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Abstrad

The paper applies Ricardo's principle of comparative advantage to analyze the substitutabili ty
between types of labor. The problem of having to classfy labor in a small number of typesin e.g.
sandard CES models are avoided by applying a wntinuum of worker and job types, where better
skilled workers have a omparative alvantage in more complex jobs. The complementarity matrix,
which is derived by inverting the substitution matrix, exhibits attradive feaures. The matrix
depends only on the wage distribution and a single parameter, which is dubbed the complexity
dispersion parameter.

A particularly intriguing application is the acamulation of human capital. An investment in human
capital reduces the suppy of low-skilled and increases the suppy of highly skilled workers,
therefore compressng wage differentials. The training of one skill group will therefore have
(pogitive and negative) externdlities to the wage of other skill groups. The complexity dispersion
parameter measures the percentage compresson in log wage differentials per percent
acaimulation of human capital. Empirica estimates s1ggest that this parameter is in the range of
2.4 - 3.8. Thismedanism explains for example the massve cmpresson of wage differentialsin
some Adan tigers during the seventies and the aghties. The inverse of the complexity dispersion
parameter measures the maximum productivity gain that can be adieved by human capital

acaimulation.
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1 Introduction

Some 150 yeas ago Ricado used his well known example of textile and wine in Britain and
Portugal to lay out the principle of comparative advantage. Both countries $ould spedalizein
the production of that commodity in which they have a omparative advantage. Apparently, the
fadors of production in Britain and Portugal were not perfed substitutes.

Despite the natura relationship between the principle of comparative advantage and the analysis
of the substitutability of fadors of production, the link between both concepts has not been
developed formally since Ricardo's day. Arrow, Chenery, Minhas and Solow's (1961) work on
the CES function set the standard for the analysis of substitutability. Later work by Diewert
(1977 and others provided new, more flexible spedficaions, but none of them started from the
concept of comparative advantage. This paper fill s this gap. 1t will be shown that there ae smple
and transparent closed-form relations between the structure of substitution and complementarity
and the principle of comparative alvantage, based on a ontinuum of fadors of production, which
have important advantages above the standard approad of a discrete number of fadors of
production.

Focussng on the labor market, the spedfication of the model makesiit particularly suitable for the
analysis of the distributional effeds of policy interventions such as a general increase in human
capital, training programs for spedfic skill groups, and minimum wages. The papers offers an
explanation for wage mmpresson in the United States during the fifties and the sixties following
the high schod revolution between 1910and 194Q and similar, more recent experiences in some
Adgantigers. Recet studies $owing the large spill over effeds of increases in the minimum wage
to wage levels way above the minimum (DiNardo, Fortin, and Lemieux, 1996 Lee 1999
Teulings, 1999 provide strong evidencefor the enpiricd relevance of the model.

In previous work (Teulings, 1999, | have developed a handsome spedfication of comparative
advantage in an assgnment model of a cntinuum of worker types to a continuum of job types.
Workers are indexed by their level of skill s, and jobs by their level of complexity c. This
complexity index ¢ measures the relative productivity gain of an additional unit of skill. The level
of ill, therefore, matters more in complex jobs - and better skilled workers have a omparative
advantage in these jobs. The equili brium allocation can be described by a mapping of complexities
to Kill s, denoted ¢(9), €'(s) > 0. There ae two types of substitution in this model. First, changes
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in relative prices for the output of various job typeswill affed the composition of product demand
and therefore the skill composition of the demand for labor. Thisis the between-job substitution
process modelled by astandard CES function. The most interesting result will be derived for the
case where the betweean-job elasticity of substitution is st equal to zero.

Semnd, changes in relative wages induce shiftsin the assgnment of worker-types to job-types.
This is the within-jol/between-worker-type substitution process The model satisfies the DIstance
Dependent Elagticity of Substitution (DIDES) charaderigtic: the shorter the skill distance between
two worker types, the more substitutable they are. A crucial role is played here by the log wage
function w(s), in particular by its first and second derivatives. Itsfirst derivative w(s) measures
the return to the skill i ndex (from the point of view of the worker) or the marginal relative aost
of an additional unit of skill (from the point of view of the firm). Since the cmplexity index ¢
measures the relative productivity gain of an additional unit of skill in that job type, a mst-
minimizing employer offering jobs of type c will choose the optimal skill | evel such that w(s) is
st equal to . Werew(s) constant (and hence, were w'(s) equal to zero), an employer would be
indifferent between sKkill types becaise the higher wage of a better skilled worker would be exadly
offset by her higher productivity. The higher w'(s), the higher the alditiona cost of hiring a
worker better or lower skill ed than the optimal type. Thisimplies that the second derivative must
be ameasure of the degreeof substitutabili ty between worker types. the higher w'(s) is, the less
substitutable they are. The formal analysis will confirm thisidea*

This multifacdor model of comparative alvantage is the starting point of the analysis, with one
important adjustment. In order to be ale to cdculate amatrix of elasticities of substitution, the
continuum of kil types, where s can take any red number, is replacal by a stepfunction, where
S =S, + As. By considering the limit for As - 0, the cae of continuous variation in s can be
approximated arbitrarily close. Where an analyticd expresson for cost function of this economy
Is avallable, the subgtitution matrix can be derived straightforwardly. However, the
complementarity matrix can only be onstructed by inversion of the bordered substitution matrix,

since the production function cannot be spedfied explicitly.

Thereisan aternative way to seethis. The first-order conditi on for cost minimization by the firm impli es that
c(s) =w(s). Sincethisrdation appliesidenticaly for al s, the following can be differentiated: c'(s) = w'(s). Hence
w'(s) isameasure of the digperson of job complexity among workers. The greater the diff erence between job types,
the more difficult it will be to substitute worker types.
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The paper's gredest chalengeisto find an analytica description of the inverse of a matrix, which
is of infinite dimensions in the limit for As- 0.

The matrices of substitution and complementarity of this model have two pealliarities: i) the
substitution matrix is close to diagonal, and ii) the complementarity matrix is governed by a
seand-order difference euation. The reader will find it helpful to gain a basic intuition for these
charaderigtics. In this analysis, between-job substitution will be temporarily ignored for
expositional convenience

In thismodel, apriceincrease (or, for the labor market: awage increase) for one sKkill type leals
to substitution only to the two adjacent skill types. The demand for other skill types remains
unaffeded because the ajacent sKkill types are better substitutes than all other sKill types, which
are d alonger kill-distance Aslong asthe price of the best substitutes remains constant (which
isthe basic assuimption underlying the concept of elasticities of substitution), there is no need for
subgtitution to ather, lessadequate substitutes. Hence, the matrix of elasticities of substitution H
isclose to diagonal: minusses at the main diagonal and plusses at the dements diredly adjacent
to the main diagonal. Since substitution effeds aong a wlumn sum to zero, the two plusses
adjacent to the main diagonal should ead be half the size of the minusses at the main diagonal.
Hence, the i-th vedor h; of the substitution matrix shows a pattern like [...0,0,1,-2,1,0,0,..],
where -2 isthe i-th dement. Thisfeaure renders H alessthan useful description of the structure
of substitution when the number of skill types goes to infinity becaise the within-job/between-
worker-type substitution is zero amost everywhere. H measures only the between-job type
substitution. | focus therefore on the complementarity matrix.

Whereas a substitution matrix documents the dfed of price danges on quantities, the
complementarity matrix E documents the dfed of changes in quantities on prices. Loosely
speking, the one istherefore the inverse of the other: H E = 1. Thej-th vedor g, with elements
{g} of E, should therefore satisfy (by the symmetry of H and E, columns are indenticd to rows):
h'e, = 0. By the pattern of h, thisimplies: e ;- 2 g; + e;,,; = A%,,,; = - a constant, where the
congtant comes from the fad that we have to invert not simply H, but the bordered substitution
matrix. The pattern of the substitution implies, therefore, that the cmplementarity matrix is

governed by a second-order difference ejuation.?

’Someresultsin this paper have been conjedured for a spedal casein Teulings (1999: the importance of the
seond derivative of the log wage locus, the substitution matrix being zero aimost everywhere, a second- order
differential equation governing the trajecory of a row vedor of E and the non-differentiability at the main
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The mode hasimportant implications for the relation between the acamulation of human capital
and wage dispersion. In general, investments in human capital reduce wage differentials: the
suppy of highly skill ed workers goes up (reducing the wages of these workers), while the supdy
of low-skill ed workers goes down (raising the wages of this group). The mmparative-advantage
model alows aformal charaderization of the relation between the aceimulation of human capital
and the compresgon of wage differentials.

