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Slyrwdo Vwdwlvwlfv iru whvwlqj Vxevhwv ri Vwuxfwxudo
Sdudphwhuv lq wkh LY Uhjuhvvlrq Prgho

Iudqn Nohlehujhq�

Wlqehujhq Lqvwlwxwh Glvfxvvlrq Sdshu/ WL 533303;;27

Rfwrehu 53/ 5333

Devwudfw

Zh frqvwuxfw d qryho vwdwlvwlf wr whvw k|srwkh}hv rq vxevhwv ri wkh vwuxfwxudo sd0
udphwhuv lq dq Lqvwuxphqwdo Yduldeohv +LY, uhjuhvvlrq prgho1 Zh ghulyh wkh "2 olplwlqj
glvwulexwlrq ri wkh vwdwlvwlf dqg vkrz wkdw lw kdv d ghjuhhv ri iuhhgrp sdudphwhu wkdw lv
htxdo wr wkh qxpehu ri vwuxfwxudo sdudphwhuv rq zklfk wkh k|srwkhvlv lv vshfl�hg1 Wkh
vwdwlvwlf kdv wklv olplwlqj glvwulexwlrq uhjdugohvv ri wkh txdolw| ri wkh lqvwuxphqwv iru
wkh hqgrjhqrxv yduldeohv dvvrfldwhg zlwk wkhvh vwuxfwxudo sdudphwhuv1 Wkh lqvwuxphqwv
kdyh wr eh ydolg iru wkh hqgrjhqrxv yduldeohv dvvrfldwhg zlwk wkh uhpdlqlqj vwuxfwxudo
sdudphwhuv1 Zh dqdo|}h wkh uhodwlrqvkls ri wkh qryho vwdwlvwlf zlwk wkh Odjudqjh Pxo0
wlsolhu/ wkh Olnholkrrg Udwlr dqg wkh JPP ryhu0lghqwl�fdwlrq vwdwlvwlf iurp Vwrfn dqg
Zuljkw +5333,1 "2 olplwlqj glvwulexwlrqv iru wkh �uvw wzr vwdwlvwlfv rqo| krog zkhq wkh
lqvwuxphqwv duh ydolg iru doo hqgrjhqrxv yduldeohv1 D "2 olplwlqj glvwulexwlrq iru wkh
JPP ryhu0lghqwl�fdwlrq vwdwlvwlf lv rewdlqhg xqghu wkh vdph frqglwlrqv dv iru rxu qryho
vwdwlvwlf exw kdv d odujhu ghjuhhv ri iuhhgrp sdudphwhu1 Iru vrph duwl�fldo gdwdvhwv/ zh
frpsxwh srzhu fxuyhv dqg s0ydoxh sorwv wkdw uhvxow iurp wkh gl�huhqw vwdwlvwlfv1 Zh
dsso| wkh vwdwlvwlf wr dq LY uhjuhvvlrq ri hgxfdwlrq rq hduqlqjv iurp Fdug +4<<8,1

4 Lqwurgxfwlrq
Wkh txdolw| ri wkh lqvwuxphqwv iru wkh hqgrjhqrxv yduldeohv lq Lqvwuxphqwdo Yduldeohv +LY,
uhjuhvvlrq lv riwhq qrw fohdu1 Zkhq wkh txdolw| ri wkhvh lqvwuxphqwv lv srru/ qrw rqo| wkh
hvwlpdwhv ri wkh vwuxfwxudo sdudphwhuv duh lqsuhflvh exw dovr wkh vwdqgdug olplwlqj glvwulex0
wlrqv gr qrw dsso| wr wkh hvwlpdwruv1 Khqfh/ zh fdq qrw xvh wkh wudglwlrqdo olnholkrrg edvhg
vwdwlvwlfv/ Zdog/ Olnholkrrg Udwlr dqg Odjudqjh Pxowlsolhu/ wr frqgxfw whvwv rq wkh vwuxfwxudo
sdudphwhuv lq wkh qrupdo pdqqhu/ vhh e�}� Vwdljhu dqg Vwrfn +4<<:,/ Gxirxu +4<<:, dqg Zdqj
dqg ]lyrw +4<<;,1 Wzr vwdwlvwlfv wkdw fdq vwloo eh dssolhg lq wkhvh fdvhv/ dv wkhlu olplwlqj
glvwulexwlrqv gr qrw ghshqg rq wkh txdolw| ri wkh lqvwuxphqwv/ duh wkh Dqghuvrq0Uxelq vwdwlv0
wlf/ vhh Dqghuvrq dqg Uxelq +4<7<,/ dqg wkh vwdwlvwlf wkdw lv uhfhqwo| sursrvhg lq Nohlehujhq
+5333,1 Erwk vwdwlvwlfv frqgxfw mrlqw whvwv rq doo vwuxfwxudo sdudphwhuv exw gl�hu lq wkh gh0
juhhv ri iuhhgrp sdudphwhu ri wkhlu �2 olplwlqj glvwulexwlrqv/ wkdw duh htxdo wr wkh qxpehu ri

�Ghsduwphqw ri Txdqwlwdwlyh Hfrqrplfv/ Xqlyhuvlw| ri Dpvwhugdp/ Urhwhuvvwuddw 44/ 434;ZEDpvwhugdp/
Wkh Qhwkhuodqgv/ Hpdlo=nohlehujCihh1xyd1qo1 Krphsdjh= kwws=22zzz1ihh1xyd1qo2nh2nohlehujhq1kwp

4



lqvwuxphqwv iru wkh Dqghuvrq0Uxelq vwdwlvwlf dqg wkh qxpehu ri vwuxfwxudo sdudphwhuv iru wkh
vwdwlvwlf iurp Nohlehujhq +5333,1 Lq fdvh wkdw rxu k|srwkhvlv ri lqwhuhvw rqo| frqfhuqv d vxevhw
ri wkh vwuxfwxudo sdudphwhuv/ wkh ghjuhhv ri iuhhgrp sdudphwhuv ri wkh olplwlqj glvwulexwlrqv
ri erwk vwdwlvwlfv wkxv h{fhhg wkh qxpehu ri sdudphwhuv lq wkh k|srwkhvlv ri lqwhuhvw1

Vwrfn dqg Zuljkw +5333, vkrz/ wkdw lq fdvh wkh k|srwkhvlv ri lqwhuhvw rqo| frqfhuqv d
vxevhw ri wkh vwuxfwxudo sdudphwhuv dqg wkh lqvwuxphqwv duh ydolg iru wkh hqgrjhqrxv yduldeohv
dvvrfldwhg zlwk wkh uhpdlqlqj vwuxfwxudo sdudphwhuv/ wkdw d Jhqhudol}hg Phwkrg ri Prphqwv
+JPP, ryhu0lghqwl�fdwlrq vwdwlvwlf kdv d �2 olplwlqj glvwulexwlrq1 Wklv olplwlqj glvwulexwlrq
kdv d ghjuhhv ri iuhhgrp sdudphwhu htxdo wr wkh qxpehu ri lqvwuxphqwv plqxv wkh qxpehu ri
uhpdlqlqj vwuxfwxudo sdudphwhuv dqg lv qrw d�hfwhg e| wkh txdolw| ri wkh lqvwuxphqwv iru wkh
hqgrjhqrxv yduldeohv dvvrfldwhg zlwk wkh vwuxfwxudo sdudphwhuv lq wkh k|srwkhvlv ri lqwhuhvw1
Wkh JPP ryhu0lghqwlfdwlrq vwdwlvwlf lv lghqwlfdo wr Edvpdqqv* +4<93, ryhu0lghqwl�fdwlrq vwdwlv0
wlf hydoxdwhg xvlqj wkh pd{lpxp olnholkrrg hvwlpdwru1 Zh sursrvh d qryho vwdwlvwlf zkrvh
�2 olplwlqj glvwulexwlrq dssolhv xqghu wkh vdph frqglwlrqv dv wkh JPP ryhu0lghqwl�fdwlrq
vwdwlvwlf exw kdv d ghjuhhv ri iuhhgrp sdudphwhu wkdw lv htxdo wr wkh qxpehu ri vwuxfwxudo
sdudphwhuv lq wkh k|srwkhvlv ri lqwhuhvw1 Wklv ghjuhhv ri iuhhgrp sdudphwhu lv wkhuhiruh ohvv
wkhq ru htxdo wr wkh ghjuhhv ri iuhhgrp sdudphwhu ri wkh olplwlqj glvwulexwlrq ri wkh JPP
ryhu0lghqwl�fdwlrq vwdwlvwlf1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Lq wkh vhfrqg vhfwlrq/ zh lqwurgxfh wkh LY uhjuhv0
vlrq prgho1 Lq vhfwlrq 6/ zh frqvwuxfw rxu qryho vwdwlvwlf wr whvw k|srwkh}hv rq vxevhwv ri
wkh vwuxfwxudo irup sdudphwhuv1 Wkh vwdwlvwlf uhvxowv iurp frpelqlqj dq ryhu0lghqwl�fdwlrq
vwdwlvwlf dqg wkh vwdwlvwlf iurp Nohlehujhq +5333,1 Zh wkhuhiruh �uvw eulh | glvfxvv wkhvh wzr
vwdwlvwlfv ehiruh zh sursrvh wkh qryho rqh1 Vhfwlrq 7 glvfxvvhv wkh uhodwlrqvkls ehwzhhq wkh
qryho vwdwlvwlf dqg wkh Odjudqjh Pxowlsolhu vwdwlvwlf1 Zh looxvwudwh wkh +lq,vhqvlwlylw| ri wkh
vdpsolqj glvwulexwlrqv ri gl�huhqw vwdwlvwlfv wr wkh txdolw| ri wkh lqvwuxphqwv e| jhqhudwlqj
gdwdvhwv iurp Gdwd Jhqhudwlqj Surfhvvhv +GJSv, zlwk zhdn lqvwuxphqwv dqg frpsxwh wkh
uhvxowlqj hpslulfdo glvwulexwlrq ixqfwlrqv1 Vhfwlrq 8 frqgxfwv d srzhu frpsdulvrq ri gl�hu0
hqw vwdwlvwlfv wr whvw k|srwkh}hv rq vxevhwv ri wkh vwuxfwxudo sdudphwhuv lq fdvh ri ydolg dqg
zhdn lqvwuxphqwv1 Vhfwlrq 9 vkrzv wkh vkdshv ri +dv|pswrwlf, R0ydoxh sorwv wkdw fdq uhvxow
iurp wkhvh vwdwlvwlfv1 Vhfwlrq : dssolhv wkh vwdwlvwlfv wr whvw wkh uhwxuq rq hgxfdwlrq lq dq LY
uhjuhvvlrq ri hgxfdwlrq rq hduqlqjv iurp Fdug +4<<8,1 Qh{w wr +wkh ohqjwk ri, hgxfdwlrq dqg
+orj, zdjhv/ wklv LY uhjuhvvlrq prgho dovr frqwdlqv wzr hqgrjhqrxv h{shulhqfh yduldeohv iru
zklfk wkh lqvwuxphqwv duh ydolg1 Zh fdq wkhuhiruh dsso| wkh qryho vwdwlvwlf wr whvw wkh uhwxuq
rq hgxfdwlrq1 Ilqdoo|/ wkh hljwk vhfwlrq frqfoxghv1

5 Lqvwuxphqwdo Yduldeoh Uhjuhvvlrq Prgho
Wkh Lqvwuxphqwdo Yduldeohv +LY, uhjuhvvlrq prgho lq vwuxfwxudo irup fdq eh uhsuhvhqwhg dv
d olplwhg lqirupdwlrq vlpxowdqhrxv htxdwlrq prgho/ vhh e�}� Kdxvpdq +4<;6, dqg Nohlehujhq
dqg ]lyrw +4<<;,/

+� ' t2q n ~� n 0�
t2 ' f� n ~K n T2c

+4,

zkhuh +� dqg t2 duh d A �� dqg A � E6��� pdwul{ ri hqgrjhqrxv yduldeohv/ uhvshfwlyho|/ ~ lv
d A � &� pdwul{ ri lqfoxghg h{rjhqrxv yduldeohv/ f lv d A � &2 pdwul{ ri h{foxghg h{rjhqrxv
yduldeohv +ru lqvwuxphqwv,/ 0� lv d A � � yhfwru ri vwuxfwxudo huuruv dqg T2 lv d A � E6 � ��
pdwul{ ri uhgxfhg irup huuruv1 Wkh E6� ��� � dqg &�� � sdudphwhu yhfwruv q dqg � frqwdlq
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wkh vwuxfwxudo sdudphwhuv1 Wkh yduldeohv lq f dqg ~ duh dvvxphg wr eh ri ixoo froxpq udqn/
xqfruuhodwhg zlwk 0� dqg T2c dqg wr eh zhdno| h{rjhqrxv iru q dqg �c vhh Hqjoh e|� @,� +4<;6,1
Wkh huuru whupv 0�| dqg T2|c zkhuh 0�| ghqrwhv wkh |0wk revhuydwlrq rq 0� dqg T2| lv d froxpq
yhfwru ghqrwlqj wkh |0wk urz ri T2/ duh dvvxphg wr eh xqfruuhodwhg ryhu wlph/ wr kdyh �qlwh
prphqwv xs wr dw ohdvw wkh irxuwk rughu dqg wkh �qlwh 6 � 6 +xqfrqglwlrqdo, fryduldqfh
pdwul{ lv uhsuhvhqwhg e|

