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B aotstigp Il ethack ad A pplctias In
Ecoonetrics - aB nefSuney/”

P alB exgstiomY

Jauary 1999

A bstyackt

T his pgper provides a brief surney of the baotstigp ad its use in
aananetrics. 4 s anintradudctian, the pgperg\ves adesaiptian ofthe
besics of the methad, with a spedal empasis an bootstrap testing. A

Hrly xge anaunt of space is devoled 1o disaussing Why bootstrep
st provice re.nemants ampared 1o o equinvalaTtssymptolic E&sts.
A saries ofdiv erentrecaitgppicatias in the ecoametrics Ftderature
is then surneyed in ader o g\we a pictiure of this repidly evoMing

Keyworts. B aotstrgp; SanmpEeR asell ethods; Simulatian!l ethads
JBE CEssi.catiatr C4

=T his surey hes bere. tied fion anmatts fian Bwa Jdhasson and A ndars Klev
marken, natherchwham can be held respasibe for remaining dosaurities and enors.
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1 Inoocductan

T his paper gves a briefFand maybe a bitsubjective suney of the bootstrep
and i'ts use in econanetrics. Sinae researdh in this ..eld hes been very actineg
espedally in the bst..\e years asqg | will g\we a briefintraduction to the
“besics” of the baotstrigp but mainly try o Toas an the “frattier” of this
repidly evxoMing ..ed. | will do this by .. istsaying a Bavwords an the besic
idess and then try o eplan howvthe baotstrgp Gan be gpplied in the three
majaraatiexss i.e

=2 Estimating \aiance (standard ernars)
=2Carecting Torbiss
2Faming tests

H aivngdaoe thatl willdnell upan the subjectan as towhy the baotstigp
actiually provides asymptotic re.nanatts a bit lbger. | bellee that the
uderstandingoftheseissues really hebos telingus ifitis agood ideatogpply
the baotstrigp in a gpad...c aaiext H aing gane throudh these samennait
messy argumatts, | will .. nally desaibe a selbction of gpplicatias and ako
hintatsaone questias goen Tor Uture rescard.

1.1 TheB ocotstgp

T he baotstigp a8 a amputatiaal device wes invanted and introducsd by
Effoh (U 79) as a gute intuitive and (perhgps daaptively) simpe way of
..nding gpoprodmatias of guantities that are vary hard areven impassible
1O anpute analytially. T he besic idea is 1O t@ke the sampE thatwe are
interested in and think ofitas ifitwes apgulatian and then by resampling
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asgie a new sampk a baotstrgp sampke wWnidh we use 1o aompute sane
guatity thatwve are interested in. [Twe rigpeat this saveral imes, dotaining
bts of bootstrep sampless we éan use the meen of the computed quantities
a8 an estimate of the expecied \alLe of this bootstrgpped guanti'ty.

L et s Just aaEder a Impke eanmpke Suppce that we just Tor the
sake of the agument, waud want 1o ampute the baotstigp meen for a
samplkeof say, hadts of ) econamists. T oakubte the bootstrigp meen we
arsidated hadgiswehaess theetirepqoulation. W ethen utaingsame
unbiasad psaudo randam number generatay; perform ) randon dranings
fron aur’8e’ pqulatiany, butall the time dranngwith replbceamatt; e,
we put the hadgits drann badk into the pgoulatian all the ime. T hen,
amost cartainly, sane haigits will be drann several times and sane notat
all T he baotstrigp sampke thatwe getwill thus dic er sonenhat fran the
He ppulaia i.e the aignal ssmpke W e novaampute the guentity of
interest. Wnidh in this Gee was the mean, using the baotstigp sampke ad
dotain ae realisatian of the bootstrgp estimator Tor the meen. W e then
repeat this several imes, say athausand and thus get thausand baotstigp
samples and thasand realisatias of the bootstrgp mean. Camputing the
meen of these thausand realisatias w ll g\e s aurestimate of the epected
val e ofthe baotstrigp meen.

N oy wnywaould anyane batherdang this?W ell dangpredasely whatwe
Justdd we waould be suprised indeed if the baotstrigp meaen deviaied fran
the meen of the aignal sanpke. T he above exampke is hence nota partic
ublrly inleressting ae. In many Gess honever; this smplke prindpke can be
usad 1O goprodamte guantities that are \very hard 1o ampute analytically.
In additian 1o this, bootstrgp quantities G, under cartain draumstancss
be shonn © aonverce 1o the trte valies mare igpidly then asymptolic g
prodamatias, and abo be used 1O canrect forbiss. W e will retum 1o this
shortly.



T hatis basically it H oneer; ss weshallsss the davlis in e detalk
andesenguvng this \ary besiceplnation anwnatthe bootstrep is all sbaut;
o impartantartsisms auld be raised aganst the desaiption eboe.

