A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Dufwenberg, Martin

Working Paper

Some Relationships Between Evolutionary Stability Criteria

in Games

Working Paper, No. 1997:3

Provided in Cooperation with:
Department of Economics, Uppsala University

Suggested Citation: Dufwenberg, Martin (1996) : Some Relationships Between Evolutionary Stability
Criteria in Games, Working Paper, No. 1997:3, Uppsala University, Department of Economics,

Uppsala,

https://nbn-resolving.de/urn:nbn:se:uu:diva-2374

This Version is available at:
https://hdl.handle.net/10419/82915

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://nbn-resolving.de/urn:nbn:se:uu:diva-2374%0A
https://hdl.handle.net/10419/82915
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Some rel ationships between evolutionary stability criteriain games

Martin Dufwenberg!

CentER for Economic Research, Tilburg University, The Netherlands
Department of Economics, Uppsala University, Sweden

(December, 1996)

Abstract: The relationships between five stability criteriafor evolutionary games are studied.

Keywords: Evolutionary stability

JEL classification: C72

1 Mailing address: Department of Economics, Uppsala University, Box 513, S-75120 Uppsala, Sweden; tel.:
+46-18-182309; fax: +46-18-181478, e-mail: mart i n. duf wenber g@aek. uu. se. I'm indebted to Jorgen
Weibull who has introduced me to evolutionary game theory and gotten me interested in the topic studied here,

and | thank Handel shankens forskningsstiftel ser for financial support.



1. Introduction

| study the relationships between several "stability" criteria relevant to evolutionary game
theory. The first results, presented in Section 2, concern some established concepts: | show
that neutral stability (Maynard Smith 1982) does not imply robustness against equilibrium
entrants (Swinkels 1992). It is already known that no implication runs the other way (Weibull
1995). | show also that the two criteria taken together do not imply evolutionary stability in
the sense of Maynard Smith & Price (1973).

The second set of results, presented in Section 3, relate to two new stability criteria
which | introduce: robustness against admissible entrants and robustness against iteratively
admissible entrants. The former concept is strictly stronger than the latter. | argue that both
have natural motivations in the spirit of Swinkels' (1992) criterion of robustness against
equilibrium entrants. However, each of the new criteria neither implies nor is implied by
respectively neutral stability and robustness against equilibrium entrants. | show also that
there exist games in which no strategy satisfies any of the hitherto mentioned criteria. Finally,
| show that the last result mentioned in the previous paragraph can be strengthened: Neutral
stability taken together with robustness against both admissible and equilibrium entrants do
not imply evolutionary stability.

The analysis below deals with mixed extensions of finite symmetric 2-player normal
form games. See Weibull (1995) for a detailed presentation of such structures. The following
notation is used: In any given game, A! &£ denotes either of the players set of (mixed)
strategies (infinite-action unless singleton), and u:A” A® A denotes the associated payoff
function. With x,yl A, u(x,y) is the payoff to strategy x when paired against strategy y. The
notation ex+(1-€)% is used to denote the strategy which puts probability weight e on'y, €tc.



2. Resultson established criteria
The following well-known definitions specify conditions under which a strategy may be

deemed more or less impregnable to evolutionary forces:

DErINITION 1 (Maynard Smith & Price 1973): xI A is an evolutionarily stable strategy (ESS)
if "yl Aitholdsthat (i) u(x,x)3 u(y,x), and (ii) u(x,x)=u(y,x) B u(x,y)>u(y,y).

DEerINITION 2 (Maynard Smith 1982): xI A is a neutrally stable strategy (NSS) if " yl A it
holds that (i) u(x,x)3 u(y,x), and (i) u(x,x)=u(y,x) b u(x,y)3 u(y,y).

DEFINITION 3 (Swinkels 1992): xI A is robust against equilibrium entrants (REE) if $e*1
(0,1) suchthat "yl A, ytxand" el (0,e*) it holdsthat yi argmax 4 a u(z,ey+(1-€)%).

It is immediate from the definitions that if xI A is ESS then x is NSS. Swinkels (1992) shows
that if XI AisESSthen xis REE. Weibull (1992, Section 2.3.2) points out that in a game such
that u(a,b)=u(c,d) " a,b,c,dl A (with A not singleton) any strategy is NSS but no strategy is
REE, so neutral stability does not imply robustness against equilibrium entrants. The

following game shows that no implication runs the other way:

a b C
a 11 01 11
b 1,0 11 02
c 1,1 20 00 Gy

In G4, the strategy a is not NSS (b can "invade" in the sense that condition (ii) of Definition 2
isviolated). However, ais REE since" yl A, ytaand" e>0it holds that
yl argmax 4 A U(zey+(1-e)m), asiseasily verified.

A strategy may be both NSS and REE without being ESS. This is an immediate

consequence of the last result of the next section (based on Gg).



3. Reaultsinvolving two new criteria
In order to motivate the two new stability criteria that will be introduced in this section, it is

convenient to first consider areformulation of the REE concept:

DerINITION 3 XI A isrobust against equilibrium entrants (REE) if $e*1 (0,1) such that " yi A
it holds that (i) u(x,x)3 u(y,X), and (ii) u(x,x)=u(y,x) P [u(x,y)>u(y,y) or " el (0,e*) it holds that

yi argmex 4 4 u(zey+(1-e)x)].

Definition 3' is equivalent to Definition 3. To see this, suppose first that strategy xI A is REE
according to Definition 3. Swinkels (1992) shows that (x,X) then must be a (proper) Nash
equilibrium, so u(x,x)3 u(y,x) " yl A, implying that x meets condition (i) of Definition 3'. That
x also meets condition (ii) of Definition 3' is immediate. Conversely, suppose xI A is REE
according to Definition 3'. Given Swinkels (1992) finding that an ESS must be REE, it is
easy to see that x then must be REE according to Definition 3.

