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Passive Investment Strategies and FinanialBubblesThomas Fisher∗TU Darmstadt�sher�vwl.tu-darmstadt.deDarmstadt, April 2012AbstratIn this paper, a model of bounded rational investors investing theirportfolio in a passive investment vehile (e.g., an Exhange TradedFund repliating a broad index) or an atively managed fund is pre-sented. The model proposes that the quik reswithing of these short-term oriented investors indues momentum behavior in pries. In-vestors prefer passsive funds in time of low risk-free rates and whenative funds harge high management osts. Atively managed fundshave a lower volatility but are only able to outperform the passivefunds in downturns. Simulations on�rm the emergene of two regimes:a regime where pries are lose to fundamentals and another regimewith a positive bubble. The size and the length of this bubble in-reases for low market liquidity and high swithing speed of investors.The market volatility inreases for strong reswithing ativities andshort-term thinking of bounded rational investors. Negative bubbles(market pries lower than fundamentals) tend to our if ative port-folio managers exhibit high risk aversion, but are less frequent thanpositive bubbles.JEL lassi�ation: G11 - C15 - C62 - D58Keywords: stok market - passive trading - �nanial stability - arbi-trage trading - �nanial bubbles - Heterogeneous Agent Model
∗I am grateful to Ingo Barens for helpful omments. Philip Savage and Christine Fisherontributed stylisti advie. Of ourse, all remaining errors are mine.



1 IntrodutionReent years have seen a sharp inrease in passive investment vehiles. Thisinrease was motivated by the lassi portfolio theory results in the sense ofMarkowitz (1952) showing that by holding the market portfolio idiosynratirisk an be hedged away and overall risk an be redued to the market risk.Furthermore, empirial studies suh as Lakonishok et al. (1992) or Malkiel(1995) show that ative portfolio management underperformed a broad indexsuh as the S&P 500. These results are also losely related to the E�ientMarket Hypothesis (EMH): in its strong form, it states that the return of anatively managed fund should equal the return of a passively managed fundnot aounting for fund management ost. This is beause the hypothesisstates that markets are e�ient in the sense that there are no exess returnsto be ahieved by stok piking. The semi-strong form (whih aounts forthe fat of inside information) states that the return of an atively managedfund should equal the return of a passively managed fund after aountingfor fund management osts. This at least aepts that ative portfolio man-agement does not destroy value, though it does not yield exess returns. Thisargument was put forward in the theoreti model of Grossman and Stiglitz(1980) showing the higher returns of informed investors are perfetly o�setby the osts of aquiring the information.Baked by eonomi literature, the so-alled Exhange Traded Funds(ETFs) beame one of the best-selling �nanial innovations in reent years.Initially reated in Northern Ameria and then spilling over into Europe,these produts allow non-institutional investors to partiipate in variousbroad markets suh as equity, �xed investment, and ommodities (Kosevand Williams, 2011). Beside the diversi�ation aspet and the low manage-ment osts, these produts provide tax advantages. Compared to standardpassive investment produts (suh as mutual funds), ETFs also exhibit hightrading liquidity whih goes along with low traking error risk. ETF tradingalso allows for naked short-selling, stop-loss orders, and buying on margin(Deville, 2008). In fat, ETFs are more liquid than their underlying stoks(Deville, 2008).A very important aspet of ETFs is their reation proess. Classi plainvanilla ETFs similiar to standard passive investment vehiles require thebuying of the underlying shares for the reation of new stoks of ETFs (Ra-maswamy, 2011). The urrent trend (espeially in Europe) leads to a replae-ment of these lassi physial ETFs by new syntheti forms. These forms donot require holding the asset repliated by the produt but allow for holdingan optimized basket of seurities. This may generate additional inome tothe issuer of the ETF and requires the use of more omplex �nanial produts1



suh as swaps and other derivatives. Syntheti ETFs pose the advantage thatthey help to invest in illiquid markets (e.g., emerging markets). This higherliquidity also ontributes to lower traking error risk1. On the other hand,these bene�ts go along with a ounterparty risk. Private households tryingto invest in a broad stok index in order to hedge away idiosynrati risk ofstok piking expose their portfolio to opaque risks of omplex derivatives byinvesting in ETFs. These subjets are extensively disussed in urrent liter-ature (e.g., Ramaswamy (2011)). This should be kept in mind even thoughit is not the fous of the model presented in this paper.We model the interation of ative and passive trading in a frameworksimilar to a Heterogeneous Agent Model (HAM) now widely used in �nane.These models mostly onsider the interation of trend-following hartist tra-ders and stabilizing fundamentalist traders to explain the behavior of assetpries2. For our model, we borrow the two basi assumptions, namely thatagents are heterogeneous and exhibit bounded rationality. We assume thatfunds manage other people's money and thereby introdue a delegation prob-lem into the model. Non-professional investors subjet to bounded rationalityand short-term thinking deide whether to invest their portfolio in an ativevehile or to hold it in a passive fund. The model is able to repliate the em-pirial behavior found in a reent paper by Raddatz and Shmukler (2011),showing that injetions into and redemptions out of passive funds are pro-ylial and thereby impose possibly destabilizing behavior into markets3.This is espeially the ase for emerging ountries su�ering from sudden stopsof apital in�ow in times of rises (Raddatz and Shmukler, 2011). The majorresult of the model is that the interation of the these traders in the preseneof bounded rational investors an generate a stable yle in asset pries withpositive bubbles. The degree and the length of the bubble is mainly driven bythe illiquidity of the market and the reswithing speed of the investors. Neg-ative bubbles (pries below fundamentals) are less frequent and only appearfor strong risk aversion of ative traders. The volatility inreases for short-term thinking and strong reswithing of the bounded rational investors. A�nanial transation tax in the sense of Tobin (1978) on the seondary marketmight redue the portfolio rebalaning ativities, while the higher illiquidity1The mispriing of mutual funds relative to their underlying index, also known asmutual fund puzzle, is partly explained by the illiquidity of the asset (Shleifer, 2000).2These models are intensly disussed in reent surveys suh as Hommes and Wagener(2009), Lux (2009) and Chiarella et al. (2009).3A similar rationale has been presented in the paper of Vayanos and Woolley (2008)explaining the behavior of over and underreation in a framework where investors reshifttheir portfolio between ative and passive funds.2