To derive thisresult, the differential equation governing the matrix of complementarity is olved
for the cae of a zeo betwea-job eagticity of substitution. The resulting complementarity matrix
can be fully described by the log wage distribution (which can be observed dredly) and a variable
dubbed the mmplexity disperson parameter. The latter parameter, which is estimated to be in the
range 2.4 - 3.8, is a tharateristic of the wage function w(s), depending on its first and second
derivatives. It turnsout that this parameter can also be interpreted as a mmpresgon elasticity: it
measures the percentage reduction in log wage differentials per percent increase in the stock of
human capita. Each percent investment in human capital reduces wage differentials by 2.4 - 3.8%.
The acaimulation of human capital reduces the wage differentials (and therefore the return on
human capital), thereby reducing the scope for further investment. The model alows us to
cdculate the maximum productivity gain to be achieved by investment in human capital, which
iIsequal to the inverse of the complexity dispersion parameter. Beyond that point, the return on
further investment in human capital is zero. The estimated values for the mmplexity dispersion
parameter suggest a maximum gain of between 26% and 42% of total labor product.

The organizaion of the paper isasfollows. Sedion 2 sets out the structure of the model. Sedion
3 provides agenerd framework for the analyss of eadticities of substitution and complementarity,
which will serve & a badkground for the subsequent analysis. Sedions 4 and 5 ced with,
respedively, the derivation of the dasticities of substitution and complementarity. In Sedion 6,
the complexity dispersion parameter is introduced. Sedion 7 deds with a somewhat more
structured spedfication, which alows the daraderizaion of the relation between the
acaimulation of human capital and wage dispersion. The paper closes with some final remarks
in Sedion 8.

diagond. Theseresultswill be proven in the more general framework of this paper. Moreover, the argument will
be moreintelli gible than that attempted in Teulings (1999.



2 The structure of the e@nomy

Consider an economy producing a single output by means of the input of labor in an infinite
number of job types. Production does not require any other input, like for example caital. Job
typesareindexed by anindex c, c € [c,c"], ¢ > 0. Theindex c will be referred to asthe level of
job complexity. The relation between inputs and output is given by a continuous-type CES
production function with constant returnsto scde. One can think of this CES function either as
the production function of a firm that uses al inputs to produce asingle output, or as a
consumption function, that describes the way in which heterogeneous outputs of various job types
are combined in a single mmposite cnsumption good. As long as the mmmodity markets for
these heterogeneous outputs are perfedly competitive, both interpretations are equivalent.

It is convenient for our purpose to spedfy direaly the log cost function per unit of output
asociated with this CES production function:

P [epld(©) (1-mp(El]de (2)

where:

P, =thelog priceper unit of output;

p(c) =thelog priceper efficiency unit of labor of typec;

d(c) = anexogenous, twice differentiable function of share parameters,

n = the dasticity of substitution between job types.

Labor in ajob of type ¢ can be provided by workers with different skill | evels, where skill types
differ intheir productivity. There ael types of workersin the eonomy, eat type endowed with
aill leve s, 1=1,...]. The labor markets for types are perfedly competitive. Let: 5, = s and let:
§=5,; + As, where Asisa onstant that satisfies: As= (s" - S)/I. Hence § = s". The domain of
the sKill variable is therefore divided into a number of intervals of equal width and s jumps
sepwise. The cae of continuous variation in the skill | evel swill be gproximated by considering
the sequence of economies: | = I, 1,41, 1,42, ....,kegoing al other parameters of the e@nomy

except Asfixed. Hence inthe limit: 1-<, or equivalently: As- O.



Asamption A:
productivity of worker types injobtypec=exp(sc).

This edficaion cgptures the notion of comparative advantage. The higher the job complexity
c, the higher isthe relative productivity gain of the marginal unit of skill. Hence, it is easy to show
that in a competitive eguili brium highly skilled workers will be assgned to more complex jobs.
Let w be the log wage for typei. A competitive firm offering jobs of type ¢ will therefore dhoose
the worker typei to minimize exp(w; - s ¢ ). Inthe initial market equili brium, these wage rates
are asumed to be points on a locus W(s): w = wW(s). For the evaluation of elasticities of

subgtitution, we shall congder dight variations of these wage rates around this initial equili brium.

Assimption B:

BO:  w(.) istwicedifferentiable;
Bl Ww(s)=c;

B2: w(s)=c

B3:  w'(.)>0.

Asaumptions B1 and B3, combined with the asumption that ¢ > 0, imply that w(s) is an
increasing function. Thisis motivated by the essumption of absolute alvantage: whatever the job
type to which a worker is assgned, the higher s is, the more productive the worker is.?
Assimption B3 isjudtified by the assumption of comparative alvantage (seeSattinger (1975 and
Teulings (1995).* Were assumption B3 not satisfied for some interval of s, then the skill types
in an even larger interval would not be employed in any job type in market equili brium.

Asaumption B3 is therefore eguivalent to the assumption that employment in all skill typesis

*The assimption of absolute advantage is not required for the present paper, but kegpsit in line with Sattinger
(1975 and Teulings (1995.

“The mncept of comparative advantage is related but different from the concept of supermodularity, seefor
example Shimer and Smith (1997). Let f(s,c) be the output of worker type s in job type c, then comparative
advantage implies d[f/f]/dc > O, or equivaently f f_ > ff., while supermodularity requires f, > 0. A dired
comparison istroubled by the fact that output is heterogeneous in ¢ in this paper, while it is homogeneous in
Shimer and Smith. However, bath concepts yield equili brium all ocations where there is a positi ve association
between sand c.
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grictly positive. Alternatively, assumption B3 can be interpreted as the second- order condition
for optimal worker assgnment. If B3 were not satisfied, a firm could increase profits by either
hiring aless illed worker (becaise the productivity losswould more than offset the reduction
in the wage hill) or by hiring a better skilled worker (for a similar argument).

We have by previous definitions:®

lim,s.o AW/As=W(S);

lim ..o A2W/(AS)? = W'(s),

where A isthe first difference operator. Without proof, | state that conseautive kill typess;,
will be employed in conseautive, conneded but non-overlapping, intervals of the job type index
¢, where higher skill types are employed in the more complex jobs. Thisresult is due to the fad
that, except for the borderlines between two conseautive intervals of ¢, the st per efficiency unit
of labor, exp(w-sc), has a unique minimum for ead c. Let ¢; be the borderline between the
intervals of ¢ employing skill type s_; and skill type s. By cost minimization, the @st of employing
both skill types $ould be equal at this borderline job type. Hence sc - w = 5.,¢ - w4, Or:
G(W.y,w) = Aw/As, i =2];

C, =C,

G =C.

Hence

M 5q.0 G(Wp, W) = W(S);

limyg.o Aci(W.,W)/As = wW'(s).

The first equality is equivalent to the first-order condition for the cae where s varies
continuously: w(s) = c. This condition is referred to in Sedion 1. The marginal relative st of
an additional unit of skill, w/(s), should be equal to the relative productivity gain, c. From
assimptions A and B, there existsac(.,.) within [¢’,c']; moreover, Ac, > 0 for eadi=1,1-1. All
jobtypesintheintervd [c,G.,] will therefore be occupied by workers of typei. Substituting these
relations in equation (1) yields:

*Throughout the paper | apply a somewhat inadequate, but convenient notation. Sinces =s +i As, dtrictly
peaking: lim ..o f(S) = f(S), wherel mean: lim .., f(S,a9). 1N other words, where the notation suggeststhat i is kept
constant (and hences goesto s), in fact sis kept constant (and hencei goesto «).



p,(W) -1 -InQw)
I Gea(Ww ) 2
QY. [ explde)+ (1 miw sode

¢;(wi_y i)

where Q(w) isan auxiliary function and where wis the (1x1) vedor with elementsw, (all vedors
will be underlined throughout the paper). Equation (2) defines log cost per unit of output as a
function of log wage rates of al worker types. Wages of worker types enter along two channels.
Frst, they enter by the integrand: production cost per job type, taking the assgnment of workers
as given. Sewnd, they enter via the upper and lower bounds of the integration intervals. Each
interval denotes the job types that employ a particular type of workers s in market equili brium.
Note that ead boundary ¢; depends on the wage rates of only two worker types. typei and the
preceeling typei-1. Changesin relative wages will change the optimal assgnment, which will be
an important source of substitution effeds. Whereas an explicit production function for cost
function (1) can be spedfied, no explicit expresson is available for the production function
asciated with cost function (2). This cost function will therefore be the starting point of the

analysis.
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3 A genera framework for the derivation of elasticities

This sedion offers a general discusson on the derivation of elasticities of complementarity and
substitution in the cae of constant returns to scde. The results are standard, but an explicit
discusson isincluded becaise the logs of quantities and prices are gplied, instead of their levels.
This smplifies the derivation in Sedion 4.

Let C[P] be production cost per unit of output as a function of a vedor of input prices P. Itsfirst
derivative, C[P], isequal to the demand for input per unit of output X[P]:

Ce[P] = X[P].