P ' �@o

�
0�|
T2|

�
'

�
j�� P�2

P2� P22

�
c +5,

zklfk lv dvvxphg wr eh xqnqrzq1 Wkh ghjuhh ri hqgrjhqlhw| ri t2 lq +4, lv ghwhuplqhg e|
wkh yhfwru ri fruuhodwlrq frh!flhqwv gh�qhg e| 4 ' P

3�*2�
22 P2�j

3�*2
�� dqg wkh txdolw| ri wkh

lqvwuxphqwv lv fdswxuhg e| ��
Vxevwlwxwlqj wkh uhgxfhg irup htxdwlrq iru t2 lqwr wkh vwuxfwxudo htxdwlrq iru +� jlyhv wkh

qrq0olqhduo| uhvwulfwhg uhgxfhg irup vshfl�fdwlrq

t ' f�� n ~[n Tc +6,

zkhuh t '
�
+� t2

�
c � '

�
q U63�

�
c [ ' K�n

�
� f

�
c T '

�
�� T2

�
c �� ' 0�nT2q

dqg/ khqfh/ E��| T �

2|�
� kdv fryduldqfh pdwul{

l ' �@o

�
��|
T2|

�
'

�
/�� l�2

l2� l22

�
'

�
e��
�

��
P

�
e��
�

�
c +7,

zkhuh e� G 6� � lv wkh �uvw 6 glphqvlrqdo xqlw| yhfwru1 Qrwh wkdw [ lv d xquhvwulfwhg &��6
pdwul{1

Wkh xquhvwulfwhg uhgxfhg irup ri wkh prgho h{suhvvhv hdfk hqgrjhqrxv yduldeoh dv d olqhdu
ixqfwlrq ri wkh h{rjhqrxv yduldeohv dqg lv jlyhq e|

t ' fxn ~[n Tc +8,

zkhuh x G &2�6� Vlqfh wkh xquhvwulfwhg uhgxfhg irup lv d pxowlyduldwh olqhdu uhjuhvvlrq prgho/
doo ri wkh uhgxfhg irup sdudphwhuv duh lghqwl�hg1 Lw lv dvvxphg wkdw &2 � 6� � vr wkdw wkh
vwuxfwxudo sdudphwhu yhfwru q lv �dssduhqwo|� lghqwl�hg e| wkh rughu frqglwlrq1 Zh fdoo wkh
prgho mxvw0lghqwl�hg zkhq &2 ' 6�� dqg wkh prgho ryhu0lghqwl�hg zkhq &2 : 6��� &2�6n�
lv wkhuhiruh wkh ghjuhh ri ryhu0lghqwl�fdwlrq1 q lv lghqwl�hg li dqg rqo| li o@?&E�� ' 6��� Wkh
h{wuhph fdvh lq zklfk q lv wrwdoo| xqlghqwl�hg rffxuv zkhq � ' f dqg/ khqfh/ o@?&E�� ' fc
vhh Skloolsv +4<;<,1 Wkh fdvh ri �zhdn lqvwuxphqwv�/ dv glvfxvvhg e| Qhovrq dqg Vwduw} +4<<3,/
Vwdljhu dqg Vwrfn +4<<:,/ Zdqj dqg ]lyrw +4<<;,/ dqg ]lyrw/ Qhovrq dqg Vwduw} +4<<;,/ rffxuv
zkhq � lv forvh wr }hur ru/ dv glvfxvvhg e| Nlwdpxud +4<<7,/ Gxirxu dqg Nkdodi +4<<:, dqg
Vkhd +4<<:, zkhq � lv forvh wr kdylqj uhgxfhg udqn1

Wkh sdudphwhu q lv w|slfdoo| wkh irfxv ri wkh dqdo|vlv1 Zh fdq wkhuhiruh vlpsoli| wkh
suhvhqwdwlrq ri wkh uhvxowv zlwkrxw fkdqjlqj wkhlu lpsolfdwlrqv e| vhwwlqj � ' f dqg K ' f
E[ ' f� vr wkdw ~ gursv rxw ri wkh prgho1 Lq zkdw iroorzv/ ohw & ' &2 ghqrwh wkh qxpehu
ri lqvwuxphqwv1 Zh qrwh wkdw wkh irup ri wkh dqdo|wlfdo uhvxowv iru q lq wklv vlpsol�hg fdvh
fduu| ryhu wr wkh pruh jhqhudo fdvh zkhuh � 9' f dqg K 9' f e| lqwhusuhwlqj doo gdwd pdwulfhv
dv uhvlgxdov iurp wkh surmhfwlrq rq ~�
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6 Slyrwdo Vwdwlvwlf iru Vxevhw ri Vwuxfwxudo Sdudphwhuv
Wkh glvwulexwlrqv ri wkh olnholkrrg0edvhg vwdwlvwlfv/ Zdog/ Olnholkrrg Udwlr dqg Odjudqjh Pxo0
wlsolhu/ wr whvw k|srwkh}hv rq wkh vwuxfwxudo sdudphwhuv ri wkh LY uhjuhvvlrq prgho ghshqg rq
qxlvdqfh sdudphwhuv hyhq dv|pswrwlfdoo|/ vhh e�}� Gxirxu +4<<:, dqg Vwdljhu dqg Vwrfn +4<<:,1
Lq Nohlehujhq +5333,/ d vwdwlvwlf iru frqgxfwlqj mrlqw whvwv rq doo wkh vwuxfwxudo irup sdudphwhuv
lv frqvwuxfwhg zkrvh olplwlqj glvwulexwlrq lv slyrwdo vxfk wkdw lw grhv qrw ghshqg rq qxlvdqfh
sdudphwhuv1 Wkh ghjuhhv ri iuhhgrp sdudphwhu ri wklv olplwlqj glvwulexwlrq lv dovr htxdo wr
wkh qxpehu ri vwuxfwxudo sdudphwhuv zklfk pdnhv wkh vwdwlvwlf gl�huhqw iurp wkh Dqghuvrq0
Uxelq vwdwlvwlf zkrvh slyrwdo �2 olplwlqj glvwulexwlrq kdv d ghjuhhv ri iuhhgrp sdudphwhu wkdw
lv htxdo wr wkh qxpehu ri lqvwuxphqwv1 Lq wkh iroorzlqj/ zh frqvwuxfw d vwdwlvwlf wr frqgxfw
whvwv rq vxevhwv ri wkh vwuxfwxudo irup sdudphwhuv1 Wkh vwdwlvwlf uhvxowv iurp frpelqlqj wkh
vwdwlvwlf iurp Nohlehujhq +5333, zlwk d vwdwlvwlf wr whvw iru ryhu0lghqwl�fdwlrq1 Zh wkhuhiruh
�uvw eulh | glvfxvv wkh ryhu0lghqwl�fdwlrq vwdwlvwlf dqg wkh vwdwlvwlf iurp Nohlehujhq +5333,1

614 Ryhu0Lghqwl�fdwlrq Vwdwlvwlf

Xqghu wkh qxoo0k|srwkhvlv ri ryhu0lghqwl�fdwlrq/ wkh uhgxfhg irup lv htxdo wr wkh uhvwulfwhg
uhgxfhg irup +6, zkloh lw lv htxdo wr wkh xquhvwulfwhg uhgxfhg irup +8, xqghu wkh dowhuqdwlyh
k|srwkhvlv1 Zh fdq wkhuhiruh uh hfw wkh k|srwkh}hv dv Mf G x ' �� dqg M� G x 9' ��� D
vwdwlvwlf wkdw fdq eh xvhg wr whvw wklv k|srwkhvlv uhdgv
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+9,

zkhuh �T ' UA � T ET �T �3�T � iru dq| A � � glphqvlrqdo ixoo udqn pdwul{ Tc

	b ' E	��
z
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z
Ef �f�3�f �t 	��

z
E 	�z7 	��
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+:,

	�c 	� ' E 	q U63� � duh2frqwdlq wkh pd{lpxp olnholkrrg hvwlpdwruv +pohv, ri q dqg ��4

	�z G & � E& �6 n �� dqg 	�z G � �6 duh wkh qrupdol}hg ruwkrjrqdo frpsohphqwv ri 	� dqg
	� vxfk wkdw 	��

z
	� � fc 	��

z
	�z � U&36n� dqg 	� 	��

z
� fc 	�z 	��

z
� �� Wkh wklug htxdwlrq ri +9,
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�
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�	q�3
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2 � Wr rewdlq +9, zh kdyh dovr xvhg wkdw/
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+;,

4Wkh pd{lpxp olnholkrrg hvwlpdwru ri a� lv rewdlqhg dv a� @ +[3[,�4[3\ V�4 aE3+ aEV�4 aE3,�4 dqg wkh
pd{lpxp olnholkrrg hvwlpdwru ri a� lv wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru1
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Xqghu Mf G x ' �� dqg wkh ohdvw vtxduhv hvwlpdwru ri x frqyhujhv dv

s
A
�
	x� ��

�
, �Efcl'3��c +<,

zkhuh 	x ' Ef �f�3�f �tc ' ' R *�4A<"
f�f
A

dqg R , � vwdqgv iru zhdn frqyhujhqfh/ vhh
Eloolqjvoh| +4<;9,1 Wr rewdlq wkh olplwlqj ehkdylru ri +9,/ zh dvvxph wkdw � kdv d �{hg ixoo
udqn ydoxh vxfk wkdw

s
A 	��

z
	x 	��

z
, �Efc �zl�

�

z
��

z
'3��z� +43,

dqg

	b , �Efc U&36n��c +44,

zklfk lpsolhv wkh olplwlqj glvwulexwlrq ri +9, xqghu Mf dqg d ixoo udqn ydoxh ri �

8 EMfmM�� , �2E& �6n ��� +45,

Zh h{solflwo| frqvwuxfw 	b lq wkh ghulydwlrq ri wkh olplwlqj glvwulexwlrq ri +9, dv zh frpelqh lw
zlwk sduw ri wkh vwdwlvwlf iurp Nohlehujhq +5333, wkdw frqgxfwv d mrlqw whvw rq doo vwuxfwxudo
sdudphwhuv1

615 Mrlqw Whvw rq doo Vwuxfwxudo Sdudphwhuv

Lq Nohlehujhq +5333,/ dq dv|pswrwlfdoo| slyrwdo vwdwlvwlf iru frqgxfwlqj mrlqw whvwv rq doo ri wkh
vwuxfwxudo sdudphwhuv ri wkh LY uhjuhvvlrq prgho lv frqvwuxfwhg1 Ehiruh zh dgdsw wklv vwdwlvwlf/
e| xvlqj wkh ryhu0lghqwl�fdwlrq vwdwlvwlf glvfxvvhg suhylrxvo|/ iru xvh wr whvw k|srwkh}hv rq
vxevhwv ri wkh vwuxfwxudo sdudphwhuv/ zh �uvw eulh | glvfxvv wkh vwdwlvwlf iurp Nohlehujhq
+5333,1

Zh frqvlghu wkh qxoo0k|srwkhvlv Mf G q ' f xqghu zklfk wkh olplwlqj glvwulexwlrq ri wkh
ohdvw vtxduhv hvwlpdwru 	x ri wkh sdudphwhuv ri wkh xquhvwulfwhg uhgxfhg irup lv qrupdo

s
A
�
	x� Ef ��

�
, �

�
fcl'3�

�
� +46,

E| hlwkhu srvw0pxowlso|lqj +46, e| -c zlwk

- '

�
� �/3��� /�2

f U63�

�
c +47,

ru xvlqj wkh pdujlqdo dqg frqglwlrqdo olplwlqj glvwulexwlrqv ri 	)� dqg 	x2/ zlwk 	x ' E 	)�
	x2 �c

	)� G & � �c 	x2 G & � E6� ��c zh rewdlq

s
A
��

	)�
	x2 � 	)�/

3�
�� /�2

�� �
f �

�� , �Efc

�
/�� f
f l22��

�
'3��c

/
% s

A 	)� , �Efc /�� '3��s
A
�
	x2 � 	)�/

3�
�� /�2 ��

�
, �Efcl22�� '3��

&
c

+48,

8



zkhuh l22�� ' l22 � /2�/
3�
�� /�2c dv

-�l- '

�
/�� f
f l22��

�
� +49,

Vlqfh -�l- lv eorfn gldjrqdo/
s
A 	)� dqg

s
A
�
	x2 � 	)�/

3�
�� /�2

�
duh dv|pswrwlfdoo| vwrfkdvwlf

lqghshqghqw1
H{suhvvlrq +48, frqwdlqv wkh xqrevhuyhg sdudphwhuv /�� dqg /�2 wkdw kdyh wr eh uhsodfhg

e| revhuydeoh rqhv1 Zh xvh wkh hvwlpdwru 7 +:, iru wklv sxusrvh wkdw zh vshfli| dv 7 '�
r�� r�2
r2� 722

