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Abstract

The existence of an adapted solution to a backward stochastic dif-
ferential equation which is not adapted to the filtration of the underlying
Brownian motion is proved. This result is applied to the pricing of contin-
gent claims. It allows to compare the prices of agents who have different
information about the evolution of the market. The problem is considered
in both the classical and the Fdllmer-Schweizer hedging case.
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1 Introduction

The existence of an adapted solution to a backward stochastic differential equa-
tion has been proved when the filtration under consideration is generated by the
underlyng Brownian motion. In the first part of this article we use Girsanov’s
theorem to derive an existence result for a larger filtration to which the Brown-
ian motion is adapted. This result is applied to the pricing of a contingent claims
by using forward-backward stochastic differential equations. This approach has
several advantages in comparison to the classical techniques: There is no need
to define an optimal hedging strategy and the whole system can be considered
under the original measure. The power of this tool will be described here when
we derive the price of a claim in both an incomplete and a complete market
under different information structures available to the agent. Especially we are
interested in the question when these prices are equal. The methods we use
are described in [15], where techniques from control theory establish the rela-
tion between the price of a claim and the adjoint equation of a trivial control
problem.

2 An existence result for a BSDE under addi-
tional information

From the results in [18], [19], [20] and [21] and the counterexamples in [1] it is
common belief that a BSDE has an ordinary, that is adapted solution only if
the underlying filtration is generated by the Brownian motion which is assumed
to be augmented to satisfy the usual conditions in the sense of Meyer. In this
section we shall establish an existence result for a BSDE where the filtration is
greater than the one generated by the Brownian motion.

Let (Ft)te[O,T] be a filtration on a given probability space (2, F, P) which
carries a standard Brownian motion (w;) adapted to this given filtration. Note
that this filtration might be larger than (F*) the one generated by (w;)

Ftw C Ft. (1)

Let
r:[0,T] = R (2)

be a deterministic B (0,7T)-measurable function and

0:0,T]x Q= R (3)

be an (F})-progressively measurable function such that

P(/OTaidu<oo):1 (4)



and

E(zr) =1 (5)

for (z:) the solution of the Doléans-Dade equation

dzy = —zbidw, (6)
zZ0 = 1.
We are given a BSDE
dy: = —lyur+ Z.0,]du — Zdw, (7)
yr = & (8)

on (2, F, F;, P), where £ is an Fp-measurable random variable. The problem
now consists in finding an (F})-adapted pair (y;, Z;) which satisfies integrability
conditions such that the integral equation
T T
wi=¢= [+ Zioddu- [ Zidw, 0
t t

holds P-a.s..
Now consider the auxiliary problem

djy = —furdu— Z*di, (10)
yr =¢§

where (wy)is the Girsanov transform of (w;) with respect to the Girsanov func-
tional associated with 6, i.e.

T
Wy = wy +/ 0,du. (11)
0
() is a standard Fj-Brownian motion with respect to P where

dP = zpdP (12)
is a probability measure on (2, F'). Let (Fta) be the filtration generated by wy.
Clearly,

(Fg”) c (). (13)

The crucial assumption which at first sight might appear quite technical is
the equality



(7#) = #r). (14)
In the following section we will show that it is quite natural in an application
to finance: (F7r) is the information available to an agent who has anticipative
knowledge of the behavior of part of the market. This additional information is
given right from the beginning. A second agent has to gather this information
as time goes on until in the end the additional information becomes useless:
F¥ = Fy. (15)
Under this assumption we may now consider
T T _
dy; = f—/ ﬂurdu—/ 7" dw,, (16)
t t
on (Q, F, Ft‘z, ﬁ) and from the results in [2] and [21] it is straightforward that
an (ng)—adapted solution (gt,Zt) exists.
Theorem 1 The unique solution of (16) also solves (9).

