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PRICING OF INVESTMENT STRATEGIES

Abstract: This paper applies the dichotomous theory of choice by Zou (2000a) to the analysis
of investment strategies and security markets. Issues concerning individual optimality, (approxi-
mate) arbitrage, capital market equilibrium, and Pareto efficiency are studied under various market
conditions. Among the main results are (i) a unique dichotomous pricing model, unifying and gen-
eralizing the existing models, that can be used for pricing any financial securities under both
complete and incomplete markets, (ii) conditions for individual optimality that hold for general
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1 INTRODUCTION

In a preceding paper (Zou, 2000a), a dichotomous theory of choice under risk is presented.? The
theory assumes that choice under risk involves a two-stage decision: first assessing the reward
and risk of each feasible investment strategy, and then choosing the best strategy — the one that
maximizes the investor’s reward-risk utility. Individuals may differ in their preferences over, as
well as in their perception of, reward and risk for the feasible strategies. An investment strategy
also has its own inherent reward and inherent risk that are independent of any particular investor’s
preference or behavior. Axiomatizing this notion leads to a unique measure of inherent reward and
risk for any investment strategy, and to the definition of inherent efficiency, a criterion of non-
dominance in terms of the inherent reward-to-risk ratios of the relevant strategies. The present
paper applies this theory to the analysis of investment strategies and the securities market. Among

the main results to be shown are:

1. A general analytical framework in which (i) preference is represented by the individual’s
perception of reward and risk and a reward-risk utility that includes expected utilities as
a special case, (ii) contingencies are represented by an n-dimentional vector of states of
which the probability distribution is allowed to be discrete, continuous, or both, (iii) leverage
and short-selling are allowed, but limited liability is explicitly taken into account to prevent
negative wealth, and (iv) new concepts are introduced, such as “co-domain of investment

strategies”, “quasi-completeness of capital markets”, and “flat options”.

2. Necessary conditions for individual optimality and optimal investment strategies, including
(i) maximization of the (perceived) reward-to-risk ratio, and (ii) sharing perfect co-domain

with an inherently efficient strategy. These results hold for the general reward-risk utilities



among which the expected utility is a special case.

3. A simple model for pricing general investment strategies — broadly defined to be any com-
bination of primitive and derivative securities. The model is consistent with no-arbitrage,
market equilibrium conditions, and individual optimality. It holds under both complete and
incomplete markets, and it unifies the existing (two-date) models (various pricing kernels)

into a coherent framework.

4. The existence and uniqueness of capital market equilibrium on the assumption that indi-
viduals are inherently rational — i.e., their utilities depend only on the inherent reward and
inherent risk of investments. And the implication of equilibrium for Pareto efficiency, defined

in terms of the general preferences of investors.

It has long been recognized that reward and risk are two basic parameters of investment choice
problems (e.g., Knight, 1921; and Hicks, 1939). In contrast to expected utility theory (EUT), the
reward-risk approach is appealing for its intuitive simplicity as well as for the ease of applicability of
its results. The mean-variance theory is undoubtedly the most successful theory in the reward-risk
genre. It has generated important insights in the general issues of investments and capital markets,
among which, for instance, are the separation theorem, the role of co-relations among assets in
the selection of optimal portfolios (Markowitz, 1952, 1959; and Tobin, 1958, 1965), and the capital
asset pricing model (CAPM) (Sharpe, 1963, 1964; and Lintner, 1965a, 1965b).3

The limitations of the mean-variance theory, however, are also well known (e.g., Fishburn,
1977 and the references therein). In addition to concerns of using the return variance or standard
deviation as a measure of risk, there are also challenges to the validity of some of its implications.

For instance, Dybvig and Ingersoll (1982) show that CAPM necessarily involves risk-free arbitrage



if it is to hold for all assets in a complete capital market; moreover, the security market line of
CAPM can also be problematic if used to measure investment performance (Dybvig and Ross,
1985a, 1985b).

Indeed, if asked what the risk of an investment really is, any investor would say that it is
the risk of losing one’s money. This common notion of risk is reflected in the mean-downside risk
literature, where investment risk is defined as the risk of under-performing a fixed and deterministic
benchmark return. Among others, e.g., Domar and Musgrave (1944) measure risk as probability-
weighted losses and study the effect of progressive income taxation on risk taking; Porter (1974),
Bawa (1975, 1976, 1978), and Fishburn (1977) show that the lower-partial moments as a measure
of risk are consistent with stochastic dominance rules; and Bawa and Lindenberg (1977), and
Harlow and Rao (1989) examine the capital asset pricing relationship in the lower-partial moment
framework. This mean-downside risk literature, unfortunately, has not gained much popularity to
date. Suffering the same lack of normative foundation as the mean-variance theory, the assessment
of reward and downside risk remains a matter of opinion. Critics of the downside-risk models also
could point to their added complexity in both theoretical and empirical analysis.*

EUT, on the other hand (e.g., von Neumann and Morgenstern, 1947; Marschak, 1950; Samuel-
son, 1952; and Herstein and Milnor, 1953; and Savage, 1954), is considered to be the most rigorous
approach to decision making under risk.> Apparently, expected utility models are more general
than reward-risk models since they use information on whole distributions whereas the latter use
only a few statistical parameters of the distributions. Much attention has been thus devoted to
justifications for reward-risk models in the framework of EUT. Whatever reward-risk model one
selects, however, it can be justified in the expected utility framework only for a small class of utility

functions (e.g., quadratic utility function for the mean-variance), or for a small class of the return



distributions (e.g., normal distribution for the mean-variance). Sacrificing generality for simplicity
is unavoidable if one confines himself to the paradigm of expected utility. On the other hand, EUT
has some cause for concern regarding its empirical validity (e.g., Tversky, 1967a, 1967b, 1969, 1975;
De Bondt and Thaler, 1995). This concern has prompted a large body of literature on non-expected
utility analysis (e.g., the survey by Starmer, 2000).

The new dichotomous theory (Zou, 2000a) is a non-expected utility theory. Comprising both
expected utility models and reward-risk models, however, it overcomes the above problems these
models confront. The general results obtained in this paper illustrate how the new theory integrates
expected utility and reward-risk utility into a single consistent framework.

Section 2 considers the market structure, individual preferences and beliefs, and two basic
theorems of individual optimality. Section 3 defines inherent efficiency and derives several of its
implications. Section 4 introduces the quasi-complete market as a bridge between incomplete and
complete markets. It presents general pricing models for investment strategies that are derived un-
der a weak assumption of no-arbitrage or no-approximate arbitrage, which is equivalent to inherent
efficiency of the capital market. Section 5 studies the equilibrium of the capital market, with an
existence theorem showing also uniqueness of equilibrium for inherently rational investors. Pareto
efficiency is defined for general preferences, and is shown to be implied by market equilibrium.
Section 6 concludes with some suggestions for future research. More technical proofs are relegated

to the Appendix.



2 THE MODEL

2.1 The Market and Information Structures

The model considered is best seen as a truncation of an economy spanned by two dates (¢ = 0,1).°
The focus is the capital market in this economy where there is a set J of investors and a set
K of securities traded at time 0. In general, K includes both primitive securities and derivative
securities. Let I C K denote the finite set of primitive securities in this economy defined as those
having a positive aggregate supply (e.g., by the firms) and directly representing ownership of some
real assets, such as stocks, bonds, real estate, etc. The rest of the securities in K are derivative
securities that are created by the traders such as stock options, index options, forward contracts,
etc., whose payoff depend on the realized payoffs of the underlying securities.” The number of
derivative securities in K can be infinite, but since every long position of a derivative is matched
by a short position of the same derivative, the aggregate supply of any derivative security is zero.
“Cash” is considered as a special primitive security that has also a zero aggregate supply.

Let m; > 0 denote the aggregate supply, i.e., the number of shares, of each primitive security
i € I. The price of each share of the primitive security ¢ € I is normalized to be 1 at time 0, so that
its gross return (1 plus the return) over the period, r; € [0, M] C Ry, is also the security’s share
price at time 1. Restricting prices of the primitives to be nonnegative and uniformly bounded from
above helps avoid the paradoxical concept of “negative wealth”, while allowing strategies to involve
adequate leverage and short-selling.® It implies that investors enjoy limited liability in this market.
Let m denote the market portfolio defined as the total value of securities in I; the total time-0
market value is thus m =) . _; m;. The gross return at time 1 of the market is r, =), ;(m;/m)r;,
where m;/m is the value weight of primitive security 7 in m. The capital market is assumed to be

competitive, and to be perfect in that there is no tax, no transaction costs or friction (e.g., Stoll,



2000), no agency problems, etc. Investors can borrow and lend at a gross risk-free interest rate
ro > 1 provided there is no risk of default.

For consistency, indeed, the default risk of any feasible strategy should be properly taken into
account. Otherwise, the negligent creditor who lends out money or shares will create an incentive
for someone to “cheat” or, in a more friendly expression, to enjoy “free lunch” (for a formal
definition of free lunch see, e.g., Kreps, 1981). The current model will explicitly take such default
risks into account. This is done by viewing any strategy that involves default risk as a properly
hedged portfolio so that the minimum gross return of the strategy at time 1 is nonnegative. The
hedging position in such a portfolio can be either voluntarily or compulsorily taken, the costs of
which are the same. Put differently, in an efficient market any potential free lunch will be correctly
“charged”.? For instance, debt with default risk will be subject to a default risk premium (over
the risk-free rate), which is equivalent to the (time-1) hedging cost of the debtor to protect himself

from losing more than his wealth. The following example clarifies this thought.
Example 1 (Leverage and short selling).

Suppose there are two possible states, 1 and 2. Let A denote a risky security that costs 1
dollar at time 0, pays 2 dollars in state 1 and 0.5 dollars in state 2 at time 1. Let B denote a
risk-free asset that pays 1 dollar in both states. Let aA + (1 — a)B denote a strategy (portfolio)
with a proportion of a invested in A and (1 — a) in B. For a > 1, the strategy involves leverage;
for a < 0, the strategy involves short-selling (of security A). The linear-combination rule says
that the portfolio’s return is equal to the value-weighted average of its components’ returns, i.e.,
TaA+(1-a)B = ara+ (1—a)rp. However, this is only true when the portfolio does not involve default

risk. See the following table.