�
c r�� G �� �c r�2 ' r�2� G �� E6� ��c 722 G E6� ��� E6� ��� 7 lv dv|pswrwlfdoo|

vwrfkdvwlf lqghshqghqw iurp 	x dqg r3��� r�2 lv d frqvlvwhqw hvwlpdwru ri /3��� /�2� Zh wkhuhiruh
uhsodfh /3��� /�2 e| r3��� r�2 lq +48, dqg rewdlq wkdw

s
A
�
	X� �

�
, �Efcl22�� '3��c +4:,

zkhuh 	X ' 	x2 � 	)�r
3�
�� r�2 dqg

s
A 	X lv dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw ri

s
A 	)��

5

Frqvhtxhqwo|/ vlqfh r�� lv d frqvlvwhqw hvwlpdwru ri /���
	X�f �f 	X

�3�

2 	X�f �f 	)�r
3

�

2

�� , �Efc U63�� +4;,

dqg

8 EMfmM�� ' �
E63��r��

+��fEf �f�3�f �Et2 � +�r
3�
�� r�2�

�
Et2 � +�r

3�
�� r�2�

�fEf �f�3�f �

Et2 � +�r
3�
�� r�2�

�3�
Et2 � +�r

3�
�� r�2�

�fEf �f�3�f �+�

'
	)�
�
f�fE	x23	)�r

3�

��
r�2�

�
E	x23	)�r

3�

��
r�2�

�

f�fE	x23	)�r
3�

��
r�2�

�
3�

E	x23	)�r
3�

��
r�2�

�

f�f	)�

E63��r��

'
	)�
�
f�f 	XE	X�f�f 	X�

3� 	X�f�f	)�
E63��r��

, �2E63��
63�

c

+4<,

zklfk vkrzv wkdw wkh dv|pswrwlf glvwulexwlrq ri +4<, lv frpsohwho| fkdudfwhul}hg e| wkh sd0
udphwhuv xqghu Mf dqg grhv qrw ghshqg rq xqrevhuyhg qxlvdqfh sdudphwhuv1 Wkh gl�huhqfh
ehwzhhq wkh olplwlqj glvwulexwlrq lq +4<, dqg wkh olplwlqj glvwulexwlrqv ri Olnholkrrg Udwlr/
Zdog dqg Odjudqjh Pxowlsolhu vwdwlvwlfv/ lv wkdw wkh olplwlqj glvwulexwlrq +4<, lv lqghshqghqw
ri qxlvdqfh sdudphwhuv1 Wkh olplwlqj glvwulexwlrq ri wkh rwkhu vwdwlvwlfv lv edvhg rq wkh dv0
vxpswlrq ri d �{hg ixoo udqn ydoxh ri �c vhh e�}� Gxirxu +4<<:,/ Vwdljhu dqg Vwrfn +4<<:, dqg
Zdqj dqg ]lyrw +4<<;,1 Dqrwkhu dv|pswrwlfdoo| slyrwdo vwdwlvwlf wkdw fdq eh xvhg wr whvw Mf lv
wkh Dqghuvrq0Uxelq vwdwlvwlf/ vhh Dqghuvrq dqg Uxelq +4<7<,1 Wkh ghjuhhv ri iuhhgrp ri wkh
olplwlqj glvwulexwlrq ri +4<, lv h{dfwo| htxdo wr wkh qxpehu ri sdudphwhuv suh0vshfl�hg lq Mf

zkloh lw lv htxdo wr wkh vxp ri wklv qxpehu ri sdudphwhuv dqg wkh ghjuhh ri ryhu0lghqwl�fdwlrq/
& �6n �c iru wkh Dqghuvrq0Uxelq vwdwlvwlf1

5+4:, uhvxowv dv
s
W a*4 , Q+3> $44  T�4, dqg v�4

44 v45 , $�4
44 $45= Khqfh/

s
W
�
a���

�
@

s
W
�
a�5 � a*4$

�4
44 $45 ��

�
.

�s
W a*4

��
$�4
44 $45 � v�444 v45

� , s
W
�
a�5 � a*4$

�4
44 $45 ��

�
dv�s

W a*4

� �
$�444 $45 � v�4

44 v45
� , 3 vlqfh a*4 dqg v�4

44 v45 duh +dv|pswrwlfdoo|, vwrfkdvwlf lqghshqghqw dqgs
W a*4 , Q+3> $44 T�4,> v�444 v45 , $�4

44 $45=
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Lq wkh mxvw0lghqwl�hg fdvh & lv htxdo wr 6 � � dqg 	X lq +4<, lv lqyhuwleoh1 Vwdwlvwlf +4<,
dqg wkh Dqghuvrq0Uxelq vwdwlvwlf duh wkhq lghqwlfdo1 Wklv vkrzv wkdw vwdwlvwlf +4<, lv d jhq0
hudol}dwlrq ri wkh Dqghuvrq0Uxelq vwdwlvwlf iurp wkh mxvw0lghqwl�hg wr wkh ryhu0lghqwl�hg fdvh
dv d vwdwlvwlf wr rqo| whvw Mf1 Zh qrwh dovr wkdw vwdwlvwlf +4<, lv lqyduldqw wr wudqvirupdwlrqv
olnh E+W� t W

2 � ' E+� t2��c zlwk � d xsshu +eorfn, wuldqjxodu pdwul{/ dqg fW ' f�c zlwk � d
vtxduh qrq0vlqjxodu pdwul{16

E| xvlqj +W� ' +� � t2qf lqvwhdg ri +� lq doo hohphqwv ri +4<, wkdw frqwdlq +�c +4<, lv dq
dv|pswrwlfdoo| slyrwdo vwdwlvwlf wr whvw Mf G q ' qf1 Lq wklv pdqqhu +4<, fdq eh xvhg wr
frqvwuxfw frq�ghqfh vhwv/ vhh Nohlehujhq +5333, iru pruh ghwdlov1 Lq Nohlehujhq +5333, dovr
wkh uhodwlrqvkls ehwzhhq +4<, dqg wkh olnholkrrg udwlr vwdwlvwlf lv glvfxvvhg dqg lwv* srzhu lv
lqyhvwljdwhg1

616 Whvw rq Vxevhw ri Vwuxfwxudo Sdudphwhuv

Vwdwlvwlf +4<, fdq eh xvhg wr frqgxfw d mrlqw whvw rq doo vwuxfwxudo sdudphwhuv dqg lv dv|pswrw0
lfdoo| slyrwdo zklfk lpsolhv wkdw lwv* olplwlqj glvwulexwlrq lv qrw d�hfwhg e| zhdn lqvwuxphqwv/
vhh e�}� Vwdljhu dqg Vwrfn +4<<:, dqg Zdqj dqg ]lyrw +4<<;, iru d glvfxvvlrq ri wkh frqfhsw
ri d zhdn lqvwuxphqw1 Zkhq zh fdq ghwhuplqh d vxevhw ri wkh hqgrjhqrxv yduldeohv iru zklfk
wkh lqvwuxphqwv duh nqrzq wr eh ydolg/ zh fdq dovr frqvwuxfw d vwdwlvwlf wr whvw k|srwkh}hv rq
wkh vwuxfwxudo sdudphwhuv ri wkh uhpdlqlqj vxevhw ri hqgrjhqrxv yduldeohv1 Wkh dv|pswrwlf
glvwulexwlrq ri wkh uhvxowlqj vwdwlvwlf grhv qrw ghshqg rq wkh txdolw| ri wkh lqvwuxphqwv iru wkh
odwwhu vxevhw ri hqgrjhqrxv yduldeohv1 Wr frqvwuxfw wklv vwdwlvwlf zh frqvlghu wkh LY uhjuhvvlrq
prgho

t� ' f�� n T�c
t2 ' f�2 n T2c
+� ' t�q� n t2q2 n 0c

+53,

zkhuh +�c 0 G A ��( t2c T2 G A �62( t�c T� G A �6�c 6 ' 6�n62n�c q� G 6���c q2 G 62��c
�� G & �6�c �2 G & �62c t ' Et� t2 +��� Zh dvvxph wkdw wkh lqvwuxphqwv iru t2 duh ydolg/
zklfk lpsolhv wkdw �2 kdv d �{hg ixoo udqn ydoxh/ exw pdnh qr dvvxpswlrqv derxw wkh txdolw|
ri wkh lqvwuxphqwv iru t�c ��e� zh pdnh qr dvvxpswlrqv derxw ��� Zh duh lqwhuhvwhg lq whvwlqj
wkh k|srwkhvlv Mf G q� ' f djdlqvw wkh dowhuqdwlyh k|srwkhvlv M� G q� 9' f� Zh vshfli| wkh
fryduldqfh pdwul{ l dqg lwv hvwlpdwru 7 +:, ri wkh uhgxfhg irup dv/

l '

�
l�� l�2

l2� l22

�
c 7 '

�
7�� 7�2
72� 722

�
c +54,

zkhuh l��c 7�� G 6� �6�( l�2c l
�

2�c 7�2c 7
�

2� G 6� � E62 n ��( l22c 722 G E62 n ��� E62 n ��c
dqg dvvxph wkdw wkh rughu frqglwlrq lv vdwlv�hg vxfk wkdw & � 6� n62�

Wkh xquhvwulfwhg uhgxfhg irup ri +53, fdq eh vshfl�hg dv

t ' fxn Tc +55,

6Wkh lqyduldqfh wr wudqvirupdwlrqv ri [ lv vwudljkwiruzdug wr vkrz1 Wr vkrz wkh lqyduldqfh wr wkh

wudqvirupdwlrq +|�4 \ �

5 , @ +|4 \5,D> frqvlghu wkdw D @

�
d44 d45
3 D55

�
= Wklv lpsolhv wkdw |�4 @ |4d44

dqg \ �

5 @ \5D55 . |4d45 vxfk wkdw v�44 @ d44v44d44 dqg v�45 @ d44+v45D55 . v44d45,= Dv d frqvhtxhqfh/
\ �

5 � |�4v
��4
44 v�45 @ \5D55 . |4d45 � |4d44+d44v44d44,

�4d44+v45D55 . v44d45, @ +\5 � |4v
�4
44 v45,D551 Erwk d44

dqg D55 fdqfho rxw lq wkh h{suhvvlrq ri +4<, zklfk vkrzv wkdw +4<, lv lqyduldqw wr wkhvh wudqvirupdwlrqv1

:



zkhuh T ' ET� T2 ���c �� ' 0n T�q�n T2q2c x ' Ex� x2�c x� G &�6�c dqg x2 G &� E62n��1
Xqghu Mf G q� ' fc wkh olplwlqj glvwulexwlrq ri wkh ohdvw vtxduhv hvwlpdwru 	x uhdgv

s
A
�
	x� �

�� �2�2

�� , �Efcl'3��c +56,

zkhuh �2 ' E U62
q2 �� Zkhq zh srvw0pxowlso| +56, e|

- '

�
U6�

f
�l3�22 l2� U62n�

�
c +57,

wkh olplwlqj h{suhvvlrq ehfrphv
s
A
��

	x� � 	x2l
3�
22 l2�

	x2

�� �
�� � �2�2l

3�
22 l2� �2�2

��
, �Efc

�
l���2 f
f l22

�
'3��

/5
7

s
A
��

	x� � 	x2l
3�
22 l2�

�
� �

�� � �2�2l
3�
22 l2�

�� , �Efcl���2 '3��
s
A
�
	x2 ��2�2

�
, �Efcl22 '3��

6
8 c

+58,

zkhuh 	x� ' Ef �f�3�f �t�c 	x2 ' Ef �f�3�f �Et2 +��c l���2 ' l�� � l�2l
3�
22 l2�� Htxdwlrq +58,

vkrzv wkdw/ xqghu Mfc 	x�� 	x2l
3�
22 l2� dqg 	x2 duh dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw1 Wklv

dv|pswrwlf vwrfkdvwlf lqghshqghqfh uhpdlqv ydolg zkhq zh uhsodfh l3�22 l2� e| 73�22 72��
7

Htxdwlrq +58, vkrzv wkdw xqghu Mfc ehfdxvh q� ' fc zh fdq mxvw frqvlghu wkh LY uhjuhvvlrq
prgho wkdw frqvlvwv ri wkh odvw 62 n � htxdwlrqv ri +53,/

t2 ' f�2 n T2c
+� ' t2q2 n 0�

+59,

Zh fdq whvw wkh k|srwkhvlv ri ryhu0lghqwl�fdwlrq lq +59, e| frpsdulqj wkh uhvwulfwhg dqg
xquhvwulfwhg uhgxfhg irupv ri +59,1 Lq rughu wr gr wklv/ zh xvh vwdwlvwlf 	b +:,

	b ' E	��2zEf
�f�3� 	�2z�

3
�

2 	��2zEf
�f�3�f �

�
t2 +�

�
	��

2zE
	�2z722 	�

�

2z�
3

�

2

' E	��2zEf
�f�3� 	�2z�

3
�

2 	��2zEf
�f�3�f �

�
+� � t2	q2

�
��

�

A3&
E+�3t2	q2�

�

�fE+�3t2	q2�
� �

2

c +5:,

zkhuh 	�2 dqg 	q2 duh wkh pohv ri �2 dqg q2 xqghu Mfc vr lq +59,� Htxdwlrq +44, vkrzv wkdw
xqghu Mf dqg zkhq �2 kdv ixoo udqn/ vxfk wkdw dovr x2 ' �2�2 kdv ixoo udqn/

	b , �Efc U&362
�� +5;,

	b fdq eh xvhg wr whvw wkh ryhu0lghqwl�fdwlrq zkhq zh kdyh lpsrvhg wkdw q� ' f� Wkh xquh0
vwulfwhg uhgxfhg irup htxdwlrq ri +� hqfrpsdvvhv wkh uhvwulfwhg uhgxfhg irup htxdwlrq ri +�

7 a� lv dv|pswrwlf vwrfkdvwlf lqghshqghqw iurp V= V�4
55 V54 lv wkhuhiruh dovr dv|pswrwlf vwrfkdv0

wlf lqghshqghqw iurp a�= Dv d frqvhtxhqfh/
s
W
��

a�4 � a�5V
�4
55 V54

�
� �

�4 ��5E5
�4
55 54

��
@

s
W
��

a�4 � a�5
�4
55 54

�
� �

�4 ��5E5
�4
55 54

�� � s
W a�5

�
V�4
55 V54 ��4

55 54

� ,
s
W
��

a�4 � a�5
�4
55 54

�
� �

�4 ��5E5
�4
55 54

��
dv V�4

55 V54 , �4
55 54>

s
W
�
a�5 ��5E5

�
, Q+3>55T�4,

dqg V�4
55 V54 dqg

s
W a�5 duh dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw1

;



wkdw uhvxowv iurp +53, zklfk djdlq hqfrpsdvvhv wkh uhvwulfwhg uhgxfhg irup htxdwlrq ri +�
wkdw uhvxowv iurp +59,1 Wkh ryhu0lghqwl�fdwlrq vwdwlvwlf wkdw uh hfwv wkh gl�huhqfh ehwzhhq
wkh xquhvwulfwhg uhgxfhg irup dqg +59, wkhuhiruh dovr frqwdlqv wkh gl�huhqfh ehwzhhq wkh uh0
vwulfwhg uhgxfhg irup htxdwlrqv ri +� wkdw uhvxow iurp +53, dqg +59,1 Wr ghwhuplqh wklv odwwhu
gl�huhqfh/ zh xvh +58, wr surmhfw 	b rqwr dq hvwlpdwh ri �� lq wkh gluhfwlrq wkdw lv qrw h{sodlqhg
e| �2� Vlqfh zh hvwlpdwh �2 ehiruhkdqg lq +59,/ rqo| wkh sduw ri �� wkdw grhv qrw olh lq wkh
gluhfwlrq ri �2 lv lghqwl�hg dqg fdq eh xvhg wr lghqwli| q�� Wkh hvwlpdwh wkdw zh wkhq xvh lv
xqghu Mf dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw ri 	b dqg uhvxowv iurp 	�2 dqg 	x�� 	x27

3�
22 72�c

zklfk duh dovr xqghu Mf dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw iurp rqh dqrwkhu� Wr frqgxfw
wkh surmhfwlrq/ zh suh0pxowlso| 	b +5:, e|�

	x� � 	x27
3�
22 72�

��
	�2zE	�

�

2zEf
�f�3� 	�2z�

3
�

2 +5<,

dqg rewdlq wkh vwdwlvwlf

	V '
�
	x� � 	x27

3�
22 72�

��
	�2zE	�

�

2zEf
�f�3� 	�2z�

3� 	��2z
	x2

	��

2zE
	�2z722 	�

�

2z�
3

�

2

'
�
t� �

�
t2 +�

�
73�22 72�

�� �
�f 	�2

��f

� �
t2 +�

�
	��

2zE
	�2z722 	�

�

2z�
3

�

2 �
+63,

Htxdwlrq +58, vkrzv wkdw/ xqghu Mfc 	x2 lv d frqvlvwhqw hvwlpdwru ri �2�2� Ixuwkhupruh/
zh kdyh dvvxphg wkdw �2 kdv ixoo udqn vxfk wkdw �2z lv surshuo| gh�qhg1 Khqfh/ wkh olplwlqj
glvwulexwlrq ri 	��2z

�
	x� � 	x27

3�
22 72�

�
fdq eh fkdudfwhul}hg dv

s
A
�
	��2z

�
	x� � 	x27

3�
22 72�

�
���2z��

�
, �Efcl���2 ��2z'

3��2z�c +64,

zklfk uhvxowv dv 	�2z lv d frqvlvwhqw hvwlpdwru ri �2zc vxfk wkdw �2�2l
3�
22 l2� fdqfhov rxw

ri wkh olplwlqj h{suhvvlrq/ dqg vlqfh 	�2zc wkdw uhvxowv iurp 	x2c lv dv|pswrwlfdoo| vwrfkdvwlf
lqghshqghqw ri 	x� � 	x27

3�
22 72�� Htxdwlrq +64, vkrzv wkdw 	V +63, lv lqghhg d surmhfwlrq ri 	b

rqwr dq hvwlpdwh ri �� lq wkh gluhfwlrq wkdw lv qrw vsdqqhg e| �2c ��e� �
�

2z���
Zh ixuwkhu qrupdol}h 	V dqg wkhq rewdlq wkh vwdwlvwlf
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+65,

zklfk kdv/ xqghu Mfc d olplwlqj glvwulexwlrq wkdw lv fkdudfwhul}hg e|

	> , �Efc U6�
�� +66,

Wkh olplwlqj glvwulexwlrq lq +66, uhvxowv dv +5;, dqg +64, duh dv|pswrwlfdoo| vwrfkdvwlf lqgh0
shqghqw dqg wkh rughu frqglwlrq lv vdwlv�hg lq +53, vxfk wkdw & �62 � 6�� Wkh vwdwlvwlf iru
whvwlqj Mf G q� ' f djdlqvw M� G q� 9' f wkhq uhvxowv dv
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dqg lwv* olplwlqj ehkdylru lv xqghuMf dqg wkh ydolg lqvwuxphqw dvvxpswlrq iru t2 fkdudfwhul}hg
e|

8 EMfmM�� , �2E6��

6�
� +68,

Wkh olplwlqj glvwulexwlrq +68, grhv qrw ghshqg rq wkh txdolw| ri wkh lqvwuxphqwv iru t� dqg dovr
lwv* ghjuhhv ri iuhhgrp sdudphwhu lv htxdo wr wkh qxpehu ri hohphqwv ri q�� Wklv lv ehfdxvh wkh
olplwlqj glvwulexwlrq +68, uhvxowv iurp surmhfwlqj 	b rqwr wkh hvwlpdwh ri �� lq wkh gluhfwlrq ri
�2zc xqghu Mfc +5<,1 Dv +5:, lv dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw iurp +5<,/ wkh olplwlqj
glvwulexwlrq +68, lv qrw gl�huhqw zkhq wkh lqvwuxphqwv duh zhdn ru hyhq lqydolg iru t�� Vwdwlvwlf
+67, lv lqyduldqw wr wudqvirupdwlrqv ri wkh yduldeohv wkdw gr r�hqg Mf� H{dpsohv ri wkhvh nlqg
ri wudqvirupdwlrqv duh t W ' Et� Et2 +����/ zlwk � d orzhu +eorfn, wuldqjxodu 6�6 pdwul{/
dqg fW ' f�c zlwk � d ixoo udqn & � & pdwul{18

Vwdwlvwlf +67, uhvxowv iurp ghfrpsrvlqj wkh mrlqw vwdwlvwlf +4<, zklfk fdq eh xvhg wr frqgxfw
d whvw rq doo vwuxfwxudo sdudphwhuv1 Wkh olplwlqj glvwulexwlrq ri wkh mrlqw vwdwlvwlf +4<, grhv
qrw ghshqg rq wkh txdolw| ri wkh lqvwuxphqwv1 Vwdwlvwlf +67, frqgxfwv d frqglwlrqdo whvw rq q�
jlyhq q2� Wkh uhodwlrqvkls rq zklfk zh frqglwlrq wkhuhiruh kdv wr eh d ydolg rqh vxfk wkdw wkh
lqvwuxphqwv iru t2 kdyh wr eh uhohydqw1 Wklv uhvxow lv qrw vxusulvlqj vlqfh zkhq zh ghfrpsrvh
+4<,/ wkh luuhodyhqf| ri wkh txdolw| ri wkh lqvwuxphqwv iru wkh olplwlqj glvwulexwlrq fdq rqo| eh
suhvhqw lq rqh ri wkh sduwv zkhuh zh ghfrpsrvh +4<, lqwr1 Lq rxu fdvh wklv lpsolhv wkdw wkh
lqvwuxphqwv duh doorzhg wr eh zhdn iru t� exw kdyh wr eh ydolg iru t2�

7 Uhodwlrqvkls zlwk Odjudqjh Pxowlsolhu Vwdwlvwlf
Dowkrxjk vwdwlvwlf +67, orrnv frpsolfdwhg/ lw lv vwudljkwiruzdug wr frpsxwh1 E| xvlqj +W� '
+� � t�q�f lqvwhdg ri +� lq doo hohphqwv ri +67, wkdw frqwdlq +�c +67, fdq dovr eh xvhg wr
whvw k|srwkh}hv iru rwkhu qrq0}hur ydoxhv ri q�c M

W

f G q� ' q�f� Wkh h{suhvvlrq iru +67, wkhq
ehfrphv
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+69,

zkhuh 	q
W

2 dqg 	�W2 duh wkh pohv ri q2 dqg �2 lq +47, zlwk +� uhsodfhg e| +W� ' +� � t�q�fc
7W22 ' �

A3&
E t2 +� � t�q�f ���fE t2 +� � t�q�f �c 7W2� ' �

A3&
E t2 +� � t�q�f ���ft�� E|

vshfli|lqj d julg ri ydoxhv ri q�fc zh fdq xvh vwdwlvwlf +69, wr frqvwuxfw d +dv|pswrwlf slyrwdo,
frq�ghqfh vhw iru q�� Qrwh wkdw wkh +dv|pswrwlf slyrwdo, frq�ghqfh vhwv ri wkh sdudphwhuv ri

8Wr vkrz wkh lqyduldqfh ri +67, wr wkh wudqvirupdwlrq \ � @ +\4 +\5 |6,,D zlwk D orzhu eorfn wuldqjxodu/

frqvlghu wkdw D @

�
D44 3
D54 D55

�
= Wklv lpsolhv wkdw \ �

4 @ \4D44 . +\5 |6,D54> +\
�

5 |�6, @ +\5 |6,D55 dqg

wkhuhiruh V�

54 @ D3

55+V55D54.V54D44,> V
�

55 @ D3

55V55D55= Dv d frqvhtxhqfh/ \ �

4 �+\ �

5 |�6,V
��4
55 V�

54 @ \4D44.+\5
|6,D54 � +\5 |6,D55+D

3

55V55D55,
�4D3

55+V55D54 .V54D44, @ +\4 � +\5 |6,V
�4
55 V54,D44> zklfk lv wkh uhvxow wkdw

lv qhhghg wr kdyh lqyduldqfh ri +67, wr wkh wudqvirupdwlrq \ � @ +\4 +\5 |6,,D1 Wkh lqyduldqfh wr wkh
wudqvirupdwlrq [� @ [F fdq eh vkrzq e| frqvlghulqj wkdw a��

5 @ F�4 a�5= Dv d frqvhtxhqfh/ P[� a��

5

�P[� @

P[ a�5

�P[ =
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wkh LY uhjuhvvlrq prgho fdq eh xqerxqghg/ glvfrqwlqxrxv ru hpsw|/ vhh e�}� Gxirxu +4<<:,
dqg ]lyrw e|� @,� +4<<;,1

Lq rughu wr xqghuvwdqg vwdwlvwlf +69,/ zh frpsduh lw zlwk wkh Odjudqjh Pxowlsolhu vwdwlvwlf
wr whvw wkh k|srwkhvlv MW

f G q� ' q�f zklfk kdv/ zkhq erwk wkh lqvwuxphqwv iru t� +$, dqg
t2 duh ydolg/ d �2 olplwlqj glvwulexwlrq zlwk 6� ghjuhhv ri iuhhgrp1 Wkh Odjudqjh Pxowlsolhu
Vwdwlvwlf/ vhh e�}� Hqjoh +4<;7,/ iru whvwlqj MW

f G q� ' q�f djdlqvw M� G q� 9' q�f uhvxowv iurp
dq dx{loldu| uhjuhvvlrq ri f 	x� rq wkh hvwlpdwhg uhvlgxdov iru wkh htxdwlrq ri +� lq +59, zlwk
+� uhsodfhg e| +W� ' +� � t�q�fc
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+6:,

Wkhuh duh wzr lpsruwdqw gl�huhqfhv ehwzhhq +6:, dqg +69,1 Wkh �uvw gl�huhqfh uhvxowv iurp
+;, zklfk vkrzv/ dv

�f 	�W

2

��f ' fEf �f�3� 	�W2zE
	�W�2zEf

�f�3� 	�W2z�
3� 	�W�2zEf

�f�3�f �c +6;,

wkdw +69, rqo| frqwdlqv wkh hohphqwv ri EEf �f�3�f �� E+W� � t2	q
W

2� dqg EEf �f�3�f �� Et���
t2 +W�

�
7W3�22 7W2�� wkdw olh lq wkh vsdfh ruwkrjrqdo wr 	�W2� Wkh Odjudqjh Pxowlsolhu vwdwlvwlf

+6:, xvhv doo frpsrqhqwv ri EEf �f�3�f �� E+W� �t2	q
W

2� dqg EEf �f�3�f �� t�� Wkh vhfrqg gl�hu0
hqfh lv wkdw +69, lqyroyhv

�
t� �

�
t2 +W�

�
7W3�22 7W2�

�
zkloh +6:, rqo| lqyroyhv t�� Wkhvh wzr gli0

ihuhqfhv lpso| wkdw +69, xvhv wkh hvwlpdwh ri E��2z� ��c 	�
W�

2zEf
�f�3�f �

�
t� �

�
t2 +W�

�
7W3�22 7W2�

�
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wkdw lv xqghu Mf dv|pswrwlfdoo| vwrfkdvwlf lqghshqghqw ri Ef �f�3�f �E+W� � t2	q
W