Proof. As ¢ is FJ‘? = Fr-measurable the following equation holds:

T T _
U = f—/ ﬂurdu—/ Z%diy, (17)
t ¢

T T _ T _
= ¢— / Yurdu — / Zrdw,, — / Z70dw,
t t t
T _ T .
£ / [gur + Z;;eu] du — / Z*dw,
t t

This proves that (ﬂt, Zt) solves (9). H

This result will be applied to the case where an enlargement of filtration can
be described by Girsanov’s theorem.

3 Setting the hedging problem

We consider - in the usual notation - a (d+1)-dimensional asset consisting of a
bond

dP? = r(t)PPdt (18)
and d stocks



dP} = ui(t, P)Pidt + 0y (t, P;) Pl dw], (19)
t € [sT),1<i,j<d

with initial

(17p17'--7pd)- (20)

Here (w;) is a d-dimensional Brownian motion and (F}) the augmented filtration
of (wy). All processes are assumed to live on (2, F, F;, P) which is assumed to
satisfy the usual condition in the sense of Meyer. The coefficients

wi: [0,T] xR - R (21)

and

0+ [0,T] x R* = R. (22)

are assumed to satisfy conditions such that a pathwise unique solution exists.
Finally o is assumed to be invertible. For details on the conditions, see [8] or
[14]. The claim is an Fp-measurable random variable £ , which e.g. is of the
form

§=g(Pr,w) (23)

where g is a B ® Fr-measurable function

g:R'xQ >R (24)

such that & is twice integrable. In [15] we showed that the pricing and hedging
problem for the above claim and asset may be considered as a trivial control
problem. To this end we define the risk premium process 8 by

of =p—rly (25)

where 0 = (04;), 40 = (p;) and 14 is the d-dimensional vector whose every
component, is 1.

We assume that 6 exists as a d-dimensional bounded, predictable vector
process, this ensuring the absence of arbitrage in our model (see [13], [14] ).
Next consider the following trivial control problem with dynamics

dzst = —2zst [rdt + 0} dwy] (26)

Zss = 1 (27)

and cost criterion



J=F [ZsTf] . (28)
The formal adjoint of this problem is given by

T T
g€ / lur + Z204) du — / Ztdw, (20)
t t

Following [6], [7], [8], [9] the unique solution (y, Z;) of this forward-backward
stochastic differential equation is the hedging price of the claim &

y=E[¢|F] (30)

where E denotes expectation with respect to the Girsanov measure associated
with the Girsanov functional (zs). The hedging portfolio for the risk premium
process 8 is given by

=017 (31)

This may be written in a more familiar way when we consider a generalized
pricing system, i.e. a predictable function

u:[s,T]xRExQ = R (32)
such that

yr = u(t, 7). (33)

The pricing system satisfies the stochastic partial differential equation

T T
1
u(t,z) = g(x)-{—/ {iauma + (u—00)uy —ru+ oky — k@} ds—/ k(s, z)dws.
t t
(34)
Obviously the hedging portfolio is then given by
T =0 "Zy = Vu(t,P) + o7 k(t, P). (35)

The details of these results can be found in [15].

If in the above spde the coefficients are deterministic then the solution is
given by (u,k) = (u,0) and the spde goes over into the form of the classical
Black-Scholes formula for the optimal hedging problem. Note however here that
for the pricing of the claim in this setting no change of measure and no explicit
optimal hedging strategy has to be considered. For the general development of
the theory of FBSDE see [6], [7], [18], [19], [20], [21], [22], [25].



4 Available Information

We consider a market with two agents Ag and A;,.The latter has more infor-
mation about the evolution of the asset than the former. By making use of
results by [10], [12] and [23] we will consider the prices under these different
information structures (F) and (F;™), respectively.