Consider the dfed of a change dP in P. For smplicity, C[P] is normalized to unity. Let dP* be
the vedor [dP | A], where A isthe Lagrange multiplier of the congtraint that dC[P] isdC; let dX*
be the vedor [dX | dC]; and let C,p be the matrix of second derivatives of the st function
(throughout the paper, bolds denote matrices). Then:

dX* = Cpp dP,

where Cpp = [Cpp Cp | C, 0] is the bordered Hessan matrix. The matrix of elasticities of
substitution, which measures the dfed of a dhange in the price of one input on the demand for
other inputs, is defined as:

H = Cp'CplCh ™,

where C; is a diagona matrix with diagonal C,.

Calculations can be simplified by using log prices instead of prices as argument of the st
function (lower cases denote the log of the @rresponding upper cases):

c(p) = InC( exp[p] ).
Thefirst derivatives of this function are thus equal to the value shares of ead input:

¢ ~C™'Ceexplp] -V ©)

whereV isthe vedor of value shares. Likewise:
Cpp', off diagonal = C_l P CPP P- C_l M Mly
where P is a diagona matrix with diagonal P. Hence

Hoff diagonal =1V _1CppV_1 (4)

whereV isadiagonal matrix with V' on the diagonal. This equation will be gplied in Sedion 4.
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The diagonal elements are solved as aresidual item, since substitution effeds add upto zero:
HV =0,

where O isavedor with al elements equal to zero.

Let F(X) be production as a function of input X that goes along with the st function analyzed
above (like C, F[X] isnormalized to unity). Itsfirst derivative F,[X] isequal to input prices P[X]:
FIX] = BIX].

Let Fy, be the matrix of second derivatives and define Fy, " = [Fyy Fy |£X' 0]. The dfed of a
change dX in X subjed to the mnstraint that F[X] remains unchanged is:

dP" = Fy, " dX".

Hence F,,* = Cpp ™. Elasticities of complementarity, measuring the efed of a changein one
input on the prices of other inputs, are defined as:

E =F,'F Fy ™

When a production function is not available, these dasticities $ould be derived from the cost
function by matrix inversion. Define:

H*=[H1]|10],

where 1 isavedor with al elements equal to unity. Then:

H*=Cp" 'CpeCo™ %,

where C," is adiagona matrix with diagonal [C, | 1]. Then:

E=FYCp JFI=VYG}VT,

where G* = H* *, and where aurly bradkets around a matrix denote an operation that drops its
final column and row. The second equality isduetothefad that F, =P, C.=X,and F=C=
1. Hence we shall use equation ? to cdculate H* and then cdculate the dasticities of
complementarity by applying:

e.=—i (5)

where {g;} and {g;} are dements of the matrices E and G" respedively and where {v} isa
diagonal element of V.
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4 The matrix of the dasticities of substitution

The first derivative of log cost function (2) reads:

a‘;,(v—) Q(l_)lfexp[é(Cﬁ(l n)(w-so)jdc +
1 X
(1-1)QW)As X

( —exp[d(c) +(1-n)(w-sc] —exp[d(c;,y) +(1-n)(W-S¢C;,y)]

rexp[d(c) +(L-m)(W_; -5 _,C)]  +exp[d(c,y) +(1-M)(W,;§..C.0)]

wherethe aguments of ¢,(.) are omitted for notational convenience. The first term refersto the
between-job substitution, the second term to the within-job/between-worker-type substitution.
The seand term cancds due to the envelope theorem: it is equal to the first- order conditions for
the optimal assgnment of workers to jobs. This term, however, does not cancd for the second

derivative, which will be discussed below. By equation (3):

Q(_ f expl8(C) +(1-m)(w,-50)]de @

v(s)=~ eXIO[ﬁ(C)+(1 (W -sc)] ©)

where v, is the value share of worker typei. Define:
We have, by equation (7), definition (8) and lim,., Ac/As=w'(s):
liMye.o V/AS = exp[8(c)+(1-1)(W-5C)]/QW) limyg o (Ciy-C)/AS
= exp[8(c)+(1-M)(W-5)]/Q(W) W'(s)
=V(s).
Thisalows aniceinterpretation of v(s): it is the density function assciated with the distribution
of value over s aong the support [s,s'].

The second derivatives that are not adjacent to the main diagonal satisfy the following:
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G-

expl3(0) (1-
©)

o%p,
WO,

imtian T o f exp[(c) (1 m)(w;-sc)lde

= - (1m)vy,

The terms refleding the within-job/between-worker substitution cancd, becaise neither ¢, and
C..1, NOr ¢ and ¢, depend on both w; and w. However, for the elements {i-1,i} adjacent to the
main diagonal, ¢; depend on both w and w._,. Hence, the term refleding the within-job/between-
worker-type subgtitution does not cancd. Basicdly, when w: goes up, firms offering jobs of type
¢ can save sts by shifting from worker typei to typei-1. Using definition (8), we have:

o%p,
OW,_;0W,

- *(1*11)Vi_1Vi+@@<p[5(ci)+(1*ﬂ)(m/f%ci)] = *(1*11)Vi (20
Equations (4), (9) and (10) motivate Proposition I:

Proposition I:
The elements { h;} of the matrix of elasticities of substitution of the mode! discussed in Sedtion
2 rea asfollows:
1-1) by ige =M
1-2)  h;=n+aq;
where:
0 = V(S)/[Viavw/(s)As]) ™
[-3) h;solves HV =0

The entries not adjacent to the main diagona satisfy the standard constant elagticitity of
substitution result for the between-job substitution. Thisis the mnsequence of applying a CES
function (seeequation (1)). For the entries adjacent to the main diagonal, a second term shows
up, refleding the change in the assgnment of workers to jobs when relative wages change. The
fador g; reveds the aucial importance of the second derivative of the wage function, as was
alluded to in the introduction of the paper. Since lim,.., Ac/As=w'(s), this cond derivative
isameasure of the digpersion of job complexity. Thisis exadly the reason that this fador enters

in definition (8). The higher the second derivative, the greder the differences are between job
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types (that is, the greder the differences are in productivity ratios of worker types aaossjobs).
Note that in the limit | - «, the number of entries adjacent to the main diagonal relative to the
total number of entries goes to zero. The H converges to the standard CES result amost
everywhere. Hence, elasticities of substitution are not very useful in a model of comparative

advantage.

5 The dharaderizaion of easticities of complementarity

Elasticities of complementarity will be derived from the inverse of the bordered matrix of
elasticities of substitution in the way described in Sedion 3. The number of types of labor (and
therefore the dimensions of the bordered matrix H™) will tend to infinity when we let As approach
zero. We shall be ale to give an analyticd description of its inverse matrix. At the limit, the
inverse G* can be described by a function of two continuous arguments refleding the row and
column indices:

9(s,) = limyg. g; (A9)™

Due to equation (5), elasticities of complementarity are egual to g;/[v\v]. Hence where lim
Vi/As = v(s), these dagticities converge to:

im0 6/ = 9(S.SIV(SMS)].

The main ingredient of the charaderization of g(.) will be asecond-order differential equation in
itsfirst argument, keeping the seand argument constant. The intuition for this result is discussed
in Sedion 1. This differential equetion is derived intwo steps. Fird, G* is charaderized in general.
Next, the differential equation for g(.) is derived by letting As approach zero. This procedure

justifies Proposition |1 :

Proposition Il :

The function g(s,r) isfully charaderized by the following:

1-1) g(sr) =9(r,s);

[I-2) thefunction g(sr), kegoing r constant, is continuous but non-differentiable & g(r,r);

[1-3) apart from this non-differentiabili ty, this function satisfies the following:
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_w V9w 9ve

B — r r
o 1S ) MW (S 9(sn*
1", / H, H, H Q2 Y, (11)
w7 (Sv/(s)-v(sjw(s)+v /()W (s)/V(5) g(sr) ng(sr) +v(r):0
[vew/(s)12 V(S
[1-4) itsfirst derivatives at the boundaries of its domain satisfy
gl(s:r)f%g(s:r):o (12)
and asimilar equation for s';
[I-5)
[a(sn)ds-0 (13)

S

The proof of the proposition is given in Appendix A.

Thelocusg(sr) for sgoing froms to s” and for r € [s,S'] is therefore described by two branches,
which both satisfy the second-order differential equation (11) and which conned at s=r. Solving
this second-order differential equation for both kranches yields four constants of integration,
which are determined by: i) the equality of g(s,r) at s=r; ii) and iii) theinitial conditions for the
first derivatives of both branches at boundaries of the domain g,(s,r) (see guation (12)), and
g,(s’,r); and iv) the restriction that substitution effeds aim to zero, which is equation (13). By
the symmetry of G*, the same relations also apply when we fix sand let r vary.