2�� Wkh Od0
judqjh Pxowlsolhu vwdwlvwlf xvhv wkh hvwlpdwh ri ��c Ef

�f�3�f �t� zklfk lv xqghuMf qrw dv|ps0
wrwlfdoo| vwrfkdvwlf lqghshqghqw ri Ef �f�3�f �E+W� � t2	q

W

2�� Wklv lpsolhv wkdw wkh olplwlqj glv0
wulexwlrq ri wkh Odjudqjh Pxowlsolhu vwdwlvwlf ghshqgv/ olnh wkh rwkhu olnholkrrg0edvhg whvw
vwdwlvwlfv/ Olnholkrrg Udwlr dqg Zdog/ rq qxlvdqfh sdudphwhuv dqg lv qrw slyrwdo1

714 Hpslulfdo Glvwulexwlrq Ixqfwlrq

Wr looxvwudwh wkh surshuwlhv ri wkh olplwlqj glvwulexwlrq ri +69, frpsduhg wr wkh olplwlqj glvwul0
exwlrqv ri wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg udwlr vwdwlvwlf/ zh frpsxwhg
wkh hpslulfdo glvwulexwlrq ixqfwlrqv ri wkhvh vwdwlvwlfv iru dq LY uhjuhvvlrq prgho zlwk vwurqj
hqgrjhqhlw|1 Zh wkhuhiruh vlpxodwhg gdwd iurp wkh prgho

+� ' %�Z� n ��c
+2 ' %2Z2 n �2c
+� ' +�q� n +2q2 n 0c

+6<,

zkhuh +�c +2c +�c %�c %2c ��c �2c 0 G A � �( A ' �ffc q� ' fc q2 ' �c Z2 ' �c dqg %� dqg %2 duh
lqghshqghqwo| jhqhudwhg iurp d �Efc UA � glvwulexwlrq dqg duh �{hg wkurxjkrxw wkh vlpxodwlrq
h{shulphqw1 Erwk 6� dqg 62 duh wkxv htxdo wr rqh1 Zh jhqhudwh glvwxuedqfhv E�� �2 0� iurp
d �EfcP UA � glvwulexwlrq zlwk

P '

3
C � f�H f�b

f�H � f�S
f�b f�S �

4
D � +73,
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Wkh fryduldqfh pdwul{ P lpsolhv vwurqj hqgrjhqhlw| ehwzhhq +�c +2c +��
Rxu �uvw Gdwd Jhqhudwlqj Surfhvv +GJS, kdv d ydoxh ri Z� htxdo wr rqh zklfk lpsolhv

d ydolg lqvwuxphqw iru +�� Lqvwhdg ri hvwlpdwlqj wkh mxvw0lghqwl�hg prgho +6<,/ zh dgg wkuhh
dgglwlrqdo qrqvhqvh lqvwuxphqwv wkdw duh lqghshqghqwo| jhqhudwhg iurp d�Efc U&� glvwulexwlrq1
Zh wkxv hvwlpdwh d prgho olnh

+� ' f�� n ��c
+2 ' f�2 n �2c
+� ' +�q� n +2q2 n 0c

+74,

zlwk f ' E%� %2 f��c f� G A � E& � 6 n ��( ��c �2 G & � �c & ' Dc zklfk kdv d ghjuhh ri
ryhu0lghqwl�fdwlrq htxdo wr wkuhh/ zkloh wkh prgho iurp zklfk zh jhqhudwh wkh gdwd lv +6<,1
Zh vlpxodwhg 8333 gdwdvhwv iurp GJS +6<, zlwk Z� htxdo wr 4 dqg iru hdfk vlpxodwlrq zh
hvwlpdwhg wkh ryhu0lghqwl�hg prgho +74,1 Iljxuh 4 frqwdlqv wkh hpslulfdo glvwulexwlrq ixqfwlrqv
edvhg rq wkhvh vlpxodwlrqv iru vwdwlvwlf +69,/ wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh
olnholkrrg udwlr vwdwlvwlf wkdw whvw wkh k|srwkhvlv Mf G q� ' f� Dv wkh lqvwuxphqw iru +� lv d
ydolg rqh/ doo hpslulfdo glvwulexwlrq ixqfwlrqv frlqflgh zlwk wkh olplwlqj glvwulexwlrq zklfk lv
dovr vkrzq1

Iru �jxuh 5 zh kdyh djdlq vlpxodwhg iurp GJS +6<, exw qrz zlwk d ydoxh ri Z� htxdo
wr 314 zklfk lpsolhv wkdw wkh lqvwuxphqw iru +� lv zhdn1 Iru wkh hvwlpdwlrq prgho +74, zh
kdyh dgghg 4; qrqvhqvh lqvwuxphqwv/ vxfk wkdw & ' 2fc wkdw duh lqghshqghqwo| jhqhudwhg
iurp �Efc U&� glvwulexwlrqv1 Iljxuh 5 frqwdlqv wkh hpslulfdo glvwulexwlrq ixqfwlrqv edvhg rq
wkhvh vlpxodwlrqv iru vwdwlvwlf +69,/ wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg
udwlr vwdwlvwlf wkdw whvw wkh k|srwkhvlv Mf G q� ' f� Dv wkh lqvwuxphqw lv zhdn dqg wkh ghjuhh
ri ryhu0lghqwl�fdwlrq lv vxevwdqwldo/ erwk wkh glvwulexwlrqv ri wkh Odjudqjh Pxowlsolhu dqg
wkh olnholkrrg udwlr vwdwlvwlf olh uhodwlyho| idu iurp wkhlu �2E�� olplwlqj glvwulexwlrq1 Vlqfh
wkh olplwlqj glvwulexwlrq ri vwdwlvwlf +69, lv slyrwdo/ lwv* hpslulfdo glvwulexwlrq ixqfwlrq vwloo
frlqflghv zlwk wkh olplwlqj glvwulexwlrq1

8 Srzhu Frpsdulvrq
Wr ixuwkhu lqyhvwljdwh vwdwlvwlf +69,/ zh frqgxfwhg d srzhu frpsdulvrq ri lw zlwk d ihz rwkhu
vwdwlvwlfv1 Qh{w wr wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:,/ zh dovr frpsduh vwdwlvwlf +69, zlwk
wkh olnholkrrg udwlr vwdwlvwlf dqg wkh JPP remhfwlyh ixqfwlrq vwdwlvwlf wkdw lv dqdo|}hg lq Vwrfn
dqg Zuljkw +5333,1 Vwrfn dqg Zuljkw vkrz wkdw wkh JPP remhfwlyh ixqfwlrq fdq eh xvhg dv
d vwdwlvwlf wr frqgxfw whvwv rq vxevhwv ri wkh vwuxfwxudo irup sdudphwhuv dqg lv forvho| uhodwhg
wr wkh Dqghuvrq0Uxelq vwdwlvwlf/ vhh Dqghuvrq dqg Uxelq +4<7<,1 Wkh| vkrz wkdw/ xqghu
wkh vdph dvvxpswlrqv wkdw zh pdnh wr rewdlq wkh olplwlqj glvwulexwlrq ri +69, ri zklfk wkh
ydolg lqvwuxphqw dvvxpswlrq iru t2 lv wkh prvw lpsruwdqw rqh/ wkh JPP remhfwlyh ixqfwlrq
dv d vwdwlvwlf wr frqgxfw whvwv rq q� kdv d olplwlqj glvwulexwlrq wkdw grhv qrw ghshqg rq wkh
ydolglw| ri wkh lqvwuxphqwv iru t�� Wkh gl�huhqfh ehwzhhq wkh olplwlqj glvwulexwlrqv ri wkh JPP
remhfwlyh ixqfwlrq vwdwlvwlf dqg vwdwlvwlf +69, wkhuhiruh rqo| frqfhuqv wkh ghjuhhv ri iuhhgrp
sdudphwhu zklfk lv htxdo wr wkh qxpehu ri hohphqwv ri q� iru +69, dqg wkh qxpehu ri hohphqwv
ri q� soxv wkh ghjuhh ri ryhu0lghqwl�fdwlrq iru wkh JPP remhfwlyh ixqfwlrq vwdwlvwlf/ vhh Vwrfn
dqg Zuljkw +5333/ wkhruhp 6,1 Lq rxu vhwwlqj/ d zd| wr uhsuhvhqw wkh JPP remhfwlyh ixqfwlrq
dv d vwdwlvwlf wr whvw Mf G q� ' f djdlqvw M� G q� 9' f lv e| phdqv ri wkh ryhu0lghqwl�fdwlrq
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Iljxuh 4= Hpslulfdo glvwulexwlrq ixqfwlrqv ri vwdwlvwlf +69, +0,/ Odjudqjh Pxowlsolhu vwdwlvwlf
+6:, +0 0,/ olnholkrrg udwlr vwdwlvwlf +010,/ dqg �2E�� olplwlqj glvwulexwlrq +11, iru GJS +6<, zlwk
Z� ' � zkloh wkh hvwlpdwhg prgho lv +74, zlwk & ' Dc & �6n � ' ��
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Iljxuh 5= Hpslulfdo glvwulexwlrq ixqfwlrqv ri vwdwlvwlf +69, +0,/ Odjudqjh Pxowlsolhu vwdwlvwlf
+6:, +0 0,/ olnholkrrg udwlr vwdwlvwlf +010,/ dqg �2E�� olplwlqj glvwulexwlrq +11, iru GJS +6<, zlwk
Z� ' f�� zkloh wkh hvwlpdwhg prgho lv +74, zlwk & ' 2fc & �6n � ' �H�
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vwdwlvwlf/ vhh Edvpdqq +4<93,/

7EMfmM�� '
�

& �62

�
�

A3&
E+� � t2	q2�

��fE+� � t2	q2�
E+� � t2	q2�

�fEf �f�3�f �E+� � t2	q2��

+75,

Xqghu wkh dvvxpswlrqv pdgh lq vhfwlrq 5 dqg wkdw �2 kdv ixoo udqn/ vxfk wkdw wkh lqvwuxphqwv
duh ydolg iru t2c wkh olplwlqj glvwulexwlrq ri 7EMfmM�� hydoxdwhg xvlqj wkh pd{lpxp olnholkrrg
hvwlpdwru 	q2 lv xqghu Mf G q� ' f fkdudfwhul}hg e|/ vhh e�}� Vwrfn dqg Zuljkw +5333,/

7EMfmM�� , �2E,�

,
c +76,

zkhuh , lv htxdo wr wkh qxpehu ri hohphqwv ri q� soxv wkh ghjuhh ri ryhu0lghqwl�fdwlrq/ , '
6� n E& �6 � �� ' 6� n E& � 6� � 62� ' & �621 Vwdwlvwlf +75, lv lghqwlfdo wr wkh ryhu0
lghqwl�fdwlrq vwdwlvwlf 	b

�	b*, +9,/ zkhuh 	b uhvxowv iurp +5:,/ zklfk fdq wkhuhiruh lq wkh vdph
pdqqhu dv +75, eh xvhg wr whvw k|srwkh}hv rq q��

9

Zh xvh GJS +6<, zlwk doo ri lwv* sdudphwhu vhwwlqjv wr frqvwuxfw srzhu fxuyhv iru whvwv ri
wkh k|srwkhvlv Mf G q� ' f iru ydulrxv ydoxhv ri wkh wuxh xqghuo|lqj ydoxh ri q�1 Zh ydulhg
wkh txdolw| ri wkh lqvwuxphqw+v, iru t� lq GJS +6<, e| xvlqj ydoxhv ri Z� htxdo wr 314/ zhdn
lqvwuxphqw/ dqg 4/ ydolg lqvwuxphqw1 Lq d vlplodu zd| dv lq vhfwlrq 714/ +74, lv wkh hvwlpdwhg
prgho dqg frqwdlqv dgglwlrqdo qrqvhqvh lqvwuxphqwv1 E| dgglqj qrqvhqvh lqvwuxphqwv/ zh
fdq dqdo|}h wkh vhqvlwlylw| ri wkh srzhu fxuyhv ri wkh gl�huhqw vwdwlvwlfv wr wkh ghjuhh ri
ryhu0lghqwl�fdwlrq1

814 Ydolg Lqvwuxphqw/ Z4 ' �

Iljxuhv 6 wr 8 frqwdlq srzhu fxuyhv ri vwdwlvwlf +69,/ wkh ryhu0lghqwl�fdwlrq vwdwlvwlf +75,/ wkh
Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg udwlr vwdwlvwlf wkdw whvw wkh k|srwkhvlv
Mf G q� ' f djdlqvwM� G q� 9' f zlwk 8( +dv|pswrwlf, vljql�fdqfh lq fdvh ri d ydolg lqvwuxphqw
iru t�c ��e� Z� ' �� Wkh hvwlpdwhg prgho +74, lv h{dfwo| lghqwl�hg lq �jxuh 6 E& ' 2� zkloh
lw lv ryhu0lghqwl�hg zlwk d ghjuhh ri ryhu0lghqwl�fdwlrq htxdo wr wkuhh E& ' D� lq �jxuh 7 dqg

