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Abstract:

In this paper we show that in a two sector economy with heterogeneous agents and competitive
markets, in asteady state the optimal capital income tax rate is in general different from zero. The
optimal tax policy in this setting depends on the relative price difference. In a two sector economy
capital and labour margins are interdependent, which is why a difference between investment good’s
price and consumption good's price allows the government to tax capital income in one sector and
undo the tax distortion by differential labour income taxation. This policy serves efficiency purpose as
it restores production efficiency. For instance, if investment goods are more expensive than
consumption goods, it is optimal to tax capital income in consumption sector, and set zero capital
income tax and lower labour income tax in investment sector. This policy discourages work and
investment in consumption sector, and encourages agents to shift capital and working time to
investment sector. This increases production in investment sector and restores production efficiency. In
amodel with two classes of agents, we show that this policy can also serve redistributive purpose

Keywords: Optimal taxation, Ramsey problem, Two Sector model.
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1. Introduction.

In this paper, we show that in a standard two sector economy with heterogeneous agents, in a
steady state the optimal capital income tax rate is in genera different from zero. In an
economy where consumption goods and investment goods are two fina goods, capital and
labour margins are interdependent. If there is a difference between the equilibrium price of
investment goods and equilibrium price of consumption goods, the interdependence of capital
and labour margins alows the government to choose an optimal policy that taxes/'subsidizes
capital income from one sector and set different rates of labour income taxes across sectors.
This policy is optima since the distortions of the capital income tax can be undone by
differential labour income taxation, and the tax mix restores the production efficiency
condition. We consider a special form of the genera model with two classes of agents:
workers and capitalists. We show that the optimal policy that taxes/subsidizes capital income

due to relative price difference can also serve the redistributive purpose.

Our mode is a competitive equilibrium version of the standard two sector neoclassical growth
model with a government that finances an exogenous stream of government purchases, and
where agents are of different types. We consider two sectors that produce consumption goods
(consumption sector, hereafter) and investment goods (investment sector, hereafter), using
raw labour and capital on which government levies distorting flat-rate taxes. The problem is
to determine the optimal settings over time for two labour income tax rates and two capita
income tax rates for the two sectors. We characterize this problem as the standard Ramsey
(1927) problem. We extend the important works of Judd (1985), Chamley (1986), Jones,
Manuelli and Ross (1993), Jones et a. (1997), Judd (1999) and Atkeson, Chari and Kehoe
(1999), dl of which discuss the optimality of zero capital income tax.

In aone sector neoclassical growth model where one final good is used for consumption and
investment, Chamley (1986) and Judd (1985) show that if an equilibrium has an asymptotic
steady state, then the optimal policy is eventualy to set the tax rate on capital income to zero.
Their key argument is that capital income taxation serves neither efficiency not redistributive
purpose in the long run. The optimality of the zero capital tax extends also to a one sector
economy with heterogeneous agents. an idea that was mentioned by Chamley (1986) and an
analysis that was explored in depth by Judd (1985). Judd (1985) shows that in a one sector
economy with heterogeneous agents, unanticipated redistributive capital taxation has severely
limited effectiveness since it depresses wages. His paper argues that if the government only
values the welfare of workers, since taxing capita in the long run is not optimal, there will not



be any redistribution in the limit and government expenditures will be financed solely by
levying wage taxes on workers. Thus in Judd’'s (1985) analysis, capita owners who are
assumed not to work will be exempt from taxation in the steady state.

Jones et al. (1993) and Jones et a. (1997) show that the optimality of zero capital income tax
extends to a model with endogenous growth through human capital accumulation. One of
their main arguments was that since the distortion created by physical capital income tax and
human capital income tax is compounding in nature, it is a bad idea to tax these income. Judd
(1999) explores the intuition by showing that in an economy with competitive markets, along
run policy that involves a capital income tax creates exponentially growing distortions in
intertemporal alocations --- something which is inconsistent with the commodity tax
principle. Atkeson, Chari and Kehoe (1999) summarizes these findings in a paper showing
that optimality of zero capital income tax is andytically strong even if one relaxes some of
Chamley’s (1986) assumptions®. They show that this result holds in an economy with
heterogeneous agents, or in an economy with endogenous growth, or in an open economy, or
in an economy where the agents live in overlapping generations.