Equeation (11) reveds again the crucial importance of the second derivative of w(s) referred to in
Sedion 1. Within-jol/between-worker-type substitution becomes more astly the higher isw'(.).
At the limit, there will be only between-job-type substitution, measured by the CES-elagticity n.
Loosdly speaking: lim,,q... §; = Vy/n, whichisthe standard result for a CES production function.

Differential equation (11) will be solved to yield an explicit expresson for g(.) for the cae when
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there is no betweean-job-type substitution:

Proposition 11l :

For n =0, the dasticities of complementarity e(s,r) satisfy:

.

. WV o WOV g oy OOV
s<r: e(sr)= f e dx { e dx [v(y) f Td (14)

S

where:
V(s) = [¢Sv(X)dx.

The proof of Proposition 3 can be found in Appendix B.

V(s) can ke interpreted as the distribution function of value over s. Hence V(s') = 1. The
expresson for s> r follows from symmetry, by exchanging sand r.

Thefirg term in equetion (14) varies with s only, the seand term with r only, while the third term
iIsa onstant. Hence, the first derivative of arow of elasticities of complementarity has a smple
structure:

fors<r: e(sr) =-w'(s)V(9)/v(9).

Hence eadticities dedine monotonicdly until they reaty a minimum value & the main diagonal.
Sincethat V(s) =0, and V(s) > 0, thereisaforcethat unequivocdly tends to make the trgjecory
segoer the more it approacdhes the main diagonal. There might be off setting forcesin w'(s) and
V(s). When the latter two are mngtant, e,(s,r) deaeases linealy starting from e(s,r) = 0. Hence,
g(.) reduces to a parabola, with itstop at s=s. At the main diagonal, the trgedory crosses the
upward-sloping branch from a similar parabola, with its top at s = s". The minimum of the
tragjedory istherefore arather sharp trough, sinceit coincides with the non-differentiabili ty.°
Thereisa dea economic intuition for this pattern. Suppose that the supgy of worker type s is
to beincreased by some anount. Then, the wages of worker typei will go down, pushing ¢(s_;,S)
downand c,(S,S.;) up. A larger interva of job typeswill be available for type s to acommodate
the additional supgy that is available. Hence, there will be fewer jobs available for both of the
neighboring skill types. Their wages will go down as well, but by lessthan for type i, because

®This feature explains the minimum wage paradox in Teulings (1999.
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otherwise the changein ¢(.) and ¢,,,(.) would be exadly undone. However, the wage reduction
for the neighboring skill types induces a fall of ¢,_,(.) and arise of c,,(.), thereby shifting the
assgnment intervals of typei-1 downward and of typei+1 upwvard in the job hierarchy. Thiswill
invoke wage reductions for the subsequent skill types on both sides, s, and s,,, but by lessthan
for the diredly neighboring types, and so on and so forth. The substitution processmaterializes
by spill -over effeds from the one segment to the other, both in the upward and the downward
diredion of the job hierarchy.

Note that the dossderivatives of e(s,r) within the @ove axd below diagonal triangles of the
matrix are ze&o due to the alditive structure of e(sr). This feaure has important pradicd
implications, which will be treaed in Sedion 6.

6 The complexity dispersion parameter and the distributive dfeds of human cepital

While equation (14) provides a useful charaderizaion of elasticities of complementarity for
theoreticd work, the mncepts introduced by the eguation are not easily interpreted empiricaly.
We have no dired observations on the skill | evel of aworker and therefore of the distribution of
value added aaoss &ill groups. This makes it hard to get a fed for the dasticities of
complementarity implied by the model. Equation (14) will therefore be spedfied in terms of the
distribution of value acosslog wage levelsinstead of aaoss ill groups. Define:

FIw(s)] = V() (hence: v(s) = fw(s)] W(s)),

ewfw(s) W(r)] = e(sir),

cdlw(s)] = w'(s)/[w(s)].

Hence, F(w) isthe distribution of value added aaosslog wage levels. This distribution differs
from the log wage distributions usually applied, which refer to hours worked or persons employed
instead of value alded. The interpretation of the parameter cd(w) will be discussed below.
Equation (14) can be respedfied by atransform of variable, w=w(s), as.

wew;enw) < - [ £ ibecwaw - [ L lcdwde 160 f 19

where: w = W(s) and: W' = W(s"). The parameter cd(.) = w'/[w]? is dubbed the complexity
dispersion parameter by Teulings and Vieira (1998, which refers to the fad that w' =
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lim . ;Ac/As measures the dispersion of job complexity. However, w' is not fully appropriate &
an empiricd measure of the dispersion of job complexity. The metric of s can only be identified
upto alinea transformation (seeTeulings (1995 301)). Thus, suppose analyst 1 uses s as his ill
measure, while analyst 2 uses z = «, + ;S as his Kill measure. The second derivative of wW(s)
established by analyst 1 will be afador «,? higher than the one established by analyst 2. Since
there is no way to establish the values of o, and «, empiricdly, a measure of complexity
disperson should not depend on these parameters. The complexity dispersion parameter satisfies
this criterium.

It should be stressed that the complexity dispersion parameter is not a structural technologicd
parameter (as is the dasticity of substitution of a CES production function). The cmmplexity
dispersion parameter applies locdly, in a particular market equili brium, with a particular
digribution of skill among labor supfy (analogous to a value share in a CES function). Changes
in the skill distribution will affed the value of the complexity dispersion parameter.

In generd, the dfeds of a dhange in the distribution of skill types among labor suppy on wages
can be cdculated by

w*

d[\Ni]\skill cor‘stmt:feN[VVi’VV]f(W)d[logf(W)]|Wag$ cor‘stmtdw (16)

w

The quotes "skill constant™ for d[w] and "wages constant” for d[log f(w)] remind us that we refer
to the dnange inw(s) for a onstant <kill 1 evel, and to the dhange in f{w(s)] dueto a dhangein the
number of workerswith skill | evel s- and not due to a change in the number of workers earning
alog wagew(s). Inthe speda case of human capital aaquisition, the increase in the supgdy of the
skill level to which a group of workers has been trained (the "destination” skill type) will be
exadly offset by the deaease in suppy of the skill [ evel which these workers had before the
training (the "source" sKill type). Let hjw(s)] be the increase in the human cepital of all workers
with sKill type s before the a@uisition of additional human cepital A; h(w) is measured by the
wage increase that would be generated if the log wage schedule w(s) would be unaffeded: h[w(s)]
=wW(stA) - Wm(s). Hence, d[log f(w)] isequal to minus unity, and d{log f{w+h(w)]} is equal to plus
unity. The dfed on log wages can therefore be cdculated using equation (16):
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AW g constant™ f [e’\(\’\’i*w*h(w))*e’v(vvi’w)] f(w)dw

< [ e wyf(wh(w)dw 17

Wi

= f F(w)cd(w)h(w)dw- f [1-F(w)] cd(w)h(w)dw

where the goproximation follows from a Taylor expansion that applies to small values of h(w).
d[W] | sir consnt MeaBUIes the general equili brium effed for the wage of the skill type eaning w;
before the increase in human capital, were her skill | evel not affeded by the increase in human
capital h(w); were dw to include the dired effed of human cepital acquisition, then we should
add h(wy).

Equeation (17) is particularly useful for the cdculation of relative wage dfeds of the aquisition
of human capitd. Such cdculationswere virtually impossble using the standard CES framework
or, more generaly, production functions with a limited number of inputs. These models were ale
to cdculate the dfed of particular types of human capital aaquisition, namely the transfer of a
number of workers from one type to another (e.g. from low to high skill ed), but were unable to
accessthe dfed of amarginal increase in human capital of a group of workers.

The generd expresson for wage dfeds of the acquisition of additional human capital in equation
(17) yields transparent expressonsin two spedal cases. i) anincrease in human capital only for
asngle type of worker, and: ii) an equal increase for all worker types. Sincethese caes provide
nice insights into the medhanisms at work in this type of eanomy, they will be considered in

Propositions 1V and V, respedively.
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Proposition 1V:

Consider the eonomy described in Sedion 2 with 1 = 0 (no between-job substitution) and
consider in this ecnomy the increase in the stock of human capital charaderized by:

) h(w) = h, for:w <w<w +A;

ii) h(w) =0, everywhere dse,

where both h and A are small numbers. Then:

1) AW i constant=[1-F(W)]cd(w)Ah, - for: wi<w

(18
i) d[vvi]|skill corgmt:fF(vvj)cd(vvj)Ah, for: W>W,

Proposition 1V follows from a simple Taylor expansion of the integrals in equation (17). The
proposition consdersthe cae where d workers eaning between w and w; +A are provided with
h units of additional human cagpital (measured in relative wage gain).