on the primary market due to the tax eventually inreases the size of thebubble.The remainder of this paper is organized as follows: the next setionpresents the basi model formulation, whilst setion 3 presents basi simula-tion results. In setion 4 and 5, we present an analytial and simulation-baseddisussion of the attrativeness of di�erent strategies driving the prie dy-namis and the bubble state and dynamis. The last setion onludes andgives indiation for future researh.2 Formulation of the two-trader model with boun-ded rational investorsIn addition to the lassi representation of a HAM, we furthermore introduea delegation problem. Funds do not manage their own holdings but otherpeople's money. These other people may be thought of as small investors thattrust in the expertise of their fund managers. They have to hoose betweeneither investing in a passive fund (e.g., an ETF) or an atively managedfund. These small investors are subjet to bounded rationality in the senseof Simon (1955): due to their limited resoures of time and money they hoosea suboptimal strategy. The portfolio weights W i
t at time t of the strategy

i ∈ {p, a} with p indiating a passive and a indiating an ative strategyare alulated aording to the Multinominal Logit Model as presented inManski and MFadden (1981):
W i

t =
eγA

i
t

∑n
i=1 e

γAi
t

(1)The appliation of the Multinominal Logit Model as a strategy-swithingmodel was introdued in Brok and Hommes (1997), whilst its appliation inthe �nanial market ontext dates bak to Brok and Hommes (1998). Thisweight depends on the attrativeness Ai
t of a strategy and the rationality

γ > 0 of the agents. In the ase where γ equals zero, the weights of thegroups are onstant and amount to 1/2. The other extreme ase with γonverging to in�nity represents the ase in whih all individuals hoosethe optimal foreast. De Grauwe and Grimaldi (2006) therefore interpretthis parameter as a model of the behavioral e�et of Status Quos Bias aspresented in Kahneman et al. (1991). This e�et implies that individuals�nd it di�ult to hange a deision rule they used in the past.
3



The attrativeness of a strategy is measured by its returns. Aordingly,the attrativeness of the passive strategy is a funtion of the market return,whih in a �rst order approximation equals the di�erene of log-pries p4:
Ap

t+1 = rt + λAp
t−1 ≈ (pt − pt−1) + λAp

t = (ln(Pt)− ln(Pt−1)) + λAp
t

= ln

(

Pt

Pt−1

)

+ λAp
t = ln(1 + r) + λAp

t

(2)In this ase, apital letters (Pt = exp(pt)) represent real pries. The parame-ter 0 < λ < 1 an be seen as the memory of agents. High values of λ indiatelong-term memory. More formally, the expression (1− λ) an be interpretedas the time disounting i of individuals5. This implies that the value of λshould be lose to one.The attrativeness of the ative strategy is more ompliated, sine fundmanagers atively shift between risky stoks and risk-free asset with a returnof rf,t. The weight of assets holdings wq
t is given by the following equation6:

wq
t =

qAt Pt

qAt · Pt + Ct

(3)It represents the ratio of the number of assets held by ative traders qAt inreal market pries Pt and ash Ct (in the unit of money). By also onsideringthe management osts of ative portfolio management κ (in base points), thisyields the following attrativeness:
AA

t+1 = wq
t−1rt + (1− wq

t−1)rf,t − κ + λAA
t (4)The trading osts κ an initially be attributed to transation osts ativeportfolio managers fae due to ative shifting between risk-free and riskyasset. As we will see in the following, ative portfolio managers have featuresof fundamental traders of lassi HAMs who try to buy undervalued and sellovervalued seurities. In order to do so, they have to know the fundamentalvalue of seurities. To gain this inside information (inside in the sense of not4In a �rst-order Taylor approximation the following relation holds: ln(1 + rt) = rt +

O(r2t ).5If we interpret the rate of return as a ash-�ow CF and assume the transversalityondition, the following result an be derived: At = λAt−1 +CFt = λ(λAt−2 + CFt−1) +
CFt =