9Wkh pd{lpxp olnholkrrg hvwlpdwru ri �5 lv rewdlqhg iurp dq hljhqyhfwru ri wkh sro|qrpldo htxd0
wlrq m�+\5 |6,

3+\5 |6, � +\5 |6,
3[+[3[,�4[3+\5 |6,m @ 3> vhh h=j= Kdxvpdq +4<;6,1 Wklv hljhqyhf0

wru lv wkhuhiruh dovr dq hljhqyhfwru ri wkh sro|qrpldo htxdwlrq m�+\5 |6,3+\5 |6, � +W � n,+\5 |6,3V55+\5

|6,m @ 3 dv V55 @ 4
W�n

+\5 |6,
3P[+\5 |6,= Khqfh/ +\5 |6,

3+\5 |6,

� �a�5
4

�
@ W�n

�
V55

� �a�5
4

�
> iru

vrph ydoxh ri �= Zkhq zh frqvwuxfw wkh pd{lpxp olnholkrrg hvwlpdwru ri a�5 dv/ lq irrwqrwh 4 vxfk wkdw/
a�5 @ +[ 3[,�4[3+\5 |6,V

�4
55

aE3

5+ aE5V55 aE
3

5,
�4> lw uhvxowv wkdw a�3

5[
3+|6 � \5a�5, @ + aE5V55 aE

3

5,
�4 aE5V

�4
55 +\5

|6,
3[+[3[,�4[ 3+\5 |6,

� �a�5
4

�
= Zh fdq qrz xvh wkdw aE5

� �a�5
4

�
@ 3> dv aE5 @ +Lp5

a�5,> dqg wkh

h{suhvvlrq iru V55> wr rewdlq a�3

5[
3+|6 � \5a�5, @ + aE5V55 aE

3

5,
�4 aE5V

�4
55 +\5 |6,

3+\5 |6,

� �a�5
4

�
= Zh qrwh wkdw� �a�5

4

�
lv vxfk wkdw +\5 |6,3+\5 |6,

� �a�5
4

�
@ +W�n,

�
V55

� �a�5
4

�
dqg wkhuhiruh a�3

5[
3+|6 � \5a�5, @

+W�n,
�

+ aE5V55 aE
3

5,
�4 aE5V

�4
55 V55

� �a�5
4

�
@ +W�n,

�
+ aE5V55 aE

3

5,
�4 aE5

� �a�5
4

�
@ 3 dv aE5

� �a�5
4

�
@ 31 Wklv lp0

solhv wkdw P[ a�+|6�\5a�5, @ +|6�\5a�5, dqg wkdw vwdwlvwlfv +75, dqg +9, frlqflgh1 Wklv vkrzv wkh lpsruwdqfh
ri xvlqj wkh pd{lpxp olnholkrrg hvwlpdwru zkhq zh frqvwuxfw wkh vwdwlvwlfv dv wkh htxdolw| ri +75, dqg +9,
rqo| krogv zkhq wkh| duh hydoxdwhg xvlqj wkh pd{lpxp olnholkrrg hvwlpdwru1
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Iljxuh 6= Srzhu fxuyhv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' f djdlqvw M� G q� 9' f iru ydulrxv ydoxhv ri wkh wuxh q� lq GJS +6<, zlwk
Z� ' �c & ' 2�
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Iljxuh 7= Srzhu fxuyhv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' f djdlqvw M� G q� 9' f iru ydulrxv ydoxhv ri wkh wuxh q� lq GJS +6<, zlwk
Z� ' �c & ' D�
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Iljxuh 8= Srzhu fxuyhv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' f djdlqvw M� G q� 9' f iru ydulrxv ydoxhv ri wkh wuxh q� lq GJS +6<, zlwk
Z� ' �c & ' 2f�

hljkwhhq E& ' 2f� lq �jxuh 81 Iru hyhu| ydoxh ri q�c zh frpsxwhg wkh srzhu iru whvwlqj Mf

xvlqj 8333 vlpxodwlrqv1
Lq fdvh ri h{dfw lghqwl�fdwlrq/ & ' 2c �jxuh 6 vkrzv wkdw wkh srzhu fxuyhv ri vwdwlvwlfv +69,/

+75, dqg wkh olnholkrrg udwlr vwdwlvwlf frlqflgh1 Wkh srzhu fxuyh ri wkh Odjudqjh Pxowlsolhu
vwdwlvwlf +6:, voljkw| gl�huv iurp wkh rwkhu srzhu fxuyhv1 Zkhq & ' D vxfk wkdw wkh ghjuhh ri
ryhu0lghqwl�fdwlrq lv htxdo wr wkuhh/ �jxuh 7 vkrzv wkdw wkh srzhu fxuyhv ri vwdwlvwlf +69, dqg
wkh olnholkrrg udwlr vwdwlvwlf vwloo frlqflgh1 Ehfdxvh ri wkh odujhu ghjuhhv ri iuhhgrp sdudphwhu
ri lwv* olplwlqj glvwulexwlrq E& � � ' e�/ wkh srzhu fxuyh ri vwdwlvwlf +75, olhv ehorz wkh srzhu
fxuyhv ri wkh olnholkrrg udwlr vwdwlvwlf dqg vwdwlvwlf +69,1 Iljxuh 7 dovr vkrzv wkdw wkh gl�huhqfh
ehwzhhq wkh srzhu fxuyhv ri wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg udwlr
vwdwlvwlf dqg vwdwlvwlf +69, kdv lqfuhdvhg frpsduhg wr �jxuh 61 Iljxuh 8 vkrzv wkh srzhu
fxuyhv lq fdvh ri d odujh ghjuhh ri +qrqvhqvh, ryhu0lghqwl�fdwlrq E&�6n� ' �H�1 Wkh srzhu
fxuyhv ri wkh olnholkrrg udwlr vwdwlvwlf dqg vwdwlvwlf +69, vwloo frlqflgh exw wkh gl�huhqfh zlwk
wkh srzhu fxuyh ri vwdwlvwlf +75, kdv ixuwkhu lqfuhdvhg frpsduhg wr �jxuh 71 Wklv lv ehfdxvh ri
wkh vxevwdqwldo gl�huhqfh lq wkh ghjuhhv ri iuhhgrp sdudphwhuv ri wkh olplwlqj glvwulexwlrq ri
vwdwlvwlf +75,/ iru zklfk lw lv htxdo wr &�� ' �bc dqg wkh olnholkrrg udwlr vwdwlvwlf dqg vwdwlvwlf
+69,/ iru zklfk lw lv htxdo wr 41 Dovr wkh gl�huhqfh zlwk wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:,
kdv lqfuhdvhg dqg lw qrz kdv d vxevwdqwldo vl}h glvwruwlrq1

Vlqfh wkh lqvwuxphqw iru t� lv ydolg/ wkh olnholkrrg udwlr vwdwlvwlf kdv d �2 olplwlqj glvwul0
exwlrq dqg wkh olplwlqj glvwulexwlrq lv d jrrg dssur{lpdwlrq ri wkh �qlwh vdpsoh glvwulexwlrq1
Wklv h{sodlqv zk| wkh olnholkrrg udwlr vwdwlvwlf kdv wkh fruuhfw +dv|pswrwlf, vl}h iru doo ydoxhv
ri &1 Wr dqdo|}h wkh srwhqwldo vl}h glvwruwlrq ri wkh olnholkrrg udwlr vwdwlvwlf/ zh wkhuhiruh lq
wkh qh{w vlpxodwlrq h{shulphqw xvh d zhdn lqvwuxphqw iru t��
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Iljxuh 9= Srzhu fxuyhv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' f djdlqvw M� G q� 9' f iru ydulrxv ydoxhv ri wkh wuxh q� lq GJS +6<, zlwk
Z� ' f��c & ' 2�
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Iljxuh := Srzhu fxuyhv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' f djdlqvw M� G q� 9' f iru ydulrxv ydoxhv ri wkh wuxh q� lq GJS +6<, zlwk
Z� ' f��c & ' D�
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Iljxuh ;= Srzhu fxuyhv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' f djdlqvw M� G q� 9' f iru ydulrxv ydoxhv ri wkh wuxh q� lq GJS +6<, zlwk
Z� ' f��c & ' 2f�

815 Zhdn Lqvwuxphqw/ Z4 ' f��

Iljxuhv 9 wr ; frqwdlq srzhu fxuyhv ri vwdwlvwlf +69,/ wkh ryhu0lghqwl�fdwlrq vwdwlvwlf +75,/ wkh
Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg udwlr vwdwlvwlf wkdw whvw wkh k|srwkhvlv
Mf G q� ' f djdlqvwM� G q� 9' f zlwk 8( +dv|pswrwlf, vljql�fdqfh lq fdvh ri d zhdn lqvwuxphqw
iru t�c ��e� Z� ' f��� Wkh hvwlpdwhg prgho +74, lv h{dfwo| lghqwl�hg lq �jxuh 9 E& ' 2� zkloh
lw lv ryhu0lghqwl�hg zlwk d ghjuhh ri ryhu0lghqwl�fdwlrq htxdo wr wkuhh E& ' D� lq �jxuh : dqg
hljkwhhq E& ' 2f� lq �jxuh ;1 Iru hyhu| ydoxh ri q�c zh frpsxwhg wkh srzhu iru whvwlqj Mf

xvlqj 8333 vlpxodwlrqv1
Iljxuhv 9 wr ; vkrz wkdw doo whvw vwdwlvwlfv kdyh orz srzhu lq fdvh ri d zhdn lqvwuxphqw1

Wklv douhdg| orz srzhu ixuwkhu ghfuhdvhv zkhq zh dgg wkh qrqvhqvh lqvwuxphqwv1 Lq fdvh ri
mxvw lghqwl�fdwlrq E& ' 2�/ wkh olnholkrrg udwlr vwdwlvwlf kdv wkh fruuhfw +8(, dv|pswrwlf vl}h
dqg lwv* srzhu fxuyh frlqflghv zlwk wkh srzhu fxuyhv ri vwdwlvwlfv +69, dqg +75,1 Wkh vl}h
ri wkh olnholkrrg udwlr vwdwlvwlf jhwv glvwruwhg zkhq zh dgg qrqvhqvh lqvwuxphqwv1 Wklv vl}h
glvwruwlrq dovr rffxuv iru wkh Odjudqjh Pxowlsolhu vwdwlvwlf exw qrw iru vwdwlvwlfv +69, dqg +75,1
Wkh odwwhu wzr vwdwlvwlfv gr qrw jhw vl}h glvwruwhg dv wkh| kdyh slyrwdo olplwlqj glvwulexwlrqv1
Wklv looxvwudwhv wkh lpsruwdqfh ri xvlqj vwdwlvwlfv zlwk slyrwdo olplwlqj glvwulexwlrqv1 Qrwh
dovr wkdw lq fdvh & ' 2fc �jxuh ;/ wkh Odjudqjh Pxowlsolhu vwdwlvwlf kdv d orw ri vsxulrxv srzhu
zkloh wkh olnholkrrg udwlr vwdwlvwlf lv vhyhuho| vl}h +odujhu wkdq 63(, glvwruwhg1

9 Frq�ghqfh Vhwv
E| vshfli|lqj d julg ri ydoxhv ri q�fc zh fdq xvh vwdwlvwlf +69, wr frqvwuxfw d frq�ghqfh vhw iru
q�� Wkh uhvxowlqj frq�ghqfh vhw grhv +dv|pswrwlfdoo|, qrw ghshqg rq wkh ydoxh ri wkh rwkhu
sdudphwhuv dv zh xvh d vwdwlvwlf zlwk d slyrwdo olplwlqj glvwulexwlrq1 Wkhvh frq�ghqfh vhwv

4;
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Iljxuh <= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri wkh wuxh q�f iru gdwdvhw
wkdw lv vlpxodwhg iurp GJS +6<, zlwk q� ' fc Z� ' �c & ' 2�
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Iljxuh 43= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri wkh wuxh q�f iru gdwdvhw
wkdw lv vlpxodwhg iurp GJS +6<, zlwk q� ' fc Z� ' �c & ' D�
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Iljxuh 44= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri wkh wuxh q�f iru gdwdvhw
wkdw lv vlpxodwhg iurp GJS +6<, zlwk q� ' fc Z� ' �c & ' 2f�

fdq kdyh shfxoldu vkdshv dqg fdq/ iru h{dpsoh/ eh lq�qlwh/ glvfrqwlqxrxv ru hpsw|/ vhh e�}�
Gxirxu +4<<:,1

Zh xvh GJS +6<, zlwk q� ' f dqg wkh rwkhu sdudphwhuv dw wkhlu lqlwldo vhwwlqjv/ vxfk wkdw
Z2 ' �c wr jhqhudwh wzr gdwdvhwv1 Rqh ri wkhvh gdwdvhwv kdv d ydolg lqvwuxphqw iru t�c ��e�
Z� ' �c dqg rqh kdv d zhdn lqvwuxphqw iru t�c ��e� Z� ' f���Zh wkhq dgg qrqvhqvh lqvwuxphqwv
wr wkh prgho wkdw zh hvwlpdwh dqg dqdo|}h wkh vhqvlwlylw| ri wkh frq�ghqfh vhwv wr wkh txdolw|
ri wkh lqvwuxphqwv dqg wkh dgglwlrq ri qrqvhqvh lqvwuxphqwv1