1. T he desadption t©o skppy:  [Twe want to make a mae ngaaus
desaiption ollboningeg. Sheo & Tu (1995) the bootstiep is really a
anbination of t\0 tEednigues  the substitution prindpke and a nu
merical gpprodmation. W ithautgetting ino ceta k. te ideais that
thare exsts a bootstrigp distributian, wnidh is the distribution we get
when we do the resampling aconditiaal an aur presartsample. The
sustution thatwe make is 1o replae this unknoan distribution of
interest by an enpiral dstributian, eg. the empiral distributian of
aursampke. T his gwes us a theaetial bootstrgp distributian, whidh
may have saveral interesting daracieristics, and is the subjectofstudy
in thearetical work an baotstrep estimatars. T hese estimatars honever
seblaom have dosed form solutias', and we hence nesd o gopradimate
tan numerially, whidh is whattwe dovwhen we actially canry autthe
repeated resampling and aerage oerthe bootstrgp samples togetthe
eqpacted \ale.

2. T hede.nitian is O rexronN T he general tendency in the erature
is 1O say that the baokstrep is a bitmare then whatwe justhave dis
assed and therfare © Eoel the aboe procedure ”a nan paranetric
bootstrgp”. Itis then thougttof s non parametric as qopased o an
estimator where we wauld use mily of distributias rather then an
empircal ane dang the baotstrigp. 1N aursimplisticepermeantabog
mwauld anespad tosaying thatN. (¥ S) is the bestgpproamatian
the hadts ofFeconamists, and then drawvvales firan this distributian

1See reampk Shan & Tu (1995) pp. 10Ffran exampke where sudh a dosed fom
solution ectially edsts. T he bostigp estimator of the varianee of a sanplke median is
shonn to be equinvalant 1 the estimatorofll arz & Janret (19 78).
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ratherthen dang the resampling yieldingan even mare rediaulLs esti-
matar. T he mare ganaral de. nitian of the baotstrgp wauld thenbe any
procedure draning samplkes fram aD 6 P, athergven by a parametric
fmily arby an enpinal distributian, Whidh usss these so callled book
strgp samples 1 drawv inference abaut quantities of interest. 1N the
Hlloning we wi ll alnast exdLsively be disassing the non parametric
bootstrgp and wi ll hence supress the”’nan parametric’ epithetifthere
is no sk oFaoitsian.

2 B asicuse of tthe baotstrap

H aing lbd<«ed briety at the ganeral prindple we will nov bdk at the ..ekbs
where the bootstrgp hes been usad mastcommanily up until presanit

21 StaxkadEnos

T he ..1st use made of the baotstiep Was 1O estimate the stendard enars
Treg estimatas in Gess Wheare there ware no analytical ssymptolic gp-
proamatias asda Bbe. (0 nee agan youwauld hardly everbe interested in
bootstrgpping the variance Trasampkemean.) T he procsdure ofcalaulating
baotstigp standard enars Tarbasic@ally any estimatoris striaigtiornardly de
saibed in EFON & T ibshirani (199 3), andwewi llhere justsketch the gareral
ideaand then say aewvworcs ohwaming

L et’s honever .. rst.. x sane notatian, whidh | will try tostidk to thraugh
alt W ewlluse the suparsaipth indicate any bootstrgpped guatity/; we
willeg BEodtheaignalsampksy, ﬁgq;mfrﬁesdinemstu ) andhena=
theirbootstiep analoguess as V2 and |1 ¥ wihere j indicates the §th autof
B baotstigp realisatias. T he eqpected valle of the baotstigpped quantity
whidh is dotainaed by caloulating the mean of the bootstrgp  realisatias is
denoted by p°:



In tams of the iNntroduced notatian, the ganeral idealis nov 1o estimate
the standardd enar of a parameter esimate of interest by aomputing the
slambrdda/iaﬁmofug; thatis

0

e@W)=0

1 %39 b’z

B ilj:l

A typical eanpke where this e of bootstrep estimator hes been ad
voaied is the variance ofll anskis maxdimum saore estimator (see 6 reee
@997) pp 902 9. Since there is no likelihood agumattbehind thell ansk
(19 75) estimaty; stendard infmatian maliix estimates are not asai bbbk
ad the baotstrigp midit ssam wselil T hare are honewer; as yet 1o my
knonede no thearetical results esteblished an this bootstrgp estimator;
whidh makes using iitasanenhat rsky business. since we Garnottbe assured
that the estimates will convarce o tiue valles atalf .

Sq are bootstrep standard enrars ussul?W el in his boture notes an the
bootstrep, 1| acll erbbe gves asmpke eanpk ofresampling0 L S residuakbk
wsingthese oestimate the stendardd enrars Tor e riegressian et dants, . nd
ing these saverely donnvward bissed (| erloe (1998)). T he ressondaimed, es
desaibed by | eroe (1998), is thatthe . tied residuak Whidh he resamples

e=yiXy
wi ll haae a carianaee matrix of

EE9=% | §X XX)'x°

2Farthel aonitz (199 2) smaothed maximum saore estimatorbootstrep results doexist
H aonitz (199 §), whidh honever is a direct aondlary of essympitotic gpprodmatias
edsting Tor the aignal estimator; making the bootstrgp  kss necsssary but still uselul
acaading o the resullts in the atier study.