∑t
n=0 CFt−nλ

n. If this equals a standard disounted ash �ow with time preferenerate i, the following relation beomes apparent: ∑t
n=0 CFt−nλ

n =
∑t

n=0
CFt−n

(1+i)n ⇒ λ =
1

1+i
≈ 1− i.6Note that apital letters W i

t measure the portfolio weight of investors in ative andpassive strategy, whilst lower ase letters wi
t desribe the portfolio omposition of ativetraders onsisting of risk-free ash and risky asset.4



being publily available), they hire professionals to ondut market researh.These researh osts to unravel the log-fundamental value ft are also re�etedin the osts κ. Note that, more preisely, the osts κ are the exess osts ofative trading relative to passive trading. Passive trading also yields osts,but usually at at small negletable order of parts per thousands annually.The demand of the ative trader is very similar to the demand of funda-mental traders in lassi HAMs. In fat, it models the strategy of so-alledalpha-seeking of hedge funds, implying that they buy undervalued, whilstselling overvalued seurities sine they expet that pries onverge to theirlog-fundamental value ft. The di�erene of log-fundamental value and topilog-prie pt in a �rst-order approximation an therefore be thought of as anexpeted return. If this expeted return is higher than the risk-free rate rf,t,they shift their holdings to risky stoks, implying a positive demand (dAt > 0):
dAt = α(ft − pt − rf,t) + at (5)The parameter α > 0 an be interpreted as a the inverse risk aversion ofative traders. In ase they are risk-averse (low values of α) they refrain fromtaking strong positions. Furthermore, the demand proess is superimposedby a noisy proess at ∼ N(0, σa). This aptures the feature of noise tradingas advoated in the seminal work by Blak (1986)7. Noise plays a ruialpart in �nanial markets. Even smart traders (in our ase the ative traders)have a noisy omponent whih on mean should anel itself out (Shleifer,2000)8. The noise term therefore relaxes the strong assumption that ativetraders know the fundamental value exatly, in the form that they only knowit orretly on mean and are subjet to noise.Sine the demand for risky asset represents the hange in stok of riskyasset, equation 5 desribes the �ow of risky asset for ative traders. Thestok of risky asset held by ative trades qAt is presented in the followingequation:

qAt = qAt−1 +WA
t dAt + wq

t−1DWA
t (6)The seond term in this equation shows that the demand of ative trading isweighted with their market share WA

t . This assumption ommonly used inHAMs ensures that a group that does not have a market share annot exeutetrading ativities. Conversely, a group that has a strong market share antake strong positions in the market. The new aspet of this model is the thirdterm: investors an shift their holding into or out of atively managed funds7More tehnially, the introdution of noise leads to endogenous prie movements. Sinewe assume that pries are initially equal to their fundamental value, there would not beany prie movements in the simulation without noise.8This is taken into aount by assuming E(at) = 0.5



DWA
t . If there is a ash-in�ow into the atively managed funds (DWA

t > 0),managers build up positions in risky asset without hanging their portfolioomposition of risky and risk-free assets.On the other side, ative funds hold ash Ct. If they buy an amount qAtof risky asset at urrent market prie Pt, this redues ash and vie versa.Moreover, the ash-in�ow DWA
t is partly held in ash in order to keep theratio of ash and risky asset onstant. These ideas an be summarized in thefollowing equation9:

Ct = Ct−1 −WA
t dAt Pt +wC

t−1DWA
t Pt = Ct−1 −WA

t d
A
t Pt + (1−wq

t−1)DWA
t Pt(7)These two equations imply that the total �ow (in number of assets) in theative fund equals the �ow of assets due to portfolio shifting of the investorsbetween passive and ative funds10:

Ċt

Pt

+ q̇At = DWA
t (8)This also implies that only the demand of ative trading dAt hanges theomposition of the portfolio of ative traders11. These basi ideas of theomplete model are also illustrated in �gure 1.Using the �ow equations of ash and risky asset we an also implementshort-sale and ash-onstraints in our model. However, as we will see in thefollowing simulation results they are not of importane.We now want to investigate the passive traders. Sine passive tradersfollow a buy and hold strategy, they do not engage in ative trading. Theyonly inrease their demand for risky asset (they do not hold risk-free ash)if they have in�ow into their funds. Sine we only assume two investmentopportunities, an in�ow in passive investment equals an out�ow of ativefunds and vie versa (DW P

t = −DWA
t ):

qPt = qPt−1 +DW P
t = qPt−1 −DWA

t (9)9Note that this formulation neglets the e�et of the risk-free return. If we take itinto aount, the equation should be as follows: Ct = (1 + rf,t)Ct−1 − WA
t dAt Pt + (1 −

w
q
t−1)DWA

t Pt. The risk-free rate is negleted in this ase sine (at least on a daily basis)it is lose to zero.10To transform the di�erene equation into a di�erential equation we take the followingassumption for �ow of ash (and similar for �ow of assets): Ċt = Ct − Ct−1.11This an be understood if we insert the �ow of assets equation 6 and the �ow ofash equation 7 into equation 3 representing the portfolio weights of the ative traders:
w

q
t =

Pt(q
A
t−1

+WA
t dA

t +w
q
t−1

DWA
t )