We present a two sector neoclassical model which is possibly one of the simplest extensions
of Chamley’s (1986) original model. We show that if the equilibrium of a standard two sector
neoclassical growth model with heterogeneous agents has an asymptotic steady state, the
optimal capital income tax rate in investment sector is zero, but the optimal capital income tax
rate in consumption sector is in genera different from zero. We argue that in a two sector
economy where investment and consumption are produced as two fina goods, capital and
l[abour margins are interdependent, and o is the optimal policy of taxing income from these
factors. Due to this interdependence, capita income taxation in our model can serve both
efficiency and redistributive purposes. We show that in a steady state it is optimal to set zero
tax on capital income from both sectors if and only if price of investment goods and price of
consumption goods are equal. The difference in relative price of investment and consumption
creates a difference in social marginal value of capital in the two sectors, and a tax/subsidy on
capital income in one sector, leaving the other capital income tax at zero rate can undo this
difference which in turns serves the efficiency purpose. The distortion created by this capital
income tax can be undone by setting different rates of labour income taxes across sectors.

For instance, in asteady state if investment goods are cheaper than consumption goods, there
will be over accumulation o capital which in turns make return to capital very low. We argue

2 Chari and Kehoe (1999), Ljungqvist and Sargent (2000, ch. 12), and Erosa and Gervais (2001) also present
comprehensive coverage of these models and the discussion on the optimality of zero capital income tax.



that in this case the optimal policy should subsidize capital income from consumption sector,
and set higher [abour income tax and zero capital income tax in investment sector. This policy
is optimal because a capital subsidy and a lower labour income tax in consumption sector
encourages more capital and working time in consumption sector and higher production of
consumption goods, which in turns undoes the relative price difference. On the contrary, in a
steady state if consumption goods are cheaper than investment goods, the optimal policy
should encourage production of investment goods, for which the optima policy should tax
capital income in consumption sector, and set lower labour income tax and zero capital
income tax in investment sector.

Our main result (optimaity of nonzero capital income tax) was primarily hinted by Atkeson
et a. (1999) in an analysis of optimal taxation in a one sector economy with heterogeneous
agents. Atkeson et a. (1999) impose additiona restrictions on the optimal taxation problem in
order to restrict tax rates on capital income and tax rates on labour income to be same across
al types of agents. These redtrictions are (1) in the Ramsey equilibrium, intertemporal
marginal rate of substitution of consumption across all agent types must be equal, and (2) the
ratio of intratemporal margina rate of substitution between consumption and labour across
types of agentsis equal to the ratio of marginal product of labour across types of agents Their
paper argues that in a competitive economy with heterogeneous agents, zero capital income
taxation in the steady state is optimal if these extra constraints (in particular, 2) do not depend
on the capital stock. According to their analyss, if capita and labour income taxes are same
for al types of agents, in a steady state zero rate of capital income tax is optimal if the
production function is separable between capital and labour. The intuition behind our main
result stems from the interdependence of the capital and labour margins, which in turns
presumes that the production functions are not separable in capital and labour.

In amodel with workers and capitalists, we show that the optimal policy with nonzero capital
income tax in consumption sector and differential labour income taxation can serve the
redistributive purpose. We show that in such an economy where the workers are exogenously
constrained to not hold any assets and the capitalists are exogenously constrained not to work,
even if the government cares only about the welfare of workers, there may be redistribution in
the limit, and capitalists may have to bear part of the burden of the tax. This result extends
Judd's (1985) finding that a capital income tax in the long run does not serve redistributive
purpose.



2. A Decentralized Economy with Heterogeneous Agents.

Time is discrete and runs forever. The economy has two production sectors indexed by

jT {C,X}, where C and X denote the consumption sector and investment sector,
respectively. All markets are perfectly competitive. There is a finite (integer) number of

different classes of agents, N, and each class is of same size. The consumption, labour

i i
¢, N, and

supply and capital stock of the representative agentinclass il N are denoted by ¢
ki, respectively. Class i’s utility function is u'(c{,n},n,), but the discount factor
b1 (0,1) is identicd across al agents. The utility function is strictly increasing in
consumption and decreasing in labour supply, separable in consumption and labour, linear in
labour and satisfies standard regularity conditions®. The agents purchase new investment
goods and rents capital to the firms for one period. Capital decays at thefixed rated T (0.1).

Firms return the rented capita stock next period net of depreciation, and pay unit cost of
capital employed, equal to r; . Firms aso pay wages, denoted by w; . Agents of type i are

each endowed with one unit of time at each period and k(‘, > 0 units of capital at period O.