whidh is cartainly dic erentfiom teenmarterm heusss inhisD 6 P, whidhis
">>N Q;%1) T hiswillnobwarkvery well and the reesmis the dgpendance
of the baotstigpped quantity ofintersst, the variance ofthe0 L S-aet aats
aunknonn parameters. Forreesas thattsoonwi llbecomeevidatt wewould
honever not exqpect the bootstrgp standard enrars 1o perfom subbstantially
worse then the ssymptoticanes. T hemain prdolem inP 1of | erboes gplica
o is praoebly that he uses unedjusted residuak. Sinaee 0L S residuak are
gererally smalker then the enar terms of the riegressian madel these shauld
be adjusted by scaling them bqu. Ifdone properly; the bootstiap
estimate \variance shauld with an inaressing number ofbaotstiep Ieratias,
anage eadly o the asymptoticO L S varanee coariance estimator.

T hare are seldom any e dency gairs fran goping the baotstrep toest-
mate stendard enars, Torthose reesas that ance again, willbecome eidant
whenwe bbdk atthe prgperties ofbootstrep tsts, shartly: T he ierature hes
oserthe Istdscade hencee moved anay fram \ariancae estimatian by utsing the
bootstrgp, and insteed Toaussd an boaokstrap st 655t Wnidh inmastofthe
Gess are the reesas as O Wy e are intieressied in the varianae estimaties
inte..rstpbxe

22 B ias arectan

B efxe tuming 1o the ..ed ofbaotstigp tsts we will axsider another aam

man gpplicatian of the baotstigp, i.e anecting Torbiss. BEven ifwe know
that an estimator is aasistant, itmigitswe er fran biss in ..nite sampkes.

B y apping the bootstrgp we can try o aarect this biss using the Tolloning
smpke procsdure

1. Estimate the parameterofintexrest, |1; byeg 0L S, IV adl | todotan

N\
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2. CastiuctB baotstrigp samples and ampute 1° a8
1R
= o

F1

V\hereug is the same estimator thattwes used 1o dotained {1 gpplied
the bootstrigp sampke.

3. Estimate the bies a8

t)w

b°

I
=
=

4. CakubBe the biss arected estimate as

-

3
P=0aP =20 §¢°

T heideabenind the procsdure ebowe is hence thaitthe dis erence betneen
theestimate (I and the tiuevalLe |1; shaul be the same as the dir erence be
e |1° and I} o boely, thatthe the relatian of the baotstrigp sample ©
the aignal sampk is the same as the relatian betineen the argnal sampke
ad the true pcqoulatian. T his Torms the besis Torthe simp st fam ofbaok
strgp biss reduction. Furtherdesaiptias an these pracsdures may be found
in Efan & T ibshirani (199 3).

T here is an doviaus pradblem with this gppraadn, nemely thatbwe assume
thatthe biss is aastattand doss nobhvary with the parametenalle. T hare
is namally no good reeson o eect this be e a2 Inll aKinna &
Smith Jr: (1998) the use of the baotstigp is eploed in setlings Wwhere the
bias TUNctian is not assumed o be aastatt T har results of gaeralising
the biss TNAian is excouragng thaugh there is a dear tade @ In terms
ofet daxy Ibss fran using the biss conecied estimatar; 10 the exiant that
using the aarectians may inareese the mean sguared enor of the estimator.



In Ferraxi & Cribari-l eto (19 98), the authars sesk o unify the fHerature
of baotstregp biss aarection with the ae of analytical dtio.  In the pa
per; vnidh is samennatinvoled, the equinalence ofanalytical and bootstrgp
anectian is deanastrated Torll L estimeakas ofmacek with ae parane
ter. Farmae gneral modek the authars proadesan il atie Carbbevidace
eqressing a week preBrace or the analytical conectian, an..ming te
resuls ofl adKinnon & Smith Jr: (1998) in the respect that the baotstigp
anrectias may induce inaessad |l SE.

2.3 B ootstrep tests

T he main reesan Tor using bootstrep t65sts rather then asymptolic &6t is
thatthe Etlermay in ..nite samplkes be biased i.e. they have enpinal sizes
that dicer from thar naminal aes. A man Eature of baotstiep 58S is
that, udarcartain aanditian whidh we will bk intoshartly, theirempircal
sizes wi ll cnvarge 1o the true sizes Bster then asymptolic tests and atbtimes
anage asderably Bster: B aotstigp tests with aonrectsizes Gan abooften
be shonn 1© have basically the same poner prgperties s thar ssymptolic
aunaparts’. B efre disassing the issues of aonvergenas we willl desaribe
what a baotstrgp testis alll abaut

Topinpantthedic erancs, kEtus .. 1stbriety arsidertreditiaal hypoth
esis testing Suppoe thatwe have asampe fraom vwhidh we haeve dotained an
estimate I’ of an unknonn parameter |1 2 T o test a hypathesis an this single
parameter; sayH, ) = 0, wesamply enpby a ttest. wnidh we klovwi ll
hae acrtan distribution at ksstasymptotically, gven thatthe nullis true.
U sing this gpprodmatian we will assess whether the teststatisticis llkely o
hae bean drann fran the distributian in questian.