Stretegy | 1 2 3 4 5 6 7
Payoff | ra | rB | rosa+osB | T2a-B | T2B-A T3A_9B Tsp_oA
Statel | 2 | 1 1.5 3 0 6—2r5=3| 0 (default)
State 2 | 0.5 | 1 0.75 0 1.5 0 (default) | 3—2r;=1.5

It is easily seen that Strategies 1-5 do not have default risk so that r, 41 (1_q)p = ara+(l—a)rp
(=1 < a < 2). Strategies 6 and 7 do involve default risk, under which the investor enjoys limited
liability in State 2 and State 1 respectively. Since Strategy 4 has also a zero gross return in State
2, to avoid free lunch the payoff of Strategy 6 must be the same as Strategy 4 in State 1, yielding
rg = 1.5 > rp = 1. That is, the investor must borrow at a 50% credit-risk premium above
the risk-free rate. Similarly, Strategy 7 must generate the same return as Strategy 5, yielding
r7 = 0.75 > ry = 0.5 in state 2. That is, Strategy 7 involves a contingent payment of 0.25 per
share to the counter party in the winning state to cover the risk of default in the losing state. [

Now I move on to the information structure of the model. The common information at time
1 is a realized vector of returns on the primitive securities r = (ry,r2,...,m,) € M = [0, M)" C RY,
where M is assumed to include all the relevant contingencies at time 1. Uncertainty about these
contingencies are assumed to be represented at time 0 by a probability space {M, B, P}, where B
denotes the o-field of Borel sets of M, and P denotes the probability distribution of r on (M, B). For
most of the analysis in this paper, P can be generally interpreted as an investor’s subjective belief.
Only at a later stage, an assumption of common belief of the conditional probability distribution (in
a sense to be clear later) will be made for the analysis of equilibrium. In order to simultaneously
discuss discrete and continuous distributions, it is understood that for any Borel set B C M,
P(B) will denote the probability that » € B. More specifically, for any integrable function = on

R%, [gx(r)dF(r) is the Lebesgue-Stieltjes integral with F being the n-dimensional distribution
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function on the set M that corresponds to P.

Let € denote the set of all feasible investment strategies (sometimes simply called the market).
An investment strategy x € 2 is broadly defined as a combination of any primitive and derivative
securities available in the market place that turns a 1-dollar investment at time 0 into x dollars
(possibly random) at time 1.19 The basic strategies are the buy-and-hold strategies of any asset,
portfolio, derivative contract, etc. More sophisticated strategies may involve portfolios of derivatives
and compound derivatives whose payoffs are general functions of r € M. Cash settlement is
allowed, so that profits or losses on a derivative contract do not have to involve delivery of the
underlying assets. A mild condition to be imposed is that the gross return payoff of any strategy
can be represented by some integrable function x : » € M — z(r) € [0, M) C R, where M is
any arbitrarily large number serving as the uniform upper bound of the returns of all feasible
strategies.!? Since standard derivatives are typically piecewise linear functions of prices of the
underlying securities, this condition is easily met in practice. The condition that z(r) > 0 for all
r € M will be called the nonnegative-wealth constraint. It is also natural to assume that €2 is convex
in that if z; € Q and xp € Q then az; + (1 —a)re € Q and az; ® (1 —a)zy € Q for all a € [0, 1].
Here azy + (1 — a)zy means a portfolio with a proportion a of the capital invested in z; and the
rest in xo9; whereas ax; @ (1 — a)xy means a strategy that assigns a probability a to playing x;
and 1 — a to playing xs. Put differently, the former is a payoff mixture and the latter is a strategy
mixture. Two polar cases of the feasible investment set, for example, are

Q={z:reM— 2917“1 € [O,H);Z@ =1}
icl iel

and

Quo = {217 € M — a(r) € [o,mro/
M

s()6(AF) <1, [ 9(rdP(r) = ).

The set Qg represents a canonical portfolio choice set where strategies are restricted to be the
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linear combinations of the primitives. Note that there is no restriction on the sign of 6; and the
range of the return on a strategy may exceed the upper bound of the primitives M, provided
the lower bound 0 is respected. The set (), represents the largest set of strategies that can be
constructed contingent on every realized return vector of the primitives, where F'(-) and ¢ (-)rg are
the distribution function and the state prices implied by the market prices of all securities (thus
not necessarily the same as an investor’s subjective assessments). A state price is for a contingent
claim that pays 1 dollar on the realization of r and zero otherwise (e.g., Arrow, 1964 and Debreu,
1959). When r is continuous, ¥ (r)rg is interpreted as a state-price density function with each r
regarded as a realized primitive state (an n-dimensional vector). For ease of exposition 1 (r)ry will
be simply called the state-price density that refers to both cases.

In general, the market may not be complete in that not every primitive state r € M is
separately contractible. In some sense even the set {1, may be considered incomplete since it
requires the payoff of any derivative security to depend only on the payoff(s) of other traded
securities, and not on possible states of nature other than the primitives’ payoff states at time 1.
For instance, contracting on weather conditions may not be possible unless there exist primitive
securities whose payoffs are linked with weather conditions in a predictable manner. However, since
it has become conventional to call the capital market complete as long as investors can trade every
claim whose payoff at time 1 depends on the payoffs of any traded securities (see, e.g., Dybvig,
1988 for more discussion), (2o, will be called a complete market.

There is another type of market, though, that is incomplete but there is a “would-be” state-
price density (in the eyes of each investor) consistent with the prices of non-tradable as well as
tradable securities. Such markets will be called quasi-complete and will be introduced when the

state-price density is studied.
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2.2 Investor Preferences

For any investor j € J, let w; > 0 denote his initial wealth.!® With any strategy = € €, the
investor’s time-1 wealth will be w;x(r) when r € M is realized. The investor’s choice problem is
assumed to be represented by a utility function of the investment’s reward and risk perceived by

the investor (Zou 2000a).

Assumption 1 (perception of reward and risk) The investor’s perception of investment re-
ward and risk are represented, respectively, by a reward function U; : (x,w;) € Q@ x Ry — Ry,

where w; > 0 is the investor’s initial capital and x € € is a chosen strategy, such that

Uﬂ%wﬂ=i/ (95 (w;(r)) — g5 (wsro)dF;(r), (1)
MnN{r:z(r)>rq}

and a risk function Dj : (x,w;) € Q x Ryy — Ry such that

@@wﬂa/ 103(w5ro) — &5 (wa(r))|dFy(r), 2)
Mn{r:z(r)<ro}

where gj : Ry — R (the perceived gain function) and {; : Ry — R, (the perceived loss function)
are positive monotonic functions satisfying gj(wjro) = L;(w;ro), gj(wjiro) = L;(wsro), and 0 <

gi(wh) <l (w™) < oo for all wt € [wjro,00) and w™ € [0, w;ro].

The condition in the last line of this assumption, 0 < gj(w™) < £;(w™) < oo, will not
be invoked until Theorems 8 and 9. It is worth remarking, though, that any von Neumman-

Morgenstern utility function Vys(+) can be generally written as:
Vvm (wa(r)) = max[g(wz(r), g(wro)] — max[€(wro), {(wx(r)]

and if Viyyr is weakly concave than this condition holds.

For brevity, the subscript j will be dropped in most of subsequent text (until Section 5).
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Assumption 2 (reward-risk utility) The investor’s preference over any perceived reward and
risk of investment strategies (U, D) € R?. is represented by a reward-risk utility V : (U, D) € R% —
V(U,D) € R, where V is strictly concave on Ri and satisfies g—g > 0 and g—g + g—g < 0 for all

(U,D) € R%...

In this way, every investor’s preference over the investment strategies x € €2, given his current
investment capital (wealth) w > 0, is indirectly represented by a utility function V(U (z,w), D(x,w))
with U and D defined in (1)—(2). This representation of investor’s choice problem is derived from a
set of weaker axioms, in particular a weaker independence axiom, than those adopted in the devel-
opment of expected utility theory (Zou, 2000a). As a result, a broader class of investor preferences
are represented of which the expected utility representation is a special linear case: V(U,D) =
U — D. The general class of preferences postulated in Assumptions 1 and 2 will be denoted by
U ={V:(U,D)— R; (U, D) satistying (1)—(2)}.

A measure of investors’ degree of risk aversion can be defined as, given any level of (U, D),

(v, D) = (240D VD) Q

This measure is positive by Assumption 2 and the strict concavity of V ensures that its indifference
curves on the (U, D) plane are strictly convex. By conventional terminology, an investor is said to
be locally risk neutral, risk averse, or risk loving if and only if his degree of risk aversion p = 1,
p>1,0r p<1ata given point (U, D); and is said to be globally risk neutral, risk averse, or risk
loving if and only if his p =1, p > 1, or p < 1 for all (U, D) on Ri. An investor is considered locally
more risk averse than another investor if the former has a higher p than the latter at (U, D). If
this holds for all (U, D) on Ri then the former investor is globally more risk averse than the latter.
Assumption 2 implies that the investors are globally risk averse (p > 1). It is important to note,

however, that this measure of risk aversion is different from the Arrow-Pratt measures (Arrow,
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1971, Pratt, 1964), of which an analogy can be made for the investor’s perception of reward and
risk (Zou, 2000a).

In general, the investor’s investment problem is given by the following program P:

max V({U(z,w),D(z,w))

with U and D defined as in (1) and (2).

2.3 Individual Optimality

I first derive some necessary conditions for a solution to P. To start with, let us call Z(x,w) =
U(z,w)/D(x,w) the reward-to-risk ratio for D(z,w) # 0 (as assessed by any relevant investor). By
definition, for the risk-free asset D(rg,w) = U(rg,w) = 0 and by Assumption 1 it can be defined

that Z(rg,w) = 1.

Theorem 1 Let any V € U be given. If investment strategy x* € ) is a solution to P, then for all

x € Q,

= Z(xz*,w) (4)

Proof: Let any investor V' € ¥ be given. Let * denote the optimal solution to P and consider
an alternative strategy as follows. Select any other strategy « € ) and let a lottery decide which
strategy to choose, with probability 6 of choosing x and 1 — @ of choosing x*. It is easy to verify

that the reward and risk measures are linear in such mixtures, that is,
Uz (1—-0)z",w) = 0U(z,w)+ (1—6)U(z",w)
Dx® (1 —0)z",w) = 6OD(z,w)+ (1—0)D(z*,w)

where the reader may recall that fz @ (1 — 0)x* denotes the strategy with probability 6 of choosing

x and 1 —6 of choosing x*. Since z* is optimal, the first-order condition with respect to 6 evaluated
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at @ = 0 must satisfy

ov oV oV .
=5 = 3@ w) = Ula",w)] + 55 [D(@,w) = D(a*,w)] <0
or, equivalently,
ov ov .
557 U (@ w) = U@, w)] < =25 [D(@,w) = D(a*,w)] (5)

for all x € (), where the inequality stems from the constraint that the probability 8 > 0.