The consumption sector’s technology is:
c,+0 = fKky,ny) (11

where ¢, is exogenously determined government consumption expenditure, and c, is the

level of aggregate private consumption. The investment sector’s technology is:

Xg X = £ (Kgo1y ) (12)

where X; denotes the level of new investment goods. The technology f () saisfies

standard regularity conditions (including linear homogeneity) and exhibits constant returns to

3 We assume that utility is separable in consumption and labour and linear in labour in order to simply our algebra.
We will assume the general form of utility function where marginal disutility of work may be different across
sectors, i.e. working in consumption sector and working in investment sector may have different didliking. We do
this since it leads us to the more general results. As will be clear from the analysis to follow, our main results are
not sensitive to these assumptions; i.e. our analysis with this general specification shows that our main results hold
for amuch broader class of utility functions. Later, in a sample case of heterogeneity in our general model, we will
impose restrictions on the preferences such that the results extend to models with commonly used preferences, e.g.

utility functions of the form V(C,,1- Ny - n,,).



scale. We will denote the margina product of capital, say, in sector | evaluated at period t

by f/(t).Capita’slaw of motion is:

th = kjt+1 - (1' d)k't; JT {C,X} (1-3)

I
The government finances the exogenous stream of purchases {gt }T:O solely by linearly taxing

income from capital and labour employed in both sectors. We will assume that the
government has access to some commitment device, or a commitment technology that allows

the government to commit itself once and for al to the sequence of tax rates announced at

period 0. The government taxes labour income and capita income at rates t tj per unit and

qtj per unit, respectively. The government runs a balanced budget each period. The

government makes non-negative class-specific lump sum transfer TR, 3 O (but there are no
lump sum taxes). We also assume that the government has a social welfare function that is
simply a non-negatively weighted average of individual utilities, with the weight a' 3 0 on

N .
classi,with é_ a' =1. The government’s budget constraints are:
i=1

gt +TRT =t tCWd nd +t tXWthxt +qtcrctkct +thrxt kxt (2)

N .

In(1.1), (1.2), (1.3)and (2), for z=c,n_,n, k., Kk, X, X, TR, let z © é z . Competitive
i=1

pricing ensures that factors are paid their margina revenue product. Optimality in the

production sectors requires that margina products are equated with the rental prices of the
production factors. Defining the relative price of new investment goods as p, , the conditions
that characterize optimality in the production sectors ae
ry = fo(),w, = f@t),r, =p f ), w, =p,f (t). The representative agent in class
il N chooses dlocations {c',n.,n} k.., K.}, in order to maximize discounted

lifetime utility subject to the following budget constraints:

C + PlKger + K] = (@ t)Weng + (-t )wn), + p ke R +KRT+TR
©)



where R/ ° [p;*(1- g/)r, +(1- d)]. Optimality conditions for the agent i’s problem

include transversality conditions, (3), and:

urim(t) =- uic(t)(l' t tc)Wa (4a)
U, () = - ug(t)(d- t )w, (4b)
UL() =2 U +D{(L- G, ) + P~ )} (40
UL(t) =2 U (DL G2 * P )} (@)

t

Given the current model, a feasble dlocation is a  sequence

{Ky,KerCoNy Ny, Xy Xy, O, 1oy that satisfies equations (1.1), (1.2) and (1.3); a price

system is a 5-tuple of nonnegative bounded sequences {w, ,W,, , I, , P, }i— ; @ government

C

policy is a 6-tuple of sequences {t £t *,q°,9,%,09,, TR}, . A competitive equilibrium in
this economy is a feasible allocation, a price system, and a government policy such that (a)
given the price system and the government policy, the allocation solves both sets of the firms
problems and the agents' problems, and (b) given the alocation and the price system, the
government policy satisfies the sequence of government budget constraints (2). The
competitive equilibrium dynamics in this environment can be characterized by a system of
equations that include the transversality conditions, optimality conditions in the production
sectors, (1.1), (1.2), (1.3), (2), and for each agent i, (3), (4q), (4b), (4c) and (4d).

Notice the interdependence of the capital and labour margins in this two sector model. From

(44) and (4b), it is straightforward to show that if the competitive equilibrium has a steady
state,

_(2- 1)U

. 4e
(-t ) flupy )
Furthermore, (4c) and (4d) together imply that in a steady state,
1-q°)f;
p — ( qx) kX (4f)
1L-g%)f,



(4e) and (4d) together imply that competitive equilibrium alocations must satisfy:

g:nx : (49)

nca

(- t°)a- q*) _ fof
@-t)2-q°) frf

k

S of® x

(4g) implies that due to the interdependence of labour and capital margins, the optimal policy
for capital income taxation will depend on the optimal policy for labour income taxation.

