkhq iru doo

{ 5 
/

]+{>z, @
X+{>z,

G+{>z,
�

X+{W> z,

G+{W> z,
@ ]+{W> z, +7,

Surri= Ohw dq| lqyhvwru Y 5 � eh jlyhq1 Ohw {W ghqrwh wkh rswlpdo vroxwlrq wr S dqg frqvlghu

dq dowhuqdwlyh vwudwhj| dv iroorzv1 Vhohfw dq| rwkhu vwudwhj| { 5 
 dqg ohw d orwwhu| ghflgh zklfk

vwudwhj| wr fkrrvh/ zlwk suredelolw| � ri fkrrvlqj { dqg 4� � ri fkrrvlqj {W1 Lw lv hdv| wr yhuli|

wkdw wkh uhzdug dqg ulvn phdvxuhv duh olqhdu lq vxfk pl{wxuhv/ wkdw lv/

X+�{� +4� �,{W> z, @ �X+{>z, . +4� �,X+{W> z,

G+�{� +4� �,{W> z, @ �G+{>z, . +4� �,G+{W> z,

zkhuh wkh uhdghu pd| uhfdoo wkdw �{� +4��,{W ghqrwhv wkh vwudwhj| zlwk suredelolw| � ri fkrrvlqj

{ dqg 4�� ri fkrrvlqj {W1 Vlqfh {W lv rswlpdo/ wkh �uvw0rughu frqglwlrq zlwk uhvshfw wr � hydoxdwhg
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dw � @ 3 pxvw vdwlvi|

CY

C�
@
CY

CX
^X+{>z,�X+{W> z,` .

CY

CG
^G+{>z,�G+{W> z,` � 3

ru/ htxlydohqwo|/

CY

CX
^X+{>z,� X+{W> z,` � �

CY

CG
^G+{>z,�G+{W> z,` +8,

iru doo { 5 
/ zkhuh wkh lqhtxdolw| vwhpv iurp wkh frqvwudlqw wkdw wkh suredelolw| � � 31

Fkrrvlqj { @ uf lq +8, |lhogv

CY

CX
X+{W> z, � �

CY

CG
G+{W> z,= +9,

Glylglqj +8, e| +9, dqg uh0duudqjlqj whupv |lhogv +7,1 �

E| Wkhruhp 4/ lw lv qhfhvvdu| iru doo w|shv ri lqyhvwruv wr pd{lpl}h wkh uhzdug0wr0ulvn udwlr

]+{>z,1 Wr hdvh zulwlqj/ iru dq| { 5 
 ohw J+{, @P_iu = {+u, A ufj/ O+{, @P_iu = {+u, ? ufj/

dqg Q+{, @P_iu = {+u, @ ufj1 Wkh| duh fdoohg wkh jdlq0grpdlq/ orvv0grpdlq/ dqg qhxwudo0grpdlq

ri lqyhvwphqw vwudwhj| {/ uhvshfwlyho|1

Wkhruhp 5 Ohw dq| Y 5 � eh jlyhq1 Li vwudwhj| {W 5 
 lv d vroxwlrq wr S/ wkhq iru doo { 5 
/

�3 �

]
JE%W�

j
�+z{W+u,,+{+u,� uf,gI +u,�]+{W> z,

]
OE%W�

c
�+z{W+u,,+uf � {+u,,gI +u, � �n +:,

zkhuh

�n @ ]+{W> z,

]
OE%�KQE%W�

c
�+zuf,+uf � {+u,,gI +u,�

]
JE%�KQE%W�

j
�+zuf,+{+u,� uf,gI +u,

�3 @ ]+{W> z,

]
JE%�KQE%W�

c
�+zuf,+uf � {+u,,gI +u,�

]
OE%�KQE%W�

j
�+zuf,+{+u,� uf,gI +u,

Surri= Vhh Dsshqgl{1

Wkh uhodwlrqvklsv lq +:, fdq eh lqwhusuhwhg dv dq lqyhvwru*v vxemhfwlyh eholhyh derxw doo vwudw0

hj| sulfhv wkdw duh dydlodeoh1 Li S +Q+{W,, @ 3> wkhq �n @ �3 @ 3 dqg +:, jlyhv dq h{dfw sulflqj
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uhodwlrqvkls iru doo { 5 
 zlwk uhvshfw wr {W1 Vlqfh 
 pd| frqwdlq +sruwirolrv ri, ghulydwlyh frq0

wudfwv/ krzhyhu/ lw lv idluo| srvvleoh wkdw S +Q+{W,, A 3 iru vrph lqyhvwruv1 Wklv pd| eh wkh fdvh

hyhq zkhuh uhwxuqv rq wkh sulplwlyh0vhfxulwlhv duh frqwlqxrxvo| glvwulexwhg1 Iru rqh wklqj/ d vwudw0

hj| zlwk 433( lq fdvk wkdw |lhogv uf frpelqhg zlwk d vhoi0�qdqfhg uhyhuvdo +d orqj fdoo dqg d vkruw

sxw zlwk wkh vdph xqghuo|lqj dvvhw ru sruwirolr/ erwk rxw ri wkh prqh| dqg zlwk htxdo suhplxpv,

zloo kdyh d srvlwlyh suredelolw| ri euhdnlqj hyhq +|lhoglqj uf,1

Li wkh vhfrqg lqhtxdolw| lq +:, krogv vwulfwo| iru vrph dvvhw { 5 
/ wkhuh zloo eh qr ghpdqg

iru wklv dvvhw e| wkh lqyhvwru> lqvwhdg/ wkh lqyhvwru pd| frqvlghu vkruw0vhoolqj vrph dprxqw ri wklv

dvvhw1 Lw pljkw eh wkh fdvh/ krzhyhu/ wkdw dw wkh vdph wlph wkh �uvw lqhtxdolw| lq +:, dovr krogv

vwulfwo| vr wkdw vkruw0vhoolqj ri { lv qrw lqwhuhvwlqj hlwkhu1 Lq vxfk d fdvh/ wkh dvvhw { lv wuxo|

uhgxqgdqw lq wkh h|hv ri wkh lqyhvwru ~ hyhq li lwv sulfh pryhv xs ru grzq zlwklq d fhuwdlq udqjh1�e

Wkh sulflqj uhodwlrqvklsv lq +:, lv txlwh jhqhudo1 Wkh| duh ghulyhg zlwkrxw pxfk uhvwulfwlrq rq

suhihuhqfhv dqg eholhiv1 Wkxv/ +:, fdq eh lqwhusuhwhg lq whupv ri dq lqyhvwru*v vxemhfwlyh dvvhvvphqw

ri wkh h{shfwhg vhfxulw| uhwxuqv +h1j1/ wkh glvwulexwlrq ixqfwlrq I fdq eh vxemhfwlyh, dqg vxemhfwlyh

shufhswlrq ri uhzdug dqg ulvn +h1j1/ wkh ixqfwlrqdo irupv ri j dqg c pd| gl�hu dfurvv wkh lqyhvwruv,1

Xqiruwxqdwho|/ krzhyhu/ wkhvh sulflqj uhodwlrqvklsv duh gl�fxow wr whvw hpslulfdoo| dqg wkh lqhtxdolw|

uhodwlrqv/ li krog vwulfwo|/ surylgh rqo| udqjhv ri vhfxulw| sulfhv dqg qrw d suhflvh sulflqj uhodwlrqvkls1

Wklv prwlydwhv wkh frqvlghudwlrq lq wkh qh{w vhfwlrq ri d vshfldo w|sh ri lqyhvwruv zkr shufhlyh

lqyhvwphqw uhzdug dqg ulvn remhfwlyho|1

) �������� ���������	

Dq lqyhvwru lv fdoohg lqkhuhqwo| udwlrqdo li kh shufhlyhv lqyhvwphqw uhzdugv dqg ulvnv lqkhuhqwo|/ l1h1/

zlwkrxw shuvrqdo eldv/ dqg klv uhzdug0ulvn xwlolw| ghshqgv rqo| rq wkh lqkhuhqw uhzdug dqg ulvn ri
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klv lqyhvwphqw fkrlfh dqg klv fxuuhqw zhdowk1�D

Gh�qlwlrq 4 +lqkhuhqw uhzdug, Wkh lqkhuhqw uhzdug ri d vwudwhj| { 5 
/ x = { 5 
 $ x+{, 5

Un/ lv gh�qhg dv

x+{, @ Hpd{+{+u,� uf> 3, @

]
JE%�

^{+u,� uf`gI +u, +;,

Gh�qlwlrq 5 +lqkhuhqw ulvn, Wkh lqkhuhqw ulvn ri d vwudwhj| { 5 
/ y = { 5 
 $ y+{, 5 Un/ lv

gh�qhg dv

y+{, @ Hpd{+uf � {+u,> 3, @

]
OE%�

^uf � {+u,`gI +u, +<,

Iru dq| lqyhvwphqw vwudwhj|/ lwv lqkhuhqw uhzdug dqg ulvn duh d sdlu ri xqltxh phdvxuhv

frpprq wr doo lqyhvwruv +]rx/ 5333d,1 Vxfk phdvxuhv fdq eh mxvwl�hg xqghu wzr d{lrpv dgglwlrqdo

wr wkrvh lq wkh ghulydwlrq ri lqglylgxdoo| shufhlyhg uhzdug dqg ulvn1 Rqh lv fdoohg wkh doorfdwlrq0

lqghshqghqfh d{lrp/ zklfk vd|v wkdw li vwudwhj| {� lv _pruh0uhzduglqj% +ru _pruh0ulvn|%, wkdq

vwudwhj| {2 wkhq d{�.+4� d,uf lv _pruh0uhzduglqj% +ru _pruh0ulvn|%, wkdq d{2.+4� d,uf iru doo

d 5 +3> 4`1 Wkdw lv/ wkh +frpprq, mxgjhphqw ri pruh uhzduglqj ru pruh ulvn| uhodwlrqvklsv ehwzhhq

dq| wzr vwudwhjlhv vkrxog qrw ghshqg rq dq| lqglylgxdo lqyhvwru*v fdslwdo doorfdwlrq ghflvlrq1 Wkh

rwkhu lv fdoohg wkh surshuqhvv d{lrp/ zklfk vd|v wkdw wkh shufhlyhg jdlq ixqfwlrq j dqg orvv ixqfwlrq

c vkrxog vdwlvi| 3 ? j
�+uf, ?4 dqg 3 ? c

�+uf, ?4 dw wkh srlqw ri wkh ulvn0iuhh udwh +wkh qhxwudo

uhwxuq,1 Wrjhwkhu zlwk vrph rwkhu pruh vwdqgdug d{lrpv/ wkh lqkhuhqw uhzdug dqg ulvn gh�qhg

deryh duh wkh rqo| phdvxuhv +udwlr vfdohv, wkdw iroorz/ l1h1/ xqltxh xs wr d srvlwlyh pxowlsolfdwlyh

wudqvirupdwlrq1 Wkxv/ wkh suhihuhqfhv ri lqkhuhqwo| udwlrqdo lqglylgxdov gl�hu rqo| lq wkhlu zhdowk

dqg uhzdug0ulvn xwlolwlhv1

Wkh ulvn suhplxp ri vwudwhj| { zloo eh ghqrwhg �+{, @ H+{+u, � uf, @ x+{, � y+{,/ zklfk

e| wkh gh�qlwlrqv ri x dqg y fdq dovr eh ylhzhg dv wkh vwudwhj|*v h{fhvv lqkhuhqw uhzdug +diwhu

vxewudfwlqj lqkhuhqw ulvn iurp wkh uhzdug,1
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Ohw �f @ iY 5 � = X @ zx>G @ zy> +x> y, vdwlvi|lqj +;,0+<,j ghqrwh wkh vhw ri lqkhuhqwo|

udwlrqdo suhihuhqfhv/ l1h1/ Y 5 �f li dqg rqo| li Y +X>G, @ Y +zx>zy,1 Dv zloo eh vkrzq lq wkh qh{w

vhfwlrq/ wkh ghwhuplqdwlrq ri vhfxulw| sulfhv dqg fdslwdo pdunhw htxloleulxp fdq eh ghulyhg hdvlo|

iurp lqkhuhqw udwlrqdolw|1 Lq wkh vxevhtxhqw vhfwlrqv/ lw zloo ixuwkhu eh ghprqvwudwhg wkdw hyhq li

lqyhvwruv kdyh gl�huhqw jdlq dqg orvv ixqfwlrqv lq wkhlu dvvhvvphqw ri lqyhvwphqw uhzdug dqg ulvn

wkhlu fkrlfhv riwhq fdq eh pdgh dv wkrxjk wkh| duh lqkhuhqwo| udwlrqdo1

Gh�qlwlrq 6 +lqkhuhqw uhzdug0wr0ulvn udwlr, Wkh lqkhuhqw uhzdug wr ulvn udwlr ri dq| vwudwhj|

{/ } = { 5 
$ }+{, 5 Un/ lv gh�qhg dv

}+{, @

;AAAAA?
AAAAA=

4 li y+{, @ 3/ x+{, A 3

x+{,@y+{, li y+{, 9@ 3

4 li y+{, @ 3/ x+{, @ 3=

+43,

Lq wkh vshfldo fdvh zkhuh y+{, @ 3/ wkh vwudwhj| kdv qr lqkhuhqw ulvn1 Lq wkh devhqfh ri

ulvn0iuhh duelwudjh rssruwxqlwlhv/ dq| vwudwhj| zlwk }hur lqkhuhqw ulvn pxvw dovr kdyh }hur lqkhuhqw

uhzdug/ l1h1/ x+{, @ 3/ dqg lw iroorzv e| gh�qlwlrq wkdw }+{, @ 41 Lq wkh fdvh zkhuh { lqghhg

uhsuhvhqwv d ulvn0iuhh duelwudjh vwudwhj|/ }+{, @41

Wkh qh{w frqfhsw sod|v dq lpsruwdqw uroh lq wkh vxevhtxhqw dqdo|vhv1

Gh�qlwlrq 7 +shuihfw fr0grpdlq, Iru dq| { 5 
 dqg | 5 
/ ohw wkh vxevhw ri P

FRG+{> |, @P _ iu = +{+u,� uf,+|+u,� uf, � 3j

eh fdoohg wkh +uhzdug0ulvn, fr0grpdlq ehwzhhq { dqg |1 Wkhq/ { dqg | duh vdlg wr kdyh shuihfw

fr0grpdlq rq P xqghu suredelolw| glvwulexwlrq S li dqg rqo| li S +FRG+{> |,, @ 41 Wkdw lv/ wkh

h{fhvv uhwxuqv ri wkh wzr vwudwhjlhv kdyh wkh vdph vljq doprvw vxuho| +d1v1,/ zkhuh }hur lv wuhdwhg dv

erwk srvlwlyh dqg qhjdwlyh vljqv1
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Dowhuqdwlyho|/ lw lv htxlydohqw wr vwdwh wkdw wzr vwudwhjlhv kdyh lpshuihfw fr0grpdlq rq P

xqghu suredelolw| glvwulexwlrq S li wkhuh h{lvwv d vxevhw ri P zlwk vwulfwo| srvlwlyh suredelolw|

phdvxuh rq zklfk wkh h{fhvv uhwxuqv ri wkh wzr vwudwhjlhv kdyh rssrvlwh vljqv1 Wkdw lv/

S +P _ iu = +{+u,� uf,+|+u,� uf, ? 3j, A 3= +44,

Wkh qh{w ohppd vkrz wkh glyhuvl�fdwlrq h�hfw dprqj vwudwhjlhv wkdw gr qrw vkduh shuihfw

fr0grpdlq1

Ohppd 4 +vxe0dgglwlylw|, Ohw dq| { 5 
/ | 5 
/ dqg dq| d 5 ^3> 4` eh jlyhq1 Wkhq

x+d{. +4� d,|, � dx+{, . +4� d,x+|, +45,

y+d{. +4� d,|, � dy+{, . +4� d,y+|, +46,

Iru d 5 +3> 4,/ wkh vwulfw lqhtxdolwlhv krog lq +45, dqg +46, vlpxowdqhrxvo| li dqg rqo| li +44, krogv1

Lq rwkhu zrugv/ wkh lqkhuhqw uhzdug dqg ulvn phdvxuhv vdwlvi| vwulfw vxe0dgglwlylw| ehwzhhq vwudwhjlhv

wkdw kdyh lpshuihfw fr0grpdlq1

Surri= Vhh Dsshqgl{1

Ohppd 5 +txdvl0frqfdylw|, Ohw dq| { 5 
 dqg | 5 
 eh jlyhq vxfk wkdw }+{, � }+|, ? 41

Wkhq }+d{ . +4 � d,|, � }+{, iru doo d 5 ^3> 4`1 Wkh lqhtxdolw| krogv vwulfwo| iru d 5 +3> 4, li

dqg rqo| li }+{, ? }+|, ru S +FRG+{> |,, ? 41 Lq rwkhu zrugv/ wkh lqkhuhqw uhzdug0wr0ulvn udwlr

lv txdvl0frqfdyh rq 
 dqg vwulfwo| txdvl0frqfdyh rq wkh vhw ri vwudwhjlhv wkdw gr qrw kdyh shuihfw

fr0grpdlqv dprqj hdfk rwkhu1

Surri= Ohw dq| { 5 
 dqg | 5 
 dqg dq| uhdo qxpehu d 5 +3> 4, eh jlyhq vxfk wkdw }+{, �

}+|, ?41 Li y+{, @ 3/ wkhq { @ uf +d1v1, dqg lw lv wulyldoo| wuxh wkdw }+d{.+4�d,|, @ }+|, � }+{,

zlwk vwulfw lqhtxdolw| li dqg rqo| li }+|, A }+{, @ 4/ ru/ htxlydohqwo| lq wklv fdvh/ S +FRG+{> |,, ? 41
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Rwkhuzlvh/ vlqfh }+{,� 4 @ �+{,@y+{, dqg �+d{. +4� d,|, @ d�+{, . +4� d,�+|,/

}+d{. +4� d,|, @
d�+{, . +4� d,�+|,

y+d{. +4� d,|,
. 4

�
d�+{, . +4� d,�+|,

dy+{, . +4� d,y+|,
. 4 +47,

@
dx+{, . +4� d,x+|,

dy+{, . +4� d,y+|,
�
x+{,

y+{,
@ }+{, +48,

Iurp Ohppd 4/ wkh lqhtxdolw| lq +47, krogv vwulfwo| li dqg rqo| li S +FRG+{> |,, ? 41 Wkh lqhtxdolw|

lq +48, krogv vwulfwo| li dqg rqo| li }+{, ? }+|,/ dv d uhvxow ri d vlpsoh pdwkhpdwlfdo surshuw|1 �

Gh�qlwlrq 8 +lqkhuhqw grplqdqfh, Ohw dq| wzr vwudwhjlhv { dqg | iurp 
 eh jlyhq1 Wkhq | lv

vdlg wr lqkhuhqwo| grplqdwhv { li dqg rqo| li }+|, � }+{,1

Wkh lqkhuhqw grplqdqfh uhodwlrqvkls kdv wkh ghvludeoh surshuwlhv ri ehlqj frpsohwh +surylghg

rqo| wkdw wkh phdqv h{lvw iru doo vwudwhjlhv lq 
,/ wudqvlwlyh/ dqg frqwlqxrxv +]rx/ 5333d,1 Pruhryhu/

lw lv d qhfhvvdu| frqglwlrq iru wkh fulwhulrq ri �uvw0rughu vwrfkdvwlf grplqdqfh +h1j1/ Ilvkexuq/ 4<::>