Given the generdity of the production structure, proposition 1V isavery strong implicaion. All
workers types that are skilled lessthan the type eaning w seetheir wages increased by some
equal percentage, while d worker typesthat are skill ed better than type w, seetheir wage reduced
by some equal percentage. Proposition IV implies, for example, that any increase in the stock of
human capital at a particular wage level between the 10-th and 90-th percentile of the wage
distribution will deaease the 10-90 log wage differential. The predictions of the comparative
advantage model are therefore widdly different from a CES model with, say, four skill categories.
There, an increase in human capital, which transfers workers from the second to the third
caegory, will not affed the wage differential between the first and the fourth category. Note that
avalue share F(w) of the workers gets the wage increase, while ashare 1-F(w) gets the deaezse,
so that the sum of positive axd negative wage dfeds is equal to zero, as is required for
substitution effeds.

Thetota increase in human capita asashare of the total stock in Proposition 1V is equal to f(w)
XA x h.

Thereduction in the relative wage differential between all |essthan-type-w; skilled workers and
all better skilled workers is therefore egual to [ cd(w)/f(w) ] x the relative increase in the total
stock of human capital.
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Proposition V:
Congder the eonomy described in Sedion 2 with 1 = 0, and consider in this economy an equal

relative increase in human cgpital measured in value terms for al worker types:
h(w) = h, for all w,
where h isasmall number. Then,

{dw] - dIW]} gt corsens= 1 CA(W)IW (19

Proposition V follows diredly from equation (17). The proposition states that the compresson
of alog wage differentia w; - w (e.g. 10-90log wage differential) due to a general increase of the
stock of human cgpital by h x 100% is equal to the integral over the complexity parameter x the
increase. Proposition V highlights the ammpressng effed of increasing the stock of human capital
in this type of model, is smilar to Tinbergen's (1979 racebetween educaion and tedhnology.

Propositions 1V and V both suggest an aternative interpretation of the cmplexity dispersion
parameter as being the compression elasticity: the percentage compresson of log wage
differentials per percent investment in the stock of human capital. The next sedion will elaborate

on this theme.

7 Empiricd applicaions: the aceamulation of human capita

The analysis in Sedion 6 was quite general in the sense that no structure was imposed on the
crucial factorsin equation (15), the trajedory of the complexity dispersion parameter, or, the
vaue digribution. Inthis ®dion, we will consider a simple spedfication for both ingredients that
allows the numericd evaluation of some policy experiments for redistic parameter values. First,
asume that the complexity dispersion parameter is independent of the wage level:

cd(w) = .

Though the constancy of cd(.) is of course astrong restriction, it provides a useful benchmark.
Semnd, assime that the log wage distribution islog normal. This more structured version of the
modél alows anumber of further insights into the mecdhanism at work in the model, in particular

the relationship between human capital aaquisition and wage dispersion.
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Teulings and Vieira (1999 work out a smple methodology for estimating the complexity
disperson parameter for the cae in which this parameter is constant (thus requiring only a wuple
of OLS-regressons). They estimate y to be 2.40 for Portugal (comparing rates of return to
schoaling in Lisbon and inthe rest of the wuntry). They argue that the estimation results for the
Netherlands in Teulings (1995 and for the United States in Teulings (1999 imply values for vy
of the same order of magnitude (3.50 and 3.80, respedively). | shall apply avalue for y of 2.50
in the subsequent cdculations.

When the distribution of log wages weighted by hoursis normal, then the distribution weighted
by value added is also normal, with the same variance. That is, when’

Woeighted by hous ~ N(H,07),

then:

Wiveighted by value aided ~ N(0%+u,0%).

o varies typicdly from 0.85 for Portugal, via 0.60 for the United States and 0.40 for the
Netherlands, to 0.30for the Scandinavian countries. It is convenient to normalizethe level of log
wages w such that the median log wage weighted by value alded equals zero: p = -0
Subgtituting these expressons in (15), and applying a transform of variable for the integrals, x =
wa, and using ®(x) = 1-O(-x) yields:

wlo

for w<w;: ew(w,w)- - vo{w(wi/o)wwvj/o) [ SO0w(9ax (20)

-wlo

where:

YY) = e’ P/ (x) dx,

and where w is the (absolute value) of the upper and lower support of w.2 In this smple model,
the dasticities of complementarity are proportional to the complexity dispersion parameter and
the variance of log wages. No further parameters enter the model (apart from w; seefootnote 8).

Table 1 gvesan overview of the relevant values. The first two columns apply smultaneously to

fw) = A, exp(w) @[(w-)/o]/o = A, exp] - Y(w-0*p)’0?)/o = @[(w-0*-p)/o]/o,
where ¢(.) isthe sandard normal density function and where A, are appropriately chosen constants of integration.

8A more convenient choicewould be to use an unbounded support for w. One would exped e(s,r) to converge
for large values , sincethe probahilit y massin the tail s becomes very small. Inspedion of the separate integrals
in (20) revedls that they do not converge. However, numerical calculations s1ggest that the dfed of changesin
® on the various terms cancd, asis to be expeded. To avoid this complexity, we apply a bounded support.
Subsequent calculations will be based on w = 3 o.
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both values of o, the next three @lumns apply for o = 0.60, while the next three ©lumns provide
the same information, but then for o = 0.30. The subsequent explication refers to the clumns for
o = 0.60, but applies likewise to the final three ©lumns.

Column 1 lists the aumulative value share, F(w). Column 3 lists the corresponding wage level,
while column 4 gves the wmulative hours sare. Since the mean of the log wage distribution
weighted by value has been normalized to zero, F(0.00,,,mm 2 = 50%um - ObvVioudly, the
cumulative share weighted by hours exceeds the awmulative share weighted by value - since the
least-paid hours count lessin value-weighted distribution. The larger the dispersion of the wage
digribution is, the more this applies - as can be seen by comparing the results for o = 0.60 and o
= 0.30. Column 2 ligts the relevant values of §i(.). Finally, theintegral in the third term of equation
(20) islisted at the bottom of Table 1. The meaning of column 5 regarding the introduction of a
minimum wage will be explained below. Though only results for o = 0.60 and o = 0.30 are
presented, the numbers for ys(.) and the smple proportionality of the dasticities in the complexity
disperson parameter and the variance of log earnings alow the reader to easlly cdculate himself

elasticities for other values.

A. Minimum wages

The enployment effed of minimum wages is one of the most reseached areas in labor economics.
Minimum wages are therefore auseful test for the comparative advantage model, the more so
where the modd explains osme stylized fads that have not been predicted by the more standard
CES type gproach. We shall perform this test before turning to the aceamulation of human
capital.

Though there is no agreement on the predse mnclusions from the reseach on minimum wages,
there seams to be acommunis opinio that the dfeds on employment are small. In their review
paper for the United States, Brown, Gilroy and Kohen (1982 report an elasticity of -0.1 until -0.3
for the employment of teenagers. More recent work by Card and Krueger (1994 suggests even
smaller effeds. However, the dfeds on the wage distribution sean to be substantial (see
DiNardo, Fortin, and Lemieux (1996, Lee(1999 and Teulings (1998). The latter two authors
clam that the reduction in minimum wages can explain most of the increase in wage inequality
in the United States during the aghties, in particular for the lower half of the distribution. The
present model is particularly useful for understanding the dfed on the wage distribution.

Consider the consequences of the introduction of a minimum wage that drives 1% (in value
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added) of the workforceout of employment. What will be the amnsequences of this policy for the
wages of the other 99% of the workforce? To cdculate these dfeds, we use equation (16). A
minimum wage drives out the least <kiled workers from employment. Hence
d[log f(W)] |wages corstant = 0, €XCept for the 1 (value)% next to w, where:

f(w) d[log f(W)] jvages corstant = ~1%0.

Subgtituting equation (20) for eM.) in equation (16), and noting that its first term vanishes (since
w =Ww), the dfed on the wages for the skill types that remain employed are:

-y 0% (y[-wio] - [@(y)u(y)dy ) x 1%.

Table 1 lists the wage dfeds by percentile for 6 = 0.60and y = 2.50in column 5 (and for ¢ =
0.30in column 8). The eanployment lossof 1 (value)% corresponds to alossof approximately
4% of the hours worked (compare mlumns 1 and 4). The wage of the least skill ed worker that
remains employed goes up by some 17 for o = 0.60 (somewhere between line 1 and 2in Table
1, 4.2% for o = 0.30), which squares well with the results of Teulings (1999.° Wages go up for
al workersin thefirst 27 (value)% in hours of the distribution, or even the first 50% measured
in hours for ¢ = 0.60 (or: 38% for o = 0.30). They gain from the increase in the minimum.
Because substitution effeds must sum to zero, wages must go down in the upper 70 (value)%.
Hence, an increase in the minimum wage reduces wage dispersion along two medanisms: the
truncation of low-skill ed workers from employment and the compresson of wage differentials for
those who remain employed. These results are mnsistent with the findings of Lee (1999 and
Teulings (1998 that the reduction in the minimum wage by about 30% in the United States
during the eighties is the most important explanation for the rise in wage inequality in the lower

half of the wage distribution.