3. The Ramsey Problem.

We use Chamley’ s (1986) approach to Ramsey (1927) problem, and derive the conditions that
characterize the Ramsey alocation. Then we look for the taxes that can implement the
second-best wedges. Taxes that implement the second best wedges are optimal taxes. In line
with Chamley (1986), we assume that the government chooses after tax returns to maximize
welfare such that the chosen after tax returns generate all ocations that are implementablein a
competitive equilibrium. We define after tax returns as

M © @ gl w, © (-t )w,; jT {C,X}. We consider (2) and invoke linear
homogeneity property of the production functions. With the linear homogeneity property, the

government budget constraint can be expressed only in terms of alocations and after tax
returns, such as:

g, +TR = f°(ky,ny )+ p, f*(k,,n,)- Tk, - T,K, - W,n, - w,n, (5)

In amodel with only one class of agents, given the preset revenue target, the Ramsey problem
is therefore the government’s problem of choosing the after tax returns that maximizes
welfare and generates alocations and prices that satisfy the i1 invariant equations (5), (4),
(1.2), (1.2) and (1.3). Since there are many classes of agents, one needs to incorporate the
agents’ budget constraints as a competitive equilibrium condition that the optimal taxes must
satisfy. Put differently, the optimal taxes must generate allocations and prices that satisfy
equilibrium conditions for each class of agents.

Notice that we assume tax rates on capital income and tax rates on labour income do not
differ across classes of agents. Atkeson et al. (1999) solve a similar problem for a one sector

economy using the primal approach. The pimal approach to optima taxation, due primarily



to Atkinson & Stiglitz (1980, ch. 12), characterizes the set of alocations that can be
implemented as a competitive equilibrium with distorting taxes by two simple conditions. a
set of resource constraints and a set of implementability constraints. If one solves the current
problem using the prima approach and restricts the capital income tax rates and |abour
income tax rates not to vary across classes of agents, in addition to these two constraints, the

uy(t) _ u(®)

Ram: roblem must include additional constraints: (a . = — . (b
sey p (@) U+D)  h+D (b)

Ue®) ) g U )
uc(t) fni (t) uc (t) fni (t) uc(t) pt fni (t) uc(t) pt fni (t)
Ramsey problem using Chamley’s (1986) approach where these constraints are incorporated

1i. We recast the

with the detailed equilibrium conditions for all classes of agents'. More precisely, we recast
the government’s problem as one in which the government chooses allocations to maximize
welfare subject to (5), (4), (3), (1.1), (1.2) and (1.3) for al class i. The problem in
Lagrangian form is.

A

'|'aa ( ct’n )

i i

:::+yt[f°(ka,na)+ P F (K g ) - TaKy - Tk - Wyng - W - TR]!
:|:+fﬂ[f°(kd,nct)- C - gt]

-'-+f2t[fX<kn,n )+ (L= d)(Kg +Ky ) - Keop = Kpoa]
(=3 bt,l+a [ (£) + U (O ]+a , [ur, (0 +ug (O, ]

=0
N

+a i, [ug (1) - FU o+ D{Tos + Pra(d- d)}]

i=1

i=1

|
T
I.
|
:+a m [ug(t) - F” L+ DTy + Pra(d- d)}]
-.-
I

+ae[ptRak' + PR K + Wyl +We Nl - ¢ - PKyy - Pk +TR]
I

©)

* In the approach we follow to characterize the optimal taxation problem, we do not require any additional

restriction on production functions in order to derive our main result. As we will show later, our analysis can
recover the Chamley-Judd result; but for that we do not require any restrictions on production functions. We can
work with the general form of neoclassical production function and show that the optimal capital income tax in a
steady state depends on the relative price difference The Chamley-Judd result holds only if the relative prices of
investment and consumption are same. Since our key intuition is based on the interdependence of capital and
labour margins, we find the hint by Atkeson et al. (1999) relevant.
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N
where y, © @y for y=cn.n ko k TR and y  fy f oy, mm,mh,m ef are

i=1
Lagrange multipliers for (5), (1.1), (1.2&1.3), (4a), (4b), (4c), (4d) and (3), respectively.
Notice that since in the Ramsey problem the budget constraint and first order conditions of
each class of agents are included, the socia marginal value of an increment in the capita
stock depends now on whose capita stock is augmented. If in equilibrium all classes behave
in the same manner, their unilateral actions determine the social marginal value of capital. In

this section we derive the equilibrium in the general casefor al class i .

The Ramsey problem’s first order condition with respect to k,,, and K., are:

f 2t + eti pt = b{y t+1[ fkc(t +1) - i;::t+1] +f :I.t+11:kc(t +1) +f 2t+1(1_ d) + eti+1[i;::t+1 + pt+1(1_ d)]}

(7.2)
fo+e P =b{y P FX(E+D) - ]+ [ X+ D + (- d)] +el [Ty + Pra(l- )]}
(7.2
and with respect to n!, and n!, are:
a'u )+ +F ) () =W - &) (7.3
a'u, O+ p ) M) =W - e) (74)
Proposition 1: In a two sector economy with heterogeneous agents, the

steady state tax rate on capital income from investment sector is zero.