3T he results mantianed as well a5 those gven below in this section are prookd ad
disassed atfurther gth in D addson & 1| adKinnan (199 &), D aidsan & Il adKinnan
(199 &) andH aonitz (1997)



W hen fToming a bootstrgp testin this aontext, we auld insteed use the
Bt that we knovthe samplke vallbe of |l in the sampke ad then treat this
sampke as ifitwes a papulatian Tarwhidh the true \valle of the parameter of
interestis in £t the estimated paraneter; {14 W e then aeate a bootstigp
sample by randamly resampling dosenatias from aur aignal ssmple with
replbceEmant, therdoy dotaining a sample with the same size as the aigral
ae butnotwith the sane campasitian. T he baotstrgp sampke is then usd
10 dotein a baotstiep estimate [¥; Which in repeated (r©)sampling willl be
ecpal O on average:

T he resampling procdure is then as usual camied auta lrge numberof
tmes and Toreadh baotstrep estimate a teststatistic is Tamed besed an the
rull et = (D ding thatwe will dotein a distribution of est statistics
whidhis ganerated Elkding the daradieristics ofthe datain theaignalsampe
into asideratian, whni e epliatly impaing the restrician that the rull is
e Calulting the) 5th peraati B forthe absoluite valles ofthe €statistics
dotained filom the bootstigp estimaties, we getthe bootstigp articalhvallbe or
arttestattes % sgi.ane bel with whidwe an anpare thevalble
of the ttsst dotained from the aignal ssmpke testing eg  the hypothesis
{'= 0 :T he prindpke behind the bootstigp testis hence t arstiucta tive
rull eg ﬁb = I} and then simulate the distribution of the teststatistic Lsing
the data athad.

Bven though the inturian mightgppearstragitiovad, the ngoras ar
gmatas towhy the baotstrgp provdes re.nemants aampared .. Istader
ssymptolics is samenhatinoled. T he TindemaTial property we reguire of
e t=stin adar forthe bootstigp O proide re.nemants ampared .. ISt
ader ssymptolics is the ae of pivolalhess, i.e. that the test distribution
does notdgpad an any unknonn parameters.

4Itis certainly not necsssary 10 use the sekup sugssted herg sinee all bootstigp
sdhemes thatimpaose the true rull waud bevalid. H onever; in Gases sudh as this when
delimits H, itseams natural and stragitiomard 1o Lse the presentsetting
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T his is cartainly true asymptotically Tor the st sinee we knowv that
its distribution will canverge o al (0;1); whidh is eddantly indgpendatt
of any unknonn parameters. Far the tiesst we may dotain a distributiaon
independat of unknoan parametars even in ..nite sampks’, whidh wauld
sugsst that a baotstigp ttest shauld wak aue well in e’en wwhen the
samplkesizeis aamparatinvelysnall Famaostiests the property ofpivoialness
is TUll. Id ssymptotically sinae thair imiting distributias are gute often
namal adh dii-squared arwhateer. [fwe honeverin the inear regressian
antextaew lingtassune nomalenars (underthe rull), saveral tessts sudh
a5 tests Torsarial caonrelation, hetercscedestiaty (indudingh R GH ), skenness
and kurtcsis are exadtly pivotal and the baotstrep testowi i then beeacte/an
in..nite sampkes. T osee wWny baokstrep testadiLally proJice re.nanais es
anpared o ssymptolic tests, and wWhy the pivotalhess is importantin this
antext, e need arge abitmare igaasly, whidh wi ll be the sape ofnext
e i(eph

3 W hydobootstrep tests proJacke re.remaits?

Iy anjecture fran stuoving the kerature is that the .. eld where the book
strgp hes been mastammanly goplied is the ae ofbaotstrep &sting 0 ne
reeson T this may be that there is a dear thearetical suppart o the book
strgps abi ity o projce re.nemaits as ampared 1o asymptolic gpprodma
tas wWhen bootstigpping pivotal &sts. Singe the impartance of boaotstregp
ping ”’pivotal quantities” is by nowvwell undarstood by researders active in
the ..ed | think thatitis ussiul 1o spell aut the mastwidely spreed praok
N as O Wy this re.nematt caaurs in samenhat greattier detal The de
saiption ofthe praofis sonenhat”’sketdy’, butbasically OllonsH aontz
Q997) andH all (1992). T he reederwho desiress mare of ngour shaud ook

ST hattis, ifwe are willing to assume namal residuak ar..xed regressars.
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up espedally the Btier ebrae
L etus startautwrth asetofdatavinidhisarandon sampke®X ;- i= 1; Z5ng

fran adistiibutian, the CD F afvhichwewilldaoke by F . Ifitwauld be
passible to desaibe the distributian by same .. Nite sst of paranetars |1; we
waud wite the OD F as F (X; 1), whidh wauld be equinvalatto adgoting an
attirely paranetric methad. T he proofwe are ebaut 1o go thraugh culd
the stragitiormardly canied autiora parametric bootstigp, butitorthe Gse
mcst rebant o this suney, the nan paranetric bootstigp, we will hae
make use of a mare general Empirical D istribution Function (BD F) vwhidh
wewi ll dnote by F,, ; the gaeric esimatar ohvwhnidh is