Let a4 (t), as(t) be two nonsingular matrix valued deterministic, measurable
functions of ¢ with

apa) +azay =1 (36)

for all t.
Then

w(t) = aqwi (t) + agwa(t) (37)
is again an Fi-Brownian motion if both w; and ws are independent F;-Brownian
motions. Let in the above model for our market w be decomposed in this way.
Let

F)=F, = F" and F/" = o(w:(T)) V F;. (38)

Both F and F;" are again assumed to satisfy the usual conditions. In this
case the results of [10], [12], and [23] allow us to describe the enlargement of
filtration by Girsanov’s theorem:

Theorem 2 Let
Ay(z) = oy (TT — araft) ™ (z — afw(t)) (39)

be the cross variation of the Fy-conditional density of (wy (t)) and (wy) divided
by the density, then

B(t) = wit) - / Au(wn (T))du (40)

s a d-dimensional (Q, Fin, P) -standard Brownian motion.

Remark 1 Note here that (By) is an F;™-Brownian motion for which in general
the natural filtration (FP) will be different from (Fj™). Below we consider an
FBSDE with driving Brownian motion (B). Following the arguments in the
first section we will derive a solution to this FBSDE.

For the informed agent A;, the asset appears as

dP) = r(t)Pdt
dP" = P (pi(t, PP dt + 03; AL (wi (T))dt + 045 (t, P")dBY),
t € [s,T],1<4,j<d



The risk premium processes for the two agents are respectively

0° =0 t(u—rly) (41)

and

0" = N+ oy —rly). (42)

We now formally apply the arguments of section 1 to compute the prices y)
and y;" for Ag and A;p:
Let 2% be a solution of

dz0, = =29 [rdt + 6% dw,] (43)

0o _
2ge = 1

and z1} be a solution of

dzly = —zI7 [rdt + 0" dwy] (44)

in
zgs = 1,

then the prices for the Fi* = F2 = Fr claim is given by

T T
y? =¢— / [ygr + ZS*GO] dt — / Zg*dwu (45)
¢ t
and
. T . . . T .
yin = ¢ — / [y;"r + Z;"*H’] dt — / Z*dB, (46)
t t

on (Q, F,F, P) and (0, F, F{™, P) respectively.

Theorem 3 The prices (y9) and (yi™) are equal, if the price (y)) exists. More-
over under the above assumptions it is a standard result that (y), Z?) exists.

Proof. Let (y?, Z) be a solution then (y9) and (Z?) are also

F/"—measurable. Then

T T
B o= e [ Wrezrea- [ 2w, )
t t

T T
£ — / [ygr + ZS*AU + ZS*GO] dt — / Zg*dwu
t

t
T . . . T .

€ — / [yi"r + ZI6™] dt — / Zi"*dB,
t t

yi"



so that (y?, Z?) solves for (yi, Z}). B

Corollary 4 The optimal hedging strategies are equal for both agents, if (y?, Z))
erists.

Proof. From section 1 the optimal hedging strategies are given by

7 =0 ' Z) and " = o' Z}". (48)

As Z? = Z{™ by the uniqueness of solutions the result follows. Note, how-
ever,that the risk premium processes are different.

Instead of studying the forward-backward equations we could also look at
the corresponding pricing systems:

T
u(t,z) = g(z)+ / {iaugza + (u— 00”)ul — ru’ + ok? — kOOO} ds

. t
—/ E%(s, z)dw, (49)

and

T
u(t,x) = g(z) +/ |:—0"LL_ZZ;O‘ + (u — o™ ul™ — ru'™ + oki™ — kmﬁm] ds
t

T
_ / k" (s, 2)dB, (50)

in an abbreviated notation.
Again (u?, k:O) solves the equation for (ui", km), if it exists, and hence

yto :U’O(taptaw) :’U’in(t7Pt7w) :yzn (51)
Remark 2 If in the above spde all coefficients are deterministic, then a solution
is given by o
(ug, k%) = (uf,0) and (ui", k™) = (ug,0). (52)
Furthermore y° = yi" are deterministic as a consequence of the Markov nature
of the processes.

5 The Follmer-Schweizer uninformed agent

Here we assume that

PP =(P!,..,P™)



are the primary securities which are actually traded, m < d . Split up the
matrix ¢ into

= (Uij)igmd'gd (54)

Note that if o has full rank, then p'p'* is invertible. Again let £ be a
contingent claim which is assumed to be square integrable and (F¥)-measurable.