Edzd/ 4<:9/ 4<:;> dqg ]rx/ 5333d,1 Wkxv li vwudwhj| | 5 
 lv suhihuuhg wr vwudwhj| { 5 
 e| doo

lqyhvwruv zkr suhihu pruh zhdowk wr ohvv/ wkhq lw lv qhfhvvdu| wkdw }+|, � }+{,1 Lw zloo eh vkrzq odwhu

wkdw iru lqyhvwruv zkrvh jdlq0 dqg orvv0ixqfwlrqv duh zhdno| frqfdyh/ wkh uhodwlrqvkls }+|, A }+{,

lv dovr vx�flhqw iru wkhp wr suhihu | wr { ~ surylghg wkdw wkh fdslwdo pdunhw lv txdvl0frpsohwh1

Gh�qlwlrq 9 +lqkhuhqw h�flhqf|, Wkh vwudwhj| vsdfh 
 lv vdlg wr eh +lqkhuhqwo|, h�flhqw li

wkhuh h{lvwv d vwudwhj| | 5 
 vxfk wkdw }+{, � }+|, ? 4 iru doo { 5 
1 Wkh vhw H+
, � 
 zloo eh

fdoohg wkh +lqkhuhqw, h�flhqf| vhw ri vwudwhjlhv lq 
/ gh�qhg dv

H+
, @ i| 5 
 = ;{ 5 
> }+{, � }+|, ?4j=

Qrwh wkdw lqkhuhqw h�flhqf| lv gh�qhg uhtxlulqj qr duelwudjh1 Lw lv gl�fxow wr fdoo d pdunhw

h�flhqw +e| dq| fulwhuld, li wkhuh duh duelwudjh rssruwxqlwlhv1 Dq| pdunhw lqyroylqj duelwudjh
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rssruwxqlwlhv lv wudqvlhqw lq qdwxuh> frqvhtxhqwo|/ lw lv qrw ri yhu| pxfk wkhruhwlfdo lqwhuhvw shu

fh h{fhsw lwv vwudljkwiruzdug lpsolfdwlrq1 Dqrwkhu uhdvrq iru uxolqj rxw wklv fdvh lv wkdw prvw ri

wkh dqdo|vlv lq wklv sdshu grhv uhtxluh wkdw wkhuh lv qr duelwudjh1 Dovr qrwh wkdw vlqfh uf 5 
 dqg

}+uf, @ 4/ }+|, � 4 iru doo | 5 H+
,1�S Lw zloo eh dvvxphg wkrxjkrxw wkh sdshu wkdw }+|, @ } A 4

iru | 5 H+
,1

Lq zkdw iroorzv/ wkh qrwdwlrq � phdqv _htxlydohqw% lq wkh vhqvh wkdw wzr vwudwhjlhv kdyh wkh

vdph lqkhuhqw uhzdug dqg lqkhuhqw ulvn1

Wkhruhp 6 Vxssrvh | 5 H+
, dqg ohw dq| { 5 
 eh jlyhq1 Wkhq wkh iroorzlqj frqglwlrqv krog iru

{ 5 H+
,=

41 Li wkhuh h{lvwv | 5 H+
, vxfk wkdw S +Q+|,, @ 3 dqg { dqg | kdyh shuihfw fr0grpdlq/ dqg rqo|

li { dqg | kdyh shuihfw fr0grpdlq>

51 li dqg rqo| li iru doo d A 3 vxfk wkdw uf . d+{� uf, 5 
/ uf . d+{� uf, 5 H+
,>

61 li dqg rqo| li d{. +4� d,| 5 H+
, iru doo d 5 ^3> 4`>

71 li dqg rqo| li wkhuh h{lvwv d 5 ^3> 4` vxfk wkdw { � uf . d+| � uf, ru | � duf . +4� d,{1

Surri= Vxssrvh | 5 H+
,1

41 Vx�flhqf| zloo iroorz odwhu iurp Fruroodu| 41 Qhfhvvlw| iroorzv iurp Ohppd 4 vlqfh

}+{, @ }+|, rqo| li { dqg | kdyh shuihfw fr0grpdlq1

51 Li iru doo d A 3 vxfk wkdw uf . d+{� uf, 5 
/ uf . d+{� uf, 5 H+
,/ fkrrvlqj d @ 4 |lhogv

{ 5 H+
,1 Li { 5 H+
, dqg {@ @ uf . d+{� uf, 5 
/ wkhq x+{@, @ dx+{, dqg y+{@, @ dy+{, vr wkdw

}+{@, @ }+{,1

61 E| Ohppd 5/ li }+{, @ }+|, wkhq }+d{ . +4 � d,|, � }+|, iru doo d 5 ^3> 4` vr wkdw

d{. +4� d,| 5 H+
,1 Vx�flhqf| lv wulyldoo| wuxh1
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71 Li wkhuh h{lvwv d 5 ^3> 4` vxfk wkdw x+{, @ dx+|, dqg y+{, @ dy+|,> ru x+|, @ dx+{, dqg

y+|, @ dy+{,/ wkhq }+{, @ }+|,1 Li }+{, @ }+|, wkhq ohw d @ x+{,@x+|, ru d @ x+|,@x+{, vxfk wkdw

d 5 ^3> 4`1 Lw iroorzv wkdw { � uf . d+| � uf, ru | � duf . +4� d,{= �

Wkhruhp 6 lv xvhixo iru wkh vxevhtxhqw dqdo|vlv dqg lv lpsruwdqw lq lwv rzq lpsolfdwlrqv1

Vlqfh zkhwkhu wzr vwudwhjlhv kdyh shuihfw fr0grpdlq lv hdv| wr yhuli|/ Wkhruhp 6 gudpdwlfdoo|

vlpsol�hv wkh wdvn iru lghqwli|lqj h�flhqw vwudwhjlhv1

H{dpsoh 5 +lqkhuhqwo| h�flhqw dqg lqh�flhqw vwudwhjlhv,

Vhh Iljxuhv 4~71 Vxssrvh | 5 
 lv dq h�flhqw vwudwhj|1 Wkhq wkh srvlwlyh olqhdu frpelqdwlrq

ri | dqg wkh ulvn0iuhh dvvhw lv h�flhqw +Iljxuh 4,1 D exoo vsuhdg ri | fdq eh ghvljqhg wkdw lv dovr

h�flhqw1 Wklv fdq eh dfklhyhg zlwk d orqj srvlwlrq lq | soxv d vhoi0�qdqfhg uhyhuvdo/ ru vlpso|

d orqj dqg d vkruw fdoo rq | zlwk surshuo| fkrvhq h{huflvh sulfhv1 Dv vkrzq lq Iljxuh 5/ vxfk d

exoo vsuhdg kdv d shuihfw fr0grpdlq zlwk |1 Krzhyhu/ wkh vlpsoh fryhuhg fdoo +d orqj srvlwlrq lq |

soxv d vkruw fdoo rswlrq rq | zlwk wkh surfhhgv ri wkh vkruw fdoo lqyhvwhg lq wkh ulvn0iuhh dvvhw, ru

surwhfwlyh sxw +d orqj srvlwlrq lq | soxv d orqj sxw rswlrq rq | sxufkdvhg zlwk ulvn0iuhh eruurzlqj,

duh qrw h�flhqw vlqfh wkh| gr qrw kdyh shuihfw fr0grpdlq zlwk |1 Iru wkh vdph uhdvrq/ d vwudggoh

vwudwhj| +d orqj fdoo dqg d orqj sxw rswlrq rq |, lv qrw h�flhqw1 Wkh lqkhuhqw h�flhqf| ri pdq|

rwkhu srsxodu vwudwhjlhv fdq eh h{dplqhg hdvlo| lq wkh vdph idvklrq1

Iru hdvh ri zulwlqj/ ohw H+�m�, ghqrwh wkh h{shfwdwlrq rshudwru frqglwlrqdo rq u 5 � � P

dqg ohw H+�>�, @ H+�m�,S +�,1 Wkh lqkhuhqw uhzdug dqg ulvn ri { 5 
 frpsxwhg rq wkh vxevhw

� �P fdq wkhq eh ghqrwhg dv x+{>�, @ H+{� uf>� _J+{,, dqg y+{>�, @ H+uf � {>� _ O+{,,

uhvshfwlyho|1 Qrwh wkdw lw krogv iru doo � �P wkdw wkh ulvn suhplxp �+{>�, @ x+{>�,� y+{>�,1
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Wkhruhp 7 Wkhuh h{lvwv | 5 H+
, li dqg rqo| li iru doo { 5 
/

y+{>Q+|,,� x+{>Q+|,,}+|, � �+{>J+|,, . �+{>O+|,,}+|, � y+{>Q+|,,}+|,� x+{>Q+|,, +49,

Surri= Vwudljkwiruzdug e| vxevwlwxwlqj 4 iru j�+�, dqg c
�+�, lq Wkhruhp 51 �

H{dpsoh 6 +Sulflqj udqjhv ri frqwlqjhqw fodlpv,1

Frqvlghu d pdunhw 
 lq zklfk dvvhw D 5 H+
, dqg E lv ulvn iuhh1 Wkhlu jurvv uhwxuqv duh

jlyhq dv iroorzv lq hdfk ri wkh wkuhh htxdoo| suredeoh vwdwhv

Vwdwh Sure u+D, u+E,

4 �
� 6 4

5 �
�

4 4

6 �
� 3=8 4

Zkdw lv wkh sulfh +udqjh, ri d fdoo rswlrq rq D zlwk vwulnh sulfh htxdo wr 5B Wkh lqkhuhqw

uhzdug dqg ulvn ri D duh x+D, @ +4@6,+6 � 4, @ +5@6, dqg y+D, @ +4@6,+4 � 3=8, @ 4@91 Wkxv

}+D, @ 71 Vlqfh D 5 H+
, wkh sulfh +udqjh, ri wklv rswlrq pxvw vdwlvi| +49,1 Wkh wkuhh vwdwhv lq

wklv h{dpsoh fdq eh fohduo| uhsuhvhqwhg e| wkh wkuhh gl�huhqw uhwxuqv rq D1 Ohw f+u, ghqrwh wkh

uhwxuq ri wklv rswlrq dv d ixqfwlrq ri u @ u+D,1 Wkhq f+6, @ 4@F/ f+4, @ f+3=8, @ 31 Iurp wkh ohiw

lqhtxdolw| lq +49,/ +4@6,+f+6, � 4, . +4@6,+3 � 4,7 � +4@6,+4 � 3, � 3 , f+6, � 91 Dqg iurp wkh

uljkw lqhtxdolw| lq +49, +4@6,+f+6,� 4, . +4@6,+3� 4,7 � +4@6,+4� 3,7 � 3 , f+6, � <1Wkxv/ wkh

sulfh ri wklv fdoo rswlrq F 5 ^4@<> 4@9`1

Lw lv lqvwuxfwlyh wr yhuli| wklv frqfoxvlrq e| frqwudglfwlrq1 Iluvw vxssrvh wkdw f+6, @ < . �1

Wkhq x+F, @ +4@6,+< . �� 4,/ y+F, @ +5@6,+4� 3,/ dqg }+F, @ +4@6,+< . �� 4,@+5@6, @ 7 . �
2
�1

Wr eh frqvlvwhqw zlwk D 5 H+
,/ lw iroorzv wkdw � � 31 Qh{w vxssrvh f+6, @ 9� �1 Wkhq frqvlghu
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d sruwirolr zlwk vrph vkruw srvlwlrqv lq wkh fdoo1 Wr dyrlg qhjdwlyh zhdowk/ wkh pd{lpxp vkruw

srvlwlrq +iru � � 3, lq wkh fdoo lv 3=8 ru 83( ri rqh*v fdslwdo +vr wkdw lq vwdwh 4 wkh sruwirolr

uhwxuq � 3,1 Wklv jlyhv x+4=8D � 3=8F, @ +4@6,+4=8 � 6 � 3=8+9 � �, � 4, . +4@6,+4=8 � 3 � 4,/

y++4.d,D�dF, @ +4@6,+4� 4=8�3=8,/ dqg }+F, @ 7.5�1 Djdlq/ wr eh frqvlvwhqw zlwk D 5 H+
,

lw iroorzv wkdw � � 31 �

H{dpsoh 7 +H{dfw sulflqj ri frqwlqjhqw fodlpv,1

Qrz vxssrvh dvvhw D 5 H+
, vdwlv�hv S +Q+D,, @ 31 Lwv jurvv uhwxuqv duh dv iroorzv +irxu

srvvleoh vwdwhv,1

Vwdwh Sure Sd|r� D Sd|r� E

4 3=6 5 4

5 3=5 4=5 4

6 3=4 3=; 4

7 3=7 3=8 4

Zkdw lv wkh h{dfw sulfh ri d fdoo rswlrq rq D zlwk vwulnh sulfh htxdo wr 4B Dqg ri d sxw

rswlrq rq D zlwk vwulnh sulfh htxdo wr 4B

Wkh lqkhuhqw uhzdug dqg ulvn ri D duh x+D, @ 3=6+5 � 4, . 3=5+4=5 � 4, @ = 67/ y+D, @

3=4+4� 3=;, . 3=7+4� 3=8, @ = 551 Wkxv }+D, @ 4= 878 81 Vlqfh S +Q+D,, @ 3> wkh wzr rswlrq sulfhv

fdq eh ghwhuplqhg h{dfwo|1

3=6++4@F,� 4, . 3=5++3=5,@F � 4,� 4= 878 8^3=4+4� 3, . 3=7+4� 3,` @ 3, F @ = 59: 47

3=6+4� 3, . 3=5+4� 3,� 4= 878 8^3=4++3=5,@S � 4, . 3=7++3=8,@S � 4,` @ 3, S @ = 59: 48=

Wklv frq�upv dovr wkh sxw0fdoo sdulw|= �
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Wklv vhfwlrq h{dplqhv ixuwkhu lpsolfdwlrqv ri lqkhuhqw h�flhqf| iru vhfxulw| sulfhv1 Wkh sulflqj

wkhrulhv suhvhqwhg ehorz duh sxuho| devwudfw dqg gr qrw uho| rq dq| vshfl�fdwlrqv ri lqyhvwru

suhihuhqfhv/ wkdqnv wr wkh htxlydohqfh ehwzhhq lqkhuhqw h�flhqf| dqg wkh devhqfh ri +dssur{lpdwh,

duelwudjh1

Frpsdulqj H{dpsohv 6 dqg 7 lw lv reylrxv wkdw wkh fkrlfh ri wkh ehqfkpdun vwudwhj| | 5 H+
,

pdwwhuv iru ghwhuplqlqj sulfhv ri rwkhu vwudwhjlhv1 Prvw ghvludeoh/ ri frxuvh/ lv wr kdyh dq lqkhuhqwo|

h�flhqw vwudwhj| | zlwk |+u, 9@ uf doprvw vxuho|/ vr wkdw dq h{dfw sulflqj uhodwlrqvkls zloo eh

hvwdeolvkhg iru doo vhfxulwlhv1 Lq Vhfwlrq 8/ lw zloo eh vkrzq wkdw wkh pdunhw sruwirolr u6 5 H+
, vr

wkdw lw vx�fhv wr dvvxph wkdw S +Q+u6,, @ 31

Dvvxpswlrq 6 Li H+
, 9@ >/ wkhq wkhuh h{lvwv | 5 H+
,/ fdoohg wkh h�flhqw ehqfkpdun/ zlwk

S +Q+|,, @ 31 Wkh jdlq0 dqg orvv0grpdlq ri | zloo eh ghqrwhg J @ J+|, dqg O @ O+|, uhvshfwlyho|/

vr wkdw J ^ O @P +d1v1,1 Lq sduwlfxodu/ li wkh pdunhw sruwirolr u6 5 H+
, wkhq S +Q+u6,, @ 31

Dq lpphgldwh lpsolfdwlrq ri Dvvxpswlrq 6 lv wkdw iru doo | 5 H+
,/ J+|, � J dqg O+|, � O1

Wklv iroorzv iurp Wkhruhp 6 +frqglwlrq 4, wkdw iru dq| | 5 H+
, lw lv qhfhvvdu| wkdw | dqg |

vkduh shuihfw fr0grpdlq> frqvhtxhqwo|/ x+|, @ �+|>J, dqg y+|, @ ��+|>O,1 Iru frqyhqlhqfh/

ohw wkh lqkhuhqw uhzdug dqg ulvn ri dq| | 5 H+
,/ frqglwlrqdo rq J dqg O +udwkhu wkdq rq J+|,

dqg O+|,,/ eh ghqrwhg dv ex+|, @ �+|mJ, dqg ey+|, @ ��+{mO,1 Iru wkh h�flhqw ehqfkpdun/ ohw

} @ x@y @ x+|,@y+|, dqg e} @ ex@ey/ zkhuh ex @ x+|mJ, dqg ey @ y+ |mO,1
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Lq wkh fxuuhqw frqwh{w/ dssur{lpdwh duelwudjh phdqv d vlwxdwlrq lq zklfk dq lqyhvwru/ zlwk pd{0

lpxp h{shfwhg orvv +lqkhuhqw ulvn, ri 4 groodu/ fdq duelwudulo| lqfuhdvh wkh h{shfwhg sd|r� +vd|/

kljkhu wkdq 4 wuloolrq grooduv, yld vrph ihdvleoh vwudwhj|1

Gh�qlwlrq : +dssur{lpdwh duelwudjh, Wkh fdslwdo pdunhw 
 doorzv dssur{lpdwh duelwudjh li

dqg rqo| li iru dq| odujh qxpehu P A 3/ wkhuh h{lvwv d vwudwhj| { 5 
 zkrvh lqkhuhqw uhzdug0wr0

ulvn udwlr }+{, AP 1

Dssur{lpdwh duelwudjh rssruwxqlwlhv zloo eh kdug wr �qg/ ri frxuvh1�. Wkh qh{w ohppd lv

vwudljkwiruzdug e| gh�qlwlrqv ri lqkhuhqw h�flhqf| dqg dssur{lpdwh duelwudjh1

Ohppd 6 Wkhuh h{lvwv qr dssur{lpdwh duelwudjh lq 
 li dqg rqo| li H+
, 9@ >1

Lq rughu wr h{dplqh wkh sulfhv +ru idlu frvwv, ri vhfxulwlhv ru vwudwhjlhv/ qrwh wkdw { @

s+{,@sf+{, 5 
 li sf+{, dqg s+{, duh wkh qrq0qrupdol}hg sulfhv ri wkh vwudwhj| dw wlph 3 dqg

wlph 4 uhvshfwlyho|1

Wkhruhp 8 Xqghu Dvvxpswlrq 6 wkhuh lv qr dssur{lpdwh duelwudjh lq 
 li dqg rqo| li iru doo

{ 5 
/

s
f+{, @ ��H+s+{,mJ, . �2H+s+{,mO, +4:,

zkhuh

�� @
4

+4 . e},uf > �2 @
e}

+4 . e},uf = +4;,

Surri= Xqghu Dvvxpswlrq 6/ wkh sulflqj uhodwlrqvklsv lq +49, vlpsol�hv wr

�+{mJ, . �+{mO,e} @ 3 +4<,
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iru doo { 5 
1 Vxevwlwxwlqj s+{,@sf+{, iru { lq +4<, |lhogv

H+s+{,� s
f+{,ufmJ, @ e}H+sf+{,uf � s+{,mO, +53,

Wdnlqj rxw wkh frqvwdqw sf+{,uf iurp wkh h{shfwdwlrq |lhogv

H+s+{,mJ, . e}H+s+{,mO, @ s
f+{,uf+4 . e}, +54,

Uhduudqjlqj whupv |lhogv wkh h{suhvvlrq lq +4:,/ zlwk ��dqg �2 gh�qhg dv lq +4;,1 �

Wkhruhp 8 uhyhdov vrph lpsruwdqw lqvljkwv lq wkh sulflqj ri ulvn| dvvhwv1 Lw vd|v wkdw lq wkh

devhqfh ri dssur{lpdwh duelwudjh/ doo vwudwhjlhv +ghvslwh wkhlu vwuxfwxuh ri udqgrp sd|r�v, fdq eh

sulfhg dv wkh vxp ri wzr suhvhqw ydoxhv1 Wkhuh duh wzr frpprq idfwruv/ �� dqg �2/ iru glvfrxqwlqj

doo vwudwhjlhv* frqglwlrqdo h{shfwhg ydoxhv rq J dqg O uhvshfwlyho|1

Wkhvh frpprq glvfrxqw idfwruv kdyh d fohdu phdqlqj ri wkhlu rzq/ zkhuh �� lv wkh sulfh ri

d vhfxulw| wkdw sd|v 4 groodu frqglwlrqdo rq u 5 J dqg 3 rwkhuzlvh/ dqg �2 wkh sulfh ri d vhfxulw|

wkdw sd|v 4 groodu frqglwlrqdo rq u 5 O dqg 3 rwkhuzlvh1 Iru wkh uhdvrq wr eh vkrzq odwhu wkdw

wkh pdunhw sruwirolr u6 5 H+
,/ �� zloo eh fdoohg wkh xs0pdunhw glvfrxqw idfwru/ dqg �2 wkh grzq0

pdunhw glvfrxqw idfwru1 Wrjhwkhu wkh| irup d +frqglwlrqdo, sulflqj nhuqho +��> �2, wkdw lv xqltxh

hyhq li wkh fdslwdo pdunhw lv qrw frpsohwh1 Dv d uhfrug/ wkh sulfh ri d }hur0frxsrq ulvn0iuhh erqg

wkdw sd|v 4 groodu dw wlph 4 lv fruuhfwo| sulfhg dffruglqj wr +4:,=

��H+4mJ, . �2H+4mO, @ �� . �2 @
4

uf
= +55,

Iru wkhlu wkhruhwlfdo dqg sudfwlfdo lpsruwdqfh/ vhfxulwlhv wkdw sd| d �{hg dprxqw frqwlqjhqw rq

wkh xqghuo|lqj dvvhw ru sruwirolr ehlqj deryh ru ehorz dq h{huflvh sulfh dqg }hur rwkhuzlvh zloo eh

fdoohg wkh �dw rswlrqv/ irupdoo| gh�qhg dv iroorzv1
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Gh�qlwlrq ; Vhfxulw| |S+{> {f, lv fdoohg d �dw0fdoo rswlrq rq wkh xqghuo|lqj dvvhw { zlwk h{huflvh

sulfh {f li |S @ 4 iru { � {f dqg |S @ 3 iru { ? {f1 Vhfxulw| |R+{> {f, lv fdoohg d �dw0sxw rswlrq

rq wkh xqghuo|lqj dvvhw { zlwk h{huflvh sulfh {f li |S @ 3 iru { � {f dqg |S @ 4 iru { ? {f1

Qrwh wkdw +55, lv d vlpsoh _sxw0fdoo% sdulw| iru wkh �dw rswlrqv1 Wkh sulfh ri d �dw0fdoo rq

wkh pdunhw +zlwk vwulnh sulfh uf,/ iru lqvwdqfh/ lv �� dqg wkdw ri d �dw0sxw lv �21

Vlqfh wkh jurvv uhwxuqv ri wkh vwudwhj| lv ghqrwhg {+u,/ +4:, kdv dq htxlydohqw h{suhvvlrq lq

whupv ri wkh jurvv uhwxuqv=

4 @ ��H+{mJ, . �2H+{mO, ;{ 5 
 +56,

ru htxlydohqwo|/ xvlqj +55,/

���+{mJ, @ ��2�+{mO, ;{ 5 
= +57,

Lqwhusuhwlqj �+{mJ, dqg �+{mO, dv wkh vwudwhj|*v xs0pdunhw srwhqwldo dqg grzq0pdunhw sr0

whqwldo uhvshfwlyho|/ htxdwlrq +57, vd|v wkdw wkh devroxwh suhvhqw ydoxhv ri wkh wzr srwhqwldov vkrxog

eh htxdo1 Wkhlu vljqv ghshqg rq wkh fruuhodwlrq ri wkh vwudwhj|*v uhwxuqv zlwk wkdw ri wkh h�flhqw

ehqfkpdun/ exw wkh| pxvw eh dozd|v rssrvlwh wr hdfk rwkhu1 Li wkh fruuhodwlrq lv srvlwlyh/ wkhq

lw lv olnho| wkdw �+{mJ, � 3 dqg �+{mO, � 3> rwkhuzlvh/ wkh rssrvlwh lv olnho| wr eh wuxh1 Lq wkh

vshfldo fdvh zkhuh wkh vwudwhj| lv xqfruuhodwhg zlwk wkh ehqfkpdun/ wkhq �+{mJ, @ �+{mO, @ 3 ru

htxlydohqwo|/ H+{, @ u
f1 Vlqfh wkh suhvhqw ydoxh ri xs0pdunhw +uhvs1 grzq0pdunhw, srwhqwldov ri

doo vwudwhjlhv duh glvfrxqwhg e| wkh vdph �� +uhvs1 �2,/ lw iroorzv wkdw wkh udwlr ri wkh xs0pdunhw

srwhqwldo ryhu wkh grzq0pdunhw srwhqwldo ri hyhu| ulvn| vwudwhj| lv wkh vdph �2@�� @ e}1
Vlqfh htxdwlrq +56, krogv dovr iru wkh ehqfkpdun |/ xvlqj +55, wkh glvfrxqw idfwruv �� dqg �2

pd| dovr eh h{suhvvhg dv ixqfwlrqv ri ex dqg ey=
�� @

ey
+ex. ey,uf > �2 @

ex
+ex. ey,uf +58,
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Lw iroorzv wkdw

��+{mO,

�+{mJ,� �+{mO,
@

eyex. ey @ ��uf ;{ 5 
 +59,

�+{mJ,

�+{mJ,� �+{mO,
@

exex. ey @ �2uf ;{ 5 
 +5:,

Iurp +59, dqg +5:, lw iroorzv wkdw iru dq| jlyhq | 5 H+
,/ d sdudphwhu �+{> |, fdq eh gh�qhg

iru doo { 5 
 dv iroorzv surylghg wkhuh lv qr +dssur{lpdwh, duelwudjh1

�+{> |, @
�+{mJ,ex+|, @

��+{mO,ey+|, @
�+{>J,

x+|,
@
��+{>O,

y+|,

@
�+{mJ,� �+{mO,ex+|, . ey+|, @

�+{>J,� �+{>O,

x+|, . y+|,
+5;,

Wkh qh{w fruroodu| iroorzv lpphgldwho|1

Fruroodu| 4 Xqghu Dvvxpswlrq 6 wkhuh lv qr dssur{lpdwh duelwudjh lq 
 li dqg rqo| li iru doo

{ 5 
 dqg | 5 H+
,

H+{� ufmJ, @ �+{> |,H+| � ufmJ, +5<,

H+{� ufmO, @ �+{> |,H+| � ufmO, +63,

ru htxlydohqwo|

H+{� uf>J, @ �+{> |,H+| � uf>J, +64,

H+{� uf> O, @ �+{> |,H+| � uf> O, +65,

Glylglqj +64, e| +65, rqh ghulyhv wkdw li { vkduhv shuihfw fr0grpdlq zlwk dq| | 5 H+
, wkdq

{ 5 H+
,1 Wklv frqfoxghv wkh vx�flhqf| sduw ri wkh surri ri Wkhruhp 6 +frqglwlrq 4,1

Lw lv lqwhuhvwlqj wr revhuyh wkdw wkh vl{ udwlr h{suhvvlrqv lq wkh gh�qlwlrq ri �+{> |, lq +5;,/

dowkrxjk uhtxluhg wr eh htxdo wr dyrlg dssur{lpdwh duelwudjh/ duh yhu| gl�huhqw lq wkhlu hfrqrplf
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lqwhusuhwdwlrqv1 Vrph duh uhodwhg wr wkh xs0pdunhw srwhqwldov/ vrph grzq0pdunhw srwhqwldov/ dqg

vrph wkh vsuhdg ri wkhvh srwhqwldov ri wkh vwudwhjlhv1 E| Fruroodu| 4/ d kljkhu � phdqv wkdw wkh

vwudwhj| whqgv wr uhdol}h d kljkhu jdlq zkhq wkh ehqfkpdun jrhv xs dqg d kljkhu orvv zkhq wkh

ehqfkpdun jrhv grzq1 Li � lv qhjdwlyh/ lw vxjjhvwv wkdw wkh vwudwhj| whqgv wr uhdol}h jdlqv zkhq wkh

ehqfkpdun uhdol}hv orvvhv dqg orvvhv zkhq wkh ehqfkpdun uhdol}hv jdlqv +h1j1/ d sxw rswlrq rq wkh

ehqfkpdun,1 Fruroodu| 4 wkxv suhglfwv wkdw iru dq| lqyhvwphqw vwudwhj|/ lwv xs0pdunhw srwhqwldo ru

grzq0pdunhw srwhqwldo duh gluhfwo| uhodwhg wr lwv �1 Qrwh dovr wkdw �+{> |, @ 3 iru d vwudwhj| { li

dqg rqo| li H+{, @ u
f/ dqg wkdw �+|> |, @ 41

Wr ixuwkhu xqghuvwdqg wkh phdqlqjv ri � vxssrvh wkdw wkh pdunhw sruwirolr u6 5 H+
, dqg

frqvlghu wkh sulplwlyh dvvhwv iu�j wkdw pdnh xs wkh pdunhw/ ri zklfk �+u�>p, fdq eh uh0zulwwhq dv

iroorzv lq whupv ri wkh pdunhw*v lqkhuhqw uhzdug x+p, dqg lqkhuhqw ulvn y+p,1

�+u�>p, @
�+u�>J,

x+p,
@
��+u�> O,

y+p,
= +66,

Wkh whupv �+u�>J, dqg��+u�> O, fdq eh lqwhusuhwhg dv wkh dvvhw*v vkduh ri wkh pdunhw lqkhuhqw

uhzdug dqg vkduh ri wkh pdunhw lqkhuhqw ulvn uhvshfwlyho|1 Wklv lqwhusuhwdwlrq frphv iurp wkh idfw

wkdw wkh lqkhuhqw uhzdug dqg ulvn ri wkh pdunhw duh htxdo wr wkh zhljkwhg dyhudjh ri wkh vkduhv ri

uhzdug dqg ulvn ri lwv frpsrqhqw sulplwlyh dvvhwv1 Wkdw lv/

x+p, @

6[
�'�

p�

p
�+u�> J,> y+p, @ �

6[
�'�

p�

p
�+u�> O,> zkhuh

6[
�'�

p�

p
@ 4= +67,

Wkxv/ zkhq wkh pdunhw lv lqkhuhqwo| h�flhqw doo wkh sulplwlyh dvvhw sulfhv duh ghwhuplqhg e| wkhlu

vkduh ri wkh pdunhw lqkhuhqw uhzdug dqg ulvn1 Dowhuqdwlyho|/ �+u�>p, fdq dovr eh lqwhusuhwhg dv

wkh vkduh ri wkh dvvhw*v pdunhw vsuhdg= x+p, . y+p,/ iurp wkh h{suhvvlrq �+u�>p, @ +�+u�>J, �

�+u�> O,,@+x+p,. y+p,,1 Wkhvh srvvleoh lqwhusuhwdwlrqv ri � vkrz wkdw wkh frpprq lqwhusuhwdwlrq

ri � lq wkh phdq0yduldqfh FDSP dv wkh dvvhw*v v|vwhpdwlf ulvn dorqh lv udwkhu olplwhg1 Wkh qhz
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lqvljkwv khuh duh wkdw doo dvvhwv lq htxloleulxp ru lq wkh devhqfh ri duelwudjh pxvw eh sulfhg vxfk

wkdw wkhlu xs0pdunhw dqg grzq0pdunhw srwhqwldov kdyh wkh vdph sursruwlrq lq wkh xsvlgh srwhqwldo

dqg grzqvlgh srwhqwldo ri wkh pdunhw1 Wklv sursruwlrq lv phdvxuhg e| wkh dvvhw*v �/ zklfk fdq eh

lqwhusuhwhg hlwkhu dv wkh dvvhw*v v|vwhpdwlf uhzdug �+u�>J,@x+p,/ v|vwhpdwlf ulvn ��+u�> O,@y+p,/

ru v|vwhpdwlf vsuhdg +�+u�> J,��+u�> O,,@+x+p,.y+p,,1 Wkh lqkhuhqw sulflqj wkhru| lq wklv vhfwlrq

vkrzv wkdw doo wkhvh phdvxuhv duh wkh vdph1

Fohduo|/ wkh suhglfwlrqv ri Fruroodu| 4 duh vwurqjhu wkdq wkh h{lvwlqj ehwd0prghov iru dvvhw

sulflqj1 Lw vhsdudwho| suhglfwv vhfxulwlhv* xs0pdunhw srwhqwldov dqg wkhlu grzq0pdunhw srwhqwldov1

Dv d uhvxow/ wkh sulflqj prghov suhvhqwhg khuh kdyh pruh hpslulfdo frqwhqwv/ ehlqj hdvlhu wr eh

idovl�hg wkdq rwkhu h{lvwlqj prghov1 Hvshfldoo|/ wkh sulflqj uhodwlrqvklsv lq +5<, dqg +63, ghshqg

rqo| rq wkh frqglwlrqdo h{shfwdwlrqv +rq pdunhw ehlqj xs/ l1h1/ u6 � uf dqg rq pdunhw ehlqj grzq/

l1h1/ u6 � uf,1 Wkxv wkh| uhtxluh d zhdnhu dvvxpswlrq rq lqyhvwruv* eholhiv iru htxloleulxp wkdq wkh

dvvxpswlrq ri krprjhqhrxv eholhiv dgrswhg lq ghulylqj FDSP1 Vlplodu wr wkh vhfxulw| pdunhw olqh

+VPO, ri FDSP/ +5<, dqg +63, jlyh wzr vhsdudwh olqhv iru sulflqj wkh xs0pdunhw dqg grzq0pdunhw

srwhqwldov ri doo wkh vhfxulwlhv1 L fdoo wkhvh olqhv wkh xs0pdunhw olqh dqg wkh grzq0pdunhw olqh +vhh

Iljxuh 8,1 Wkh qh{w fruroodu| vkrzv krz Fruroodu| 4 lpsolhv wkh vlqjoh0VPO ehwd0prghov1

Fruroodu| 5 Xqghu Dvvxpswlrq 6/ li | 5 H+
, wkhq iru doo { 5 


x+{, @ y+{, . �+{> |,+x+|,� y+|,, +68,

ru/ htxlydohqwo|

H+{, @ uf . �+{> |,+H+|,� uf,= +69,

zkhuh �+{> |, lv gh�qhg dv lq +5;,1

Surri= Dgglqj xs +64, dqg +65, |lhogv gluhfwo| wkh ghvluhg uhvxowv1 �
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Fruroodu| 5 lqyroyhv d zhdnhu suhglfwlrq wkdq Fruroodu| 4 vlqfh lw frqfhuqv rqo| wkh frpelqhg

ydoxhv ri x+{,� y+{,1 Wklv uhvxow kdv ehhq �uvw ghulyhg e| Edzd dqg Olqghqehuj +4<::,/ zkr dovr

vkrzhg wkdw li doo uhwxuq glvwulexwlrqv duh mrlqwo| qrupdo wkhq �+{> |, @ fry+{> |,@ydu+|,1 Lq rwkhu

zrugv/ wkh phdq0yduldqfh FDSP lv d vshfldo fdvh ri Fruroodu| 5/ zklfk krogv zkhq doo vhfxulw|

uhwxuqv duh mrlqw0qrupdoo| glvwulexwhg dqg lqyhvwruv kdyh krprjhqhrxv eholhiv1

Wkh htxlydohqfh ehwzhhq +68, dqg +69, iroorzv iurp x+{,�y+{, @ H+{,� uf1 Krzhyhu/ wkhvh

wzr h{suhvvlrqv kdyh gl�huhqw lqwhusuhwdwlrqv1 Wkh whup x+{, � y+{, fdq eh lqwhusuhwhg dv wkh

lqkhuhqw uhzdug plqxv lwv lqkhuhqw ulvn ri wkh lqyhvwphqw vwudwhj|/ zkhuhdv wkh whup H+{,� uf lv

zkdw frqyhqwlrqdoo| whuphg wkh ulvn suhplxp ri wkh vwudwhj| zlwkrxw vshfli|lqj zkdw wkh ulvn lv1

Wkxv/ x+{, � y+{, lv pruh vshfl�f lq lwv phdqlqj derxw wkh uhzdug dqg ulvn wkdw ghwhuplqh wkh

ulvn suhplxp ri wkh vwudwhj|1 Lqwhusuhwlqj H+{, � uf dv wkh lqkhuhqw ulvn suhplxp ri vwudwhj| {/

wkh htxdwlrqv +68, dqg +69, vwdwh d olqhdu uhodwlrqvkls ehwzhhq wkh lqkhuhqw ulvn suhplxp rq dq|

vwudwhj| zlwk wkdw ri dq lqkhuhqwo| h�flhqw ehqfkpdun1

Wkh qh{w fruroodu| frqfoxghv wklv vxevhfwlrq iru wkh �qlwh vwudwhj| vsdfhv1

Fruroodu| 6 Li wkh vwudwhj| vsdfh frqwdlqv rqo| d �qlwh glvwlqfw vwudwhjlhv/ l1h1/ 
 @ i{�> {2> ===> {gj/

wkhq wkh whup _dssur{lpdwh duelwudjh% fdq eh uhsodfhg e| _duelwudjh% lq Wkhruhp 8 dqg Fruroodulhv

4 ~ 51

Surri= Duelwudjh lv gh�qhg dv d vwudwhj| { zlwk }+{, @ 41 Vlqfh wkhuh duh rqo| d �qlwh

qxpehu ri vwudwhjlhv/ pd{+}+{, = { 5 
, ?4 li dqg rqo| li wkhuh lv qr duelwudjh lq 
1 �

-�� ����� +�$&�  ��'$�, !"� ��� �1*� �� �"�2��� �1*� '����'

Wklv vxevhfwlrq h{whqgv wkh suhfhglqj uhvxowv wr d txdvl0frpsohwh pdunhw1 Wkh srlqw lv wkdw hyhq li

d vhfxulw| lv qrw wudgdeoh/ lw fdq kdyh d shufhlyhg sulfh1 Wkh txdvl0frpsohwh pdunhw uhtxluhv wkdw
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wkh shufhlyhg sulfhv ri qrq0wudgdeoh vhfxulwlhv duh frqvlvwhqw zlwk wkdw ri wkh wudgdeoh vhfxulwlhv1

Ohw #�+�,uf ghqrwh wkh +vxemhfwlyh, vwdwh0sulfh ghqvlw| rq P dv shufhlyhg e| lqyhvwru m 5 M / gh�qhg

iru doo wudgdeoh dqg qrq0wudgdeoh vwdwhv1 Dqg gh�qh

h
� @ i{ = u 5P$ {+u, 5 ^3>P,> uf

]
P

{+u,#�+u,gI�+u, @ 4>

]
P

#�+u,gI�+u, @
4

uf
j=

dv wkh _zrxog0eh% frpsohwh pdunhw dv shufhlyhg e| wkh lqyhvwru1 Lq rwkhu zrugv/ wkh lqyhvwru

eholhyhv wkdw wkh qrq0wudgdeoh vhfxulwlhv li pdgh wudgdeoh zloo eh sulfhg dffruglqj wr #�+�,1