Fr () = NESAN Ki-x:
Fl
T his estimator; Fy, (X)) ; will undermild regulaity aonditians aonverge o F
alncstsurely attherae of0 ni: . (Seeeg D ajddson (199 4) p. 3R)

L etus Turtharmoare intoduce a tstiracartant ( sbautthedistributian
franwnid X g isdrann, and Ebelthis tstT,, (X ¢; -5 X ); the..nitesamplke
distribution ofvwnidh udertte ttueH o isG , (z;F) ~ P(T, - 2) .(z bang
te arialvale Tor gectian). [fwe novtae the Gse ofa symmetric o
sided st e IgjectH ( atthe® b ifj, J> z,, vWheare the aitical vale
Zno SONES

®=1iGn@e;F)iGn(izne:F)) @

Sincewe donotknowF , we anotdotainz,, igitanay. D gpendingan
the draumstancs there are nowv at ksst thiree div erantways 1o proosedt

1. Suppcee thak T, is pivotal in ..nite sampkes. T his mears thatG |, will
notdepaed an F atall adwewi ll knovthevalbeofz,, eactly. T his
is Torinstance the Gse wth a tleston aregressian et aatifwe hae
namally distributed enrars. W hatwe simply dois todotain z,, fram

11



astandad tdistribution.

. Fawtests are pivotal in ..nite sampkes. || astofthe tests eanplbyad in
econanetrics are honever ssymptotically pivotal 1n the se of aur
st itw il anveree o astandard namal variabke whidh of curse
is indgpendat of F and any other paranetery; Torthatmatier: W hat
we then do is o use the standard namal distributiaon 1 dotain an
goprodmatian orz,e -

. T hese asympitolic gpprodmatias Gan atimes be gquite paor- A third
rauteis hance gprodmateF by F, ad haae fom thetestbasad an
Gn (z;Fn); ad thatis essatially what a bootstigp t&stis all sbaut,
i.e inartwwotabd e soMing

= = - = -

®=1i G, z%;Fn iGn iz0%:F, @)

whete 2}, is the bootstiep aiicalvalle. | amally we canotdotain
an analytical eressan 6, 28 ;F, and we must henee resart o
numerical smulatias throuch Il atie Carbo resampling whidh is the
way the bootstiep tests are namally canried aute.

T he main bere. tof the thirld raute the bootstigp, is that these tests

do anverge Bster than asympitotic gpprodmatian. T o proe this we ned
the hider ader goprodamatian knonn as the Edgpnorth expansian whidh
goplied 1O aurempircl distribution Tothe tessttakes the Tam of

= -

Gn(@F)=6 (z;F)+ nizg (z;F)+ nilg Z;F)+ o nit ; (3

where G (z;F) is the the ssymptolic CD F of T,,; g; an even Tundtian of z

R ezl the disassian in the intraduction, thatt the bootstrep aasists of aambining
o prindpks. First the susstitution prindplke; we replbeceF by F 2 Second numerical
gopradmatian, canied autby resampling

12



Treech F adg, an odd ditto. Furthbermare g, (z; F,) will aonvarge aincst
surely og; (z;F) unifomlyoerz’ Il ovusing (1) ad (3) we getthat

= -

®=P@UJ> 2)=1il6 @&F)i6 (iz;F)lilni'g (z;F)+ o nit

| ote that we hae used the evaness of g; and ttato(nil) So(nil) =
o(nit):
Suppce thatwe noviom a bootstrep testrepldngF by F; toget

— - 3 -

8= P TP>z = 1§[6 @Fn) i6 (iz;Fa)lilnily @F)+ 0 nit :

Subtracting now the true \valle of the testsize fran the baotstrep test
szewe et

= -

P 1>z P d> 2) = [6 @F) 6 @F)l )
[iG (iz;F) i G (§z;Fn)]
+in"g @F) ig @Rl

+o0 nit

ITG (¢ is su¢ aetly smooth, what matiers herevxillbergbcfo:nergmce
ofF, ©OF; whidh as we hae prevasly stated is of 0 niz ; adis the
keding aderin the eqressian aboe W e henae see that the baotstigp st
uxbrqﬁeg;paa!crrdﬁaskaesizesitatmagploiteirﬁteaesat
teraieof0 ni: . Thisis honeerthe same rate of convercgaee as the
standard ssymptotic and we would gain nothing fran teking the trabke to
use baotstigp sts. B uthare ames the tid< [T the st thatwe bootstrigp

"Juststating the Edgpnarth exparsian (or rather its inversian) is a regretizbly unin
witive way of presanting the proofand certainly a faw of this epasiian. T hese higher
ater epasias ae honever aute tridgy sir, and mustadmit that | .nd ithad ©
aney ay..m inuitian here

13



is ssymptotically pivotal 1ts distributian w ll not dgpend an arny unknonn
parametars, wnidh directly implies that ¢ (z;F,) = G (z;F) forallz; ad
tat(d) smpl.es©

3 - 3 -

P TP> 2z iPEd> 2) = +0n*i g @F) i @)+ o it

- -1 - -
20 nit 0 niz + o nit =g nit

having gpoplied the mentianed covergenee resullttor g, (Z;Fn) g, (Z;F) -

W e hence ..nally dotain the desired resullt 1T the tesstwe baotstrep is
assymptotically pivotal whidh ainast alll tests used in eccrgneujcs are te
bootstigp testwillaanverge Bsterby anaderof(atbss) 0 niz  compared
10 the asympitotic gpprodmation.