Proof: The time invariant version of (7.2), after substituting for equilibrium factor
prices, is:
f,+pe'[l- b(p'f, +1- d)] =bly (r, - F) +f,(p™'r, +1- d)] (8.1)

The time invariant version of (4d) for dl classi is

1=b[p'r, +1- d] (8.2

10



Since optima taxes generate dlocations that satisfy both (8.1) and (8.2), in (8.1)
1- b(p'r, +1- d) =0, and thus:

fo[1- b(p™r, +1- d)] = by (r, - T,) 83

(8.2) and (8.3) together imply:

b(F, - r)pf,+y)=0 (84)

Since (pf,+y)*0b®0, it must be tha Ransey taxes saisfy

(r,-r)=0i.eq*=0.

In the current environment, the zero capital income tax policy is optimal for income from
capitd in the investment sector. Notice that Ramsey optimality condition in a Steady state,
(8.3), has a graightforward interpretation. Rewrite (8.3) as.

f, =bly (r, - ) +f,(f +1- d)] (8.5)

(8.5) states that a margina increment of capital in investment sector increases the quantity of
available capital goods by the amount [ f,* +1- d], which has socia marginal value f ,. In

addition, there is an increase in tax revenues equa to [r, - T,], which enables the

government to reduce other taxes by the same amount. Since y is the shadow price of
government’s resources, the reduction of this excess burden equals y [r, - T,]. The sum of
these two effectsis discounted by discount factor b , and is equa to the social marginal value
of capita in investment sector, given by f,. Since the optima policy isto set q* =0,
investment in investment sector is consistent with the condition 1= b(f* +1- d), which

characterizes the socially optimal allocation of capital.

Proposition 2: In a two sector economy with heterogeneous agents, the

steady state tax rate on capital income from consumption sector is given by

11



b +)A-t)fe

1-q° = _ —
f2(1-t X)anU;]C Ty (1-t C)fnculnx
Proof: The time invariant version of (7.1), after substituting for equilibrium factor
prices, is:
f,+pe'[l- b(p'f, +1- d)] =bly (r,- 7)) +f,r, +f,(L- d)] (9.9

Thetimeinvariant version of (4c) for al class i is

1=b[p'r, +1- d] (9.2)

Since optimal taxes generate dlocations that satisfy both (9.1) and (9.2), in (9.1)
1- b(p'r, +1- d) =0, and thus:

foll- b(@-d)]=bly (r. - ) +fr] (9.3

(9.2) and (9.3) together imply:

@-q°)pf,+y )=y +f, (94)

Since (4a) and (4b) hold for al class i, and since the optimal tax policy generates
implementable alocations, the optimal tax policy must be consistent with equilibrium price of

investment goods, which is given by (4€). Invoking the equilibrium pricein (9.4) gives

1- qc — 6’ +fl)(1_t C)fncuriw
f,@-t*)f u, +y @-t°)flu,

Proposition 2 says that in a steady state the optimal capital income tax in the consumption
sector is in generd different from zero. This result is one of the main contributions of the
current paper. Notice that the intuition behind this result can be drawn from the
interdependence of capital and labour margins in this multi-sector economy. Unlike a one
sector neoclassicd model where the final good is either consumed or invested to augment

capital stock, in the current economy capital is a good produced in a different sector. Thisis

12



why equilibrium capital and labour margins are interdependent. Since capital and labour
margins are interdependent, equilibrium price of investment goods depend on the optimal
policy of taxing labour income and equilibrium labour margins. Together with the steady state
versions of the Euler equations (4c) and (4d), it is straightforward to verify that the optimal

policy of taxing income from capital and labour are a so interdependent.

Let us characterize the optimal capital income tax rate in consumption sector which will
explain why it is nonzero in genera, and zero only conditionally. More precisely, we will
show that the optimal capital income tax policy depends on the relative price of investment
goods, which in turns depend on the optimal policy for taxing labour income. Due to this
interdependence, there exists only one equilibrium price of investment goods for which it is
optimal to tax capital income tax in consumption sector at zero rate. The zero capital income

tax policy is therefore one of many implementable optima policies. To simplify the

i
nx

derivations, we impose the restriction u,i1C =u_ on preferences, i.e. we assume that the
margina disutility from working in two sectors is same. This is common with utility functions

of thetype u' =u(c/,1- ni - n.). The equilibrium price of investment goods simplifies to:

1-t°)f°
:—( ), (9.5
(1_ t X) an
With (9.5), in a steady state the optimal capital income tax rate in consumption sector is given
by:

+f)@A-t°)fy
1_ qc - @ 1)( ) n (96)
Fo-t ) +y @-t5) 7
Proposition 3: In a two sector economy with heterogeneous agents, the

steady state tax rate on capital income from consumption sector is zero if and
only if in equilibrium price of investment goods and price of consumption goods
are equal. This policy is supported by a labour income tax policy that prescribes

equal labour income tax rates across sectors.