Definition 3' makes clear how the REE and ESS criteria relate to each other. Both
demand that for X A to pass the respective tests, it must be a best response against itself. The
ESS criterion moreover requires that any aternative best reply yl A to x must do strictly
worse than x against y. Thisis sufficient for x to be REE, but x passes the test also if y is not
an equilibrium entrant in Swinkels' (1992) sense. Condition (ii) of Definition 3' effectively
exclude as potential invaders all those aternative best responses to x that lack a quality of
post-entry optimality.

In Swinkels (1992, p 307) words, the REE criterion "strikes a middle ground between
the total absence of of rationality assumed by evolutionary game theory and the strenuous
rationality requirements of traditional game theory". However, it is not obvious that the only
or the most natural quality to impose on potential invaders is to assume they have the
foresight to choose post-entry optimal strategies. A reasonable alternative might be to require
entrants that are alternative best responses to x to choose strategies that satisfy some
"rationality” properties that have some kind of decision-theoretic appeal. More generdly, |

suggest replacing condition (ii) of Definition 1 with a condition such that "u(x,xX)=u(y,x)b



[u(x,y)>u(y,y) or yi R]", where Ri A contains the set of strategies that are "rational" according
to some criterion.

Gans (1994) studies "evolutionary selection of beliefs' and performs an exercise
which fits into this framework. Trandlated to the present setting, he considers the cases where
R is equal to respectively the set of strategies that are not strictly dominated and the set of
rationalizable strategies (=those that survive iterated elimination of strictly dominated
strategies). However, in these particular cases no leeway is offered in addition to Definition 1,
so Gans' (1994) concepts are equivaent to the ESS concept.?

Here, two new definitions will be considered. The following terminology is used: A
strategy is admissible iff it is not (weakly) dominated, the strategy is iteratively admissible iff
it survives iterated elimination of dominated strategies where at each round every dominated

strategy is eliminated.

DEFINITION 4: XI A is robust against admissible entrants (RAE) if "yl A it holds that (i)

u(x,x)2 u(y,x), and (ii) u(x,x)=u(y,x) b [u(x,y)>u(y,y) or x is not admissibleg].

DEFINITION 5: xI A is robust against iteratively admissible entrants (RIE) if " yi A it holds

that (i) u(x,x)2 u(y,x), and (ii) u(x,x)=u(y,x) P [u(x,y)>u(y,y) or x is not iteratively admissible].

In promoting his REE criterion, Swinkels (1992, Fig. 2) provides an example of a game in
which no ESS exist and nevertheless a strategy seems "stable". The reader may verify that
that strategy is adso RAE and RIE. However, these criteria are neither weaker nor stronger
than the REE criterion. The following example based on the game G, shows that neither of

the two new criteriaimplies robustness against equilibrium entrants:

2 To see why this happens, suppose xi A satisfies either of Gans criteria but yet is not ESS. Then there must
exist anon-rationalizable strategy ZI A such that u(zx)=u(x,x). However, since (x,x) must be a Nash equilibrium

and any best reply to x then must be rationalizable it must hold that u(z,x)<u(x,x). Thisis a contradiction.



a b C
a 1,1 01 21
b 1,0 11 01
c 1,2 1,0 11 G

In Gy, the strategy a is RAE and RIE but not REE (the dominated strategy b can invade).
On the other hand, robustness against equilibrium entrants does not imply any of the

new criteria. This can beillustrated using the following game Gs:

r S P
r 11 20 02
S 02 11 20
p 20 02 11 Gj

In Gg, the strategy (r/3+s/3+p/3) is REE (cf. the discussion of Example 2.8 in Weibull
(1992)), but this strategy is neither RAE nor RIE.

Neither of the two new criteriaimply neutral stability. This can be shown using Gy, in
which game the strategy a is RAE and RIE but not NSS. Conversely, neutral stability does
not imply any of the new criteria. This can be shown using a game such that u(a,b)=u(c,d) "
ab,c,dl A (with A not singleton), in which any strategy is NSS but no strategy is RAE or RIE.

In the games considered so far the sets of strategies which are RAE and RIE have
coincided. It is obvious from the Definitions 4 and 5 that if xI A is RAE it must be RIE. The
following example illustrates that the converse is not true (in contrast to Gans' (1994) cases

where iterated elimination of potential entrants makes no difference):



a b c d
a 11 01 O01 21
b 1,0 11 01 00
c 1,0 1,0 11 01
d 1,2 00 1,0 11 Gy

In G4, a (which is the unique iteratively admissible strategy) is RIE. However, a is not RAE
(the admissible strategy ¢ can invade).

It is well-known that strategies which are ESS, NSS, or REE fail to exist in some
games. The same goes for the RAE and RIE criteria, asis evident from e.g. Gs. The following
game (which appears in Example 2.7 in Welbull (1995)) illustrates that even the seemingly
very weak stability requirement that a strategy should meet any of the hitherto discussed

criteriawould fail existence in some games:

a b c
a 11 10 01
b 01 11 1,0
c 10 01 11 Gs

In Gs, no strategy satisfies any of the criteria discussed so far (the successful invaders under
the NSS criterion discussed in Example 2.7 in Welbull (1992) work for the other criteriatoo).

Finally, the following game Gg shows that a strategy may simultaneously satisfy all
the criteriaof NSS, REE, RIE, and RAE, but yet not be ESS:

a b c
a 11 11 11
b 11 11 0.2
c 11 20 00 Gg



In Gg, the strategy ais not ESS (b can invade), but satisfies all the other properties.
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