
Cortés Espada, Josué Fernando; Ramos-Francia, Manuel

Working Paper

A macroeconomic model of the term structure of interest
rates in Mexico

Working Papers, No. 2008-10

Provided in Cooperation with:
Bank of Mexico, Mexico City

Suggested Citation: Cortés Espada, Josué Fernando; Ramos-Francia, Manuel (2008) : A
macroeconomic model of the term structure of interest rates in Mexico, Working Papers, No.
2008-10, Banco de México, Ciudad de México

This Version is available at:
https://hdl.handle.net/10419/83742

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/83742
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


Banco de México
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Abstract
This paper investigates how different macroeconomic shocks affect the term-structure
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1 Introduction

This paper investigates how di¤erent macroeconomic shocks a¤ect the term-structure of

interest rates in Mexico. In particular, we develop and estimate a model that combines

an a¢ ne no-arbitrage �nance speci�cation of the term structure in the tradition of Ang

and Piazzesi (2003) with a small scale macroeconomic model for a small open economy. The

a¢ ne no-arbitrage speci�cation allows risk premia to be time-varying, while the macro model

introduces structure on the dynamics of the macro variables and thus allows us to identify

how structural shocks a¤ect the economy (the no-arbitrage literature typically uses vector

autoregressive processes to describe the dynamics of the state variables).

Describing the joint behavior of the yield curve and macroeconomic variables is important

for bond pricing, investment decisions, �scal and monetary policy, among others. Recent

theoretical and empirical research in �nance has led to a better understanding of the dynamic

properties of the term structure of interest rates. Most term structure models use latent

factors to explain term structure �uctuations, for example, Du¢ e and Kan (1996), Dai and

Singleton (2000) and Du¤ee (2002). These models are developed under the assumption of

no-arbitrage, and they can capture some important features of the yield curve by using

the latent factors. However, they fail to explain what macroeconomic variables a¤ect these

latent variables. In a di¤erent approach, many empirical studies use Vector Autoregressive

(VAR) models to explain the joint behavior of the term structure of interest rates and

macroeconomic variables. For example, Campbell and Ammer (1993) use a VAR model to

study excess stock and bond returns, and their results show that stock and bond returns in

the US are driven largely by news about future excess stock returns and in�ation. Evans and

Marshall (2001) also use a VARmodel to investigate the impacts of monetary and real shocks

on various interest rates. They �nd that the shocks to monetary policy have a pronounced but

transitory e¤ect on short-term interest rates, with almost no e¤ect on long-term interest rates.

In contrast, the shocks to employment have a long-lived impact on interest rates across the

maturity spectrum. VAR models are useful to examine the impact of macroeconomic shocks

on various interest rates through impulse response functions. However, there are several

disadvantages to using VAR models to study the term structure of interest rates. First, one
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can only study the e¤ects of macroeconomic variables on those yields of maturities that are

included in the model. The VARmodels do not describe how yields of maturities not included

will respond to changes in the macroeconomic variables. Second, the predicted movements

of the yields with di¤erent maturities in the VAR models may not rule out arbitrage, since

the unrestricted VAR models do not require that the movement of various interest rates

provide no-arbitrage opportunities. By contrast, an arbitrage free term structure model

provides a complete description of how the yields of all maturities respond to the shocks to

the underlying state variables.

In this paper, we combine an a¢ ne no-arbitrage �nance speci�cation of the term structure

with a structural macroeconomic model for a small open economy. We incorporate macro-

economic variables as factors in a term structure model by using a factor representation for

the pricing kernel, which prices all bonds in the economy. This is a direct and tractable way

to modelling how macro factors a¤ect bond prices.

Our article is part of a rapidly growing literature exploring the relation between the term

structure and macroeconomic dynamics. Kozicki and Tinsley (2001) and Ang and Piazzesi

(2003) were among the �rst to incorporate macroeconomic factors in a term structure model.

Our paper di¤ers from these articles in that all the macro variables obey a set of structural

macroeconomic relations. This facilitates a meaningful economic interpretation of the term

structure dynamics. For instance, we can trace the impact of macroeconomic shocks on the

term structure of interest rates. Moreover, the implied interactions between macroeconomic

variables and the term structure of interest rates are more general in our framework than in

the articles we mentioned.

Three related studies are Rudebusch andWu (2004), Hordahl, Tristani and Vestin (2006),

and Bekaert, Cho and Moreno (2005), who also append a term structure model to a New-

Keynesian macro model. All these papers study the joint dynamics of bond yields and

macroeconomic variables in a closed economy framework.

In this paper, we investigate the joint dynamics of bond yields and macroeconomic vari-

ables in a small open economy framework. The domestic yield curve is modeled in the

a¢ ne term structural framework, and the price of risk depends on both domestic and foreign

macroeconomic variables.
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Our main �ndings are as follows. As in developed markets (Ang and Piazzesi 2003),

results from the estimation of the model show that term premia are countercyclical, and

that they increase with the level of the in�ation rate. In addition, our model delivers strong

contemporaneous responses of the entire term structure to various macroeconomic shocks.