Ct−1+Pt(qAt−1
+DWA

t )
. In absene of ative demand dAt , the omposition of theportfolio remains onstant(wq

t = w
q
t−1). 6



Figure 1: Struture of the modelTotal demand equals the sum of �ow in risky asset by ative and pas-sive traders. Exess demand feeds bak into returns and prie levels. Wefollow the onventional modeling approah in the HAM literature (p. e.g.,Chiarella et al. (2006), Westerho� (2008)) and model market learing with astylized version of a market maker. The key idea is that there is an institu-tion named market maker that takes an o�setting long or short position toassure that exess demand in period t equals zero. In the next period, themarket maker announes a new log-prie pt+1 to redue exess demand. Theparameter µ an thereby be interpreted as market illiquidity. In illquid times,
µ is very high, yielding strong prie hanges for a given exess demand:

pt+1 = pt + µ(q̇At + q̇Pt ) = pt + µ(WA
t dAt + wq

t−1DWA
t −DWA

t )

= pt + µ(WA
t dAt − (1− wq

t−1)DWA
t ) = pt + µ(WA

t dAt + (1− wq
t−1)DW P

t )(10)The presented equation implies that pries not only inrease if ative traderstry to take long positions (in ase of undervalued seurities), but also if thereis a �ow of funds into passive trading. The latter e�et is promoted if ativefunds hold large proportions in ash (whih happens if they believe that7



risky asset is overvalued and will fall soon). Note that the whole model isstok-�ow onsistent, meaning that the total holding of investors in risky andrisk-free asset is onstant12:
Pt(q̇

A
t + q̇Pt ) + Ċt = Pt(W

A
t d

A
t + (1− wq

t−1)DW P
t −WA

t d
A
t + (1− wq

t−1)DWA
t )

= (1− wq
t−1)(DWA

t +DW P
t )Pt = 0(11)The key omponent of the model is the hange in investors' portfolioomposition DW P

t :
DW P

t =
1

τ
(W P

t −W P
t−1) (12)Basially, this measures the hange in amount of investment held when pursu-ing the passive strategy. Its weight inreases if bounded rational investors at-tribute a high attrativeness to the passive strategy. We further introdue theparameter τ > 1 whih aptures the frequeny with whih investors reevalu-ate their portfolio holdings. The hange of portfolio omposition is thereforediluted over τ periods of time. The lower this parameter, the stronger theinvestors reat to hanges in pereived attrativeness.This setion presented the basi model. In the following, we want to in-vestigate the results of the model both on a simulation basis and analytially.3 Basi simulation resultsThe model presented onsists of many parameters and initial onditions -both tehnial and behavioral. The alibration of the latter is ompliatedsine they annot be observed diretly in empirial data. One strong sim-plifying assumption of the simulation is that the log-fundamental value isonstant and equals zero (f = 0). We alibrate the model so that one dis-rete step size represents one trading day. In the �rst instane, the dailyrisk-free rate is assumed to be onstant, implying that the risk-free assetis in in�nite supply (rf,t = rf = 0.02%). Daily osts of ative trading areslightly below the risk-free rate (κ = 0.01%)13. The behavioral parametersare set aording to several HAM (p. e.g., De Grauwe and Grimaldi (2006),Westerho� (2008)). We set the memory to λ = 0.98, rationality to γ = 500,and inverse risk aversion of ative traders to α = 0.1. The latter parameteran also be interpreted in the way that ative traders expet the pries toonverge to fundamental value within 1

α
= 10 trading days. The investor12This results from equations 7, 6, and 9.13On an annual basis, these values represent rf ≈ 5% and κ ≈ 2.5%.8



valuation frequeny is set to τ = 5, implying that investors rebalane theirportfolio weekly (e.g., on the weekend) and traders an thereby dilute theonsequential demand over one week. Noise variane σ2
a is set to 0.005 andmarket liquidity µ to 1. We assume that the initial attrativeness of bothstrategies equals zero, resulting in the fat that both strategies have the sameinitial market share. Therefore, we impose that they have the same amountof asset holding, where ative funds hold 60 % perent in ash and the rest inrisky asset (wq

0 = 0.4 = 1−wC
0 ). We further assume that simulation initiallystarts in the fundamental value (p = f = 0).
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t trade strategies; Panel 3: Assets andash held by ative and passive traders (stok); Panel 4: Demand by ativetraders and portfolio balaning by both strategies (�ow)One exemplary simulation result is presented in �gure 2. Two di�erentregimes emerge: in one ase the market onsists of ative traders only andpries are lose to fundamentals. In the opposite ase, there are only passivetraders and risky asset is overvalued14. The risky asset portfolio balaning14Note that the simulation shows the fast growing of a bubble with a slower derease bakto fundamental value, implying a positive skewness of the return distribution. This result9