Gh�qlwlrq < +txdvl0frpsohwhqhvv, Wkh fdslwdo pdunhw 
 lv vdlg wr eh txdvl0frpsohwh li wkhuh

h{lvwv | 5 H+
, vxfk wkdw }+|, � }+{, iru doo { 5 h
� dqg iru doo m 5 M1

Lpsolhg lq wklv gh�qlwlrq lv wkdw li wkh pdunhw lv txdvl0frpsohwh dqg wkhuh lv qr dssur{lpdwh

duelwudjh wkhq hyhu| lqyhvwru eholhyhv wkdw sulfhv ri wkh wudgdeoh vhfxulwlhv lq 
 zloo qrw eh d�hfwhg

e| wkh rshqlqj0xs ri dq| qhz pdunhw iru fxuuhqwo| qrq0wudgdeoh +ghulydwlyh, vhfxulwlhv1 Lw lv hdv|

wr qrwh wkdw li d pdunhw lv frpsohwh/ wkhq lw lv txdvl0frpsohwh1 Exw wkh uhyhuvh lv qrw wuxh1 Lw lv

srvvleoh lq d txdvl0frpsohwh pdunhw wkdw vrph lqyhvwruv zrxog eh ehwwhu r� li vrph qrq0h{lvwhqw

+ghulydwlyh, vhfxulwlhv frxog eh pdgh ihdvleoh1 Dq h{dpsoh lv jdpeolqj lq d sodfh zkhuh jdpeohv duh

iruelgghq1 Lq jhqhudo/ wkh h{lvwlqj vhfxulw| sulfhv lq wkh devhqfh ri dssur{lpdwh duelwudjh zrxog

qrw eh d�hfwhg e| dq| qhz vhfxulw| pdunhwv dv orqj dv wkhlu djjuhjdwh vxsso| dqg ghpdqg gr qrw

fkdqjh1 Vr wkh txdvl0frpsohwh pdunhw lv zhdnhu wkdq wkh frpsohwh pdunhw dvvxpswlrq1

Wkh sxusrvh ri lqwurgxflqj wkh frqfhsw ri txdvl0frpsohwhqhvv lv wr ghyhors d xqltxh sulflqj

prgho wkdw xql�hv wkh h{lvwlqj prghov xqghu frpsohwh dqg lqfrpsohwh pdunhwv1 Rqh ri wkh pdmru

dgydqwdjhv ri wkh frpsohwh pdunhw dvvxpswlrq lv lwv lpsolfdwlrq iru d xqltxh sulflqj nhuqho wkdw

ghwhuplqhv wkh sulfhv ri doo vhfxulwlhv xqghu qr duelwudjh1 Krzhyhu/ wkh frpsohwh0pdunhw dvvxpswlrq

lv fohduo| xquhdolvwlf ~ li rqo| e| fdvxdo revhuydwlrq wkdw wkh qxpehu ri wudgdeoh vhfxulwlhv lq sudfwlfh
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duh idu ohvv wkdq wkh qxpehu ri srvvleoh vwdwhv1�H Dowhuqdwlyho|/ rqh fdq ylhz wkh frpsohwh fdslwdo

pdunhw dv dq xowlpdwh jrdo +ru olplw, ri dq h{fkdqjh hfrqrp| dv lw pryhv wrzdugv kljkhu h�flhqf|/

dqg irup vrph rslqlrq derxw wkh ghjuhh ri h�flhqf| +ru frpsohwhqhvv, ri wkh fxuuhqw pdunhw1 Li

d pdunhw lv qrw txdvl0frpsohwh wkhq lw lv srvvleoh wr fuhdwh qhz �qdqfldo surgxfwv wkdw lpsuryh

ixuwkhu lqkhuhqw h�flhqf| ri wkh fxuuhqw pdunhw1 Vlqfh lw zloo eh vkrzq wkdw lqkhuhqw h�flhqf|

lv d qhfhvvdu| frqglwlrq iru lqglylgxdo rswlpdolw| +Wkhruhpv : dqg ;,/ wklv zrxog phdq wr pdnh

hyhu|rqh ehwwhu r�1 Wkh sur�w srwhqwldo ri vxfk qhz surgxfwv zrxog eh kxjh/ dqg lw lv wkxv dw ohdvw

iru vrph jrrg uhdvrq wr dvvxph wkdw vxfk sur�w rssruwxqlwlhv duh ixoo| h{sorlwhg lq d frpshwlwlyh

pdunhw/ l1h1/ wkdw wkh pdunhw lv txdvl0frpsohwh1

Pruhryhu/ dq delolw| wr uholdeo| sulfh qhz vhfxulwlhv lq dq lqfrpsohwh pdunhw lv ri erwk wkhr0

uhwlfdo dqg sudfwlfdo lqwhuhvw1 Wklv w|slfdoo| lqyroyhv wkh xvh ri h{lvwlqj vhfxulw| sulfhv1 Rqh srsxodu

dssurdfk/ iru lqvwdqfh/ lv wr ghulyh d ulvn0qhxwudo glvwulexwlrq iurp wkh wudghg rswlrq sulfhv wkdw

frxog vhuyh wr sulfh rwkhu vhfxulwlhv +h1j1/ Uxelqvwhlq/ 4<<7,1 Lpsolflw lq vxfk dssurdfkhv/ krzhyhu/

lv wkh dvvxpswlrq ri d +txdvl0,frpsohwh pdunhw ~ iru hovh wkh ghulyhg ulvn0qhxwudo glvwulexwlrqv

pljkw qrw eh mxvwl�hg1 Qr wkhru| wr gdwh/ wr p| nqrzohgjh/ kdv ehhq deoh wr suhvhqw d xqltxh

sulflqj irupxod xqghu lqfrpsohwh pdunhw frqglwlrqv/ frqvlvwhqw zlwk qr duelwudjh/ wkdw fdq eh xvhg

wr sulfh qhz vhfxulwlhv dv zhoo dv wkh h{lvwlqj vhfxulwlhv1 Wkh dvvxpswlrq ri d txdvl0frpsohwh pdunhw

lv vx�flhqw wr dfklhyh wklv jrdo1

Ohw i ghqrwh d jhqhudol}hg +vxemhfwlyh, ghqvlw| ixqfwlrq ri u rq P/ vr wkdw i+u, lv wkh

suredelolw| wkdw u zloo rffxu +iru wkh glvfuhwh fdvh, ru wkh ghqvlw| ixqfwlrq +iru wkh frqwlqxrxv fdvh,

ri u rq P1 Wkh frqglwlrqdo ghqvlw| zloo eh ghqrwhg dv i+um�, @ i+u,@S +�, iru S +�, A 31

Wkhruhp 9 +vwdwh sulfh ghqvlw|, Ohw Dvvxpswlrq 6 krog dqg dvvxph wkdw 
 lv txdvl0frpsohwh1
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Wkhq wkh +vxemhfwlyho| eholhyhg, vwdwh sulfh ghqvlw| #+u,uf rq J ^ O lv ghwhuplqhg e|

#+u, @

;A?
A=

��i+umJ, li u 5 J/

�2i+umO, li u 5 O/

+6:,

dqg #+uf, @ 3 iru wkh glvfuhwh fdvh +vlqfh i+uf, @ 3, ru lw fdq eh txlwh duelwudulo| gh�qhg iru

wkh frqwlqrxv fdvh +zkhuh wkh ghqvlw| i+uf, A 3, dv dq| srvlwlyh �qlwh qxpehu/ vd|/ #+uf, 5

^olpo�of ��i+umJ,> olpo�of �2i+umJ,`1

Surri= Lw lv vwudljkwiruzdug wr yhuli| wkdw Wkhruhp 8 lpsolhv +6:,1 Lw lv dovr fohdu wkdw

#+u, � 3 zlwk vwulfw lqhtxdolw| iru u vxfk wkdw i+u, A 31 Ixuwkhu/

]
P

#+u,gu @ ��

]
C

i+umJ,gu . �2

]
u

i+umO,gu @ �� . �2 @
4

uf

Wkxv #+u,uf lv d vwdwh0sulfh ghqvlw|1 Wkh sulfh #+uf, lv lppdwhuldo vlqfh S +iu = u @ ufj, @ 31�b �

H{dpsoh 8 +Vwdwh sulfhv lq d txdvl0frpsohwh pdunhw,1

Frqvlghu dq hfrqrp| zlwk wzr wudghg dvvhwv D dqg E/ erwk sulfhg dw 4 groodu/ dqg irxu

srvvleoh vwdwhv/ zlwk htxdo suredelolw|1 Wkh sd|r�v ri wkh wzr dvvhwv duh jlyhq dv iroorzv

Vwdwh Sure Sd|r� D Sd|r� E

4 �
e 6 4

5 �
e

5 4

6 �
e

�
2 4

7 �
e 3 4

Vxssrvh wkh pdunhw lv txdvl0frpsohwh1 Zkdw lv wkh vwdwh0sulfh ghqvlw|B Lw lv fohdu wkdw

D 5 H+h
, zlwk e} @ 51 Zklfk |lhogv �� @ 4@6 dqg �2 @ 5@61 Lw iroorzv wkdw +#�> #2> #�> #e, @

+4@9> 4@9> 4@6> 4@6,/ zklfk fdq eh xvhg wr sulfh dq| qhz vhfxulwlhv lq wklv pdunhw1 �
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3 ������� 
����� �4����/���


L surfhhg qrz wr wkh htxloleulxp dqdo|vlv ri wkh fdslwdo pdunhw1 Dowkrxjk wkh suhylrxv uhvxowv krog

iru vxemhfwlyho| eholhyhg suredelolw| glvwulexwlrqv +S�, dqg dsso| wr lqglylgxdoo| shufhlyhg vhfxulw|

sulfhv +#�+u,,/ uhvxowv lq wklv vhfwlrq pd| uhtxluh vrph krprjhqhlw| lq lqglylgxdo eholhiv1 Exw ohw

xv �uvw gh�qh wkh pdunhw htxloleulxp1

Gh�qlwlrq 43 +fdslwdo pdunhw htxloleulxp, Ohw Dvvxpswlrqv 406 krog1 Wkhq wkh fdslwdo pdu0

nhw lv vdlg wr eh lq htxloleulxp jlyhq wkh ihdvleoh vwudwhj| vsdfh 
/ lqyhvwru eholhiv iS� > m 5 Mj dqg

lqyhvwru suhihuhqfhv iY� 5 �j li wkhuh lv qr dssur{lpdwh duelwudjh lq 
 dqg wkhuh h{lvwv d yhfwru ri

ihdvleoh vwudwhjlhv {W @ +{W�> {
W
2> ===> {

W
a,> {

W
� 5 
 vxfk wkdw

41 iru doo Y� 5 �/ m 5 M/ dqg { 5 
/

Y�+X�+{
W
� > z�,>G�+{

W
� > z�,, � Y�+X�+{>z�,>G�+{>z�,, +6;,

zlwk X� dqg G� gh�qhg dv lq +4, dqg +5,>

51 iru doo u 5P/ [
�Ma

{
W
� +u,z� @

[
�MU

p�u� @pu6+u, +6<,

Frqglwlrq 4 vd|v wkdw {W� lv wkh rswlpdo vwudwhj| iru lqyhvwru m1 Frqglwlrq 5 kdv vhyhudo

lpsolfdwlrqv1 Iluvw/ wkh vxp ri doo wkh lqglylgxdo zhdowk dw wlph 3 duh htxdo wr wkh wrwdo pdunhw

ydoxh dw wlph 31 Wklv lv ehfdxvh wdnlqj frqglwlrqdo h{shfwdwlrq rq erwk vlgh ri +6<, rq J dqg O/

dgglqj wkhp xs/ dqg xvlqj +56, |lhogv

[
z� @

[
�Ma

^��H+{
W
� mJ, . �2H+{

W
� mO,`z� @p^��H+u6mJ, . �2H+u6mO,` @p
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Vhfrqg/ wkh vxp ri doo lqglylgxdov* zhdowk dw wlph 4 duh htxdo wr wkh wrwdo pdunhw ydoxh dw wlph

4 iru zkdwhyhu uhdol}dwlrq ri u 5 P1 Wklv frqglwlrq lv lpsrvhg vr wkdw wkh pdunhw fohduv dw wlph

4 dv zhoo1 Lw iroorzv iurp wkhvh lpsolfdwlrqv wkdw wkh qhw djjuhjdwh vxsso| dqg ghpdqg ri wkh

ulvn0iuhh dvvhw dqg ghulydwlyh vhfxulwlhv duh }hur dw wlph 3/ dqg wkdw wkh djjuhjdwh sur�wv dqg orvvhv

rq doo wkh ghulydwlyh frqwudfwv vxp xs wr }hur dw wlph 41 Ohvv wudqvsduhqw/ |hw dovr wuxh/ lv wkh

lpsolfdwlrq ri Frqglwlrq 5 wkdw wkh vxsso| dqg ghpdqg ri hdfk lqglylgxdo sulplwlyh vhfxulw| eh

fohduhg dw wlph 31 Wr vhh wklv/ ohw �u� eh d sduwldo pdujlqdo fkdqjh ri u�1 Iurp +6<,/ wkh sduwldo

pdujlqdo fkdqjhv lq wkh pdunhw ydoxh dqg lq wkh djjuhjdwh lqyhvwru zhdowk duh htxdo/ lpso|lqj

p� @
S
^�{W�+u,@�u�`z� 1 Vlqfh wklv pxvw krog iru doo ohyhov ri u�/ wkh wrwdo kroglqjv ri vhfxulw| l

xqghu wkh htxloleulxp frqglwlrq +6<, pxvw eh p�1
2f

Dvvxpswlrq 7 Lqyhvwruv kdyh krprjhqhrxv eholhiv derxw wkh frqglwlrqdo ghqvlw| ixqfwlrq i+�mJ,

dqg i+�mO, rq P/ l1h1/

i�+umJ, @ i+umJ,> dqg i�+umO, @ i+umO,> iru doo m 5 M

Lqyhvwruv fdq wkxv gl�hu lq wkhlu jhqhudo rslqlrq derxw wkh pdunhw dv d zkroh/ h1j1/ lq wkhlu

dvvhvvphqw derxw S +J, dqg S +O,1 Vrph fdq eh pruh rswlplvwlf ru exoolvk +dvvhvvlqj d kljkhu

S +J,, dqg vrph pruh shvvlplvwlf ru ehdulvk +dvvhvvlqj d kljkhu S +O,,1

Wkhruhp : Xqghu Dvvxpswlrqv 4 ~ 7 dqg dvvxplqj wkdw 
 lv lqkhuhqwo| h�flhqw dqg frpsohwh

+
 @ 
",/ wkh pdunhw lv lq htxloleulxp li dqg rqo| li +l, doo vwudwhjlhv duh sulfhg e| wkh vwdwh0sulfh

ghqvlw| jlyhq lq +6:, dqg +ll, wkhuh h{lvw {W� 5 H+
", iru doo m 5 M wkdw vdwlvi| +6;, dqg +6<,1

Surri= Vhh Dsshqgl{1

E| Wkhruhp :/ doo lqyhvwruv zrxog suhihu d kljkhu lqkhuhqw uhzdug0wr0ulvn udwlr hyhq zkhq

wkhlu vxemhfwlyh shufhswlrqv ri uhzdug dqg ulvn gl�hu1 Wklv ydolgdwhv wkh fodlp pdgh hduolhu wkdw
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doo lqyhvwruv zrxog ehkdyh dv wkrxjk wkh| shufhlyh uhzdug dqg ulvn lqkhuhqwo|1 Wkh qh{w wkhruhp

vkrzv wkdw wkh dvvxpswlrq ri d frpsohwh pdunhw lv qrw qhfhvvdu| dqg wkdw wkh vdph lqvljkw krogv

iru d txdvl0frpsohwh pdunhw zkhuh d vshfldo �dw rswlrq rq wkh pdunhw sruwirolr fdq eh wudghg1

Wkhruhp ; Ohw Dvvxpswlrqv 4 ~ 7 krog1 Ixuwkhu dvvxph wkdw +l, wkh pdunhw 
 lv txdvl0frpsohwh/

+ll, iru doo lqyhvwruv wkhlu jdlq0 dqg orvv0ixqfwlrqv duh zhdno| frqfdyh/ dqg +lll, wkh �dw0fdoo rswlrq

|S+u6> uf, rq wkh pdunhw sruwirolr lv ihdvleoh lq 
1 Wkhq wkh pdunhw lv lq htxloleulxp li dqg rqo|

li +l, u6 5 H+
,/ +ll, doo wudgdeoh dqg qrq0wudgdeoh vhfxulwlhv duh sulfhg e| wkh vwdwh0sulfh ghqvlw|

jlyhq lq +6:,/ dqg +lll, wkhuh h{lvw {W� 5 H+
, iru doo m 5 M wkdw vdwlvi| +6;, dqg +6<,1 Lq sduwlfxodu/

lw lv rswlpdo iru lqyhvwruv kdylqj d vwulfwo| frqfdyh jdlq ixqfwlrq wr krog d �dw~fdoo/ wkrvh kdylqj d

vwulfwo| frqfdyh orvv ixqfwlrq wr krog d �dw sxw/ rq wkh pdunhw sruwirolr12�

Surri= Qhfhvvlw|= Vxssrvh wkh pdunhw lv lq htxloleulxp1 Ohw xv vwduw zlwk d �fwlwlrxv

dvvxpswlrq +wr eh vkrzq vxshu�xrxv vkruwo|, wkdw wkh pdunhw lv frpsohwh1 Wkhq iurp Wkhruhp :

doo vhfxulwlhv duh sulfhg e| +6:, dqg wkh rswlpdo vwudwhjlhv {W� 5 H+
, iru doo m 5 M 1 Vlqfh +6<, lpsolhv

wkdw u6 lv d �qlwh frqyh{ frpelqdwlrq ri {W� 5 H+
,/ iurp Wkhruhp 6 lw iroorzv wkdw u6 5 H+
,1

Qrz dvvxph wkdw j dqg c duh frqfdyh ixqfwlrqv1 Ohw { @ {
n
|S+u6> uf,.{

3
|R+u6> uf, 5 H+
,

eh gh�qhg dv d frpelqdwlrq ri d �dw0fdoo dqg d �dw0sxw rswlrq rq dq| h�flhqw vwudwhj| {
W/ zkhuh

{
n @

]
C

{
W+u,gI +u, @ H+{W>J,

{
3 @

]
u

{
W+u,gI +u, @ H+{W> O,

Wkh frvw ri { lv wkh vdph dv {W vlqfh

]
C

{
n
#+u,gu @

��

S +J,

]
C

{
W+u,gI +u, @

]
C

{
W+u,#+u,gu]

u

{
3
#+u,gu @

�2

S +J,

]
u

{
W+u,gI +u, @

]
u

{
W+u,#+u,gu
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Krzhyhu/ e| Mhqvhq*v lqhtxdolw|

X+{>z,� X+{W> z, @

]
C

^j+z{n,� j+z{W+u,,`gI +u, @ S +J,j+H+z{W,,�H+j+z{W,> J, � 3

G+{>z,�G+{W> z, @

]
u

^c+z{W+u,,� c+z{3,`gI +u, @ H+c+z{W,> O,� S +O,c+H+z{W,, � 3

zlwk vwulfw lqhtxdolw| iru vwulfwo| frqfdyh j ru c1 Wkxv/ e| Wkhruhp 4/ vwudwhj| { lv +zhdno|,

suhihuuhg wr {W e| lqyhvwruv kdylqj frqfdyh j dqg2ru c1 Lq rwkhu zrugv/ wkhuh lv qr orvv ri jhqhudolw|

iru doo lqyhvwruv zlwk +zhdn, frqfdyh jdlq0 dqg orvv0ixqfwlrqv wr uhvwulfw wkhlu dwwhqwlrq wr vwudwhjlhv

lq 
/ ru pruh suhflvho|/ lq H+
,1 Wkh �fwlwlrxv dvvxpswlrq ri d frpsohwh pdunhw lv wkxv qrw

qhfhvvdu|1 Wkh vx�flhqf| sduw ri wkh surri lv e| vwudljkwiruzdug yhul�fdwlrq1 �

Iru wkh qh{w dvvxpswlrq/ ohw x4@ @ vxsix+{, = { 5 H+
,j dqg y4@ @ }x4@ 1

Dvvxpswlrq 8 Doo lqyhvwruv duh lqkhuhqwo| udwlrqdo + Y� 5 �f,1 Iru doo lqyhvwruv m 5 M/ wkhlu

ghjuhh ri ulvn dyhuvlrq �� vdwlv�hv ��+3> 3, ? } ? ��+z�x4@ > z�y4@ , ? 41 Pruhryhu/ iru doo