Choosing = = r¢ in (5) yields

ov ov

— > -

50 U(z*,w) 3 D(z*,w). (6)
Dividing (5) by (6) and re-arranging terms yields (4). O

By Theorem 1, it is necessary for all types of investors to maximize the reward-to-risk ratio
Z(x,w). To ease writing, for any z € Q let G(x) = MN{r: z(r) > ro}, L(z) = MN{r: z(r) <ro},
and N(z) = MN{r : z(r) = ro}. They are called the gain-domain, loss-domain, and neutral-domain

of investment strategy x, respectively.
Theorem 2 Let any V € U be given. If strategy x* € Q is a solution to P, then for all x € QQ,

r_< / g (wa*(r))(z(r) —ro)dF (r) — Z(z*,w) / U (wa*(r))(ro — 2(r))dF(r) <Ty  (7)
G(z*) L(z*)

where
ry = Z(@@*w) /11:( . *)E'(wro)(ro —z(r /G e g (wro)(x(r) —ro)dF(r)
r_ = Z(a"w) /@ . )E'(wro)(ro—x /L ERACDICCRBTAD

Proof: See Appendix.
The relationships in (7) can be interpreted as an investor’s subjective believe about all strat-

egy prices that are available. If P(N(z*)) = 0, then I'y =T'_ = 0 and (7) gives an exact pricing
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relationship for all z € Q with respect to z*. Since {2 may contain (portfolios of) derivative con-
tracts, however, it is fairly possible that P(N(z*)) > 0 for some investors. This may be the case
even where returns on the primitive-securities are continuously distributed. For one thing, a strat-
egy with 100% in cash that yields ry combined with a self-financed reversal (a long call and a short
put with the same underlying asset or portfolio, both out of the money and with equal premiums)
will have a positive probability of breaking even (yielding rg).

If the second inequality in (7) holds strictly for some asset z € €2, there will be no demand
for this asset by the investor; instead, the investor may consider short-selling some amount of this
asset. It might be the case, however, that at the same time the first inequality in (7) also holds
strictly so that short-selling of x is not interesting either. In such a case, the asset x is truly
redundant in the eyes of the investor — even if its price moves up or down within a certain range.'4

The pricing relationships in (7) is quite general. They are derived without much restriction on
preferences and beliefs. Thus, (7) can be interpreted in terms of an investor’s subjective assessment
of the expected security returns (e.g., the distribution function F' can be subjective) and subjective
perception of reward and risk (e.g., the functional forms of g and ¢ may differ across the investors).
Unfortunately, however, these pricing relationships are difficult to test empirically and the inequality
relations, if hold strictly, provide only ranges of security prices and not a precise pricing relationship.
This motivates the consideration in the next section of a special type of investors who perceive

investment reward and risk objectively.

3 INHERENT EFFICIENCY

An investor is called inherently rational if he perceives investment rewards and risks inherently, i.e.,

without personal bias, and his reward-risk utility depends only on the inherent reward and risk of
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his investment choice and his current wealth.®

Definition 1 (inherent reward) The inherent reward of a strateqy © € Q, u: x € Q — u(x) €

R, is defined as

u(z) = Emax(z(r) — ro,0) = / (e(r) — roldF(r) (8)
G(z)

Definition 2 (inherent risk) The inherent risk of a strategy x € Q, v:z € Q — v(z) € Ry, is

defined as

v(z) = Emax(rg — x(r),0) = /M )[ro — x(r)|dF(r) (9)

For any investment strategy, its inherent reward and risk are a pair of unique measures
common to all investors (Zou, 2000a). Such measures can be justified under two axioms additional
to those in the derivation of individually perceived reward and risk. One is called the allocation-
independence axiom, which says that if strategy x; is “more-rewarding” (or “more-risky”) than
strategy xo then axq + (1 —a)rg is “more-rewarding” (or “more-risky”) than azy + (1 — a)rg for all
a € (0,1]. That is, the (common) judgement of more rewarding or more risky relationships between
any two strategies should not depend on any individual investor’s capital allocation decision. The
other is called the properness axiom, which says that the perceived gain function g and loss function
¢ should satisfy 0 < ¢'(rg) < co and 0 < #'(rp) < oo at the point of the risk-free rate (the neutral
return). Together with some other more standard axioms, the inherent reward and risk defined
above are the only measures (ratio scales) that follow, i.e., unique up to a positive multiplicative
transformation. Thus, the preferences of inherently rational individuals differ only in their wealth
and reward-risk utilities.

The risk premium of strategy = will be denoted p(z) = E(x(r) — ro) = u(x) — v(x), which
by the definitions of u and v can also be viewed as the strategy’s excess inherent reward (after

subtracting inherent risk from the reward).
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Let ¥g ={V € ¥ : U = wu,D = wv; (u,v) satisfying (8)-(9)} denote the set of inherently
rational preferences, i.e., V € Wy if and only if V(U, D) = V(wu,wv). As will be shown in the next
section, the determination of security prices and capital market equilibrium can be derived easily
from inherent rationality. In the subsequent sections, it will further be demonstrated that even if
investors have different gain and loss functions in their assessment of investment reward and risk

their choices often can be made as though they are inherently rational.

Definition 3 (inherent reward-to-risk ratio) The inherent reward to risk ratio of any strategy

x, z:x €Q — z(x) € Ry, is defined as

00 if v(z) =0, u(z) >0
2(x) = w(z)/v(z) if v(z) £0 (10)
1 if v(x) =0, u(x) = 0.

In the special case where v(z) = 0, the strategy has no inherent risk. In the absence of
risk-free arbitrage opportunities, any strategy with zero inherent risk must also have zero inherent
reward, i.e., u(z) = 0, and it follows by definition that z(z) = 1. In the case where x indeed
represents a risk-free arbitrage strategy, z(x) = co.

The next concept plays an important role in the subsequent analyses.
Definition 4 (perfect co-domain) For any x € Q and y € Q, let the subset of M
COD(z,y) = MN{r: (x(r) —ro)(y(r) —ro) = 0}

be called the (reward-risk) co-domain between x and y. Then, x and y are said to have perfect
co-domain on M under probability distribution P if and only if P(COD(x,y)) = 1. That is, the
excess returns of the two strategies have the same sign almost surely (a.s.), where zero is treated as

both positive and negative signs.
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Alternatively, it is equivalent to state that two strategies have imperfect co-domain on M
under probability distribution P if there exists a subset of M with strictly positive probability

measure on which the excess returns of the two strategies have opposite signs. That is,
PMN{r: (z(r) —ro)(y(r) —ro) <0}) > 0. (11)

The next lemma show the diversification effect among strategies that do not share perfect

co-domain.
Lemma 1 (sub-additivity) Let any x € Q, y € Q, and any a € [0,1] be given. Then

u(ar +(1—-a)y) < au(z)+(1-a)uly) (12)
v(ar + (1 —-a)y) < av(z)+(1-a)u(y) (13)

For a € (0,1), the strict inequalities hold in (12) and (13) simultaneously if and only if (11) holds.
In other words, the inherent reward and risk measures satisfy strict sub-additivity between strategies

that have imperfect co-domain.
Proof: See Appendix.

Lemma 2 (quasi-concavity) Let any x € Q and y € Q be given such that z(x) < z(y) < oo.
Then z(ax 4+ (1 — a)y) > z(x) for all a € [0,1]. The inequality holds strictly for a € (0,1) if
and only if z(x) < z(y) or P(COD(x,y)) < 1. In other words, the inherent reward-to-risk ratio
is quasi-concave on ) and strictly quasi-concave on the set of strategies that do mot have perfect

co-domains among each other.

Proof: Let any x € Q and y € Q and any real number a € (0,1) be given such that z(x) <
z(y) < oo. If v(z) =0, then & = 7y (a.s.) and it is trivially true that z(ax+ (1 —a)y) = 2z(y) > 2(z)

with strict inequality if and only if 2(y) > z(z) = 1, or, equivalently in this case, P(COD(z,y)) < 1.
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Otherwise, since z(z) — 1 = p(x)/v(x) and p(ax + (1 — a)y) = ap(x) + (1 — a)p(y),

zlar+ (1 —a)y) = v(az + (1 —a)y) +1
ap(z) + (1 —a)u(y)
< av(z) + (1 —a)v(y) o .
_au(@) + (1 —a)uly) _ u(z) .
= w@r oy Z e O -

From Lemma 1, the inequality in (14) holds strictly if and only if P(COD(z,y)) < 1. The inequality

in (15) holds strictly if and only if z(z) < z(y), as a result of a simple mathematical property. O

Definition 5 (inherent dominance) Let any two strategies x and y from  be given. Then y is

said to inherently dominates x if and only if z(y) > z(x).

The inherent dominance relationship has the desirable properties of being complete (provided
only that the means exist for all strategies in ), transitive, and continuous (Zou, 2000a). Moreover,
it is a necessary condition for the criterion of first-order stochastic dominance (e.g., Fishburn, 1977;
Bawa, 1976, 1978; and Zou, 2000a). Thus if strategy y € ) is preferred to strategy x € by all
investors who prefer more wealth to less, then it is necessary that z(y) > z(x). It will be shown later
that for investors whose gain- and loss-functions are weakly concave, the relationship z(y) > z(z)

is also sufficient for them to prefer y to x — provided that the capital market is quasi-complete.

Definition 6 (inherent efficiency) The strategy space € is said to be (inherently) efficient if
there exists a strategy y € Q such that z(z) < z(y) < oo for all x € Q. The set BE(Q2) C Q will be

called the (inherent) efficiency set of strategies in §2, defined as
E(Q)={yeQ:VzeQ,z2(x) < 2(y) < oo}

Note that inherent efficiency is defined requiring no arbitrage. It is difficult to call a market

efficient (by any criteria) if there are arbitrage opportunities. Any market involving arbitrage
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opportunities is transient in nature; consequently, it is not of very much theoretical interest per
ce except its straightforward implication. Another reason for ruling out this case is that most of
the analysis in this paper does require that there is no arbitrage. Also note that since ro € Q and
z(ro) =1, 2(y) > 1 for all y € E().16 It will be assumed thoughout the paper that z(y) =z > 1
for y € E(Q2).

In what follows, the notation ~ means “equivalent” in the sense that two strategies have the

same inherent reward and inherent risk.

Theorem 3 Suppose y € E(QQ) and let any x € Q be given. Then the following conditions hold for

x e E(Q):

1. If there exists § € B(QY) such that P(N(g)) = 0 and = and y have perfect co-domain, and only

if © and y have perfect co-domain;
2. if and only if for all a > 0 such that ro 4+ a(x — o) € Q, ro + a(z —ro) € E(Q);
3. if and only if ax + (1 — a)y € B(Q) for all a € [0,1];
4. if and only if there exists a € [0,1] such that x ~ ro + a(y —rg) ory ~arg+ (1 —a)x.

Proof: Suppose y € E(Q).

1. Sufficiency will follow later from Corollary 1. Necessity follows from Lemma 1 since
z(x) = z(y) only if x and y have perfect co-domain.

2. If for all @ > 0 such that ro 4+ a(x —rp) € Q, ro + a(x —r¢) € E(Q), choosing a = 1 yields
r € B(Q). If x € E(Q2) and x4 = 19 + a(x — rp) € Q, then u(z,) = au(x) and v(z,) = av(x) so that
z2(xg) = 2(x).

3. By Lemma 2, if z(z) = 2(y) then z(ax + (1 — a)y) > z(y) for all a € [0,1] so that

ar + (1 — a)y € E(Q). Sufficiency is trivially true.
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4. If there exists a € [0, 1] such that w(z) = au(y) and v(z) = av(y), or u(y) = au(x) and
v(y) = av(x), then z(x) = 2(y). If z(x) = 2(y) then let @ = u(x)/u(y) or a = u(y)/u(z) such that
a € [0,1]. Tt follows that x ~ ¢ + a(y —ro) or y ~ arg + (1 — a)z. O
Theorem 3 is useful for the subsequent analysis and is important in its own implications.
Since whether two strategies have perfect co-domain is easy to verify, Theorem 3 dramatically

simplifies the task for identifying efficient strategies.