For example, shocks that are perceived to have a persistent e¤ect on in�ation (i.e. a persistent

cost-push shock) a¤ect the level of the yield curve. The e¤ect on medium and long-term

yields results from the increase in expected future short rates and in risk premia. With

respect to demand shocks, our results show that a positive demand shock leads to an upward

�attening shift in the yield curve. In this case, the �attening of the curve is explained by

both the monetary policy response (the monetary authority increases the short-term interest

rate following this shock), and the time-varying term premia.

The remainder of the paper is organized as follows. Sections 2 and 3 outline the struc-

tural macroeconomic model and the term structure model respectively. Section 4 discusses

the estimation methodology, while section 5 presents and analyzes the results. Section 6

concludes.

2 Macroeconomic Model

We present a small open economy New-Keynesian model featuring a Phillips curve, an IS

curve and a monetary policy rule with two additions. First, we assume that total in�ation

is a weighted average of core and non-core in�ation. The dynamics of core in�ation are

described by a New-Keynesian Phillips curve, while non-core in�ation follows an AR(1)

process. Second, given the empirical evidence against the uncovered interest rate parity

(UIRP), we incorporate the lagged real exchange rate in the UIRP equation.

2.1 Aggregate Supply

The aggregate supply equation describes the dynamics of in�ation. The aggregate supply

equation that we use in the model is of the Phillips curve type estimated by Svensson (1998).

We can derive a forward looking Phillips curve linking in�ation to future expected in�ation

and the output gap using Calvo�s pricing framework with monopolistic competition in the
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intermediate goods markets. If we assume that the fraction of price-setters which does not

adjust prices optimally, indexes their prices to past in�ation, we obtain endogenous persis-

tence in the AS equation. Consequently, we obtain a standard New-Keynesian aggregate

supply curve relating core in�ation to the output gap:

�ct = a1�
c
t�1 + a2Et

�
�ct+1

�
+ a3xt + �

AS
t (1)

where �ct is core in�ation, xt is the output gap, and �
AS
t is an exogenous supply shock.

a3 captures the short-run tradeo¤ between in�ation and the output gap and a1 characterizes

the endogenous persistence of in�ation, where a1 + a2 = 1 since the AS curve satis�es the

property of dynamic homogeneity.

Since we are modelling a SOE, we need to incorporate the e¤ects of the exchange rate on

in�ation. Several authors like McCallum and Nelson (2001), and Gali and Monacelli (2005)

have developed SOE economy versions of the AS equation:

�ct = a1�
c
t�1 + a2Et

�
�ct+1

�
+ a3xt + a4

�
�et + �

USA
t

�
+ �ASt (2)

where �et denotes the change in the nominal exchange rate, �USAt denotes U.S. in�a-

tion, and the parameter a4 represents the pass-through of the nominal exchange rate and

U.S. in�ation to domestic in�ation. Since the AS curve satis�es the property of dynamic

homogeneity a1 + a2 + a4 = 1:

The change in the real exchange rate is de�ned as follows:

�qt = �et + �
USA
t � �t (3)

where qt denotes the real exchange rate, a higher qt denotes a depreciation of the SOE

currency. �t denotes total in�ation, and is equal to:

�t = !�
c
t + (1� !)�nct (4)
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We assume that non-core in�ation follows an AR(1) process:

�nct+1 = �0 + �1�
nc
t + �

nc
t+1 (5)

2.2 Aggregate Demand

In a closed economy, the aggregate demand equation is usually derived from the �rst order

conditions for a representative agent in a general equilibrium model. Since standard ap-

proaches fail to match the persistence in the output gap, recent studies like Fuhrer (2000),

and Cho and Moreno (2005) derive an alternative IS equation from a utility maximizing

framework with external habit formation:

xt = b1xt�1 + b2Et (xt+1) + b3 (it � Et�t+1) + �ISt (6)

where it is the short-term interest rate. The residual �ISt is an aggregate demand shock, in

this equation the habit formation speci�cation imparts endogenous persistence to the output

gap. The parameters b1 and b2 depend on the level of habit persistence and the risk aversion

parameter.

We follow McCallum and Nelson (2001), and Gali and Monacelli (2005) and specify the

aggregate demand dynamics as:

xt = b1xt�1 + b2Et (xt+1) + b3 (it � Et�t+1) + b4xUSAt + b5qt + �
IS
t (7)

The IS equation provides a description of the dynamics of aggregate demand, which is

a¤ected by movements in the short-term real interest rate, the real exchange rate and the

U.S. output gap. The forward looking term captures the intertemporal smoothing motives

characterizing consumption.
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2.3 Monetary Policy Rule

We assume that the monetary authority sets the short-term interest rate according to a

simple Taylor rule:

it = �it�1 + (1� �)
�
it + d1 (�t � ��t ) + d2xt

�
+ �MP

t (8)

The central bank reacts to high in�ation and to deviations of output from its trend. The

parameter d1 measures the response of the Central bank to in�ation, while d2 describes its

reaction to output gap �uctuations. ��t is a time-varying in�ation target and it is the desired

level of the nominal interest rate that would prevail when �t = ��t and xt = 0: We assume

that ��t and it are constant. The parameter � captures the tendency by central banks to

smooth interest rate changes (see Clarida, Gali and Gertler (1999)), and �MP
t is an exogenous

monetary policy shock.