+z�x>z�y, rq U
2
nn/

41 qrq0lqfuhdvlqj ulvn dyhuvlrq z1u1w1 uhzdug/ l1h1/ C��@Cx � 3>

51 qrq0ghfuhdvlqj ulvn dyhuvlrq z1u1w1 ulvn/ l1h1/ C��@Cy � 3>

61 lqfuhdvlqj ulvn dyhuvlrq z1u1w1 zhdowk/ l1h1/ C��@Cz� A 31

Surshuwlhv 4 dqg 5 lq Dvvxpswlrq 8 duh idluo| lqwxlwlyh1 Wkh| vd| wkdw dv wkh xsvlgh srwhqwldo

lqfuhdvhv dqg2ru wkh grzqvlgh ulvn ghfuhdvhv rqh ehfrphv pruh wrohudqw wr ulvn1 Surshuw| 6 vd|v

wkdw pruh zhdowk ohdgv wr pruh ulvn dyhuvlrq1 D vlpsoh h{dpsoh lv wkh txdgudwlf uhzdug0ulvn xwlolw|

Y @ X � +G .
�

5
G

2, @ zx�zy �
�

5
+zy,2> � A 3

ri zklfk �+zx>zy, @ 4 . �G @ 4 . �zy1 Lw vdwlv�hv Surshuwlhv 406 lq Dvvxpswlrq 8 wulyldoo|1 Lq

wkh qh{w ohppd wkh vxevfulsw m lv gursshg iru euhylw|1
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Ohppd 7 Xqghu Dvvxpswlrqv 4 ~ 8/ iru doo Y 5 �f wkhuh h{lvwv { 5 H+
, wkdw pd{lpl}hv Y rq 
1

Pruhryhu/ iru dq| { wkdw pd{lpl}hv Y rq 
 lw lv qhfhvvdu| dqg vx�flhqw wkdw �+zx+{,> zy+{,, @

}+{,=

Surri= E| Wkhruhp 4/ wkhuh lv qr orvv ri jhqhudolw| wr uhvwulfw dwwhqwlrq wr H+
, iru �qglqj

rswlpdo vwudwhjlhv wkdw pd{lpl}h Y 5 �f1 Xqghu Dvvxpswlrq 8 wkhuh h{lvwv | 5 H+
, vxfk wkdw

} ? ��+z�x+|,> z�y+|,, iru doo m1 Iru dq| { 5 H+
, vdwlvi|lqj x+{, � x+|,/ wkhq/ wkhuh h{lvwv

d 5 +3> 4` vxfk wkdw { � +4 � d,uf . d| 5 H+
, +l1h1/ Y +zx+{,> zy+{,, @ Y +zdx+|,> zdy+|,> vhh

Wkhruhp 6/ frqglwlrq 5,1 Lw zloo eh vkrzq wkdw wkh uhvw ri wkh { 5 H+
, zlwk x+{, A x+|,/ li dq|/

duh vxerswlpdo1 Wkxv wkh lqyhvwru*v fkrlfh sureohp uhgxfhv wr

pd{
@MEfc�o

Y +zdx+|,> zdy+|,,

Wkh xqfrqvwudlqhg �uvw0rughu frqglwlrq lv

CY

Cd
@
CY

CX
zx+|, .

CY

CG
zy+|, @ 3 +73,

ru htxlydohqwo|/

�+zx+{,> zy+{,, @ �+zdx+|,> zdy+|,, @ }+|, @ }+{, @ }= +74,

Wkh h{lvwhqfh ri dq xqfrqvwudlqhg +lqwhulru, rswlpdo d 5 +3> 4, iroorzv iurp x+{, A y+{, dqg wkh

dvvxpswlrq wkdw C��@Cz� A 3/ vr wkdw iru d 5 +3> 4,

�+3> 3, ? �+zdx+|,> zdy+|,, @ } ? �+zx+|,> zy+|,,= +75,

Wkh vwulfw frqfdylw| ri Y lq x dqg y hqvxuhv wkdw wkh �uvw0rughu frqglwlrq lv dovr vx�flhqw1 1 �

Iru wkh h{lvwhqfh ri htxloleulxp/ vrph uhvwulfwlrqv rq wkh pdunhw uhwxuq dqg lqyhvwru suhi0

huhqfhv duh qhhghg1 Ohw u6 � 3 ghqrwh wkh orzhu erxqg ri u6 vr wkdw S +iu = u6+u, ? u6j, @ 31
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Wkhq d @ uf@+uf � u6, lv wkh pd{lpxp ohyhudjh rq wkh pdunhw sruwirolr zlwkrxw ylrodwlqj wkh

qrqqhjdwlyh0zhdowk frqvwudlqw1

Wkhruhp < +vhsdudwlrq, Ohw Dvvxpswlrqv 4 ~8 krog/ dqg dvvxph wkdw u6 A 3 dqg iru doo m 5 M/

} ? ��+z�dx+p,> z�dy+p,,1 Wkhq wkh fdslwdo pdunhw lv lq htxloleulxp li wkhuh h{lvwv d yhfwru

+dW�> d
W
2> ===> d

W
a,/ d

W
� 5 ^3> d` iru doo m 5 M/ vxfk wkdw +4� d�,uf . d�u6 5 H+
, dqg vdwlv�hv

��+z�d
W
�x+p,> z�d

W
�y+p,, @ }+p,> +76,

[
�Ma

d
W
�z� @p= +77,

Surri= Vxssrvh +76, dqg +77, krog1 Wkhq e| Ohppd 7/ {W� @ +4 � d
W
� ,uf . d

W
�u6 5 H+
,

vdwlv�hv +6;,1 Lw lv dovr vwudljkwiruzdug wr yhuli| wkdw vxevwlwxwlqj {W� lq +77, |lhogv +6<,1 �

Dqdorjrxv wr wkh phdq0yduldqfh dqdo|vlv +h1j1/ Wrelq/ 4<8;,/ wklv wkhruhp lv fdoohg wkh vhs0

dudwlrq wkhruhp iru lwv lpsolfdwlrq wkdw wkh lqyhvwphqw ghflvlrqv e| lqkhuhqwo| udwlrqdo lqyhvwruv

fdq eh vhsdudwhg lqwr wzr wdvnv = d frpprq wdvn ri �qglqj dq h�flhqw vwudwhj| | 5 H+
,/ dqg dq

lqglylgxdo wdvn ri fkrrvlqj wkh rswlpdo fdslwdo doorfdwlrq d vxfk wkdw hdfk Y 5 �f lv pd{lpl}hg

+vhh Iljxuh 9,122

Wkhruhp 43 +h{lvwhqfh ri htxloleulxp, Xqghu Dvvxpswlrqv 4 ~8/ wkhuh h{lvwv d fdslwdo pdunhw

htxloleulxp zklfk lv xqltxh lq wkdw iru dq| ohyho ri pdunhw ulvn y+p,/ wkhuh lv d xqltxh pdunhw ulvn

suhplxp }+p, @ x+p,@y+p, vxfk wkdw doo vhfxulwlhv duh xqltxho| sulfhg dffruglqj wr Wkhruhp 81

Surri= Gursslqj p dqg m iru euhylw|/ frqvlghu wkh qhfhvvdu| dqg vx�flhqw frqglwlrq iru

lqglylgxdo rswlpdolw|

�+zdx>zdy,�
x

y
@ 3 +78,
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Iurp +75,/ iru dq| ohyhov y wkhuh h{lvwv x A y vxfk wkdw d vroxwlrq d+x> y>z, h{lvwv vdwlvi|lqj +78,1

Ixuwkhu/ C�@Cz A 3 lv htxlydohqw wr C�@Cd A 31 Lw iroorzv wkdw

Cd

Cx
@ +

4

y
�
C�

Cx
,@
C�

Cd
A 3

Cd

Cy
@ �+

C�

Cy
.

x

y2
,@
C�

Cd
? 3

Lq rwkhu zrugv/ d+x> y>z, vwulfwo| lqfuhdvhv lq x ru lq } @ x@y/ dqg vwulfwo| ghfuhdvhv lq y1

Qrz/ iru �{hg zhdowk ohyhov/ ohw k+x> y, @
S

�Ma d
W
�+x> y>z�,z� �p zkhuh dW� +x> y>z�, lv dq

lpsolflw ixqfwlrq vdwlvi|lqj +78,1 Wkh ixqfwlrq k lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq x iru dq|

jlyhq ohyho ri y A 31 Zkhq x @ y wkhuh lv qr ghpdqg iru wkh ulvn| dvvhwv vlqfh �+zx>zy, � 4 dv

dvvxphg/ lq zklfk fdvh k lv qhjdwlyh1 Dv x lqfuhdvhv dqg ehfrphv vx�flhqwo| odujh/ k zloo ehfrph

srvlwlyh ehfdxvh C��@Cx � 3 lpsolhv wkdw ��+z�x>z�y, ? x@y dv x ehfrphv vx�flhqwo| odujh/ l1h1/ doo

lqyhvwruv zrxog olnh wr eruurz dqg lqyhvw pruh wkdq 433( ri wkhlu fdslwdo lq wkh pdunhw sruwirolr1

Iurp wkh phdq ydoxh wkhru|/ wkhq/ wkhuh h{lvwv d xqltxh x ru } @ x@y iru dq| ohyho ri y vxfk wkdw

k+x> y, @ 31 �

Wklv vlpsoh h{lvwhqfh dqg xqltxhqhvv wkhruhp/ hylghqwo|/ flufxpyhqwv gl�fxowlhv lq ghulylqj

wkh h{lvwhqfh dqg xqltxhqhvv htxloleulxp uhvxowv lq wkh phdq0yduldqfh sdudgljp +h1j1/ Doolqjkdp/

4<<4> dqg Qlhovhq/ 4<;;/ 4<<3,12� L forvh wklv vhfwlrq zlwk d eulhi orrn dw Sduhwr h�flhqf|1

Gh�qlwlrq 44 +Sduhwr h�flhqf|, Wkh yhfwru ri vwudwhjlhv {
W @ +{W�> {

W
2> ===> {

W
a,> {

W
� 5 
> lv

Sduhwr rswlpdo li wkhuh lv qr ihdvleoh vwudwhjlhv { @ +{�> {2> ===> {a,> {� 5 
> vxfk wkdw Y�+{�> z�, �

Y�+{
W
� > z�, iru doo m 5 M zlwk dw ohdvw rqh vwulfw lqhtxdolw|1 Li wkhuh lv qr ihdvleoh vwudwhjlhv

{ @ +{�> {2> ===> {a,> {� 5 
"> vxfk wkdw Y�+{�> z�, � Y�+{
W
� > z�, iru doo m 5 M zlwk dw ohdvw rqh

vwulfw lqhtxdolw|/ wkhq {
W lv ixoo| Sduhwr rswlpdo dqg wkh pdunhw 
 lv vdlg wr kdyh dwwdlqhg Ixoo

Sduhwr H�flhqf|1



76

Wkh qh{w wkhruhp vkrzv wkh lpsolfdwlrq ri txdvl0frpsohwh pdunhw iru ixoo Sduhwr h�flhqf|

+vhh/ h1j1/ Dphuvkl/ 4<;8/ iru d jhqhudo uhvxow rq ixoo Sduhwr h�flhqf|,1 Wkh surri lv vwudljkwiruzdug

khqfh rplwwhg1

Wkhruhp 44 Ohw wkh dvvxpswlrqv lq Wkhruhp : ru lq Wkhruhp ; krog/ dqg dvvxph wkdw wkh pdunhw

lv lq htxloleulxp1 Wkhq 
 dwwdlqv Ixoo Sduhwr H�flhqf|1

5 ���������� ��
����

Wkh frqwulexwlrqv ri wklv sdshu pd| eh vxpphul}hg lq whupv ri wzr dwwulexwhv= rqh ri xqli|lqj

dqg jhqhudol}lqj wkh nqrzq uhvxowv/ dqg rqh ri suhvhqwlqj qhz lqvljkwv dqg wrrov iru dqdo|}lqj

lqyhvwphqw vwudwhjlhv dqg vhfxulw| pdunhwv1

Irupxodwhg lq wkh glfkrwrprxv0fkrlfh sdudgljp ri ]rx +5333d,/ lqglylgxdo suhihuhqfhv duh

pruh jhqhudoo| uhsuhvhqwhg e| wkhlu shufhswlrqv ri uhzdug dqg ulvn/ dqg e| wkhlu uhzdug0ulvn xwlolw|1

Vlqfh wklv qhz sdudgljp hqfrpsdvvhv wkh h{shfwhg xwlolw| prghov dqg rwkhu ohjlwlpdwh uhzdug0ulvn

xwlolw| prghov/ wkh uhvxowv rewdlqhg lq wklv sdshu dovr dsso| wr wkhvh vshfldo fdvhv1

Wkh sdshu uh0hqirufhv vrph lpsruwdqw lqvljkwv wkdw duh douhdg| nqrzq iurp wkh prghuq

sruwirolr wkhru|/ vxfk dv wkh h�hfw ri ulvn glyhuvl�fdwlrq/ wkh +lqkhuhqw udwkhu wkdq phdq0yduldqfh,

h�flhqf| ri wkh pdunhw lq htxloleulxp/ wkh vhsdudwlrq wkhruhp/ wkh uroh ri _ehwd% lq wkh ghwhu0

plqdwlrq ri dvvhw sulfhv/ wkh htxloleulxp lpsolfdwlrq iru Sduhwr h�flhqf|/ hwf1/ h{fhsw wkdw wkhvh

uhvxowv duh ghulyhg khuh pruh jhqhudoo| dqg uljrurxvo|/ ehlqj frqvlvwhqw zlwk qr0duelwudjh dqg wkh

�uvw0rughu vwrfkdvwlf grplqdqfh +wkxv ryhufrplqj vkruwfrplqjv ri wkh phdq0yduldqfh prgho,1

Wkh sdshu dovr suhvhqwv pdq| qhz lqvljkwv1 Prvw lpsruwdqw/ shukdsv/ lv wkh lpsolfdwlrqv

ri wkh glfkrwrprxv sulflqj prgho +Wkhruhp 8, wkdw +l, vhfxulw| uhwxuqv lq htxloleulxp ru lq wkh

devhqfh ri dssur{lpdwh duelwudjh fdq eh dqdo|}hg vhsdudwho| lq whupv ri wkhlu xs0pdunhw dqg grzq0
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pdunhw srwhqwldov +vhh Iljxuh 8,> +ll, wkhvh srwhqwldov vkrxog eh lq wkh vdph sursruwlrq/ phdvxuhg

e| wkh vhfxulw|*v ehwd/ wr wkrvh ri wkh pdunhw> dqg +lll, doo vhfxulwlhv* sulfhv fdq eh h{suhvvhg dv wkh

vxp ri wzr glvfrxqwhg ydoxhv= wkh xs0pdunhw h{shfwhg ydoxh dqg wkh grzq0pdunhw h{shfwhg ydoxh/

dqg wkhuh duh wzr frpprq idfwruv +�� dqg �2, iru glvfrxqwlqj wkh h{shfwhg ydoxhv ri doo vhfxulwlhv

uhvshfwlyho|1 Lq ghulylqj wkhvh uhvxowv dv d frqglwlrq iru pdunhw htxloleulxp/ rqo| krprjhqrxv eholhiv

rq wkh frqglwlrqdo +rq pdunhw ehlqj xs ru grzq, glvwulexwlrqv ri vhfxulw| uhwxuqv duh dvvxphg1

Wkxv wkh suhglfwlrqv krog hyhq zkhq lqyhvwruv gl�hu lq wkhlu rslqlrqv derxw wkh suredelolw| wkdw

wkh pdunhw zloo eh xs ru grzq1

Dqrwkhu lpsruwdqw lqvljkw lv wkh lpsolfdwlrq ri txdvl0frpsohwh pdunhw dqg �dw rswlrqv iru d

xqltxh vwdwh0sulfh ghqvlw| +Wkhruhp ;,1 Wklv vwdwh0sulfh ghqvlw| kdv dovr wzr sduwv/ uhvshfwlyho| lq

frqvwdqw sursruwlrq wr wkh frqglwlrqdo ghqvlw| ri wkh sulplwlyh vwdwhv +rq wkh jdlq0grpdlq dqg wkh

orvv0grpdlq ri wkh pdunhw,1 Lw lv deoh wr sulfh erwk wudghg dqg qrq0wudghg vhfxulwlhv/ frqvlvwhqw

zlwk qr0duelwudjh/ dqg zlwk pdunhw htxloleulxp zkhq lqyhvwruv kdyh +zhdno|, frqfdyh jdlq0 dqg

orvv0ixqfwlrqv1 Wklv uhvxow xql�hv wkh h{lvwlqj +wzr0gdwh, prghov ri frpsohwh pdunhw dqg lqfrpsohwh

pdunhw lqwr d vlqjoh frqvlvwhqw iudphzrun1

Pdq| lvvxhv uhpdlq wr eh lqyhvwljdwhg/ krzhyhu1 L olvw khuh mxvw d ihz wkrxjkwv +vrph uh�hfwhg

lq ]rx/ 5333e, wr frqfoxgh wkh sdshu1 Zkdw duh wkh lqwhu0whpsrudo surshuwlhv ri lqkhuhqw uhzdug

dqg ulvnB Duh wkh pdlq uhvxowv khuh h{whqgdeoh wr wkh pxowlsoh0shulrg lqyhvwphqw +dqg frqvxps0

wlrq, hqylurqphqwB Krz wr whvw wkh suhglfwlrqv ri wkh prgho hpslulfdoo|B Krz wr lqfrusrudwh

pxowlsoh vrxufhv ri ulvn lq wkh fxuuhqw prghoB Krz wr lqfrusrudwh pruh jhqhudo khwhurjhqhrxv

lqirupdwlrq dqg2ru eholhivB Dqg vr rq111
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�������.

Surri ri Wkhruhp 5= Dvvxph wkdw wkhuh h{lvwv {W 5 
 vxfk wkdw Y +{>z, � Y +{W> z, iru doo

{ 5 
/ zklfk lpsolhv e| Wkhruhp 4 wkdw ]+{>z, � ]+{W> z, ? 4 iru doo { 5 
1 Wkxv iru dq|

vwudwhj| { 5 
 dqg dq| uhdo qxpehu d 5 +��> 4, zkhuh � lv d vx�flhqwo| vpdoo srvlwlyh qxpehu vxfk

wkdw wkh sruwirolr � @ d{. +4� d,{W 5 
/2e

]+{W> z, � ]+d{. +4� d,{W> z,> ;d 5 +��> 4,=

wkh uhwxuq rq sruwirolr dw wlph 4 lv �+u, @ d{+u, . +4 � d,{W+u, li wkh uhdol}hg vwdwh lv u1 E|

gh�qlwlrq/

X+�>z, @

]
JEZ�

^j+dz{+u, . +4� d,z{W+u,,� j+zuf,`gI +u,

G+�>z, @

]
OEZ�

^c+zuf,� c+dz{+u,� +4� d,z{W+u,,`gI +u,=

Lw iroorzv iurp {
W ehlqj rswlpdo wkdw C]+�>z,@Cd � 3 dw d @ 3n dqg C]+�>z,@Cd � 3 dw d @ 331

Htxlydohqwo|/

CX+�>z,

Cd
G+{W> z,�

CG+�>z,

Cd
X+{W> z, � 3 dw d @ 3n +79,

CX+�>z,

Cd
G+{W> z,�

CG+�>z,

Cd
X+{W> z, � 3 dw d @ 33 +7:,

Vlqfh

X+�>z,� X+{W> z,

@

]
JEZ�

^j+z�+u,,� j+zuf,`gI +u,�

]
JE%W�

^j+z{W+u,,� j+zuf,`gI +u,

@

]
JE%W�

^j+z�+u,,� j+z{W+u,,`gI +u, .