914 Ydolg Lqvwuxphqw/ Z4 ' �

Iljxuhv < wr 44 frqwdlq +dv|pswrwlf, R0ydoxh sorwv ri vwdwlvwlf +69,/ wkh ryhu0lghqwl�fdwlrq
vwdwlvwlf +75,/ wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg udwlr vwdwlvwlf wkdw whvw
wkh k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri q�f lq fdvh ri d ydolg
lqvwuxphqw iru t�c ��e� Z� ' �� Wkh hvwlpdwhg prgho +74, lv mxvw lghqwl�hg lq �jxuh < E& ' 2�
zkloh lw lv ryhu0lghqwl�hg zlwk d ghjuhh ri ryhu0lghqwl�fdwlrq htxdo wr wkuhh E& ' D� lq �jxuh
43 dqg hljkwhhq E& ' 2f� lq �jxuh 441 Wkh �jxuhv dovr frqwdlq d vwudljkw olqh dw 31<8 wkdw
hqdeohv xv wr frqvwuxfw wkh <8( frq�ghqfh vhw lq d vwudljkwiruzdug zd|1

Wkh R0ydoxh sorwv doprvw frpsohwho| frlqflgh lq fdvh wkdw & ' 2c �jxuh <1 Zkhq & ' Dc
�jxuh 43 vkrzv wkdw wkh frq�ghqfh vhwv wkdw uhvxow iurp vwdwlvwlf +75, duh glvwlqfwo| odujhu wkdq
wkh frq�ghqfh vhwv wkdw uhvxow iurp wkh olnholkrrg udwlr vwdwlvwlf dqg vwdwlvwlf +69,1 Wklv uhvxowv
ehfdxvh ri wkh odujhu ghjuhhv ri iuhhgrp sdudphwhu ri wkh olplwlqj glvwulexwlrq ri vwdwlvwlf +75,/
7/ frpsduhg wr wkh ghjuhhv ri iuhhgrp sdudphwhu ri wkh olplwlqj glvwulexwlrqv ri vwdwlvwlf +69,
dqg wkh olnholkrrg udwlr vwdwlvwlf/ 41 Wkh gl�huhqfh ehfrphv hyhq pruh surqrxqfhg zkhq
& ' 2f� Iljxuh 44 vkrzv wkdw wkh R0ydoxh sorw wkdw uhvxowv iurp wkh Odjudqjh pxowlsolhu
vwdwlvwlf +6:, hvshfldoo| ehfrphv gl�huhqw iurp wkh R0ydoxh sorwv iurp wkh olnholkrrg udwlr
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Iljxuh 45= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri wkh wuxh q�f iru gdwdvhw
wkdw lv vlpxodwhg iurp GJS +6<, zlwk q� ' fc Z� ' f��c & ' 2�

vwdwlvwlf dqg vwdwlvwlf +69, zkhq wkh ghjuhh ri +qrqvhqvh, ryhu0lghqwl�fdwlrq lv odujh1
Ehfdxvh wkh lqvwuxphqw iru t� lv ydolg/ wkh R0ydoxh sorwv ri wkh olnholkrrg udwlr vwdwlvwlf

dqg vwdwlvwlf +69, doprvw frpsohwho| frlqflgh iru doo ydoxhv ri &� D uhdvrq iru wklv lv wkdw
wkh olplwlqj glvwulexwlrqv ri +69, dqg wkh olnholkrrg udwlr vwdwlvwlf frlqflgh lq fdvh ri ydolg
lqvwuxphqwv1 Wklv zdv dovr irxqg lq vhfwlrq 814 zkhuh wkh srzhu fxuyhv ri wkhvh vwdwlvwlfv
doprvw frpsohwho| frlqflghg iru doo ydoxhv ri & lq fdvh ri d ydolg lqvwuxphqw iru t��Zh wkhuhiruh
dovr vlpxodwh d gdwdvhw iurp GJS +6<, zlwk d zhdn lqvwuxphqw iru t� vxfk wkdw wkh vlplodulw|
ri wkh olplwlqj glvwulexwlrq grhv qrw dsso|1

915 Zhdn Lqvwuxphqw/ Z4 ' f��

Iljxuhv 45 wr 47 frqwdlq +dv|pswrwlf, R0ydoxh sorwv ri vwdwlvwlf +69,/ wkh ryhu0lghqwl�fdwlrq
vwdwlvwlf +75,/ wkh Odjudqjh Pxowlsolhu vwdwlvwlf +6:, dqg wkh olnholkrrg udwlr vwdwlvwlf wkdw whvw
wkh k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri q�f lq fdvh ri d
zhdn lqvwuxphqw iru t�c ��e� Z� ' f��� Wkh hvwlpdwhg prgho +74, lv mxvw lghqwl�hg lq �jxuh 45
E& ' 2� zkloh lw lv ryhu0lghqwl�hg zlwk d ghjuhh ri ryhu0lghqwl�fdwlrq htxdo wr wkuhh E& ' D� lq
�jxuh 46 dqg hljkwhhq E& ' 2f� lq �jxuh 471 Wkh �jxuhv dovr frqwdlq d vwudljkw olqh dw 31<8
wkdw hqdeohv xv wr frqvwuxfw wkh <8( frq�ghqfh vhw lq d vwudljkwiruzdug zd|1

Lq fdvh ri mxvw0lghqwl�fdwlrq/ & ' 2c �jxuh 45 vkrzv wkdw doo R0ydoxh sorwv frlqflgh1 Zkhq
& ' Dc �jxuh 46 vkrzv wkdw wkh R0ydoxh sorwv ehfrph vxevwdqwldoo| gl�huhqw exw vwloo d forvh
uhodwlrqvkls ehwzhhq vwdwlvwlf +69, dqg wkh olnholkrrg udwlr vwdwlvwlf h{lvwv1 Vwdwlvwlf +69, ohdgv
wr odujhu frq�ghqfh vhwv wkdq wkh olnholkrrg udwlr vwdwlvwlf dqg lwv* R0ydoxh sorw dovr kdv d
vxgghq ghfuhdvh dw q�f � ��D� Wklv ghfuhdvh ehfrphv hyhq pruh surqrxqfhg zkhq zh dgg
pruh qrqvhqvh lqvwuxphqwv dv vkrzq lq �jxuh 471 Wkh R0ydoxh sorwv ri wkh olnholkrrg udwlr
vwdwlvwlf dqg vwdwlvwlf +69, lq �jxuh 47 duh txlwh gl�huhqw1 Wklv uhvxowv iurp wkh odujh vl}h
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Iljxuh 46= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri wkh wuxh q�f iru gdwdvhw
wkdw lv vlpxodwhg iurp GJS +6<, zlwk q� ' fc Z� ' f��c & ' D�
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Iljxuh 47= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw wkh
k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri wkh wuxh q�f iru gdwdvhw
wkdw lv vlpxodwhg iurp GJS +6<, zlwk q� ' fc Z� ' f��c & ' 2f�

55



glvwruwlrq ri wkh olnholkrrg udwlr vwdwlvwlf vkrzq lq �jxuh ; iru wklv GJS1 Wkh R0ydoxh sorw ri
vwdwlvwlf +69, vkrzv wkdw rqh fdq qrw pdnh dq| vwdwhphqw derxw wkh ydoxh ri q� lq wklv GJS
zklfk dffrugv zlwk wkh  dw srzhu fxuyh vkrzq lq �jxuh ;1 Wkh R0ydoxh sorw ri wkh olnholkrrg
udwlr vwdwlvwlf jlyhv wkh idovh lpsuhvvlrq wkdw vrphwklqj fdq eh vdlg derxw wkh ydoxh ri q��
Wklv lv hyhq pruh vr iru wkh Odjudqjh pxowlsolhu vwdwlvwlf zklfk hyhq jlyhv wkh +yhu| plvwdnhq,
lpsuhvvlrq wkdw rqh fdq pdnh dq dffxudwh vwdwhphqw derxw wkh ydoxh ri q�1 Iljxuh 47 vkrzv
wkh lpsruwdqfh ri xvlqj vwdwlvwlfv zlwk slyrwdo olplwlqj glvwulexwlrqv dv erwk vwdwlvwlfv +75,
dqg +69, vkrz wkdw qr vhqvleoh vwdwhphqw derxw wkh ydoxh ri q� fdq eh pdgh1

: Dssolfdwlrq wr Uhwxuq rq Hgxfdwlrq
Fdug +4<<8, dqdo|}hv wkh uhwxuq ri hgxfdwlrq rq hduqlqjv1 Kh xvhv sur{lplw| wr froohjh dv
dq lqvwuxphqw lq dq LY uhjuhvvlrq ri +ohqjwk ri, hgxfdwlrq rq +wkh orj, zdjh1 Wkh sur{lplw|
lq xhqfhv wkh frvwv ri froohjh hgxfdwlrq dqg lv wkhuhiruh gluhfwo| uhodwhg wr wkh +ohqjwk ri,
hgxfdwlrq exw rqo| lqgluhfwo| +wkurxjk wkh hgxfdwlrq, wr hduqlqjv1 Zh xvh wkh gdwdvhw iurp
Fdug +4<<8, dqg wkh vwdwlvwlfv glvfxvvhg suhylrxvo| wr frqvwuxfw frq�ghqfh vhwv iru wkh uhwxuq
rq hgxfdwlrq1 Wkh gdwdvhw ri Fdug +4<<8, frqvlvwv ri gdwd rewdlqhg iurp wkh Qdwlrqdo Orq0
jlwxglqdo Vxuyh| ri \rxqj Phq1 Wklv vxuyh| vwduwhg lq 4<99 dqg frqwlqxhg xqwloo 4<;41 Zh
xvh wkh 4<:9 vxevdpsoh zklfk lv d furvv0vhfwlrqdo gdwdvhw wkdw frqvlvwv ri 6343 revhuydwlrqv1
Rwkhu yduldeohv wkdw duh frqwdlqhg lq wkh gdwdvhw duh ehvlghv irxu yduldeohv lqglfdwlqj wkh
sur{lplw| wr froohjh/ wkh ohqjwk ri hgxfdwlrq/ wkh orj0zdjhv/ h{shulhqfh/ LT vfruh/ djh dqg
udfldo/ phwursrolwdq/ idplo| dqg uhjlrqdo lqglfdwruv1 Iru pruh ghwdlov rq wkh gdwdvhw zh uhihu
wr Fdug +4<<8,1

Wkh prgho wkdw lv xvhg e| Fdug lv lghqwlfdo wr +53, dqg uhdgv iru lqglylgxdo �

e� ' %�Z�n 5��� n���
t� ' %��2n 5�K2 nT2�
�� ' e�q� n t�q2 n 5�B n0�

+77,

zkhuh e� lv wkh ohqjwk ri hgxfdwlrq ri lqglylgxdo �c t� ' Eh{s� h{s2� �
� frqwdlqv wkh h{shulhqfh

+h{s, dqg h{shulhqfhg vtxduhg ri lqglylgxdo �c 5� ' E� udfh� vpvd� vrxwk��� frqvlvwv ri d frqvwdqw
dqg lqglfdwru yduldeohv ri wkh udfh/ uhvlghqfh lq d phwursrolwdq duhd dqg uhvlghqfh lq wkh Vrxwk
sduw ri wkh Xqlwhg Vwdwhv/ �� lv wkh +orjdulwkp ri wkh, zdjh ri lqglylgxdo �� 5� frqwdlqv wkh
lqfoxghg h{rjhqrxv yduldeohv dqg %� frqwdlqv wkh lqvwuxphqwv1 Wkh lqvwuxphqwv lq %� frqvlvw
ri wkh djh dqg vtxduhg djh ri lqglylgxdo � dqg d vhohfwlrq ri dw ohdvw rqh ri wkh irxu sur{lplw|
wr froohjh lqglfdwruv1 ���c �2� dqg 0� duh wkh glvwxuedqfhv ri wkh prgho1 Wkh LT vfruh lv odwhurq
dgghg wr 5� dv dq dgglwlrqdo lqfoxghg h{rjhqrxv yduldeoh1

Hvwlpdwhv ri wkh xquhvwulfwhg uhgxfhg irup htxdwlrqv ri wkh hqgrjhqrxv yduldeohv lqfoxghg
lq wkh htxdwlrq ri �� lq +77, uhyhdo wkdw wkh U2 lv kljk iru wkh htxdwlrqv iru wkh h{shulhqfh
yduldeohv h{s�c dqg h{s2� +U

2 � S�I� dqg orz iru wkh hgxfdwlrq htxdwlrq +U2 � �2I�� Wklv
uhvxowv dv h{shulhqfh lv sduwo| frqvwuxfwhg iurp djh +h{s�@djh�090e��� Wkh U2*v vkrz wkdw wkh
lqvwuxphqwv duh ydolg iru wkh h{shulhqfh yduldeohv dqg shukdsv zhdn iru hgxfdwlrq1 Wklv lpsolhv
wkdw wkh dvvxpswlrqv xqghu zklfk vwdwlvwlfv +69, dqg +75,/ zkhq dssolhg wr frqgxfw whvwv rq
q�/ kdyh slyrwdo �

2 olplwlqj glvwulexwlrq duh vdwlv�hg vlqfh wkh lqvwuxphqwv duh ydolg iru wkh
hqgrjhqrxv h{shulhqfh yduldeohv1