4 A ewgoplcatias ofthe bootstregp

W ew il nonvsuney aBw reeant atributias 1o the baotstigp partof the
econanetrics erature. T he biss tonards tests ad the usage of pivotal
guattites in this epaitian, is damed 1 be amanifestation ofthe state of
e Ierature rather than my onn preferancss.

41 SUR-regessias

Itis awvell knonn property of the 7 ellher SUR  estimatar; that the asymp

toticstandard enars of the regressian aet dats may be severely donnnard
bissed. A reedy mare than ten years agpll arais (1986 ad in apublished
pieceochwakawyears |Blert tdrneon& W ibon (199 2), attemptioaddiess
the prdblem by wsing bootstrep stendard enmars. T he eddanae waes mied
but dd indicate sane improeanait Itshauld be evdait fron the eardier
disassias an pivolalhess, that the resulls that the authars dotained most

14



ilely were parameter-degpadatt ad thatabootstriep tesstwould hae mae
dearautiesuls. InR iBtoe & Veall (199 § the gppraach ofusingperant e
tan.denee internak wes adpted. T his gppraadh ilvolves bootstrgpping
pivotal quantities and hance yielded results mudh mare deerraut ad en
auragng then in the previas studies. the baotstrgp an.dance intenaks in
tharll ate Carbo study aimastexactly coared the naminal aes.

W heress this gppraadh does notadd mudh aonagotually compared o the
testprocdures desaibed eardier; ithoneverallons esssymetrican. dace in
tervabk Whidh mightbe apolantially impartantEsture and we will therefare
bdk atthe procedure usad briety.

T he desaiption an as 1O howvthe baotstrigp sampke wes aeated is sane
whatvegLe in the pgper; butwas presumeably dae resampling the residuakbk
ofthe saaod step, whidh shauld be indgpendantby aastructian. T he akp
rith then warks briety as llons

1. Estimatep by SUR doleirirxgﬁ\ard%\3ﬁ\

Hoal
2. R esampkadgplySUR bﬁebwlsﬂapcblasetlogaqﬁ\b ad® ﬁb

3. Cregle abootstigp tstatistic as

ﬁb_/\
_ 1
£= Suld

N

4. R goeatsteps 2-3 aBwvhundred times arso.
5. Sartthe distribution of € and extrect®, ., ad €, :

6 Fama(l §®)*100% bootstrigp tan..dence intenal s

L
:tb: ﬁ\i%\ﬁ\ﬁiwz;ﬁ\i%\ﬁ\%:z
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4?7 H assman tssts

W ag (199 6 proides a nice ad stragtioovnard implkEmatatian ofa book
strep st T he H asman exaapdaty st Whidh is ssymptotically pivoial
anveagng o aA? distriibutian is cimed 10 have a bootstiep ecpivalrit
whidh is not just aanvergng of o niz buto (ni!) Bster then the asymp
totic gpprodmatiat . D atais generatked e

y= gt X+t u

and udera true rnulll ofexageaty there is no aarelation betneen X and u
FaorafBbe null these are conelatied butan additical regessarz is generated
whidhis unaonelated with ubutaonrebled with x. T he aliemative estimator
0L S isstandad IV . T he algaxitm forthe baotstigp t&stis as Ollons.

1. Estimate ttreequaticn by O L S and IV and acompute theH ausman test

¢
2. Resampk residueb estimated as U= y § 75+ X

3. Castiucy’= 5 o+ X7 o+ U (| oethatsing the0 | S estimates
arstructing the bootstiep dataset, the true nullis epliatly impaosad)

4. Esimate axe apin by 0L S ad IV ad caonpute the H ausman st

¢
5. R gpeatsteps 2 - 4 boks oftimes.

6 Sartthe distribution of §®

7. R gectexgmaty atthe® <1004 - kel if{ > ¢,

8T his is gmnerally tiue Tor tests anvergng toaA?: SeeH all (199 2).
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W heress the asymptolic st gppears Size distored (undarsized) in the
Il ate Carlopresanted in the pgper; the bootstrgp warks perfectly wellin the
eqpaemants reparted. 1 tako gopears that the advantage ofusing baotstigp
inareesss a6 the conrelation betneen theinsttumentand the regressars beaoms
bw whidh shaud have impartantimplicatias o practical gpplicatians.