As there might not be an admissible hedging strategy 77> which finances ¢, i.e.
the BSDE

T T
Y = {—/ [yur-i—Zgl*GO] du—/ Zgl*dwu (55)
t ¢
prafs =z

might not have a solution. Follmer and Schweizer introduced a self-financing-
in-mean strategy which in terms of FBSDEs is a triple

(th?l:Ot) (56)

solving

T T
yp =& — / [yur + Z9"*6°] du — / Z2* dw, + O — Oy, (57)
t t

where by definition the tracking error Or — O, and j;T Z%* dw,, are orthogonal
martingales. For details the reader is referred to [11] and [7].
The aim of this chapter is to compare the uninformed and informed Follmer-
Schweizer-(FS-)prices and hedging strategies.
We first consider the uninformed agent. His risk premium is given by
° =0 t(u—rly) (58)

-in the above notation - if both sets of securities are traded. If only the first m
securities are traded the risk premium #°' obviously is the projection of 8° onto
the range of p'*, so that

901 :pl*(plpl*)pleo_ (59)

When we compute the adjoint of the control problem associated with

d28) = =22} [rdt + 6°"*dw,] (60)

10



we find the formal adjoint

T T
W =¢ _/ [y + 2916 at —/ 79" dw,. (61)
t t

Decompose ZPt as

20 = 7 4 2 (62)
where
Zt011 = projmnge(pl*)Z?l (63)
ZtOl2 = pTOjker(pl)ZtOl.

and rewrite

T T T
y?l — é- _ / [yglr + Z211*001 4 Z212*001] dt — / Zgll*dwu _ / ng*dwu.
t t t

(64)
As
T T
/ Z2"* dw,, and / Z22* du,, (65)
t t
are orthogonal y?! is the F-S-price. The FS-strategy %! is defined by
pl*’/TOll — ZOll (66)
or
-1
pl*ﬂ_Oll — pl*(plpl*) pl ZOI (67)
-1 -1 -1
— pl*(plpl*) pl(pl*(plpl*) pl)ZOI +p1*(p1p1*) p12012_
Note here that (p'p?*) = 0 implies that
-1
p1*7r011 — pl*(plpl*) p1Z011 (68)

so that this proves the well known fact that the F-S-strategy can be computed

by completing the market such that (p'p?*) = 0 and the optimal strategy is

given by
* —1
7O = (plp! )t zont (69)
which does not involve p?. It is also easily seen that then

1*7'('011

P = pl*projmnge(pl*)ﬂ?l. (70)

11



Next we are going to compare the F-S-price to the price when all securities
are traded. To this end we decompose #° into

90 = @O 4 g% (71)
001 = projrange(pl*)aoa
002 = pTOjker(pl)ao.

Then [ 69'*dw and [ 09?*dw are orthogonal and 2%, may be written as

Zor = 251 %ot (72)
where
dz0) = =20 [rdt +6°"dwy], (73)
d22f = =207 [0°duy] .

With this the price is given by

T T
W o= 6= [ bhrrvre)a- [ v, (74)
t t

T T
¢— / [yor + U* (6" +6°%)] du — / U dw,
t t

T T T
= £- / [Yor + U 0% + U>*6%%)] du — / Ut dw, — / Upt*dw,
t t t

where U% are the respective projections. Then

v o=y (75)
T
S R o R G A Rt I
t
T T
_/t (Ugl* _ Zgll*)dwu _/t (U32* _ Z312*)dwu

Theorem 5 If the tracking error of the FS-strategy

T
| @aw, (76)

t

is identically zero, then the FS-price and the price for the claim when the
complete asset is traded are equal.