Example 2 (inherently efficient and inefficient strategies)

See Figures 1-4. Suppose y € Q is an efficient strategy. Then the positive linear combination
of y and the risk-free asset is efficient (Figure 1). A bull spread of y can be designed that is also
efficient. This can be achieved with a long position in y plus a self-financed reversal, or simply
a long and a short call on y with properly chosen exercise prices. As shown in Figure 2, such a
bull spread has a perfect co-domain with y. However, the simple covered call (a long position in y
plus a short call option on y with the proceeds of the short call invested in the risk-free asset) or
protective put (a long position in y plus a long put option on y purchased with risk-free borrowing)
are not efficient since they do not have perfect co-domain with y. For the same reason, a straddle
strategy (a long call and a long put option on y) is not efficient. The inherent efficiency of many
other popular strategies can be examined easily in the same fashion.

For ease of writing, let E(-|A) denote the expectation operator conditional on r € A C M
and let E(-,A) = E(-|A)P(A). The inherent reward and risk of x € Q computed on the subset
A C M can then be denoted as u(z,A) = E(x —r9, ANG(x)) and v(x,A) = E(rog — z, AN L(z))

respectively. Note that it holds for all A C M that the risk premium p(z, A) = u(z, A) — v(z, A).
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Theorem 4 There exists y € B(Q) if and only if for all x € Q,
v(, N(y)) — u(x, N(y))z(y) < p(z, G(y)) + wz, L(y))z(y) < v(a,N(y))z(y) —u(z,N(y))  (16)
Proof: Straightforward by substituting 1 for ¢/(-) and ¢'(-) in Theorem 2. O
Example 3 (Pricing ranges of contingent claims).

Consider a market €2 in which asset A € E(§2) and B is risk free. Their gross returns are

given as follows in each of the three equally probable states

State | Prob | r(A) | r(B)
1 3 3 1
2 3 1 1
3 2105 | 1

What is the price (range) of a call option on A with strike price equal to 2?7 The inherent
reward and risk of A are u(A) = (1/3)(3 —1) = (2/3) and v(A4) = (1/3)(1 — 0.5) = 1/6. Thus
z(A) = 4. Since A € E(Q) the price (range) of this option must satisfy (16). The three states in
this example can be clearly represented by the three different returns on A. Let ¢(r) denote the
return of this option as a function of r = r(A). Then ¢(3) = 1/C, ¢(1) = ¢(0.5) = 0. From the left
inequality in (16), (1/3)(¢(3) = 1) +(1/3)(0 —1)4 > (1/3)(1 = 0) — 0 = ¢(3) > 6. And from the
right inequality in (16) (1/3)(c(3) — 1) +(1/3)(0 — 1)4 < (1/3)(1 —0)4 — 0 = ¢(3) < 9.Thus, the
price of this call option C' € [1/9,1/6].

It is instructive to verify this conclusion by contradiction. First suppose that ¢(3) = 9 + .
Then u(C) = (1/3)(9 +€—1), v(C) = (2/3)(1 — 0), and 2(C) = (1/3)(9 + € — 1)/(2/3) = 4 + 3.

To be consistent with A € E(Q2), it follows that € < 0. Next suppose ¢(3) = 6 —e. Then consider
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a portfolio with some short positions in the call. To avoid negative wealth, the maximum short
position (for € > 0) in the call is 0.5 or 50% of one’s capital (so that in state 1 the portfolio
return > 0). This gives u(1.54 — 0.5C) = (1/3)(1.5 x 3 —0.5(6 —¢) — 1) + (1/3)(1.5 — 0 — 1),
v((14+a)A—aC) = (1/3)(1 —1.5 x0.5), and 2(C) = 4+ 2¢. Again, to be consistent with A € E(Q)

it follows that € < 0. |

Example 4 (Ezxact pricing of contingent claims).

Now suppose asset A € E(Q2) satisfies P(N(A)) = 0. Its gross returns are as follows (four

possible states).

State | Prob | Payoff A | Payoff B
1 0.3 2 1
2 0.2 1.2 1
3 0.1 0.8 1
4 0.4 0.5 1

What is the exact price of a call option on A with strike price equal to 1?7 And of a put
option on A with strike price equal to 17

The inherent reward and risk of A are u(4) = 0.3(2 —1)+0.2(1.2-1) = .34, v(4) =
0.1(1 — 0.8) + 0.4(1 — 0.5) = .22. Thus z(A) = 1.5455. Since P(N(A)) = 0, the two option prices
can be determined exactly.

0.3((1/C) —1) +0.2((0.2)/C — 1) — 1.5455[0.1(1 —0) + 0.4(1 = 0)] =0 = C = . 267 14

0.3(1 —0)4+0.2(1 —0) — 1.5455[0.1((0.2) /P — 1) + 0.4((0.5)/P —1)] =0 = P = . 267 15.

This confirms also the put-call parity. [l
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4 APPROXIMATE ARBITRAGE AND SECURITY PRICES

This section examines further implications of inherent efficiency for security prices. The pricing
theories presented below are purely abstract and do not rely on any specifications of investor
preferences, thanks to the equivalence between inherent efficiency and the absence of (approximate)
arbitrage.

Comparing Examples 3 and 4 it is obvious that the choice of the benchmark strategy y € E(Q)
matters for determining prices of other strategies. Most desirable, of course, is to have an inherently
efficient strategy y with y(r) # ro almost surely, so that an exact pricing relationship will be
established for all securities. In Section 5, it will be shown that the market portfolio 7, € E(2) so

that it suffices to assume that P(N(rp,)) = 0.

Assumption 3 If E(Q2) # 0, then there exists § € BE(Q), called the efficient benchmark, with
P(N(y)) = 0. The gain- and loss-domain of § will be denoted G = G(7) and L = L(y) respectively,

so that GUL =M (a.s.). In particular, if the market portfolio r,, € E(Q) then P(N(r,,)) = 0.

An immediate implication of Assumption 3 is that for all y € E(Q2), G(y) C G and L(y) C L.
This follows from Theorem 3 (condition 1) that for any y € E(Q) it is necessary that y and 7
share perfect co-domain; consequently, u(y) = u(y,G) and v(y) = —pu(y,L). For convenience,
let the inherent reward and risk of any y € E(f2), conditional on G and L (rather than on G(y)
and L(y)), be denoted as u(y) = p(y|G) and v(y) = —p(x|L). For the efficient benchmark, let

zZ="1/7 =u(y)/v(y) and z = u/v, where © = u(g|G) and v = v( g|L).
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4.1 Pricing models in the general market (2

In the current context, approximate arbitrage means a situation in which an investor, with max-
imum expected loss (inherent risk) of 1 dollar, can arbitrarily increase the expected payoff (say,

higher than 1 trillion dollars) via some feasible strategy.

Definition 7 (approximate arbitrage) The capital market Q allows approzimate arbitrage if
and only if for any large number M > 0, there exists a strateqy x € €} whose inherent reward-to-

risk ratio z(x) > M.

Approximate arbitrage opportunities will be hard to find, of course.!” The next lemma is

straightforward by definitions of inherent efficiency and approximate arbitrage.
Lemma 3 There exists no approzimate arbitrage in Q if and only if E(Q2) # 0.

In order to examine the prices (or fair costs) of securities or strategies, note that x =
p(z)/p°(x) € Q if p’(x) and p(x) are the non-normalized prices of the strategy at time 0 and

time 1 respectively.

Theorem 5 Under Assumption 3 there is mno approzimate arbitrage in £ if and only if for all

x € Q,
P’(x) = 1 E(p(2)|G) + 62 E(p()|L) (17)
where
51 = 1 50 = L (18)
YTt re P Ut

Proof: Under Assumption 3, the pricing relationships in (16) simplifies to

w(x|G) + p(x| L)z =0 (19)
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for all z € Q. Substituting p(x)/p®(z) for z in (19) yields
E(p(z) —p"(x)r0|G) = ZE(p° (z)ro — p(2)|L) (20)

Taking out the constant p®(z)rg from the expectation yields

E(p(2)|G) +ZE(p(x)|L) = p°()ro(1 + 2) (21)
Rearranging terms yields the expression in (17), with §;and 62 defined as in (18). O

Theorem 5 reveals some important insights in the pricing of risky assets. It says that in the
absence of approximate arbitrage, all strategies (despite their structure of random payoffs) can be
priced as the sum of two present values. There are two common factors, 61 and d», for discounting
all strategies’ conditional expected values on G and L respectively.

These common discount factors have a clear meaning of their own, where 61 is the price of
a security that pays 1 dollar conditional on r» € G and 0 otherwise, and 02 the price of a security
that pays 1 dollar conditional on » € L and 0 otherwise. For the reason to be shown later that
the market portfolio r,, € E(Q), §; will be called the up-market discount factor, and 2 the down-
market discount factor. Together they form a (conditional) pricing kernel (61, 62) that is unique
even if the capital market is not complete. As a record, the price of a zero-coupon risk-free bond

that pays 1 dollar at time 1 is correctly priced according to (17):

1
O E(1G) + 62E(L|L) = b1+ b2 = — (22)
0

For their theoretical and practical importance, securities that pay a fixed amount contingent on
the underlying asset or portfolio being above or below an exercise price and zero otherwise will be

called the flat options, formally defined as follows.
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Definition 8 Security y.(x,xo) is called a flat-call option on the underlying asset x with exercise
price xg if yo = 1 for x > xy and y. = 0 for x < xg. Security yp(x,xo) is called a flat-put option

on the underlying asset x with exercise price xg if y. =0 for x > xo and y. =1 for x < xg.

Note that (22) is a simple “put-call” parity for the flat options. The price of a flat-call on
the market (with strike price 7¢), for instance, is §; and that of a flat-put is 6.
Since the gross returns of the strategy is denoted x(r), (17) has an equivalent expression in

terms of the gross returns:

1 =68E(x|G) + 6E(z|L) VYreQ (23)

or equivalently, using (22),

O p(z|G) = —bap(x|L) V€ Q. (24)

Interpreting p(x|G) and p(z|L) as the strategy’s up-market potential and down-market po-
tential respectively, equation (24) says that the absolute present values of the two potentials should
be equal. Their signs depend on the correlation of the strategy’s returns with that of the efficient
benchmark, but they must be always opposite to each other. If the correlation is positive, then
it is likely that p(z|G) > 0 and p(xz|L) < 0; otherwise, the opposite is likely to be true. In the
special case where the strategy is uncorrelated with the benchmark, then p(z|G) = p(x|L) = 0 or
equivalently, E(z) = 7. Since the present value of up-market (resp. down-market) potentials of
all strategies are discounted by the same 8; (resp. 62), it follows that the ratio of the up-market
potential over the down-market potential of every risky strategy is the same 62/61 = Z.