B. Thereturnsto training programs
Hedkman, Lochrer and Taber (1998a,b) have agued that standard methods for analyzing the

returnsto training programs are biased since they ignore genera equili brium effeds. Aslong as

the program is experimental, and only a limited number of people car adually apply, the shift in

*The 1% lossof employment referred to in the text is a value share, where the number in Teulings (199&)) is
weighted by hours. The best comparison isthe year 199Q for therethe initial level of the minimum wageis low:
Table 1 suggests a 1% reduction in hours to yield a wage increase for the least skill ed worker that remains
employed of about 7% for o = 0.60, whil e Teulings (19983) reports a number of approximately 8%.
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the kill distribution will be too small to affed skill prices. However, when the program is open
to al members of the workforce, skill prices will be dfeded. The wage of a group of workers
with askill evel that is equivalent to that of those who enter the program will go up becaise they
are in more limited suppy, while the wage for the skill | evel that the program is aiming for will

go down due to the increase in suppy.

The mmparative advantage modd provides grong support for this notion. Proposition IV states
that an increase in human capital at a particular skill | evel is going to raise the wages of all less
skilled workers by an equal percentage and is going to reduce the wages of all better skilled, also
by an equal percentage. Table 2 provides ome cdculations for this policy intervention for various
percantiles of the wage digtribution. Since dl better skill ed workers experience an equal wage loss
and all less «illed workers profit from an equal wage gain, only two numbers have to be
presented for ead policy that affeds the skill level of a particular percentile of the sKill

distribution. The higher up in the skill distribution is the group that receves additional training,

the smaller will be the positive wage dfedsfor the less ill ed workers, and the higher will be the
negative wage dfeds for the better skilled workers.

C. Ageneral risein thelevel of human capital

The rapid economic growth of the Adan tigersin the decales preceeling their recent collapse was
fuelled to alarge extent by a substantia investment in human capital for the new generations
entering the labor market (seeY oung (1995). The comparative alvantage model developed here
impliesthat ageneral increase in the level of human capital reduces wage inequality. The relative
suppy of low-skilled workers goes down, increasing their wages, while the relative suppy of
highly skilled workers goes up, reducing their relative wages. This medianism offers an
explanation for the rapid dedine in income dispersion in some of the Asian tigers (seeBirdsall,
Ross and Sabot (1999). Proposition VI provides ome insghts into the relationship between the

acamulation of human capital and wage dispersion.

Proposition VI:

Condder the eonomy described in Sedion 2 with 1 = 0, and consider in this ecnomy a sequence
of investments in human capital such that for all worker typesin ead investment round h(w) =
h, for al w.

Let H bethelog of the acemulated stock of human cagpital (such that dH = h) and let the initial
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equili brium of the eonomy be daraderized by

i) H=0,

i) cd(w) =v(0),

i) w~N[p(0),0(0)7;

where the parameters y(H), 1u(H) and o(H) are viewed as functions of the stock of acaimulated

human capital, H. Define w(s,H) as the return on human capital for skill level s a alevel of

acamulated human capital H.

Then:

VI-1) the charaderistics of equal complexity dispersion for al w and log normality remain
preserved duing the acamulation process

VI-2) y(H) =v(0)/[1-y(0)H],

VI-3) w(sH) =w(s,0) [1-v(0) H],

VI-4) o(H) =a(0) [1-y(0) H].

Proposition VI follows from Proposition V. The formal proof has been relegated to Appendix C.
The crucial ingredient in the proof is equation (19) of Proposition V, which under an equal
complexity dispersion parameter for al wage levels, and using the notation introduced in
Propostion VI, reduces to the following:

diw(s,H) - w(r,H)]/dH = - y(H) [w(s,H) - w(r,H)].

Dividing by (s-r) and taking the limit (s-r) - Oyields:

dw(s,H)/dH = - y(H) w(s,H),

where the superscript ' denotes the partial derivative with resped to the first argument (to
maintain consstency with the notation used before). Hence, the rate of compresson of the return
to human capital is equal to y(H), which contributes to the interpretation of the cmplexity
disperson parameter as the compresson elasticity. This rate of compresson is equal aaoss ill
levels. Therefore, adua log wage schemes w(s,H) are alinea transformation of log wage
schemes prevailing duing previous gages of the acamulation process This explains why the
complexity dispersion parameter remains equal aaoss ill | evels and why log wages remain
distributed normally in the course of the acemulation process Note that the normality of the
distribution of log wages is only required for proposition VI-4) and VI-5). The other parts of
Proposition V1) require only the independence of the emplexity disperson parameter of the wage
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level.

The contribution of subsequent investment rounds in human capital to the cmmpresson of wage
dispersion is governed by three forces. First, the complexity dispersion parameter goes up,
increasing the rate of compresson. Second, compresson is proportional to the level of dispersion,
deaeasing the rate of further compresson. The first and second forces exadly cancd, yielding
a onstant absolute rate of compresson. Findly, the return to human caoital is reduced in line with
wage digperson. Each new round of investment in the value stock of human capital will therefore
require a greaer extension of the "physicd" stock of human capita (e.g. yeas of educaion or
experience) than previous rounds, sincethe investments yield lower returns.

Note that changes in the stock of human capital are valued at their contribution to productivity,
not at the @t of investment. Proposition VI-2/3) imply that the return to human capital and the
standard deviation of the log wage distribution vanish when: H = y(0)™*. From then on, further
Investment in human capital is impossble (since human capital is valued at its return and this
return is equal to zeo). Hence the log stock of human capital, and therefore the log output gain,
cannot excead y(0)™, which is equivaent to a 40% output gain under the assumption that the
complexity dispersion parameter is equal to 2.50.

Theintuition for thisresult is that ead increase in human capital will raise productivity in al job
types, but mogtly in the most complex job types, becaise the marginal return of an additional skill
Is the highest in these occupations. Since there is no between-job substitution, output ratios
remain constant. Hence an ever increasing part of the workerswill be needed in the least complex
job types, sncetheinvestment in human capital yields no productivity gain in that job type. In the
end, everybody worksin the least complex job type, where there is no productivity gain.

The maximum to productivity gainsthat can be adchieved by investment in human capital typicdly
apply when tednology is kept constant. When the demand for labor shifts to more complex
functions as a result of skill-biased technologicd progress then the return to human capital
Increases again. At that point, new rounds of investment in human capital become profitable.
Tednology might also be endogenous, which can be wvered in the model by letting n be
postive. A fall in the return to human cgpital will then reduce the wages of highly skill ed workers
and thereby also output prices for complex products. With n positive, this will i nduce ashift of
product demand towards more mwmplex products. The endogeneity of technology will therefore
increase the maximum output gain that can be adieved by investment in human capital. Similarly,

the asumption that the complexity dispersion parameter is constant along the wage schedule is
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a ondition for this maximum to productivity gains. Other patterns for the complexity dispersion
parameter might yield different outcomes.

Propositions VI-2) and VI-3) imply that there is an inverse relation between the mmplexity
disperson parameter and wage dispersion in the @urse of the acamulation process Hence, the
maximum productivity gain achieved by investment in human cagpital depends on the initial level
of wage dispersion: in Portugd, where the stock of human capital is gill at alow level and where
the standard deviation of log wages is high, a greaer productivity gain can be redized by
investment in human capital than can beredized in a cuntry with a highly educated workforce
and a compressed wage distribution, such as the Netherlands. The inverse relation between
complexity dispersion and the standard deviation of log wages implies that their product is a
"natural” constant (Portugdl: 2.0, United States: 2.3, the Netherlands: 1.4).

Congdering the two eanomies described in Table 1 (y = 2.50, o = 0.60 or 0.30), eadt percent
increase in the stock of human capital will reduce d log wage differentials by 2.5%. Taking as
apoint of referencethe 10-90% log wage differentid (or equivalently: 2.56 o), ead extra percent
human capital will yield a reduction of the 10-90% log wage differential of 2.5 x 2.56 x 0.60%
= 0.038 pints (or half as much for o = 0.30).

Kim and Topel (1995 present some evidence for the cae of Koreaduring the seventies and
eighties. The 10-90% log wage differential dedined from 1.68in 1971to 1.22in 1989 atrend
that is due mainly to the cmpresgon of rewards for educaiona groups. The mean number of
yeas education of the workforcerose by approximately 1.6 years.'® Using a 10% return to ayea
of education (this high rumber is consstent with Kim and Topel's, p. 250, fig. 7.13), we find that
this increase is equivalent to a 16% increase in the value of human cepital. Where the level of
wage dispersion is consistent with o = 0.60, the comparative advantage model would predict a
16 x 3.8 = 61% point reduction in the 10-90% log wage differential, which squares reasonably
well with the adual deaease.