of ative and passive traders have the opposite sign, while the balaning ofpassive traders has a higher amplitude. This an be explained by the fatthat the latter only hold risky asset and in ontrast to ative traders arenot invested in ash. It is also worth notiing that the amount of assetsand ash also swings around two states. Both ash onstraint and short-saleonstraint do not beome binding. A ash onstraint might ome into e�etfor the ative traders when they try to take long positions. This is the asewhen they believe that the asset is undervalued. But as seen in the simulationin periods of low pries, there is a �ow of funds into ative funds. Moreover,as pries are low the existing ash an be utilized more e�etively15. Onthe other side ative traders try to go short in times of bubbles. Yet, asseen in the numerial results, in these times they have no market weight andtherefore annot engage in trading ativity making the short-sale onstraintnot binding16.Now we want to ompare the attrativeness of both strategies (see �gure3). The passive investment strategy shows higher volatility than the ativestrategy. This implies that ative portfolio balaning in eonomi downturnsis more pro�table than a simple buy and hold strategy. This an be ex-plained by the fat that ative portfolio managers also hold risk-free assetwhih most of the time yields lower returns than the risky asset but pay outin downturns. On the other side, the market is fairly e�ient and ativeportfolio managers are only suking nikels by trying to pro�t from arbitrageopportunities. Consistent with the EMH, in the long run the market annotbe outperformed. In business pratie, atively managed funds lever up theirinvestment return by replaing equity with debt. This important e�et is notdisussed here but should be onsidered in future researh.Until now, we onsidered risk-neutral investors sine they only deidedon portfolio omposition aording to returns. In the following, we want tointrodue a risk-adjusted measurement to ompare ative and passive trad-ing. This is also loser to the de�nition of the EMH in the sense of Jensen(1978), who lari�es that in an e�ient market it is not possible to makerisk-adjusted pro�ts by arbitrage trading.is dison�rmed by empirial studies (and standard HAMs e.g., Lux (2009)) measuringnegative skewness of return distribution and thereby represents a major shortoming ofthis model. This e�et an be attributed to the properties of the weighting mehanismand will be further disussed in the following setions.15This an also be seen if we look at the ash onstraint equation resulting from the�ow of ash equation 7: dAt ≤ 1
PtW

A
t

(Ct−1 + (1− w
q
t−1)DWA

t ).16This also beomes lear from the inequality desribing the short-sale onstraint andresulting from equation 6: dAt ≥ − 1
WA

t

(qAt−1 + w
q
t−1DWA

t )10
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tA ombined risk-return measure frequently used in business pratie isthe so-alled Sharpe Ratio (SRi
t), onsidering a ratio of exess return andvolatility as measured in standard deviation of returns17:

SRi
t =

Ai
t − rf,t
σt(Ai)

(13)We plot the Sharpe Ratio for the di�erent strategies in the third panel of�gure 3. The intriguing result is that the Sharpe Ratios are nearly identialfor both strategies as alluded by the EMH de�nition of Jensen (1978).We an also feedbak the Sharpe Ratio in the model. In order to do so, wereplae the attrativeness Ai
t of a strategy with its Sharpe Ratio SRi

t in the17For estimating the volatility, we use the maximum likelihood estimator for onstantvariane (Hull, 2010) σ2
t (A

i) = 1
n

∑n
j=1(A

i
t−j)

2. This is atually the moving average ofthe squared returns. Long window lengths n result in low pereived volatilities. We set
n = 100. This leads to the e�et that we annot give values for the Sharpe-Ratio in the�rst 100 simulation periods. The measure itself varies over time.11



weighting equation 1. The ase with weights aording to the attrativenessan therefore also be interpreted as the ase with risk-neutral investors. Thesimulation results are depited in �gure 418. One again, the Sharpe Ratiosof both strategies are lose together. On average, the ative trading is moreattrative leading to the fat that pries are lose to fundamentals. Never-theless, one again periods of overpriing assoiated with high attrativenessand therefore also high weight of passive traders emerge.
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Figure 4: Panel 1: Pries Pt and fundamental value Ft; Panel 2: Portfolioweight of ative WA
t and passive W P

t trade strategies; Panel 3: Assets andash held by ative and passive traders (stok); Panel 4: Sharpe Ratio SRi
tof ative and passive strategyIn the next setion, we want to take a loser look at what drives theattrativeness of the di�erent strategies and thereby also governs the priedynamis.18This simulation assumes the same parameters as in the �rst ase, exept for γ = 25.The latter is made to sale down the Sharpe Ratio SRi

t to a size omparable to theattrativenessAi
t. Furthermore, we also hold the random seed of the noisy proess onstantto ontrol for this e�et. 12