Since equation (23) holds also for the benchmark 7, using (22) the discount factors ¢; and 62

may also be expressed as functions of u and v:

(25)



29

It follows that

e R
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From (26) and (27) it follows that for any given y € E(Q), a parameter 3(z,y) can be defined

for all x € Q as follows provided there is no (approximate) arbitrage.

w(z|G) _ —plzlL)  px,G)  —plx, L)

Pey) = Ty = T8 W) o)
_ @G = plelL) (e, G) =l L) (28)
u(y) +9(y) u(y) +v(y)

The next corollary follows immediately.

Corollary 1 Under Assumption 3 there is no approximate arbitrage in €2 if and only if for all

r e andy € E(Q)

E(x—nr|G) = B(z,y)E(y —ro|G) (29)

E(x—ro|lL) = pB(z,y)E(y —rolL) (30)
or equivalently

E(x—r9,G) = PBz,y)E(y —r0,G) (31)

E(x—ro,L) = p(z,y)E(y —ro,L) (32)

Dividing (31) by (32) one derives that if = shares perfect co-domain with any y € E(Q2) than
x € E(Q). This concludes the sufficiency part of the proof of Theorem 3 (condition 1).
It is interesting to observe that the six ratio expressions in the definition of 3(z,y) in (28),

although required to be equal to avoid approximate arbitrage, are very different in their economic



30

interpretations. Some are related to the up-market potentials, some down-market potentials, and
some the spread of these potentials of the strategies. By Corollary 1, a higher § means that the
strategy tends to realize a higher gain when the benchmark goes up and a higher loss when the
benchmark goes down. If 3 is negative, it suggests that the strategy tends to realize gains when the
benchmark realizes losses and losses when the benchmark realizes gains (e.g., a put option on the
benchmark). Corollary 1 thus predicts that for any investment strategy, its up-market potential or
down-market potential are directly related to its 3. Note also that F(x,y) = 0 for a strategy = if
and only if E(z) = 7°, and that 8(y,y) = 1.

To further understand the meanings of (3 suppose that the market portfolio r, € E({2) and
consider the primitive assets {r;} that make up the market, of which (r;, m) can be re-written as

follows in terms of the market’s inherent reward w(m) and inherent risk v(m).

_ /Lb(rivG) _ _/”L(TivL).

i m) = Fs = (33

The terms p(r;, G) and —p(r;, L) can be interpreted as the asset’s share of the market inherent
reward and share of the market inherent risk respectively. This interpretation comes from the fact
that the inherent reward and risk of the market are equal to the weighted average of the shares of

reward and risk of its component primitive assets. That is,

m m

u(m) = Z mzu(ri,G’), v(m) = —Z%M(ri,L), where Z

i=1 i=1 i=1

my
— =1 34
y (34

Thus, when the market is inherently efficient all the primitive asset prices are determined by their
share of the market inherent reward and risk. Alternatively, 3(r;,m) can also be interpreted as
the share of the asset’s market spread: w(m) 4 v(m), from the expression B(r;,m) = (u(r;,G) —
w(ri, L))/ (u(m) +v(m)). These possible interpretations of 3 show that the common interpretation

of # in the mean-variance CAPM as the asset’s systematic risk alone is rather limited. The new
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insights here are that all assets in equilibrium or in the absence of arbitrage must be priced such
that their up-market and down-market potentials have the same proportion in the upside potential
and downside potential of the market. This proportion is measured by the asset’s 3, which can be
interpreted either as the asset’s systematic reward p(r;, G)/u(m), systematic risk —p(r;, L)/v(m),
or systematic spread (p(r;, G) — p(rs, L))/ (w(m)+wv(m)). The inherent pricing theory in this section
shows that all these measures are the same.

Clearly, the predictions of Corollary 1 are stronger than the existing beta-models for asset
pricing. It separately predicts securities’ up-market potentials and their down-market potentials.
As a result, the pricing models presented here have more empirical contents, being easier to be
falsified than other existing models. Especially, the pricing relationships in (29) and (30) depend
only on the conditional expectations (on market being up, i.e., r,, > rg and on market being down,
i.e., 7 < 719). Thus they require a weaker assumption on investors’ beliefs for equilibrium than the
assumption of homogeneous beliefs adopted in deriving CAPM. Similar to the security market line
(SML) of CAPM, (29) and (30) give two separate lines for pricing the up-market and down-market
potentials of all the securities. I call these lines the up-market line and the down-market line (see

Figure 5). The next corollary shows how Corollary 1 implies the single-SML beta-models.

Corollary 2 Under Assumption 3, if y € B(Q) then for all z €

u(z) = v(x) + Bz, y) (uly) —v(y)) (35)

or, equivalently
E(z) =ro+ B(z,y)(E(y) —r0)- (36)

where 3(x,y) is defined as in (28).

Proof: Adding up (31) and (32) yields directly the desired results. O
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Corollary 2 involves a weaker prediction than Corollary 1 since it concerns only the combined
values of u(x) —v(x). This result has been first derived by Bawa and Lindenberg (1977), who also
showed that if all return distributions are jointly normal then (3(z,y) = cov(x,y)/var(y). In other
words, the mean-variance CAPM is a special case of Corollary 2, which holds when all security
returns are joint-normally distributed and investors have homogeneous beliefs.

The equivalence between (35) and (36) follows from u(x) —v(x) = E(x) —ro. However, these
two expressions have different interpretations. The term wu(z) — v(x) can be interpreted as the
inherent reward minus its inherent risk of the investment strategy, whereas the term E(x) — r¢ is
what conventionally termed the risk premium of the strategy without specifying what the risk is.
Thus, u(z) — v(x) is more specific in its meaning about the reward and risk that determine the
risk premium of the strategy. Interpreting E(z) — ro as the inherent risk premium of strategy x,
the equations (35) and (36) state a linear relationship between the inherent risk premium on any
strategy with that of an inherently efficient benchmark.

The next corollary concludes this subsection for the finite strategy spaces.

Corollary 3 If the strategy space contains only a finite distinct strategies, i.e., Q = {x1,x2, ..., Tk },
then the term “approzimate arbitrage” can be replaced by “arbitrage” in Theorem 5 and Corollaries

1-2

Proof: Arbitrage is defined as a strategy x with z(x) = oco. Since there are only a finite
number of strategies, max(z(x) : x € Q) < oo if and only if there is no arbitrage in 2. O
4.2 State price density for tradable and non-tradable states

This subsection extends the preceding results to a quasi-complete market. The point is that even if

a security is not tradable, it can have a perceived price. The quasi-complete market requires that
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the perceived prices of non-tradable securities are consistent with that of the tradable securities.
Let v;(-)ro denote the (subjective) state-price density on M as perceived by investor j € J, defined

for all tradable and non-tradable states. And define

Q= {z:reM—a(r) € [O,M);TO/Mx(r)wj(r)dFj(r) _ 1,/M¢j(r)dFj(r) _ %}.

as the “would-be” complete market as perceived by the investor. In other words, the investor

believes that the non-tradable securities if made tradable will be priced according to ¥;(-).

Definition 9 (quasi-completeness) The capital market € is said to be quasi-complete if there

exists y € B(Q) such that z(y) > z(z) for all x € Qj and for all j € J.

Implied in this definition is that if the market is quasi-complete and there is no approximate
arbitrage then every investor believes that prices of the tradable securities in 2 will not be affected
by the opening-up of any new market for currently non-tradable (derivative) securities. It is easy
to note that if a market is complete, then it is quasi-complete. But the reverse is not true. It is
possible in a quasi-complete market that some investors would be better off if some non-existent
(derivative) securities could be made feasible. An example is gambling in a place where gambles are
forbidden. In general, the existing security prices in the absence of approximate arbitrage would
not be affected by any new security markets as long as their aggregate supply and demand do not
change. So the quasi-complete market is weaker than the complete market assumption.

The purpose of introducing the concept of quasi-completeness is to develop a unique pricing
model that unifies the existing models under complete and incomplete markets. One of the major
advantages of the complete market assumption is its implication for a unique pricing kernel that
determines the prices of all securities under no arbitrage. However, the complete-market assumption

is clearly unrealistic — if only by casual observation that the number of tradable securities in practice
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are far less than the number of possible states.!® Alternatively, one can view the complete capital
market as an ultimate goal (or limit) of an exchange economy as it moves towards higher efficiency,
and form some opinion about the degree of efficiency (or completeness) of the current market. If
a market is mot quasi-complete then it is possible to create new financial products that improve
further inherent efficiency of the current market. Since it will be shown that inherent efficiency
is a necessary condition for individual optimality (Theorems 7 and 8), this would mean to make
everyone better off. The profit potential of such new products would be huge, and it is thus at least
for some good reason to assume that such profit opportunities are fully exploited in a competitive
market, i.e., that the market is quasi-complete.

Moreover, an ability to reliably price new securities in an incomplete market is of both theo-
retical and practical interest. This typically involves the use of existing security prices. One popular
approach, for instance, is to derive a risk-neutral distribution from the traded option prices that
could serve to price other securities (e.g., Rubinstein, 1994). Implicit in such approaches, however,
is the assumption of a (quasi-)complete market — for else the derived risk-neutral distributions
might not be justified. No theory to date, to my knowledge, has been able to present a wunique
pricing formula under incomplete market conditions, consistent with no arbitrage, that can be used
to price new securities as well as the existing securities. The assumption of a quasi-complete market
is sufficient to achieve this goal.

Let f denote a generalized (subjective) density function of r on M, so that f(r) is the
probability that r will occur (for the discrete case) or the density function (for the continuous case)

of r on M. The conditional density will be denoted as f(r|A) = f(r)/P(A) for P(A) > 0.

Theorem 6 (state price density) Let Assumption 3 hold and assume that Q is quasi-complete.
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Then the (subjectively believed) state price density 1¥(r)rg on G U L is determined by

o1 f(r|G) ifred,
h(r) = (37)
Sof(r|L) ifrelL,
and (ro) = 0 for the discrete case (since f(ro) = 0) or it can be quite arbitrarily defined for

the continous case (where the density f(ro) > 0) as any positive finite number, say, (rg) €

limy |, 61 f(r|G), limyqp, 62 f(r|G)].

Proof: It is straightforward to verify that Theorem 5 implies (37). It is also clear that

¥(r) > 0 with strict inequality for r such that f(r) > 0. Further,

/Mw(r)dr =6 /Gf(r|G)dT + 69 /L f(r|L)dr =61 + 62 = 1

7o
Thus v(r)rp is a state-price density. The price ¥(rg) is immaterial since P({r: r = ro}) = 0.1 O

Example 5 (State prices in a quasi-complete market).