12



Proof. We can rewrite the above equation as

T T T
- / [y + Vo™ + U2*6°%)] du — / Vi dw,, — / Uy dw, (77)
t t t

By the uniqueness of solutions, this equation has a solution
(y*,V,U*) = (0,0,0). (78)

So in this case also U2 is zero, which means that also the optimal hedging
strategy against the risk premium #°2 is zero. In this sense the secondary
securities are not traded even if they are offered, which obviously makes sense. B

Remark 3 We are in a very lucky position, when we trade in an almost com-
plete market like the FS-market. In this case, the optimal FS-hedging strategy
can be given in closed form as above. This is completely different when we try
to apply the above techniques to the following toy problem:

The two dimensional asset is given as a semimartingale whose martingale
part is given by a double martingale in the sense of [3], [4], i.e. the martingale
splits into a Brownian martingale w and an (orthogonal) Poisson martingale q.
Then

dZst = —zst(ﬁfdwt + 0;dqt) (79)

With this the price is the formal adjoint of a trivial control problem is given by

T T T
yp =& — / [yur + Z35601 + Z2°605] du — / Z *dw, — / Z2*dq,.  (80)
t t t

Under quite strong assumptions this equation is shown in [24] to have a
unique solution. When we compare this equation to equations (64) and (68) we
are tempted to rewrite (y;) as

T T
yr =& — / [yur + Z}L*t‘)l] du — / Zt*dw, — s (81)
t t

where (s¢) is a special semimartingale with martingale term strongly orthogonal

to ftT ZM*dw,. But (s;) depends on the hedging strategy so that the argument
following cannot be applied. A possible way out of this difficulty might be to
consider a more general definition of what a solution of an FBSDE is: Let a
solution of

T T
g €— / [yur + Z26] du — / Zzdm, (82)
t t

be defined as a nonanticipative pair (y, Z) which minimizes

E(yr —¢)° (83)
with respect to Z. This leads to a control problem which describes the minimal
variance price. Details will be found in the forthcoming paper [16].

13



6 The F-S- informed agent

The informed agent’s price of the asset is seen as

dP} = r(t)PPdt (84)
dP/™ = Pi™(ui(t, P)Pi™dt + 0j N (wy (T))dt + 045(t, P;)dBY)
in the notation of the preceding sections. By #{" we denote the risk premium
of the whole asset defined by
o™ = (u+ oDy —rly). (85)
Again we denote by #%! the projection of # onto the range of p}, so that

ainl — pl*(plpl*)plein_ (86)

By exactly the same arguments as above the price then is given by

T T T
ygnl — é- _ / [yznlr 4 Zznll*azl] du — / Z;nll*dBu _ / Z;n12*dBu- (87)
t t t

and the following theorem holds:

Theorem 6 Let (y°!, Z°, Z°'2) solve (61), then it also solves (87) and the
optimal hedging portfolio is given by

p?}rinll — Zinll — Z[)ll :pIWOH. (88)

Proof. The result is immediate from the consideration above. H

7 Conclusion

In the first section we derive an existence result for an adapted solution to
a BSDE which is not adapted to the filtration generated by the underlying
Brownian motion. This result is used to exemplify the power of the FBSDE-
techniques as a tool to derive the prices of a claim in different situations of
available information to different agents. Especially we find examples where the
prices coincide. Many of these results are known from the literature, but these
approaches use the hedging and/or minimal martingale measure approach. The
new feature of this contribution is the exclusive use of FBSDE interpreted as
the adjoint of a trivial control problem.

14



7.1 Acknowledgment:

The results of this paper originate from many fruitful discussions with partici-
pants at the International conference on controls of distributed parameter and
stochastic systems, Hangzhou, China, 1998. The second author would like to
thank the DAAD for support during his visit to the Universitdt Konstanz and
gratefully acknowledges the hospitality of the Universitit Konstanz.