2.4 Real Exchange Rate

Uncovered interest parity predicts that high yield currencies should be expected to depreci-

ate. It also predicts that, ceteris paribus, a real interest rate increase should appreciate the

RER. Nevertheless, there appears to be overwhelming empirical evidence against the UIRP.

Given the empirical evidence against UIRP we incorporate the lagged real exchange rate in

the UIRP equation:

qt = c1qt�1 + c2
�
Et (qt+1) +

�
iUSAt � Et�USAt+1

�
� (it � Et�t+1)

�
+ �qt (9)

if c1 = 0; and c2 = 1, then UIRP holds. �
q
t is an exogenous real exchange rate shock.

2.5 Exogenous Variables

We assume that the U.S. variables �USAt ; xUSAt ; iUSAt are exogenous and follow a VAR(2)

process. Both domestic and foreign structural shocks are assumed to be independent and

identically distributed with homoskedastic variances. Our macroeconomic model can be
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expressed in matrix form as:

Q

24 X1;t+1

EtX2;t+1

35 = Z
24 X1;t

X2;t

35+Bit +
24 �1;t+1

0

35 (10)

whereX1;t is a vector of predetermined variables, X2;t is a vector of forward-looking variables,

it is the policy instrument and �1;t+1 is a vector of independent and identically distributed

shocks. We also assume that �1;t  N (0;�), where � is a diagonal matrix with constant

variances. The short-term nominal interest rate can be written in the feedback form:

it = �F

24 X1;t

X2;t

35 (11)

The coe¢ cients of matrices Q; Z; B and F are de�ned by the structural equations of

the domestic and foreign country macroeconomic variables. Under regularity conditions, the

solution of the model can be obtained numerically following standard methods. The rational

expectations equilibrium can be written as a �rst-order VAR:

Xt = c+ 
Xt�1 + ��t (12)

whereXt =
�
�ct ; xt; it; qt; �

nc
t ; �

USA
t ; xUSAt ; iUSAt

�0
and �t =

�
�ASt ; �

IS
t ; �

MP
t ; �qt ; �

�nc

t ; ��
USA

t ; �x
USA

t ; �i
USA

t

�0
.

Hence, the implied model dynamics are a VAR subject to a set of non-linear restrictions.

Note that 
 cannot be solved analytically in general. We solve for 
 numerically using the

QZ method. Once 
 is solved, � and c follow straightforwardly.

The laws of motion of the state variables have been obtained endogenously, as functions

of the parameters of the macroeconomic model. This contrasts with standard a¢ ne models,

where both the equation for the short-term interest rate and the laws of motion of the state

variables are postulated exogenously.
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3 Macro-Finance Term Structure Model

The term structure of interest rates can be characterized by a¢ ne term structure models.

These models are based on an explicit no-arbitrage condition in �nancial markets. The

assumption of the absence of arbitrage opportunities seems quite natural for bond yields.

Most bond markets are extremely liquid, and arbitrages opportunities are traded away im-

mediately. Although a vast variety of a¢ ne term structure models exists due to the number

of latent factors and the explicit formulation of their stochastic processes, they all share a

common feacture: in the single factor case the only risk factor equals the short rate, whereas

in multi-factor cases the short rate is a combination of multiple risk factors. Monetary

plocy rules share the same structure, once the risk factors are interpreted as macroeconomic

variables. Therefore, the short-term interest rate is a critical point of intersection between

the �nance and macroeconomic perspectives. From a �nance perspective, the short rate is a

fundamental building block for rates of other maturities because long yields are risk-adjusted

averages of expected future short rates. From a macro perspective, the short rate is a key

policy instrument under the direct control of the central bank, which adjusts it in order to

achieve the economic stabilization goals of monetary policy. Together, the two perspectives

suggest that understanding the manner in which central banks move the short rate (the

policy rate) in response to macroeconomic shocks should explain movements in the short

end of the yield curve. With the consistency between long and short rates enforced by the

no-arbitrage assumption, macroeconomic shocks should account for movements in long-term

yields as well. Combining the two lines of research could sharpen our understanding of the

dynamics of the term structure of interest rates.

Dynamic term structure models have three basic components:

1. A collection of state variables. These state variables may be latent or observable such

as macroeconomic variables.

2. A description of the dynamics of the state variables.

3. A mapping between the state variables and the term-structure of interest rates. The

mapping can either be theoretically motivated and constructed so as to avoid arbitrage
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opportunities or constructed solely based upon empirical considerations.

To build a term-structure model we require a number of assumptions. The �rst assump-

tion is that the state vector in�uencing the term-structure of interest rates includes only

macroeconomic variables. This means that the term-structure of interest rates is a function

of a set of macroeconomic variables:

ynt = F (Xt; n) (13)

where ynt is the yield to maturity of an n-period zero-coupon bond, and Xt is the vector

of macroeconomic variables.