Consider an economy with two traded assets A and B, both priced at 1 dollar, and four

possible states, with equal probability. The payoffs of the two assets are given as follows

State | Prob | Payoff A | Payoff B
1 3 3 1
2 1 2 1
3 1 : 1
4 3 0 1

Suppose the market is quasi-complete. What is the state-price density? It is clear that

A € E(Q) with Z = 2. Which yields 6; = 1/3 and 62 = 2/3. It follows that (¢1,%9,13,%4) =

(1/6,1/6,1/3,1/3), which can be used to price any new securities in this market. O
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5 CAPITAL MARKET EQUILIBRIUM

I proceed now to the equilibrium analysis of the capital market. Although the previous results hold
for subjectively believed probability distributions (P;) and apply to individually perceived security
prices (1;(r)), results in this section may require some homogeneity in individual beliefs. But let

us first define the market equilibrium.

Definition 10 (capital market equilibrium) Let Assumptions 1-3 hold. Then the capital mar-
ket is said to be in equilibrium given the feasible strategy space ), investor beliefs {P;,j € J} and
investor preferences {V; € U} if there is no approximate arbitrage in 2 and there exists a vector of

feasible strategies x* = (a7, %, ..., %), z} € ) such that
1. forall V; €W, j€J, and x € (2,
Vi(Uj (a5, w;), Dj(af,wy)) = V;(Uj(x,w;), Dj(x, w;)) (38)
with U; and Dj defined as in (1) and (2);

2. for all r € M,

Zx;‘ (rw; = Zmin = mry,(r) (39)

jeJ icl
Condition 1 says that 7} is the optimal strategy for investor j. Condition 2 has several
implications. First, the sum of all the individual wealth at time 0 are equal to the total market
value at time 0. This is because taking conditional expectation on both side of (39) on G and L,
adding them up, and using (23) yields

> wi = [01E(}|G) + 82E (x| L)|wj = m[61 E(rm|G) + 83E(rm|L)] = m
jeJ
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Second, the sum of all individuals” wealth at time 1 are equal to the total market value at time
1 for whatever realization of » € M. This condition is imposed so that the market clears at time
1 as well. It follows from these implications that the net aggregate supply and demand of the
risk-free asset and derivative securities are zero at time 0, and that the aggregate profits and losses
on all the derivative contracts sum up to zero at time 1. Less transparent, yet also true, is the
implication of Condition 2 that the supply and demand of each individual primitive security be
cleared at time 0. To see this, let Ar; be a partial marginal change of r;. From (39), the partial
marginal changes in the market value and in the aggregate investor wealth are equal, implying
m; = Y _[Az}(r)/Ar;]w;. Since this must hold for all levels of r;, the total holdings of security 4

under the equilibrium condition (39) must be m;.?

Assumption 4 Investors have homogeneous beliefs about the conditional density function f(-|G)

and f(-|L) on M, i.e.,
fi(rlG) = f(r|G), and f;(r|L) = f(r|L), for all j € J

Investors can thus differ in their general opinion about the market as a whole, e.g., in their
assessment about P(G) and P(L). Some can be more optimistic or bullish (assessing a higher

P(@)) and some more pessimistic or bearish (assessing a higher P(L)).

Theorem 7 Under Assumptions 1 — 4 and assuming that ) is inherently efficient and complete
(Q = Qo ), the market is in equilibrium if and only if (i) all strategies are priced by the state-price

density given in (37) and (ii) there exist x; € E(Qoo) for all j € J that satisfy (38) and (39).

Proof: See Appendix.
By Theorem 7, all investors would prefer a higher inherent reward-to-risk ratio even when

their subjective perceptions of reward and risk differ. This validates the claim made earlier that
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all investors would behave as though they perceive reward and risk inherently. The next theorem
shows that the assumption of a complete market is not necessary and that the same insight holds

for a quasi-complete market where a special flat option on the market portfolio can be traded.

Theorem 8 Let Assumptions 1 — 4 hold. Further assume that (i) the market € is quasi-complete,
(i) for all investors their gain- and loss-functions are weakly concave, and (i) the flat-call option
Ye(rm,70) on the market portfolio is feasible in Q. Then the market is in equilibrium if and only
if (i) rm € EB(Q), (i) all tradable and non-tradable securities are priced by the state-price density
given in (37), and (iii) there exist x; € E(S2) for all j € J that satisfy (38) and (39). In particular,
it is optimal for investors having a strictly concave gain function to hold a flat—call, those having a

strictly concave loss function to hold a flat put, on the market portfolio.?!

Proof:  Necessity: Suppose the market is in equilibrium. Let us start with a fictitious
assumption (to be shown superfluous shortly) that the market is complete. Then from Theorem 7
all securities are priced by (37) and the optimal strategies 27 € E((2) for all j € J. Since (39) implies
that 7y, is a finite convex combination of z} € E(Q2), from Theorem 3 it follows that 7., € E(f2).

Now assume that g and ¢ are concave functions. Let = 21 yo(rm,,70) + 2~ yp(rm,70) € E(Q)

be defined as a combination of a flat-call and a flat-put option on any efficient strategy x*, where
ot = / 2 (M dF(r) = B(*,G)
G
= / 2 (MdF(r) = E(*, L)
L

The cost of x is the same as x* since

Lema = 5, /.
[ v = Pfg [ & @are) = [ e e
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However, by Jensen’s inequality

U(w,w) — U(a*w) = /(';[g@ux*) — g(wa* (MAF(r) = P(@)g(E(wa")) — E(g(wz*),G) > 0
D(z,w) — D(z*,w) = /L[E(w:l:*(r)) —l(wz™)|dF(r) = E(l(wz™),L) — P(L){(E(wz*)) <0

with strict inequality for strictly concave g or ¢. Thus, by Theorem 1, strategy = is (weakly)
preferred to x* by investors having concave g and/or ¢. In other words, there is no loss of generality
for all investors with (weak) concave gain- and loss-functions to restrict their attention to strategies
in Q, or more precisely, in E(£2). The fictitious assumption of a complete market is thus not
necessary. The sufficiency part of the proof is by straightforward verification. O

For the next assumption, let upyax = sup{u(z) : x € E(Q)} and vmax = ZUmax-

Assumption 5 All investors are inherently rational (' V; € Wy). For all investors j € J, their
degree of risk aversion p; satisfies p;(0,0) < Z < pj(wjlmax, WjVmax) < 00. Moreover, for all

(wju,wjv) on R%_,
1. non-increasing risk aversion w.r.t. reward, i.e., Opj/ou < 0;
2. non-decreasing risk aversion w.r.t. risk, i.e., Op;/0v > 0;
3. increasing risk aversion w.r.t. wealth, i.e., Op;/ow; > 0.

Properties 1 and 2 in Assumption 5 are fairly intuitive. They say that as the upside potential
increases and/or the downside risk decreases one becomes more tolerant to risk. Property 3 says

that more wealth leads to more risk aversion. A simple example is the quadratic reward-risk utility

V:U—(D+gD2):wu—wv—g(wv)Q, k>0

of which p(wu,wv) =14+ kD =1 + kwv. It satisfies Properties 1-3 in Assumption 5 trivially. In

the next lemma the subscript j is dropped for brevity.
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Lemma 4 Under Assumptions 1 — 5, for all V € Wq there exists x € E(Q) that mazimizes V on §Q.

Moreover, for any x that mazimizes V' on § it is necessary and sufficient that p(wu(z), wv(x)) =

Proof: By Theorem 1, there is no loss of generality to restrict attention to E(£2) for finding
optimal strategies that maximize V' € Wy. Under Assumption 5 there exists y € E(Q2) such that
zZ < pj(wjuy),wjv(y)) for all j. For any x € E(Q) satisfying u(x) < u(y), then, there exists
a € (0,1] such that x ~ (1 — a)rg + ay € E(Q) (i.e., V(wu(z),wv(z)) = V(wau(y), wav(y); see
Theorem 3, condition 2). It will be shown that the rest of the z € E(Q) with u(z) > u(y), if any,

are suboptimal. Thus the investor’s choice problem reduces to

max V(wau(y), wav(y))
a€(0,1]

The unconstrained first-order condition is

g—z = g—gwu(y) + g—ng(y) =0 (40)
or equivalently,
plwu(z), wo(x)) = p(wau(y), wav(y)) = z(y) = z(x) ==z (41)

The existence of an unconstrained (interior) optimal a € (0,1) follows from u(x) > v(x) and the

assumption that dp;/0w; > 0, so that for a € (0,1)

p(0,0) < p(wau(y), wav(y)) =z < p(wu(y), wo(y)). (42)

The strict concavity of V' in w and v ensures that the first-order condition is also sufficient. . [J
For the existence of equilibrium, some restrictions on the market return and investor pref-

erences are needed. Let r,, > 0 denote the lower bound of 7y, so that P({r : rp(r) < r,,}) = 0.
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Then @ = ro/(r9 — r,,) is the maximum leverage on the market portfolio without violating the

nonnegative-wealth constraint.

Theorem 9 (separation) Let Assumptions 1 =5 hold, and assume that r,, > 0 and for all j € J,
zZ < pj(wjau(m),w;av(m)). Then the capital market is in equilibrium if there exists a vector

(a1, a3, ...,a%), a; €(0,a] for all j € J, such that (1 — aj)ro + ajry, € B(Q) and satisfies

pj(wjaju(m), wjazo(m)) = z(m), (43)

Za;wj =m. (44)

jeJ
Proof: Suppose (43) and (44) hold. Then by Lemma 4, z} = (1 — aj)ro + ajrm € E(Q)
satisfies (38). It is also straightforward to verify that substituting «7 in (44) yields (39). O
Analogous to the mean-variance analysis (e.g., Tobin, 1958), this theorem is called the sep-
aration theorem for its implication that the investment decisions by inherently rational investors
can be separated into two tasks : a common task of finding an efficient strategy y € E(2), and an
individual task of choosing the optimal capital allocation a such that each V' € ¥ is maximized

(see Figure 6).%2

Theorem 10 (existence of equilibrium) Under Assumptions 1 -5, there exists a capital market
equilibrium which is unique in that for any level of market risk v(m), there is a unique market risk

premium z(m) = u(m)/v(m) such that all securities are uniquely priced according to Theorem 5.

Proof: Dropping m and j for brevity, consider the necessary and sufficient condition for
individual optimality

p(wau, wav) — -0 (45)
v
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From (42), for any levels v there exists « > v such that a solution a(u,v,w) exists satisfying (45).

Further, 0p/0w > 0 is equivalent to dp/0a > 0. It follows that

da 1 Op, Op

ou (v 8u) Oa >0
da Oop w.,0p
o (8v+02)/8a<0

In other words, a(u,v,w) strictly increases in u or in z = u/v, and strictly decreases in v.