15



References

[1] Antonelli, F.: Backward-Forward Stochastic Differential Equations; The
Annals of Appl. Probability 3, No3 777-783 (1993)

[2] Bismut, J. M. : Mécanique aléatoire; LNMath 866, Springer Verlag, Berlin
1981

[3] Boel, R., Kohlmann, M.: Semimartingale models of stochastic optimal
control, with applications to double martingales, STAM J. Control Optim.
16 (1980), 511-533

[4] Boel, R., Kohlmann, M.: Stochastic optimal control over double martin-
gales, Analysis and Optimization of Stochastic Systems (1980), 73-83

[5] Boel, R., Kohlmann, M.: A control problem in a manifold with non-
smooth boundary, Stochastic Differential Systems, Springer LN Control
Inf.Sc.43(1982), 229-250

[6] El Karoui, N.: Les aspects probabilistes du contrdle stochastique; Lectures
Notes in Mathematics 816, Springer Verlag (1981)

[7] El Karoui, N.; Peng, S.; Quenez, M.C.: Backward stochastic differential
equations in finance; Mathematical Finance 7, 1-71 (1997)

[8] El Karoui, N.; Peng, S.; Quenez, M.C.: Optimization of utility functions,
Working Paper, Paris VI University (1994)

[9] El Karoui, N.; Peng, S.; Quenez, M.C.: Dynamic programming and pricing
of contingent claims in incomplete market; Siam J. Control and Optim. 33
(1991)

[10] Elliott,R.J.; Geman, H.; Korkie, B.M.: Portfolio optimization and contin-
gent claim pricing with differential information; Stochastics and Stochastics
Rep.60 (1997); 185-203

[11] Foéllmer, H.; Schweizer, M.: Hedging of Contingent Claims under Incom-
plete Information in: Applied Stochastic Analysis ed: Davis, M.H.A.; El-
liott, R.J.; Gordon and Breach (1990)

[12] Jacod, J. : Grossisement initial, hypothese (H’)et théoreme de Girsanov;
in: LN Math 1118, ed: Jeulin, T., Yor, M.; Springer Verlag (1985)

[13] Karatzas, I.; Shreve, S.E.: Methods of Mathematical Finance, to appear
(1996)

[14] Karatzas, I.; Shreve, S.E.: Brownian Motion and Stochastic Calcu-
lus,Springer Verlag (1987)

16



[15]

[16]

[17]

[18]

[21]

[22]

[23]

[24]

[25]

Kohlmann, M.: Forward backward stochastic differential equations and
contingent claims, Proceedings Conference Hangzhou, (1998) to appear

Kohlmann, M.; Zhou, X.Y.: Backward stochastic differential equations and
stochastic controls: a new perspective, preprint UK 1998

Kunita, H.: Stochastic flows and stochastic differential equations, Cam-
bridge University Press (1990)

Ma, Y.; Protter, P.; Yong, J.: Solving forward-backward stochastic differ-
ential equations explicitly - a four step scheme; Probability Theory and
Related Fields 98 (1994), 339-359

Ma, Y.; Yong, Y.: Adapted solutions of a degenerate backward spde with-
applications; Stochastic Proc. App. 70 (1997), 59-84

Pardoux, E.; Peng, S.: Backward stochastic differential equations and qua-
silinear parabolic partial differential equations; Lecture Notes in CIS 176,
Springer Verlag (1992), 200-217

Pardoux, E.; Peng, S.: Adapted solution of a backward stochastic differen-
tial equation; Systems and Control Letters 4 (1990), 55-61

Peng, S.: Backward stochastic differential equation and its application in
optimal control; Appl. Math. Optim. 27 (1993), 125-144

Protter, P.. A connection between the expansion of filtrations and Gir-
sanov’s Theorem;in Stoch.Partial Diff. Eq. Appl. II, ed. Da Prato, G.
Tubaro, L.; LNMath 1390, Springer Verlag, Berlin-Heidelberg-New York
(1990)

Situ, R.: On solutions of backward stochastic diffeerntial equations with
jumps and applications; Stoch. Proc. All. 66 (1997), 209-236

Yong, J., Zhou, X.Y.: Stochastic Controls: Hamiltonian Systems and HJB
Equations, to appear in Springer Verlag (1999)

17