4 Determinants of long-run trading suessTo analyze the suess of a trading strategy we want to go one step bakand aount for the simple attrativeness measure instead of the SharpeRatio. In the �rst instane, we want to assume extreme short-term thinkingor no memory (λ = 0). Starting from equation 2, this yields the followingattrativeness for passive traders:
Ap

t = rt = ṗt (14)This means that attrativeness is high in ases of high returns leading to ahigher weight of passive strategy in investors' portfolios. Another intriguingresult is found for perfet memory or no disounting (λ = 1)19:
ȦP

t = rt = ṗt ⇒ AP
t = pt (15)This implies that the passive strategy is always more attrative if pries areat a high level. Sine, in ontrast to ative traders, investors do not knowthe fundamental value, they are not aware of potential mispriings. Thisapproah is more appropriate than the �rst one sine the value of λ is loseto one, re�eting that the daily disount rate i ≈ 1− λ is lose to zero.In the model itself rather than the absolute value Ai

t the relative value ofattrativeness Ut = AP
t −AA

t is important. This also translates to the fat thatinstead of the absolute weight W i
t the di�erene in weights mt = W P

t −WA
tmatters. We an follow the well-established approah of Brok and Hommes(1998) and replae the Logit Model with a tanh-funtion:

mt =
eγA

P
t − eγA

A
t

eγA
P
t + eγA

A
t

=
eγ(A

P
t −AA

t ) − 1

eγ(A
P
t −AA

t ) + 1
=

eγUt − 1

eγUt + 1
= tanh

(γ

2
Ut

) (16)In this equation, positive di�erene in attrativeness (Ut = AP
t − AA

t > 0)leads to a higher weight of passive traders (W P
t > WA

t ) and vie versa. Thisdi�erene in attrativeness is given as follows:
Ut = AP

t − AA
t =

pt − pt−1 + λAP
t−1 −

[

wq
t−1(pt − pt−1) + (1− wq

t−1)rf − κ+ λAA
t−1

]

=

(1− wq
t−1)(pt − pt−1 − rf) + κ+ λ(AP

t−1 −AA
t−1)

(17)In this ase, we an one again onsider the extreme ases for the memory
λ. We start by analyzing the situation with no memory (λ = 0):

Ut = (1− wq
t−1)(rt − rf) + κ = wC

t−1(rt − rf) + κ (18)19This result an be derived if we onsider the initial onditions of the simulation AP
0 =

p0 = 0. 13



In this senario, ative trading an only be more suessful (Ut < 0) if therisk-free return is higher than the return of the risky asset (rf > rt). This isonly the ase in downturns. This e�et is pronouned if ative traders holdlarge proportions in ash wC
t−1 and only harge low management osts κ. Theexat ondition requires exess return of ash to risky asset weighted withits portfolio weight to be higher than the management osts:

(rf − rt)w
C
t−1 ≥ κ (19)
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Figure 5: Panel 1: Pries Pt and fundamental value Ft with varying risk-freerate rf ; Panel 2: Relative attrativeness Ut with varying risk-free rate rf ;Panel 3: Pries Pt and fundamental value Ft with varying management osts
κ; Panel 4: Relative attrativeness Ut with varying management osts κIn the other extreme ase, agents have perfet memory λ = 1. We anderive the following result20:
U̇ = wC(ṗ−rf )+κ ⇒ U = wC(p−rf · t)+κ · t = wC ·p+(κ−wC ·rf )t (20)20Note that we skip the time indies. This is the ase sine we onsider a di�erentialequation instead of a di�erene equation. Furthermore, we assume that (as seen in thesimulation) in the long-run the weight of ash is onstant (wC

t−1 = wC).14
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wC · rf > κ (21)Moreover, given this ondition, starting from equation 20 we an alulatethe time it takes for ative traders to take over the market:

t ≥
wC · p

rf · wC − κ
=

p

rf −
κ
wc

(22)This results on�rms that in times of high management osts κ, low ashweights wC , and low risk-free interest rates rf the bubble last longer. Fur-21Note that this ondition was satis�ed in our �rst simulation results.15



thermore, a stronger bubble (as haraterized by higher values of p) also lastslonger.
0 500 1000 1500

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

 

 
Fundamental price F

t

Market price P
t

200 400 600 800 1000 1200 1400
0

0.2

0.4

0.6

0.8

1

1.2

1.4

 

 
Weight of passive traders
Weight of active traders

0 500 1000 1500

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

 

 

Assets active traders qA

Cash active traders C

Assets passive traders qP

0 500 1000 1500
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

 

 

Demand by active traders dA

Portfolio balancing by passive traders DWP

Portfolio balancing by active traders DWA wq

Figure 7: Panel 1: Pries Pt and fundamental value Ft; Panel 2: Portfolioweight of ative WA
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t trade strategies; Panel 3: Assets andash held by ative and passive traders (stok); Panel 4: Sharpe Ratio SRi
tof ative and passive strategyWe now want to investigate these bak of the envelope alulations basedupon numerial simulations. First, we vary the parameters management osts