Proof: Usng (9.5), rewrite (9.6) as.
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1‘ qc - (y +fl)

pf,Hy &7

which is same asin (9.4). In this proof we will first show that in a steady state of the Ramsey

equilibrium, a zero capital income tax policy generates a set of alocations and prices in which
price of investment goods and price of consumption goods are equd (i.e. q° =0P p=1).
Then we show that if in equilibrium price of investment goods and price of consumption

goods are equa, the optimal policy is to set zero tax on capita income from consumption

sector (i.e. p=1b q°=0).

For the first proof, rotice that in (9.7), f, = p'f, U q°=0. This implies that a zero
capital income tax in consumption sector is optimal if and only if p = (f,) 'f ,. Thusazero

capital income tax in consumption sector is optima if and only if in equilibrium price of
investment goods is equd to the ratio of socid marginal vaue of investment goods to social
margina vaue of consumption goods. Rewrite (9.3) as:

f,=bly (r,- r)+f £ +f,(1-d)] (9.8)

If in asteady state of the Ramsey equilibrium, the government taxes capital income from

consumption sector at zero rate, (9.8) together with the condition p = (f,) ' , implies:
1=Db[(f,) ', fS +1-d] 9.9

The zero tax policy is optima only if the resulting allocations replicate the socialy optimal
alocation of capital in consumption sector, for which 1= b(f° +1- d) must hold. Together
with (9.9), thisimplies that in a steady state of the Ramsey equilibrium if the government sets
q° =0, it should generate alocations that are consistent with (f,) *f, =1, i.e. alocations

consistent with p =1.

We row show the converse. Say in equilibrium price of investment goods and price of

consumption goods are equdl, i.e. p =1. From (9.7),

14



b )
1- = 9.10
@ =y (.10

which now defines the optimal capita income tax policy in a steady state. This policy
generates dlocations which are consistent with steady state of both the decentralized
equilibrium and the Ramsey equilibrium, i.e. this policy must satisfy:

ey +f u
1=b@ 1 fe 41 dy (9.11)
g +f2 u
é & f. 0 u
f,=baf al- L i 2uf 15 +f,(L- d)g (9.12)
é y +f2ﬂ a

(9.11) and (9.12) together imply that the optimal policy implements socially optimal level of
y +f,
f

2

capita alocation if the optimal policy is consistent with the condition =1. Theonly

optimal policy that satisfies this condition istoset q° = 0.

If p=1, consder (7.3) and (7.4) in a steady state, and impose the preference restrictions.

This gives:

_a'u, +(f +y ) fy

1-t oy oh (9.13)
1-tx =2ty )y (9.14)
W, - e')

From (9.5), (9.13), (9.14), it is straightforward to show that if in equilibrium price of

investment goods and price of consumption goods are equal, f S = f), and thus

q°=00t°=t*,

Following proposition 3, if price of investment goods and price of consumption goods are not
equa in equilibrium, the government can implement an optimal policy that taxes/subsidizes

capital income in consumption sector and taxes labour income from two sectors at different
rates in order to undo the capital income tax distortion. Notice that with u], =u!_, the

competitive equilibrium condition (4g) is consistent with production efficiency condition if
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@-9°)@-t*)=@- q™)(@-t°). With proposition 1, i there is no difference in relative
prices (of consumption and investment), the policy that satisfies production efficiency must
involve q° =0,t © =t * (proposition 3). This policy is one of many implementable Ramsey
policies, which is optima only if there is no difference in relative prices. This anaysis

recovers the Chamley-Judd result in the current setting. If that is not the case, the optimal

policy that serves efficiency purpose includes q° =1- g—:i:; with t°1t*. Let us
consider an example. Say the economy is in a Steady state with an inefficiently large
production of consumption goods and low production of investment goods, such that
investment goods are more expensive than consumption goods. The (long run) optimal policy
should encourage production of investment goods by setting a tax on capital income and a
higher tax on labour income from consumption sector. This policy, supported by a zero
capital income tax and a lower labour income tax in investment sector, encourages agents to
shift more capital and working hours to the investment sector, which in turns increases

investment goods production and minimizes the relative price difference.