The second assumption is that there are no-arbitrage opportunities in the Mexican gov-

ernment bond market. The government bond market in Mexico is extremely liquid, so

arbitrage opportunities would be traded away immediately by market participants. The

assumption of no-arbitrage thus seems natural for Mexican bond yields. We use this as-

sumption to develop the mapping from the state variables to the term structure of interest

rates. First, we derive the relationship between the policy rate and the term structure of

interest rates. Second, we relate the term structure to macroeconomic variables.

The no-arbitrage assumption is equivalent to the existence of a pricing kernel or stochastic

discount factor that determines the values of all �xed-income securities. The pricing kernel

is determined by investor�s preferences for state-dependent payouts. Speci�cally, the value

of an asset at time t equals Et [Mt+1Dt+1] ; where Mt+1 is the pricing kernel, and Dt+1is the

asset�s value in t+1 including any dividend or coupon payed by the asset. The pricing kernel

process Mt+1 prices all securities such that:

Et [Mt+1Rt+1] = 1 (14)

In particular, for an n-period bond, Rt+1 =
Pn�1t+1

Pnt
where P nt denotes the time t price of

an n-period zero-coupon bond. If Mt+1 > 0 for all t, the resulting returns satisfy the no-

arbitrage condition (Harrison and Kreps 1979). Because we will be considering zero-coupon

bonds, the payout from the bonds is simply their value in the following period, so that the
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following recursive relationship holds:

P nt = Et
�
Mt+1P

n�1
t+1

�
(15)

The pricing kernel prices zero-coupon bonds from the no-arbitrage condition (15). P nt

represents the price of an n-period zero-coupon bond, and the terminal value of the bond

P 0t+n is normalized to 1. To derive the term structure dynamics, we need to specify a process

for the pricing kernel. A¢ ne term structure models require linear state variable dynamics

and an exponential a¢ ne pricing kernel process with conditionally normal shocks. For the

state variable dynamics implied by the New-Keynesian model in equation (12) to fall in the

a¢ ne class, we assume that the shocks are conditionally normally distributed with zero mean

and variance-covariance matrix equal to �. Following the standard dynamic arbitrage-free

term structure literature, we assume that the pricing kernel is conditionally log-normal, as

follows:

Mt+1 = exp

�
�it �

1

2
�0t�t � �0t�1;t+1

�
(16)

where �t are the time-varying market prices of risk associated with the source of uncer-

tainty �1;t+1 in the economy. The market price of risk parameters are commonly assumed to

be constant in Gaussian models or proportional to the factor volatilities. However, recent

research (e.g. Dai and Singleton 2000), has highlighted the bene�ts in allowing for a more

�exible speci�cation of the market price of risk. We therefore assume that the market�s re-

quired compensation for bearing risk can vary with the state of the economy. In particular,

we assume that the prices of risk are a¢ ne in the state variables:

�t = �0 + �1Xt (17)

where Xt is de�ned by (12). The source of uncertainty in the small open economy

pricing kernel is driven by the shocks to the macro variables. Equation (17) relates shocks

in the underlying macroeconomic variables to the pricing kernel and therefore determines

how shocks to macroeconomic variables a¤ect the term-structure of interest rates. Note that

in a micro-founded framework (Bekaert, Cho and Moreno 2005), the pricing kernel would
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be linked to consumer preferences rather than being postulated exogenously. We prefer this

exogenous speci�cation because the pricing kernel postulated in equation (16) allows more

�exibility in matching the behavior of the yield curve.

The constant risk premium parameter �0 is a vector column, while the time varying

risk premium parameter �1 is a matrix. We assume that the time-varying risk premium

parameter �1 is a diagonal matrix. This reduces the number of parameters to be estimated.

The state dynamics (12), the pricing kernel (16), and the market prices of risk (17) form

a discrete-time a¢ ne factor model. This model falls within the a¢ ne class of term structure

models because bond prices are exponential a¢ ne functions of the state variables. More

precisely, bond prices are given by:

P nt = exp
�
An +B

0
nXt

�
(18)

Using an induction argument and equations (12), (16), and (17), the coe¢ cients An and Bn

are derived from the cross-equation restrictions implied by the no-arbitrage condition (15).

The cross-equation restrictions depend on parameters that describe the state dynamics and

risk premia. The model is a¢ ne in the state vector, but the coe¢ cients are nonlinear

functions of the underlying parameters. In particular, An and Bn follow the di¤erence

equations:

An+1 = A1 + An +B
0
n (c� ���0) +

1

2
B
0
n���

0Bn (19)

B
0
n+1 = B

0
n (
� ���1) +B

0
1 (20)

Therefore, bond yields ynt are a¢ ne functions of the state variables:

ynt = �
logP nt
n

= An +B
0
nXt (21)

where An = �An
n
, and Bn = �Bn

n
.

The yield equation illustrates how the macroeconomic variables in�uence the term struc-

ture of interest rates. Each macroeconomic variable is a factor that describes the cross section

of the term structure at a speci�c point in time. The zero-cupon yield curve is represented

as an a¢ ne function of macroeconomic variables. The prices of risk control how long-term
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yields respond relative to the short rate. The vector �0 a¤ects the long-run mean of yields

because this vector a¤ects the constant term in the yield equation, and the matrix �1 a¤ects

the time-variation of risk premia, since it a¤ects the slope coe¢ cients in the yield equation.