The same mechanism explains the large compresson in wage differentials in the United States
during the forties and fifties (Goldin and Margo, 1992, following the high schoadl revolution
between 1910and 1940(Goldin and Katz, 1998.

1% im and Topd (1995 p. 249, Fig. 7.12): a20% point increase in the share of high schod x 4 additional years
of education compared to dementary education, 10% point increasein coll ege x 8 additional years.
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The effeds of the policy interventions discussed above ae cnditiona on the assumption of )
being equal to zero. Without that assumption, we would not be caable of applying the dosed-
form solution equation (14). However, we can use the dharaderizaion of H in Sedion 4 and set
| at a high value to cdculate the inverse numericaly. Similar cdculations in Teulings (1999
sugoest that setting n equal to unity reduces the elasticities of complementarity along the main
diagonal by some 40%.'* A comparison of the empiricaly observed spill-over effeds of an
increase in the minimum wage in Lee (1999 and Teulings (1998 and the cdculated effeds
discussed here suggests that  must be dose to zero.

7 Some final remarks

Our analysis has reveded a number of pealliarities in the structure of substitution and
complementarity of the comparative advantage model. The substitution matrix H converges to
the constant between-job elasticity n everywhere, except in the entries diredly adjacent to the
main diagonal. When the number of fadors of production tends towards infinity, the surfaceof
this area @jacent to the main diagona relative to the total surfaceof the matrix tends toward
zeo. Hence, if one believes the comparative advantage model, then it makes little sense to look
at the substitution matrix.

However, the complementarity matrix is very informative. The second derivative of the log wage
function has been shown to be aucia for its $ape. The higher the aurvature of the log wage
function, the higher are the dasticities of complementarity. The intuition for this result is that
wheress the first derivative shows up in the first-order condition for optimal assgnment, the
seoond derivative measures the st of shiftsin the assgnment.

Thetrgedory of a wlumn vedor of the cmmplementarity matrix is governed by a seacond-order
differential equation, with a negative second derivative and a non-differentiability at the main
diagonal. Due to these fedures, the complementarity matrix has a deep trough at the main
diagonal, while there is relatively little ad¢ion in the regions further from the diagonal. The relative
wage effeds of an increase in the supdy of a particular skill type ae therefore heavily

concentrated at skill types within a shorter distance the Dlstance Dependent Elasticity of

1The characterization of H applied in Teulings (1998 is based on a more complicated and less robust
approach, where the within-job/between-worker-type éasticity of substitution is st at alarge but finite value. The
present paper uses an infinite dagticity.
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Subgtitution (DIDES) structure. Thisfedure leals to the aygregation bias in traditional estimates
of elasticities of complementarity discussed in Teulings (1999.

The comparative advantage model, thus, shed new light on the relation between human capital
acaimulation and wage dispersion, in particular when the dasticity of between-job substitution
Is equal to zero. For that case, a Simple dosed-form solution for the differential equation is
available. There is a nice @rrespondence between the determinants of suppy and demand for
human capital. On the supdy side, w(s) measures the return to human capital (or: skill) to the
worker. On the margin, the @mst of the aguisition of an additional unit will be set equal to this
return. On the demand side, w(s) measures the ast of an additional unit of skill to the firm. In
equili brium, it will be set equal to the productivity gain of an extra unit of sKill, that is, to the level
of complexity of the job. This is equivalent to the first-order condition for optimal assgnment:
w(s) = c. Thisdouble role of w(s) can be gplied fruitfully.

A firg attradive fedure of the dosed-form solution for the dasticities of complementarity is that
the cross derivative of the row and column index equas zero. The implicaion of this
charaderigtic isthat atraining program that raises the skill | evel of all workers of skill type s, by
an amount A will yield an equal relative wage gain for all |ess illed workers and an equal loss
for all better skilled workers. It isremarkable that this quite general classof production functions
yields this grong prediction.

A seond feaure aises when the ammplexity disperson parameter is assumed to be mnstant. The
complexity disperson parameter isintroduced as an alternative statistic for the seand derivative
of the log wage function. Whereas this cond derivative can be identified empiricdly only up to
a multiplicaive fador, the related concept of the complexity dispersion parameter does not
depend upn anon-identifiable linea transformation. This parameter can therefore be estimated
empiricdly. Three etimates are available from previous work (for Portugal, and indiredly, for
the United States and the Netherlands), varying between 2.4 and 3.8. This parameter and the
shape of the wage distribution are sufficient statistics for the cdculation of the complementarity
meatrix.

In principle, the complexity dispersion parameter varies along the wage schedule. However, as
a first-order approximation, it can be asumed to be mnstant. For this case, the acaimulation
processof human cepital can be dharaderized. Suppose that the human capital of all workers
(measured by its marginal productivity) isincreased by an equal percentage for ead type. Then,
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the complexity dispersion parameter measures the percentage dedine in the return to human
capital per percent increase in the stock of human capital (again measured by its marginal
productivity).

Given the estimates that are available of the complexity dispersion parameter, ead percent
increase in the value of the stock of human cepital reduces the return on further investments by
2.4 - 3.8%. Thisresult motivates the interpretation of the mmplexity dispersion parameter as the
compresson eagticity. At the sametime, eat percent increase in the stock of human cepital will
also increase the complexity dispersion parameter itself. Asthe acamulation processcontinues
long, the return to human cgpital and therefore wage dispersion will deaease. In the end, both
converge to zero. From that moment on, further investment in human capital yields no return. The
maximum productivity gain from investment in human capital can therefore be cdculated as the
inverse of the complexity dispersion parameter, which isin the range of 26 - 42% for the estimates
of the complexity dispersion parameter that are available.

Theseresults alow empiricd inference on the relation between human cgpital acamulation and
wage dispersion. The redistributive dfed of a genera increase in human capital is substantial.
This might explain the strong compresson of the wage differential in the United States in the
fifties and the sixties following the high school revolution between both World Wars and the
strong compresson in some Asian tigers during the seventies, again following heary investment
in human capital in the preceeling period. In fad, the predictions of the model match the adual
compresson remarkably well for the cae of South Korea

The qudlity of the schoodling system might therefore be an important explanation for crosscountry
differences in wage dispersion. Leuven, Oosterbeek, and Van Ophem (1997 present evidencein
favor of thisideg using a new multi-country OECD dataset with test scoresthat are mmparable

agosscountries.

These results have important positive axd normative implicaions for economic policy. They point
to aset of both postive and negative externalities that the schooling dedsion of one worker type
might present to the value of human capital of others. On the positive side, these externalities
explain why many democrades sibsdize higher educaion. Each dollar of tax money that is ent
on the education of the upper haf of the skill distribution has a positive externa effed on the
wage of the median voter. Hence, the median voter will find it optimal to subsidize higher

educaion - at least to some extent.
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On the normetive Sde, there ae implicaions for the targetting of training programs for the relief
of the low-skilled. It is not necessary to target these programs tightly to the left tall of the skill
digribution to let only the least skilled workers gain from the policy. Schooling programs aimed
at worker types smewhat higher in the skill distribution still have apositive impad for the least
skilled, due to their general equili brium effeds. When training policies for the least skilled are
costly due the inefficiency of the education production function for this group, it might be a
worthwhile dternative to am the policy at a somewhat higher skill | evel and to let the least skilled
benefit from the generd equilibrium effeds. The policy maker then faces a trade-off between the
genera equili brium effed, on the one hand (the higher up in the skill distribution is the focus of
thetraining program, the smaller isits general equili brium effed on the left tail), and the dficiency
of the education production function, on the other hand.



33

Appendix A The proof of Proposition |l

Proposition 11- 1) follows from the symmetry of H".

The proof of the other propositions requires two steps: first, the daraderizaion of G*, and then
taking the limit: lim ..