43 Time Series ad D yremic mocek

A N impartantissue thatwe have notyet touded yoan is hawvto Gy aut
the bootstrgp in dynamicmadek. T hereisanexiasivesuneyaa BoEint i

& I addala (199 6, where an atire issue ofF EconametricR eviens is davoled
10 the pgper ad .. \e conmatiing noles by other lkkeding researders in the
.eld. W ewll here just disass the ganeral prindplke acoading towhidh the
bootstrgp is camied autin dynamicmodel, and honvtime sevies maoek with
na 11D enars auld be harndied.

L etus ... istaxsiderasmplke dynamic model ofthe tpe

= -

Ve= OVg1+ o+ Xt g "> 1D 0%
A s lbgas teermas ae 1D, the impkEmantatian of the so Galed reaursive
boostep is stradtiowad
1. Estimate® and by sane estimatorofprefrance

2. 0 btain rsakd  residuak

A A
= Yei®Vg1t ot 1 Xe

'T he resaling is necsssary due 1o the aforementianed Bctthat0 L S residuak under
estimate the trte enars.
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3. 6 enexate a bootstrgp sampk by resampling fram the ~¢s, and ather
wsingan actiwalyy ordraningirthan its unaodtical distributian i.e.

A A !

N
1§01 5@

y >N
and then aeating the bootstrgp data reaursively e
Vo= @yga+ T+ Tixer ©)

4. h pply the estimator 1O the bootstrigp sampke ad alubte a pivoial
sttistic ofinterest T hen cany an as usual

ITthare is an enarstruciure ofmare aamplex fom presat; the so calied
I oung B lbd<s bootstrigp aould be usd in static time sexvies maoek. T he
greral ideais 1o persere this enarstrudiures by resampling (overigoping)
blds of residuak rather then resampling them ae by ae. T here are sev
eral prdblams with this gppraadh, not the sst that the saxial dgpadace
wil just prava l within the blods, malking the gpoprodamatian of the resid
uak distribution a rather”’raudh’ ae. T his and other prdolams as well ss
dic erat vnays of implEmenting the movng blbds baotstigp is thaoudhly
dsassdinli &Il addala (199 6.

44 |\ astatiaanrnty ad the B cotstrgp

Firstand foremast; itnests 1o be stiessed that the issie as o ifand vwhen
the bootstrigp aan be goplied in nostaticnary aatiexts gopears 1o be an
goen guesstian. Several studies edst, gving sanenhatmixed eddance. T he
standard results of improemants ampared 1o asymptolic gpprodmatias
do notimmediaiely cany oervhen the guantities we baotstrgp aome fram
nae statianary time sexies.
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T his partiaular researdh ..eld is quite active and sane progress hes been
adiead. T he eariest rebErace in the ecoanetrics erature ssams o be
H ammis (199 2), where a bootstrigp st ora unit rootin a univariate aaext
(the adinary D idey FUllertst) is shonn to have betferpraperties then the
ssymptolic st ane the unit ot is impased. T here are no theoretical
resulls, at bsst ot in the ecoametrics erature €lling s ifwe shauld
eqpaectimproanants fran bootstigp tsts in these Gess, ad trying togn
eralise the unharake testtoa bootstigp versian ofthe Jdarsan (1988)- st
H amis & Judge (1998) ..nd that the bootstigp doss notwak atall T har
anjecture is that itis the mix of staticary and non statiaary series that
makes the bootstrep badk . re. T hereis honever; as matiaed, notheoretical
epbratias s yet

A s Tor adntegating riegessias, Where the residuak have been braught
1O saticanty, there honever seams tobe a ase Tor e baotstiep. L &
Il addala (199 7) gves evdence Torimproved inference using bootstrep tests
an the aeC dants of antegating veckars. A n importantimplicatian fram
thar studies is that when the series involhed are | (1), 1tis necssary o
baotstiegp the residuak (Whidh underaantegation arel (0)). Furtherresulis
an the useluihess ofbootstrep tBsts an antegrating vectors estimated by the
Jdharsan (19 88)- procedure is abogven inté redanhar (1998).

45 6 M M B ootstrep tests

Bven ifthe baotstigp is auite abE o improe inBrace o these estimatars
as well Toming baotstigp tests T 6 Il 1| estimakars proAdes same sped..C
d¢ ailies. Suppae thatwe hae used the( Il I 1O dotain a paameter
vector of interest; {1 and have hence assumed thatt: the \ector satis. s the
paoulEtion manentaodiias

Elg xz;w]= 0;
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whereg (X; z; ) is avectorofmamentaodiias X regressas ad z instiu
ments. Inaderorestrict]l oequal [ the baotstigp sample mamants must
satisfy the same manattaditias as the aignal sanpke Whidh wauld not
be the Gse ifwe baotstrgp dosenatias wWith prdosbi it/ 1=N  inthe6 I I
e T he reesm is that the samp ke maments

- x = -

3
N\ /\
o= g X5Z;W 5

Ry

Fl

are gererally notzerovnhen the madkel is oeridanti..ed. [fwewvattio restrict
(° toecLalll wemusttherefre rsstrictthesampEmanents Lsed accordingly.
T his prdolen hes reaantly been noted and addiressed in ®1\0 pepars, eedh
sugDssting a div erantgppraadh o sohe the prdolem.