Stacking all yields in a vector Yt; we write the above equations jointly as:

Yt = Ay +ByXt (22)

4 Estimation Method

We estimate the model with monthly Mexican yields and Mexican and US macroeconomic

data. The macroeconomic data are from July 2001 to June 2008.1 The macroeconomic

variables include core in�ation, non-core in�ation, the output gap, the nominal interest

rate, the real exchange rate, the US in�ation rate, the US output gap and the US nominal

interest rate. The 1-month T-bill rates are used as the monetary policy instruments in both

countries. The yield data are from July 2001 to June 2008, and include zero coupon yields

of maturities 3, 6, 12, 24, 36, 60, 84 and 120 months.

Because of the estimation di¢ culty involved with a high dimension maximizing problem,

we follow Ang and Piazzesi (2003) and estimate the model in two steps. In the �rst step, we

use a GMM estimation technique to estimate the macro structural parameters with both US

and Mexican data. Our estimation procedure �nds parameter estimates that minimize the

distance between the �rst and second moments from the model and those from the data.2 In

the second step, we �x these parameters, and estimate the risk premium parameters of the

term structure model by maximum likelihood with Mexican yield data, and with Mexican

and US macroeconomic data. This estimation technique helps to ensure that the macro

parameters are not distorted by the estimation algorithm in an e¤ort to �t the zero-coupon

cross section.

This model provides a particular convenient form for the joint dynamics of the macro

variables and the term structure of interest rates.
1Chiquiar, Noriega and Ramos Francia (2007) �nd that in�ation in Mexico seems to have switched from

a non-stationary process to a stationary process around the end of 2000 or the beginning of year 2001.
2Sidaoui and Ramos-Francia (2008) estimate with GMM the Euler equations that characterize the equi-

librium conditions of small-scale macro model for Mexico using di¤erent samples.
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Let Zt =
�
X

0
t ; Y

0
t

�0
, where Yt = (y3t ; y

6
t ; y

12
t ; y

24
t ; y

36
t ; y

60
t ; y

84
t ; y

120
t )

0
.

Consequently the model that needs to be estimated is the following:

Xt = c+ 
Xt�1 + ��t (23)

Zt = AZ +BZXt (24)

where AZ =

24 0n1�1
Ay

35 ; BZ =
24 In1�n1

By

35
where n1 is the number of state variables and

Ay =

26666666666666666664

A3

A6

A12

A24

A36

A60

A84

A120

37777777777777777775

; By =

26666666666666666664

B03

B06

B012

B024

B036

B060

B084

B0120

37777777777777777775
4.1 MLE Estimation

We now describe the general method we use to estimate the processes governing the risk

premium parameters in �t with the data described above.

4.1.1 State-Space form

For a given set of observable variables, the likelihood function of this model can be calculated,

and the model can be estimated by maximum likelihood. The yields themselves are analytical

functions of the state variables Xt. We use the common approach in the �nance literature of

assuming that yields are measured with error to prevent stochastic singularity. In addition,
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we assume that measurement error shocks and shocks to the state variables are orthogonal.

Using eXt = [X
0
t; 1]

0, we �nd:

eXt+1 = A eXt +B�t+1 (25)

Zt = C eXt + wt (26)

wt = Dwt�1 + �t (27)

where

A =

24 
 c

01�n1 1

35

B =

24 �

01�n1

35

C =
h
Bz Az

i
w represents measurement error and elements of D are the parameters governing serial

correlation of the measurement error. We assume that Et�t�
0
t = R, and Et�t�

0
s = 0 for all

periods t and s. De�ne the quasi-di¤erenced process Zt as:

Zt = Zt+1 �DZt (28)

Then we can rewrite the system as:

eXt+1 = A eXt +B�t+1 (29)

Zt = C eXt + CB�t+1 + �t+1 (30)

where C = CA�DC:
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4.1.2 Log-likelihood function

lnL (�) =

T�1X
t=0

�
ln det (
t) + trace

�

�1t utu

0
t

�	
(31)

The parameters to be estimated are stacked in the vector �, the innovation vector is ut,

and its covariance matrix is 
t.

The innovation vector ut and its covariance 
t are de�ned as follows:

ut = Zt � E
h
Zt j Zt�1; Zt�2; ::::; Z0; bX0

i
= Zt+1 � E

h
Zt+1 j Zt; Zt�1; ::::; Z0; bX0

i
= Zt+1 �DZt � C bXt

which depends on the predicted state bXt:

bXt = E
h eXt j Zt; Zt�1; ::::; Z0; bX0

i

t = Eutu

0
t = C�tC

0
+R + CBB0C 0

The predicted state evolves according to:

bXt+1 = A bXt +Ktut

where Kt, and �t are the Kalman gain and state covariance associated with the Kalman

�lter respectively.

Kt = (BB
0C 0 + A�tC

0
)
�1t

�t+1 = A�tA
0 +BB0 � (BB0C 0 + A�tC

0
)
�1t

�
C�tA

0 + CBB0
�

An innovations representations for the system is:

bXt+1 = A bXt +Ktut (32)

ut = Zt � C bXt (33)

For the maximum likelihood estimation, we �x the macro structural parameters and

15



estimate the term-structure parameters.