]
JEZ�KOE%W�

^j+z�+u,,� j+zuf,`gI +u,>

wdnlqj ghulydwlyh iurp wkh uljkw dw d @ 3 |lhogv

CX+�>z,

Cd
m@'fn @ olp

@<fn

4

d
^

]
JE%W�

^j+z{W+u, . dz+{+u,� {
W+u,,,� j+z{W+u,,`gI
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.

]
PKtoG@E%Eo�3%WEo��Dof3%WEo�Df�

^j+z{W+u, . dz+{+u,� {
W+u,,,� j+zuf,`gI `

@

]
JE%W�

j
�+z{W+u,,z+{+u,� {

W+u,,gI .

]
JE%�KQE%W�

j
�+zuf,z+{+u,� uf,gI

Vlploduo|/

CX+�>z,

Cd
m@'f3 @

]
JE%W�

j
�+z{W+u,,z+{+u,� {

W+u,,gI .

]
OE%�KQE%W�

j
�+zuf,z+{+u,� uf,gI

CG+�>z,

Cd
m@'fn @

]
OE%W�

c
�+z{W+u,,z+{W+u,� {+u,,gI .

]
OE%�KQE%W�

c
�+zuf,z+uf � {+u,,gI

CG+�>z,

Cd
m@'f3 @

]
OE%W�

c
�+z{W+u,,z+{W+u,� {+u,,gI .

]
JE%�KQE%W�

c
�+zuf,z+uf � {+u,,gI=

Vxevwlwxwlqj wkh deryh lqwr +79, dqg +7:, |lhogv

]
JE%W�

j
�+z{W+u,,z+{+u,� {

W+u,,gI .

]
JE%�KQE%W�

j
�+zuf,z+{+u,� uf,gI

� ]+{W> z,^

]
OE%W�

c
�+z{W+u,,z+{W+u,� {+u,,gI .

]
OE%�KQE%W�

c
�+zuf,z+uf � {+u,,gI ` +7;,]

JE%W�

j
�+z{W+u,,z+{+u,� {

W+u,,gI .

]
OE%�KQE%W�

j
�+zuf,z+{+u,� uf,gI

� ]+{W> z,^

]
OE%W�

c
�+z{W+u,,z+{W+u,� {+u,,gI .

]
JE%�KQE%W�

c
�+zuf,z+uf � {+u,,gI `= +7<,

Lq sduwlfxodu/ iru { @ uf/ +7;, dqg +7<, froodsvh wr dq htxdwlrq=

]
JE%W�

j
�+z{W+u,,z+uf � {

W+u,,gI +u, @ ]+{W> z,

]
OE%W�

c
�+z{W+u,,z+{W+u,� uf,gI +u,= +83,

Vxewudfwlqj +83, iurp +7;, dqg +7<, |lhogv wkhq wkh vwdwhphqw ri wkh wkhruhp1 �

Surri ri Ohppd 4= L rqo| suryh wkh vwdwhphqw frqfhuqlqj y vlqfh wkh rqh frqfhuqlqj x lv

dqdorjrxv1 Ohw dq| { 5 
 dqg | 5 
 dqg dq| uhdo qxpehu d 5 +3> 4, eh jlyhq dqg frqvlghu wkh

lqkhuhqw ulvn ri sruwirolr � @ d{. +4� d,| 5 
=

y+�, @

]
OEZ�

^d+uf � {+u,, . +4� d,+uf � |+u,,`gI +u,
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@ d^

]
OEZ�KOE%�

+uf � {+u,,gI .

]
OEZ�KJE%�

+uf � {+u,,gI ` +84,

.+4� d,^

]
OEZ�KOE+�

+uf � |+u,,gI .

]
OEZ�KJE%�

+uf � |+u,,gI ` +85,

�

]
OEZ�KOE%�

d+uf � {+u,,gI .

]
OEZ�KOE+�

+4� d,+uf � |+u,,gI +86,

� dy+{, . +4� d,y+|,= +87,

Wkxv wkh �uvw sduw ri wkh ohppd lv suryhg1 Wkh iroorzlqj vwdwhphqwv duh lq wkh vhqvh ri doprvw

hyhu|zkhuh zlwk uhvshfw wr wkh suredelolw| glvwulexwlrq S / dowkrxjk qrw uhshdwhg1

Vx�flhqf|= Vxssrvh S +FRG+{> |,, @ 4/ wkhq

{+u, A uf , |+u, � uf , �+u, A uf/ wkxv S +O+�, _J+{,, @ 3>

zklfk lpsolhv wkdw wkh vhfrqg whupv lq +84, dqg +84, duh }hur1 Vlploduo|/ wkh vhfrqg whup lq +85,

lv }hur1 Lw iroorzv wkdw wkh vwulfw htxdolwlhv lq +86, krogv1 Ixuwkhu/

{+u, � uf / |+u, � uf , �+u, � uf/

wkxv S +iu = �+u, � uf> {+u, � ufj, @ S +iu = {+u, � ufj, @ S +iu = |+u, � ufj,

Lw iroorzv wkdw wkh vwulfw htxdolw| lq +87, krogv1

Qhfhvvlw|= Vxssrvh S +FRG+{> |,, ? 41 Wkhq wkhuh h{lvwv d vxevhw � � P/ S +�, A 3/

rq zklfk wkh h{fhvv uhwxuqv ri wkh wzr vwudwhjlhv kdyh rssrvlwh vljqv1 Zlwkrxw orvv ri jhqhudolw|

vxssrvh wkdw {+u, A uf dqg |+u, ? uf rq �=

Qrz vxssrvh frqwudu| wr zkdw zloo eh suryhg wkdw wkh htxdolwlhv lq erwk lq +86, dqg +87,

krog/ zklfk phdqv wkdw S +O+�,_J+{,, @ 3 e| lqvshfwlqj wkh vhfrqg whupv lq +84, dqg +84,1 Wklv

zrxog lpso|/ krzhyhu/ wkdw doprvw hyhu|zkhuh rq P

{+u, A uf , �+u, � uf , d+{+u,� uf, � �+4� d,+|+u,� uf,= +88,
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Pruhryhu/ htxdolw| lq +87, lpsolhv wkdw doprvw hyhu|zkhuh rq P

|+u, ? uf , �+u, ? uf , d+{+u,� uf, ? �+4� d,+|+u,� uf,= +89,

Fohduo|/ wkh lqhtxdolwlhv lq +88, dqg +89, frqwudglfw hdfk rwkhu rq �1 Dv d uhvxow/ dw ohdvw rqh ri

wkh lqhtxdolwlhv lq +86, dqg +87, pxvw krog vwulfwo|1 �

Surri ri Wkhruhp := Ohw dq| Y 5 � eh jlyhq1 Li lqyhvwphqw vwudwhj| {W 5 
 lv d vroxwlrq

wr S/ wkhq wkh uhodwlrqvklsv lq +:, ri Wkhruhp 5 krog iru doo { 5 
1 Ohw vwudwhj| { zkrvh wlph04

sd|r� lv gh�qhg dv iroorzv1

{+u, @ {
W+u, rq J _J+{W, ru O _ O+{W,

@ uf rwkhuzlvh

Fohduo|/ li wkh frvw ri { lv ohvv wkdq ru htxdo wr 4 wkhq { 5 H+
,1 Wklv zloo eh yhul�hg vkruwo| wr eh

wuxh1 Iru wkh prphqw/ krzhyhu/ lw lv frqyhqlhqw wr dvvxph wkdw { frvwv 4 vr wkdw wkh frqglwlrqv lq

+:, fdq eh xvhg1 Vxevwlwxwlqj {W+u, dqg {+u, lqwr +:, |lhogv wkhq/ uhvshfwlyho|/

]
JE%W�

j
�+z{W+u,,+{W+u,� uf,gI +u, @ ]+{W> z,

]
OE%W�

c
�+z{W+u,,+uf � {

W+u,,gI +u, +8:,

dqg ]
JE%W�

j
�+z{W+u,,+{+u,� uf,gI +u, @ ]+{W> z,

]
OE%W�

c
�+z{W+u,,+uf � {+u,,gI +u, +8;,

Vxewudfwlqj +8;, iurp +8:,/ krzhyhu/ |lhogv

]
uKJE%W�

j
�+z{W+u,,+{W+u,� uf,gI +u, @ ]+{W> z,

]
CKOE%W�

c
�+z{W+u,,+uf � {

W+u,,gI +u,> +8<,

iurp zklfk lw iroorzv wkdw S +O _J+{W,, A 3 li dqg rqo| li S +J _ O+{W,, A 31 Li S +O _J+{W,, @

S +J _ O+{W,, @ 3 wkhq {
W 5 H+
, e| Wkhruhp 6/ dqg wkh wkhruhp lv suryhg1 Li rwkhuzlvh/ e| +6:,



7<

wkh frvw gl�huhqfh ehwzhhq wkh wzr vwudwhjlhv

]
P

+{W+u,� {+u,,#+u,gu

@

]
CKOE%W�

+{W+u,� uf,��i+umJ,gu .

]
uKJE%W�

+{W+u,� uf,�2i+umO,gu

@
��

S +J,
^}

]
uKJE%W�

+{W+u,� uf,i+u,gu �

]
CKOE%W�

+uf � {
W+u,,i+u,gu`

A
��

S +J,
^

]
uKJE%W�

j
�+{W+u,,+{W+u,� uf,i+u,gu � ]+{W> z,

]
CKOE%W�

c
�+{W+u,,+uf � {

W+u,,i+u,gu`

@ 3

zkhuh wkh vwulfw lqhtxdolw| frphv iurp } A 4/ ]+{W> z, � ]+uf> z, @ 4/ dqg Dvvxpswlrq 4 +j� � c
�,1

Wklv frqwudglfwv {W ehlqj rswlpdo/ krzhyhu/ vlqfh udlvlqj { wr vrph {. � rq J+{W, dqg O+{W, zloo

fkdqjh wkh _@% lq +8;, lqwr _A% lpso|lqj wkdw {W lv vxerswlpdo1 Dv d uhvxow/ {W pxvw kdyh shuihfw

fr0grpdlq zlwk {1 E| Wkhruhp 6 djdlq/ {W 5 H+
,1 �

����������

Doolqjkdp/ P1/ _H{lvwhqfh Wkhruhpv lq wkh FDSP1% Hfrqrphwulfd/ 8</ ss1 449<044:71

Dphuvkl/ Dplq K1/ _D Frpsohwh Dqdo|vlv ri Ixoo Sduhwr H�flhqf| lq Ilqdqfldo Pdunhwv iru

Duelwudu| Suhihuhqfhv1% Wkh Mrxuqdo ri Ilqdqfh/ Yro1 [O/ qr1 7/ Vhswhpehu 4<;8/ ss1

4568045761

Duurz/ N1M1/ _Wkh Uroh ri Vhfxulwlhv lq wkh Rswlpdo Doorfdwlrq ri Ulvn0ehdulqj1% Wkh Uhylhz ri

Hfrqrplf Vwxglhv/ Yro1 64/ qr1 5/ Dsulo/ 4<97/ ss1 <40<91

Duurz/ N1 M1 Hvvd|v lq wkh Wkhru| ri Ulvn Ehdulqj1 Pdunkdp Sxeolvklqj Frpsdq|/ Fklfdjr/

4<:41
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Duw}qhu/ Sklolssh/ Iuhgg| Ghoedhq/ dqg Mhdq0Pduf Hehu/ _Frkhuhqw Phdvxuh ri Ulvn1% Mrxuqdo

ri Pdwkhpdwlfdo Ilqdqfh/ yro1 </ qr1 6/ Mxo| 4<<</ 536055;1

Edzd/ Ylmd| V1 _Rswlpdo Uxohv iru Rughulqj Xqfhuwdlq survshfwv1% Mrxuqdo ri Ilqdqfldo Hfr0

qrplfv/ 5/ 4<:8/ ss1 <804541

Edzd/ Ylmd| V1 _Dgplvvleoh Sruwirolrv Iru Doo Lqglylgxdov1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 [[[L/

qr1 7/ Vhswhpehu 4<:9/ ss1 449<044;61

Edzd/ Ylmd| V1 dqg Olqghqehuj/ Hulf E1 _Fdslwdo pdunhw Htxloleulxp lq D Phdq0Orzhu Sduwldo

prphqw Iudphzrun1% Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 8/ 4<::/ ss1 4;<05331

Edzd/ Ylmd| V1 _Vdihw|0Iluvw/ Vwrfkdvwlf Grplqdqfh/ dqg Rswlpdo Sruwirolr Fkrlfh1% Mrxuqdo ri

Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ Mxqh 4<:;/ ss1 588059<1

Ehoo/ Gdylg H1/ dqg Ilvkexuq/ Shwhu F1/ _Xwlolw| Ixqfwlrqv ri Zhdowk1% Mrxuqdo ri Ulvn dqg

Xqfhuwdlqw|/ 53/ 53331 ss1 8077

Ehqduw}l/ Vkorpr/ dqg Ulfkdug K1 Wkdohu1 _P|rslf Orvv Dyhuvlrq dqg wkh Htxlw| Suhplxp

Sx}}oh1% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Iheuxdu|/ 4<<:/ ss1 :60<51

Ehuqdugr/ Dqwrqlr H1/ dqg Rolylhu Ohgrlw/ _Jdlq/ Orvv/ dqg Dvvhw Sulflqj1% Mrxuqdo ri Srolwlfdo

Hfrqrp|/ yro1 43;/ qr1 4/ 5333/ ss1 47704:51

Eodfn/ Ilvfkhu/ dqg P|urq Vfkrohv1 _Wkh Sulflqj ri Rswlrqv dqg Frusrudwh Oldelolwlhv1% Mrxuqdo

ri Srolwlfdo Hfrqrp|/ yro1 ;4/ qr1 6/ Pd|2Mxqh 4<:6/ ss1 96:0871

Euhqqdq P1 M1 dqg Vrodqnl/ U1 _Rswlpdo sruwirolr Lqvxudqfh% Mrxuqdo ri Ilqdqfldo dqg Txdqwl0

wdwlyh Dqdo|vlv/ yro1 [YL/ qr1 6/ Vhswhpehu 4<;4/ ss1 5:<06331
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Fdpsehoo/ Mrkq \1/ _Dvvhw Sulflqj dw wkh Ploohqqlxp1% Wkh Mrxuqdo ri Ilqdqfh/ Yro1 OY/ Qr1 7/

Dxjxvw 5333/ ss1 48480489:1

Fdvv/ Gdylg dqg Vwljolw}/ Mrvhsk H1 _Wkh Vwuxfwxuh ri Lqyhvwru suhihuhqfhv dqg Dvvhw Uhwxuqv/ dqg

Vhsdudelolw| lq Sruwirolr Doorfdwlrq= D Frqwulexwlrq wr wkh Sxuh Wkhru| ri Pxwxdo Ixqgv1%

Mrxuqdo ri Hfrqrplf Wkhru|/ 5/ 4<:3/ ss1 45504931

Fodun/ Vwhskhq D1/ _Duelwudjh Dssur{lpdwlrq Wkhru|1% Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 66/

5333/ ss1 49:04;41

Gdqd/ U1D1/ _H{lvwhqfh/ Xqltxhqhvv dqg Ghwhuplqdf| ri Htxloleulxp lq FDSP zlwk d ulvnohvv

dvvhw1% Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 65/ qr1 5/ 4<<</ ss1 49:04:81

Gheuhx/ J1 _Wkhru| ri Ydoxh= Dq D{lrpdwlf Dqdo|vlv ri Jhqhudo Htxloleulxp1% Qhz Kdyhq=

\doh Xqlyhuvlw| Suhvv/ 4<8<1

Gldprqg/ S1/ dqg M1 H1 Vwljolw}1 _Lqfuhdvh lq Ulvn dqg lq Ulvn Dyhuvlrq1% Mrxuqdo ri Hfrqrplf

Wkhru|/ ;/ 4<:7/ ss1 66:06931

Grpdu/ H1Y1/ dqg U1D1 Pxvjudyh1 _Sursruwlrqdo Lqfrph Wd{dwlrq dqg Ulvn0Wdnlqj1% Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ yro1 8;/ Pd|/ 4<77/ ss1 6;<07551

G|eylj/ Sklols K1 _Glvwulexwlrqdo Dqdo|vlv ri Sruwirolr Fkrlfh1% Mrxuqdo ri Exvlqhvv/ yro1 94/

qr1 6/ 4<;;/ ss1 69<06<61

G|eylj/ Sklols K1 _Lqh�flhqw G|qdplf Sruwirolr Vwudwhjlhv ru Krz wr Wkurz Dzd| d Ploolrq

Grooduv lq wkh Vwrfn Pdunhw1% Uhylhz ri Ilqdqfldo Vwxglhv/ Yro1 4/ qr1 4/ +4<;;,/ ss1 9:0;;1

G|eylj/ Sklols K1 dqg Mu1 Lqjhuvroo/ Mrqdwkdq H1 _Phdq0Yduldqfh Wkhru| lq Frpsohwh Pdunhwv1%

Mrxuqdo ri Exvlqhvv/ yro1 88/ qr1 5/ 4<;5/ ss1 56605841
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G|eylj/ Sklols K1 dqg Urvv/ Vwhskhq1 _Sruwirolr H�flhqw Vhwv1% Hfrqrphwulfd/ yro1 83/ [O/ qr1

9/ Qry1 4<;5/ ss1 4858048791

G|eylj/ Sklols K1 dqg Urvv/ Vwhskhq D1 _Vkruw Vdohv Uhvwulfwlrqv dqg Nlqnv rq wkh Phdq Yduldqfh

Iurqwlhu1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 6</ qr1 4/ Pdufk 4<;7/ ss1 56<05771

G|eylj/ Sklols K1 dqg Urvv/ Vwhskhq D1 _Gl�huhqwldo Lqirupdwlrq dqg Shuirupdqfh Phdvxuhphqw

Xvlqj d Vhfxulw| Pdunhw Olqh1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 [O/ qr1 5/ Mxqh 4<;8d/ ss1

6;606<<1

G|eylj/ Sklols K1 dqg Urvv/ Vwhskhq1 _Wkh Dqdo|wlfv ri Shuirupdqfh Phdvxuhphqw Xvlqj d

Vhfxulw| pdunhw Olqh1% Wkh Mrxuqdo ri Ilqdqfh/ yro1 [O/ qr1 5/ Mxqh 4<;8e/ ss1 73407491

G|eylj/ Sklols K1 dqg Kxdqj/ Fkl0ix1 _Qrqqhjdwlyh Zhdowk/ Devhqfh ri Duelwudjh/ dqg Ihdvleoh

Frqvxpswlrq Sodqv1% Uhylhz ri Ilqdqfldo Vwxglhv/ yro1 4/ qr1 7/ Zlqwhu 4<;;/ ss1 6::07341

Hoovehuj/ G1 _Ulvn/ Dpeljxlw| dqg wkh Vdydjh D{lrpv/%/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ :8/

ss1 976099<1

Howrq/ Hgzlq M1 _H{shfwhg Uhwxuq/ Uhdol}hg Uhwxuq/ dqg Dvvhw Sulflqj Whvwv1% Wkh Mrxuqdo ri

Ilqdqfh/ yro1 OLY/ qr1 7/ Dxjxvw 4<<</ ss1 44<<045531

Ilvkexuq/ Shwhu F1 _Phdq0Ulvn Dqdo|vlv zlwk Ulvn Dvvrfldwhg zlwk Ehorz0Wdujhw Uhwxuqv% Wkh

Dphulfdq Hfrqrplf Uhylhz/ yro1 9:/ qr1 5/ Pdufk 4<::/ ss1 44904591

Iulhgpdq/ P1/ dqg O1 M1 Vdydjh1 _Wkh Xwlolw| Dqdo|vlv ri Fkrlfhv Lqyroylqj Ulvn1% Mrxuqdo ri