κ and risk-free rate rf with �xed random seeds (see �gure 5). As preditedby the alulations, high management osts as well as low risk-free rateseteris paribus lengthen the boom periods resulting from the di�erene inattrativeness. Similar results emerge if we vary the memory λ of the agentas shown in �gure 6. Long-term thinking as aounted for by high valuesof λ lengthens the boom and bust periods and thereby dereases marketvolatility. Tehnially, this an be explained the longer time it takes for theattrativeness of ative and passive trading to interset.By assuming rf = 0.01% and κ = 0.02% and keeping everything elseequal, we violated ondition 21. This means that in this on�guration passivetrading is more attrative than ative trading. In �gure 7, we take both16



assumptions and apply them to the model with the Sharpe Ratio. Comparedto our �rst simulation with Sharpe Ratio depited in �gure 4 this dramatiallyhanges the results: the market is dominated by passive traders and most ofthe time at a bubbly equilibrium.In the next setion we want to determine the behavior of the other be-havioral parameters and also more intensively disuss the bubble and bustdynamis.5 States and dynamis of bubbles and bustsNumerial simulations on�rmed the existene of two regimes. In the �rstregime there are only ative traders (WA = 1). In this steady state there areno hanges in the portfolio omposition of investors (DW P = 0). The steadystate an be alulated starting from the following equation:
ṗ = µ(1 · dA + wC · 0) = µ(α(f − p− rf) + a) (23)By setting noise to its expeted value of zero (E(a) = 0), the steady state(ṗ = 0) an be derived22:

ṗ = 0 = µ(α(f − p− rf )) ⇒ p = f − rf ⇒ P ≈
F

1 + rf
(24)This means pries equal fundamentals disounted with the risk-free rate. Thebubble senario is the more interesting ase. Here ative traders have zeromarket weight (WA = 0)23. Meanwhile there is �ight to the passive tradingstrategy DW P

t resulting in the following prie equation:
ṗ = µ(0 · dA + wCDW P ) = µ · wC Ẇ

P

τ
(25)Sine in the asent of a bubble the weight of passive traders hanges fromzero to one, we an insert Ẇ P = 1. Therefore, the bubbly equilibrium anbe haraterized as follows24:

p =
µwC

τ
(26)22To transform the log-values bak to real values, we assume the �rst-order approxima-tion for the interest rate log(1 + rf ) = rf .23The simulation results still plots their demand positions dAt in the market. Theirfundamental trading strategy suggest them to inur short positions in the positive bubble.However, sine they have no market weight at the urrent situation they do not engage intrading.24This results is derived by assuming that the initial prie equals the fundamental value

p0 = 0, whih is the ase for ative traders only (WA = 1) and a negletable daily risk-freerate (rf ≈ 0). 17



Note that by assuming that log-fundamental value is zero (f = 0), the log-prie an be interpreted as a perentage deviation from fundamentals. Thisimplies that this bubbly equilibrium is higher for illiquid markets (high valuesfor µ) in whih investors realloate their portfolios with a high frequeny (lowvalues for τ). Combining the results of equation 26 and 22 we an also makea statement about the length of the bubble:
t ≥

µwC

τ(rf −
κ
wC )

(27)This ondition delares that illiquid markets (high values of µ) with strongswithing speed of bounded rational investors (low values for τ) are subjetto longer lasting bubbles. In pratie, this is espeially the ase for emergingmarkets. The result for the weight of ash is ambiguous. Strong ash holdingslead to stronger exess demand of the passive fund for the risky asset leadingto a stronger bubble whih is more persistent. On the other side, strongash weights (given the ondition wCrf > κ) make the ative strategy moreattrative leading to a stronger reswithing. The ash weight for a minimumlength bubble period is wC
∗
= 2κ

rf

25.Figure 8 further investigates the variation of di�erent behavioral parame-ters. In the �rst panel, we show pries with di�erent degrees of rationality γ.As pointed out in equation 16, this parameter links the attrativeness withthe market weight and thereby also with the �ow between trading strategies.High rationality ampli�es the �ow between strategies and thereby shortensthe length of the boom/fundamental periods also leading to inreased �nan-ial volatility. This result ontradits the �ndings of Fisher (2011) investi-gating the e�et of rationality in a fundamentalist/hartist-framework as areation to news fundamentals and showing that high rationality γ inreases�nanial stability. In the ontext of Fisher (2011), higher rationality in-reases the speed at whih pries onverge to the new steady state with adi�erent fundamental value. In our ase, however, we do not have a singlesteady state but two. High rationality thereby inreases the swithing be-tween these states. The positive skewness in return distribution an also bealluded to the swithing mehanism presented as a tanh-funtion. The priesare mainly driven by the �ow between funds. In fat, the returns (being thederivative of log-pries) are proportional to the derivative of relative weightsas presented in equation 1626. The onavity of the tanh-funtion leads to the25This result an be derived with standard derivation for a loal minimum ∂t
∂wC

!
= 0 and

∂2t
∂wC2 |wC

∗

> 0.26The prie equation using the di�erene in attrativeness approah an be presentedin the form of the following di�erential equation: ṗ = µ
2

[

(1−m)dA + ṁwC
]