5 Results

Section 5.1 interprets the parameter estimates of the macro-�nance term structure model.

To determine the e¤ect of the addition of macro factors into term structure models, we look

at impulse response functions of macro variables and yields to the underlying macro shocks

in section 5.2.

5.1 Parameter estimates

The macroeconomic structural parameters are broadly in line with existing evidence based

on Mexican (monthly) data so we will not analyze them here.3 We concentrate instead on

the term-structure parameters. Tables 1 and 2 present the market price of risk parameter

estimates and their standard errors. The dynamics of the term-structure of interest rates

depend on the short-term interest rate, and on the risk premia parameters �0 and �1. A

non-zero vector �0 a¤ects the long-run mean of yields because this parameter a¤ects the

constant term in the yield equation (21). Table 1 presents the constant risk premia parameter

estimates �0 with standard errors in parentheses. The data generating and the risk neutral

measures coincide if �t = 0 for all t. This case is called the "Expectations Hypothesis".

Macro models typically use the Expectations Hypothesis to infer long term yield dynamics

from short rates. In the Vasicek (1977) model, �0 is non-zero and �1 is zero, which allows the

average yield curve to be upward sloping, but does not allow risk premia to be time-varying.

Negative parameters in the estimated vector �0 induce the unconditional mean of the short

rate under the risk-neutral measure to be higher than under the data-generating measure.

Given that bond prices are computed under the risk-neutral measure, negative parameters

in �0 induce long yields to be on average higher than short yields and the average yield curve

to be upward sloping.

Time-variation in risk premia is driven by the parameters in �1. These parameters a¤ect

the time-variation of risk-premia, since they a¤ect the slope coe¢ cients in the yield equation

3These parameter estimates are presented in Appendix 2.
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Table 1
Parameter estimates with standard errors

Parameter Estimate Std. Error
�0;�c -0.16 (0.003)
�0;i -1.10 (0.12)
�0;q 0.23 (0.003)
�0;x 0.94 (0.45)
�0;iUSA 1.45 (0.48)
�0;�USA -2.23 (0.84)
�0;�nc -0.16 (0.003)
�0;xUSA 0.06 (0.004)

Table 2
Parameter estimates with standard errors

Parameter Estimate Std. Error
�1;�c -0.04 (0.008)
�1;i -0.25 (0.01)
�1;q 0.03 (0.001)
�1;x 0.08 (0.005)
�1;iUSA 1.24 (0.003)
�1;�USA -0.36 (0.13)
�1;�nc -0.04 (0.008)
�1;xUSA 1.92 (0.001)

(21). The more negative the terms on �1, the more positively long-term yields react to

positive factor shocks. Table 2 reports the time-varying risk premium parameters with the

restriction that the matrix parameter �1 is diagonal. Table 2 shows that all the diagonal

elements of �1 are statistically signi�cant. The parameter estimates indicate that risk premia

vary signi�cantly over time. As in developed markets, results from the estimation of the

model show that term premia are countercyclical, and that they increase with the level

of the in�ation rate. The parameter �1x is positive. This means that positive demand

shocks decrease term premiums. Booms tend to make investors more willing to hold long

term bonds, while they require a larger premium during recessions. The parameter �1�c is

negative. This means that the in�ation premium is increasing in the level of the in�ation

rate. Higher in�ation makes long-term bonds riskier and increases the premium that investors

require to hold them.
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5.2 Impulse response functions

Our structural model allows us to compute impulse response functions of macro variables and

yields to the underlying macro shocks. In this section we characterize the dynamics implied

by the term-structure model using standard impulse response functions. The following �gures

show the impulse responses to monetary policy shocks, cost-push shocks and demand shocks.

We show the responses of the macroeconomic variables as well as the responses of yields

to the underlying macro shocks. We start from Figure 1, which displays the impulse re-

sponses to a monetary policy shock. This shock re�ects shifts to the short-term interest rate

unexplained by neither the output gap nor the in�ation gap. A contractionary monetary

policy shock yields a strong response of both cyclical output and in�ation. The interest

rate increases following the monetary policy shock, but after some periods it undershoots its

steady-state level. This undershooting is related to the endogenous decrease of cyclical out-

put and in�ation to the monetary policy shock. The response of the yield curve is decreasing

in the maturity of yields. As expected, the initial shock of a 1% increase in the short rate

dies out gradually across the yield curve. Hence, a monetary policy shock tends to cause a

�attening of the yield curve. The term spreads narrow from an unexpected monetary policy

shock. Figure 2 plots the contemporaneous response of the yield curve to a monetary policy

shock. This shock raises all yields on impact but the initial response is highest for the short

yield, while the initial response of the medium and long yields is small. Hence, the slope of

the yield curve decreases after a monetary policy shock on impact.

Figure 3 shows the impulse responses to a cost-push shock. The monetary authority

increases the short-term interest rate following a cost-push shock. The interest rate moves

slowly because of the high estimated interest rate smoothing coe¢ cient in the policy rule.