Wdeoh 4 frqwdlqv hvwlpdwhv ri wkh uhwxuq rq hgxfdwlrq q� iru wkuhh gl�huhqw vshfl�fdwlrqv ri
prgho +77, dqg wkuhh hvwlpdwlrq phwkrgv1 Iljxuhv 48 wr 4: vkrz R0ydoxh sorwv ri vwdwlvwlfv wkdw
whvw wkh k|srwkhvlv Mf G q� ' q�f iru ydulrxv ydoxhv ri q�f iru wkh wkuhh gl�huhqw vshfl�fdwlrqv
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LqvwuxphqwqHvwlpdwlrq Phwkrg ROV 5VOV OLPO
djhc djh2c lqglfdwru iru sur{ wr 7 |hdu froohjh f�f.e

f�ff�D
f����
f�fD�

f����
f�fD�

djhc djh2c lqglfdwruv iru sur{ wr 5/ 7 dqg 7 |hdu sxeolf froohjh f�f.e
f�ff�D

f��S2
f�fe�

f��H
f�feH

djh/ djh2c lqglfdwruv iru sur{ wr 5/ 7 dqg 7 |hdu sxeolf froohjh f�f.2
f�ff�S

f��.2
f�fDe

f�2�
f�f.�

. LT vfruh lv lqfrusrudwhg dv lqfoxghg h{rjhqrxv yduldeoh

Wdeoh 4= Hvwlpdwhv ri uhwxuq rq hgxfdwlrq q� +vwdqgdug huuru lv olvwhg ehorz,1
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Iljxuh 48= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw
wkh k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri q�f iru uhwxuq rq
hgxfdwlrq gdwdvhw iurp Fdug +4<<8,1 Lqvwuxphqwv duh djh/ djh2 dqg sur{lplw| wr irxu |hdu
froohjh1

57



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Iljxuh 49= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw
wkh k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri q�f iru uhwxuq rq
hgxfdwlrq gdwdvhw iurp Fdug +4<<8,1 Lqvwuxphqwv duh djh/ djh2 dqg lqglfdwruv iru sur{lplw|
wr wzr/ irxu dqg irxu |hdu sxeolf froohjhv1
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Iljxuh 4:= R0ydoxh sorwv ri vwdwlvwlfv +69, +0,/ +75, +01,/ OP +6:, +11, dqg OU +0 0, wkdw whvw
wkh k|srwkhvlv Mf G q� ' q�f djdlqvw M� G q� 9' q�f iru ydulrxv ydoxhv ri q�f iru uhwxuq rq
hgxfdwlrq gdwdvhw iurp Fdug +4<<8,1 Lqvwuxphqwv duh djh/ djh2 dqg lqglfdwruv iru sur{lplw| wr
wzr/ irxu dqg irxu |hdu sxeolf froohjhv1 Wkh LT vfruh lv lqfrusrudwhg dv dq h{rjhqrxv yduldeoh
lq wkh hduqlqjv htxdwlrq1
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ri prgho +77,1 Wkh �uvw vshfl�fdwlrq lq wdeoh 4 dqg �jxuh 48 lv mxvw lghqwl�hg dv wkh qxpehu ri
lqvwuxphqwv lq %�/ 6/ lv htxdo wr wkh qxpehu ri hqgrjhqrxv yduldeohv lqfoxghg lq wkh hduqlqjv
htxdwlrq1 Ehfdxvh ri wkh mxvw lghqwl�fdwlrq/ wkh 5VOV dqg OLPO hvwlpdwhv ri q� dqg wkh
R0ydoxh sorwv wkdw uhvxow iurp wkh ryhu0lghqwl�fdwlrq vwdwlvwlf +75, dqg vwdwlvwlf +69, frlqflgh1
Wkh R0ydoxh sorwv ri wkh odwwhu wzr vwdwlvwlfv duh/ ehfdxvh ri wklv mxvw lghqwl�fdwlrq/ doprvw
lghqwlfdo wr wkh R0ydoxh sorw ri wkh olnholkrrg udwlr vwdwlvwlf1

Wkh ROV hvwlpdwhv ri q� lq wkh �uvw dqg vhfrqg vshfl�fdwlrq ri +77, duh dovr lghqwlfdo
zklfk uhvxowv dv wkh prghov rqo| gl�hu zlwk uhvshfw wr wkh lqvwuxphqwv dqg wkhvh duh qrw xvhg
wr frqvwuxfw wkh ROV hvwlpdwhv1 Wkh ghjuhh ri ryhu0lghqwl�fdwlrq lq wklv vhfrqg vshfl�fdwlrq
ri +77, lv htxdo wr wzr1 Khqfh/ wkh OLPO dqg 5VOV hvwlpdwhv ri q� dqg wkh R0ydoxh sorwv
lq �jxuh 49 wkdw uhvxow iurp wkh ryhu0lghqwl�fdwlrq vwdwlvwlf +75, dqg vwdwlvwlf +69, qr orqjhu
frlqflgh1 Dovr wkh gl�huhqfh ehwzhhq wkh R0ydoxh sorw ri vwdwlvwlf +69, dqg wkh olnholkrrg udwlr
vwdwlvwlf kdv voljkwo| lqfuhdvhg frpsduhg wr �jxuh 481

Wkh wklug vshfl�fdwlrq ri +77, lqfoxghv wkh LT vfruh dv dq h{rjhqrxv yduldeoh lq wkh htxdwlrq
iru ��c vr lq 5�� Zlwk uhvshfw wr wkh hvwlpdwhv ri q�/ lw sulpdulo| ohdgv wr d fkdqjh ri wkh OLPO
hvwlpdwh exw kdugo| ri wkh ROV dqg 5VOV hvwlpdwhv1 Lw dovr ohdgv wr dq lqfuhdvh ri wkh vwdqgdug
huuruv1 Zkhq zh hydoxdwh wkh R0ydoxh sorwv lq �jxuh 4:/ krzhyhu/ zh qrwlfh d gudpdwlf fkdqjh1
Wkh dv|pphwu| wkdw zdv douhdg| suhvhqw lq wkh R0ydoxh sorwv lq �jxuh 48 dqg 49 kdv vwurqjo|
lqfuhdvhg1 Dovr wkh gl�huhqfh ehwzhhq wkh R0ydoxh sorwv wkdw uhvxow iurp wkh Olnholkrrg Udwlr
vwdwlvwlf dqg vwdwlvwlf +69, kdv lqfuhdvhg hvshfldoo| zlwk uhvshfw wr wkh <8( frq�ghqfh vhw
wkdw uhvxowv iurp wkhp1 Wkhvh <8( frq�ghqfh vhwv duh dovr pxfk odujhu wkdq wkh rqhv wkdw
uhvxow iurp wkh vwdqgdug huuruv1 Wklv vkrzv wkdw wkh <8( frq�ghqfh vhwv wkdw duh edvhg rq
wkh vwdqgdug huuruv zloo kdyh d wrr vpdoo dv|pswrwlf fryhudjh suredelolw| dv wkh vwdqgdug
huuruv xqghu0hvwlpdwh wkh xqfhuwdlqw| dvvrfldwhg zlwk q�� Wklv vkrzv wkdw zh vkrxog xvh wkh
+slyrwdo, R0ydoxh sorwv wr frqvwuxfw frq�ghqfh vhwv1 Zh dovr qrwh wkh vlplodulw| lq �jxuhv 4804:
ehwzhhq wkh R0ydoxh sorwv wkdw uhvxow iurp vwdwlvwlf +69, dqg wkh Olnholkrrg Udwlr vwdwlvwlf dqg
wkh vxevwdqwldo gl�huhqfh ehwzhhq wkhvh dqg wkh frq�ghqfh vhwv wkdw duh edvhg rq wkh 5VOV
|0ydoxhv wkdw duh sulpdulo| xvhg lq wkh olwhudwxuh/ vhh e�}� Fdug +4<<8,1

; Frqfoxvlrqv
Zh ghyhorshg d qryho vwdwlvwlf wr whvw k|srwkh}hv rq vxevhwv ri wkh vwuxfwxudo sdudphwhuv lq
dq LY uhjuhvvlrq prgho1 Wkh vwdwlvwlf kdv d �2 olplwlqj glvwulexwlrq zlwk d ghjuhhv ri iuhhgrp
sdudphwhu wkdw lv htxdo wr wkh qxpehu ri whvwhg sdudphwhuv1 Wkh �2 olplwlqj glvwulexwlrq lv qrw
d�hfwhg e| wkh ydolglw| ri wkh lqvwuxphqwv iru wkh hqgrjhqrxv yduldeohv wkdw duh dvvrfldwhg zlwk
wkh vwuxfwxudo sdudphwhuv lq wkh k|srwkhvlv ri lqwhuhvw1 D nh| dvvxpswlrq lv/ krzhyhu/ wkdw
wkh lqvwuxphqwv duh ydolg iru wkh uhpdlqlqj hqgrjhqrxv yduldeohv1 Dssolfdwlrqv ri wkh vwdwlvwlf
vkrz wkdw lw lv forvho| uhodwhg wr wkh olnholkrrg udwlr vwdwlvwlf lq fdvh ri ydolg lqvwuxphqwv
exw fdq eh txlwh gl�huhqw lq fdvh ri zhdn lqvwuxphqwv1 Wklv uhvxowv dv wkh vwdqgdug olplwlqj
glvwulexwlrq grhv wkhq qrw dsso| wr wkh olnholkrrg udwlr vwdwlvwlf1 Wkh olplwlqj glvwulexwlrq ri
wkh qryho vwdwlvwlf lv qrw d�hfwhg e| wkh ydolglw| ri wkh lqvwuxphqwv1

Lq ixwxuh zrun/ zh zloo dqdo|}h wkh srvvleolw| ri jhqhudol}dwlrqv ri wkh vwdwlvwlf iru mrlqw whvwv
rq doo vwuxfwxudo sdudphwhuv iurp Nohlehujhq +5333, dqg wkh vwdwlvwlf iru vxevhwv lqwurgxfhg
lq wklv sdshu wkdw duh dssolfdeoh lq d JPP vhwwlqj1
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lqj1 Lq O1Q1 Fkulvwr�ghv/ H1N1 Judqw dqg U1 Vzlglqvn|/ hglwru/ Dvshfwv ri Oderxu Pdunhw
Ehkdylrxu= hvvd|v lq krqru ri Mrkq Ydqghundps/ sdjhv 534�5551 Xqlyhuvlw| ri Wrurqwr
Suhvv/ Wrurqwr/ Fdqdgd/ 4<<81 +QEHU Zrunlqj Sdshu 77;6 +4<<6,,1

^8` Gxirxu/ M10P1 Vrph Lpsrvvlelolw| Wkhruhpv lq Hfrqrphwulfv zlwk Dssolfdwlrqv wr Vwuxf0
wxudo dqg G|qdplf Prghov1 Hfrqrphwulfd/ 98=4698�6;;/ 4<<:1

^9` Gxirxu/ M10P1 dqg O1 Nkdodi1 Vlpxodwlrq Edvhg Ilqlwh dqg Odujh Vdpsoh Lqihuhqfh Phwk0
rgv lq Vlpxowdqhrxv Htxdwlrqv1 Zrunlqj sdshu/ FUGH/ Xqlyhuvlwh gh Prqwuhdo/ 4<<:1
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^46` Nohlehujhq I1 dqg H1 ]lyrw1 Ed|hvldq dqg Fodvvlfdo Dssurdfkhv wr Lqvwuxphqwdo Yduldeoh
Uhjuhvvlrq1 Hfrqrphwulf Lqvwlwxwh Uhsruw <;682D/ 4<<;1

^47` Qhovrq/ F1U1 dqg U1 Vwduw}1 Vrph Ixuwkhu Uhvxowv rq wkh H{dfw Vpdoo Vdpsoh Surshuwlhv
ri wkh Lqvwuxphqwdo Yduldeohv Hvwlpdwru1 Hfrqrphwulfd/ 8;=<9:�<:9/ 4<<31

^48` Skloolsv/ S1F1E1 Sduwldoo| Lghqwl�hg Hfrqrphwulf Prghov1 Hfrqrphwulf Wkhru|/ 8=4;4�
573/ +4<;<,1

^49` Vkhd/ M1 Lqvwuxphqw uhohydqfh lq pxowlyduldwh olqhdu prghov= D vlpsoh phdvxuh1 Wkh
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :<=67;�685/ 4<<:1
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^4:` Vwdljhu/ G1 dqg M1K1 Vwrfn1 Lqvwuxphqwdo yduldeohv uhjuhvvlrq zlwk zhdn lqvwuxphqwv1
Hfrqrphwulfd/ 98=88:�8;9/ 4<<:1

^4;` Vwrfn/ M1K1 dqg M1K1 Zuljkw1 JPP zlwk Zhdn Lghqwl�fdwlrq1 Hfrqrphwulfd/ 9;=4388�
43<9/ 53331

^4<` Zdqj/ M1 dqg H1 ]lyrw1 Lqihuhqfh rq Vwuxfwxudo Sdudphwhuv lq Lqvwuxphqwdo Yduldeohv
Uhjuhvvlrq zlwk Zhdn Lqvwuxphqwv1 Hfrqrphwulfd/ 99=46;<�4738/ 4<<;1

^53` ]lyrw/ H1/ U1 Vwduw}/ dqg F1 U1 Qhovrq1 Ydolg Frq�ghqfh Lqwhuydov dqg Lqihuhqfh lq wkh
Suhvhqfh ri Zhdn Lqvwuxphqwv1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6<=444<�4477/ 4<<;1
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