Now, for fixed wealth levels, let h(u,v) = Zj€J a;‘-(u,v,wj)wj — m where a;f(u,v,wj) is an
implicit function satisfying (45). The function h is continuous and strictly increasing in u for any
given level of v > 0. When u = v there is no demand for the risky assets since p(wu,wv) > 1 as
assumed, in which case h is negative. As u increases and becomes sufficiently large, h will become
positive because dp;/0u < 0 implies that p;(wju, w;v) < u/v as u becomes sufficiently large, i.e., all
investors would like to borrow and invest more than 100% of their capital in the market portfolio.
From the mean value theory, then, there exists a unique u or z = u/v for any level of v such that
h(u,v) = 0. O

This simple existence and uniqueness theorem, evidently, circumvents difficulties in deriving

the existence and uniqueness equilibrium results in the mean-variance paradigm (e.g., Allingham,

1991; and Nielsen, 1988, 1990).23 I close this section with a brief look at Pareto efficiency.

Definition 11 (Pareto efficiency) The vector of strategies x* = (x7,%,...,2%), ¥j € €, is
Pareto optimal if there is no feasible strategies x = (x1, %2, ...,27), x; € §, such that Vj(xj,w;) >
Vj(:[:;‘-,wj) for all 5 € J with at least one strict inequality. If there is no feasible strategies
T = (21,22, ..., 27), Tj € Qoo, such that Vj(x;,w;) > Vj(a},wy) for all j € J with at least one

strict inequality, then x* is fully Pareto optimal and the market € is said to have attained Full

Pareto Efficiency.
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The next theorem shows the implication of quasi-complete market for full Pareto efficiency
(see, e.g., Amershi, 1985, for a general result on full Pareto efficiency). The proof is straightforward

hence omitted.

Theorem 11 Let the assumptions in Theorem 7 or in Theorem 8 hold, and assume that the market

is in equilibrium. Then ) attains Full Pareto Efficiency.

6 CONCLUDING REMARKS

The contributions of this paper may be summerized in terms of two attributes: one of unifying
and generalizing the known results, and one of presenting new insights and tools for analyzing
investment strategies and security markets.

Formulated in the dichotomous-choice paradigm of Zou (2000a), individual preferences are
more generally represented by their perceptions of reward and risk, and by their reward-risk utility.
Since this new paradigm encompasses the expected utility models and other legitimate reward-risk
utility models, the results obtained in this paper also apply to these special cases.

The paper re-enforces some important insights that are already known from the modern
portfolio theory, such as the effect of risk diversification, the (inherent rather than mean-variance)
efficiency of the market in equilibrium, the separation theorem, the role of “beta” in the deter-
mination of asset prices, the equilibrium implication for Pareto efficiency, etc., except that these
results are derived here more generally and rigorously, being consistent with no-arbitrage and the
first-order stochastic dominance (thus overcoming shortcomings of the mean-variance model).

The paper also presents many new insights. Most important, perhaps, is the implications
of the dichotomous pricing model (Theorem 5) that (i) security returns in equilibrium or in the

absence of approximate arbitrage can be analyzed separately in terms of their up-market and down-
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market potentials (see Figure 5); (ii) these potentials should be in the same proportion, measured
by the security’s beta, to those of the market; and (iii) all securities’ prices can be expressed as the
sum of two discounted values: the up-market expected value and the down-market expected value,
and there are two common factors (6; and 63) for discounting the expected values of all securities
respectively. In deriving these results as a condition for market equilibrium, only homogenous beliefs
on the conditional (on market being up or down) distributions of security returns are assumed.
Thus the predictions hold even when investors differ in their opinions about the probability that
the market will be up or down.

Another important insight is the implication of quasi-complete market and flat options for a
unique state-price density (Theorem 8). This state-price density has also two parts, respectively in
constant proportion to the conditional density of the primitive states (on the gain-domain and the
loss-domain of the market). It is able to price both traded and non-traded securities, consistent
with no-arbitrage, and with market equilibrium when investors have (weakly) concave gain- and
loss-functions. This result unifies the existing (two-date) models of complete market and incomplete
market into a single consistent framework.

Many issues remain to be investigated, however. I list here just a few thoughts (some reflected
in Zou, 2000b) to conclude the paper. What are the inter-temporal properties of inherent reward
and risk? Are the main results here extendable to the multiple-period investment (and consump-
tion) environment? How to test the predictions of the model empirically? How to incorporate
multiple sources of risk in the current model? How to incorporate more general heterogeneous

information and/or beliefs? And so on...
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APPENDIX

Proof of Theorem 2: Assume that there exists * € Q such that V(z,w) < V(2*,w) for all
x € Q, which implies by Theorem 1 that Z(z,w) < Z(z*,w) < oo for all z € Q. Thus for any
strategy = € 2 and any real number a € (—e¢, 1) where € is a sufficiently small positive number such

that the portfolio 7 = az + (1 — a)z* € Q,%
Z(z*w) > Z(ax + (1 —a)z*,w), Va€ (—¢,1).

the return on portfolio at time 1 is 7(r) = az(r) + (1 — a)x*(r) if the realized state is r. By

definition,
U(m,w) = / [g(awz(r) + (1 — a)wz™(r)) — g(wro)|dF (r)
G(m)

D(m,w) = / U(wrg) — L(awx(r) — (1 — a)wz™(r))]|dF(r).
L(m)

It follows from z* being optimal that 0Z(w,w)/0a < 0 at a = 04 and 9Z(w,w)/da > 0 at a = 0_.

Equivalently,
ou(m,w) ., OD(m,w) ., B
5 D(z*,w) — TU(I ,w) < 0ata=04 (46)
oU (m,w) . OD(m,w) .
_ =) > =
9 D(z*,w) 5a U(z*,w) > 0ata=0_ (47)
Since

U(m,w) —U(z*,w)
- / lg(wn(r)) — glwro)|dF(r) — / lg(wa™(r)) — g(wro)|dF(r)
g(w) G(m*).
- / lg(wn(r) — glwa™(r)}dF(r) + / lg(wn(r)) — glwro)dF(r),
G(z*) G(m)NL(z*)
taking derivative from the right at a = 0 yields

Wbm = lim l{/g(m*)[g(TUJI*(T) + aw(z(r) — z*(r))) — g(wx™(r))|dF

a—04 a
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+/ [g(w™(r) + aw(x(r) — 27(r))) — g(wro)]|dF]
MN{r:a(z(r)—z*(r))>ro—z*(r) >0}

= / g (wz*(r))w(z(r) — z*(r))dF + / g (wro)w(x(r) — ro)dF
G(z*) G(2)NN(z*)
Similarly,
—8U( w) = "(wx*(r))w(z(r "(wr, r)—r
o = [ dr ) e or s [t - rodr
9D(m,w) = "(wx* (r))w(z* (wr ro — x(r
g oo, = [ttt e) —eonar s [ et ()
9D(m, w) = "(wa* (r))w(z* (wro)w(rg — z(r
bl = [t o) dF*A;nmﬂ o)u(ro — 2(r)dF.

Substituting the above into (46) and (47) yields

/' ywﬂ@mumm—fvww+/' o (wroyw(x(r) — ro)dF
G(z*) . G(m)ﬂN(m*).
< Z(a*w)] / ¢ (wa ()w(@*(r) — 2(r))dF + / ¢ (wro)w(ro — o(r))dF] (48)
. L(z*) . L(z)NN(z*)
/ g (wz* (r))w(z(r) — 90*(7“))dF+/ g (wro)w(z(r) —ro)dF
G(z*) . L(m)mN(m*).
> Z(a*w)] / ¢ (wa ()w(@*(r) — 2(r))dF + / ¢ (wro)w(ro — o(r))dF]. (49)
L(z*) G(2)NN(z*)

In particular, for x = rp, (48) and (49) collapse to an equation:

/ gmmmwwm—fmwﬂmzzmmm/ O (wa* (1)) (e (r) — r)dF(r).  (50)
G(a*) L(z*)

Subtracting (50) from (48) and (49) yields then the statement of the theorem. O
Proof of Lemma 1: T only prove the statement concerning v since the one concerning wu is
analogous. Let any z € 2 and y € Q and any real number a € (0,1) be given and consider the

inherent risk of portfolio 7 = az + (1 — a)y €

o(m) = /'[Mm—xw»+a—nXm—vadmm
L(w)
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- a{/m)mm).(ro ~alr)dF + /IL(W)Q(G(QU? (ro = (r))dF] (51)
Ha-al  Go-yeDaE+ [ (o= y(r)aF) (52)

. L(m)NL(y) . L(m)NG(z)
= /IL(W)Q]L(JE) G(TO - x(r))dF * A(W)HL(y)(l - a) (TO N y(r))dF (53)
< av(a) + (1 - ap(y). (54)

Thus the first part of the lemma is proved. The following statements are in the sense of almost
everywhere with respect to the probability distribution P, although not repeated.

Sufficiency: Suppose P(COD(x,y)) =1, then

x(r) >ro=y(r) >rog= n(r) >ry, thus P(L(7) NG(x)) =0,

which implies that the second terms in (51) and (51) are zero. Similarly, the second term in (52)

is zero. It follows that the strict equalities in (53) holds. Further,

z(r) < roey(r) <rg=n(r) <,

thus P({r : @(r) <rg,z(r) <ro})=P{r:z(r) <rg}) = P{r:y(r) <ro})

It follows that the strict equality in (54) holds.

Necessity: Suppose P(COD(x,y)) < 1. Then there exists a subset A C M, P(A) > 0,
on which the excess returns of the two strategies have opposite signs. Without loss of generality
suppose that x(r) > r9 and y(r) < rp on A.

Now suppose contrary to what will be proved that the equalities in both in (53) and (54)
hold, which means that P(L(7) N G(x)) = 0 by inspecting the second terms in (51) and (51). This

would imply, however, that almost everywhere on M

x(r) >rg = 7w(r) >rp = alx(r) —rg) > —(1 —a)(y(r) —ro). (55)
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Moreover, equality in (54) implies that almost everywhere on M
y(r) <ro=m(r) <rp=a(z(r) —ro) < —(1—a)(y(r) —ro). (56)

Clearly, the inequalities in (55) and (56) contradict each other on A. As a result, at least one of
the inequalities in (53) and (54) must hold strictly. O

Proof of Theorem 7: Let any V € U be given. If investment strategy z* € 2 is a solution
to P, then the relationships in (7) of Theorem 2 hold for all z € Q. Let strategy x whose time-1

payoff is defined as follows.

z(r) = z*(r) on GNG(z*) or LNL(x")

= 1ro otherwise

Clearly, if the cost of x is less than or equal to 1 then x € E(£2). This will be verified shortly to be
true. For the moment, however, it is convenient to assume that x costs 1 so that the conditions in

(7) can be used. Substituting z*(r) and =(r) into (7) yields then, respectively,
/G( )gl(ww*(r))(w*(r) —ro)dF(r) = Z(a", w) /( )E'(wx*(r))(ro —a(r))dF(r) - (57)
T* L(z*

and

/ g'(wa™ (r))(x(r) — ro)dF(r) = Z(x", w) / {'(wa™(r))(ro — a(r))dF (r) (58)
G(z*)

L(z*)
Subtracting (58) from (57), however, yields
/ g'(wa*(r))(@"(r) — ro)dF (r) = Z(x*,w)/ (wa(r))(ro — 2*(r)dF(r),  (59)
LOG(z*) GNL(z*)
from which it follows that P(L N G(z*)) > 0 if and only if P(GNL(z*)) > 0. If P(LNG(z*)) =

P(GNL(z*)) =0 then z* € E(Q2) by Theorem 3, and the theorem is proved. If otherwise, by (37)
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the cost difference between the two strategies

/@(x*(r) — () (r)dr
- / (2*(r) — 10)81f(r|G)dr + / (2 (r) — ro)6a (| L)dr
GNL(z*)

LNG(z*)

0 *(r)y —rg) f(r)dr — ro —x*(r)) f(r)dr
- s /m(m*)@ (r) — o) f(r)d / (ro — (1) f(r)dr]

GNL(z*)
01

@ [/mc,(w*) g' (" (r)(@"(r) —ro) f(r)dr — Z (2", w) /G (@ (r))(ro — 2(r)).f (r)dr]

NL(z*)

Y

where the strict inequality comes from zZ > 1, Z(z*,w) > Z(rg,w) = 1, and Assumption 1 (¢" < ¢').