The Ramsey equilibrium conditions explain how the distortions of a capital income tax can be
undone. Consider (9.8), which states that a marginal increment of capital in consumption

sector increases the quantity of available consumption goods by the amount f,°, which has
socid margina value f,. This increment is adjusted by capital depreciation in investment
sector, which has socia marginal value f ,. Thus the aggregate increment in the quantity of
available consumption goods net of depreciation in socal margina vaue terms is equa to
[f,fS +f,(@- d)]. The first term is due to an increase in capital in consumption sector,

while the second terms stands for an indirect increase in production of consumption good
through increase in depreciated capital in investment sector. Thisis obvious since in a steady
state of the Ramsey optimum, the capital income tax in investment sector is zero, and it is
optimal to keep depreciated capital in investment sector. The increased tax revenue, equa to

[r. - 1.], enables the government to reduce other taxes by the same amount, and the
reduction of this excess burden equalsy [r, - T.]. The sum of these two effects is discounted,

and is equal to the socia marginal value of the available capitd.
It is optimal to set zero tax on capital income from consumption sector when social margina

value of investment and consumption goods are same, implying in turns that their relative

prices are same. Any difference in socia margina value of these two is reflected in arelative

16



price difference, which can be undone by the optimal policy that taxes/subsidizes capita
income in consumption sector and sets differential labour income tax rates. It cannot be
optimal to set nonzero tax on capital income from investment sector as it removes the shifting
option. In that sector, a zero capital income tax allows agents to shift depreciated capital to
that sector aong the transition, and avoid compounding capital tax liabilities in consumption
sector. The optimal capital income tax in consumption sector is thus not zero, in general, and

the Chamley-Judd result is a specia case in this setting.

4. The Two Sector Two Class Agents’ Economy.

We now illustrate the case of 2 classes of agents in a two sector model following Judd's
(1985) version of heterogeneity. This enables us to examine the redistributive properties of
the optimal policy when agent classes have distinct exogenous restrictions on investment and
work. Assume there exist two classes of agents in the model economy, such that il {1,2},
and each class is of measure one. Agent type 1 are workers who only work and do not save,
and agent type 2 are capitaists who only save and do not work. We will continue with the
same set up in production sectors and for the government. We will continue with the notation
M © @- gl w, © (-t )w,; jT {C, X}. In addition, in order to simply the algebra,
we will assume that workers' utility function is separable in consumption and leisure, linear in
labour services, and that margina disutility from working in the two sectors are same. In
particular, we assume that workers have preferences described by the utility function over

infinite horizon

¥
Ulc g b'ul(c,1- nk- nk) (10)

t=0
The workers budget constraints for dl time t are:
Cp =Wy Ny + W, Ny +TR (12)
The representative worker is endowed with one unit of time at each period, and chooses

consumption and labour supply to maximize (10) subject to (11). The consolidated first order

conditions, assuming U’ (t) =u, (t) =u}(t), include (11) and:
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Up(t) =-ug(w,;  jT {C,X} (12

J

The capitaists do not work and only invest by purchasing investment goods and renting
capital to firms. Each capitalist is endowed with k2 >0 units of capital at period 0. They

have preferences described by the utility function over infinite horizon

¥
U2° Q b'u*(c?) (13)

t=0
Budget constraint for capitalists for al time t is:

€7+ P (Kau +Kour) = To kg + Tk + (- d)(kg +kg)p, +TR? (14)

The representative capitalist chooses {c¢’,kZ,,,Kk%,,} 1, in order to maximize (13) subject to

(14). The consolidated first order conditions that characterize their equilibrium behaviour
include the transversality conditions, (14), and the Euler equation:

. 0 n
u2(t) = bu§<t+1)hgil +1-d3 iT{C,X} (15
t t+1 ﬂ

Since firms problems are unchanged, the competitive equilibrium factor prices in this model

aer, = f°(t),w, = f (t),r, =p, f (), w, =p,f. (t). Theresource constraints are:

fe(ks ng)-¢ - ¢ - g =0 (168)

Pk M) +(1- d)(kg +Ke) - (Ky +K,0) =0 (160)

We continue with the assumption that government expenditure is exogenous, and government

can commit to a plan of tax rates. The government budget constraint for al time t is:

9 +TRtl +TR12 = fc(kctz'nit)"' ptf X(kft’nit)' i:ctkcrf - rxtkft - \Tvctnit - Wnnit
17
Given the current model, a feasible alocation is a sequence {k;,kZ,c,cZ,n;,n,, g}

that satisfies equations (16a) and (16b); a price system is a Stuple of nonnegative bounded
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sequences {W,,W,,ly,l, P }io; @ government policy is a 7-tuple of sequences
{tetxa59,9,TR,TR}.,. A competitive equilibrium in this economy is a feasible
allocation, a price system, and a government policy such that (a) given the price system and
the government policy, the alocation solves both sets of the firms' problems and the agents

problems, and (b) given the allocation and the price system, the government policy satisfies
the sequence of government budget constraints (17).