Let g and h denotethei-th vedor of G* and H* respedtively. It is easy to seethat: g, = [V | 0],
since H* [V | 0] =[0] 1] by the definition of the diagonal dements of H. Furthermore, the identity:
G*"H" =1 and the symmetry of H™ define the following relations:

Al) gh.,=0 =

Yied g;=0;
A2) gh=0, fori + 1j,l =

Dt M O¢ - N GifVi + GGiqj - 290G + GuiGiaj + Vi = 0;
A3) gh=1 fori=11=

Yo' MG - N GilVi + GGias - 200G + GygGai + Vi = 1
A4) g'h, =0, =
Yier M G - N GyfVs - (VoV1)Gp0y + GGy + v = 0
(asmilar equation is available for g'hy);
where: qg; = /5 [(Via/ V)G + (Viea/ V) Gl -
ThetermY',,' n g, in equation A2)-A4) drops out due to equetion A1). Define the first difference
operator: Ag; = g - d.4;- Hence, this operator refersto the first suffix of g;. Likewise, a second

difference operator is defined. Then, equation A2) can be written as:

qinzgi +1j +(qqi 7qi)Agij + (qi +17qqi)Agi +1j +(qi *qui +q, +1)gij - gij/Vi +Vj = (2 1)

This completes thefirst step, the charaderization of G*. We now turn to the second step, taking
the limit for As asit approaches zero. Since: g(s,S) = lim,..o g; (As)? we have:

lim .0 Agy (A9)° = 0y(s.9);

lim .0 A%y (AS)* = g1(S.9),

where the g(.) refersto the partia derivative of g(.) to itsi-th argument. Furthermore:
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im0 G (A)* = [MS)W'(S)] ™
lim,s.o (A0 - G)(AS)* = -/, [W'(S)V(S)+W(S)W(S)] / [MS)W' ()]
liMas.o (0 - 290 + G )AS = [V(S)MS)] [W'(S)V(S)+W (S)V(S)] / [US)W'(S)]? -
[V (s)W'(8)] / [V(s)W'(8)]*
Multiplying equation (21) by As and applying these relations yields equation (11) in proposition
11-3).
When: lim,g. Ag; (AS)® # limye.o Agy; (AS)?, then:
lim,e.o Ag; (A8)° = 9,.(5.9);
liMye.0 Agi; (A9)° = gu.(s,9),
where the arows denote the left and right partial derivatives of g(.) respedively. Hence, relation
A3) implies:

—=—[9,,(59)-9y,(59]-1 22

v(sw’/(s)

g(s,r) is therefore cntinuous but non-differentiable & s = r as it approadies zero, proving
proposition 1I- 2). Furthermore:

im0 G (As)° = [(s)W'(s)]™

The limit for As of equation A4) yields equation (12) in proposition 11-4). A smilar equation
appliesfor s=s". Findly, the limit of equation A1) yields equation (13) in proposition II-5).
Q.E.D.

Appendix B The proof of proposition Il

g(s,r) can be cdculated from equation (14) by multiplying both sides by v(s)v(r) (see @uetion
(5)). Differential equation (11) can be remvered from there by dividing by v(s), differentiating
once multiplying the result by v(s)/w'(s), differentiating a second time, and dviding the result by
v(s). Thefour initial conditions are satisfied. The eguality of g(s,r) for s=r for both branches of
the locus follows from the symmetry of equation (14). Theinitial condition for the first differential
equation for s = s given in equation (12) is stisfied becaise the derivative of the first term
vanishessince V(s) = 0. Likewise, the initial condition for s" is stisfied since V(s") = 1 (for being
V(.) the distribution function of value). Equation (13) can be dedked by first evaluating it for r
=s". Then: s<r for the full support of s and hence, we have only to apply equation (14) and not
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its symmetric counterpart for s> r. The second term drops out. It then follows immediately that
equation (13) is stisfied. Next, the egquation has to be verified for r < s". Since ejuation (13)
appliesidenticdly for al r, it can ke differentiated with resped to r. Substitution of equation (14)
yields the following:

[ gz(sr)ds:% [atsnds-w(N[L-VN] [W(s)dsw (V) [v(s)ds (23

The first term acounts for the derivative of the fador v(r), which comes in due to the transfer
frome(sr) to g(sr). The seand term acounts for the derivative of e(s,r) for s<r and the third
termfor s>r. The second and third terms cancd. The first term vanishes when equation (13) is
satisfied. Since ejuation (13) is stisfied for r = s', by induction it will also be satisfied for r < s'.
Q.E.D.

Appendix C The proof of proposition VI

Under the assumption of the cmplexity dispersion parameter being constant, and using the
notation developed in Proposition V1, equation (19) in Proposition V reduces to the following:
diw(s,H) - w(r,H)] = - y(H) [W(s,H) - w(r,H)] dH.

Dividing by (s-r)dH and taking the limit (s-r)dH - O yields

W (sH) = - y(H) w(sH),

where the suffix 2 refersto the partial derivative to the second argument. The superscript ' is used
to denote the partial derivative with resped to thefirst argument to maintain consistency with the
notation used in previous sdions. Differentiating with resped to syields:

wW,"(s,H) = - y(H) w'(s,H).

By the definition of the complexity dispersion parameter we have

Y'(H) = y(H) [w,"W' - 2w, w] = y(H)>.

Hence,

Y(H) = v(0)/[1- y(O)H].

which proves proposition VI-2). Note that w(sH) and w'(sH) drop out of the equation for y'(H),
so that the complexity dispersion parameter remains independent of w in the @urse of the

acaimulation process which provesthe first part of proposition VI-1). Substituting the relation
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for y(H) in that for

w,'(s,H) yields VI-3). Furthermore,

Wy(s,H) = - y(H) w(s,H) + M(H),

where M(H) isa proper constant of integration. Two events cause the distribution of w to change
in the @urse of the accumulation process First, consider the diange due to the acamulation of
human capital. Were relative wages unaffeded, the dnange would be

w~ N[p(H)+dH,0(H)7,

since eab worker type gets an equa increase in her human cagpital. The increase in human capital
itself doestherefore not disturb the normality of w. Next, consider the change in relative wages.
Note that the new log wage schedule isalinea function of the old schedule. Hence, the dhange
in the relative wage does not affed the normality of w either, proving the second pert of
propostion VI-1). Sinceit appliesin generd that: d std.dev.[g(H)w]/dH = g'(H) std.dev.[g(H)w],
we have

o'(H) = y(H) o(H).

Thisrelation can be integrated, yielding proposition V1-4).

Q.E.D.
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Tablel Percentiles (value and hours), ¥(wW/o), w,

the dfed of an increase in the minimum wage yielding a 1 (value)%
employment loss and the dfed of an increase in human capital of 1 (value)%

0 =0.60 0=0.30

(vaue)% ¥
w (hr9% minw?  w (hr9)% min.w?

0.008 0209 -1.440 Q036 0194 -0.720 Q018 0048
0.014 0285 -1.320 Q055 0128 -0.660 Q029 0032
0.023 0366 -1.200 Q081 0087 -0.600 Q045 0022
0.036 0454 -1.080 0115 0059 -0.540 Q067 0015
0.055 0550 -0.960 0159 0040 -0.480 Q097 0010
0.081 0653 -0.840 0212 0027 -0.420 Q136 0007
0.115 0767 -0.720 0274 0017 -0.360 Q184 0004
0.159 0892 -0.600 0345 (0010 -0.300 Q0242 0003
0212 1032 -0.480 0421 0004 -0.240 Q309 0001
0.274 1188 -0.360 Q500 0000 -0.180 0382 0000
0.345 1365 -0.240 0579 -0.004 -0.120 0460 -0.001
0421 1567 -0.120 0655 -0.006 -0.060 0540 -0.002
0.500 1802 MO0 Q0726 -0.009 0000 0618 -0.002
0579 2077 (20 0788 -0.011 0060 0691 -0.003
0.655 2406 (240 0841 -0.013 (0120 Q758 -0.003
0.726 2804 (B60 0885 -0.014 (0180 0816 -0.004
0.788 3298 @180 Q919 -0.016 0240 0864 -0.004
0841 3923 OO0 Q945 -0.017 (0300 Q903 -0.004
0.885 4734 (20 Q964 -0.018 (0360 Q933 -0.005
0919 5813 B40 Q977 -0.019 0420 Q955 -0.005
0945 7292 ®60 Q986 -0.020 0480 Q971 -0.005
0.964 9384 D80 0992 -0.021 0540 Q982 -0.005
0977 12443 P00 0995 -0.022 0600 Q989 -0.005
0986 17072 B20 0997 -0.023 0660 0994 -0.006
0.992 24340 #40 0999 -0.023 0720 Q997 -0.006

U effed on w due to the introduction of a minimum wage causing a 1 (value)% loss of
employment.

f [e(X) ¥ (X)]0x: 2.799
v 2.500
w/o: 3.000
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Table 2 Effed of an increase in human capital of 1(value)% for 1(value)%
wage level and (value) percentile of the workers
who recave the training

0 =0.60
wage dfedsfor:
w % less illed better skilled
-0.96 Q05 12.78 -0.74
-0.72 Q12 6.84 -0.89
-0.48 Q21 4.08 -1.10
-0.24 Q34 2.67 -1.40
0.00 Q50 1.88 -1.88
0.24 Q66 1.40 -2.67
0.48 Q79 1.10 -4.08
0.72 Q088 0.89 -6.84
096 Q95 0.74 -12.78
0=0.30
wage dfedsfor:

w n% less illed better skilled
-0.48 Q05 6.39 -0.37
-0.36 Q12 342 -0.44
-0.24 Q21 2.04 -0.55
-0.12 Q34 1.33 -0.70
0.00 Q50 0.94 -0.94
0.12 Q66 0.70 -1.33
0.24 Q79 0.55 -2.04
0.36 088 0.44 -3.42

0.48 Q95 0.37 -6.39
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