This contradicts z* being optimal, however, since raising = to some x + € on G(z*) and L(z*) will

change the “=" in (58) into “>” implying that z* is suboptimal. As a result, * must have perfect
co-domain with z. By Theorem 3 again, z* € E(Q2). O
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FOOTNOTES

1. Part of this paper was written while I was visiting Hong Kong Baptist University in the fall
of 1999. The generous support of my host, the helpful comments by Rod Aya, Henk Koster,
Kin Lam, Wei Li, colleagues and seminar participants at University of Amsterdam, Hong
Kong Baptist University, University of Hong Kong, Tinbergen Institute and, in particular,
the detailed remarks by Laixiang Sun, Florian Wagener and Peter Wakker on earlier versions,

are gratefully acknowledged. All errors remain to be my own, of course.

2. The reader need not have prior knowledge of this theory, a summary of which is presented in

Sections 2 and 3 below.

3. For a recent survey and other references, see Campbell (2000).

4. Recently, Bernardo and Ledoit (2000) present a pricing model that has some structural sim-
ilarity with the inherent-model to be developed here. Their gain-loss ratio, however, is com-
puted using risk-adjusted probabilities of some given benchmark portfolio whereas I work
with probabilities that are actually believed by the investors. Bernardo and Ledoit obtain
relationships between bounds of the pricing kernel and of the gain-loss ratio, assuming a
discrete state space. In the absence of a theory of choice, though, these bounds are quite
arbitrary. In contrast, the pricing models to be presented here are built within a rigorous
theoretical framework and offer much sharper (e.g., a precise prediction of security prices)

and more general (e.g., on a more general state space) results.

5. For a recent survey of utility functions for wealth, see Bell and Fishburn (2000).

6. In Zou (2000b) I show how this two-date model can be readily extended to a multi-period
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model with path consistency.

. These payoffs might also be interpreted as a consequence of some dynamic trading strategies
pre-programed to mimic a targeted payoff structure at time 1. However, since this interpre-
tation requires further assumptions that are unnecessary in this static setting (e.g., smooth
security price processes and the ability of the traders to commit to such mimicking strategies

over time), I choose to interpret such payoffs as a result of the derivative contracts.

. It is difficult to construe the concept of negative wealth. The problem lies in the willingness
of the creditor to treat the debtor’s negative wealth as his asset. If the debtor has the ability
to render service or defer payment of his debt, then his current wealth should reflect the value
of his service or the present value of his future wealth. Even when a creditor enjoys the pure
psycho-pleasure of “consuming” his debtor’s negative wealth, such pleasure has value that
can be used to reduce the debtor’s negative wealth. After depleting all such possibilities the
remaining liabilities, if any, has to be written off from the creditor’s asset side of the balance
sheet. Analytically, it suffices to assume that r; € [0, M] almost surely, i.e., the probability
that r; > M is zero. Note also that the analysis is easier without the non-negative wealth
constraint. The purpose here is not to simplify, but to show how the thorny issue of negative
wealth can be easily resolved in the present analytical framework. See, e.g., Dybvig and

Huang (1988) on nonnegative wealth and its implications.

. Alternatively, one can assume that the brokerage firms or the clearing houses are vigilant
enough so that an account is automatically liquidated as soon as its value falls to zero. From
the viewpoint of dynamic rebalancing, this is equivalent for the investor to buying a put

option at the start so that he never risks bankruptcy.
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Implicit in this definition is that every strategy must have an initial cost to establish, and
that the cost is finite. Investors with zero wealth, for instance, will not be allowed to trade
risky assets — for else, under risk, negative wealth may occur at time 1. This restriction,
however, does not preclude the consideration of derivative securities that have a zero cost,
since it is easy to combine such derivatives with a risk-free asset and analyze the combined
portfolio as a strategy. Similarly, if a derivative contract has a negative value, then investors

on the other side of the contract must see it having a positive value.

See, e.g., Leland (1980) and Brennan and Solanki (1981) for similar modelling of strategies
as functions of the underlying asset. Existing models usually consider only one single risky

asset as the underlying, whereas here x is a function of a n-dimensional vector.

Note that assuming an upper bound for all the investment returns does not preclude pos-
sible arbitrage strategies. An arbitrage strategy does not have to mean that with 1 dollar
investment one could make instantly arbitrarily high profits. It is more properly defined as
a strategy that could realize an above-normal risk-free return (e.g., higher than the risk-free
interest rate), and it must able to be (infinitely) repeated for (infinitely) high profits.This
assumption, however, does preclude many interesting distribution functions, such as normal
distributions. In my opinion, it should not be considered as a limitation of the theory. In-
stead, since the total wealth of the world economy is bounded at any given point in time, it
is more realistic and rigorous to preclude the unbounded return distributions. The inconsis-
tency between short-sales and unbounded stock returns can thus be avoided. Justification for
using unbounded distributions to approximate reality can be relegated to applications of the

theory.
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This level of wealth, in nominal terms, may depend on the current prices of the securities as
w; may be interpreted as the total value of the investor’s current portfolio based on market
prices. However, since the prices of the primitive securities are normalized to 1 and the
numbers of the aggregate supply of the primitive securities are assumed to be fixed, w; is a

constant for each investor at time 0.

In the mean-variance analysis there is a similar problem that kinks may occur on the mean-
variance frontier. Dybvig (1984) shows that this happens only under some rare conditions,
and with a short-sales restriction. Note that the inequalities here in (7) apply to subjectively

believed security prices (or returns) and the optimal strategy can differ across investors.

The reason to call such investors “inherently rational” is that examples can be constructed in
which investors who do not agree with the inherent measures of reward and risk may subject
themselves to “mispricing to their disadvantage”; in other words, they may create arbitrage

opportunities for the others. This subject is not persued here, however.

Efficiency criterions vary, of course, with the individual objectives. In the expected utility
paradigm, for instance, see Peleg and Yaari (1975) on efficiency sets of security prices, and

Dybvig and Ross (1982) on efficiency sets of portfolio decisions.

See Clark (2000) for more on approximate arbitrage in a model of infinitely many commodities

proposed by Kreps (1981).

Even if in theory a market can be spanned efficiently with only supershares (Hakanssen 1978,
1982) or with only options on an efficient portfolio, (e.g., Ross, 1976), this requires a complete
spectrum of supershares or options with a full range of exercise prices that we do not observe.

Also, even if in theory strategies can be continuously rebalanced to mimic the payoff of any
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option (portfolios), this requires unrealistic assumptions that there is no transaction costs
and that the stock returns follow a continuous stochastic process (e.g., Black and Scholes,
1973; Merton, 1997). Fortunately, these concerns become superfluous in a quasi-complete
market provided that a single “flat option” on the market portfolio can be traded (with a
weakly concave restriction on investors’ perception of reward and risk, thus allowing weakly

concave von Neumann-Morgenstern utilities).

The reader may wonder if it is possible to approximately arbitrage by buying the up-market
states [rg,r0 + €] C G and short selling the down-market states [ro — e,79] C L for infinites-
imally small e. The answer is no. Provided ¢ > 0, it is easy to veryfy that such a strategy
(with the rest in cash) yields an inherent reward-to-risk ratio that is less or equal to z(y),
y € E(Q). On the other hand, there is a bound (¢ > g9 > 0) on the maximum short posi-
tions taken in such a strategy before incurring hedging costs under limited liability (e.g., see

Example 1).

Requiring market to clear at both times ensures consistency with the nonnegative-wealth
constraint. In the equilibrium studies of market models it is often only required that the
market clears at time 0 (see, e.g., Hart, 1974; Allingham, 1991; Dana, 1999; and Nielsen,

1988, 1990).

There is no need to introduce the flat-put option since it can be constructed using the risk-
free asset and the flat-call only by the put-call parity for flat options (22). It is used here for

convenience.

For other separation theories in the framework of expected utility or in more restricted classes

of return distributions see, e.g., Cass and Stiglitz (1982), Ross (1978), and Rubinstein (1974).
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An unverified conjecture is that this existence theorem could be extented to a quasi-complete
market with general perceptions of reward and risk, provided that the total wealth of the
inherently rational investors is sufficiently large so that they can absorb the flat-option effect.
It is obvious that an equilibrium cannot exist if all investors prefer flat options, since flat

options assign fixed payoffs whereas the market returns are generically random.

Since there is a uniform upper bound for the payoffs of all the perception on which the
strategy x € ) is defined, a short position in x with sufficiently small exposure o > —e is also

a feasible strategy in €2, i.e., without risking losing more than 100% almost surely.
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Efficient Strategy: Capital Allocation

x(r)

ar,+(1—-a)y(r)

0 2 y(r)

Figure 1: A linear combination of y and a risk-free asset is inherently efficient.
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Efficient Strategy: Bull Spread
x(r)

y(r)+ Put — Call

0 3 y(r)

Figure 2: A bull spread can be inherently efficient provided it is constructed to have perfect co-

domain with y.
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Inefficient Strategies:
Covered Cal and Protective Put

X(r ) Covered Call

Protective Put

0 3 y(r)

Figure 3: Both the covered call strategy and the protective put strategy as depicted are inefficient

because they do not have perfect co-domain with y.
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Inefficient Strategy: Straddle
x(r)

0 3 y(r)

Figure 4: A straddle cannot be efficient because it never can be made to have perfect co-domain

with y.
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Up-market and Down-market Lines
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Figure 5: The dichotomous pricing model predicts that in equilibrium every security’s up-market
potential and down-market potential are linear functions of its beta. Thus the up-market (resp.
down-market) potentials of all securities should fall on the up-market (resp. down-market) line.
Note that these lines can be extended to the left to allow for negative betas, which are not depicted

in the figure.
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Indifference Curves and Efficient Frontier
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Figure 6: If all investors share common perception of inherent reward and inherent risk, then
maximizing the inherent reward-to-risk ratio z is a common task. In equilibrium the market
portfolio m offers the highest such ratio z(m) and individuals choose optimal strategies along the

efficient frontier.