Srolwlfdo Hfrqrp|/ 89/ 4<7;/ ss1 5:<06371

Kdgdu/ M1/ dqg Z1 Uxvvhoo1 _Uxohv iru Rughulqj Xqfhuwdlq Survshfwv1% Dphulfdq Hfrqrplf

Uhylhz/ 8</ 4<9</ ss1 580671
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Kdjhq/ R1 _Wrzdugv d Srvlwlyh Wkhru| ri Suhihuhqfh Xqghu Ulvn1% H{shfwhg Xwlolw| K|srwkhvlv

dqg wkh Doodlv Sdudgr{ hg1 E| P1 Doodlv dqg R1 kdjhq1 Gruguhfkw/ Kroodqg= G1 Uhlgho

Sxeolvklqj Frpsdq|/ 4<:</ ss1 5:406351

Kdndqvvrq/ Qlov K1/ _Zhoiduh Dvshfwv ri Rswlrqv dqg Vxshuvkduhv1% Wkh Mrxuqdo ri Ilqdqfh/ Yro1

[[[LLL/ qr1 6/ Mxqh 4<:;/ ss1 :8<0::91

Kdndqvvrq/ Qlov K1/ _Fkdqjhv lq wkh Ilqdqfldo Pdunhw= Zhoiduh dqg Sulfh H�hfwv dqg wkh Edvlf

Wkhruhpv ri Ydoxh Frqvhuydwlrq1% Wkh Mrxuqdo ri Ilqdqfh/ Yro1 [[[YLL/ qr1 7/ Vhsw1 4<;5/

ss1 <::043371

Kduorz/ Z1Y1/ dqg Udphvk N1V1 Udr1 4<;<1 _Dvvhw Sulflqj lq d Jhqhudol}hg Phdq0orzhu Sduwldo

Prphqw Iudphzrun= Wkhru| dqg Hylghqfh1% Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/

+Vhswhpehu,=5;806441

Kduorz/ Z1Y1 _Dvvhw Doorfdwlrq lq d Grzqvlgh0ulvn Iudphzrun1% Ilqdqfldo Dqdo|vwv Mrxuqdo/

yro1 7:/ qr1 8/ Vhswhpehu2Rfwrehu 4<<4/ ss1 5;0731

Kduw/ Rolyhu G1/ _Rq wkh H{lvwhqfh ri Htxloleulxp lq d Vhfxulwlhv Prgho1% Mrxuqdo ri Hfrqrplf

Wkhru|/ </ 4<:7/ ss1 5<606441

Khuvwhlq/ L1 Q1/ dqg M1 Ploqru/ _Dq D{lrpdwlf Dssurdfk wr Phdvxudeoh Xwlolw|1% Hfrqrphwulfd/

54/ 4<86/ ss1 5<405<:1

Klfnv/ M1U1/ Ydoxh dqg Fdslwdo1 R{irug Xqlyhuvlw| Suhvv/ Idlu Odzq/ Q1M1/ 4<6<1

Ndkqhpdq/ Gdqlho/ dqg Dprv Wzhuvn|1 _Survshfw Wkhru|= Dq Dqdo|vlv ri Ghflvlrq xqghu Ulvn1%

Hfrqrphwulfd/ yro1 7:/ qr15/ Pdufk 4<:</ ss1 59605<41
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Nqljkw/ I1K1/ Ulvn/ Xqfhuwdlqw| dqg Sur�w1 Qhz \run= Krxjkwrq Pl�lq 4<54 +Uhsulqwv ri

Hfrqrplf Fodvvlfv/ Qhz \run/ 4<97,1

Nuhsv/ G1P1/ _D Uhsuhvhqwdwlrq Wkhruhp iru cSuhihuhqfh iru Ioh{lelolw|*1% Hfrqrphwulfd/ 7:/

4<:</ ss1 89808::1

Nuhsv/ G1P1/ _Duelwudjh dqg Htxloleulxp lq Hfrqrplhv zlwk Lq�qlwho| pdq| Frpprglwlhv1% Mrxu0

qdo ri Pdwkhpdwlfdo Hfrqrplfv ;/ 4<;4/ ss1480681

Ohodqg/ Kd|qh H1 _Zkr Vkrxog Ex| Sruwirolr LqvxudqfhB% Wkh Mrxuqdo ri Ilqdqfh/ yro1[[[Y/

qr1 5/ pd| 4<;3/ ss1 8;408<71

Ohy|/ Kdlp/ dqg \rudp Nuroo1 _Vwrfkdvwlf Grplqdqfh zlwk Ulvnohvv Dvvhwv1% Pdqdjhphqw Vfl0

hqfh/ Ghfhpehu 4<:9/ ss1 :760:::1

Olqwqhu/ M1 _Wkh Ydoxdwlrq ri Ulvn Dvvhwv dqg wkh Vhohfwlrq ri Ulvn| Lqyhvwphqwv lq Vwrfn Sruw0

irolrv dqg Fdslwdo Exgjhwv1% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 7:/ Ihe1 4<98d/ 4606:1

Olqwqhu/ M1 _Vhfxulw| Sulfhv/ Ulvn/ dqg Pd{lpdo Jdlqv iurp Glyhuvl�fdwlrq1% Mrxuqdo ri Ilqdqfh/

53/ Ghf1 4<98e/ ss1 8;:09481

PdfFulpprq/ N1 U1/ dqg V1 Oduvvrq1 _Xwlolw| Wkhru|= D{lrpv yhuvxv *Sdudgr{hv*1% H{shfwhg

Xwlolw| K|srwkhvlv dqg wkh Doodlv Sdudgr{ hg1 e| P1 Doodlv dqg R1 Kdjhq1 Gruguhfkw/ Kroodqg=

G1 Uhlgho Sxeolvklqj Frpsdq|/ 4<:<1

Pdfklqd/ P1 M1 _H{shfwhg Xwlolw| Dqdo|vlv zlwkrxw wkh Lqghshqghqfh D{lrp1% Hfrqrphwulfd/83/

5::06561

Pdolqydxg/ H1 _Qrwh rq yrq Qhxpdqq0Prujhqvwhuq*v Vwurqj Lqghshqghqfh D{lrp1% Hfrqrphw0

ulfd/ 53/ 4<85/ 9:<1
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Pdunrzlw}/ Kduu|1 _Sruwirolr Vhohfwlrq1% Mrxuqdo ri Ilqdqfh :/ qr1 4/ 4<85/ ss1 ::0<41

Pdunrzlw}/ Kduu|1 Sruwirolr Vhohfwlrq= H�flhqw Glyhuvl�fdwlrq ri Lqyhvwphqwv/ Qhz \run= Zloh|/

4<8<1

Pduvfkdn/ M1 _Udwlrqdo Ehkdylru/ Xqfhuwdlq Survshfwv/ dqg Phdvxudeoh Xwlolw|1% Hfrqrphwulfd/

4;/ 4<83/ ss1 44404741 +_Huudwd/% Hfrqrphwulfd/ 4;/ 4<83/ 6451,

Phkud/ Udmqlvk dqg Suhvfrww/ Hgzdugv F1 _Wkh Htxlw| Suhplxp0D Sx}}oh1% Mrxuqdo ri Prqhwdu|

Hfrqrplfv/ 48/ 4<;8/ ss1 47804941

Phuwrq/ Urehuw F1 Frqwlqxrxv0Wlph Ilqdqfh/ Eodfnzhoo Sxeolvkhuv Lqf1 PD/ XVD1 4<<:1

Prqgljoldql/ Iudqfr/ dqg P1K1 Ploohu1 _Wkh Frvw ri Fdslwdo/ Frusrudwlrq Ilqdqfh dqg wkh Wkhru|

ri Lqyhvwphqw1% Dphulfdq Hfrqrplf Uhylhz/ 7;/ Mxqh 4<8;/ ss1 59405<:1

Prujdq/ M1S1 UlvnPhwulfv Prqlwru/ 7wk Txduwhu/ 4<<81

Pruulvrq/ G1 J1 _Rq wkh Frqvlvwhqf| ri Suhihuhqfhv lq Doodlv*v Sdudgr{1% Ehkdylrudo Vflhqfh/

45/4<9:/ ss1 6:606;61

Prvnrzlw}/ K1 _H�hfwv ri Sureohp Uhsuhvhqwdwlrq dqg Ihhgedfn rq Udwlrqdo Ehkdylru lq Doodlv

dqg Pruodw0W|sh sureohpv1% Ghflvlrq Vflhqfh/ 8/ 4<:7/ ss1 55805751

Prvvlq/ Mdq1 _Htxloleulxp lq d Fdslwdo Dvvhw Pdunhw1% Hfrqrphwulfd/ 67/ 4<99/ ss1 :9;0:;61

Qlhovhq/ O1W1/ _Xqltxhqhvv ri Htxloleulxp lq wkh Fodvvlfdo Fdslwdo Dvvhw Sulflqj Prgho1% Mrxuqdo

ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 56/ 4<;;/ ss1 65<06691

Qlhovhq/ O1W1/ _H{lvwhqfh ri Htxloleulxp lq FDSP1% Mrxuqdo ri Hfrqrplf Wkhru|/ 85/ 4<<3/ ss1

55605641
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Shohj/ E1/ dqg \ddul/ P1H1/ _D Sulfh Fkdudfwhul}dwlrq ri H�flhqw Udqgrp Yduldeohv1% Hfrqr0

phwulfd/ 76/ qr1 5/ Pdufk 4<:8/ ss1 5;605<51

Sruwhu/ U1 Exuu1 _Vhplyduldqfh dqg Vwrfkdvwlf Grplqdqfh= D Frpsdulvrq1% Dphulfdq Hfrqrplf

Uhylhz/ yro1 97/ qr1 4/ Pdufk 4<:7/ ss1 53305371

Sudww/ M1 Z1 _Ulvn Dyhuvlrq lq wkh Vpdoo dqg lq wkh Odujh1% Hfrqrphwulfd/ 65/ 4<97/ ss1 45504691

Sudww/ Mrkq Z1 dqg ]hfnkdxvhu/ Ulfkdug M1 _Surshu Ulvn Dyhuvlrq1% Hfrqrphwulfd/ yro1 88/ qr1

4/ Mdqxdu| 4<;:/ ss1 47604871

Urvv/ Vwhskhq D1 _Rswlrqv dqg H�flhqf|1% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <3/ 4<:9/ ss1 :80;<1

Urvv/ Vwhskhq D1 _Pxwxdo Ixqg Vhsdudwlrq lq Ilqdqfldo Wkhru|0Wkh Vhsdudwlqj Glvwulexwlrqv1%

Mrxuqdo ri Hfrqrplf Wkhru|/ 4:/ 4<:;/ ss1 58705;91

Urwkvfklog/ P1/ dqg M1 Vwljolw}1 _Lqfuhdvlqj Ulvn= L1 D Gh�qlwlrq1% Mrxuqdo ri Hfrqrplf Wkhru|/

5/ 4<:3/ ss1 55805761 +_Dgghqgxp/% Mrxuqdo ri Hfrqrplf Wkhru|/ 8/ 4<:5/ 6391,

Urwkvfklog/ P1/ dqg M1 Vwljolw}1 _Vrph Ixuwkhu Uhvxowv rq wkh Phdvxuhphqw ri Lqhtxdolw|1% mrxuqdo

ri Hfrqrplf Wkhru|/ 9/ 4<:6/ ss1 4;;05371

Ur|/ D1G1 _Vdihw|0Iluvw dqg Kroglqj ri Dvvhwv1% Hfrqrphwulfd/ Yro1 53/ 4<851 ss1 764077<1

Uxelqvwhlq/ Pdun1 _Dq Djjuhjdwlrq Wkhruhp iru Vhfxulwlhv pdunhwv1% mrxuqdo ri Ilqdqfldo

Hfrqrplfv/ 4/ 4<:7/ ss1 55805771

Uxelqvwhlq/ Pdun1 _Lpsolhg Elqrpldo Wuhhv1% Wkh Mrxuqdo ri Ilqdqfh/ Yro1 O[L[/ qr1 6/ 4<<7/

ss1 ::40;4;1
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Vdpxhovrq/ S1 D1 _Xwlolw|/ Suhihuhqfh/ dqg Suredelolw|1% devwudfw ri d sdshu jlyhq ehiruh wkh frq0

ihuhqfh rq _Ohv Irqghphqwv hw Dssolfdwlrqv gh od Wkhrulh gx Ulvtxh hq Hfrqrphwulh1% Sdulv/

Pd|/ 4<851 Uhsulqwhg dv Fkdswhu 46 lq Froohfwhg Vflhqwl�f Sdshuv ri Sdxo D1 Vdpxhovrq/

Yroxph L hg1 e| M1 Vwljolw}1 Fdpeulgjh1 Pdvv1= PLW Suhvv/ 4<991

Vdpxhovrq/ Sdxo D1 _Wkh Ixqgdphqwdo Dssur{lpdwlrq Wkhruhp ri Sruwirolr Dqdo|vlv lq whupv

ri Phdqv/ Yduldqfhv dqg Kljkhu Prphqwv1% Uhylhz ri Hfrqrplfv Vwxglhv/ 6:/ 4<:3/ ss1

86:0751

Vdydjh/ O1M1/ Wkh Irxqgdwlrqv ri Vwdwlvwlfv/ Qhz \run= Mrkq Zloh| ) Vrqv/ 4<871 +Qhz \run=

Gryhu Sxeolfdwlrqv/ 4<:5,1

Vkdush/ Zlooldp I1 _Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxloleulxp xqghu Frqglwlrqv ri

Ulvn1% Mrxuqdo ri Ilqdqfh/ 4</ 4<97/ ss1 756076<1

Vkdush/ Zlooldp I1 _Pxwxdo Ixqg Shuirupdfh1% Mrxuqdo ri Exvlqhvv/ Mdqxdu| 4<99/ ss1 44<046;1

Vkhooh|/ Pdumrulh N1 _Jdlq2Orvv Dv|pphwu| lq Ulvn| Lqwhuwhpsrudo Fkrlfh% Rujdql}dwlrqdo

Ehkdylru dqg Kxpdq Ghflvlrq Surfhvvhv/ 8</ 4<<7/ ss1 457048<1

Vwduphu/ Fkulv/ _Ghyhorsphqwv lq Qrq0H{shfwhg Xwlolw| Wkhru|= Wkh Kxqw iru d Ghvfulswlyh

Wkhru| ri Fkrlfh xqghu Ulvn1% Mrxuqdo ri Hfrqrplf Olwhudwxuh/ Yro1 [[[YLLL/ Mxqh 5333/

ss1 66506;51

Vwroo/ Kdqv U1/ _Iulfwlrq1% Wkh Mrxuqdo ri Ilqdqfh/ Yro1 OY/ Qr1 7/ Dxjxvw 5333/ ss1 47:<048471

Vwrqh/ E1N1/ _D Jhqhudo Fodvv ri Wkuhh Sdudphwhu Ulvn Phdvxuhv1% Mrxuqdo ri Ilqdqfh/ yro1 5;/

Mxqh 4<:6/ ss1 9:809;81
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Wrelq/ M1 _Oltxlglw| Suhihuhqfh dv Ehkdylru Wrzdug Ulvn1% Uhylhz ri Hfrqrplf Vwxglhv/ 58/

4<8;/ ss1 980;81

Wyhuvn|/ D1 _Xwlolw| Wkhru| dqg Dgglwlylw| Dqdo|vlv ri Ulvn| Fkrlfhv1% mrxuqdo ri H{shulphqwdo

Sv|fkrorj|/ :8/ 4<9:d/ ss1 5:0691

Wyhuvn|/ D1 _Dgglwlylw|/ Xwlolw|/ dqg Vxemhfwlyh Suredelolw|1% Mrxuqdo ri Pdwkhpdwlfdo Sv|fkro0

rj|/ 7/ 4<9:e/ ss1 4:805341

Wyhuvn|/ D1 _Lqwudqvlwlylw| ri Suhihuhqfhv1% Sv|fkrorjlfdo Uhylhz/ :9/ 4<9</ ss1 6407;1

Wyhuvn|/ D1 _D Fulwltxh ri H{shfwhg Xwlolw| Wkhru|= Ghvfulswlyh dqg Qrupdwlyh Frqvlghudwlrqv1%

Hunhqqwqlv/ </ 4<:8/ ss1 49604:61

Yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq _Wkhru| ri jdphv dqg Hfrqrplf Ehkdylru1% Sulqfhwrq=

Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<771 Vhfrqg Hglwlrq/ 4<7:1 Wklug Hglwlrq/ 4<861

Zlooldpv/ Mrvhsk W1 _Fdslwdo Dvvhw Sulfhv zlwk Khwhurjhqhrxv Eholhiv1% Mrxuqdo ri Ilqdqfldo

Hfrqrplfv/ 8/ 4<::/ ss1 54<056<1

]rx/ Oldqj1 _Lqkhuhqw Uhzdug dqg Ulvn +Sduw L,= Wrzdugv d Xqlyhuvdo Sdudgljp iru Lqyhvwphqw

Dqdo|vlv1% Wlqehujhq Lqvwlwxwh Glvfxvvlrq Sdshu Vhulhv/ 5333d/ WL 5333 383251 Uhylvhg xqghu

qhz hqwlwoh= _Wkh Glfkrwrprxv Wkhru| ri Fkrlfh xqghu Ulvn1% Zrunlqj Sdshu/ Ilqdqfh

Jurxs/ Xqlyhuvlw| ri Dpvwhugdp1

]rx/ Oldqj1 _Lqkhuhqw Uhzdug dqg Ulvn +Sduw LL,= G|qdplf Lqyhvwphqw Vwudwhjlhv dqg Sulflqj ri

Frqwlqjhqw Fodlpv1% Zrunlqj Sdshu/ Ilqdqfh Jurxs/ Xqlyhuvlw| ri Dpvwhugdp/ 5333e1
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41 Sduw ri wklv sdshu zdv zulwwhq zkloh L zdv ylvlwlqj Krqj Nrqj Edswlvw Xqlyhuvlw| lq wkh idoo

ri 4<<<1 Wkh jhqhurxv vxssruw ri p| krvw/ wkh khosixo frpphqwv e| Urg D|d/ Khqn Nrvwhu/

Nlq Odp/ Zhl Ol/ froohdjxhv dqg vhplqdu sduwlflsdqwv dw Xqlyhuvlw| ri Dpvwhugdp/ Krqj

Nrqj Edswlvw Xqlyhuvlw|/ Xqlyhuvlw| ri Krqj Nrqj/ Wlqehujhq Lqvwlwxwh dqg/ lq sduwlfxodu/

wkh ghwdlohg uhpdunv e| Odl{ldqj Vxq/ Ioruldq Zdjhqhu dqg Shwhu Zdnnhu rq hduolhu yhuvlrqv/

duh judwhixoo| dfnqrzohgjhg1 Doo huuruv uhpdlq wr eh p| rzq/ ri frxuvh1

51 Wkh uhdghu qhhg qrw kdyh sulru nqrzohgjh ri wklv wkhru|/ d vxppdu| ri zklfk lv suhvhqwhg lq

Vhfwlrqv 5 dqg 6 ehorz1

61 Iru d uhfhqw vxuyh| dqg rwkhu uhihuhqfhv/ vhh Fdpsehoo +5333,1

71 Uhfhqwo|/ Ehuqdugr dqg Ohgrlw +5333, suhvhqw d sulflqj prgho wkdw kdv vrph vwuxfwxudo vlp0

lodulw| zlwk wkh lqkhuhqw0prgho wr eh ghyhorshg khuh1 Wkhlu jdlq0orvv udwlr/ krzhyhu/ lv frp0

sxwhg xvlqj ulvn0dgmxvwhg suredelolwlhv ri vrph jlyhq ehqfkpdun sruwirolr zkhuhdv L zrun

zlwk suredelolwlhv wkdw duh dfwxdoo| eholhyhg e| wkh lqyhvwruv1 Ehuqdugr dqg Ohgrlw rewdlq

uhodwlrqvklsv ehwzhhq erxqgv ri wkh sulflqj nhuqho dqg ri wkh jdlq0orvv udwlr/ dvvxplqj d

glvfuhwh vwdwh vsdfh1 Lq wkh devhqfh ri d wkhru| ri fkrlfh/ wkrxjk/ wkhvh erxqgv duh txlwh

duelwudu|1 Lq frqwudvw/ wkh sulflqj prghov wr eh suhvhqwhg khuh duh exlow zlwklq d uljrurxv

wkhruhwlfdo iudphzrun dqg r�hu pxfk vkdushu +h1j1/ d suhflvh suhglfwlrq ri vhfxulw| sulfhv,

dqg pruh jhqhudo +h1j1/ rq d pruh jhqhudo vwdwh vsdfh, uhvxowv1

81 Iru d uhfhqw vxuyh| ri xwlolw| ixqfwlrqv iru zhdowk/ vhh Ehoo dqg Ilvkexuq +5333,1

91 Lq ]rx +5333e, L vkrz krz wklv wzr0gdwh prgho fdq eh uhdglo| h{whqghg wr d pxowl0shulrg
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prgho zlwk sdwk frqvlvwhqf|1