.18
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Figure 8: Model with attrativeness Panel 1: Pries Pt with variation of ra-tionality γ; Panel 2: Pries Pt with variation of reevaluation time of portfolio
τ ; Panel 3: Pries Pt with variation of memory λ; Panel 4: Pries Pt withvariation of ative traders aggressiveness αfat that investors strongly swith into the passive strategy going along withstrong positive returns. The �ow out of the passive strategy on the otherside is rather slow resulting in low absolute values for the negative returns.Furthermore, we vary the rebalaning time τ . Note that the ase with
τ = ∞ represents the ase with no rebalaning and therefore with ativetrading-only. In this ase, prie movements follow a random walk aroundfundamentals as indued by the noise trading of ative traders. As demon-strated in the alulations, the low rebalaning time inreases the size of thebubble as well as its length.The weight of ash wC is an important soure of nonlinearities in themodel. In a senario where ative traders are strongly invested in the riskyasset, the two regimes do not emerge. This an be explained by the fatthat in this framework the destabilizing �ow into passive funds leading tothe bubble an be o�set by the stabilizing trading of ative fundamentaltraders. When, however, a ertain threshold is rossed, the bipolar senario19



emerges. As already presented, strong ash holdings also inrease the sizeand the length of the bubble.Lastly, we vary the risk aversion of ative traders. High risk aversion ofative traders (as implied by low values for α) an eventually also produenegative bubbles (pries lower than warranted by fundamentals). This isbeause ative traders do not stem strongly against undervaluation of therisky asset. Moreover, high risk aversion of ative traders also dereasespositive bubbles. Sine ative traders are not very aggressive, their ationdoes not ontribute to high returns whih in a seond round e�et does notontribute to a strong swithing to the passive strategy driving the positivebubble.
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Figure 9: Model with Sharpe Ratio Panel 1: Pries Pt with variation of ra-tionality γ; Panel 2: Pries Pt with variation of reevaluation time of portfolio
τ ; Panel 3: Pries Pt with variation of memory λ; Panel 4: Pries Pt withvariation of ative traders aggressiveness αWe now repeat the same simulations now with non-risk-neutral investorsvaluing a strategy based upon its Sharpe Ratio (see �gure 9). The resultsof the risk-neutral ase are mostly reprodued. High rationality γ enfores20



reswithing and therefore also market volatility27. The same holds true forshort rebalaning times τ . The most interesting result is visible for variationfor weight of ash in the ative traders portfolio. Very low ash holdingsof ative traders makes their strategy unattrative (as presented in equation21) leading to strong positions of passive traders going along with a bubble.On the other side, high ash weight leads to strong bubbles as presented inequation 26. High aggressiveness of ative traders α (low risk aversion) in-reases �nanial volatility, while low aggressiveness leads to negative bubbles.Therefore both, too little and too muh risk aversion of arbitrage traders, arenot bene�ial for �nanial markets.The model is still highly stylized. Therefore, any poliy onlusions haveto be taken with a pinh of salt. The model suggests that, even withoutthe presene of hartist traders, market pries an be above fundamentals.This is espeially the ase if bounded rational investors an quikly swiththeir portfolios between ative and passive holdings. Plain vanilla ETFs thatatually hold their underlying assets and an be exhanged quikly (low τ inthe model sense) introdue a positive feedbak behavior in the markets28. A�nanial transation tax in the sense of Tobin (1978) on private speulationmight redue the problem of quik swithing of assets (low values of τ) andtherefore lower the dimension of the bubble. On the other hand, a Tobin taxin the primary market will lower its liquidity (high values for µ) and therebyinrease the bubbly outome.6 Summary and outlookThe main result of the model presented is that market pries an be abovefundamental value even though the market only onsists of stabilizing fun-damental traders and passive buy and hold traders. The rationale is thatbounded rational investors swith to a passive investment strategy beauseof reent prie inreases. This e�et is emphasized if we assume that agentsfrequently revalue the portfolio and reshift strong proportions of their assetholdings. Investment ompanies have to reate shares of passively investedfunds (e.g., ETFs) by buying the underlying shares. In ontrast to the passivefunds that only holds risky asset, atively managed funds have an optimizedportfolio of risk-free and risky assets. Therefore, the �ow of investor moneyfrom atively managed to passive funds reates exess demand for the risky27One again, to keep the results of the model with attrativeness and Sharpe Ratioomparable, we saled down the rationality parameter with the fator 20.28Note that, as already argued in the �rst setion, syntheti ETFs might, on the otherhand, impose severe risks on the �nanial system by exposing holders to ounterparty risk.21



asset leading to higher stok pries. We showed that ative funds an onlybe suessful if they harge low management osts. Moreover, they have astronger market weight in downturns sine they are also invested in a risk-free asset. The size of the bubble mainly depends on the illiquidity of themarket and the rebalaning time of the bounded rational investors. A Tobintax might be bene�ial by reduing the trading ativity on the seondarymarket, but also leads to higher illiquidity on the primary whih in turn in-reases the size of the positive bubble. Negative bubbles only seem to ourin the ase that ative traders are very risk-averse.This model is still highly stylized. A onsequential extension would bethe introdution of a destabilizing trend-following strategy. If, on the otherhand, we expliitly model the market for risk-free asset a stabilizing e�etis be expeted. The rationale for this is that if ative traders believe thatthe risky asset is overvalued, they sell them and start holding risk-free asset.The inreased demand for risk-free asset in�ates its prie and thereby reduesthe risk-free returns. This again leads to a reshift into the risky asset byative traders and thereby has a stabilizing e�et. A strong prie reationby the risk-free market to exess demand thereby ats similarly to a highrisk aversion of ative traders by reduing the reshifting between risky andrisk-free asset. These further extensions will also provide a more rigorousframework for evaluating poliy deisions.

22
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