There are many competitive equilibria ndexed by different government policies, and this
multiplicity motivates the Ramsey problem. Assume that the government has a social welfare
function that is a positively weighted average of individua utilities, with the weight

. ~ 2 .
a'3qgil {1,2}, é_ a' =1. The Ramsey problem’s Lagrangian is;

i=1

i
jalul(c,1- nf - nh)+au’(c?)
by [0 (GNG) + P (kN ) - Tk - Tk - Weng - Wy, - g, - TRE- TRY]
L7 - - - )
P+ o X2 L) + (- d)(KE +K2) - (K2, +k2,,)]
= d e (t)+u (OF, ]+ M (U, (1) + U (O, ]
t=0 T
T
T
T
T
)

+ my[ug (1) - p U (t+ I + Pra(L- d)}]

t

+ i [ug ) - 0 LY c DT + Pra(l- d)}]

t
:+e [W,n, +W,n, +TR' - ¢']
f+ellTaks +Toke +(L1- d)(kg +kg)p, +TR? - ¢ - P (Kaur +Kin)]

(18)

The first order condition with respect to k3., is

fotelp =bly ol fE+D)- T l+f R+ +f (- d) +el [T, + P, (@- d)]}
(19.1)

and with respect to k2., is
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fatelp =bly ulp, it +D) - o+ f o [ft+D)+(1- d)]+ e[y + pua (- d)]}

(19.2)
and with respect to n}, and n;, are:
alu, M)+ +f )70 =W, - &) (193
'O+ P+ ) () =W - &) (194)

The conditions (19.1), (19.2), (19.3) and (19.4) are symmetric to conditions (7.1), (7.2), (7.3)
and (7.4), respectively. Furthermore, symmetry of (4a), (4b) from the general model (given
the preference restriction), and (12) from the current model, and symmetry of (4c), (4d) from
the genera modd and (15) from the current modd imply that the current set up is also

covered by the preceding analysis of optimal taxation in a steady state. In this set up,

therefore, proposition 1, 2, and 3 hold; i.e. if there is a steady state, optimal capital income tax
rate in investment sector is zero, and optimal capital income tax rate in consumption sector is
in general different from zero.

We now discuss the redistributive properties of this optimal policy under the current setting.
We will only focus on redistribution in a limiting steady state, and will not discuss about how
much redistribution is accomplished in the transition period. We first consider the specia case

that extends Chamley-Judd result in our setting. In deciding the optimal policy, a * plays no

role, and thus we can conduct this analysis from the point of view where government cares

only about workers welfare, i.e. a' >a ? =0. If investment good s price and consumption
good's price are same in equilibrium, optimal capital income tax rate is zero. With this policy,
the government collects al revenue to finance its purchases by levying labour income taxes.
Even if the government cares only about the workers welfare, there will not be any
redistribution in the limit. This result extends one of Judd’'s (1985) main results to the current
Setting.

If investment goods are more expensive than consumption goods, say, it is optimal to tax
capital income and set higher labour income tax in consumption sector. With this policy, the
government collects revenue from three tax instruments, and both workers and capitalists bear
the burden of taxes. This happens even if the government cares only about the workers

welfare. With this policy, there is redistribution in the limit. We therefore show that a capital

income tax can serve efficiency as well as redistributive purposes. If investment goods are
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cheaper than consumption goods, say, it is optimal to subsidize capita income in
consumption sector, which is accomplished by levying taxes on labour income. The revenue
collected from labour income taxation will be used for both government purchases and capital
subsidy. Since we assume there is no lump sum tax, the optimal policy involves some
redistribution in the limit in the form of capital subsidy.

5. Concluding Remarks.

We examine optimal income taxation in a two sector economy with heterogeneous agents.
We contribute by showing that in such an economy, if the competitive equilibrium has a
steady state, the optima capital income tax rate in consumption sector is in general different
from zero. This result can be extended to a more genera result if one replaces the sector-
specific income taxes with one capital income tax rate and one labour income tax rate which
are applied to capital income and labour income from both sectors (the average effective tax
rates on capital income and labour income). This simplification assists in smoother algebra
and the optimal policy, given such a tax code, is similar to what we have found. This tax
code, however does not explain the characteristics of a tax mix. Our analysis shows that if
there is a difference between equilibrium prices of investment and consumption, the optimal
policy is to set zero tax on capita income from investment sector, a tax/subsidy on capital
income from consumption sector, and different rates of labour income taxes across sectors.
Our tax code thus assists in explaining how the shifting occurs. In the modd with workers and

capitalists, we show that our tax code explains the redistributive property of the optimal
policy.
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