:1 Wkhvh sd|r�v pljkw dovr eh lqwhusuhwhg dv d frqvhtxhqfh ri vrph g|qdplf wudglqj vwudwhjlhv

suh0surjudphg wr plplf d wdujhwhg sd|r� vwuxfwxuh dw wlph 41 Krzhyhu/ vlqfh wklv lqwhusuh0

wdwlrq uhtxluhv ixuwkhu dvvxpswlrqv wkdw duh xqqhfhvvdu| lq wklv vwdwlf vhwwlqj +h1j1/ vprrwk

vhfxulw| sulfh surfhvvhv dqg wkh delolw| ri wkh wudghuv wr frpplw wr vxfk plplfnlqj vwudwhjlhv

ryhu wlph,/ L fkrrvh wr lqwhusuhw vxfk sd|r�v dv d uhvxow ri wkh ghulydwlyh frqwudfwv1

;1 Lw lv gl�fxow wr frqvwuxh wkh frqfhsw ri qhjdwlyh zhdowk1 Wkh sureohp olhv lq wkh zloolqjqhvv

ri wkh fuhglwru wr wuhdw wkh ghewru*v qhjdwlyh zhdowk dv klv dvvhw1 Li wkh ghewru kdv wkh delolw|

wr uhqghu vhuylfh ru ghihu sd|phqw ri klv ghew/ wkhq klv fxuuhqw zhdowk vkrxog uh�hfw wkh ydoxh

ri klv vhuylfh ru wkh suhvhqw ydoxh ri klv ixwxuh zhdowk1 Hyhq zkhq d fuhglwru hqmr|v wkh sxuh

sv|fkr0sohdvxuh ri _frqvxplqj% klv ghewru*v qhjdwlyh zhdowk/ vxfk sohdvxuh kdv ydoxh wkdw

fdq eh xvhg wr uhgxfh wkh ghewru*v qhjdwlyh zhdowk1 Diwhu ghsohwlqj doo vxfk srvvlelolwlhv wkh

uhpdlqlqj oldelolwlhv/ li dq|/ kdv wr eh zulwwhq r� iurp wkh fuhglwru*v dvvhw vlgh ri wkh edodqfh

vkhhw1 Dqdo|wlfdoo|/ lw vx�fhv wr dvvxph wkdw u� 5 ^3>P ` doprvw vxuho|/ l1h1/ wkh suredelolw|

wkdw u� A P lv }hur1 Qrwh dovr wkdw wkh dqdo|vlv lv hdvlhu zlwkrxw wkh qrq0qhjdwlyh zhdowk

frqvwudlqw1 Wkh sxusrvh khuh lv qrw wr vlpsoli|/ exw wr vkrz krz wkh wkruq| lvvxh ri qhjdwlyh

zhdowk fdq eh hdvlo| uhvroyhg lq wkh suhvhqw dqdo|wlfdo iudphzrun1 Vhh/ h1j1/ G|eylj dqg

Kxdqj +4<;;, rq qrqqhjdwlyh zhdowk dqg lwv lpsolfdwlrqv1

<1 Dowhuqdwlyho|/ rqh fdq dvvxph wkdw wkh eurnhudjh �upv ru wkh fohdulqj krxvhv duh yljlodqw

hqrxjk vr wkdw dq dffrxqw lv dxwrpdwlfdoo| oltxlgdwhg dv vrrq dv lwv ydoxh idoov wr }hur1 Iurp

wkh ylhzsrlqw ri g|qdplf uhedodqflqj/ wklv lv htxlydohqw iru wkh lqyhvwru wr ex|lqj d sxw

rswlrq dw wkh vwduw vr wkdw kh qhyhu ulvnv edqnuxswf|1
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431 Lpsolflw lq wklv gh�qlwlrq lv wkdw hyhu| vwudwhj| pxvw kdyh dq lqlwldo frvw wr hvwdeolvk/ dqg

wkdw wkh frvw lv �qlwh1 Lqyhvwruv zlwk }hur zhdowk/ iru lqvwdqfh/ zloo qrw eh doorzhg wr wudgh

ulvn| dvvhwv ~ iru hovh/ xqghu ulvn/ qhjdwlyh zhdowk pd| rffxu dw wlph 41 Wklv uhvwulfwlrq/

krzhyhu/ grhv qrw suhfoxgh wkh frqvlghudwlrq ri ghulydwlyh vhfxulwlhv wkdw kdyh d }hur frvw/

vlqfh lw lv hdv| wr frpelqh vxfk ghulydwlyhv zlwk d ulvn0iuhh dvvhw dqg dqdo|}h wkh frpelqhg

sruwirolr dv d vwudwhj|1 Vlploduo|/ li d ghulydwlyh frqwudfw kdv d qhjdwlyh ydoxh/ wkhq lqyhvwruv

rq wkh rwkhu vlgh ri wkh frqwudfw pxvw vhh lw kdylqj d srvlwlyh ydoxh1

441 Vhh/ h1j1/ Ohodqg +4<;3, dqg Euhqqdq dqg Vrodqnl +4<;4, iru vlplodu prghoolqj ri vwudwhjlhv

dv ixqfwlrqv ri wkh xqghuo|lqj dvvhw1 H{lvwlqj prghov xvxdoo| frqvlghu rqo| rqh vlqjoh ulvn|

dvvhw dv wkh xqghuo|lqj/ zkhuhdv khuh { lv d ixqfwlrq ri d q0glphqvlrqdo yhfwru1

451 Qrwh wkdw dvvxplqj dq xsshu erxqg iru doo wkh lqyhvwphqw uhwxuqv grhv qrw suhfoxgh srv0

vleoh duelwudjh vwudwhjlhv1 Dq duelwudjh vwudwhj| grhv qrw kdyh wr phdq wkdw zlwk 4 groodu

lqyhvwphqw rqh frxog pdnh lqvwdqwo| duelwudulo| kljk sur�wv1 Lw lv pruh surshuo| gh�qhg dv

d vwudwhj| wkdw frxog uhdol}h dq deryh0qrupdo ulvn0iuhh uhwxuq +h1j1/ kljkhu wkdq wkh ulvn0iuhh

lqwhuhvw udwh,/ dqg lw pxvw deoh wr eh +lq�qlwho|, uhshdwhg iru +lq�qlwho|, kljk sur�wv1Wklv

dvvxpswlrq/ krzhyhu/ grhv suhfoxgh pdq| lqwhuhvwlqj glvwulexwlrq ixqfwlrqv/ vxfk dv qrupdo

glvwulexwlrqv1 Lq p| rslqlrq/ lw vkrxog qrw eh frqvlghuhg dv d olplwdwlrq ri wkh wkhru|1 Lq0

vwhdg/ vlqfh wkh wrwdo zhdowk ri wkh zruog hfrqrp| lv erxqghg dw dq| jlyhq srlqw lq wlph/ lw

lv pruh uhdolvwlf dqg uljrurxv wr suhfoxgh wkh xqerxqghg uhwxuq glvwulexwlrqv1 Wkh lqfrqvlv0

whqf| ehwzhhq vkruw0vdohv dqg xqerxqghg vwrfn uhwxuqv fdq wkxv eh dyrlghg1 Mxvwl�fdwlrq iru

xvlqj xqerxqghg glvwulexwlrqv wr dssur{lpdwh uhdolw| fdq eh uhohjdwhg wr dssolfdwlrqv ri wkh

wkhru|1
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461 Wklv ohyho ri zhdowk/ lq qrplqdo whupv/ pd| ghshqg rq wkh fxuuhqw sulfhv ri wkh vhfxulwlhv dv

z� pd| eh lqwhusuhwhg dv wkh wrwdo ydoxh ri wkh lqyhvwru*v fxuuhqw sruwirolr edvhg rq pdunhw

sulfhv1 Krzhyhu/ vlqfh wkh sulfhv ri wkh sulplwlyh vhfxulwlhv duh qrupdol}hg wr 4 dqg wkh

qxpehuv ri wkh djjuhjdwh vxsso| ri wkh sulplwlyh vhfxulwlhv duh dvvxphg wr eh �{hg/ z� lv d

frqvwdqw iru hdfk lqyhvwru dw wlph 31

471 Lq wkh phdq0yduldqfh dqdo|vlv wkhuh lv d vlplodu sureohp wkdw nlqnv pd| rffxu rq wkh phdq0

yduldqfh iurqwlhu1 G|eylj +4<;7, vkrzv wkdw wklv kdsshqv rqo| xqghu vrph uduh frqglwlrqv/

dqg zlwk d vkruw0vdohv uhvwulfwlrq1 Qrwh wkdw wkh lqhtxdolwlhv khuh lq +:, dsso| wr vxemhfwlyho|

eholhyhg vhfxulw| sulfhv +ru uhwxuqv, dqg wkh rswlpdo vwudwhj| fdq gl�hu dfurvv lqyhvwruv1

481 Wkh uhdvrq wr fdoo vxfk lqyhvwruv _lqkhuhqwo| udwlrqdo% lv wkdw h{dpsohv fdq eh frqvwuxfwhg lq

zklfk lqyhvwruv zkr gr qrw djuhh zlwk wkh lqkhuhqw phdvxuhv ri uhzdug dqg ulvn pd| vxemhfw

wkhpvhoyhv wr _plvsulflqj wr wkhlu glvdgydqwdjh%> lq rwkhu zrugv/ wkh| pd| fuhdwh duelwudjh

rssruwxqlwlhv iru wkh rwkhuv1 Wklv vxemhfw lv qrw shuvxhg khuh/ krzhyhu1

491 H�flhqf| fulwhulrqv ydu|/ ri frxuvh/ zlwk wkh lqglylgxdo remhfwlyhv1 Lq wkh h{shfwhg xwlolw|

sdudgljp/ iru lqvwdqfh/ vhh Shohj dqg \ddul +4<:8, rq h�flhqf| vhwv ri vhfxulw| sulfhv/ dqg

G|eylj dqg Urvv +4<;5, rq h�flhqf| vhwv ri sruwirolr ghflvlrqv1

4:1 Vhh Fodun +5333, iru pruh rq dssur{lpdwh duelwudjh lq d prgho ri lq�qlwho| pdq| frpprglwlhv

sursrvhg e| Nuhsv +4<;4,1

4;1 Hyhq li lq wkhru| d pdunhw fdq eh vsdqqhg h�flhqwo| zlwk rqo| vxshuvkduhv +Kdndqvvhq 4<:;/

4<;5, ru zlwk rqo| rswlrqv rq dq h�flhqw sruwirolr/ +h1j1/ Urvv/ 4<:9,/ wklv uhtxluhv d frpsohwh

vshfwuxp ri vxshuvkduhv ru rswlrqv zlwk d ixoo udqjh ri h{huflvh sulfhv wkdw zh gr qrw revhuyh1

Dovr/ hyhq li lq wkhru| vwudwhjlhv fdq eh frqwlqxrxvo| uhedodqfhg wr plplf wkh sd|r� ri dq|
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rswlrq +sruwirolrv,/ wklv uhtxluhv xquhdolvwlf dvvxpswlrqv wkdw wkhuh lv qr wudqvdfwlrq frvwv

dqg wkdw wkh vwrfn uhwxuqv iroorz d frqwlqxrxv vwrfkdvwlf surfhvv +h1j1/ Eodfn dqg Vfkrohv/

4<:6> Phuwrq/ 4<<:,1 Iruwxqdwho|/ wkhvh frqfhuqv ehfrph vxshu�xrxv lq d txdvl0frpsohwh

pdunhw surylghg wkdw d vlqjoh _�dw rswlrq% rq wkh pdunhw sruwirolr fdq eh wudghg +zlwk d

zhdno| frqfdyh uhvwulfwlrq rq lqyhvwruv* shufhswlrq ri uhzdug dqg ulvn/ wkxv doorzlqj zhdno|

frqfdyh yrq Qhxpdqq0Prujhqvwhuq xwlolwlhv,1

4<1 Wkh uhdghu pd| zrqghu li lw lv srvvleoh wr dssur{lpdwho| duelwudjh e| ex|lqj wkh xs0pdunhw

vwdwhv ^uf> uf . %` � J dqg vkruw vhoolqj wkh grzq0pdunhw vwdwhv ^uf � %> uf` � O iru lq�qlwhv0

lpdoo| vpdoo %1 Wkh dqvzhu lv qr1 Surylghg % A 3/ lw lv hdv| wr yhu|i| wkdw vxfk d vwudwhj|

+zlwk wkh uhvw lq fdvk, |lhogv dq lqkhuhqw uhzdug0wr0ulvn udwlr wkdw lv ohvv ru htxdo wr }+|,/

| 5 H+
,1 Rq wkh rwkhu kdqg/ wkhuh lv d erxqg +% � %f A 3, rq wkh pd{lpxp vkruw srvl0

wlrqv wdnhq lq vxfk d vwudwhj| ehiruh lqfxuulqj khgjlqj frvwv xqghu olplwhg oldelolw| +h1j1/ vhh

H{dpsoh 4,1

531 Uhtxlulqj pdunhw wr fohdu dw erwk wlphv hqvxuhv frqvlvwhqf| zlwk wkh qrqqhjdwlyh0zhdowk

frqvwudlqw1 Lq wkh htxloleulxp vwxglhv ri pdunhw prghov lw lv riwhq rqo| uhtxluhg wkdw wkh

pdunhw fohduv dw wlph 3 +vhh/ h1j1/ Kduw/ 4<:7> Doolqjkdp/ 4<<4> Gdqd/ 4<<<> dqg Qlhovhq/

4<;;/ 4<<3,1

541 Wkhuh lv qr qhhg wr lqwurgxfh wkh �dw0sxw rswlrq vlqfh lw fdq eh frqvwuxfwhg xvlqj wkh ulvn0

iuhh dvvhw dqg wkh �dw0fdoo rqo| e| wkh sxw0fdoo sdulw| iru �dw rswlrqv +55,1 Lw lv xvhg khuh iru

frqyhqlhqfh1

551 Iru rwkhu vhsdudwlrq wkhrulhv lq wkh iudphzrun ri h{shfwhg xwlolw| ru lq pruh uhvwulfwhg fodvvhv

ri uhwxuq glvwulexwlrqv vhh/ h1j1/ Fdvv dqg Vwljolw} +4<;5,/ Urvv +4<:;,/ dqg Uxelqvwhlq +4<:7,1
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561 Dq xqyhul�hg frqmhfwxuh lv wkdw wklv h{lvwhqfh wkhruhp frxog eh h{whqwhg wr d txdvl0frpsohwh

pdunhw zlwk jhqhudo shufhswlrqv ri uhzdug dqg ulvn/ surylghg wkdw wkh wrwdo zhdowk ri wkh

lqkhuhqwo| udwlrqdo lqyhvwruv lv vx�flhqwo| odujh vr wkdw wkh| fdq devrue wkh �dw0rswlrq h�hfw1

Lw lv reylrxv wkdw dq htxloleulxp fdqqrw h{lvw li doo lqyhvwruv suhihu �dw rswlrqv/ vlqfh �dw

rswlrqv dvvljq �{hg sd|r�v zkhuhdv wkh pdunhw uhwxuqv duh jhqhulfdoo| udqgrp1

571 Vlqfh wkhuh lv d xqlirup xsshu erxqg iru wkh sd|r�v ri doo wkh shufhswlrq rq zklfk wkh

vwudwhj| { 5 
 lv gh�qhg/ d vkruw srvlwlrq lq { zlwk vx�flhqwo| vpdoo h{srvxuh � A �� lv dovr

d ihdvleoh vwudwhj| lq 
/ l1h1/ zlwkrxw ulvnlqj orvlqj pruh wkdq 433( doprvw vxuho|1
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Efficient Strategy: Capital Allocation

r0

r0
y r( )

x r( )

0

ar a y r0 1+ −( ) ( )

Iljxuh 4= D olqhdu frpelqdwlrq ri | dqg d ulvn0iuhh dvvhw lv lqkhuhqwo| h�flhqw1
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Efficient Strategy: Bull Spread

r0

r0
y r( )

x r( )

0

y r Put Call( ) + −

Iljxuh 5= D exoo vsuhdg fdq eh lqkhuhqwo| h�flhqw surylghg lw lv frqvwuxfwhg wr kdyh shuihfw fr0

grpdlq zlwk |1
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Inefficient Strategies:
Covered Call and Protective Put

r0

r0
y r( )

x r( )

0

Covered Call

Protective Put

Iljxuh 6= Erwk wkh fryhuhg fdoo vwudwhj| dqg wkh surwhfwlyh sxw vwudwhj| dv ghslfwhg duh lqh�flhqw

ehfdxvh wkh| gr qrw kdyh shuihfw fr0grpdlq zlwk |1
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Inefficient Strategy: Straddle

r0

r0
y r( )

x r( )

0

Iljxuh 7= D vwudggoh fdqqrw eh h�flhqw ehfdxvh lw qhyhu fdq eh pdgh wr kdyh shuihfw fr0grpdlq

zlwk |1
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Up-market and Down-market Lines

Up-market line

Down-market line

E(x)

(�x-r0_G�

(�r0-x_L�

0

u(m|G)

1
v(m|L)

.

. .

.

Iljxuh 8= Wkh glfkrwrprxv sulflqj prgho suhglfwv wkdw lq htxloleulxp hyhu| vhfxulw|*v xs0pdunhw

srwhqwldo dqg grzq0pdunhw srwhqwldo duh olqhdu ixqfwlrqv ri lwv ehwd1 Wkxv wkh xs0pdunhw +uhvs1

grzq0pdunhw, srwhqwldov ri doo vhfxulwlhv vkrxog idoo rq wkh xs0pdunhw +uhvs1 grzq0pdunhw, olqh1

Qrwh wkdw wkhvh olqhv fdq eh h{whqghg wr wkh ohiw wr doorz iru qhjdwlyh ehwdv/ zklfk duh qrw ghslfwhg

lq wkh �jxuh1
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Indifference Curves and Efficient Frontier

)(xv

)(xu

0

.
m.. (common task)

(individual choice)

(individual choice)

)(mz
Ω

Efficient frontier

Iljxuh 9= Li doo lqyhvwruv vkduh frpprq shufhswlrq ri lqkhuhqw uhzdug dqg lqkhuhqw ulvn/ wkhq

pd{lpl}lqj wkh lqkhuhqw uhzdug0wr0ulvn udwlr } lv d frpprq wdvn1 Lq htxloleulxp wkh pdunhw

sruwirolr p r�huv wkh kljkhvw vxfk udwlr }+p, dqg lqglylgxdov fkrrvh rswlpdo vwudwhjlhv dorqj wkh

h�flhqw iurqwlhu1