451 Bronn& \ eney

Bronn & I eney (1995) aosider an gopraad besad an using an aliematine
estimator of the distribution of the data. T he abowe prdblam is sohed by
repldng the empincaldistributionwth amanatrsstricied estimatorofthe
distributias. B y dang this, the manaetaaditias are eqpliatly impasad.

I aefomally B ronn& | eney use adistribution fUnction estimatorthai
impcess the manat aonditias. Insteed of resampling with prdosbi iities
1=\, eadh doseratian is gven an individual prdosbi ity p;, ofbaeing drann.
T hese estimatied prdosbi ities refect hovwell the manat restrictias are
ul. I dineech a2

T he prdocbiities are alubted using a so called enpincal kkelihood
gppraed’’ . | etdosenatian iin the aig nal databe drannwith aprdosbi ity

10See frther0 ven (19 88) fora treatise an Empirical L ikelihood
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P Where p; sohes the ollonrng maximisatian prdolem:

X
pm_%x h(p; stp; > 0; ©
=N
X
pi = 1;
Fl
X = 0
P9 zgh = 0=

Fl
= -

Here g zifl is doteined fiom anet dents |l Il estimatian an the arig
inal ssmpke. Insteed of soMing the maximisatian prdolam in (6), B ronn &
I eney presait an essier ay 1O calubie the prdosbi iities sboew;tn,[t
haing O solhe an N -dmensianal maximisatian prcblem. L etgy = g zifl
beaJ£1 vedorofmanents i= 1; =N . Furtbemare kt. beaJ £1
veckorgven by

X
max hl+ ,§) stl+ §> 0:
> 1

Then pjisgwvenby - _

p'\I:Nil 1+:\g\l il

T his empincal ikelihood estimakxr is a member of a dess of distributiaon
estimatars, Wnidh are manentrestriced. B ronn & | eney shovthat; ifae
anly hes infomatian abaut the manent caonditias, the prgpassd manat
rsstricied estimataris the ssymptotically mostet dattesimator ada Ebke.

452 H all& H aonitz

H all& H aonrtz (199 6§ pragpcse adis erentway ofrecantring thet I I book
strep. T hey asate bootstigp sampks in the traditical way, thaetis by
draning eedh dosernvation firam the empiral distribution wth prdosbi ity
1=\ . Instead of recatring the distribution as B ronn & | eney dg they re
antre the manats arad thar enpinal valbies and use these recared
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manats when estimating the maokel and when forming a bootstrep versian
of the o.gridenti.. cation tesestatistic

Letg zfil begwenbyast ll Il estimatian an the aignal data. T he
recenred maments are ten

X
o =N g zu i&
F1l
whered is gven by
- X N\
g=Ni gzl :

Fl

453 A ppicatias

Il ante Carbo evidence Torthe perfomance of the t\o diz erentgppraades in
adynamicparel datamadelis proidsd inB exgstrdm, D ahbaerg& Jdarnssm
(199 7) and Bagstitdm (199 7), where itis demastraied thateven ifnather
ofthe gppradies an ba argued 10 be betier then the otheras avwok they
both prode nice improemants as ampared 1 ssymptolic gpprodmatians.

Q utewgplicatias ofthet Il Il bootstrgp have been undartaken. Toaur
knonedce the anly aes are D ahberg & Jdharssan (199 7) and B ergstitdom &

L indberg (1998).

5 A emarks

T his hes been a raugh and reedy expasure ofsane of the basics and same of
the agang researdh inthe baotstrep .eld. T hare are surely impartantparts
ofad patts thraudh this ..ed that | hae Eftaut buthgelilly this pgper
auld sere a5 ashartintroouctian into this sanating..eld. T he baotstigp
is cartanly auselul devce ifgpplied properly. 1T the prdolem ofinterestis
designed igaxasly, the conect (pivotal) quantity is bootstrigpped, and the
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resultis ealated carefully, Lsing the bootstrgp aauld prdoebly proe gute
renarding in many aatexts.

T he prindplks of the baotstigp are essy ad intuitnve. Y et in ader 1o
Tully understand Why the baotstigp Warks betier then .. Iskader asymptoe
ics In agpad..c Ge2 Itis impartant that the thearetical properties of the
bocstrgp estimatars are investigated tharouchly something thatmightproe
\ary impartentiorestimaas goplied toespaedally nastaticaery datas T his
shauld be an impartant..ed or Lirther theaetical resaardh. W hen itaones
tanpircal goplicatias, bootstrigp procedures have becone ifnobyetstan
dad but at ksst inaessingly impartant 1 researders in the time sexies
.eld. A pplicatias Tormiao ad parel data are really mudh mae scare
butshauld become mudh mae canman, sinee there are several encouraging
theoetical ad !l ate Carbo results pesking in Bvour of the bootstigp in
these settinge.
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