The real interest rate decreases initially, but then it increases above its steady-state level for

several periods. Output increases initially, but then it exhibits a hump-shaped decline for

several periods. A cost-push shock raises the level of all yields. The rise in yields is highest

at medium-term maturities around the 2-year maturity. The very short ones move slowly

because of the interest rate smoothing coe¢ cient in the policy rule. Cost-push shocks cause
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a very persistent steepening upward shift in the yield curve.

One advantage of our joint treatment of macroeconomics and term-structure dynamics is

that we are able to analyze the behavior of risk premia. In our model the risk premium varies

over time and increases or decreases as a function of the state variables. The risk premium

on nominal bonds is an a¢ ne function of the state variables. At times when in�ation is

procyclical as will be the case if the macroeconomy moves along a stable Phillips Curve,

nominal bonds are countercyclical, making nominal bonds desirable hedges against business

cycle risk. At times when in�ation is countercyclical, as will be the case if the economy

is a¤ected by a cost-push shock that shifts the Phillips Curve, nominal bond returns are

procyclical. In this context, investors demand a positive risk premium to hold assets whose

payo¤s are procyclical. Figure 4 shows the impulse responses of the yields to the cost-push

shock for the case in which risk premia are time-varying (TVRP), and for the case in which

risk premia are constant (CRP). Risk premia increase after a cost-push shock, implying that

yields increase more when risk-premia are time-varying. Such increase in the yield premium

is highly signi�cant from an economic viewpoint, as it plays a large quantitative role in

shaping the total yield responses displayed in the time-varying risk premia case. Figure 5

plots the contemporaneous response of the yield curve to a cost-push shock for the case

in which risk premia are time-varying (TVRP), and for the case in which risk premia are

constant (CRP). The yield curve increases more in the time-varying risk premia case because

risk premia increases after a positive cost-push shock. Higher in�ation makes long-term bond

riskier and increases the premium that investors require to hold them.

Figure 6 shows the impulse responses to a demand shock, which can also be interpreted

as a preference shock. The demand shock increases output and in�ation, so the monetary

authority increases the short-term interest rate following this shock. Demand shocks also

increase all yields, but the e¤ect is smaller for long-term yields. A demand shock causes

a �attening upward shift in the yield curve. Due to the policy response, the yield curve

increases more at the short and medium term maturities, and moves little at the long end.

Hence, the term spreads narrow from an unexpected demand shock.

Figure 7 shows contemporaneous response of the yield curve to a demand shock. Positive

demand shocks lead to an upward �attening shift in the yield curve. The �attening of the
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curve is explained by the monetary policy response and its e¤ect on in�ationary expectations,

and by the time-varying term premia.

6 Conclusions

We have developed and estimated a model that combines an a¢ ne no-arbitrage �nance

speci�cation of the term structure with a macroeconomic model of a small open economy

to analyze how di¤erent macroeconomic shocks a¤ect the term-structure of interest rates

in Mexico. Our key �ndings are as follows. Term-premia in the Mexican government bond

market are time-varying. Results from the model show that term premia are countercyclical,

and that they increase with the level of the in�ation rate. In addition, our model delivers

strong contemporaneous responses of the entire term structure to various macroeconomic

shocks. For example, shocks that are perceived to have a persistent e¤ect on in�ation a¤ect

the level of the yield curve. The e¤ect on medium and long-term yields results from the

increase in expected future short rates and in risk premia. With respect to demand shocks,

our results show that a positive demand shock leads to an upward �attening shift in the

yield curve. The �attening of the curve is explained by both the monetary policy response

and the time-varying term premia.

We are not aware of any model that combines the �nance and macroeconomic perspectives

of the term structure of interest rates for small open emerging economies. Our results

show that combining these two lines of research helps in understanding the macroeconomic

determinants of the term structure of interest rates. The no-arbitrage framework provides

a complete description of how the yields of all maturities respond to the shocks to the

underlying state variables, and the macro model introduces structure on the dynamics of the

macro variables and thus allows us to identify how structural shocks a¤ect the economy.

7 References

1. Alemán, J. and J. Treviño. (2006), �Monetary Policy in Mexico: A Yield Curve

Analysis Approach�, mimeo, Banco de México.

20



2. Ang, A. and M. Piazzesi. (2003), �A no-arbitrage vector autoregression of term struc-

ture dynamics with macroeconomic and latent variables�, Journal of Monetary Eco-

nomics, 50, 745-787.

3. Ang, A., S. Dong and M. Piazzesi. (2007), �No-Arbitrage Taylor Rules�, NBERWork-

ing paper 13448.

4. Ang, A., M. Piazzesi and M. Wei. (2003), �What does the Yield Curve tell us about

GDP Growth?�, Forthcoming Journal of Econometrics.

5. Bekaert, G., S. Cho and A. Moreno. (2003), �New-Keynesian Macroeconomics and the

Term Structure�, mimeo, Columbia University.

6. Campbell, J. (1995), �Some Lessons from the Yield Curve�, The Journal of Economic

Perspectives, Vol 9, No 3, 129-152.

7. Campbell, J. and R. Shiller. (1991), �Yield spreads and interest rate movements: A

bird�s eye view�, Review of Economic Studies 58, 495-514.

8. Cochrane, J.H. (2001), �Asset Pricing, Princeton University Press�.

9. Cox, J., J. Ingersoll and S. Ross. (1985), �A Theory of the Term Structure of Interest

Rates�, Econometrica 53.

10. Chen, N. and A. Scott. (1993), �Pricing Interest Rate Futures Options with Futures-

Style Margining�, Journal of Futures Markets, Vol 13, No 1, 15-22.

11. Chiquiar, D., A. Noriega and M. Ramos-Francia. (2007), �A Time Series Approach to

Test a Change in In�ation Persistence: The Mexican Experience�, Banco de México

Working paper 2007-01. Forthcoming in Applied Economics.

12. Cortés, J., M. Ramos-Francia and A. Torres. (2008), �An Empirical Analysis of the

Mexican Term Structure of Interest Rates�, Banco de México Working paper 2008-07.

13. Cortés, J. and M. Ramos-Francia (2008), �An A¢ ne Model of the Term Structure of

Interest Rates in Mexico�, Banco de México Working paper 2008-09.

21



14. Dai, Q. and K. Singleton. (2000), �Speci�cation Analysis of A¢ ne Term Structure

Models�, Journal of Finance, Vol. LV, No. 5.

15. Fama, E. and R. Bliss. (1987), �The information in long-maturity forward rates�,

American Economic Review 77, pp. 680-92.

16. Hordahl, P., O. Tristani, and D. Vestin (2006) ; "A joint econometric model of macro-

economic and term structure dynamics", Journal of Econometrics, Vol 131, Issues 1-2,

March-April 2006, 405-444.

17. Litterman, R. and J. Scheinkman. (1991), "Common Factors A¤ecting Bond Returns",

Journal of Fixed Income 1, pp. 54-61.

18. Rudebusch, G. and T. Wu, (2004) ; "A Macro-Finance Model of the Term Structure,

Monetary Policy, and the Economy", Federal Reserve Bank of San Fransisco Working

Paper 2003-17.

19. Sidaoui, J. and M. Ramos-Francia (2008), �The Monetary Transmission Mechanism in

Mexico: Recent Developments�, BIS Papers No 35, 363-394.

20. Vasicek, O. (1977), �An Equilibrium Characterization of the Term Structure�, Journal

of Financial Economics, 5, pp. 177-188.

22



8 Appendix 1

Figure 1

Impulse responses to a monetary policy shock
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Figure 1 (cont)

Impulse responses to a monetary policy shock

Term Structure Term Structure
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Figure 2

Contemporaneous response of the yield-curve to a monetary policy
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Figure 3

Impulse responses to a cost-push shock
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Figure 3 (cont.)

Impulse responses to a cost-push shock
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Figure 4

Impulse responses to a cost-push shock. Time-varying and constant risk
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Figure 5

Contemporaneous response of the yield-curve to a cost-push
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Figure 6

Impulse responses to a demand shock
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Figure 6 (cont.)

Impulse responses to a demand shock
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Figure 7

Contemporaneous response of the yield curve to a demand shock
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9 Appendix 2

This appendix describes the estimation of the macroeconomic parameters. The equations

that characterize the equilibrium of the small open economy are the following:

(i) Phillips Curve [ ] AS
t

USA
ttt

c
tt

c
t

c
t eaxaEaa εππππ ++∆+++= +− )(431211

(ii) IS Curve [ ] ( ) IS
tt

USA
tttttttt qbxbEibxEbxbx επ +++−++= ++− 54131211

(iii) Real Exchange Rate [ ] q
tttt

USA
tt

USA
ttttt EiEiqEcqcq εππ +−−−++= +− ))()(()( 1211

(iv) Taylor Rule MP
tttttt ixddi ερππρ +++−−= −12

*
1 ))()(1(

(v)  Inflation ( ) nc
t

c
tt πωπωπ −+≡ 1

�t denotes the headline in�ation rate, �ct the core in�ation rate, �
nc
t the non-core in�ation

rate, ��t is the in�ation target, xt the output gap, qt the real exchange rate, et the nominal

exchange rate, it the nominal interest rate, and iUSAt ; �USAt and xUSAt denote respectively

the US nominal interest rate, US monthly in�ation and the US output gap. The headline

in�ation rate is de�ned using the weights of the core and non-core price sub-indices on the

CPI which implies that ! is equal to 0.69.

The following tables present the estimated parameters.

Table 3

Phillips Curve

a1 a2 a3 a4

Coe¢ cient 0.46 0.52 0.04 0.02

Std. Error (0.0007) (0.0008) (0.0000) (0.0002)

Table 4

IS equation

b1 b2 b3 b4 b5

Coe¢ cient 0.47 0.30 -0.1 0.16 1.03

Std. Error (0.067) (0.07) (0.02) (0.02) (0.2)
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Table 5

RER equation

c1 c2

Coe¢ cient 0.53 0.47

Std. Error (0.0049) (0.003)

Table 6

Taylor rule

d1 d2 �

Coe¢ cient 1.32 2.48 0.87

Std. Error (0.25) (0.28) (0.07)
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